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ypaeHernue ['mn30Oypra — Jlanmay, oudyprarmus, crienapuit Jlanmay — Cesa.

PaccmarpuBaercsa beHoMEH MHOIMOMOIOBOIO b PY3MOHHOIO Xa0Ca, OJHUM M3
[IPU3HAKOB KOTOPOI'O SIBJISIETCS YBEJIUICHUE JISIIyHOBCKOH Pa3MEPHOCTH aTTPAKTO-
pa pacrpee/ieHHbIX SBOJIIOIMOHHBIX JIMTHAMUYECKUX CHUCTEM IIPU YMEHBIIEHUN KO-
s durmenta guddysuu. s psmga IpUMEpPOB BBINOJHEH OOIIUPHLIN UUC/IEHHbIH
9KCIIEPUMEHT, B KOTOPOM IIPOUJIIIOCTPUPOBAH 3TOT 3P DEKT.

1. DBsenenue

Cucrembl «peakiust — anudy3us» MPeICTABISIIOT co00i BasKHBIN K/IACC HEJTUHEHHBIX
JIMTHAMHYIECKUX CUCTEM, B KOTOPBIX IIPOCTPAHCTBEHHO HEOIHOPO/IHbIE KoJiebaTe/IbHbIE pe-
JKUMBI 00yCJI0BJIeHbI Haju4aneM Juddy3noHHO# cocTapisioneil. Takue cucreMbl 9acTo
BCTPEYAIOTCs B PU3UIECKUX U OMOXUMHUIECKUX ITPUIOKEHUSIX, & TaKKe B 3a1a9aX IOIIy-
JIAIIMOHHOI OMOJIOIUH.

PaccmoTpum mmapaboimieckyio KpaeByio 3a/1avy BHA

Ou =vDAu+ F(u), a—qﬁ =0, (1)

ot 01 | 50,
rie A — oneparop Jlamnaca; u € R*, k > 2; D = diag{dy,...,dp}, d; > 0,5 =1,....k;
v > 0 — mapamMeTp, OTBEYAIONINI 3a IPOIOPIIMOHAIbHOE yMeHbIIeHne KO3 UIneHTOB
nuddy3un; 7 — BHEIIHssT HOPMaJIb K JIOCTATOYHO TJIa KON rpanniie 0§) orpaHmIeHHO
obmactu Q@ C R™ m > 1; F(u) — riajkas BeKTOp-DYHKIHsI. DTy CUCTEMY IIPUHSITO Ha-
3bIBATH CUCTEMOI peakius-1uddy3usi, OHA CIYKUT MATEMATHIECKON MOIE/IbI0 MHOTUX
Ornodu3NIECKNX 1 IKOJOIMIECKUX IIPOIEccoB (CM., Hampumep, [1-3]).

!Pa6oTa BoImommena mpu (bUHAHCOBON HOAAep:KKe rpanTa IIpasuTesbeTsa PO 10 HOCTAHOBICHHIO
Ne 220, morosop Ne 11.G34.31.0053 u ipu nojzepkke Munucrepcrsa obpa3oBanust u HayKu Poccuitckoit
Qeneparnun, cormartenus 14.B37.21.0457.
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[Ton repmunoMm «auddy3noHHBII Xa0c» OY/IeM MOHUMATH CTPAHHbIN aTTPAKTOP Kpa-
eBoii 3aja4uu (1), HETPUBUAILHO 3aBUCAIIMI OT TPOCTPAHCTBEHHON TlepeMeHHol. B Ha-
CTOsIIIIee BpeMsl CYIIECTBYIOT JiBe KOHIENIUU UMD Y3NOHHOIO Xa0ca — MAJOMOJIOBBIN 1
MHOT'OMOJIOBBIN Xaoc. [lepBeIil U3 HUX MOXKET BO3HHMKATh B cucTeMe (1) mpm «cpemHuxs»
3HaYEHNAX ITapaMeTpa vV, a BTopoit — npu v — 0.

NHuTepec Kk MaIOMOM0OBOMY XaoOCy WHHUITMMPOBAH U3BECTHbBIMU paboramu . Jlopen-
na [4], a Taxxe [I. Piosas n @. Taxenca [5], a satem 1. Kypamoro [6], B KOTOPBIX Gb11
[OCTaBJIEH OOIIUIT BOIIPOC: MOXKHO JIU CBA3aTh CTOXAaCTHYECKUE PEZKUMbBI B pacIpe/ieeH-
HOI cucTeMe, UMeoIeil OECKOHETHO MHOIO CTEIeHel CBOOO/IbI, ¢ HAJUIUEM CTPAHHOTO
aTTPAKTOpa B CUCTEeMe HeDOJIBITIOTO YUC/Ia OOBIKHOBEHHBIX JIN(DdepeHITnaIbHbIX yPaB-
HEHWUI, TIPEJICTaB/IAIONICH YIPOIIEHHYIO MOJIEIb UCXOTHOW CUCTeMbI. B psjie cirydaeB 3To
JIECTBUTENBHO yIaeTcsd clenarh. s mpuMepa comieMcst Ha U3BeCTHOe ypaBHeHue ['nH-
360ypra — Jlangay, 1yst Koroporo cdhopMyInpoBaHHbBI BOIpoc ObLI pemieH B padore [2]
JIJTsl HEKOTOPBIX THUIIOB KPAeBbIX ycaoBuil. Tounee TOBODs, B [2| YUCIEHHBIMU METOJIAME
ObLIT OOHAPYKEH CTPAHHBIN aTTPAKTOP B TPEXMEPHOIl cucreMe, MmojIydaronieiics u3 ypas-
nenns ['mn3bypra — Jlanjgay Ha oTpe3ke ¢ rpaHuYHBIMEU yeaoBusaMmu Hefimana B pesyiib-
TaTe ABYXMOJOBOI raJepKIHCKOH anmpokcuMaryi. JIpyroit mpumep — aHaau3 CTPaHHBIX
ATTPAKTOPOB ITPOCTENINX KOHEYHO-PA3HOCTHBIX AINMIPOKCUMAIINN KPaeBbIX 3a/1ad BUJIA
(1) Ha orpeske (cM. [7]).

MuoromoioBeiit nddy3noHHBIT Xaoc cHava/a ObLI TEOPETUUIECKHM OIMCAaH B CTa-
The [8], HOCBSIIIEHHOI UCC/IeIOBAHUIO TMHAMIKHI HEJIMHEIHBIX OCIIIIIATOPOB, CJ1ab0 CBs-
3aHHBIX Yepe3 uddy3uio, ero YicIeHHbI aHaIn3 Ipojestan B paborax asropa [9,10], u3
Pe3yJIbTaTOB KOTOPBIX BBITEKAET BarxkKHOe CJIeJICTBHE: ecu B cucreme (1) Ha oTpeske mpu
v — 0 nabmonaercd auddy3nMOHHBII Xa0c, TO ero JMIyHOBCKas pa3MepHOCTh Heorpa-
Hu4ueHHO pacteT. OTMETUM TaKKe YUC/IeHHBbIN aHajm3 ypaBuenus ['musdypra — Jlanay,
BBITTOJTHEHHBIA B [11] 1t mepuopmyecknx KpaeBbIX yCIOBHI.

JList yTOIHEHUS MOHATHS MHOTOMO/IOBOT'O TG DYy3UOHHOTO Xa0ca BOCIOJIb3yeMcst (pop-
MysaupoBkamu u3 crarbu [12]. Bygem npemmonarars, aro orpevaroras cucreme (1) To-
YeyHas MOJIEJIb, T. €. CHCTeMa OOBIKHOBEHHBIX UM @epPEeHITNATBHBIX yPAaBHEHMI

= F(u), (2)
MMeeT SKCIIOHEHITHAIBHO OPOUTAIBHO YCTOWIMBBIIN KT
u=uo(t), dug/dt+#0 (3)

nexkoroporo repuojia Ty > 0. [lonaTrno, 9To Takas cUTyalus ABJISIETCS TUITMIHOM.
HerpynHo 3aMeTuTh, 4TO UK (3) cOXpaHdeTCcd U B paclpeleseHHON Mojie/m (1)
J171s1 BBIIBJIEHUS €T0 CBOMCTB yCTOWYMBOCTH JIMHEAPU3yeM Ha HEM ypaBHEHUE 13 (1) u
NIPUMEHUM K ITOJTyduBIIeiics JuHeliHoit KpaeBoit 3aja4de metos Pypbe 1o cucreme cood-
cTBeHHBIX (DyHKIMI oniepaTopa Jlamaca. B pesymbraTe mpuxoauM K cUCTEME

h = [Ao(t) — zD]h, (4)
rie Ao(t) = F'(u)|u=uo(r), TApAMETP 2z NPUHUMAET JUCKPETHbIE 3HAYeHHs VA, k =
0,1,...,a0 =X < A\ < Ay < ... — 3aHyMepoOBaHHBIC B IOpsJIKE BO3pacTaHus COO-

CTB€HHbIC 3HaYC€HUA OllepaTopa —Ac I'PaHUIHBIMUA yCJIOBUAMA Heitmana.
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Berony Huke jiis yjaobersa OyjeM cauTtarTh mapamerp z B (4) HelpepbIBHO MEHSIIO-
mumMes Ha nosryocu z > 0. O6osHaunm, jasee, depes s = ps(z), s = 1,..., k, MyiabTu-
[JIMKATOPBI CUCTEMBI (4) U MOJIOXKUM

a(z) = max lRe In ps(2) p . (5)

1<s<k | Tp

Bamernm, aro Beerga «(0) = 0, Tak kak upu z = 0 cucrema (4) (B crity mpezmoaraeMoit
9KCIIOHEHIINAIBHON yCTONYMBOCTH IWKIa (3) B paMKax TodedHOil Mojgenn (2)) mMmeer
IPOCTOf eMHNIHBIA MYyJIBTHIINKATODP, KOTOpOMY oTBedaer perenne Dioke h = g(t),
a BCe ocTasibHbIe ee MyJIbTHILINKATOPHI jtexkar B Kpyre {u € C: |u] < 1}.

B janbHeiinem HaM morpebyercs ciejryioliee olpeieeHne, aHajaor KOTOpOro BIep-
BbIE NOsABUIICA B pabore [13].

Onpepesienne 1. Bydem 206opums, wmo napaboaiuueckas kpaesas 3adava (1) Ae-
Asemes, buoro2uveckol uau npunadaescum waaccy B (umeem muozomodosvits duddy-
BUOHHBIT GMMPAKMOP), €CAU BLINOAHAIOMCA CACOYIOULUE 02PAHUMEHUA.

a) Coomeememeyiousas movweunas modess (2) umeem sKCNOHEHYUAALHO OPOUMAADHO
yemotuueuit yuka (3).

6) Hatudymca marue 0 < 2y < zo, wmo ¢ynxyua (5) cmpozo nosodcumesvia na
unmepsase 2y < z < 2.

B) IIpu ecex docmamouno maavix v > 0 QuHGMUYECKAA CUCTREMA, NOPOAHCIGEMAA KPa-
ecoti 3adaueti (1) 6 gasosom npocmparcmee C(Q; RF), Q = QUOIN, umeem saomuneckudi
ammpakxmop A,, Aanynosckas pasmeprocms dr(A,) Komopozo cmpemumcs x +00 npu
v—0.

Kak yke ormedasioch BbIIlle, YCJOBUE a) TUIUIHO I KPAeBBIX 3ajad Buma (1),
BOZHUKAIOIIMX B PA3JINYHBIX OMO(MU3NIECKUX U SKOJOIMIECKUX [IPUJIOKEHUsIX (OTCro/Ia,
COOCTBEHHO, U HMOABHUJICS caM TepMuH “onosormdeckas cucrema’). Tpebosamnue az) > 0
npu z € (21, 29), dburypupyiomiee B yciaopun 6), 0b6ecreqnBaeT HEyCTONIUBOCTD IHKJIA
(3) B pamkax pacrpejesieHHON Mojiesn (1) Ipu Beex JOCTATOYHO MAJIBIX 3HAYEHUSIX I1a-
pamerpa . UTo ke KacaeTcst yCJOBUS B), sIBJISIONIErOCS CAMBIM [JIABHBIM U3 BCEX TPEX,
TO OHO rapaHTHPYET Peau3yeMOoCTh pu v — () WHTepecyromero Hac (peHOMeHa MHOTO-
MOI0BOTO JTnhy3noHHOrO Xaoca. B ¢Bs3u ¢ 9TUM yMeCTHO MOMIEPKHYTH, 9TO TEPMUH
“XaoTUIeCKHil aTTpakTop”’ JIOMyCKAaeT pas3/jndHble WHTeprpeTamuu. Mbl »Ke g orpe-
JeJIEHHOCTH OyJIeM MPHJIEPKUBATHCST OHITHS Xa0ca, peiozkeHHoro B [14]. Ormernm,
9TO YHOMSAHYTYIO B YCJIOBUU B) JISIIIyHOBCKYIO pasmMepHocThb dp(A,) OyieM BbIYHCIISTh
Yyepes XapaKTepUCTUIeCKUe TI0Ka3aTe/ I arrpakropa A, 1o ussectHoii dpopmysie Karia-
Ha — I7IopKe [15]. Onmpasice Ha ompesesenne 1, HeTPyIHO ¢HOPMYIUPOBATE KOHIIEIIIHIO
b dy3HOHHOTO Xaoca, KOTopast 3aKII09aeTcst B CIeIyoneM yreepxaenun (em. [12]).

T'unoresa (o quddysunonnom xaoce). Kaacc B napaboruveckur cucmem (1) ne
nycm.

[TpuBeenHast rumoTe3a OYEBUIHBIM 00Pa30M MEPEKINKACTCS ¢ M3BECTHBIMU TUIIOTE-
zamu A.H. Kosmmoroposa o pocre pasmepHocTu arrpakTopoB ypasaennii Hasbe — Ctokca
1pu yBesmdenun ducia Peitnonbica (oM., manpumep, [17]). Kpome Toro, npociexxusaer-
Csl OUEBHUJIHASI NAPAJIIEIb MEXKJLy YCJIOBHEM B) U CIIEHAPUEM Pa3BUTUsI TYPOYI€HTHOCTH
o Jlaamay — Ceuty, MareMaTHdecKue aclieKThl KOTOPOro M3JI0KeHbl B |16, 18].

Jloctarouno sICHO, 9TO OOOCHOBaHHE THIOTE3bl O AU(MMY3NOHHOM Xaoce BO3ZMOXKHO
JIMIIB C ITOMOINBIO YUCJIEHHOI'O aHAJIN3a KaKUX-JIMO0 KOHKPETHBIX 11apabo/JnIecKuX CH-
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crem Buja (1). B cBs3u ¢ 91uM B 1epBoii gacTtu paboThl pacCMOTPEHO ypaBHeHnue ['nh-
30ypra — Jlanjgay Ha oTpe3ke JUld JABYX pa3UYHBIX 3HaYeHUil rmapameTrpoB. Bo BTopoit
JaCTU KCCJIEIOBaHa CUCTEMa, MOJIE/IMPYIolias peakinio bejgoycoBa, a B TpeTheil dacTu
IpeacTaBJ/ICH paCHIHpeHHbeI YU CJIEHHBII 9KCIIEPUMEHT, BBIIIOJIHEHHBII JJigd YpaBHEHUA
Kueitna — Topiona, Ha ocHOBe KOoTOpOro B crarhe [18] miumocTpupoBajach peasmsye-
MocTh crieHapus Jlarmgay — Cesa.

2. JldamyHoBcKas pa3MepHOCTb Pa3HOCTHBIX
annpokcumanuii ypasHenus I'mu3oypra — Jlaggay

B nannoit vactu paboThl paccMOTpUM u3BecTHOe ypapHenue ['unzoypra — Jlangay Ha ot-
peske 0 < z < 1, a TogHee roBoOpsi, Oy/IeM YUCJIEHHO aHAJIU3UPOBATH COOTBETCTBYOIILY IO
eMy KPaeByIO 3a/1ady

wy = V(1 —ic))Wey +w — (14 dco) |w|*w, Wa|eeo = Welee1 = 0, (6)

rje w = w(t, ) — KOMILUIEKCHO3HAYHAS (DYHKIUS, V, C1, C3 — IOJIOXKUTEJIbHBIE TTADAMETPHI.
Yoeaumcsi, gajiee, 9TO IPU BBIIOJHEHUH YCIOBUST

cico > 1 (7)

yKazaHHag nmapaboJimaeckas cucTeMa npuHaiexuT Kiaccy B. IIposepka ycosuii a), 6)
He BBI3BIBAET 3aTPy/HeHuil. B caMoM Jie/ie, IPOCTPAHCTBEHHO OJHOPOIHBIH (He 3aBUCs-
muit or x) MUK 3a1a49n (6) 3a/1aeTcsi pABEHCTBOM

w = exp(—icyt) (8)

U ABJISIETCS SKCIIOHEHIMAIBHO OPOUTATLHO YCTORIUBBIM B PAMKAX COOTBETCTBYIOMIEH TO-
deqHoit Mogesn. UTo ke Kacaercs ycrofiaupocTu muk/ia (8) B paMKax pacipeieseHHol
moziesn (6), TO OHa ompeiessieTcs 1o caeayomnemy npasuty. CHauana JOMOJHUM yPaB-
HeHre u3 (6) KOMIIJIEKCHO COIPSI?KEHHBIM YPABHEHHEM, a 3aTeM, CIUTas W, W He3aBUCH-
MBIMH KOMILJIEKCHO3HATHBIMUA (DYHKIUSMHU, BBITIOJTHUM B [OJTY YUBIIECsT CHCTEME 3aMEHBI
w = exp(—icgt)(1 + hy), W = exp(icat)(1 + hy) u orbpocum HenmHeitHbIE 1O hy, he Cila-
raemble. Ha 9TOM 1y T npuxoguM K JIMHEHHON KpaeBoii 3aaue

Oh Ok | Oh [ O*h .

5 =v(l—ia) o = (Ltie)(hn + hy), = =v(Ltic) o5 — (1= ica)(hi + ha),
Oh, Oh, ,
2 = = =1,2
83’} o0 83’} 1 07 ] ’ ?

K KOTOpOii, B CBOIO o4epejib, mpumensem meton Oypbe mo cucreme dyHKImMA cos kme,
k € NU{0}. B pesynsrare ybe:kmaemcs, 9TO 33 yCTONYIUBOCTD OJHOPOTHOTO KA (8)
[0 OTHOIIEHUIO K IIPOCTPAHCTBEHHO HEOJHOPOHBIM BO3MYIIECHUSIM HAYATBHBIX YCJIOBHIA
OTBEYaeT PACIOJIOKEHNE CIIEKTPa CeMelcTBa MaTPHI|

_(1+z02 1+Z02)—k27r2u (1 _OZCI 0 )7 k=12,... (9)

]__/L.CQ 1—2.02 1+i01
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U nakowner, anaau3 mMarpuif (9) ¢ yaeroM ycioBus (7) IPUBOIUT K BBIBOJLY, UTO UK (8)
ycroituus (HeycroitunB) B paMkax Kpaesoil 3ajaun (6) npu v — v, > 0(< 0), rue
2(6162 — ]_)

(112 > 0. (10)

. =

[IpoBepKy cIpaBeyIMBOCTH YCJIOBUSI B) Jist KpaeBoii 3asaqdu (6) Oymem mpoBOIUTH
[OCPEJCTBOM YHCICHHOIO aHAIM3a IIPU KOHKPETHBIX 3HAYCHUAX apaMeTPOB C1, Co.

Jl1s1 onmcanust COOTBETCTBYIOMIEIO YUCJICHHOTO SKCIEPUMEHTa BBEIEM B PACCMOTPE-
e toukn r = (j — 1/2)/N, 7 = 1,2,..., N, tae N — npou3BojibHO (HUKCHPOBAHHOE
HATYpAJbHOE YUCJI0, U 3aMeHUM B (6) YacTHYIO MPOU3BOIHYIO 110 T B YKA3aHHBIX TOUKAX
IPUOJIMKEHHBIMEA PABEHCTBAME

Wag (t, @) o= 1/2)/8 = N? (w41 () —2w;(t)+w;—1 (1)), w;(t) = w(t, x)|o—-1/2)/n, (11)

cuanras, 910 wo(t) = wi(t), wy41(t) = wn(t). B pesymprare mis nepemenusx w(t)
IIPUXOJIUM K KOHEUHOMEDHOI MOJIe/Ii BUJIA

w]‘ = VN2(1 — iCl)(’lUj_H — 211}]‘ + wj—l) + wj; — (1 + i02)|w]~|2w]~, ] = 1, ey N. (12)

WurepecHo OTMETHTH, ITO Jist CHCTeMBI (12) coxpaHsieTcst yHAc/IeI0BaHHas OT Kpa-
eBoii 3aa4un (6) CMMMeTpHsi, COCTOSIINASA B €€ HHBADUAHTHOCTH OTHOCHTEIHHO 3aMEHBI

Wi — WN—j+1, jzl,,N (13)

Kpowme Toro, sra cucrema, Kak u ucxojaHas 3ajada (6), JOMyCKaeT MpPOCTPAHCTBEHHO
OJTHOPOJTHBIN MJTH, TOYHEE TOBOPSI, CHHXPOHHBIN TTHKJI

w) = we = ... = wy = exp(—icyt). (14)

Hobasum errie, 9to 1uKJI (14) SKCIOHEHITMATBLHO OPOUTATBHO YCTONIHNB (HEYCTONYINB) MK
v —vi(N) > 0(<0), rae mia kpurudeckoro suadenust v, (N) cupasemiusa dopmyia
vi(N) =

C1Cy — 1
2(14 ¢)N?sin® (7/(2N))

(15)

upudeM 04ueBHIHBIM 006pas3oM V. (N) — v, npu N — oo. Obparumcs Terepb HEIOCPe/T-
CTBEHHO K pe3yJIbTaTaM KOMIIBIOTEPHOIrO aHam3a cucreMsl (12).

1. Cayyaii ¢; = 0.5, co =8

B crarpe [10]| yxxe paccmarpuBaiack KpaeBas 3ajada (6) mpu 3HAYEHUAX ITAPAMETDPOB
c1 = 0.5, cg = 8, 0/IHAKO OIPAHMYEHHOCTH BBIYNCIUTEIbHBIX CPEJICTB HE MO3BOJINIA B
9T0#i paboTe mnpoBecTn 60jIee MACIITAOHBIN BBHIYUCIUTEIbHBINA SKCIIEPUMEHT. B 1aHHOM
pasjiesie MPUBOIATCS PE3YJIbTAThI CYIECTBEHHO 00JIee TIOAPOOHBIX BHIYUCIEHUI, BOCIION-
HSTFOIIIE 9TOT HEJIOCTATOK.

OmnumreM cHavasa mpocreiinme (has3oBble MEPECTPONKH, MPOUCXOJSINNE ¢ CHCTEMOI
(6) pu ymenbIernn kKodddurpenta auddysun v. HamoMHuM, 910 CHHXPOHHBIH TUKJT
(14) cucremsl (11) robaabHO SKCIOHEHIMAIBHO OPOUTAIBHO yeTOHIuB pu v > v, (N).
B ommceiBaemom cirydae Bbraucsiennoe 1o gopmysie (10) Kpurudeckoe 3HAUEHUE V, A2
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0.48634, B TO )e Bpewms, Bblumcysig mo dopmyne (15) v,(20), umeem npubIMKEHHO
0.48734. HeTpyiHO BUJIETD, YTO BEJUYUHBI V, U Uy (20) oTam9arorces Apyr OT JApyra JIUIilb
B TPeThEM 3HAKE ITOCJe TOYKU. DTO O3HAYAET, IYTO IPHU V OJIM3KHUX K U, PA3HOCTHAS MO-
nesb (11) BrosiHe ajieKBaTHO OMMCHIBAET KpaeByio 3ajady (6). YMeHbIIeHIe BeTMIHHbI
v < v4(N) npuBoJuT K IMOSBIEHUIO B pe3y/brare OGudypKalun THIA BAIKA Hapbl Op-
OUTATBHO ACUMITOTHIECKH YCTOWIMBBIX CUMMETPUIHBIX JIPYT JIPYTY B CMBICTIE 3aMEHBI
(13) mpocTpaHCTBEHHO HEOJHOPOJHBIX NUKJIOB. [JanbHeiinme dha3oBble epecTpoiiku cu-
creMbr (11) MOYKHO TPOCTIEIUTH JIUIIb YUCJTCHHBIMUA METOJAMU, K 0030py Pe3y/IbTATOB
KOTOPBIX MbI U IIEPEXOJINM.

Armx dL

0.6 14}
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Mm v v
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Puc. 1. N =10 Puc. 2. N =10
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ﬂ v v
0.005 0.01 0.015 0.02 0.025 0.03 0.005 0.01 0.015 0.02 0.025 0.03
Puc. 3. N =20 Puc. 4. N =20

CuMMeTpuYHbIe UKJIbI, BOZHUKIINE B PE3Y/IbTATe MOTEPU YCTOWIUBOCTH OJIHOPO/I-
HOTO PeXUMa, OCTAI0TCsI aTTpakTopamu cucreMbl (11) Bruiors 10 3uavenus v &~ (0.1183
(Bbramcsieno jyisi N = 20), 1pu KOTOPOM OHU OOLEUHSIIOTCS B OJMH CAMOCHMMETPUY-
HBIIl TPOCTPAHCTBEHHO HEOIHOPOHBIH UK. 3arem npu v &~ (0.0351 sroT MUK TEepseT
YCTOMYUBOCTH U OT HErO OTBETBJIAETCH TMapa CUMMETPUIHBIX JIPYT JIPYTY YCTORYUBBIX
IUKJIOB. DTU IUKJIBI KOJedaTeTbHBIM 00pa3oM TepAoT ycToidamBocTh mpu v ~ 0.0338
(N = 20), B pe3yabrare 4ero BO3HUKAET JIBA YCTONYUBBLIX JIBYMEPHBIX MHBAPUAHTHBIX
TOpa. YCTOWYMBBIMU JIBUKEHUSIMU Ha TOJIyIE€HHBIX TOpaX MOI'YT OBITh KaK KBAa3UIIEPU-
oJlMUeCKue, TaK U nepuojudeckue Kojebanus. Hakoner, npu v ~ 0.033 (N = 20) Topbl
pa3pyIIaloTcad U BOZHUKAIOT XaOTUYECKUEe KOJIEOAHM.

Hnga N = 10 m N = 20 na npomexyTke n3Menenusd v ot (.03 1o Hynd ¢ marom
0.0005 ObLI BBIMHCJIEH CHEKTD JIAMYHOBCKUX SKCIOHEHT W Ha WX OCHOBE JIAIIYHOBCKAS
pasmeprocTh arrpakropa A,(N) cucremsr (11). Ha puc. 1, 2 npexacrasiens rpadukn
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3aBHCHMOCTH OT ¥ CTapIIero JISyHOBCKOrO MOKA3aTensd Apaz(A,(N)) U JIgmyHOBCKOI
pasmeproctu dp(A,(N)) npu N = 10, a va puc. 3, 4 — npu N = 20.

Ha mpomexyrke mamenenus: v ot 0.03 g0 npumepno 0.015 rpaduku 3aBucumocTeit
UMEIOT MHOIOYHUCJICHHBIE IIPOBAJIBI, COOTBETCTBYIOIINE OKHAM IIEPUOAMYHOCTH HJIA KBa-
BUMEPUOINIHOCTH, 3HAUEHUE \,,q; HIPH ITOM OOpaIlaeTcs B HY/Ib, a dj NPUHAMAETCS
PaBHBIM €IUHHUIIC B C/Iy4dae IMUKJIOB U JBYM B C/Iydae IBYMEPHbLIX TOPOB.

o t
6,
0.3} 5l
4
.2H
0 3
0.1/ 2
1,
0.0 ‘ ‘ . ‘ g\ 0] : : ‘ ‘ o\
20 40 60 80 100 20 40 60 80 100
Puc. 5. v =0.02 d Puc. 6. v =0.02
Armax L
10¢
0.5
8
0.4;
6,
0.3F
02! 4
0.1 2r
0.0 ‘ ‘ ‘ ‘ ‘N 0 ‘ ‘ ‘ ‘ ‘
20 40 60 80 100 20 40 60 80 10(5\I
Puc. 7. v =0.01 Puc. 8. v =0.01

Basucumocts dr(A,(N)) or v upu 0.003 < v < 0.01 gra N = 10 u upu 0.001 <
v < 0.015 gna N = 20 6iu3ka K rurepOoImIecKoil, IpudeM BBIOOD V JieBee YKa3aHHbBIX
IPOMEZKYTKOB TPUBOJUT K TOMY, 9TO cucrema (11) mas coorBercrBytomero N yxke He
MOXKET aJIEKBATHO OIUCHIBATH UCXOJHYIO KpaeByto 3ajady (6). Ormerum, aro npu N =
20, KaK U CJIeJI0BaJIO OXKUJIaTh, IIPOMEXKYTOK OJIN3KOI0 K TUIEPOOINIECKOMY N3MEHEHUS
sesmansbl dr (A, (N)) mupe, vem npu N = 10. MakcumaabHOe 3HAUEHNE PA3MEPHOCTH
arrpakTopa jocruraercd rnpu N = 10 B Touke v ~ 0.00305 u npubjm3uTe/bHO PABHO
14.23, a npu N = 20 — B Touke v ~ 0.00085 u d; ~ 29.32.

Jlast Toro, 9T00BI YOEUThCsI B TOM, 9TO IIpU (PUKCUPOBAHHOM ¥ ¢ pocToM N pa3HOCT-
Hble Mojiesn (11) UMerT aTTpaKTOPhI ¢ OJIM3KUME [TOKA3ATE/ISIMU, OBLITH BBIITOJIHEHBI Pac-
vyerwl ipu v = 0.02,0.01,0.005, 0.002 u uzmenenun Besimaunbl N ot 5 10 100. Ha puc. 5—
12 npencraBiienbl rpaduKn 3aBUCHMOCTEN Ay (A, (N)) u dp (A, (N)). Herpyaso Bugers,
970 yBeJaunderne N OPUBOJUT K CTAOUIU3AINN BETHIUH Ay qr (A, (N)) u dp (AL (N)). Tpu
9TOM MEHBIIIIM 3HAYEeHUsIM [IapaMeTpa I COOTBETCTBYIOT DOJIbIINE IIPeIe/IbHbIE 3HAUCHUS
OIIEHUBAEMbIX BEJININH.
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Armax S
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JL1st TOro 9T0o0BI MPOUJLTIOCTPUPOBATE YCIOKHEHNE Xa0THIECKIX PEXKIMOB IIPU YMEHb-
meHnn v "Ha puc. 13 u 14 npusejieHbl rpadUKi BENECTBEHHBIX U MHUMBIX dacTeil (hyHK-
un w(t, z) pu dukcupoartoM t. [Ipejcrasiennbie rpaduku MOKA3bIBAIOT, YTO MEHb-
[IeMy 3HAYEHUIO V COOTBETCTBYET CYIIEeCTBEHHO O0Jiee M3pe3aHHbIi (MHOIOMOJIOBBIiT) B
MIPOCTPAHCTBEHHOT'O PACIIPE/IETIEHNS PEITEHS.

2. Cuayuaii K03 PuUIMeHTOB, COOTBETCTBYIOMINX PA3HOCTHO
MoOJeJn ypaBHeHUusd XaT4YUHCOHA

Bropbim npumepom 3aj1a4um, ob1a1aroneit MHOrOMOJIOBBIM U @Y3UOHHBIM Xa0COM, SB-
JIIeTCsT PA3HOCTHAS MOJIe/Ib ypaBHeHUs XarTduHcoHa ¢ nuddysueit. B cratbe [12] kpae-
Bad 3a7a9a

oN RV 4 oN
+ -
ox

N
o~ Por . Oz

rll —A(t—1,z)]4, =0 (16)

xr= T=T

Ha oTpe3ke () < x < 7, mosyvaromasics U3 CTaHJIAPTHOIO ypaBHeHUs! XaTYMHCOHA IIPHU
yaere quddysuonnoro ciaraemoro DO2A /0x?, D = const > 0, 3amensiach npu Jio-
CTATOYHO MaJioM [) PA3HOCTHBIM aHAJIOTOM

Upi1,j = (dun7j+1+(1—2d)un7j+duw-_l) exp [% (1—un_k,j)] ,n>0, j=1,...,N, (17)
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BemecTBennas — CIUIONIHAA ¥ MHUMAs — IIyHKTUPHAsS JUHUS IpaduKoB (yHKINN
w(t, x) upu HUKCUPOBAHHOM T

Puc. 13. N =100, v = 0.02 Puc. 14. N =100, v = 0.002

rie d = N?D/(kn?), tuno = Un1, UnNt1 = Un N, & Teabie k > 2 1 N OnpesesistioT Iucyio
TOYEK pa3OUeHMsl [0 BPEMEHHOI U IIPOCTPAHCTBEHHON [EPEMEHHBIM COOTBETCTBEHHO.

[Ipu HEKOTOPBIX JIOMOJIHUTEIBHBIX MIPE/IIOIOKEHUAX, HEe OTHOCAIIMXCA K TeMe Ha-
crosmieit crarhi, B pabore [12] cucrema (17) cBomurest K 3ajgade (12) npu 3HadMeHHIX
apaMeTpoB

c1 = 4.129145761413521, ¢y = 1.205298342698789. (18)

Cpazy ormeTnm, 9TO crieHapuil (pa30BBIX MEPECTPOEK, MOJYIEHHBIH B MPEIbILYIIEM
[IYHKTE, COXPAHAETCs U 3/1eCh. B gacTHOCTH, e BoinojHeHo (18), To v, & 0.044647, a
v4(20) ~ 0.044739. [Ipu ymenblieHnn mapaMeTpa ' U IPU MIPOXOXKJICHUN €ro depe3 Kpu-
Tuaeckoe 3Haderue (15) or ogHopoHOTO TKIIa (14) OTBETBIIsIETCS TTApa CUMMETPHIHBIX
OpOHUTATIBHO YCTOMYUBBIX POCTPAHCTBEHHO HEOHOPOJIHBIX ITUKJIOB (OudypKaIis THIIA
Btk ). [loceyroniee ke yMeHbIIeHEe ¥ TIPUBOIUT K MOCTEIIEHHOMY YCJIOXKHEHUIO JIi-
HAMUKI U K ITOSBJIEHUIO XaOTUIeCcKuX KoJsiebanuii. Harnsanoe mpegacrapienne o6 9ToM
poIecce JIaloT rpaduKH 110 U CTAPIIEro JIAIYHOBCKOTO IOKA3ATEIT Amax (AV(N )) u Jisi-
IIYHOBCKOIl pasMepHOCTH d, (A,,(N )) arrpakTopa A, (N) cucremst (12). [Tocrpoenne stux
rpadukoB nposojuiock 1pu N = 20 u N = 30 na npomexxkyTke 0 < v < 0.004 1o Toukam
¢ marom 0.00001, a camMm oHm mpeicTaBIeHbl HA puc. 15 — 18.

Hanee y6emumcst, aro ¢ pocrom N arrpakrop A,(N) mozmenu (12) B onpeeneHHOM
CMBICJIE CXOJUTCA K aTTpakTopy A, Kpaepoii 3amaun (6). [lefcTBUTENIbHO, YUCTIEHHbIE
pacdeTsl Jjis1 PUKCHPOBAHHBIX U IIOKA3BIBAIOT, UTO IIPH yBeJnIeHUU [N IIPOUCXOIUT CTa-
OMIM3AINA BEJITINH A pax (A,,(N)) udy (A,,(N)). Ha puc. 19 — 26 uzobpazkeHnl rpadpuKm
ux 3apucumoctn oT N mpu v = 0.001,0.0025, 0.002, 0.0015. Cy1ecTBeHHBIM 376CH OKa3hbI-
BaeTCs TO, YTO MEHBIIUM 3HAYCHUSIM ITapaMeTpa I/ COOTBETCTBYIOT OOJIBITHIE TTIPEJIeTIbHBIC
suavenust dr(A,(N)). OTMeTnm, 9T0O U B JIAHHOM CJIyYae CPaBHEHUE [IPeJICTABIeHHbIX Ha
puc. 27, 28 rpadUKOB BENIECTBEHHBIX U MHUMBIX 4dacreii dyukimn w(t, x) upu pukcu-
POBAHHOM ¢ IMOKA3bIBAET, YTO MEHBIIIEMY 3HAYEHUIO I/ COOTBETCTBYET CYIIECTBEHHO OoJiee
U3pe3aHHbI (MHOMOMOJIOBBIN) BUJI IIPOCTPAHCTBEHHOI'O PACIIPEIeICHIsT DEIIeHNSI.

Takum obpazom, HA OCHOBAHUU BCEil COBOKYITHOCTH MPOJETIAHHBIX YUCTEHHBIX HCCJIe-
JOBAHUN MBI MOXKEM YTBEPXKJaTh, 910 npu v — 0 pasmepHoctb dr(A,) XaoTnaeckoro
arrpakropa A, Kpaepoil 3aja4u (6) HEOrpaHUYIEHHO pacTer. A 910, COOCTBEHHO, 1 O3HAa~
Jaer, 9TO 1pu ycsoBusx (18) paccMarpuBaemas 3a/1ada IPUHAJJIEKUT Kiaccy B.
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KopoTko ocranoBuMcs Ha TPUMEHSIEMBIX YHCJIEHHBIX METOJAX U TOYHOCTH BBIYUC-
nenuit. [{nst permennst cucreM 0ObIKHOBeHHBIX Juddepenimanbabix ypasaernii (11) wc-
HOJIb30BaINCH MeTo bl PyHre — KyTTol B ux peanusaiu Jopmana u [Ipunca (8.3) [19] ¢
KOHTPOJIEM TOYHOCTHU Ha Iare, Imar Ipu 3ToM ObLI orpaHnyeH cBepxy Besudnnoit 0.001.
J171s1 OIeHKM JIATTYHOBCKHMX SKCIOHEHT HMCIOJIB30BAJICA CTAHIAPTHBIN MeToJ bennernna
(em. [20,21]) u MeTo JuHAMUUECKO# IepeHOpMEIPOBKH |22]. TIpo10/zKUTe/IbHOCT BBIYHC-
JIEHUII B YMCJIEHHOM 9KCIepUMeHTe ¢ (pUKCHPOBaHHBIM N U pa3IMIHBIMU ¥ BHIOMPAJIACh
pasroit 5000 - 7' (T' — cpejHee paccTosiHIE MEXK/Iy MaKCHUMyMaMy KOMIIOHEHT DEIeHus
cucrembl (11)) Tak, 4ro cpejHee KBaJpaTHIHOe YKJIOHEHHE BCEX JISIMYHOBCKUX MOKa3a-
Tejleil, BLIYUC/ICHHOE 110 TI0CJIe/IHeil ThICsYe OTCUeTOB, OKasbiBaaoch MeHbmuM 1073, Bo
BTOPOM 39KCIIEPUMEHTE BbIYNC/IeHUus TTpon3Boaunch Ha npomexxyrke 10000 - 7', cooTBeT-
CTBEHHO OTKJIOHEHMe TIoKazaTeeil OT cpeJiHero okasajoch Menbine 1074,

[IpeAnpuHATHIH BBIIe aHAJIN3 CBUETEIBCTBYET O TOM, 9T0 cucrema (12) npu duk-
cupoBaHHOM v > ( W Tpm BceX JOCTATOYHO Oosbmux N IpejicTaBisgeT cobOil BIIOTHE
aJIEKBATHYIO KOHEYHOMEPHYIO MOJIeIh JUM@PY3UOHHOIO XAa0Ca, XOPOIIO OTPAaKAIOIIYIO
KaK KaveCTBEHHbIe, TaK W KOJIMYECTBEHHbIE ero xapakrTepucTuku. C yMeHbIIeHUeM V
CTaOMIN3AIU BEJIMIUH Apax (A,,(N )) u dy, (A,,(N )) LIPOMCXOAUT IIPHU BCE OOJIBIINX 3HA-
venuax Ecim ke N durcupoBano, a v JOCTATOYHO MaJIO, TO JUHAMUYECKHE CBOHCTBA
pasHocTHOI Mogiesn (12), B mpuHIMIIe, y2Ke He MME0T HUKAKOTO OTHOIIEH!sI K CBOHCTBAM
ucxo/Hoi cucremsl (6). B wacrHocTH, MMEHHO 9THM 06CTOATEILCTBOM 06YCJIOBIIEHBI “TIPO-
BaJIbl’ ITPAPUKOB Apax (AV(N )) u dy, (AV(N )) [IPU MAJIBIX V.



40 Modenruposanue u ananrusd ungopmayuonnuxr cucmem T.20, Nel (2013)

Amax

0.25
0.2
0.15
0.1

|
T

0.05

20 40 60 80 100

Puc. 19. v=0.001

Amax

0.25
0.2
0.15
0.1
0.05

?

20 40 60 80 100

Puc. 21. v=0.0015

Amax

0.25
0.2
0.15
0.1

J
f

0.05

N
20 40 60 80 100

Puc. 23. v=0.002

Amax

0.25

0.2
0.15
01

0.05

20 40 60 80 100

Puc. 25. v=0.0025

d

14
12
10

N
20 40 60 80 100

Puc. 20. v=0.001

d.
12

10

N A~ OO

20 40 60 80 100

Puc. 22. v=0.0015
d
10

N
20 40 60 80 100

Puc. 24. v=0.002
d

T

20 40 60 80 100

Puc. 26. v=0.0025



PasmepnocTibie xapakTepucTuku quddy3noHHOIO Xaoca 41

1.0
0.5;

00"
05

—-1.0f
Bemecrsennas — CILIONIHAA W MHUMAsI — IIyHKTUPHAA JUHAA IPahUKOB DyHKIIH
w(t, z) npu HUKCUPOBAHHOM ¢

Puc. 27. N =100, v = 0.0025 Puc. 28. N =100, v = 0.001

3. Iuddy3uonnniii xaoc B Mmogean bejoycoBa

B sToM paznesie paccMOTPUM PACIpeeIeHHyIo Mo/ie/Ib peaknun Betoycosa, mpeioxen-
myto B pabore 23] (cm. Takxe [24]),

ox 0*x O Oc
E_D1@+rl[1+a(1—z)—$]% %S:O_gszl_()’

dy _ Oy B dy _ 9y _ 19
ot 2852 +7’2[SC y]y’ 05 ls=0 s ls=1 0, ( )
0z 0%z 0z 0=
a:D?)@—i_T?,[OéI—F(]-_O‘)y_Z]Z? %820:%821:0.

Baecs 0 < s <1, Dj, j=1,2,3 — HeKOTOPbIE TIOJIOKUTEIBHBIC ITaPaMeTPEI, IIPOIOPIINO-
HasbHbIe ojiHOMY Tapamerpy d > 0. Tounee roBopst, nosoxum B (19)

(D1, Dy, D3) = d(D{, D), DY), DY =0.01, D) =0.08 Dj=0.01; 20)
ri=1, r=2 r3=3, a=0.2, a=100
u Oy/1leM MHTEPEecOBaTbCsI aTTPAKTOPAMHE OJIYIUBIIEHCsT KPACBOW 3a/1ax1, BO3SHUKAOIIIN-
mu B ee dazosom npocrpanctie (z,y, z) € C([0,1];R?) npu ymenbimennn d.
st pertenusi nocraBjieHHON 1npobseMbl BbimojgHM B (19) craHmaprTHyO JuUCKpe-
TH3auio. B ¢BA3M ¢ 3TUM (UKCUpyeM IPOM3BOJILHO HATypasibHOoe N U B TOYKAX § =
(j —1/2)/N, j =1,2,..., N 3aMeHUM YaCTHBIE TPOU3BOJHBIE TI0 § COOTBETCTBYOMINMU
Pa3HOCTHBIMU OllepaTopaMu. B pe3ysbrare NPpUXOIUM K CUCTEMe

iy = dDYN* (241 — 225 + 2j-1) +1i[L + a(l - 25) — 2j]ay,
9y = dDyN*(yji1 — 295 +yj-1) + ralay — ysly;, (21)
25 =dDyN*(zj41 — 22 + 2j1) + rafaz; + (1 — Q)y; — 2]z,

rue Ij(t) = x(t, 3)|s=(j71/2)/1v7 yj(t) = y(t, S)|5=(j71/2)/N7 yj(t) = y(t, S)|5=(j71/2)/Na

J=1,...,N, upuuem xo = T, Yo = Y1, 20 = 21, TN+1 = TN, YN+1 = YN, ZN+1 = ZN-
[Tpu uHTEPIPETAIMN YUCEHHBIX SKCIIEPUMEHTOR, MPOBOJAMBIIKIXCH JIJIA cucTeMbl (21)

npu yeaosuax (20) u npu pasaudHbIX 3HaYeHUsX d, N, Kak U B IPEJIbIILYIIEM IIyHKTE,



42 Modenruposanue u ananrusd ungopmayuonnuxr cucmem T.20, Nel (2013)

Amax dL
5
0.14 17
0.12 15
0.1 12,5
0.08 10
0.06 7.5
0.04 5
0.02 25
N N
20 40 60 80 100 20 40 60 80 100
Puc. 29. Puc. 30.
AITAII)( dL
0.4 70
60
0.3 50
40
02
30
0.1 20
10
N N
60 70 80 90 100 60 70 80 90 100
Puc. 31. Puc. 32.

Oy/ieM TOJIb30BaThCS IIOHATHEM BEPOSTHOCTHOrO arrpakTopa (cMm. [25]). B mammnom ciry-
qae BeposaTHOCTHBIM aTTpakTopoM Ag(N) C R3YN cucrembr (21) nazoseMm HamMeHblee
3aMKHYTOEe MHOYKECTBO, COJIEprKalllee w-TpeJiesIbHble MHOKECTBA, €€ TPAEKTOPHIi JIJIst 110~
ur Beex (B cMblcie Mephbl JleGera) HauaIbHLIX yetosuit u3 Konyca K C R3Y pekropos
C HEOTpUIATEJILHBIMU KoopauHaTamu. Hac OyyT MHTEpecoBaTh TaKue XapaKTepPUCTUKI
nHBapraHTHOrO MHOX)KecTBa Ay(N), Kak JanyHoBcKas pazmepHocThb dr(Ayz(N)) u crap-
Uit JISIIy HOBCKU TIOKa3aTe b Apax (Ag(N)).

O6paTuMcs cHada a K CepUK IUCIEHHBIX PACYETOB 10 BBISIBJICHHIO 3aBUCUMOCTH BE-
mmauH dr(Ag(N)) 1 Amax(Aa(N)) or N. CoorBercTBytomnuii aHam3 OB BBIIOJIHEH MIPH
d = 0.002, a ero pe3yabrarhl IpejAcTaBieHbl Ha puc. 29 — 32. [TosgcHuM npuBeieHHbIE PU-
cyuku. Kak okassiBaercs, mpu N > 52 arrpakrop Ay(N) cocrour mo KpaitHeit Mepe u3
JIBYX HellepeCeKarOINXCA KOMIIOHEHT A((jl)(N ) Aff)(N ), KOTOPBIM COOTBETCTBYIOT Pa3-
JITYHbIe HAOOPBI JIAIYHOBCKUX TTOKa3aTe e, B ¢cBA31 ¢ 9TUM BbIUUC/IEHNE BeJUIUH df, 1
Amax TTPOBOMIOCH OTAEILHO I KazKI0i KOMIIOHEHTHI. B ciyuae Ag) (N) rpaduku df,
Amax TOKa3aHbl Ha puc. 29, 30, a B ciaydae AElQ)(N) — na puc. 31, 32. JIobasum erme, 9To
AHAJIOI KOMIIOHEHTDI AS)(N ) cymectByer u npu 10 < N < 52. ITosromy s A&l)(N )
cooTBeTcTBYIOIUE rpacduku ynaaoch nocrpouts npu 10 < N < 100, a g Af)(N ) —
ToJIbKO Ha oTpe3ke H2 < N < 100.

KauecrBennoe pazimmume MexKIy aTTpaKTOPaME A&l)(N ) u A((f)(N ) MJLTIOCTPUPYIOT
puc. 33 — 35, rye nox 6yKBoit a) uzobpazkenn! rpadbuku KoMmnouent =(t, s), y(t, s), z(t, s)
pettennst Kpaesoit 3aga4n (19) npu dbukcHpoBaHHOM ¢, HOCTPOEHHBIE 110 ToUKaM (;(1),
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yi(t), (1), s = (j—1/2)/N,j=1,...,N upu N = 100, d = 0.002 gzt cyuas AL (),
a o1 6yKBoii 6) — aHAJIOTUYIHbIE TPAQUKH, COOTBETCTBYIOIINE CJIy a0 AEIZ)(N ).

OcHoBHast 0COOEHHOCTDH aTTPAKTOPA, Al(il)(N ) 3AKJIOYAETCST B TOM, YTO €r0 KOMITOHEH-
TbI 2 (1) IO cBOMM CBOicTBaM GIM3KH K KOMIIOHEHTE (1) PETAKCAIIMOHHOTO [IUKJIA TOUed-
HOIl cucTeMbl, oy datonieiics uz (19) npu d = 0 (acummroruku npusesens! B [23]). Bee
OHU OYTHU OJIHOBPEMEHHO CTaHOBATCA Bemauaamu nopgaaka 10710 — 1072 ocratores Ta-
KOBBIMH HEKOTOPOE KOHETHOE BPEMsl, a 3aTeM ¢ HUMHU IIPOMCXOJIAT BCIIECKU J-00Pa3HOIro
xapakTepa (cMm. puc. 33a). B ciayuae xe Al(f)(N ) cuTyanus IPUHIUINAATBHO MEHSIETCS:
[0 CPABHEHUIO C A&I)(N ) YMEHBIIAIOTCST BEJIMIUHBI BCIJIECKOB KOMIIOHEHT x;(t) 1 yBe-
JIMIUBAIOTCA UX MUHAMYMBI (M. puc. 336). B ¢Ba3u ¢ sTuM arTpakTop AS)(N ) Ha3BaH
B |23] pestakcarmoHHBIM Xa0COM, & ATTPAKTOD A((f) (N) — xaocoM THITa CAMOOPTaHU3AIHN.

OT/e/IbHO OCTAHOBUMCs Ha BOIIPOCE O TOM, KaKhe BBIBOJbI U3 IIPOJIEJAHHOIO YHC-
JICHHOTO aHAJIM3a MOXKHO CJleaTh 00 aTTpakTopax pacipejenenHoit mojgenn (19) mpn
yenosusix (20) u npu d = 0.002. Vzobpaxkennbie Ha puc. 31, 32 rpaduku 1mo3B0JIsI-
I0T 3aKJIOYUTh, 9TO Upu N — 0O BEJIMIHHBI dL(AElZ)(N ) u )\maX(A((f)(N )) cTpemsrcs
K HEKOTOPbIM KOHEYHBIM II0JIOKUTEIHLHBIM MpejiesiaM. TeM caMbIM, eCTh BCE OCHOBAHWUS
OXKHJIATh, 4TO Kpaesas 3a1a4a (19) umeer xaoTmdecknii arrpaxrop A?) = A}im AElQ)(N ),

—00

o 2
KOTOpPbIM, KaK U aTTPaKTOP Agl )(N), YMECTHO Ha3BaTb XaOCOM THUIla CaMOOPIraHU3alluu.
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z z
2.5 2.5
2 2
1.5 15
1 1
0.5 0.5
N S
02 04 06 08 1 02 04 06 08 1
a) 6)
Puc. 35.

B ciyuae Agll)(N ) cuTyarysi HECKOJIBKO CJIOXKHee. 3J1eCh dL(Afil)(N )) mpu N — oo
TaK>Ke CXOIUTCA K HEKOTOPOMY IIOJIOXKUTEILHOMY IPEIELy, a IpeIes )\maX(AEll)(N )), o
BCeil BIIIIMOCTH, PaBeH HYJIO. DTo o3HadaeT, uTo arrpaktop A= A}im Agll)(N ) pesiak-

— 00

CaIMOHHOIO TUla B pacipejenentoi Mogenn (19) npu d=0.002 XoTst U cyIecTByer, HO
He SIBJISIETCS XAOTHIECKUM (OH CTAHOBUTCS XAOTHYECKUM [PHU MEHbBIITUX 3HAYCHUSIX d).

PaccmoTpum Teriepb BoIpoc 0 3aBUCUMOCTH XapaKTEPUCTUK df, U Apax OT ITApaMeTpa
d nipu pukcupoBarHOoM N. COOTBETCTBYIOIINE TUC/IEHHBIE YKCIIEPUMEHTHI TPOBO/IAJINCH
npu N = 20, 50, 60, a ux pesysabraThl MpejcTaBieHbl Ha puc. 36 — 41 (B caygae N = 20
3HaYEeHUS df, U Apayx BBIYHUC/ISJINCH Ha PeJaKCAITMOHHOM Xaoce, a B caydae N = 50,60 —
HA Xa0ce TUIA CAMOOPTaHU3AIIIH ).

[IpuBenennble rpaduKn CBUIETEIBCTBYIOT O TOM, UTO IPHU COTVIACOBAHHOM YMEHb-
mennu d u yseauwdennn N B cucreme (21) BO3HUKAIOT XaOTHYECKHE ATTPAKTOPBI CKOJIb
YT'OJIHO BBICOKO# paszmepHocTh. TodHee TOBOPsi, BEIUUUHBI df, U Apax, PACCMaTPUBAEMbIE
KaK (byHKIMH IIEPEMEHHO d, JTOCTUTal0T CBOMX MAaKCHUMAJIbHBIX 3HAYEHHUI B OJHOI 1 TOI
xe Touke d = diy, npmaeM dp|g—g;, — 00, Amaxld=dz, — Apay > 0 mpu N — oco. fcuo
TaK»Ke, 9TO HEOI'PAHNYIEHHBIN POCT Pa3sMEpHOCTEH XAaOTHIECKHX aTTPAKTOPOB IMPOUCXO-
mur npu d — 0 u B uCxXoaHON Kpaesoil 3a1ade (19), MOCKOIBKY, Kak y:Ke 0TMedaaoch
Boite, npu N — 00 1 IpH PUKCUPOBAHHOM d aTTPAKTOPHI AS)(N ) u A((f)(]\f ) cxozsiTest
K COOTBETCTBYIOIIUM aTTPAKTOPaM PacCIpe/IeIeHHON MOJIEIIH.

CyMmMupyst mIpojie/laHHbIe TOCTPOEHHUsI, OTMETUM, 9TO JIJIsi PACIIPEIe/IEHHON MOJIe /N
(19) ¢ MOMOIIBIO YUCIEHHBIX METOJIOB YIAJOCh YCTAHOBUTH (heHoMeH Tuddy3HOHHOTO
Xa0ca: HEOTPAHUYEHHBIN POCT Pa3sMepHOCTEeHl Xa0THIECKUX aTTPAKTOPOB IIPH ITPOIOPITU-
OHaJILHOM yMenblrtenuu Kodddurmentos auddysunu. [lomyrno 610 0bHAPYKEHO JTBA
TUIIA XAOTUIECKUX ABTOKOJCOAHMIT — PEeIaKCAIIMOHHBIN Xa0C M XaoC TUIA CAMOOPIaHU-
zanun. ABTOKOJIe0ATETbHBIE PEXKUMBI TIEPBOIO THUIIA 110 CBOUM CBOICTBaM B OIIPeJIe/IeH-
HOM CMBbICJIe OJIN3KU K OJHOPOHOMY IHKJ/Iy. B ciydae ke Xaoca THITa CaMOOPTaHU3AITHN
byukmum x(t, s), y(t, s), z(t, s) OKa3BIBAIOTCS CYIIECTBEHHO 60JIee N3PE3AHHBIMU 110 TPO-
CTPaHCTBEHHON mepeMeHHOi s (cM. puc. 33 — 35). IMeHHO 1O 9TOi TpUYMHE PEKUMBI
caMOOpraHu3aIy HADJIIOIAI0TC B cucteMe (21) Juib mpu 10CTaToqHo 60sbimx V.

OrmeTnM Tak:Ke, 9TO B OTJINYNE OT ypaBHeHus ['mu36ypra — Jlanmay, paccMOTpeHHOTro
B IIPEJIBIIYIINEM [IyHKTe, BO3HUKHOBeHUE ruddy3noHHOro Xaoca B Kpaesoii 3ajade (19)
HE CBA3aHO HAIPSAMYIO C IIOTepeil yCTONINBOCTH OIHOPOIHOTO InKJa. Bojiee Toro, ecim
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Amax dL
0.08 10
8
0.06
6
0.04
4
0.02
2
d d
0.01 0.02 0.03 0.04 0.05 0.06 001 002 003 004 005 006 007
Puc. 36. N =20 Puc. 37. N =20
dp
Al’\‘l‘d)(
40
0.3
0.25 30
0.2
0.15 20
0.1
10
0.05
d d
0005 001 0015 002 0025 003 0005 001 0015 002 0025 003
Puc. 38. N =50 . Puc. 39. N =50
Amax L
50 ¢
03 wl
0.25
30 |
0.2
0.15 20
0.1
10}
0.05
d d
0005 00l 0015 002 0025 003 0.005 0.01 0.015 0.02 0.025 0.03

Puc. 40. N =60

Puc. 41. N =60

HoJI0KUTh, Hanpumep, B (20) o = 0, cOXpaHUB 3HAYEHHs] OCTAJLHBIX IAPAMETPOB, TO
9TOT IUKJ OCTAETCS YCTOWUMBBLIM Ipu Ji0OoM d > (0, a npu MaJbiXx d COCYIIECTBYET C

JinbPy3UOHHBIM XA0COM.
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4. MHoromMomoBble XaoTH4UeCKne aTTPaKTOPHI,
peaau3yoinecs B crieHapun Jlanmay — Cema

B sanmnom pa3zjerie ¢ TOMOIIBIO YUC/ICHHOTO aHAJIM3a U3Y49aeTCsd BOIPOC 00 aTTpaKTopax
KpaeBo#l 3aj1a9un

1
0
Ut — a2uxx +u+ bus = E(Eu + Vuxw) - /(ut>2d‘r " Ut u’ac:O - u’m:l - 0’ (22)
0

rie a, b, €, ¥ — IPOU3BOJIbHBIE MOJOKUTEIbHBIE TTApaMeTphbl, u = u(t, x) — CKaagpHas
BemecTBennasa (yukmnud. lannasa 3ajgada paccMarpuBaeTcd npu v — () ¥ IPU yCJIOBUH,
YTO BCE OCTaJIbHbIE TTapaMeTPhl UMEIOT MOPSIOK eINHUITbI. TouHee TOBOPS, BCIO/LY HUZKE
CUYNTaeM, ITO TU HapaMeTpbl (PUKCUPOBAHBI U 3aIaHbl, K IIPUMEPY, paBeHCTBaMU

e=b=10, a*=0.1. (23)

B crarbe [18] ycranoBeHO, 9TO IPU COMVIACOBAHHOM CTPEMJIEHUH TTAPAMETDPOB & U U
K HYJIIO B Heil IIPOUCXOIUT pa3BuTHe TypOyaeHTHOCTH 110 Jlammay, a npu € ~ 1, v — 0
peayimzyercs crenapuii Jlanmay — Cesra.

JL1g onrcanusi COOTBETCTBYIONIETO YMCICHHOTO SKCIIEPUMEHTA CHAada I, Tojiaras iy =
v, mepeiijieM OT ypaBHEHUsI BTOPOTo Mopsiaka u3 (22) K cucreme

1

—0. (24)

o= v [ it ol il
Up =V, Vp = EV+VUgy /U dr-v+a Uz, —u bu,umzo—um:l—v36:0—1)30:1

0

BamennmM, jasee, B (24) dacTHBIE MPOM3BOJAHBIE TI0 T W WHTEIPAJIBHOE CjlaraeMoe IpH-
OJIMYKEHHBIMU PABEHCTBAMU

1)? (usr (t) = 2uk(t) + up—1 (1)),
1)? (Uk+1(t) — 2u,(t) + kal(t»a

Uga(t, x)’m:k/(NH) ~

'Ua:oc<t7 $) |m=k/(N+1) ~
1

[t

0

B
M2++

riae N — IpousBOJIbHO (DUKCUPOBAHHOE HATYPAJILHOE THCIIO,
up(t) = ult, z)| k) (N41)) oR(t) = v(t, z)| k) (V41)’ k=1,...,N.
B pesy/brare jijig MepeMeHHbIX Uy, Uy MPUXOJUM K KOHEYHOMEPHOH MOJIE/IN BH/IA

Uy, = v,

g = g 4+ V(N 4+ 1) (0pg1 — 200 + V1) — N+1ZU + (25)

a2(N+1)2(uk+1_Zuk—i_ukfl)_uk_buk? k= 17"'7N7

rJe Uy = Vg = Un+1 = Un+1 = 0.
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Kommbrorepusiii anann3 mojean (25) npoBoauics npu ycaoBusx (23) B anamasone
mapamerpoB 5 < N < 100, 0 < v < 1.01.

Onumrem cnagaja 6mdypKanmum, TPOUCXOAANINE Ha HAYAILHBIX CTAINAX CIECHAPUS
Jaunay — Cesuta. AHajn3 KOHEIHOMEDHBIX Mojesieii (25) MOo3BoJIgeT ¢ieaTh BBIBO,
9TO B UCXOJHOI pactpejiesieHHoi Mozenn (22) npu ycioBusx (23) u npu yMeHbIIEHUN
v Hab/moaiorest cieyiomue nepectpoiiku. I[Ipu v > 10/72 ycroitunso ee HyseBoe pe-
1eHue, a IpH MPOXOKJIEHUN v Yepe3 Kpurudeckoe snavenue 10/7m% uz mysst poxiaercs
yeroitausblii uka C' (6udypkanusa Augponosa — Xorda). [Jasee, ToT UK coxpaHsier
yeroitanpocts 1pu v, S v < 10/7%, rae v, &~ 0.03272, a 1pu nocJie iy tomeM yMeHbIIeHu
v ortgaer ee 6udyprupyOIEeMy U3 HEro AByMepHoMy Topy 1.

YKazaHHBIl TOD, B CBOIO O4Yepejib, CYIIECTBYET U YCTONYMB Ha MPOMEKYTKE Vi, <
vV < Uy, TIE Vi =~ 0.00812, mpuiaeM quHAMUKA Ha HEM B HEKOTOPBIX CIydasgX SBJSETCH
[EePHOJIMIECKOil (HApUMED, OHA OKasbiBaeTcst TakoBoii mpu v € [0.00941,0.00967]). Yro
JKe KacaeTcsd XaOTHYECKOro aTTPaKTopa, TO OH BIIEPBLIE BO3HUKACT B KPAaeBOil 3ajade
(22) mpu v = v,, B pe3yibrare paspyiienus Topa 1. {obaBum ere, 4T0 HACTYILJIEHUIO
cTabUIBLHOIO Xaoca, MMEIOIIEro MeCTO IPU MaJjbix ¥ > 0, IpeamecTByeT HeKOTOpoe KO-
JITIECTBO IMPOMEXKYTKOB N3MEHEHH I/, B KOTOPBIX CYIIECTBYIOT YCTONUMBBIC IUKJIBL.

Amax dy
0.15 12
0.125 10
0.1 8
0.075 6
0.05 4
0.025 2
20 40 60 80 100'\I 20 40 60 80 100'\I
Puc. 42. v = 0.001 Puc. 43. v = 0.001
Amax d,
0.15 W\\N\N‘W\/\/\N\/WVMNN\M\ 12
0.125 10
0.1 8 w
0.075 6
0.05 4
0.025 2
20 40 60 80 100" 20 40 60 80 100
Puc. 44. v = 0.002 Puc. 45. v = 0.002

Ob6parumcst K BOIIPOCY O TIOBEJCHUN PA3JIMIHBIX XapaKTepucTuk arrpakropa A, (V)
cucrembl (25) npu dbukcupoanaoM v > 0 u npu yBesmdennun N. B crarpe [18] mokasa-
HO, 9TO B ciaydae v = () JIAIIyHOBCKasl Pa3MepHOCTD dj 3TOro arrpakropa npu N — oo
HEOTrPAHWYEHHO PACTET, & €ro CTAPIINN JIAIYHOBCKUN TMOKA3ATETb Ay gy, HA000POT, YObI-
BaeT u ipu N > 25 craHoBuTcd paBHBIM HYJ0. [Ipn aToM Ha mpomexyTtke 5 < N < 23
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Amex d,

0.15 12
0.125 J\WMW\/\'\/\/MW 10

0.1 8
0.075 I
0.05 4
0.025 2

20 40 60 80 100" 20 40 60 80 100"
Puc. 46. v = 0.003 Puc. 47. v = 0.003

1t dp, pacret ¢ poctoMm N MPaKTUYECKH 110 JinHeitHoMy 3akony dy &~ 1.028+1.509- N (B
9TOM ciaydae arrpakTop Ag(N) okasbiBaeTcs xaoTudecknM). B ciaydae ke N > 25 MHO-
xkectBo Ag(N) npezcrapisier coboit (2N — 3)-MepHbIi HHBADUAHTHBINA TOD, JBUKEHUS
HA KOTOPOM OJTM3KH K KBa3UIIEPUOTTIECKIM.

[Ipu manbix v > 0 BBeJIEHHBIE BBIIIE BEJIUYIUHBI df, U Ape; ¢ pocTtoM N BeyT cebst
HECKOJIBKO nHave. A uMeHHO, Tpu N — 00 OHU CTPEMATCS K KOHEIHBIM [TOJIOXKUATE/IbHBIM
npejeaM. O6 9TOM CBUJIETEILCTBYIOT PUC. 42 — 47, /16 n300pakeHbl rpapUuKd \j,q, U
dr, ot N nng v = 0.001,0.002 u 0.003 coorBeTCTBEHHO.

/\max dL
015
14
0125 1
01 10
0075 8
6
0.05
4
0.025 )
M , ,
0002 0004 0006 0008 001 0002 0004 0006 0008 001
Puc. 48. N = 30 Puc. 49. N = 30

[IpuBesennbie pe3yabTaThl YUCJIECHHOTO CUeTa, a Takke BbluncjaeHHasd mpu N = 30
3aBUCUMOCTH df, U Apaz OT V (CM. puc. 49, 48) HO3BOJIAIOT YTBEPKIATH, YTO TypPOYIeHT-
HBIH aTTpakTop Ay dBIsIETCS TpefesioM npu ¥ — () KOHETHOMEPHBIX XAOTHIEeCKUX
arrpakTopoB A, (N), JsyHOBCKash pa3MepHOCTb KOTOPBIX HEOTPAHUYEHHO PACTET. DTO
KakK pa3 U O3Ha4Yaer, uTo MpH yCIOBHsX (23) M Ipu yMeHbIIEHUH U B KPaeBOil 3ajade
(22) mabsromaercs crienapuii paspurust TypoysenTaoctu Jlangay — Cesuia.

JlormoTHuTe TbHBIM APTYMEHTOM B TIOJIB3Y PEAJM3YEMOCTH YIOMSHYTOIO CIIeHapus
CJIy’KaT pPe3yJIbTaThl BBIYUCJICHUI, ITpejcTaBiennble Ha puc. 46, 47. Ha sTtux pucynkax
HOKa3aHbl TPadUKI 3aBUCUMOCTH OT ¥V BEJIMIUH df, U Ajyq, aTTpakTopa A, (N) cucrembr
(25) mpu N = 30, nocrpoentnsie Ha orpeske 0.005 < v < 0.01 mo Toukam ¢ marom 0.0001.
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OcCHOBHOI BBIBOJT, KOTOPBII MOYKHO CJI€JIaTh HA OCHOBE OOITUPHOTO BHIYUCTUTETHHOTO
SKCIIEPUMEHTA, ITPEJICTABJIEHHOTO B CTAThe, COCTOUT B TOM, YTO HAMU IOJIYYeH KJIaCC JIN-
HAMUYECKHUX CHCTEM, O0JIQJIAIONNX TaK HA3bIBAEMBIM MHOI'OMOJIOBBIM (M@ Y3MOHHBIM
arTpakTopoM. OCHOBHOE CBOWCTBO 9TOr0 aTTPAKTOPa 3aK/II0YAETCs B €ro Bce OOJIbIIeM
ycsiozKHeHn! (yBeJTMIeHUH JISIIYHOBCKOI pasMepHOCTH) 1pu yMeHbIeHnn auddy3noH-
HOTO KO3 uiimenTa. ¥Y1aaoch MokasaTh, 9TO HapacTaHWe PA3MEPHOCTU CBA3aHO B OC-
HOBHOM C YCJIOXKHEHUEM CTPYKTYPbI aTTPaAKTOPa 110 ITPOCTPAHCTBEHHON IIEpEMEHHOIA.
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The phenomenon of multimode diffusion chaos is considered. For a number of exam-
ples it is shown that the Lyapunov dimension of the attractor of a distributed dynamical
system increases as the diffusion coefficient tends to 0.
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