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Optimal portfolio selection is a common and important application of an optimization problem. Practical applications of
an existing optimal portfolio selection methods is often difficult due to high data dimensionality (as a consequence of the
large number of securities available for investment). In this paper, a method of dimension reduction based on hierarchical
clustering is proposed. Clustering is widely used in computer science, a lot of algorithms and computational methods have
been developed for it. As a measure of securities proximity for hierarchical clustering Pearson pair correlation coefficient
is used. Further, the proposed method’s influence on the quality of the optimal solution is investigated on several exam-
ples of optimal portfolio selection according to the Markowitz Model. The influence of hierarchical clustering parameters
(intercluster distance metrics and clustering threshold) on the quality of the obtained optimal solution is also investigated.
The dependence between the target return of the portfolio and the possibility of reducing the dimension using the proposed
method is investigated too. For each considered example in the paper graphs and tables with the main results of the proposed
method - application which are the decrease of the dimension and the drop of the yield (the decrease of the quality of the
optimal solution) - for a portfolio constructed using the proposed method compared to a portfolio constructed without the
proposed method are given. For the experiments the Python programming language and its libraries: scipy for clustering
and cvxpy for solving the optimization problem (building an optimal portfolio) are used.
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Sl normation Sysems COMPUTING METHODOLOGIES AND APPLICATIONS

HNepapxmueckas KjacTepus3annua KaK MeTOJ CHIDKEHUS pa3MepHOCTU

B 3agaUue OoIITIMMMN3annM MHBECCTUIINMOHHOIO HOPT(i)eJIH MapKOBI/IHa
A.10. Tloneraes', E. M. Cniupugonosa’ DOL: 10.18255/1818-1015-2020-1-62-71

1Hpocnchx<m71 rocynapcrBeHHbIN yHUBepcuteT uM. I1. I. lemnnosa, yi. Coserckas, 14, Spocnasas, 150003, Poccus.

YK 311.2:004.021 TTonyuena 12 gexaOps 2019 1.
Hayunas cratbs TTocie mopabotku 14 despamns 2020 r.
IToTHBIM TEKCT Ha PYCCKOM SI3BIKE [Ipuusara x my6nukarmu 28 pespais 2020 .

CocraBiieHe ONITUMATIBHOTO HOPTQEs LIEHHBIX OyMar sIBJISIeTCS BAYKHBIM U YACTHIM CIIyuaeM pelLleHMs 3aJaull OITIMI-
sanum. [IpakTuecKoe IpuMeHEeHE CYILeCTBYIOLINX METONOB COCTABIEHNS OIITYMAIIBHOTO IOPTQEJIs UacTo 3aTPyAHEHO
13-3a GOJIBLIOTO UMCIIA JOCTYITHBIX IJIs1 MHBECTUPOBAHVS LIEHHBIX OyMar (11, KaK CJIeICTBIE, GOIBIION pa3sMePHOCTH JC-
XOIHBIX NaHHBIX). B maHHOI paboTe MpeAIaraeTcss METOM CHIDKEHMS PA3MEPHOCTY NCXOMHbBIX TAHHBIX, OCHOBAHHBIN Ha
MepapXMUecKoil KIacTepu3ayi JOCTYIHBIX [l MHBECTUPOBAHMS [IEHHBIX GyMar. [lJIsg K1acTepu3alyin, POKO UCIIOIb-
3yeMoi1 B KOMIIBPIOTEPHBIX HAyKax, yKe paspaboTaHO MHOKECTBO aJITOPUTMOB I METOOB. B KauecTBe Mepsl 6iaM30CTI
LEHHBIX OyMar Ui MepapXIduecKoll KIacTepU3aui IUCIoNb3yercss Koagduuuent napuoit koppensunu [upcona. da-
Jlee VCCIleqyeTCs: BIVsAHE TIPENJIOKEHHOIO METOA Ha KAYeCTBO [I0IyYaeMOro ONTUMAIBHOIO PELIEeHNsT Ha HECKOJIBKIX
NIpUMepax COCTABJIEHMS ONTUMAIBHOTO MOPTQes IeHHbIX OyMar o Moaeau Mapkosuna. Takke uccienyercs BIUSHIE
[IapaMeTpOB MePAPXMUECKON KIacTepu3anun (METPUKI MeKKIACTEPHOTO PACCTOSHUS J IOPOTOBOTO 3HAUEHNS KJIACTe-
pusaumy) Ha U3MeHEeHJe KauecTBa MOoy4aeMOoro ONTIMAIBHOTO peleHus. Vccaenyercs 3aBUCUMOCTD MEXY LIEIEBOIT
TOXOJHOCTBIO IIOPT(eIs ¥ BO3MOXKHOCTBIO CHYDKEHMSI Pa3MEPHOCTH C IIOMOLIBIO IIPEJIOKEHHOr0 MeTofa. [T KaXXa0ro
PaCCMOTPEHHOTO IIPUMepa IPUBOIATCS TpaduKy 11 TaGIUIBI ¢ OCHOBHBIMU IIOJYU€HHBIMI PE3YJIbTATAMU [IPUMEHEHIS
MeTOofia — IMOHVDKEHIEM Pa3MePHOCTH I NTaieHIEM JOXOHOCTY (CHIDKEHIEM KaueCTBa OITUMAIBHOIO PEIeHNsT) Y IOPT-
(eJrst, IOCTPOEHHOTrO ¢ IpUMeHeHNEM IPENJIOKEHHOT0 MEeTOA II0 CPABHEHNIO ¢ IIOPT(esIeM, IIOCTPOEHHBIM Ge3 IpuMe-
HEHMs IPeI0KEHHOTO METOAA. [IJIs IIPOBeIeHMsT IKCIIEPMMEHTOB MCIIOIb3YeTCs A3bIK IporpaMmmupoBanyst Python n ero
GuOIMOTEKN: SCIpy Ui IPOBeNEHNs KIACTEPU3ALAN U CVXPY UL PELleHMs 3a1aul ONTUMM3AlVK (IIOCTPOEHUsT ONTH-
MaJIBHOTO ITOpT(es).

KirroueBble ci1oBa: KiacTepusarys; ONTUMMU3ans; noprdens Mapkosuia

NHPOPMAILIMA OB ABTOPAX

Amnatosnit lOpseBnu IloneTaes
aBTOP JJI KOPPECIOHAECHIIUN

orcid.org/0000-0003-0116-4739. E-mail: anatoliy-poletaev@mail.ru
MarucTpaHr.

Enena MuxaitnosHa Ciimpupgonosa | orcid.org/0000-0002-1089-7072. E-mail: lena@uniyar.ac.ru
JOKT. 3KOH. HayK, OLIEHT.

s yurupoBanus: A. Y. Poletaev and E. M. Spiridonova, “Hierarchical Clustering as a Dimension Reduction Technique for Markowitz
Portfolio Optimization”, Modeling and analysis of information systems, vol. 27, no. 1, pp. 62-71, 2020.

© Iloneraes A. 0., Cnmpunonosa E. M., 2020
Jra crarks oTKpeIToro gocryna nox auuensueit CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

63



Poletaev A.Y., Spiridonova E. M.

Beemenue

CocraByieHre ONTUMAIBHOTO MOPTQENsa IeHHbIX OyMar SBJISeTCS BaXKHBIM UM UACTBIM CIIyd4aeM pe-
ureHns 3amaun onrmmusanuy. CorslacHO mOpTQeNbHON Teopun, BrepBble chopmyampoBaHHOI Tappu
MapxoBurieM B 1952 T., 11 COCTABIEHNs ONTUMAIBHOTO TOPTQENsa U3 N IEeHHbIX OyMar HeoOXOquMo
OLIEHUTD JIMIIIb [Ba ITOKasareis [1].

1. oxumaeMyro TOXOIHOCTB R = ZL R X;;

2. mepy pucka (msmenumsoctu) V = 311, 31, 01X X;.

3meck R; — oxkmmaemMas OXOMHOCTD i-0i1 LIeHHOI OyMaru; X; — HOJIsL CPEICTB, MHBECTUPOBAHHBIX B HEE
QL X =1); 0;j — KoBapyanus JOXOMXHOCTel IIeHHbIX OyMar i i j.

IMoprdens MoxeT OBITH ONTUMU3UPOBAH IO 33AHHOI 0XKIAAeMOIN JOXOXHOCTH (1 MUHUMMU3ALY
pucka), mo 3agaHHoMy pucky (mas makcummsanuu goxoguaoctu) n mo RAPOC (risk-adjusted return) —
torga Makcumusupyercs yHkuusa R—-yV, rue y — HeKOTOpbIit Koadduiment. Pe3ynpraToM onTuMmsaun
aBisercs Bekrop moieit X = [Xi, ..., X,].

B Hacrosiee Bpems pa3paboTaHO JOCTATOUHO MHOTO MATEMATIUYECKIX METOOB OIITUMM3AIINY TTOPT-
¢ensa o Mapkosuity [2, 3], oqHAKO MX OBIMM HETOCTATKOM SIBJISETCSA JHOCTATOYHO BBHICOKAs BBIUMCIIN-
TeJbHAS CJIOXKHOCTB. YUMTHIBAA, UTO 00BEM OUpPIKeBBIX MAHHBIX, KaK IIPABUIIO, BeJIUK (Hampumep, B 2015
rofy Tosbko Ha Hblo-Mlopkckoit hoHmoBOI 61pske ToproBamuchk akiuyu 6omee 3000 KOMIaHMIL), a OMTH-
Musays moprdeis Ha MHAMUYHOM PhIHKE MOXKET TPeBOBaThCS JOCTATOUHO YaCTO, HEOOXOMMO MCKATh
IIyTU YCKOPEHUS OIITUMUBALIL.

1. Hpe[{JIaI‘aeMLIf/I METO IIOHVKEHUA PAa3MEPHOCTIL

IIpensaraeMplif IOOXOX 3aKJI0YAETCI B IIPeqBAPUTEIHHO KIaCTepU3aluyl — pasgeleHuu n SOCTyII-
HBIX L[eHHBbIX OyMar Ha k rpynn (knacrepos) (k < n). Kimacrepusaumst mpoBOOUTCA MepapXMUECKUM Me-
TOIOM, B KauecTBe MATPULBI PACCTOSHUIL JICIIOIB3YeTCsS MAaTpMLa MApHBIX KOPPENSIUil JOXOXHOCTEN!
LIEHHBIX OyMar.

3aTeM O KaKOOTO KiIacTepa PacCUMTHIBAETCS TOXOLHOCTB, KaK CPeIHAS MOXOJHOCTEN BXOISIIUX
B HEro LEHHBIX OyMar, M CTPOMTCI KOBapUAI[MOHHAS MaTpULa JAOXOMHOCTell Kiactepos. Ilocie aroro
MO’KHO OyIeT pelaTs 3ajauy OITUMU3AII ITIOPTdeII ¢ MEHBIIINM YICIOM IIapaMeTPOB, IIOJIYUNB BEKTOP

moseit st KiaacrepoB W = [Wy, ..., Wi]. PaccunraTs qoiro Kaskqoit LeHHOI 6yMary Mo>KHO 10 popMyJe:
W.
Xi = 7-]9
5j
rae

J — KJacTep, B KOTOPBIl BXOAUT LieHHast OyMara i

Sj — 4MCII0 IeHHBIX OyMar B KIacTepe j.

M3-3a TOTO, UTO KJIACTEPHI MIPEACTABIAIOT cO00TI 00beqMHEHNS [IEHHBIX OyMar, OITIMATbHbII IOPT-
¢enb, pacCUMTAHHBIN AT KIACTEPOB, OY4ET II0 CBOMM XapaKTePUCTIKAM XyrKe, YeM OITHMAJBHBII IIOPT-
(ep, paccumMTaHHBIN IS OTAENBHBIX [IeHHBIX OyMar. BennunHa cHinKeHMs OyneT TeM MeHbIIe, yeM Ootee
CXOK¥I€ IT0 TIOBeIeHIIO (C BBICOKMMMU K03 DMImeHTaMu ITapHOT KOppesiiny) IleHHbIe OyMaru oKa3anuch
o6benuHEHB! B KiacTepsl. Cle10BaTeIbHO, MOKHO CHENaTh BHIBOJ O TOM, UTO [JIS yCIIEIIIHOTO IIpMMeHe-
HUS TIPEJIOKEHHOTO MeTo/1a (T.€. IPUBOAIIETO K JOCTATOUHO CIJIBHOMY CHIDKEHUIO PA3MEPHOCTH P
DOIIYCTMMOM CHIDKEHHMU KAuecTBa ITOJIyUeHHOTO ONTUMAIBHOTO pelIeHNs) TpeOyeTcs, YTOObI KIaCTephI
B VICXOJHBIX TaHHBIX BBIIEJAINCH JOCTATOUHO XOPOIIIO.

B03MOXHO, pe3yIbTaThl IPOBEAEHHOI OHAXK/IBI KIACTEPU3ALMIL MOKHO OyIeT ICIIONIb30BAaTh B Teue-
HIEe HEKOTOPOTO BpeMEHU IS PelleH s HECKOIBKIUX 3a1au ONTUMU3AIUH ([0 TeX IOP, II0Ka 3HAUNTEIHHO
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He U3MEHNTCS MaTpuLa IapHBIX Koppesauuii). OqHako, 3TOT BOIIPOC OOHO3HAUHO TpeOyeT TOIIOIHNUTEb-
HOT'O U3YUeHS.

Cx0sxmit ¢ IpeaIoKeHHbIM MeTO] IpeajaraeTcsa B pabore [4], ofHAKO B yIIOMSIHYTOM JMCCIETOBAHNN
He IPOM3BOIUTCSI pacyéTa KOBApMALVIOHHON MaTPUIbI JOXOMHOCTEN KJIACTEPOB, a JJI ONTMMU3AIUN
noprdens no Mogenu MapkoBuila B KauecTBe MAaTPUIIbI 0 MCIIONb3YyeTcs MOyUeHHasI B X0Oe uepapxuue-
CKOJI KJIaCTepM3alyl MaTpUIla MEeKKIACTEPHBIX KOppesanuii. Takoil TOAX0, C OJHOI CTOPOHBI, YCKOPSI-
eT IIpoBefieHNe PacyéToB, HO C APYroil — aBTopamu [4] mpmu3HaETCS PYICK TOTO, UTO IIOJyUYeHHast MaTpuLa
OKa’KeTCsI OTPULIATENHHO ONIpeReIEHHOI (UTO ceaeT HeBO3MOKHBIM JaIbHEIIIIINe BEIUNCIEHNsT), OHAKO
JOAHHBI PUCK UTHOPUPYETCS, IIOCKOJIBKY OH HU pasy He peaJIn30BaJICI B XOMe SKCIIEPMMEHTOB.

[Tomo6Has upmes BrICKa3bIBaeTcs U B pabore [5], BBIIIOJHEHHOI B paMKax IIPOEeKTa II0 MCCIIeJOBAHIIIO
onTuMu3aluu noprdener, OCHOBaHHO Ha KiacTepmsanyu. OQHAKO 13-3a CIUIIKOM CUJIBHOV OPMEHTH-
POBAaHHOCTY Ha IPAKTUKY (HAapuMep, MCIIOIb30BaHMe M OL[eHKI KauecTBa II0JIYyUeHHOTO ONTUMAaIbHO-
ro pewtenus merona llapma, cienuduyHOro A MHBECTUIMOHHBIX IIOPTdeert), pe3yabTarsl [5] cI0KHO
JICIIONIb30BATh JJIS PELIeHNs APYTNX 3a4ad OITUMM3AIN, KpOMe ONTUMM3alNI MHBECTULIMOHHBIX IIOPT-
dereii.

2. I/ICCJICJ.IOBaHI/Ie BIIMIAHUA IIPpEQJIAara€MoOro MeToga Ha Ka4e€CTBO ITI0JIydaeMOro
OIITMAJIPHOTO pE€IIIEHUA

71 vccneqoBaHMS BIMSHUS IIpeaaraeMoro MeTofa Ha KaueCTBO I10JIy4aeMOro OITMMAJIBHOTO pe-
IIeHNs OBLI MCIIOJIB30BaH CIIEAYIOIINIT METO:

Bri6upanuce 3HaUeHNS ¢; — IIOPOTOBOTO 3HAUEHIS IJII IIPOBeIeHNs KiacTepuaauuyu u R, — oxuma-
€MOIJI TOXOXHOCTH. 3aTeM C MCIIOIb30BaHMEM MPEJIOKEHHOI0 MEeToAa P = f; CTPOWIICS KJIacTepM30-
BaHHBII IIOPTdeIb ¢ JOXOMHOCTBIO R = R;., ero puck — V;. [lanee mys Tex >Ke MCXOMHBIX NaHHBIX, HO 0e3
JCITOJIb30BAHMI [IPENJIOKEHHOTO METOIA, CTPOIIICS IOPTQENb, ONTUMMU3NPOBAHHBII 10 pucky V = V;, ero
TOXOMHOCTh — R;u.

OnTumusarus moptdeireit IpoBOAMIACH II0 METOAVIKE, OIIMCAHHOIL B [3], ¢ mcronb3oBanuem Python
6ubanorexn CVXPY, nus knacrepusanuu IpuMeHsiach oubiamoreka scipy.cluster.

[t O1teHKY BIMSHIS HeOOXOMIMBI ABA [T0KA3aTeJs:

« E = { — ypoBeHb CHIIKEHUS Pa3MEPHOCTM B 3ajjaue ONTUMM3ANNM («9KOHOMUS» Pa3MepHOCTH

3aqaun)

« L = Rju - Ric — CHWXeHIe ONTUMU3UPYEMOTO II0Ka3aTeNs («II0Teps» ONTUMU3UPYEMOTO ITOKa3are-

JI51)

S&P 2014 S&P 2015 S&P 2016

Fig. 1. Changes in prices of stocks of companies Puc. 1. ViIameHeHuMe LeH Ha akuum KOMNaHui
from the S&P rating in 2014-2016 13 pentuHra S&P B 2014-2016 rogax

65



Poletaev A.Y., Spiridonova E. M.

OKCIepMMEHTHI IIPOBOIMIINCE Ha CIeTYIOIINX TaHHBIX:

1. Axumu kommnanwuit u3 peirrunra Standard & Poor’s 500 3a 2014-2016 r.r. (manHbIEe 06 akiuax 480, 486
1 494 KOMITaHUIT COOTBETCTBEHHO). [[aHHbIe 00 M3MEHEeHNSIX LIeH Ha aKI[UI IPUBEIeHbI Ha PUCYHKe 1
(Bce maHHBIE HOPMUPOBAHBI).

2. AKUuu KoMmaHui, ropryemble Ha Hero-Mopkckoit dommosoii 6upsxe (NYSE) B 2004-2006 T.T. (TaHHbBIE
06 akumax 1285, 1354 u 1421 KoMIaHUIT COOTBETCTBEHHO). JJaHHbIe 00 M3MEeHEeHMAX [IeH Ha aKI[MI
NpUBENEHBI HA PUCYHKe 2 (BCe MaHHbIE HOPMUPOBAHEI).

NYSE 2004 NYSE 2005 NYSE 2006

30

25

20

Fig. 2. Changes in prices of stocks of companies Puc. 2. ViameHeHMe LieH Ha akLmm KOMNaHwiA,
traded on the NYSE in 2004-2006 Topryembix Ha Hbto-Vlopkckol GoHAO0BON bupxe
B 2004-2006 rogax

3. Akumu KomIaHuii, Topryemsix Ha 6upske NASDAQ B 2004-2006 r.r. (marHbie 06 akumsax 1143, 1207
7 1280 KOMITaHUIT COOTBETCTBEHHO). [JaHHbIe 00 M3MeHeHNAX I[eH Ha aKI[UM IIpUBeIeHbl Ha pUCYH-
Ke 3 (Bce maHHbIEe HOPMIPOBAHEI).

NASDAQ 2004 NASDAQ 2005 NASDAQ 2006
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Fig. 3. Changes in prices of stocks of Companies Punc. 3. VI3MeHeHMe LeH Ha akuu KOMNaHWiA,
traded on the NASDAQ in 2004-2006 Topryembix Ha 6upxxe NASDAQ B 2004-2006 rogax

[li1a mpoBeeHN 3KCIIEPUMEHTOB JICIIOIb30BAINCH TPY OCHOBHBIX METOHA MepapXIUeCKOIl arrjioMe-
paTMBHON KJIAaCTEPMU3ALM: METO OOMHOYHON CBA3Y, METOM IIOJHOI CBA3M U METOJ, CPETHEN CBI3IL.
UYircro Ky1acTepoB B 3aBUCUMOCTH OT f JJIS1 BCEX TPEX Ha6op013 IaHHBIX IPUBENEHO Ha PUCYHKAaxX 4, 5, 6.
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S&P 2014 S&P 2015 S&P 2016

+ MeTof 0JMHOYHON CBA3N
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—— MeTo/4 NoAHOM CBA3MN
——- MeTo[ cpeAHe CBA3N
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Fig. 4. Dependency between number of clusters Puc. 4. Yncnio knactepoB B 3aBUCUMOCTU
and clustering threshold ¢ for stocks of companies OT Nopora Knacrepmsaunm t Aas akuni
from the S&P rating KOMNaHwWin1 13 peituHra S&P 500
NYSE 2004 NYSE 2005 NYSE 2006
ool \ T MeToa 0ANHOYHOW CBA3N e N MeToa 0ANHOYHON CBA3N pood N\ MeToa 0ANHOYHOW CBA3N
—— MeTon NoJsIHOW CBA3N 1000 R —— MeToa NosIHOWM CBA3N —— MeToAa NoAHoW CBA3N
w00 ——=- MeToq cpeaHel CBs3N ——=- MeToq cpeaHel CBs3n 1000 ——=- MeTopq cpeAaHel CBS3N
g 800
g 600
2 600
E 600
; 00 400 400
200 200 200
o 0 " 0
t t t
Fig. 5. Dependency between number of clusters Puc. 5. Yncno knactepos B 3aBUCMOCTY OT
and clustering threshold ¢ for stocks of companies nopora knacrepusauum t Ans akunii KOMAaHum,
traded on the NYSE Topryembix Ha Hbto-Vlopkckori ¢oHA0BOM brpxke
NASDAQ 2004 NASDAQ 2005 NASDAQ 2006
000] N\ et MeToA OAMHOYHOM CBA3M | | N\ = MeToA OANHOYHON CBA3MN 12000 e MeToA OAMHOYHON CBA3N
—— MeTon NoJsIHOW CBA3N 1000 —— MeToa NosIHOWM CBA3N —— MeToAa NoAHoW CBA3N
800 ——=- MeToq cpeaHel CBs3N ——=- MeToq cpeaHel CBs3n 1000 ——=- MeTopq cpeAaHel CBS3N
§ 800 800
?—j 600
g 600
< 600
; 400 400 400
200 200 200 - e
. Joo e o T
Fig. 6. Dependency between number of clusters Puc. 6. Yncno knacrtepos B 3aBUCUMOCTU OT
and clustering threshold ¢ for stocks of companies nopora knacrepusauum t Ans akuuii KOMAaHuim,
traded on the NASDAQ Topryembix Ha 6upxe NASDAQ
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2.1. Buanmaawme IIpeayiaraéMoro MeToga Ha Ka4eCTBO I10JIyYa€MOTI O OIITIMAJBbHOI'O pE€II€HNA 11PN
KiIxacTepmusanmmnum 1o MeToay 0I{I/IHO‘IHO]7I CBA3N

IIpu kJIacTepmsanuy 0 METOXY OOUHOYHOIO COCea KiIacTepbl BO BCeX Tpex Habopax MaHHBIX BbBI-
IEeJISI0TCS IPUMEPHO OJMHAKOBO, OBICTPO U «IVIAKO». B akiuax kommanumit u3 peittunra S&P kiacrepsr
BBIIEJIAIOTCS IIPY MEHBIINX IIOPOTOBBIX 3HAUEHNAX, UeM B aKLMAX KOMIIAaHUIL Hbfo—I?IopKCKOﬂ (bOHnOBOI?[
Oupxn n akumsax kommaunit 6upsku NASDAQ, uro 06ycIoBiIeHO, BO-IIEPBBIX, MEHBIINM 00BEMOM [aH-
HBIX, BO-BTOPBIX, T€M, UTO B peMTUHT S&P momanaior, B IepByIo ouepenb, KpyIIHbIe KOMIIAHUMY, I1eHbI Ha
AKLMI KOTOPBIX JOCTATOUHO CTAOVMIBHBI U He IT0KAa3bIBAIOT KaK 3HAUUTEJIBHOI0, «B3PBIBHOTO» POCTA, TaK
Y CUJIBHOTO CHVDKEHMUS.

CpenHue pe3ybTaThl IPMMEHEHNS IIpejIaraeMoro MeToaa IpyU KJIacTepr3ariuy 110 METORY OAMHOY-
HOII CBSI3U [IPMBEIEeHbI B TabuIle 1 (IpouepK 03HAUAET, UTO IIOCTPOUTH KIACTEPU30BAHHBIN OIITUMATBHBII
roprgens ¢ 3aJaHHBIM apaMeTPOM JOXOIHOCTI HE YIATOCH).

Table 1. Average results of the proposed method Ta6bnuua 1. CpegHue pesynbTaTbl NPUMEHEHUS
for clustering using the single linkage method npeanaraemMoro MeTofa npuv knactepmsaymm no
MeToAy OANHOYHOW CBA3N

ti | Ric | S&P 500 2014-2016 | NYSE 2004-2006 | NASDAQ 2004-2006
E L E L E L
1] 1,05 | 1,228 0,002 1,030 0,002 1,009 0,002
1,1 0,007 0,000 0,000
1,2 0,009 0,000 0,000
1,3 0,009 0,000 0,000
211,05 | 2,990 0,018 1,575 0,002 1,403 0,007
1,1 0,023 0,003 0,005
1,2 0,036 0,007 0,007
1,3 0,099 0,016 0,009
3 11,05 | 15,252 0,087 3,285 0,010 2,711 0,009
1,1 0,105 0,021 0,015
1,2 - 0,041 0,021
1,3 - 0,060 0,027
4 | 1,05 | 87,694 0,202 8,399 0,022 7,564 0,038
1,1 - 0,029 0,049
1,2 - 0,051 0,074
1,3 - 0,074 0,101

Kak MOXHO BUIETb, KpOMe OUEBMIHOM 3aBUCUMOCTH E OT ¢, CyIlIeCTBYeT elllé HeCKOJIBbKO 3aBUCHMO-
CTeIl:

« L Bospacraer ¢ poctoM E nipu noctossHHOM R;,.

« L, B iesiom, Bo3pacrtaet ¢ pocToM R;. mpu nocrogaaOM E.

KpoMme Toro, Mo>XHO OTMETUTB, UTO IIpM MEHbIIIEM 00béMe MaHHBIX (AKUMY KOMIIAHWIT 13 peiTuHra
S&P 500) E pactéTt ¢ pocToM t ObICTpee, yeM Ipy 6oJibliieM 00bEMe JaHHBIX, I IIPY HEKOTOPhIX 3HAUSHIAX ¢
” R ONITMMAaIIbHBII TOPTETH C 3aJaHHBIMU ITapaMeTPaMI IIOCIE KJIACTEPU3ALINY IOCTPOUTD HE YIATIOCh.

Ilpn 3HaueHuy t = 1 mpuMeHeHMe MeTOAA ABJIAETCA IPAKTMUECKM O0eCCMBICIEHHBIM, T.K. OHO He
IPUBOAUT K CyILIECTBEHHOMY CHIDKEHIIO pa3MEpPHOCTH 3aJaull ONTMMM3aluy, a Opu t = 2 JOCTaTOUHO
CIJIBHOE CHIDKEHJIE PasMEpPHOCTY IIPOMCXOAUT TOJNBKO [JI OJHOTrO Habopa MaHHBIX U3 TpéX. B To ke
BpeMs, BBIOOD ¢ = 4 IPMBOIUT K TOMY, UTO CTAHOBUTCSI HEBO3MOXHO IIOCTPOUTH OIITUMAJIbHBII ITOPT(dEIIb.
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2.2. Bangamne IIpeajIaraéMoro MeToga Ha Ka4d€CTBO IIOJIyYa€eMOTI0O OIITIMAJIbPHOTIO p€II€HMA IIpn
Kiacrepmu3anum 1o MeToay IIOJTHOM CBSI3U

Kak M0>xHO BuieTh, 00'beJTHEHIE B KJIACTEPHI IIPY UCIIOIH30BAHNI METO/1a ITOTHO CBS3Y IIPOMCXOIT
JIOCTATOYHO HepaBHOMEPHO U MeJJIeHHee, YeM IIpY KJIacTepuU3aluy 110 METOAY OOVHOYHOI CBA3U. B TO
JKe BpeMsl, Ha BCeX TPEX Habopax MaHHBIX KJIacTephbl BBIAEISIIOTCSI JOCTATOUHO XOPOLIO, a [JIS JaHHBIX 00
aknumsax kommanuit Heio-Mopkckoit pormosoit 6mpsku u 6upsxu NASDAQ — emnié i JoCTaTouHO CTabUITBHO.

CpenHue pe3ysbTaTsl IpUMeHEeHUS IIpejaraeMoro MeToja IIpy KIacTepu3aliiyl 10 MeTORY I1OJIHOM
CBSI3M IIpMBEEHBI B TabauIe 2.

Table 2. Average results of the proposed method Ta6bnuua 2. CpegHue pesynbTaTtbl MPYMeHeHNs
for clustering using the complete linkage method npegnaraeMoro MeToja npu Knactepmsaumm
Mo MeToZAy MOMHOV CBA3N

ti | Ric | S&P 500 2014-2016 | NYSE 2004-2006 | NASDAQ 2004-2006
E L E L E L
1| 1,05 | 1,125 0,002 1,025 0,001 1,009 0,002
1,1 0,007 0,000 0,001
1,2 0,009 0,000 0,000
1,3 0,011 0,000 0,000
2| 1,05 | 1,836 0,010 1,287 0,002 1,203 0,010
1,1 0,014 0,003 0,010
1,2 0,034 0,007 0,012
1,3 0,050 0,014 0,020
3| 1,05 | 3,175 0,026 1,836 0,005 1,713 0,023
1,1 0,030 0,010 0,026
1,2 0,043 0,019 0,033
1,3 0,065 0,033 0,038
4 | 1,05 | 5,251 0,042 2,736 0,014 2,500 0,041
1,1 0,046 0,021 0,046
1,2 0,064 0,046 0,049
1,3 0,103 0,099 0,058

Bce 3aBmcumocTy, omycaHHbIe IJIS METOJAa OJVHOUYHOM CBSI3M, MIMEIOT MECTO U ISl METOMa II0JTHOI
CBSI3M, C €AVHCTBEHHBIM BaKHBIM OTJIMUMEM — He ObLIO TaKMX R ¥ t, IpU KOTOPBIX He IIOJIYUMIOCH GBI
ITOCTPOUTD OIITHMANbHBII OpT¢enb. [I0CKOIbKY 00beAMHEeH e B KIACTEPHI IIPY UCIIOTH30BAHNM METOAA
ITOJIHOL CBSI3Y IIPOMICXOAUT MeIJIeHee, UeM IPYU KIacTePU3aLNUN 10 METOAY OJUHOUHOI CBS3Y, B LIEJIOM
poct E u L ipu Bo3pacTaHuiu t u R;. IpoucxoquT MejleHHee, YeM IIPY MICIIOIb30BaHIU METOa OV HOUHOI
cesa3n. Kak u B ciryuae ¢ 1crosip30BaHMeM MeTOa OAVHOYHON CBSI3M, MICIIOIb30BaHMe MeToa pu ¢ = 1
n t = 2 He UMeeT IPAKTUUECKOTO CMBICIA, B TO K€ BpeMsl, HAJUIyUIlVe Pe3yIbTATHI HOJIYUYAITCA P
BbIOOpE =3 wm t = 4.
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2.3. Buananwme IIpeayiaraéMoro MeToga Ha Ka4e€CTBO II0JIyYa€MOTI O OIITIMAJIBbHOI'O pEII€HNA
IIpu Kjacrepmu3anm 1mo MeToay cpen}[eﬁ[ CBA3N

[pu kIacTepusay 110 METOY CpeqHelT CBI3Y 00beAMHEHE B KJIACTEPhI IIPOMCXOIMUT HEMHOTO OoJiee
OBICTPO U «TIJIAAKO», YeM IIPU UCIIONIb30BAHIIM METOa II0JIHO CBA3M, HO BCE JKe He TaK OBICTPO, KaK IIpu
MCITOJIb30BAHNUY METOa OMMHOUHOI CBsA31. OTHOCUTENBHO CTa0IIbHBIE KIacTePhl GOPMUPYIOTCS TOIBKO
IUIST aKLUIT KOMITAaH!I, TOpryeMbix Ha 6upske NASDAQ.

CpenHue pe3yabTaThl IpUMEHEHN IIpejIaraeMoro MeToja Ipy KiIacTepusaluu 1o MeToxy CpegHein
CBSI3M NIpMBEEHBI B TabiuIe 3.

Table 3. Average results of the proposed method Ta6bnuua 3. CpegHue pesynbTaTbl NPUMEHEHUS
for clustering using the average linkage method npeanaraeMoro MeToja npu Knactepmsaumm
no MeToZy CpeAHeln CBA3n

ti | Ric | S&P 500 2014-2016 | NYSE 2004-2006 | NASDAQ 2004-2006
E L E L E L
1| 1,05 | 1,142 0,002 1,026 0,001 1,009 0,002
1,1 0,007 0,000 0,000
1,2 0,009 0,000 0,000
1,3 0,011 0,000 0,000
2 | 1,05 | 2,054 0,011 1,343 0,002 1,233 0,014
1,1 0,016 0,003 0,012
1,2 0,030 0,008 0,010
1,3 0,048 0,016 0,009
311,05 | 4,364 0,032 2,088 0,006 1,884 0,015
1,1 0,037 0,010 0,019
1,2 0,057 0,019 0,028
1,3 0,096 0,033 0,040
4 | 1,05 | 9,354 0,065 3,511 0,015 3,173 0,025
1,1 0,073 0,022 0,031
1,2 0,099 0,049 0,044
1,3 0,178 0,100 0,060

IIpnm kacTepusaluy 0 METOAY CpeXHe CBSI3Y pe3yJIbTaThl, BO MHOTOM, 00y CIIOBIIEHBI CKOPOCTBIO 00D-
eqUHEeHUS aKIUIL B KJIacTephl — CpeXHel MeX Iy MeTogaMy OAVMHOUHOI U ITOJIHOI cBsA3ell. Kak u B pebl-
OyIIMX CIydadx, MCIOJIb30BaHME MeToda Ipu ¢ = 1 JMIIEHO HMPaKTUUECKOTO CMBICIA, a HAMIydllne
Pe3yIbTAThI IIOJIYYAIOTCI, B 3aBUCUMOCTY OT Pa3MEPHOCTM MCXOMHBIX NAHHBIX, IIpK BbIOOpe ¢ = 3 miau
t=4.

3axiroueHue

ITo pe3ysbTaTaM OIMCAHHBIX SKCIIEPUMEHTOB MOXKHO CHEJIATh CJIeYIOIIe BBIBOIBL:

1. IIpenyIosKeHHBI METOX II03BOJISIET CYLECTBEHHO (B 5 pa3 1 6oJree) IIOHIDKATh Pa3MepPHOCTb B 3ajavuax
ONTVMU3ALYIN IPU YMEPEHHOM CHIDKEHIY KauecTBa II0JIyYeHHOTO ONITIMAIbHOrO pertens (1o 5%)
IIPU «XOpOLIeM» BbIOOpE ¢ 11 MeTO[a KIaCTepI3aLiyIL.

2. MeToJ OMHOYHOII CBSA3M YaCTO IPUBOMNT K CIIMIIIKOM ObICTPOMY ITOHVDKEHIIO Pa3MePHOCTIL, METOT
IIOJTHOJL CBASY — K CJIMIIIKOM MeUIEHHOMY, «OCTOPOKHOMY »; IIPY MCIIOJIb30BAHII METOA CpeJHell
CBSA3M CKOPOCTH OyeT cpemHell. BEIOOp KOHKPETHOro MeTOMa 3aBIICUT, B IIEPBYIO OUepellb, OT 0CO-
GeHHOCTel HaboOpa JaHHBIX.
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B pmampHeifimeM ciiemyerT M3yUUTh BOIIPOC BO3MOXKHOCTYU IIOCTPOEHUS PETPECCUOHHON 3aBUCUMO-
cru L ot R, t u MCIIONBb3yeMOro Merofa KiacTepmsanmu, uro0sl (OpMaIn30oBaTh IPOLENypPy BBIOOpa
«XOpOLINX» ITapaMeTPOB MeToAa. TakKe IMOTEHIIMAIBHO ITePCIIeKTUBHBIM SBIISIETCS MCIIONIb30BaHME IS
NpOBeeHNs KIacTepu3aluy KoBapMalMIOHHO MaTPUIbI BMECTO MATPUIIBI IIaPHBIX KOPPEJIALINIL, OTHAKO,
3TOT BOIPOC TpebyeT OTAeIbHOIO M3yUeHUS.
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