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Huxkoutas Ilerposuya Hoabuimaa
MpbI mpejtaraeM OWH HOBBIM MOJIX0 K TIpobIeMe BBIUUCIEHNSI 0ObEMOB TeJ B
pocTpancTse JI06a4eBCKOTo U MpUMeEHsieM ero K Terpasdapy. Vcmob3yst HeKOTOpbIe
MHTErpaJibHbIe COOTHOIIEHUsI, MBI JIa€M ABHBIE (DOPMYJIBI I 00beMa TeTpa3apa B
GYHKIMT KOOPJNHAT €ro BEpINNH, a TakxKe JIMH ero pebep. Hakoner, Mbl saem B
cllygae TeTpasjipa MpsiMOe aHAJUTUIECKOe JTOKA3aTEIbCTBO 3HAMEHUTON (POPMYIIHI

HInedman.

1. Bsenenue

N3BecTHO MHOTO paboT, MOCBAIIEHHBIX BBIYUCAEHUIO OObeMa TeTpasjpa B NPOCTPaH-
crBe JloGavyesckoro, cM. jmreparypy, Hamnpumep, B paborax [1| u [2|. B mamwmx so-
Ki1ajax Ha KoHdepennusx «/Iuu reomerpun B HoBocubupcekes (27.08—31.08.2013) (cm.
http://math.nsc.ru/conference /geomtop /2013 /program.html), «Yaroslavl International
Conference Geometry, Topology and Applications», 23.09—27.09.2013 (cm. [3]) u «Kpbim-
ckasg Mexaynapoaaast Maremarndeckast kordepernusay» (22.09—04.10.2013) (cm. [4])
ObLII IPEJJIOZKEH TPOCTO METOJI BBIUUCIEHNsT 00HEMOB Tl B IIPOCTPAHCTBAX ITIOCTOSTHHOM
KPUBU3HDI, [O3BOJIAIONIMI HARTH 00beM KOMIIAKTHOIO TeJIa 9epe3 HeKOTOPBIH MHTerpaJl
0 ero rpaHnvHoil nmosepxuocTu. 2KypHajibHOE U3JI0KEHNE COJEPIKAHUS ITUX JOKIaI0B
naHo B crarbe [5|. B mamnoit pabore Mbl Jajgnm Gosee TOIPOOHOE M3JI0KEHHE PE3YiIb-
TATOB, KACAIOIIMXCS BBIYUCIEHUSA 00beMa MUIepOoTMIecKOro Terpasjipa B TPEXMEPHOM
clydae yepes3 KOOPJIUHATHI ero BEpIINH U JJINHBI €ro pebep ¢ IpecTaB/IeHneM HOBOI'O J10-
KazareabeTBa 3HaMenuToit popmysasl nedn ¢ nenoab30BaHreM MPeIIoKEeHHOIO HaMU

IPaGora momaep:kana rpaaToM IIpasurenscrea P@ Ne 11.G34.31.0053.
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O/IX0J/Ia K BBIYUCIEHUIO 00bEMOB TeJl B IpocTpaHcTBe JI06aueBCKOro (TeM caMbIM MOJI0-
JKUTEJIBHO PEIAeTCs OJINH U3 BOIIPOCOB U3 IPUBEJIEHHOTO B HAIKX ITyOJTUKAIUAX CIUCKA
HepeleHHbIX pobsiem). Boobie roBopst, hopmyit jijist BEIMUC/IeHAsT 06beMa TUIepOoIIH-
YECKOT'0 TeTpasapa CyIeCTBYeT MHOrO, u3BecTHa u popMysia obobeMa B DYHKIUN JITHH
pebep Terpasdzgpa (cum. [6]), omHAKO HAII COCOO MOJIYUEHHsT COOTBETCTBYIONEH GopMy-
JIBI HAM TIPEJICTABJISIETCS CYIIECTBEHHO 0OJIee MPOCTHIM U ee BUJ| OTJINYIAEeTCs OT JAPYTUX
U3BECTHBIX (DOPMY.I.

2. OcnooBHas dopmyJia

[Iycts Tpexmepnoe npoctpancTBo JlobadeBckoro Kpususubl K < () cMOJIEIMPOBAHO IO

I[Tyankape B R? BepxnuM mosynpocrpancTsoM z > 0 ¢ MeTpuKoit

o _ da® +dy? +d2? )
(—K)z2

ds

U IIYCTh B HEM 33/IaH0 HEKOTOPOE OPUEHTUPOBAHHOE KOMIIAKTHOE TeJIO 1) ¢ COrIacOBaHHO
OPUMEHTUPOBAHHOW KyCOIHO-T/Ia Kol rpanuteit 0D. Torga, Kak ykazaHO B IUTUPOBAH-
HBIX BbIllle paboTax aBTOpPa, OPHEHTHPOBaHHBIA 00beM V(D) Tena D BuIYHCIsIETCS O

dbopmye?
1 dl’l A dl’g
V(D)= - . 2
( ) 2<_K>3/2/ 22 ( )
oD

B ciyuae, korpa tesio D siBiisiercss MHOTOrpaHHUKOM P dbopmyiia (2) jmoryckaer ialib-
Helilee yporenne, Tak Kak Torja rpanuia 01 coOCTOUT W3 rpaHeil, KOTOpble Mbl 000~
3HAYMM vepe3 w; (PpaHuila U3MeHeHul WHJeKca ¢ paBHA YHCIy Ipaneii). B uaTeppera-
mun [Tyamkape Kaxk/1ast m1ockocTb JI06a9eBCKOTO MPeICTaBIIeTC UIH «BEPTUKATIBLHON
IJIOCKOCTBIO ¢ ypaBHeHueM Buja ax + by + ¢ = 0, uian nosrycdepoit ¢ nenTpoM Ha adco-
mote z = (. Toryga uHTErpa/ibl B IPaBoil 4acTU MO «BEPTUKAJIBHBIM» I'DAHIM w; OYIYT
PABHBI HYJIIO, U OCTAHYTCS WHTEIPAJIbI TOJBKO 10 TPAHSIM, JIEYKAIUM Ha mojrycdepax ¢
MeHTpaMu Ha abCcoJIoTe. Y paBHeHHUs TaKuX moJrycdep S; nMeT B

S; (x—ai)Q—i—(y—bi)Q—i—zQ:R?,

ryie Toukn (,7,0) pacroyozkensl Ha obnactax Q; C R?) apjgronuxcs IPOeKIUAMEI CO-
OTBETCTBYIOIIUX TPaHEli w; ¢ YIETOM UX OPUEHTAIIUI [0 OTHOIIEHUIO K IIJIOCKOCTH (I, ).
[TosToMy B UTOre MMeeM

1 dxy A dxsy
= Z 2(—K)3? / R} —(x —a;)* = (y = b;)* ¥

(3

Pebpa rpaneit w; npecTaBiisioTcs Kak repecedenus noaycdep S; ApyT ¢ IPYTrOM W
C «BEPTUKAJbHBIMUY ILJIOCKOCTAMU ax + by 4+ ¢ = 0, 109TOMY UX MPOEKINH HA IJIOCKOCTD
z = 0 gBasgroTcs npsiMOTMHeHbIME oTpe3kamvu. CjieoBaTe/IbHO, KaxKaas obacTb §);
SIBJISIETCST HEKOTOPBIM K;-yTOJIBHUKOM (k; > 3), CTOPOHBI KOTOPBIX MbI OyjieM 0003HAYATH

2B [3] B mpasoit gactu dbopmymsr (18) Bmecro (n + 1) gomxHO 6BITH (1 — 1).
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KaK v;j,1 < j < k;. Torma B (3) kaxzoe ciaaraeMoe B CyMMe B IIPaBOi YacTH B CBOIO
o4epeib MOYKHO HMPEJCTABATH KAaK CYMMY

. 1 / d(lfl A dl‘g .
2=K)*2R; | 1—(5)*
Q T

2

' r—a;)F(# — b)) F(F
Sy PR "

2
T T

rae 72 = (z — a;)* + (y — b;)?, a dbynxuua F(t) onpenensiercss bopmylioit

T

Ft) = /t;m I R

3. 0O0beMm Terpasapa depe3 KOOPAMHATHI €ro BepHITH

MCHOJIBByeM (bOpMyJIy (4) JJ1el BbIpa2KE€HU A obbema TpeXMEPHOIro FI/IHep6OJII/I‘I€CKOI‘O TEeT-
pasapa T qgepe3 KOOpAHaThl €I'0 BEPIINH. HyCTb BEPHINHBI TE€TPpadJpa IIPOHYMEPOBaHbI
KaK Ao, A17 AQ, Ag.

Puc. 1. Terpasap B cranapTHON TO3UITIT

[Tpumensist B cydae HEOOXOJAMMOCTHU JBUKEHNE, PACIIONIOKUM TeTPasIp B IMOIYIIPO-
crpanctBe z > ( crernmuaabHBIM 00pAa30M B TaK HA3BIBAEMON Ccmandapmmotll TO3UINAN.
A umenno, pacnonioxkum Bepruay Ay B Touke (0,0, pg), pedbpo AgA; Ha ocu Oz, rpaHb
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AgA1 Ay pactiostoxum Ha noyiuiockoctu xOz,x > 0, a BeprmHy Az pacrosokuM B
nosiynipocrpasctse y > 0 (mapamerp py MOXKHO B3Thb DaBHBIM 1, HO MbI OCTaBJIsieM
ero B GYKBEHHOM BHJIE JIJI KOHTPOJsA hOpMy/a 1o ux pasmeproctu). Torma Bepiru-
ubl Ay, As u Az OynyT mmersb coorBercTBeHHO KoopamHaThl (0,0, 1), (22,0, 22), 29 > 0
u (x3,Y3,23),ys > 0. [Ipu BeIGOpPE p1 < po u opuentamuu rpanun AgA;As 1o 06xoy
Ay — Ay — A, opueHTalys TeTpasdipa Kak Tesa OyJIeT MOJOKUTEeNbHOI (T.e. HOpMaJb,
onpejiesisieMast opueHTaieil rpeyroiabauka Ag, Ay, As, Gyner saemmHeit). [Ie rpanu —
AgA1As 1 AgAi A3 — pacosiozKeHbl COOTBETCTBEHHO Ha JIBYX «BEPTUKAJIBHBIX» ILJIOCKO-
crax y = 0 u yzx — x3y = 0, nosromy B dpopmysie (3) B IpaBoii 4acTU OCTAIOTCS TOJBKO
MHTErpaJIbl 110 IByM I'paHsM Ha mosycdepax. [Ipumennm k aum dbopmyiy (4) mis mosry-
YeHUsI BbIparKeHusi oObeMa TeTpasipa B CTaHAAPTHON MO3UIMKA Yepe3 KOOPAMHATHI €ro
BepiuH. [ 9Toro Haiizem cHadasia ypaBHenus: rpaHeit AgAsAs u Aj Ay Az. DT rpanm
PaCIOJIOZKEHBI Ha 1oJycdepax COOTBETCTBEHHO Sy 1 S| € IeHTpaMu Ha ILJI0CKocTH 2z = 0;
KOOP/IMHATHI BEPIINH, Yepe3 KOTOPbIe OHM IPOXOIAT, M3BECTHBI. VI3 9TUX yCJIOBUIA JIETKO
HAXOJIMM WX IEHTPHI U pajinychl. Vmeem

_ Tt _wtysta - ws(ri 42— ) -
ap=-—2—"2 10 p = 7 (5)
QZEQ 2y3 2[L‘2y3
a3t -pi . astys -tz —p ws(ad + 25 —pl)
a =22 " p = — , (6)
25 2ys 2123
R§ = ag + b + p, RS = af + b} + pi. (7)

I'parn wyg = AgAs A3 C Sop m wy = A1 Ay A3 C S; IPOEKTUPYIOTCS Ha MJIOCKOCTH 2 = ()
B OJIHY U TY K€ TPEYroJbHYIO 001acTh ), NMEOIILYIO, OJHAKO, IIPOTUBONOJIOKHbIE OPH-
eHTaIuu (€ OPUEHTAIMs TeTPas/pa MOJIOKUTEIbHAS 110 OTHOIIEHUIO K CTaHIAPTHOMN
OpHEHTAIMU TOJIyIpocTpancTBa z > 0, Torja opueHTalsd TPeyrojabHuKa ) Kak Ipo-
eKINK TPAHU Wy MOJIOKUTE IbHas Ha 1yiockoctu xOy). Bepriuabl Tpeyrosibauka ) cyTh
touku O(0,0,0), A5 (z2,0,0), As(x3,ys,0), a rpanuna TpeyroabHIKa COCTOUT U3 OTPE3KOB
OA;, Ay A%, A5O. Mokno Ob110 OBl BBIIUCATH yPABHEHH: STUX OTPE3KOB U 3aTEM [IPHMe-
HUTh hopmysy (4), HO B JAHHOM cJiydae 00'beM MOXKHO BBIYHCJIUTEL ¢pasy 1o (popMmyJie
(3) Kak gBoiiHO# mHTErpaJt o Tpeyroapuuky 2 : OAL AL, Ioxyaaem

r=x0+ 3 12
dx
V(T) - 3/2 /dy / I' _ a1)2 ( _ 61)2 -
v=13y

_ r3—T9
T=xT E—
ys 2+ 7 Y

Jo ] R%—(x—af;—@—bo)?]‘

0 =3
T=y5Y

[Tocsie BbIUMC/IEHNST BHYTPEHHUX UHTETPAJIOB IMPUXOIUM K (hopMyIie

Yz
]. H_l yQAi — Bz + Cl
V(T) = 3/2 /Z ( 2 ! 4. (®)
=0

VA; (Z@Ai — B;) - C;
rme it ¢t =0me =1

Ai:Rz'Q_(y_bi)27 Bi=($3y—aiy3)(($3 - $2)y+($2 - ai)yg), Ci=$2?/3(y3—y)\/ A,.
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[Moxcrasiss B (8) 3Hauenus: ag, by, ay, by, Ry, Ry u3 dopmyn (5)—(7), Haiigem nckomoe
BbIpaykeHnne obbeMa TeTpasjipa uepe3 KOOPAMHATHI €ro BEePHIMH. BBUy CIeruajibHOro
BLIOOPA PACHOJIOKEHUS BEPIIUH, (GOPMYJIa HE IIOJIyYaeTCd CUMMETPUIHON OTHOCHTEIHLHO
HOMEPOB KOODJMHAT.

[Ipu Bbramciennn wHTErpasia (8) HaJO0 MMETh B BHJY CJEIYIONEe 00CTOATETbCTBO.
[Iycrs Touka (x,y, z) HaxomuTest BHyTpu Terpasapa 1. Ecau npoBectu depes Hee Bep-
TUKAJBHYIO TPSMYIO, OHa Iepeceder mnojaycdepbl So U S; COOTBETCTBEHHO B TOYKAX
My(x,y, z0) u My(zx,y, z1). Torna umeem cooTHOMIEHUS

(x—a;)? +(y—b)*+ 22 =R? 1e. (v —a;)* + (y— b)> < R?,i =0, 1.

SuaguT, B Ipoekun §) TeTpasapa Ha MIOCKOCTh 2z = 0 ¢ynkus A; > 0, mosTOMYy MOXKeM
TOJIOYKUTh

y—b; = R;cosp;, /A = Rising; > 0,0 < ¢; < 7.

Torna dopmyna (8) mpumer Buj

)

1 : :
1 —1)? 2R?sin? p — B; ;

V(T)= ——— E : ( ) In (y3 R S?n2 % i)+ Ci
sing  (y3R?sin®p — B;) — C;

arccos(

N

de

C COOTBETCTByOMUMHE npejctaieausymu B; u C; aepe3 R; u .

4. Dopwmyana Ilnedan ajas rerpasapa

Ucmnonb3yeM mpejicraBienne obbeMa TeTpasipa depe3 HHTerpadl (3) [1is JoKa3aTeIbCTBa
B cjydae TeTpasjpa 3uamenuToit hopmysibl Hlnedsn g nuddepeniuaia oobema MHO-
rorpaHHuKa IPU TPOU3BOILHOI ero gedopmariun ¢ guddepeHnupyeMoil 3aBUCHMOCTBIO
€ro BepIIH OT HEKOTOPOIro mapamMerpa JedOopMali :

1
KdV = 5 Z l;db;, (9)

e CyMMHPOBAHHE PacCIPOCTPAHEHO Ha Bce pebpa, a [; u #; 03HaYar0T COOTBETCTBEHHO
JUTHY -10 pebpa ¥ JIBYTrPaHHBIH yroJ Ipu 3ToM pebpe (o0mmuit Bul (hopMyJIbl CM., Ha-
npumep, B [1])%. O6bem V(T') 3aBucut oT KOOPJAMHAT BEPIIUH TeTPas/ipa B BUE (DyHKIUH
V =V(q,xa, 22,23,Y3, 23) OT 6 HE3ABUCUMBIX [IEPEMEHHBIX, TJI€ ¢ — AIIAKATA BEPIINHBI
A;. PaBerctBo (9) paBHOCHIIBHO BBIIOJIHEHUIO PABEHCTB J1JIsi COOTBETCTBYIOIIIX YaCTHBIX
mpom3BOAHBIX V 1 0; 110 Kazk10i#t KoopanHate. [IpoBepuM 3TO paBEHCTBO I TaCTHBIX
IIPOM3BOIHBIX 110 (.

B ciyuae rerpasipa B cymme uHTErpajioB B (3) eCcThb TOJIBKO JiBa HEHYJIEBBIX CJia-
raeMbIX, COOTBETCTBYIOMINX T'PaHaM wq : AgAsAs m wy @ A1AsAz. VI3 HuX rpanb wy He
3aBHCUT OT ¢, MO3TOMY MPOM3BOJIHAS COOTBETCTBYIOIIErO CJAAraeMoro Io ¢ paBHA HYJIIO.

3Tlonb3ysdach ciaydaeMm, OTMeTUM, 4TO B Tipuseennoil B [2] dopmyne liedau (47) ectsh ommubka: B
[IPaBO YaCTHU MEPeJT CYMMOI JOJIKeH OBITh KoM DUIHEHT

n—1"
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['pann w; cooTBeTCTBYET MHTErPAJI IO TPEYTOJIBHUKY ) ¢ OTPHUIATEILHON OpUeHTAIHe .
SHaYNT, HAJIO BBIYUC/IUTH IPOU3BOIHYIO TI0 ¢ CJIAraeMoro

1 dxi N dxoy
= 1
h %—KW%/R%wx—mV—@—mP’ (10)

Ot

rae QF — mosoxkuTeapHo opreHTHpoBaHHbIi Tpeyroasauk O A, AL, U3 dopmysr (6) u (7)
rMeeM

a1 = a+aq’, by =b+ B¢, R = &> +1” + (1+ 200+ 208)¢” + (* + B7)g", (1)

rje
2, .2 2 .2 4 L2 2 4 .2
T3+ % 13+ Y3 +25  ws(xy+ %) 1 L3 — T2

2wy 2ys3 209ys 275" 2xoyz

U3 dopmysiet (10) HAXOIUM TPOU3BOIHYTO —L. C yuerom dopmyiisl (11) umeem

Jdq
oV, o 1 (RQ) +4(x — a1)aq + 4(y — b1)Bq N
E e ol e e s e LU

O+

Tak xax (R2) He 3aBUCAT OT (Z,y), MBI MOKEM PACCMOTPETH OTJIEILHO HHTEIPAJ

_ (R%XJ dzdy
h= 2(—K)3/2Q[ [R2—(z—a1)? — (y — b))’ (13)

KOTOprﬁ JOITYyCKaeT IIpeJacTaB/IEeHuE B BUAE€ KOHTYPHOI'O MHTErpaJia

(RD), T —a

I=—
T IR~ K ]{ R—(z — 1)’ —(y — b1)?
o+

dx. (14)

dy—

Brorauesum aroT nHTerpaJ no cropoue OA/ Tpeyrosabauka 27 ¢ apaenueM y = 0,0 <
2 )
r < 9. HOJIYLII/IM

- bi(RY), (YR -W 4 (s —a) VEI-bita) (15)
SRR —B(—K)? \ VR =B — (12 —a1) VR -

Terepb BBIYUCIUM OCTABINYIOCsS dacTh uHTerpasa (12). OkasbplBaeTcs, 9TO OHA TOXKE
JIOIIyCKaeT IPeJICTaBJICHNe Yepe3 KOHTYPHBIH nHTerpas. Vveem

- _ 1 2aq B 28q
I, = 2(_}()3/265{ R—(x — a1 )2—(y — b )2 dy Bz —a)—(y — b2 dx. (16)

Boraucsimm stor uarerpai mo cropone OAL. Iomyuanm

i) = b (VR Bt (r—a) VR Bt
2 2(—K)3/2\/R2 — 12 VR — b3 — (x2—a1) RZ— 12—
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Mg cymmsr unrerpasoB [y + I Brons orpeska O AL nveem

K(Il(l)_’_-[él)): _ 4BQR%_b1(R%)2 n ( R} —bi+(22—ay) VR b2+a1> . (17)
8RNI —B(K)  \VEB—(0—a) VR

Terepb ycTaHOBUM CBI3b 3TOIH CYyMMBI ¢ TUIEPOOJIUIECKON JI/IHHON oTpe3ka Ay Ay u mpo-
MU3BOJIHON 3HAYEHUs JIBYI'PAHHOTO TeTpa’jpa Ipu 5ToM pebpe. Y paBHEHHE 3TOro pedpa
umeer Bul ¢ = 2,y = 0,2 = \/R? — (z —a,)? — 12,0 < o < 3. Torga ero jmna |
BBIUHCJISIETCS 110 (DOPMYIIe

\/ —b2/ 1 R2 b2+ 1'2—&1 \/R 62+a1
R{— 62 (@—a}) 2v—K \ VR b—(ws-a) VR O—a)
(18)

Brernre HOpMaJU K IpaHsiM TeTpasjpa BIoJb pebpa A;As umeror Bug ny = (0, —1,0)
uny = (a; — x, by, —2), u AByrpaHsblii yroJ ¢ upu pebpe, paBHBI JOMOTHUTEILHOMY K

YIJIY MEXKTy BHENTHUMH HOPMAaJISIMU K TPAHSM, BBIYUC/IAETCH 110 (popMyJie

by
0 = arccos—.

Ry

CiefoBaTe ibHO,

o = bR~ Riby _4BaR} — bi(RY), 19)

Ri\/R2 — 12 2R2\/R? — b?
Benomunast dhopmyiry (9), BuguM, uro Bbrauciasgemoe 1o dopmyaam (18) u (19) mpo-
usgeenne [0 ¢ yuerom npapoit qactu chopmysisr (17) jlaeT 3HaYeHHe, COBIAIAIONIEE C

BBIPasKEHUeM JIJIsI 2K([1(1)+I§1)).

Broraucienne wactu nurerpaia (14) Bmoas orpeska A0 TPOBOIUTCA AHATIOTHIHO
BBIUUCJIEHHUIO BIIOJIb oTpe3ka QA Tak Kak Jijis 9TOTO JOCTATOYHO U3MEHHUTH CHCTEMY
KOOPJUHAT, 00bABUB ILIOCKOCTh I'pann AgAiAs HOBOI mmockocThio x(z. OcTaercs BbI-
YUCJIUTH WHTErpaJs BJOJb orpeska AhAL, sBisiomerocs nepecedenneM aByxX mosycdep
SO u Sl.

Haunewm ¢ Boraucsiennst uaterpaa (14) puoab orpeska Ay AL, DToT 0Tpe3oK mosyda-
eTcs KakK MPOEKIIUsI epecedeHns morycdep

Soz(a:—ao)2+(y—bo)2+22:R[2)
Sii(r—a)*+ (y—b)*+ 22 = R2.

o / /.
Uckirouas n3 3THX ypaBHEHHUHN z, IPUXOJUM K ypasHeHuto orpeska A)ASL:

Ry — R+ af —af + +bf — b + 2y(by — by)

T , 20
2((11 — GQ) ( )
3HAYUT, BIOJIb 3TOI'0 OTPE3KA
bo — b
de = 2—Ldy (21)
a1 — Qo

(paBencTBO a1 — ag = 0 HEBO3MOXKHO, Tak Kak oTpe3ok AL A} nmepecekaer ock Ox).



156 Modesruposanue u ananrusd ungopmayuonnvxr cucmem T.20, Ne6 (2013)

Bameuanue 1. Boaee mozo, uz gopmya (5)—(6) naxodum ay —ay = 1—q*, wmo boavuie
HYASL NPU NOAOAHCUMENLHOT OPUEHMALUY MEMPasopa.

Wurerpasst [ £2) u _752) , anajorngnble naTerpagam (14) u (16), nmeror Bu

(R%)/[Rg - R% — (ag — al)z — (bo — 51)2] q(ag — ar) + Bq(bo — b1)

[(2): _ [(2):a
! SR%(al - ao)(—K)3/2 - (al - CLO)(—K)3/2 &
e
Y3 dy
J = / 22
| B ) )~ - P 2
B urore nmeem
7@ _ [8aq(ag — ar) +88q(by — b1)] — (R})'[R§ — R — (ap — a1)® — (bo — b1)?] (23)
2 = .

SR%(al — ao)(—K)3/2

Teneps BbIaUC/IUM TPOU3BOHYIO JABYTpaHHOrO yria 6 mex ity noaycdepamu Sy u S u
qymHy | runepbosmdeckoro orpeska As As. BrermHue HOpMam K TeTpasiapy B TOYKAX
noJtycdep Sy n S; UMEIOT COOTBETCTBEHHO HAIIPABJICHIUSA BEKTOPOB

ng = {l' — Qg,Y — bo,Z}, ny = {al - $,b1 - Y, _Z}a
a yroJ MeKJly HUMU PaBeH

(R + R}) — (ag — a1)® — (bp — by)?
2Ry R,

ézarccos( ),0<§<7T.
JByrpamnmbiit yrost 6 Mexy rpanamu AgAs Az u Ay Ag Az, cooTBercTBytonmii By Tpenneit
00JTaCTH TeTpasIpa, Bhraucaderca o dhopmyne! § = m — . Torma

, (B[R} — RE + (a0 — a1)? + (bo — b1)°] + 8RT[(ao — ar)ag + (bo — b1) B

0 — . 24
T 2R3\/2(R3+R3)[(a0—a1)?+(B—b1)?— (R —R3)*—[(ag—a1)*+(bo—b1 )2 24

Beraucanm gy | orpeska A Az. Biosb sroro orpeska umeem coorrorenust (21)

(z —ay)(bo — b1) — (y — b1)(ap — a1) J
(a1 — ao)/RY — (x —a1)? — (y — by)?

U C y4eToM 3amedaHus | nmpuxojuMm K opmysie

V2(Ri+ 1) [(a0—a1)*+ (b5 —b1)? — (BT —R§)*—[(ao—a1)*+(bo—b1)*]*
V=K (a1 — ap)

YmHOKaeM Belpaxkenus (24) u (25) u, cpaBHUB pe3ysbrat ¢ (23), HosydaeM, 9TO OH COB-

1aJ1aeT ¢ BblparkeHueM 2/ (Ifg)—i-lzm)). CnoKuB Tenepb BCe 3HAYEHUs MHTEIPAJIOB BHJA

(14) u (16) o Tpem orpeskam O A}, AL AL, A — 3'0, nosryyaeM HCKOMOE PDaBEHCTBO

ov

dz = —

[ =

J. (25)

43ra bopmyna BepHa 151 TIO6OTO ABYTPAHHOTO yTJIa IPH pebpe, COOTBETCTBYIOMEM BBITYKJIONH JacTh
MHOTOI'DAHHUKA, & B CJIydae, KOIJa ABYI'DAHHBIN Yyrojl, COOTBETCTBYOIINI BHYTPEHHEH 00JIaCTH MHOIO-
TpaHHWKA, OOJIBINE 7T, Hy?KHO cauTarh 6 = 27 — 6.
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rjie Uy, lo, l3 — JUTMHBI COOTBETCTBYIONMINX YIACTKOB IPAHUIIBI TPAHE W1, & 01, fo, 03 — BHYT-
peHHue JIBYTrpaHHbIe yIJIbl TeTPa’/ipa IIPH COOTBETCTBYIONINX pedpax.

Takum 0b6pa3zoM, Mbl yecTaHOBUIN «4acThy» (opmysbl [lnedin, otnocsntyocs K u3-
MEHEHUIO T10JI0XKeHust 0/iHOoi Bepiuabl A;. UTo KacaeTcs n3MeHeHn TOJIOKEHUIT JIPYTUX
BEPIINH, TO Ppaccyk/iaeM CJIeyroImmM oopa3oM. Y dacTByoliue B ¢popmyste [laedan Be-
JIMYUHBE: 00beM, JIIMHBI pedep U JBYIPAHHbIE YIJIbI — HE 3aBHUCAT OT TOJIOYKEHUS TeTpa-
97pa B IPOCTPAHCTBE, [TO3TOMY JII000e pedPO TeTpa’ipa MOYKEM ITOMECTUTH JIBUKEHIEM
na ocu Oz TaKuUM 00Pa30M, YTOOBI IPU COOTBETCTBYIOIIEH IIepeHyMepAII TETPASIP OKa-
3aJICd B CTAHJAPTHON IIO3UINU, & 3aTeM IPUMEHUTDH BBIIIEIIPOBE/ICHHbIE BBIYUCICHUA U
MOJTyYUTh JIJIs IIPOU3BOIHBIX (DYHKITUN 00beMa TeTpasd/ipa oT 6 He3aBUCUMBIX KOOD/IMHAT
ero BepIIH COOTBETCTBYIONTHI aHagor ¢popmyJb! (26), 4To B uTore u Jact Ham GOPMYJILY

Hlnedmu (9).

Bameuanmne 2. Kak 6udHo u3 nposedernvix paccmomperuti, 6ce YacmHble NPou3eo0HbLe
obsema mempasdpa no KOOPOUHAMAM €20 BEPULUH NPEOCTNABAAIOMCEA IAEMEHMAPHLMU
GYHKYUAMU 0M KOOPOUHAM, BEPULUH.

5. KoopauHarbl BepHIMH TeTpa’apa B (pyHKIUU JIJINH
ero peodep

B namux mybsmkanusax [2|—[5] npusogurces geMma, yTBEpIKIAIONIAs, YTO IPU U3BECTHBIX
JUIHHAX pebep TeTpasjpa KOOPJAWHATHI €r0 BEPIINH B CTAHJIAPTHON TO3WIMKA BbIpayKa-
I0TCSI Uepes JTUHBI pebep sIBHO BBIITUCHIBAEMBIME dJIeMEHTapHbIMU (DyHKIIAMA. Jlaamm
371eCh MOJIPOOHOE JIOKA3ATEIbCTBO 3TOI0 YTBEPIKIEHUS B TPEXMEPHOM CjIydae. XOTsl JI0-
Ka3aTe/bCTBO M MPOBOJUTCS JIEMEHTaAPHBIMEA PEOOpPAa30BAHUSIME, HA CAMOM JIejie OHO
SIBJIIETCS] BECbMa HEIIPOCTBIM.

O6patumest K puc. 1, Ha KOTOPOM H300pazkeH TeTpasjip B CTAHIAPTHOW IMTO3UIUH.
Bepmuna Ay moxker ObiTh BhiOpana Ha ocu (Jz B Ipou3BO/IbHON ToUke. [lycTh ee Ko-
opaunarsl ¢yt (0,0,p),p > 0. Torma amminkara ¢ < p BepuHBl A; OUpPEIETIACTCS U3
YCJIOBHSA, UTO TUepbomIecKas JiyinHa oTpeska AgA; Ha ocu Oz paBHA U3BECTHOI JjTHE
l; pebpa AgA;. Suagur,

dz 1 P
= = n-,
v—-Kz v—-K ¢
q

h

OTKY/I&
q=pe VK 1e A = (0,0,q). (27)

Haitem xoopaunarsl Bepmutbl As (o, 0, 22). [psmble na miockoctu xOz mpeacTaBiis-
IOTCS TIOJIYOKPY2KHOCTAME ¢ meHTpoM Ha ocu Ox. CHadaia yCTaHOBUM CBS3b MEZKIY
KOODJIMHATAMH BEPIINH U [apaMeTpaMu 3TUX MOJyoKpyzkHocTeil. [lycrs (ag, 0) — merTp
OJIYOKPY?KHOCTH, COOTBETCTBYIomeil Tpamoit Ay Ag, a Ry — ee pajgnyc®. YpasHenne 11o-
JyoKpysKHOCTH (T —ag)?+2% = R%. Ona npoxoaut 1epes touku Ag(0,0, p) u Az (z2,0, 22).
C y4eroMm 3TOro mojydaeM pPaBeHCTBa

2 2 _ 2 2 2 2
p” = Ry —ag, 25 = Ry — (22 — ao)”,

5O6pammaeM BHIMAaHIE, UTO BBOIUMEIE B 3TOM Iaparpade Benauasl Ry 1 R He COBHAIAIOT C BeJIH-
IUHAME C TEMHU YKe 0003HAUCHUAMUI U3 MPEILIAYIIIX maparpados.
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13 KOTOPBIX NMEEM
2 2 2
TS5+ 25 —p
2 2
ag—= —(———. (28)

21‘2

Hmmaa [y pebpa AgAs BBIMUCISIETCS NHTErPAJIOM

Ao

I, — R[) / dx

2 \/—KA R2 — (x —ag)?
0

[TapameTpusys OKpPYKHOCTH COOTHOIIIEHUSIMA T = ag + Ry cos p, 2z = Rysin ¢ n ucrnomsb-

¢ 1—-cosyp
3y PaBEHCTBO tg§ = W, oJIy YaeM
1 R
ly = In 22(o + Fo)

V=K p(Ro— (z2 —ap))’
OTKy,ZLa nMeeM
apza + p(ze — ag)el2V =K

Ry = D el = _ 4

(29)

s orpeska Ay Ay JyTHHBI [3 U CBSI3aHHOM ¢ HUM MTOJIYOKPY2KHOCTH TIOJTy9aeM aHaJIOTH-
HbI€ COOTHOIICHN ) ) )
Ty + Zy —dq

22s (30)

a
a1z + q(xa — ap)esV K

Rlz q613 _K_Z2

(31)

[MoncraBum Haiinennbie 3Hadenns Ry u Ry u3 (29) u (31) cooTBeTCTBEHHO B PABEHCTBA
ai +p? = R2 u a? + ¢*> = R?. Tloce mpocThIX yIPONIEHUIT U TIPUBEIEHNUsT TTOJOOHBIX
HOJIy9MM CJIeIYIONIe YPaBHEHU J1JIs Olpee/IeHusT 3HAYEHUN Tg U Zo:
4 202 2yv/—K 2 Ibv=K | 2.2
p" —p(r3 — 232a0)e™” — 2pzy(p” + apx2)e” +p°2; =0 (32)
4

q* — (22 — 29a1)e®3VTE — 2025 (¢ + aymo) eV TE + 222 = 0. (33)

Harmra 6mkaiimmas 11e/1b — UCKJIIOYUTD U3 9TON CHCTEMbI HEM3BECTHYIO Xo. [logcraBum B
(32) BMecTO ag ero 3uavenne u3 (28); aHAJOIUIHO MOCTYIUM C a1 B (33) ¢ uCIOIb30BaHnEM
pasencrBa (30). Iloce npuBeeHnst OMOOHBIX W COKPAIEHUH Oy IUM CHCTEMY

pza(e®2VE 4 1) — (p* 4 a5 + 22)e2V R =0 (34)
qza(e®VE 1 1) — (¢ + 23 + 23)e*V K = 0. (35)

VcKII0UNB U3 3TUX YPABHEHUI CyMMY T3 + 25, ¢ y4eTOM 3Hauenus ¢ u3 (27) Haiigem 2o

p? —q¢* sh(livV/—K)

2 T —q-cha 1)) PR oy ) — eh (/T 0
Teneps, cioxus ypasnenus cucreMsl (34)—(35), maxomum xg > 0:
2 20 = APV = PR + P = PP

4(p - ch(loy/—K) — q - ch(lsv/—K)? 2
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[Ipu »KejlaHuKM MOYKHO HaiiTH pasHble BUJIBI 9THX Ke caMblx (gopmyst. Hanpumep, st 23

BEPHBI TAaKHe 1PeJICTaBIICHNUS:
$2:4pq[p - ch(lsv/—K)—q - ch(lov/—K)][p - ch(lov/—K)—q - ch(lsv/—K)]—(p*—¢*)?
? 4p - ch(lo/—K) — q - ch(lsv/—K))? ’
2 AP +a*)pg - ch(loV/ = K)ch(lsV'=K) — (0 =¢*)*—4p*¢*[ch* (1o V= K) + ch*(lsv/ = )]
2 Alp - ch(lyy/—=K) — q - ch(ls/—K)]? '

y,ZLI/IBI/ITeJIbeIM OKa3bIBa€TCsd TO, 9TO IIPpaBbI€ 9aCTU 3TUX (bOpMyJI (B JaCTHOCTHU, 3HaMe-

HaTeJIb B CbOpMy.He JJIA 22) ABJIAIOTCA ITOJIOZKUTEJIbHBIMU, 9TO C IIEPBOI'O B3IJIfAa COBEP-
NICHHO HE KazKeTCd OYCBUIHBIM. KCT&TI/I, IIOJIOZKUTEJIbHOCTL ITIOJIyYa€MbIX Bpra,}KeHI/Iﬁ
JUISL Zp U T3 MOYKHO MCTOJIKOBATH KakK HEKOTOPYIO (DOPMY HEOOXOJMMOTO YCJIOBHsI CyIIe-
CTBOBaHMSA TPEYTOJbHUKA C JAHHBIMU JJIUHAMU [1, [o, [3 €ro cTOPOH.

Ocraercst HaiiTu KoOpAWHATHI BepmnHbl Az. Ecim MBI mpuMeM IIJIOCKOCTH TI'DaHU
AgA1 Az 3a HOBYIO 110CcKOCTH OT 2, TOTIa KOOPAUHATA §3 OyIeT PaBHATLCS HYJIIO, a KO-
OPJIMHATHI T3 U 23 OyJAyT MMeTh Takoii ke BuJ, Kak B dopmynax (36) u (37), Toabko
C 3aMeHOii HOMepOB JInH pebep (uepes [y u l5 Mbl 060O3HAYAEM COOTBETCTBEHHO JIJINHY

pe6pa A()Ag n A1A3)Z
_ P’ —q
2(p- ch(lyv/—K) — q- ch(lsv/—K))
> _ palp - chl(lsV=K) — q- ch(laey/=K]lp - ch(liy=K) — q - ch(lsv=K] - (" — ¢°)’
’ Alp - ch(iv/=K) — q - ch(lsv/—K))? (39‘)

Y1o0br HAUTH & U Y-KOOPJMHATHI B MCXOJIHON CHCTEMe KOODJMHAT, OOO3HAYUM Yepes3 ¢
yT'OJI TOBOPOTA MIPOTUB 4acoBoil crpesiku ot ocu Ox K nosoit ocu OF. Torja 6yaem nmeTn

(38)

z3

T3 = T30S Y, Y3 = Tzsin . (40)

Jlist otipejiesienust yriia ¢ HCIOJIb3yeM 3HaHue JTuHbl pedpa AsAs. Cropona AgAs, Kax
Jlyra OKPYKHOCTHU C TIeHTPOM B (ag, 0,0) u pamuyca Ry umeer B Touke Ay KacaTe/bHbI
BekTop n = (p,0,a9), a ayra AgA; umeer B TOH »Ke TOUKE KacaTeJbHBII BEKTOD T =
(p,0,ap), HO B HOBOIl crCTeMe KOOpAUHAT. B MCXOIHOI crHcTeMe KOOPMHAT 9TOT BEKTOD
MMeeT KOMIIOHEHTHI (P cos ¢, psin ¢, dg). YToJ1 6 MexXly BEKTOpaMu n ¥ 7 ONpPeJessieTcs
Jepes3 X CKaJIsIpHOE IIPOU3BEJICHHE:

P2 COS Y + agayg
cosf = — .
RoRyg

B To ke BpeMmsi 5TOT yros siBJsieTcsi yrjaoMm npu BepiuHe Ay Tpeyronbauka AgAsAs ¢
U3BECTHBIMHE JIJTMHAME CTOPOH ls, l4, l[¢ 1 OH MOXKeT ObITh HaliJIeH 110 TeopeMe KOCUHYCOB.
DTO TO3BOJISIET HAM HATH COS (-

CoS p = l(ROIE{O[Ch(lﬂ/j)m(l‘l\/7> — chlsV—K) — aply)
= sh(iay/~E)sh{li/ ) o

Hawm n3BecTHBI 3HAUCHUS 29 ¥ T2, BHAUAT, 110 hopMyIIe (28) M3BECTHO 3HAUEHUE Gy, & TOTIA
1o (29) uzBectHO U 3HAUeHNE R). AHAIOIMYHO, 110 U3BECTHBIM 3HAUEHUSM 23 (bopmyiia

(41)
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(38)) i &3 (cbopmyita (39)) maxomum 3Hadenus d i Ry. B urore, o dopmymtam (40 )u (41)
HAXOJINM BBIPpayKeHNs KOOPIWHAT T3 U Y3 depe3 JIMHBI pebep TeTpasipa. BeinmuchiBaTh
9TU JJIMHHBIE BbIPAXKEHNUS MbI HE OYIeM.

BameTum, YTO ecim Yyroj p mpsamoii, To x3 = 0,y3 = T3 U PACCMOTPEHUs IOCJIE
dbopmysbr (40) He HyKHBI. Ecim ke TOMOTHATENBHO U3BECTHO, YTO TETPAIP SIBIISIETCS
OpPTOCXEMOii, TOT/Ia CHJILHO YIPOIAIOTCA (POPMYJIBI U JIJIsT OCTATBHBIX KOOD/IMHAT.

Eciin Mbr niosicraBum rerepb B (opmysty (8) mim ee Mopudukanun HailileHHbIE 3HA-
YeHUsI KOOPAMHAT BEPIIMH TeTpasjapa B PYHKINN JJIHH €ro pedep, HoJIydnM (popMyLy
obbeMa TeTpasapa depe3 IJIUHBI ero pedbep.

B sakirouenne paccMoTpuM ciieayiomuii Bonpoc. Tak Kak MHOrue (popMyJ/ibl Ipejl-
CTaBJICHBI ,[[pO6HMI/I, TO €CTECTBEHHO UCCJIEJOBATH UX ITOBEJCHHUE IIPU CTPEMJICHUN 3HaMe-
HaTes el K HyJI0, 9T0 ObIBAET B MEPBYIO OYepeIb NMPH OECKOHETHOM YMEHbBIIEHUN JIJTHH
pebep Terpasapa. s KoopanHaThI 2o IIaBHAsT 9acTh YUCAUTE ST mMeeT BU 2pl v/ — K,
a Jisl 3HAMeHaTe s TiiaBHast 4acTh paBHa ((ly — l3)vV/ —K(lo + l3)vV —K + 211/ —Kchls,
CJIeI0BaTe/IbHO,

2p
%(lz +13)vV—K +2
[Ipu mpousBOIbHBIX GecKoHedHO MaJsbiX (6.M.) li,ls,l3 9Ta IyIaBHAas YacTh He WMeeT

KAaKOT'O-JIN0OO PEryJIsgpHOTO MOBEJICHUsI, HO B HAIEM CJIydae 3TH 0.M. SIBJSIOTCA CTOPO-
HAME TPEYTOJIbHUKA, 09TOMY |lo — 3| < l1, 3HAUHT,

Zo

29 = p + aHaJIUTUYECKass (DYHKIUsS OT creneneir li,ly,l3 n lgl:l3(l2 +13).
AHAJOrTIHBIMU PACCYKIEHUSIMA TIOJTY IaeM
2 2
x5 ~ vV —Kp°,

T.C.

r3 = [V~ Kp*+anamurindeckas GyHKIHS OT cTemeneil O6.M. I, ly, I3 u l2_1l3(l2+l3).

l

[ToBesienne z3 aHAJOTMYIHO IIOBEJIEHUIO 29. VccieqoBaHue MOBEJIEHUST X3 U Y3 TpeOy-
eT IpuBJIedYeHnsd yzKe 6.M. 60jiee BBICOKOI'O IMOPSIKA, U MBI 9TO OIIycKaeM. Bo BCAKOM
caydae, Bce 3T (POPMYJIBbI JIOMYCKAIOT aHAJUTHIECKOe ITPOJOJIZKEHNE Ha KOMILIEKCHBIE
nepeMeHHbIe, HO OY/IyT MOJIydaThcsd (PYHKIIUU ¢ HEU30JIUPOBAHHBIMI OCOOEHHOCTSIMH.
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Hyperbolic Tetrahedron: Volume Calculation with Application
to the Proof of the Schlafli Formula

Sabitov [.Kh.

Lomonosov Moscow State University
P.G. Demidov Yaroslavl State University, Sovetskaya str., 14, Yaroslavl, 150000, Russia

Keywords: Lobachevsky space, tetrahedron, volume, integral formula,
Schlafli formula

We propose a new approach to the problem of calculations of volumes in the Lobachev-
sky space, and we apply this method to tetrahedra. Using some integral formulas, we
present an explicit formula for the volume of a tetrahedron in the function of the coor-
dinates of its vertices as well as in the function of its edge lengths. Finally, we give a
direct analitic proof of the famous Schlfli formula for tetrahedra.
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