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Uccnenyrorest mepuoabl U CTATUCTUIECKUE CBOMCTBA JUHEHHBIX PEKYPPEHTHBIX
MIOCJIeJOBATEILHOCTEN HAJT TOUTHKOIBIIAMEI, TIOPOXK IEHHBIMI SHI0MOPQPU3IMAMHI KO-
HEYHBIX HeabeIeBhIX KCTPACIICIUAIbHBIX 2-TPYIIIL.

1. DBsenenne

OO6bBIvHO JIMHENHAS peKypPPeHTHas MOCIe0BaTeIbHOCTE HaJl mojieM P 3a1aércs ypaBHe-
HUEM BUJIA

si= > fisis (1)
j=1

rnes; € P, fi,..., fn€P.

Kak m3BecTHO, 10J00Has MOCIEI0BATEILHOCTD JIENKO IPEJCKA3yeMa;: JIJIs OlpeIeIe-
Hust Koaddurmentos ypasrernnst (1) ¢ momomnipio agroputma Bepieksmma — Macen [1]
TpebyeTcss Beero JIMMIb 21 MePBBIX 3JEeMEHTOB HocaegoBaTesbHocTr. CyIecTByeT TakKe
pacImpeHre 3Toro aaropuT™Ma Jjisi PabOThI € MOCJIEI0BATEIBHOCTSIME HaJ| KOJIbIAMH [2].

EcrecTBeHHBIM 006pa30M BOZHUKAET Ues UCHOIL30BAHMS JJIA MOCTPOCHUS JIMHEHHOM
PEKYPPEHTHI GoJiee CIIOKHBIX aarefpanveckKux CUCTEM, HeyKeJld HOJid W KoJbla. B Ha-
crosieil pabore paccMaTpPUBAETCH TTOJOOHBIN TI0X0/ ¢ MCIOJIb30BAHUEM OYTHKOJIE] B
KauecTBe aJIbTePHATUBDI MOJIAM M KOJILIAM TPAIUIMOHHON CXEeMBI.

Hanomunm orpejieieHne mouTUKOIbIIA.

Onpenenenue 1. [lycmv R — mHuootcecmeo, Ha KOmopom onpedenenvs buraptwie one-
PAYUL CAOHCEHUE U YMHONMCEHUE, 00Aa0a10UUe COTUCTNEAMU:

o8
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1. (R,+) — epynna (ne obazamesvno aberesa);
2. (R,-) — noayepynna;
3. Vx,y,z € R swnoaneno: (x +y)z = xz + yz.
B amom cayuae R naszvieaemca (npasvim) nowmukosvuyom.

OmmineM BasKHBIH puMep HOYTUKOJIbIA. [lycts (G, +) — KoHeuHas (HeobA3aTEIHLHO
abenesa) rpymma, M(G) = (GY +,-) — mHoxkecTBO Beex orobpaxkenuit m3 G B G ¢
onepanusMu orodednoro ciaoxenus (te. (f + g)(z) = f(z) + g(x) ana mobeix aByX
orobpaxkenwuii f, g € M(G) n moboro x € () u cyneprosuiueil 0To6pazKeHuii B KaIecTBe
ymuoxenus (r.e. fg(x) = f(g(z)) anst mobbIx 1Byx oTobpakenuii f,g € M(G) u noboro
€ G).

Boobe rosopst, B M (G) He BBINOJHSIETCS JieBasi JUCTPUOYTUBHOCTH. HerpyHo ybe-
JITHCS, 9TO MHOXKECTBO JIMCTPHOYTHBHBIX 37€MEeHTOB HouTnkojbiia M(G) coBnajgaer
¢ muoxecTBoM 3umoMopdusmos End(G) C M(G) rpynnst G. Ilpu stom End(G), ne
obpasyer 3aMKHYTOW CTPYKTYPBDI, IOCKOJIBKY M3BECTHO, UTO, XOTS HMPOU3BEICHUE JTBYX
SHJIOMOP(PU3MOB €CTh SHJIOMOPGU3M, CyMMa JIBYX SHIOMOPMOU3MOB, He 0043aTEIbHO siB-
JISTETCST SHTOMOPQU3MOM.

Onnako nournkosbio E(G), mopoxaéaaoe MuoxkectBoM End(G) sumomopdusmos
KOHEYHOIT HeabesIeBoil KCeTpacienua bHoil 2-rpynisl (G, 0Ka3a10Ch BeCbMa HHTEPECHBIM
st usydennst. B [3| B wacTHOCTH OnpeiesiéH mopsiioK mouTnkobia F(G) ayst rpymisn
nuesnpa G = Dg u jyig rpynnbl kBatepaunonoB G = QJg. Kpome toro, JI.C. Kazapunbim
u B.M. Cuie/IbHUKOBBIM HOJTYY€HbI TEOPETUIECKUE BEPXHUE TPAHUIIBI IEPUOJIOB PEKYP-
PEHTHBIX HocJeoBaTesibaocTeii Haj F(G).

B macrosimeit pabore MCHOIb30BaHbI JaHHBIE TEOPETHYECKIE PE3YJbTaThl U Haiiie-
HO COOTHOIIIEHNE MeXKJIy IePHOJIOM DPEKYPpPEeHTHOIl mocsegoBarTeabroctn Haa E(G) u
MYJIBTUIIMKATHBHBIM TTOPSIKOM COOTBETCTBYIOIIEH COIPOBOXK/IAIONIEHl MaTpuibl. Tak-
JKe TIPOrPaMMHO CMOJIeIMPOBAHBI BbrancsieHus B F(G) n peaan3oBaH JTMHEHHBIA PErICTD
CJIBUTA, YTO TIO3BOJINJIO TIOJIyIUTh HEKOTOPBIE OIBITHBIE JaHHble. [IpoBeiénnbie sKcepu-
MEHTBI JIEMOHCTPHUPYIOT, 9TO BEPXHHUE I'PAHUIIBI [IEPHO/IOB, IPE/IOKEHHBIE PaHee, CKOpee
BCEro CHJIbHO 3aBbiiieHbl. OIHAKO n3ydaeMble DeKYPPEHTHbIE [OCIEI0BATEIbHOCTI HMe-
10T CJIOYKHOE AHATUTHIECKOE CTPOCHUE, O I6M CBUJIETEIBCTBYIOT PE3y/IbTaThl HCCIIEI0BaA-
HUS UX poduieil TUHEHHON CI0KHOCTH].

2. PekyppeHTHBbIe ITOCJI€10BaATEIbHOCTHU
HaJl IOYTUKOJIbIIaMU’

2.1 IIpobGaembl apudMeTUKN MOUYTUKOJIEI]

B jaHHOM pasjiesie IpecTaBJIeHbl HEKOTOPBIE MPOCThIE CIEJCTBUS CTPOEHUS, a TaKrKe
HEKOMMYTATUBHOCTH U HEMCTPUOYTUBHOCTH MOUTHKOJbIA FE(G).

Kak B jmokasaresnbctBe Teopembl 1 u3 (3|, OyiaeMm ucnosb30BaTh cieiyromniee 0603Ha-
vyenne: J < FE(G) — upean nournkoibiia F(G), HOPOXKIEHHBIN SHIOMOPDU3MAaMH, T1e-
PEBOAIINMI Kazk bl ssiement rpymmbl G B Z(G).
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Jlemma 1. ITycmo umeemes mmooscecmso asemernmos X = {xij €EEG), 1<i<n, 1<
Jj < m}. Cnpasedauso pasercmeo

ZZZEU:ZZZL‘”—F& 5€J,5: Z Z [IL‘Z‘S, mjl]-

i=1 j=1 j=1 i=1 1<i<s<m 1<i<j<n

HokazareabcTBO. MBI JJOJKHBI TIEPErPYIITUPOBATH CJlaraeMble JTBONHOI CYyMMBI:

n m

Z Zl’ij = <I11+$12+. . .+I1m)—|—(l’21+. R DY S +I2m>+ ...... +(l’n1+ . +$nm)
=1 j=1

OcHoBbIBasgiCh Ha Tex (pakTax, 9To
LLut+v =v4+u —u—v + ut+v = v+u + [v,ul Yu,v € E(G), n
2.a+n=n+a YacEG),neJ,

OyJieM ITPOBOJIUTH UTO-TO BPOJIE COPTUPOBKU METOJIOM BCTABOK, PaCIIAUNBAsACH 3a KarK-
JIBI OOMEH TTO3UITUSAMU COCETHUX JIEMEHTOB CyMMbI JIOTIOJTHUTE/IHHBIM CJIaraeMbIM-KOMMY-
TATOPOM.

Crpyumnupyem ciiaraemMble BUJQ T;7 U BBIYUCIUM ITOJIYYEeHHBINA 1Ipu 9TOM mrpad ;1.
CrauaJja mepeMecTuM Ha HYXKHOE MECTO Tgi € J00ABOTHBIM CJIAraeMbIM 0o :

n

ZZ%;‘:$11+g512+...+$1@+w21+...

g

i=1 j=1 el

m

021 = Z[xlr; $21]~

r=2

3/1ech COMTaCHO YTBEPKIEHUIO (2) HOPSIOK CyMMUPOBAHUS TIPOM3BOJIEH.
Terteps Bo3bMEMCST 3a X371 :

l‘ll—f—l’gl+3312—|—...+l’1m+l‘22+...+$2@+$31—I—...
2(77;,—1)

m m

031 + 030 = Z[ﬂﬁlm T31) + Z[$2m T31].

r=2 r=1

Pesromupyem

m—1 m—1 n r—1

=1 =1 r=2 t=1 s=2
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prOHIaeM MH/JICEKChI 1 BBIIIMCBhIBaEM Tpe6yeMoe yTBepzKaeHue

szijzzzxij+ Z Z [Tis, xj1].

i=1 j=1 i=1 j=1 1<l<s<m 1<i<i<n

Jlemma mokaszana. O
Jlemmy 1 MBI B JajbHelinieM OyeM aKTHBHO HCIIOJIB30BaTh. [loaTomy BBEmEM st
9JIEMEHTa 0 eMHOODOPA3HYIO 3AlUCh ¢ IapaMeTPaMHU.

Onpenenenue 2. [Tycmv umeemca mnosrcecmso anemenmos X = {z;; € E(G), 1 <1i <
n, 1 <j <m}. Saemenm 6 = 0(X, i, 5) maxod, wmo Y 1) >0 T = 3 50, D Tij+6,
HA308EM KOMMYMAMOPOM CYMMUPOSAHUI.

OcuoBHoe “Hey106cTBO” B pabore ¢ moutnkoJbiioM E(G) BHOCHT OTCYTCTBHE JIEBOi
JUCTPUOYTUBHOCTH. PaccMoTpuM 1oApobHee, KaKoil 1eHOoil JaéTes “pacKpbhITHE CKOOOK .

Jemma 2. ITyemv a € E(G), bj € EG), 1 < j < n, a =Y " «q, 2de a; €
End(G), 1 <i < m,, mozda

n

a(Y b)) =) abj+¢,
j=1

=1
ede £ =0 ({aibj}, i, j) e J

Jloka3zaTeabCTBO.
n n

(30 = (3 ) (b)

j=1 j=1

Y Hac B pacHoOpsKEHWH €CTh IpaBas JIUCTPUOYTUBHOCTD, MOITOMY MOXKHO PACKPBITDH

CKOOKU:
Ma

e () = (X (Y b))

=1

A Tak Kax Bce 3HJIOMOP(MU3MBI JUCTPUOYTUBHBI, MbI MOYXKEM €IlEe 171, Pa3 PaCKPbITh
CKOOKU:

Mq

iaio(ij):ZZaibj.

i=1 j=1
[IpumensieM jieMMy 1 1 MeHSEM MECTAMU 3HAKUA CyMMObI:

Ma n  Mq

ZZaibj = Z aibj + 5({aibj}a (8 ])7
1

i=1 j=1 j=1 i=

CuoBa obpariaeMcs K IPaBoil JUCTPUOYTUBHOCTHU U 101y IaeM

Ma
E Oéibj = abj
=1
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B urore

n n

a(d b)) = ab;i+6 ({aibs}, 4, j)
i=1 i=1
JlemmMma mokaszaHa. O
Oyuxuus § ({a;b;}, 4, j) u3 gemmbl 2 Takzke Oyner BocTpebOBaHA B CJIEAYIOMIIX Pa3-
nenax. st Heé ToxKe BBEIEM

Onpegnenenne 3. [Iycmv a € E(G), b; € E(G), 1 < j < n, a =Y " w, 2de
a; € End(G), 1 <i < mg, moeda anemenm § = &(a, {b;}) maxot, wmo

n

G(Z bj) =Y abj+¢,

J=1

HA306EM UCKAHCENUEM HEQUCTPUOYMUSHOCTIU dAeMenma a no muodicecmey {b;}.

2.2 Apudmernka marpui HaJ[ TOYTUKOJIbIOM F(G)

Yeqosumcest ob6ozravdaTh depes M, (R) MHOKECTBO KBAJPATHBIX MATPHIL pa3Mepa n X n ¢
ssieMenTaMu 13 noutukosbiia R = F(G). Ha sroMm MHO)KeCTBE 0GBIMHBIM 06pa30M OIIpe-
JIEJISIIOTCSL OIlePAIN CJIOXKEHUsT ¥ YMHOXKeHusI. Takzke 0003HA4YNM depes j II0/IMHOZKECT-
Bo MuOKecTBa MM, (R), cocrosiinee U3 MATPHIL ¢ SJIEMEHTAMI U3 Hjeata J IOITHKOIIBIIA

R = E(G).
PekyppenTHyio mocie1oBarebHOCTS (1) y106HO 3aaTh ¢ TOMOIIHIO HAYATHHOIO BEK-
Topa © = (1, Xa, . .., T,) U COMPOBOXKIAMOIIEH MAaTPUIBl A pazmepa n X n, onpe/ie/iseMoii

ko3 durmentamu f;

0 1 0 0
0 0 1 0

A=+ + = - (2)
00 0 ... 1
i fo fs oo

Tora ouepeiHoe COCTOHIE PEKYPPEHTHI PACCUUTHIBAETCS 110 (DOPMYJIe

€Tr; = A.’Ei,y (3)

Hac maTepecyeT Ipesk/ie BCero, KaK COOTHOCATCS HMEPHOIbI MOCIe0BATEILHOCTEH I
MYJIBTHILTAKATHBHBIC TOPSJIKA COOTBETCTBYIONINX COITPOBOKIAIONINX MaTpHIL. 1losToMy
Ba’KHO TIOJIYIHUTH BBIPazKeHHe I {-I'O COCTOSHUA B TEPMHUHAX CTEIIeHel COMPOBOKIAIO-
el MaTPUIbI.

JI.C. Kazapunbeim 1 B.M. Crie bHIKOBBIM OBLIH OMICAHBI HEKOTOPBIE CBOMCTBA Olle-
panuit Hajg Marpunamu uz 9, (R). Bolio 3aMedeno, 9To yMHOMKEHHE MaTpPHI] aCCOIHa-
THBHO U JUCTPUOYTHBHO JINIIB C TOYHOCTHIO JIO JIOHOJHUTEIBLHOTO CJIAracMOro U3 4.

Hanpumep, nycTh Ty — HauaJdbHBII BEKTOP PEKYPPEHTHOIT nocsenobaTeabrocT. Co-
rinacho (3) z; = A(Aw;_») = A%z o+U, tye U € J. Torpma x4 = Ax; = A(A%x; o+U) =
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AAD 2 o +V + AU = A3z o + U +V + AU, tie U',V € J. Ciepnyiomue BeKTOPbI
Oy/IyT BBIVISJIETH €IE CIo¥KHee, ITOCKoIbKyY npusejienne A - AU x A2U nact odepeHoe
J06aBOYHOE CJIaraeMoe, U Tak Jajee.

OHAKO MIPH HEKOTOPBIX YCIOBUSIX BO3MOXKHO M HEOOJIBIIOE YIIPOIIEHHE.

JIemma 3. ITycmv A, B,C € M, (R), u B € J. Tozda
C(A+B)=CA+CB (4)
(A+ B)C = AC + BC (5)

Hoxkazarenbcrso. [Iycts A = {a;;}, B = {b;;}, C ={c;;}, 1 <14, j<n.
Bamumem dhopmyity ssiementa Marpuibl C(A + B):

n

Tij = Z Cik(akj + bk])

k=1
Orcrona o jgeMMme 2
Tij = Z (cirany + ciubi; + E(cir, {ary, bs})) = Z(Cikakj + cikbry) + Z Ek-
k=1 k=1 k=1

BTopoe paBeHCTBO BBIIOJIHAETCS, IIOCKOILKY & € J.
Tenepb, BOCTIOIL30BABIIUCH JIEMMOiT 1, meperpynmupyeM cjaraemMble CyMMbI IEHOi
JTOTIOJTHATEIHHOTO CJIAraeMoro u3 J:
n n n
E (Cikakj + Cikbkj) = E CikQkj + E Cikbkj + 9.
k=1 k=1 k=1
B JaHHOM CJIyYdae JIJIgd IPUMEHCHUA ynOMHHyTOﬁ JIEMMBI BMECTO BTOPOI'O 3HaKa CYMMBbI
y Hac JIBa CJIaracMbIX — C YMHOXKCHHEM COOTBETCTBEHHO Ha aj; ¥ byj. Tax Kak by; €
JVku j, to &(cik, {arj, brj}) = 0 u 0 = 0, oTKyma cieayer paseHcTBO (4).
Hanee nepexogum k marpurie (A+ B)C. Beinuiem Boipazkenue jijist €€ Koabdurmenra

n

Tij = Z(akj + bkj)cik.

k=1

HOCKOJH)Ky II0 OIIpeJeJICHUIO ITOYTUKOJIbIIa BCEr/la BBLIIIOJIHACTCA ITpaBasd ,ZLI/ICTpI/I6YTI/IB—
HOCTBb, TO Mbl MOXKEM PaCKPbLITb CKOOKU:

n

Tij = Z(@kjcik + byjCik)-

k=1

Tenepnb, aHajgoruvHO, UCHOIB3YHd JieMMy 1, TeperpynnupyeM cjaraeMble CyMMBbI TIEHOIM
JIOIIOJIHATEILHOTO caaraeMoro us J:

n n
ZEU = E CijCik + E bkjcik + 5
k=1 k=1

Tak ke, KaK U B IIEPBOM CJIydae, 3aKjodaeM, 910 § = 0, u paBeHCTBO (5) 10Ka3aHO.
Jlemma mokazana. O
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Jlemma 4. IIyemv A, B,C € M, (R), v A = {a;;}, B ={bi;}, C ={c;;}, 1 <1, j<n.

Toe(?a GbINOAHEHO:!
1. (AB)C = A(BC)+T, Tej.

2. Ecau a;; € End(G) Vi,j  u no xpatinet mepe odna uz mampuy A, B uau C
npunadsesrcum J, mo I' = 0.

3. Eeau B uau C' npunadaescum J, mo I' = 0.

HokazaTeabcTBO. Beiém oboznateHus

aij = Za,(fj), a,(gij) € End(G);
k=1

n

Wi; = Z((Z ailblk)ckj>;

k=1 =1
n n

W;; = E E ailblkckj-
k=1 I=1

[Ipumenum semmy 1

W;j = Z Zailblkckj + 055, 0y € J,

=1 k=1

rje 0;; — KOMMYTaTOp CyMMHPOBaHUL 0 k 1 [.
Teneps HaMm MeraeT orcyTcTBUE JIEBOI ucTpubyTuBHOCTH. HO HA momMomb mpuxouT
JjileMMa 2

n n

_ 0
E aibikcr; = aq E bikcrj + &5
k=1 k=1

rie f,fjl-) = &(ap, {ber; | 1 < k < n}) — ucxkazkenne HeauCTPHOYTHBHOCTH SJIEMEHTA
a; 1o MHOKeCTBY {bjpcr; | 1 < k < n}.
Takum obpaszom,

Wi; = Z (ail bikcr; + fg)) +0ij, 5@'(;’)’ 0z € J.

=1 k=1

O6osmaunm &; = > ", 5’7;(1-). B urore mosydamm

Wij = Zailzblkckj + &ij + 0. ©)
k=1

=1
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DTO O3HAYAET, ITO

W = (AB)C = A(BC) + Zapc + Aagc, (7)

rze Eapc;Aapc €3
13 (6) u (7) cpasy ciaeaytor Tpebyemble yTBepXKIeHus. [

Bameuanue 1. 3decv obnapyorcusaemcs cywecmsennoe paziuvue mearcdy seevim (3)
U NPABHLIM YMHOHCEHUAMU NPU NOCMPOEHUU DPeKyppermHot nocaedosamenvrhocmu. A
UMEHHO, AEB0E YMHONCEHUE MATMPUY, KA 6EKMOP U3 J accoyuamuero, mo ecmv A(AU) =

A2U. Ho (UA)A=UA? +U', 20e U,U" € .

2.3 JleBoe ymMHO>KeHUE

Beiiite MBI BBISICHUJIH, 9TO NPUMEHEHUE JIEBOTO YMHOXKEHUsI TMPUBOJUT K “YIIPOIIEHUIO”
PEKYPPEHTHBIX TIOC/IeI0BaTe/IbHOCTEl. PaccMOTpUM 9TOT BapuaHT MOApoOHee.

[Iycts 2y — HaYaAIbHBIN BEKTOP IOCJIEI0BATEILHOCTH, A — €€ COIMPOBOXKIAIOIIA
matpuria. O003HAYINM MYJIBTUIINKATHBHBIN MMOPSIOK MaTpuilbl A OyKBO# ¢, a Tepuo
1IocJjIeIoBaTeIbHOCTH — p. Takyke mpuMeM eIé olHO 0003HaTeHne

A-(A-(...-(Az)...)) = AV,

Cormacro memvam 4 u 3 ¥y € J, Vr € N, Va € E(G) semomneno A"y = A"y u
Ala+~) = Aa+ Ay.

By/em mocseioBaTeIbHO yMHOKATH CJICBA HAYAIBHBI BEKTOD Ha COLPOBOZK/IAIOILYIO
Marpuny: r; = Az, o = A%xo + i,

Takum ke 06pa3oM Oy 1eM IPUBOAUTH BCE BOSHUKAIOIINE CIATaeMbIe K IIPOU3BEIEHIIO
C yJacTHeM CTelleHn MaTpUIlbl A, 0003Hadast IPU STOM “OIIHOKY HEACCOIUATHBHOCTH ISt
Kazk0ro A - A"z aepes 7y,. Torga ¢ y4éToM CKa3aHHOIO BBIIIE IOy IUM (POPMYILY

i—1

U S (5)
k=1

[TocKoIBKY YMHOXKEHHE Ha MATPHILy U3 J JAET B pe3y/bTaTe BCEr/la MATPUILYy U3 J,
To cymma B dopmyiie (8) ectsb sement u3z J. [lostomy mjis nopsiyika ¢ Marpursl A u
HEKOTOPOTO 7) € J MOXKHO 3aITHCATH

Lg = Aqiﬂo + m,

OTKY/JIa CJIeJIyeT
Ty = To+ 1. 9)

HpOﬂOH)KHM IpoIrecc 1 110JIy9IuM

Tog = AD (29 4+ 1) = Az 4+ Al =z, + 17,

910 ¢ yaéroM (9) mpuBOAUT K
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Tog = Xo-

Nrak, MbI IPUIILIK K COOTHOIIEHUIO

2q = kp, keZ.

A s1o O3Ha4aeT, 9TO JOKa3aHa

Teopema 1. Ecau nepuod nocaedosamesvrocmu 6uda (3) 60avwe MYALMUNAUKAMUG-
H020 NOPAJKA COOMBEMCMBYIOWET CONPOBOHCIAOWET MAMPUYDL, TO OH 6060€ HOALULE
MYALBMUNAUKAMUEHO020 NOPAJKA IMOT MAMPULDL.

3. Pe3yabrarbl 3KCIIEpUMEHTOB

[ebi0 9KCIEepUMEHTOB OBLIO ONPE/IeIeHAe TIEPUOJIOB U JIMHEHHON CJI0XKHOCTH TIOCJIE/I0-
BaTesIbHOCTEl HEOOIBINOI IyOUHBI. BBII0 BEIGpaHO HEOOIbINOE TOITHKOIBIO — F(Dsg).
Dg — rpymma auenpa nopsaxa 8. ITo teopeme 1 u3 [3] m3secrmo, uro |E(Ds)| = 256.
Omnncanuble HUXKE AJTOPUTMBI PEAJIN30BaHbI Ha s3bIKe MporpaMvupoBanns C++ B
UHTerpupoBanHoil cpeje paspaborku Microsoft® Visual Studio® 2008. Uexonubrit ko
nocrynen B Uareprere o ajipecy https://near-ring.googlecode.com/svn/tags /near-ring-1.1

3.1 MoaenmupoBaHue BbIYUCJIEHUI B MOYTUKOJIBIIE

B kavecTBe moj1esn JI0601 CTPYKTYPBI, TIPEJICTABIAIONIEH OO0 3aMKHYTOE OTHOCUTE b~
HO OIPEJIJIEHHBIX OTepaIuii MHOXKECTBO U3 7. 9JIEMEHTOB, PACCMATPUBAETCS OUEBHTHOE
MAITUHHOE [TPEJICTaBICHIE — TaOJIUIIBI OllepAIlnil. ITO O3HATACT, ITO KAXKJIOMY JIEMEHTY
[IOCTABJIEH B COOTBETCTBHUE TOPSIKOBBIN HOMED, & KayKJIOW olepanuu — Tabjmna n X n
CJIeIyIoIero cojiepxkanusi. KaxK ot cTpoke Tab/IHIbl, paBHO KaK M KarxKJIOMYy CTOJIOILY,
COOTBETCTBYET JIEMEHT MHOYXKECTBa. B dueiike Tab/IUIBI Ha IepeceYeHnn ¢-ii CTPOKU U
J-T0 €TOJIOIA XPAHUTCS HOMED Pe3y/IbTaTa OMEPAIlnn C i-M JIEMEHTOM MHOXKECTBa B Ka-
YeCTBE JIEBOTO OIEpPaHJia U C J-M JIEMEHTOM MHOYKECTBA, B KAUECTBE IIPABOIO OIEPAH/IA.
Howmepa siemenTtoB s KopupoBanus Beioupatores ot 0 g0 n — 1.

Takum obpaszoMm, ajrebpandeckasi CTPYKTypa 3a1aéTcsd TabJIUIaMUA, 10 OJTHOM JIJIsd
KaxKJION omepaluu, IPU ITOM KaKJbIN 3JIEMEHT IIPEJICTaBIAETCH HOMEPOM CTPOKH WJIN
CTOJIOIA TUX TaOJINII.

Hanpuwmep, B Tabsmmie 1 onurcano ymuoxkenue B rpyiie G = Dg.

[Mourukosbio F(G) 3amaéres npymst Tabmmamu 256 X 256, copepzkamumu 8-OUTHbIE
qncsa. Tabaura rpynnbl G UCHOIB3YeTCs JJTsi BBIYUCIEHUS Tab/IuI] TOITUKOIbIA. [l
9TOr0 CHavYaJIa CTPOUTCH siBHas MOjiesb. JIwoboit smement M (G) mpejcraBisgercs Kak
BekTOp [ = (fi)s U3 8 sytemenTos, rje f; € G. Kaxplii Takoil BekTOp 3a1a6T 0TOOpazKe-
ure u3 G B G, ipu sToM s oboro x € G no onpegenennto f(x) = f,. CoorBercrBue
TaKNX BEKTOPOB oToOpazkenusaM M (G) B3aMMHO O/JHO3HAUHO.

CrioxkeHre U yMHOXKEHHE OTOOpayKeHWil pean3yioTcss B COOTBETCTBUU C OIIpEJIeie-
HreM nouTukosbiia M(G) n ¢ momorpio TabmIpl omepanuii rpynibl G CJIe Ly OIiM
obpazom: ecmt h = f + g, T0 h; = f; + g;; ecrm h = fg, To h; = f,,.
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Tabmuna 1. Cnoxkenne B rpynne G

0 a z —a b a+0b z+b —a-+b

0 0 z —a b a+0b z+b —a-+b
a z —a 0 a+0b z+b —a-+b b

z z —a 0 a z+b —a+b b a+0b
—a —a 0 a z —a—+b b a+b z+b
b b —a+b z+b a+b 0 —a z a
a+b a+b b —a+b z+0b a 0 —a z
z4+b z4+b a+b b —a+b z a 0 —a
—a+b|—a+b z+b a+b b —a z a 0

[Ipornecc mocrpoennst TabIUI] OCHOBAH HA CJACLYIONIUX JIEHCTBHUSIX.

1. ITycth mMeeTcst HEKOTOPOE KOJMYIECTBO M3BECTHBIX 3jieMeHTOB F(G) (TO ecTh m3-
BECTHBI HECKOJILKO BEKTOPOB, COOTBETCTBYIOMIX d1eMentaMm F(G)). Jobasuts stu
BEKTODBI B CIIHCOK HAfJICHHBIX BeKTOPOB Kiacca F(G) (4ro o3HavaeT MpuCBOUTH
KaKJ[OMY BEKTODY YHHUKAJBHbIA HOMED).

2. BprameanTh HEKOTOpPbIE CYMMBI U ITPOM3BEJIEHUs 3JIEMEHTOB M3 clincKa. Haiitu B
CITUCKE HOMEpa BEKTOPOB, MJICHTHYHBIX DEe3yJIbTaTaM BBIIOJHEHHbBIX oneparuii (a
OTCYTCTBYIOIIHE B 9TOM CIIHCKE BEKTOPHI JOOABUTH B CIUCOK ). [lociie BBITOTHEH s
9TOTO IIara JJId BCEX BBIIOJHCHHBIX CJIO?KCHMI M YMHOXKCHHI MMEIOTCA HOMEepa
OIIePAHJIOB U PE3YILTATOB. DTUMH JIAHHBIMU 3AIIOJTHSIOTCH TabJIUIIBI OITEPAIIHIA.

st Hagasia mocTpoenust TabJIuIL Hy »KeH HadaIbHbI Habop aemenToB F(G). Jokasza-
TeJILCTBO TpeJIozkerns 1 u3 [3] mposmBaetr cser Ha cTpykTypy E(G). 3BecTHa cucTema
u3 4 jmuHeiino He3aBHCHMBIX dyteMenToB u3 J C E(G). Bekroproe mpejacrasienne 3Tux
9JIEMEHTOB BBITJISIIUT TaK:

0,2,2,0,0,z2,2,0),
0,2,0,2,2,0,2,0
0,0,0,0,2,2,2,2
0,2,0,2,0,0,0,0).

( )
( ),
( ),
( )

s mocrpoeHusi BCero MHOXKECTBa HEOOXOJMMO 3aJiaTh 4 JINHEHHO HEe3aBUCUMBIX
orobpaxkenus u3 E(G), MHAYIUPYIONMX CHCTEMY U3 4 JIMHEHHO HE3aBHCHMBIX O0TOODa-
xkenuit u3 E(G)/J, a 3aTeM BBIUYUCIUTH BCe JINHEHbIE KOMOMHAIINN 9TUX 8 9JIEMEHTOB.

M ckombie geThIipe 0TOOparKeHnst SIBJISIIOTCS JIMHEHHBIMI TPE0OPA30BAHIAME IIPOCTPAH-
crBa G/Z(QG) nax nonem GF(2). Cucrema (a,b) 6epércs B KadecTBe 6a3mca IPOCTPAH-
crea G /Z(G). Bee uneitabie npeobpa3oBaHust 3a/a10TCs MATPUIIAME PA3MEPHOCTH 2 X 2
HaJt mosieM GF'(2). Vickomyto cucteMy mpeJIcTaBIsSiOT MaTPUIBI

Con) (o) (Vo) (o)
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KOTOPBIE COOTBETCTBYIOT CJIYIOIMM BEKTOpaM M3 Kiacca djaeMenToB E(G):

(0,a,0,a,0,a,0,a),
(0,0,0,0,a,a,a,a),
(0,b,0,b,0,0,0,b),
(0,0,0,0,b,b,b,b).

3.2 MHWccaenoBanue mepuoioB IMOCJeI0BATEIbHOCTEM

Jl1obast peKyppeHnTHas MOCIeI0BATE/THLHOCTD OIPEJIEISIeTCsl CBOMME KO3 DUIMenTaMu u
HaYaJIbHBIM BEKTOPOM. T'pebyercst BHIOPATh HEKOTOPBIE 3HAYEHHS KOIMDDUITUEHTOB U I~
MEHTOB HAaYAJIHHON TOCIEI0OBATEIHHOCTH U ABHO BBIYHCJIUTE TOJTYIAIONINEC TTEPUOTHI.

[list onpesiesiennsi IEPUOJIA MOCJIEIOBATETLHOCTU ObLIT UCIIOJIb30BAH CJIEJY IO aJl-
TOPUTM.

Anroput™M BBIYHCIIEHUS TIEPUO/IA PEKYPPEHTHO I10C/Ie/10BATEIbHOCTHU

B pabore asroputMa BCIob3yercs JuHAMIIecKasl CTPYKTYpa JaHHBIX map. DTO CIIUCOK
ap “KJIIo4-3HadeHne”, yropsaI09eH bl 110 K09y, Takas cTpyKTypa M03BOJIsieT OBICTPO
HaXOJIUTh 3HAYEHNE 110 JAHHOMY KJIIOUY WM OIPEIE/IsiTh, 9TO JAHHOTO KJI0Ya B CIIMCKE
wer. Ilouck 3ammcu 1o K04y, Tak »Ke KaK U BCTaBKa HOBOW 3aIlMCH, ITPOU3BOINTCA B
takoii crpykrype 3a Bpems O(log N), rie N — Texyliee KOJUIECTBO 3AIHCEI.

AJropuT™M TIOC/IETOBATEIFHO BBI3BIBAET T'€HEPATOP IS MOy IeHNs OYePeTHOTO dIe-
MEHTa ITOCJIe/I0BATETbHOCTI U 3aKAHIMBAET CBOE BBINIOJIHEHME, KOr/a OyaeT oOHapyKeH
epUoI. DTO CAYIUTCHA, KOIJa COCTOsTHAE T'€HEepaTopa IMOBTOPUTCS, TAaK KaK COCTOSTHUE
reHeparopa — COAEep:KUMOe PErucTpa — MOJHOCTHIO OIPEIEsIseT ero CaeAyolee COCTOs-
HUE U CJIEYIONHi 3/ieMeHT 1ocienoBaresbuoctu. [lomyaaercs, 1ro B mporecce paboThI
AJITOPUTMa HE TTPOU3BOIUTCS JIUIITHUX BBI30BOB M€HEPATOPA.

Tpebyercst, TeHepUpys MOCJIEIOBATETLHOCTD, PACIIO3HATH TOBTOPEHNE COCTOSTHUS Te-
Heparopa. st 9Toro Kaxkoe odepeiHoe ero cocTossune coxpangercs B map. CocrosiHue
CIYZKHUT KJIIOYOM, & MH(MOPMAIMOHHBIM II0JIEM SIBJIZETCS HOMED TaKTa, Pe3yJIbTaTOM KO-
TOPOTO CTaJI MEPEXOJ] FeHepaTopa B JJAHHOE COCTOSTHUE.

[Tepe Tem, Kak COXpAHUTH HOBOE COCTOSTHHE T€HEPATOPA, aJITOPUTM 3aIYCKAET TOUCK
B map. Ecim Ttakoe e COCTOSTHEHE yiKe COMEpP:KUTCS B map, TO aJrOPUTM 3aBepIiaeT
CBOIO paboTy, BO3Bpallasi B Ka4ecTBe pe3y/IbTraTa Pa3sHOCTb MEXKY TEKYIIMM TAKTOM U
TAKTOM, XPAHAIIIMCS B Map M0 JaHHOMY IIOBTOPUBIIEMYCS COCTOSIHHIO. B IpOTHBHOM
CJIydae 9TO COCTOSTHIE ITOMEIAeTCs BMECTe ¢ HOMEPOM TEKYINEro TaKTa B map, U IPOIECC
MIPOJIOJIZKACTCS JTAJIBIIIE.

PesyabTaTnbi

CuavaJja ObLT pacCMOTPEH ciiydail TiyOuHbl pekypcun 2. Beero pas/imaHbIX MOCIEI0Ba-
TesbHOCTEl IIyOuHBI 2 cymecTByeT 232 — MMEHHO CTOJLKO KOMOHHAIMI 00pasyIoT JiBa
KO3 puUIeHTa 1 JBa 3JIEMEHTa HAYAIbHON MOC/IEJOBATEIHHOCTU (HAIIOMHUAM, UTO KazK-
JIBII 9JIEMEHT MOYTHKOJIbIA Kojupyercs 8 6uramu). Tak 910 mepebop Beex BO3MOXKHBIX
BapuaHTOB C BbIYMCJ/ICHUEM II€pUOJa JAJid KazK/JI0I'0 U3 HUX — pr;[‘OéMKaH 3a/Ja49a.
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BwmecTto mosiHoro 1epebopa BcexX IMOC/IeI0BaTeIbHOCTEN OBbLT OCYINECTBJIEH 1epebop
BCcex HADOPOB KO DUIMEHTOB U JIJIsT KayKJIOr0 Habopa ObLIN caydaifHbIM 00pa30M BbI-
OpaHbl HECKOJIbKO BApUAHTOB HAYAJLHBIX BEKTOPOB. MakcuMma/ibHbBIN U3 HAlJIEHHBIX B
pe3yJibTare JIAHHOTO SKCIIEPUMEHTA IIEePUO/T I ITPABOr0 YMHOXKEHUS — 84, a JJisd JIeBO-
ro — 30.

Crtetytommuit SKCIEpUMEHT 3aK/TI09aJICsd B TOUCKE MAKCHMAJIBHOTO MYJIBTUILINKATAB-
HOTO HOPsIJIKa COIPOBOXKIAIONIEH MaTpuIibl (2) Takxke nepebopoM Beex KoahGUIneHTos.
Pesyibrar skcrepuMenTa 9UCJICHHO COBHIAJ ¢ npeibaymuM. [lopsiok Marput, oTHOCH-
TEJILHO [IPABOT0 YMHOXKeHUsT — 84, a TOPSII0K MaTPUIl OTHOCUTEIHHO JIEBOI'O Y MHOYKEHUST
— 30. 3nagnT, corytacHO TeopeMe 1 mepros, MOCaeI0BATETLHOCTH TIyOMHBI 2 JJIsI JIEBOTO
YMHOKeHUs He 1peBblmaeT 2 - 30 = 60.

Takum 0b6pazoM, OBLIO TIOJIyUeHO yTOUHEeHe TeopeTutdeckn ycranossiennoit JI. C. Ka-
zapunbiM u B. M. Cuie/IbHUKOBBIM BEepXHEH I'PAHUIIbI s 1epuojia — 225.

g rmybunsl pekypceun 0oJiee 2 CTAHOBUTCA TTPOOJIEMATHIHBIM JTazKe 1epedop Kodd-
durmenToB pekyppenTHoit (hopmyiibl. [IoaTOMY OBLIN PACCMOTPEHBI JIUIITH ONPE/ICIEHHBIE
KJIACCHI TIOCJIe0BATEbHOCTEN]:

T = axi_p + br;_3,

T; = axi—3 + br;_yg,

T; = ax;_3 + bx;_s.
Bribop jmaHHBIX KJIaCCOB OCHOBAH Ha IIPOCTO# MHTyunuu. Eciin npegictaBuTh, 9TO 3TH
dbopmyser geiictBytor Has ostem GF(2), o npu a = b = 1 oHm OyyT COOTBETCTBOBATH

[I0CJIEJIOBATEILHOCTSIM MaKCUMaJIbHOT'O TIEPUOJIA.
B Tabmure 2 cobpanbl pe3ysibTaThl IOUCKa IIEPUOJIOB.

Tabumna 2. MakcuMmaibHbIE U3 HalIeHHBIX [T€PUO/IbI

Lny6una JleBoe ymHOXKeHUE [IpaBoe ymuoxkenue Teopernueckas Bepx-
PEKypCHUH Hsisl Tpanuia (227 —1)2
2 30 84 225
3 217 2 604 3 969
4 3 255 15 240 65 025
5 27 559 316 820 1 046 529

3.3 Ilpodunap aunHeitHOI CJI02KHOCTH

JIuneiinas CJI0’KHOCTH MOKa3bIBAET, HACKOJIHLKO ITOCIEI0BATE/IHLHOCTD “HellpeicKasyeMa’,
U IIOTOMY SIBJIIETCs BayKHBIM KPUTEPHUEM IIPU BhIOOPE reHepaTopa Jijist IOCTPOEHUS KPHII-
tocucteM. HamomauM ompesesieHne 3Toil XapaKTePUCTHKH.

Onpenenenne 4. Jlunetinas croocnocms A(s') nocaedosamenvnocmu st = (s, 81, .., 81-1)
— 2MO HauMeHDWEe Heompuyameavroe uesoe L makoe, wmo cywecmeyem AuHelnas
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pexrypperma c ¢U7€CUpOSCLHH’bLMU rorcmarmamu cy,Ci,...,Cp, ydoeﬂemeopﬂmugaﬂ pa-
6eEHCMEBY
Sj—|—618j_1—|—...—|-CLSj_L:O, nggl

Onpenenenne 5. [lycmv L; — aunetinas croHcHocms noonociedosamesvHocmuy, s' =
(80,81, -+, 8i-1). Toeda nocaedosamenavrocmv Ly, Lo, . .., Ly nazweaemes npoguiem au-

HETUHOT CAOAHCHOCTNU NOCACA0EAMEALHOCTNU Sl.

B xojie skcriepuMeHTa pacCMaTPUBAIMCH HEKOTOPBIE MTOCIEI0BATE/THHOCTU TUTyOMHBI
pekypcun 2 ¢ HaubOJIBINUMU U3 HalJICHHBIX nepuogamu. s ananinsa JUHEHHON CJI0XK-
HOCTH IIOCJIeI0BATEIbHOCTD 3JIEMEHTOB ITOUTHKOJIbIIA, KOJUPYEMbIX OafiTamu, ObLira mpeI-
CTaBJIeHa Kak II0C/Ie/I0BATeIbHOCTh OUT, TO ecThb 3jieMenToB G F'(2). K rakum moceosa-
TeJILHOCTSIM TIPUMEHsIICS aroput™ Bepireksmma—Mosccn [1] n onpeensiincs ux JguHei-
Hasl CJIOXKHOCTh U IPOQUIIb JUHEHHON CI0KHOCTH.

B pesysbrarte BBISCHUIOCH, YTO 3HAYEHUs JTUHEHHON CJIOXKHOCTH L PacCMOTPEHHBIX
[IOCJICIOBATEILHOCTEH MO IAI0T B IIPOMEXKYTOK OT 62 10 152, npoduin JuHeiiHOM CJI0XK-
HOCTH JIJIsl IEPBBIX OUTOB MOC/IEI0BATEIbHOCTEl OJIN3KHU K JINHEHO# dbyHKImn L; ~ 1/2.
JIuneiinasg CJI0XKHOCTH CTAHOBUTCHA TIOCTOSHHON B TOYKE NPHOJIU3UTETLHO paBHOU 2L,
YTO B CJIydae IMPaBOro YMHOMXKEHUS MOYKET COCTABJIATH O0Jiee TPETH Iepuojia, a B CJIydae
JIEBOI'O YMHOYKEHUS — JI0 OJIHOTO Ilepuoja u 6oJee.

4. 3akJodeHue

OCHOBHBIM PE3y/ILTATOM JIAHHON PAOOTHI SABJILAETCS MOy YeHHOe YTOUHEHNEe BEPXHell rpa-
HUIIBI JIJIs TIePUOJIa PEKYPPEHTHBIX [TOC/IeI0BATEIbHOCTE! TVIyOUHBI 2 HaJ| TOUTHKOIBIIOM
TPYIIBL IUeapa Topsaika 8. YTOYHEHNEe BEPHO JJIs Ciydast, KOrJa T'eHepalud OC/Ie/10-
BaTEbHOCTU BBIMIOJTHAETCST C JIEBBIM yMHOXKeHneM. OIHAKO IKCIEPUMEHT MOKA3bIBAET,
9TO JIJIs IPABOTO YMHOYKEHWsT OOHAPYKMBAETCS aHAJOTMYHAS 3aKOHOMEPHOCTH COOTHO-
IIEeHNs TePUOoJIa MOCJIEI0BATETLHOCTH U TIOPSIIKA COMMPOBOXK A0l MaTpHIlpl. Tak, moc-
JIEJIOBATEJILHOCTSAM C TPABBIM YMHOXKEHUEM IVIYOMHBI 2, UMEIONUM MAaKCUMAaJbHLIH U3
HallJIEHHBIX JI0 CUX IIOP IEPHUOJIOB, COOTBETCTBYIOT COIPOBOKJIAIONINE MATPUIIBI, TOPSI-
K1 KOTOPBIX Jin0o 42, mbo 84. To ecth Kak OY/ITO BBITIOIHAETCS TeopeMa 1 1 J1j1d ITpaBoro
YMHOKEHUS.

Cocrosinne peKyppeHTHI IPH YMHOYKEHIH MAaTPHUIIBI CIIPABa M3MEHSIETCs MTOXOKUM Ha
cJydail J1eBoro yMHOXKEHUs 00pa30M, HO ITOCTOSTHHO JIOOABJISAETCA JIOTIOJTHUTE/IHHOE CJia-
raeMoe u3 J — UCKaxKeHue HeacCOIMaTUBHOCTU — W HEM3BECTHO, COKPAIAETCS JIM OHO
BCerJia Py JIOCTUKEHUHU JBONHOTO TOPSJIKA MATPHUIIDL:

Tqg = To + M, $2q:l’0+9,

e i, 0 € 3.

[TpaBsa, p ecTh UCKaXKeHNEe HeaCCOIMATUBHOCTH JIJI Tg, & § — y7Ke TOJBKO JJIst DJIe-
menTa u3 J. K Tomy ke ji, 0 — BEKTOPBI, y KOTOPbIX BCE KOMIIOHEHTHI, KDOME TIOCJIEHETO,
pasubl 0 (17151 KpaTKOCTH HE OyjeM IPUBOAUTL BBIBOJ, 9Toro (hakra). Beé aro HaBoaut
Ha MBICJIb, ITO JONOJHUTEIbHDBIE C/laraeMble, BOOOINE IOBOPS, JOJKHbBI ObICTPO COKpa-
IATHC.
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