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1. Introduction

In this paper we consider singularly perturbed problems of the type

—eu"(x) + a(x)u'(z) + c(z)u(z) = f(z), re(—1,1),

w(=1) =0, wu(l)=0, (1a)

with a small parameter 0 < ¢ < 1. We assume that the data a,c, f are sufficiently
smooth and satisfy

a(z) = —ab(x), b(x) >0, c(xz) >0, c(0) > 0. (1b)

Then, the solution of (1) exhibits an interior layer of “cusp™type at the simple interior
turning point x = 0. It is well known (see e.g. [3], [4, p. 71], [6, Lemma 2.3|) that the
derivatives of the solution can be bounded by

()] < C (1 + (12 + |x|)“') 2)

where the parameter \ satisfies 0 < A < A := ¢(0)/[a’'(0)| = ¢(0)/b(0). If X is not an
integer, the estimate even holds for 0 < A < )\, see references cited above.

240



Becher S.
Layer-adapted meshes for interior turning point layer 241

100 } : ,
— (z+ 21
80 |- e 1/2 eXp(—:E/El/Z) R

60 |-

40

20 |

Fig 1. First derivatives of different layer types (¢ = 1074, A = 107?)

A common strategy to enable e-uniform estimates for singularly perturbed problems
is the use of layer-adapted meshes to handle the occuring layers. We will shortly present
two suitable meshes for layers of “cusp’-type in the following. Besides their definition we
give error estimates in the energy norm for higher order finite elements on these meshes.
Moreover, some numerical results are presented.

Throughout the paper let C' denote a positive generic constant that is independent
of ¢ and the number of mesh points. For spaces, norms, and inner products standard
notation is used, e.g. ||-|| is the L? norm and (-,-) the L? inner product.

2. Meshes for layers of “cusp”-type

Many researchers have studied layer-adapted meshes in the last decades. Particularly
meshes for exponential layers have been examined a lot. Since these layers fade away
very quickly it is possible to use meshes that are fine in the layer regions only, such
as S-type meshes. Unfortunately, layers of “cusp’-type behave much different (for an
illustration see Fig. 1). They are “much wider” than O(e). Indeed, if A < 1 we can not
guarantee |u’/| < C outside of [—&’ %] for any fixed positive constant §. Therefore, in
order to capture the layer, local refinements do not suffice.

In the following let A € (0, k+1) with & > 1 which is the most difficult case. Thinking
on k as the ansatz order of a finite element space otherwise all crucial derivatives of the
solution could be bounded by a generic constant independent of €. This would enable to
prove optimal order e-uniform estimates with standard methods on uniform meshes.

2.1. Graded meshes of Liseikin

At first we want to present special graded meshes which were used by Liseikin [4] to prove
the uniform first order convergence of an upwind scheme for problem (1). His basic idea
is to find a transformation (¢, e) that eliminates the singularities of the solution when
it is studied with respect to ¢. Condensing this approach for our layer type yields the
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Fig 2. Graded mesh for ¢ = 0.0001, o = 0.01, N =8

task to find ¢ : [0,1] — [0, 1] such that

A—1

P p+e?) <, p(0) =0, »1)=1 (3)

As result we gain the mesh generating function

(€ e) = (4)

(ga/2 +¢ [(1 + 81/2)0‘ _ 604/2})1/04 — 12 foro <¢<1,

gl/?2 — (ga/2 —¢ [(1 + et/ 501/2})1/0“ for 0 > ¢ > —1,
where 0 < a < A. Here « serves as grading parameter. Note that by construction
¢(0,¢) = 0 and p(£1,e) = 1. The mesh points are then generated by z; = ¢(%,¢),

i = —N, ..., N. We define the mesh interval lengths by h; := z; —x;_; and set h := N~ L.
An easy calculation shows that condition (3) is satisfied by (4). We have, cf. [2],

1/2\« a/2

o < " < Cmin{a ' 1+ ‘10g2(51/2)|}

where we, in general, can not prevent the dependence on «. Since ¢ is associated to
the mesh points and h; = hg—g(fi,ﬁ) for a & € (z;_1,7;) by the mean value theorem,
the above property of the mesh generating function yields the following lemma. We only
consider £ > 0 due to symmetry.

Lemma 1 (see [2, Lemma 2.1|). Let A > 0 and 0 < a < min{\/k,1} with k € N, k > 1
then

Ch* for2 <i <N,
REeO=R/2 < ORF  fori=1, &> h%e.

i (i1 + 81/2)A_k < {
If0 < <1/(2k) with k € N, k > 1 and ¢ < h¥® then we have
xy < Ch".
In general, we have for 0 < a <1
h; <Ch for1 <1 < N.
The constants C' in Lemma 1 may depend on « and k. Note that there are two
characteristic cases. In the first one, we can bound a term of the form h¥(z;_; + g'/2) %

by CN~*. In the other case, we know that the length of the mesh interval next to the
turning point can be bounded by CN~2*,
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2.2. Piecewise equidistant meshes of Sun and Stynes

As a second approach we want to present the meshes of Sun and Stynes [6, Section 5.1].
They generalise the basic idea of Shishkin and propose a mesh which is equidistant in
each of O(In N) subintervals.

For ¢ € (0, 1] and given positive integer N we set

1
o = max {5(1’A/(k+1))/2, N7(2k+1)} and IC = {1 _ 1;11((50))J 7

where |z| denotes the largest integer less or equal to z. The mesh is constructed in
two steps: First the interval (0, 1] is partitioned in a logarithmic sense into the IC + 1
subintervals (0,107%], (107%,107%*1] ... (107%,1]. Then each of these subintervals is
divided uniformly into [ N/(KC + 1)] parts.

It is easy to see that

1— X/ (k+1)|In(e)]|
2 In(10)

In(N)
In(10)

L (2k+1)

K+1§2+min{ }SC’lnN. (5)

Consequently, for N sufficiently large, we have I + 1 < N. For simplicity we assume
that |[N/(K+1)] = N/(K+1).
Lemma 2 (see |1, Lemma 3.1]). Let j = 0,1. The following inequalities hold

PR (g + £b/2) 4D

R (g e

<C(K+DON Y for e (1075,1],  (6)

)A—(k+1—j) <C(i— 1)*(’6“*9’)’ for z; € (x4, 10_K]- (7)

If o = 0N ED2  then

W (g 42T <o (0 DN for 3 € (0,105 (8)
In general, the mesh interval length can be bounded by
hi < (K+1)N.
Furthermore, in the case of 0 = N~ we have
zy = hy < (K4 1)N72+D, (9)

Similar to Lemma 1 we have two characteristic cases. In the fist one we can estimate
terms of the form h¥ (2,4 + ¢/ 2))\_k by inequalities (6) and (8). In the second case we
have a bound for z;. Inequalities (7) and (9) provide information for the whole subinterval
next to the turning point due to the piecewise uniformity.
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Fig 3. Typical piecewise equidistant mesh of Sun and Stynes

3. Error estimates for higher order finite elements

In this section we present the energy norm error estimates for finite elements of order
k > 1. Without loss of generality (cf. |6, Lemma 2.1]) we may assume that

(c—31d)(x)>v>0 for all z € [-1,1], ¢ sufficiently small. (10)
The standard finite element formulation of problem (1) reads as follows:

Find uy € V¥ such that
B.(un,vy) = (f,vn) for all vy € VY (11)
where the bilinear form B.(-,) : Hj(—1,1) x Hj(—1,1) — R is defined by
B.(v,w) := (ev,w") + (av’, w) + (cv, w)
and the trial and test space V¥ C H}(—1,1) is given by
VN:={v e C([-1,1]) : 0|(@; 1.00) € Prlwiz1, ;) Vi, v(—=1) = v(1) = 0}.

Here Py(z,,x;) denotes the space of polynomial functions of maximal order k over
(x4, ). Thanks to (10) the bilinear form B.(-,-) is uniformly coercive over Hg(—1,1) X
Hi(—1,1) in terms of the weighted energy norm |||-|||. defined by

1/2
ol == (el + [lll?)
In order to estimate the error of the finite element solution we split it as
u—uy = (u—ur)+ (u; — uy)

where u; € V¥ denotes the standard Lagrange-interpolant of u. Using the coercivity
and orthogonality of B.(-,-) together with Cauchy Schwarz’ inequality and the special
structure of a, we obtain the following.

Lemma 3 (see [1, Lemma 2.1|). Let u be the solution of (1) and uy the solution of (11)
on an arbitrary mesh. Then we have

s = unll, < € (llwr = wll + a(ur = u)'l).

Because of this estimate it remains to bound the interpolation error measured in
different norms and semi norms only. For the meshes presented in Section 2. this can
be done as in |2, Lemma 3.3 and 3.4] and [1, Lemma 3.2|. Finally, we obtain the error
estimates in the energy norm.
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Theorem 4 (see |2, Theorem 3.5]). Let u be the solution of (1) and uy the solution
of (11) on the graded mesh of Section 2.1. with 0 < a < min{\/(k +1),1/(2(k +1))}.
Then we have

llw — unlll. < CN7".

Theorem 5 (see [1, Theorem 3.3|). Let u be the solution of (1) and uy the solution
of (11) on the piecewise equidistant mesh of Section 2.2.. Then we have

lu —un|ll. < C((K+ 1N <O (NI N)*,

Note that the graded mesh of Liseikin seems to be optimal in a certain way for
layers of “cusp’type, i.e., there is no additional logarithmic factor in the error estimate.
However, the constant in Theorem 4 may depends on «.

4. Numerical experiments

In this section we want to compare the two presented mesh types numerically. In order
to do this we use the following test problem from [6].

Example 6. Consider the problem

—eu —a(l+2*)u' + A1 +a)u=f,  for we(-11),

where the right-hand side f(x) is chosen such that the solution u(x) is given by
u(z) = (x2 +€),\/2 s ($2 +€)(A—1)/2 —a +€>A/2 (1 a1 +€)—1/2> .

The parameter \ in Example 6 coincides with the quantity A = ¢(0)/|a’(0)|. Besides
the derivatives of the solution behave like (2) and, thus, as good and as bad as assumed
in theory.

For all computations we have used a FEM-code based on SOFE by Lars Ludwig [5].
The grading parameter « for the graded mesh is chosen as

a=min{\/(k+1),1/(2(k+1))}.

This is the largest possible choice allowed by Theorem 4. Note that numerical experiments
suggest that a smaller choice of o has nearly no influence on the error, see |2, Figure 2].

In Figure 4 the energy norm error for finite elements of order £ =1, ..., 4 calculated
on the graded mesh (square marks) and on the piecewise equidistant mesh (triangle
marks) applied to Example 6 with e = 107® and A = 0.005 is plotted. By comparison to
the given reference curves the proven error behaviour can be confirmed.

The logarithmic factor occurring in Theorem 5 can not be seen numerically. This
is not surprising due to the dominance of the first term in the minimum of (5) for
the studied € and A, see also [1, Remark 3.4]. Nevertheless, the error on the piecewise
equidistant mesh is larger than the error on the graded mesh for all ansatz orders. So
the graded meshes also seem to be “better” with respect to the magnitude of the energy
norm error. For more numerical results we refer to [1, 2|.
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Fig 4. Energy norm error for P,-FEM, k = 1,...,4 applied to Example 6 with ¢ = 1078
and A = 0.005. Reference curves of the form O(N~*)
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