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AHajmTaecKne pelieHns HeJIMHEIHOr0 ypaBHEHNS
KOHBeKITn—1ugy3un ¢ HeITnHeiTHbIMI
ACTOYHUKAMM

Kyapamos H. A., Curespiukos /1. 1.

noayvwerna 30 mas 2016

Awnnoranusi. Heymueiinbie ypaBHeHUsI THIIa KOHBEKIINA— MO Y3UN ¢ HEJTMHENHBIMEI HCTOYHUKAMEI
BCTPEYAIOTCs IIPU OIMCAHUU MHOIMX IIPOIECCOB W sIBJeHUI B (bu3mKe, MexaHuke u dbuosornu. B pabo-
Te PAaCCMATPUBAETCS CEMENCTBO HEJTMHENHBIX TudDePEeHITNATbHBIX YPABHEHU, SBISIONIECECS PEeLyKIIneit
K [ePEeMEHHBIM Oeryrieit BOJHBI JJIsi HEJIMHEHHOTO ypaBHEeHUs] KOHBEKIMA—auddy3un ¢ MOTMHOMHUATb-
HBIMHU HCTOYHMKaMu. Vccieyercs BOIPOC O IMOCTPOEHUH OOINEro aHAJUTUIECKOTO PEIIeHUsI JTAHHOTO
ypaBHeHUs1. PacCMOTpEHBI KaK CTAI[MOHAPHBIN, TAK U HE CTAIMOHAPHBINA CIydau IpU ydere u 0e3 ydera
KOHBeKIMU. J[jisT MOCTpOeHNsT aHAJIMTUIECKUX PENIeHUN WCIOJIb3YeTCs IMOIX0, OCHOBAHHBIA HA IIPU-
MEHEHUU HEJIOKAJbHBIX IIpeo0dpa3oBanmii, 0000mammux npeobpaszoBanns JyHaMana. [lokazano, 9To B
CTAIMOHAPHOM cJIydae 6e3 ydeTa KOHBEKIINK O0Iee aHaJIuTHIECKOe PeIlleHne MOKeT OBITh HaliIeHo 6e3
OTpAHUYIEHUIT Ha [apaMeTPhl YPABHEHUSI U BBIPAYKAETCS Uepe3 JLINITHIECKYI0 GyHKIHIO Beiieprirpac-
ca. ITockosbky B 00IIEM cilydae JIaHHOE PellleHre MMeeT I'POMO3JKUIl BHJl, HaiiJeHbl OrpDAHMYEHUs] HAa
rmapaMeTrpbl, TP KOTOPBIX OHO MMeeT IIPOCTON BUJ, U B SIBHOM BHUJI€ IOCTPOEHBI COOTBETCTBYIOIINE aHA~
JuTudeckne pernerns. [lokazaHo, 9TO B HECTAIIMOHAPHOM CJIydYae, KaK [PU yIeTe KOHBEKINH, TaK U B
ciydae e€ OTCYTCTBHsA, OOINee PEIeHrne MCCIIEyeMOro yPABHEHUsI MOXKET OBITh IOCTPOEHO IIPH HEKO-
TOPBIX OrpAHUYEHUsIX Ha mapaMeTpbl. C 3TOH MEIbI0 MCIIOIB30BAHBI HEJABHO IMOJIYUEHHBIE KPUTEPUU
MHTErPUPYEMOCTH Jiist ypaBHeHnii tura JIberapa. CoorBercrByfomnine obIie aHAJIUTHIECKHE PEIIeHUsI
HCCJIeyeMOT0 YpaBHEHUsI, BhIPAsKEHHbIE Yepe3 [TOKa3aTe/IbHbIe WIN JLIUITAIEeCKUe (DYHKIMH, TOCTPO-
€HBbI B SIBHOM BHJIE.
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BBenenue

B pabore paccmaTpuBaeTcs ceMeiicTBO HeJTMHEHHBIX Tud hepeHnnaabHbIX yPaBHEH BH-
na
m _ _ _ _
or + 02+ (0" Coy ™) g — 4y + agy' T =0, (1)

IJle Yy U 2 — 3aBUCHMasl U He3aBUCHMbIE IIepEMEHHbIe COOTBETCTBEHHO, M, N, k, | — 1esble
qncaa, a;, ¢ = 1,2,3 u Cj — Ipon3BOJIbHbIE JIefCTBATE/IbHBIE TTapaMeTPhl, TTPU ITOM
npeJonaraeTcs, 9to ai + a3 + a3 + C3 # 0.

Uccnenosanne ypasaenus (1) mpejcrapiiser nHTEpeC, MOCKOJIBKY OHO BOSHUKAET KaK
PEYKITNS K IEPEMEHHBIM OeryIieit BOJIHBI CJIE/IYIONIEro ceMeiicTBa HeJIMHEHHBIX YpaBHe-
HUIl B YACTHBIX ITPOU3BOJIHBIX:

Uy = (U ™y, + a1u™uy — agu® + asu’, (2)

rie u = u(x,t) — HemsBecTHasi ByHKIMsL. YpaBHeHUe (2) UMeeT MPUIOKEHHUs B OUOJIO-
I'UU, TEOPUU HeJMHeHoU juddy3un u TernaonpoBoanoctu. B vactnoctu, npu a; = 0
ypasrenue (2) comurcsa K obobmentomy ypasrennio Pumrepa (em. [1,2]). Ipu a; # 0
ypasHenue (2) MOXKHO pacCMaTpPUBaTh KaK HeJMHEiHoe ypaBHeHne BUIbTPAIN C HEJIU-
HEIHBIM MCTOYHUKOM U HEJMHEHHOM KOHBeKmmeil [3].

Ypasuenue (1) npuHaIeXKuT K cemeiicTBy 0000meHHbIX ypaBHeHuii JIbenapa. Bo-
IPOC O TIOCTPOEHWHN AHAJIMTHIECKIX PEIIeHNil [T OMO0OHBIX YPaBHEHU T pacCcMaTpUBAI-
cs B pszie pabor (cm. [4-6]). Hemasro B paborax |7-10] 611 mpeiozxKeH HOBBI MOIX0 K
HCCJIEIOBAHUIO YPABHEHHH JAHHOIO THIIA, OCHOBAHHBIN HA NCIIOIH30BAHIN HEJOKAIBHBIX
npeobpaszoBanmit, obobrmaomux mpeobpaszoBanus 3yHamana (cu. [11,12]):

w=F(y), d(=G(y)dz F,G#0. (3)

Baech w u ¢ — HOBbIE 3aBUCHMas M He3aBUCUMas llepeMEeHHbIE.

B cooTBeTcTBUN € JAHHBIM MOJIXOJ0M HCCJIELYETCs CB3b, 3aJaBaeMas IIpeodpasoBa-
HusiMu (3), MeXK/Ty YpaBHEHUsIMU TUIA JIbeHapa 1 ypaBHEHUSAMH, JJisi KOTOPBIX BO3MOXK-
HO II0CTPOEHHUE OOIIEro aHAJIMTUYIECKOIO PEIICHU B 3aMKHYTOM Buje. B kKadecTse Kiacca
yPaBHEHUA, JJIs1 KOTOPBIX BO3MOKHO [TOCTPOEHKE OOIIEro aHAIUTUIECKOrO PEIIeHN, UC-
HOJIB3YIOTCsT ypaBHeHns u3 Kiaaccudukaun [lermmese-ambbe (cm., mampumep, [13,14]).
C momorpio JaHHOTO T0/X0a B paborax |7, 8| Obuin HaieHbl HOBBIE KDUTEPUU HHTE-
IPUPYEMOCTH I ypaBHeHuii tuna JIbenapa.

Lenbio qanaoit paboThl ABJISeTCS IPUMEHEHNE YKA3aHHBIX BbIIIE KPUTEPUEB JIJIS I10-
CTpOEeHWsT OOIIIX AaHAJINTUIECKUX PelleHnii ypaBaernit u3 cemeiictsa (1). [Tpu srom npe-
CTaBJIsieTCst YII00HBIM PACCMOTPETh JIBA PA3IMIHBIX BapuaHTa ypaBHenus (1): mepBblii Ba-
PHUAHT COOTBETCTBYET OTCYTCTBHIO B (1) ciiaraemMoro, mporopIioHaIbHOTO IEPBOM TPOH3-
BosiHoOit (T.e. a3 = Cy = 0, 9T0 OTBeYaAET CTAIMOHAPHOMY CJIydaio 6e3 yuera KOHBEKIIUH ),
BTOPOii BAPUAHT COOTBETCTBYET HEHYJIeBOMY KO3(DDUIMEHTY IIpU MePBOi IPOM3BOIHOM
B ypasuennu (1) (af + CF # 0). Byzer nokasano, 9To B CTallMOHAPHOM CJIydae 6e3 ydera
koupekiun (t.e. a; = Cy = 0) obmee perenne ypaBaerns (1) MOKeT OBITH ITOJIYIEHO
6e3 orpanuveHuii Ha ero mapamerpol. B ciydae a? + C3 # 0 Gyjer nokazano, 9ro obliee
pererne (1) MoKeT ObITh Hafi/IEHO [IPU HEKOTOPBIX OIPAHNYIEHHSIX HA €0 MapaMeTphl 1
OyIyT HaliJeHbI COOTBETCTBYIOMME (POPMYJIBI JIJIST PEIICHMIA.
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1. CrammonapHbIii ciaydaii 6e3 y4ueTa KOHBEKIINN

Pacemorpum craronapsliii ciydail ypasaenus (1) 6e3 yaera koupeknuu. [lomaras a; =
Co =0 B (1) mmeem

m
Yoo + ny — agykfm + agyl’m = 0. (4)

OTMmeTuM, 9TO ¢ MOMOIIBIO ITpeobpa3oBanuii pacrsikenus z — Az y — By koad-
(bUIMEHTHI TIPU TTOCJIEHUX JBYX CJIaraeMbiX B ypaBHeHHH (4) MOTYT OBITH BBIODAHBI
POM3BOJILHBIMU, OTJIMYHBIMU OT HyJIs 9ucaaMu. B jgajabHeiinem B JaHHOM pasjee 0e3
OrpaHUYeHUs OOIHOCTH OYJIEM IOJaraTh, 9To Gy = a3 = 1.

Ypasrenue (4) npuHaIEKAT K KJIaccy ypaBHeHuil JIbeHapa ¢ KBaJIpaTUIHON HEJIH-
neiinocteio Y., + g(y)y? + h(y) = 0. B pabore [8] 6bL10 nokaszano, 4To m060e ypapHeHue
JIAHHOT'O KJIACCa MOXKET ObITh CBEJIEHO K YPaBHEHUIO sl SJIMITUIecKuX GyHKImit. O1-
HAKO, IIPUMeHsist TeopeMy 1 u3 paborsl (8], mosry M, aro obimee pererne (1) fyist mpomns-
BOJIBHBIX 3HAYEHUIT ITapaMeTpOB MMeeT TPpOMO3IKuit Bu. [losTomy npeacrasiser naTe-
pec mpUMeHUThL TeopeMy 2 u3 paboTsl [8] 1 paccMoTpeTh cirydaii, Korja mpeobpa3oBaHus
(3) 3ay1a10TCsl CTENEHHBIMEU (DYHKITUSIMUA. DTO BO3MOXKHO TIPH CJIEYIONUX OrPAHUIEHUSIX
Ha napamerpbl: k =2(m + 1+ 1) um =2k — 31 — 1.

OcranoBumcs Ha ciydae k = 2m + 2l + 2. Torga ¢ momombio mpeobpaszoBaHmil

w=y™Md¢ = yldz, (5)
ypasuenue (4) cBoauTCst K
wee + (m+ 1+ 1)(1 — w?®) = 0. (6)
Ob6miee perenne ypasaenust (6) umeer Buj
6

SR N

m+ 14 1)

3

re @ — JumnTuydeckas gpynkmug Beftepimrpacca, (o, g3 — MPOU3BOJIHLHBIE IOCTOTHHBIE.
Ucnonb3yst mpeobpazoBanust (5), IPUXOAUM K OOIIEMy DelleHnto ypaBaerus (4) mpu
E=2m+420+2

6 [+1)2 ]
y= {m@{c—@,w%,ga}} : Zz/yldC- (8)

Pacemorpum caywait m = 2k — 31 — 1. Torga npeobpazosanust (3) IpUHUMAIOT BUJL
w=y"!  d¢ =y *dz, 9)
u (4) mepexouT B Cyejyioliee ypaBHeHue:
wee + (K — Dw(as — asw) = 0. (10)
O6rmee pererne ypapuerusi (10) umeer Buj

1 6 k—1)2
w = 54‘@@{(—%%793} (11)
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Tora npuxoaum K obiemy pertennto (4) npu m = 2k — 31 — 1

E-0? O\
Yy = |:%+%Q{C_C07%ag3}‘| ) Z:/ykmd(7 (12)

rie (y, g3 — TPOU3BOJILHBIC OCTOAHHDIE.

B janHOM pasjiere mokas3aHo, 4ro obiee perienne ypasaenus (1) npu Cp = a; = 0
MOZKeT OBITH IIOJIy9eHO 0€3 OrpaHUu¥eHHH Ha €ro IIapaMeTphl, OJHAKO B OOIIEM CJIydae
JIAHHOE PelIeHre MMeeT IpoMo3aKuii u. HaiiieHbl orpannyenust Ha mapaMeTphl ypaB-
nenusi (1), mpu Koropeix obiee pemenne (1) qis C; = a3 = 0 uMeer IpocToii BHI.
Ormernm, uro u3 (8), (12) Buano, uro caydau m + 1+ 1 = 0 u k — [ = 0 nHeobxo-
JIIMO PACCMOTPETH OTIEJBHO, YTO MOXKHO CJIeJIaTh aHAJOTUIHO BBIIIE PACCMOTPEHHBIM
pUMepaM.

2. O6mwuii ciryyait ypasHenus (1)

B mannom pasgesne OyjeM IIpenoararh, 9To XOTsd Obl OAUH U3 KO3(MDMUIMEHTOB IIPU
nepBoil mpousBojHoil B ypasHenun (1) me pasen nymo, T.e. ai + Cf # 0. Janbueii-
e BBIYUC/IeHUs yI00HO pa3buth Ha Tpu 3Tana: a; = 0,Cy # 0, a; # 0,Cy = 0 u
ay # 0,Cy # 0. Bo Bcex cirygasax Oy/ieM HCIOJIB30BATH KPUTEPUU UHTETPUPYEMOCTHU JIJIs
ypaBHenwus tuna JIbenapa, npejioxkennbie B padore |7]. [lepBblii n3 HUX OCHOBAH Ha HC-
CJIEZIOBAHMN CBSI3U MEXKJly YPaBHEHHUSIMU THIa JIbeHapa 1 ypaBHEHUEM, oOIee PereHne
KOTOPOT'O BBIPAXKAETCsA Yepe3 OJIHY MX SJLIMINTHYeCKHX QyHKImA fxobu. Bropoit kpu-
Tepuii, pacCMOTPeHHBI B pabore |7, ocHOBaH Ha JiMHeapu3alun ypaBHeHus JIbeHapa ¢
oMoIbio peobpazosanmit (3). Cirydail TMHEApU3yeMbIX YPAaBHEHUH PACCMOTPEH TaKKe
B pabore [11].

Uccenemyem Bompoc o JiuHeapu3alu ypasaerus (1) ¢ moMorneio npeobpasoBanuii (3).
Crauasia ocranoBumcs Ha cirydae a; = 0. Vcnosbsys Teopemy 2 u3 paborst [7], mosydmm,
410 ypaBHeHue (1) MOKeT OBITH JIMHEAPU30BAHO C HOMOIIBIO IpeobpasoBanuii (3) mpn
k=1—m,l = —m. JlelictBureapHo, IpUHAMAs BO BHUMAHKUE JAHHBIC OIPAHUYCHUS U
UCIIOJIB3YS TIPeodpa3soBaHuUsT

F=—y+ 28 dc=cCymd, (13)
a2
u3 (1) mosyanm
a
Wee + we — C—sz = 0. (14)
0
Ucnosb3yst obiiee perienne ypasaenusi (14) u npeobpasosanusi (13), maxoaum obiiee
perienue ypasaenus (1) mpu a; =0, k=1—mul=—m:
\/C2 + 4 \/CO2 4+ 4
(05} 200 200 (15)
=Gy [y,

ryie Cy, Cy — IIpousBo/IbHBIE ocTosHEBIE. OTMETHM, UTO TIpu ay < —CF /4 jj1s1 TOro, 9To-
ObI TIOJIyUUTh JledcTBUTEIbHOE pererne, B dhopmysie (15) HeoOXOIMMO B3sITh JIMHEHHY O
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KOMOMHAIMIO JeHCTBUTEILHON U MHUMOI 9aCTH OT BBIPAXKEHUSI, CTOSAIIEr0 B KBAIPATHBLIX
CKOOKax.

Pacemorpum cotyuait a; # 0, Cy = 0. Ucnonb3ys Teopemy 2 u3 paboTsl |7, mosytamm,
470 ypasHenue (1) Moxker ObITh JIMHEAPU30BaHO ¢ OMOIIBIO TpeobpasoBanuii (3) mpu k =
2(n—m)+1,l = n—2m. JleiicTBUTEIHHO, TPHHAMAS BO BHUMAHWE JIAHHBIE OTDAHIICHHUST
U KCIIOJIb3YS IPeobpa3s0BaHus

1 as
F = n+l _ — d - n_md 16
n+1<y a2>, ¢=y" Mz, (16)
u3 (1) mosyuamm
wee + aqwe — az(n+ 1w = 0. (17)

Ucnosnb3ys obriee pemenne ypasaerust (17) u npeobpazosanust (16), naxomum obiee
pemienue ypasaenus (1) mpu Cop =0, k =2(n—m)+ 1,1 =n — 2m:

(n+ 1>€—%1C <C3 exp { \/a% + das(n + 1>C} + Cyexp {_\/a% + 4das(n + 1)C}>] 7

y= 2 2

o= [y
(18)

rpe C3, Cy — npoussosbHble mocTOsiHEBIE. OT™MeTHM, UTO NpH ay < —a?/(4(n + 1))
JIEHCTBUTEIBHOE PEIEHUE BBIJCIACTCS aHAJOIUIHO CIydaro perenus (15).

Paccmorpum ciyuait a; # 0 u Cy # 0. Torma nuHeapusarust ¢ MOMOIIBIO Tpeodpa-
soBanuit (3) BoamoxKHa Tosbko mpn n = 0 u n = —2. Cayqait n = 0 cBoAuTCH K yKe
paccmorpenHoMmy ciydaio a; = 0. CrexoBaresbHO, HEOOXOAUMO PACCMOTPETh CJIydail
n = —2. Torna ¢ momonipio npeobpazoBaHmil

a
F=—Coy+ j d¢ =y (a1y ™ + Cp)dz (19)
ypasuenue (1) npu n = -2, k=—-m —3,l=—m+ 1, a3 = C2ay/a? cBonurcs K

a
We¢ + we + a—;w =0. (20)
1
[Ipurnmast Bo BHEUMaHUE obItee perernne (20), Haxomum obiee pererne ypasHerust (1)
nmpun=-2k=-m—3,1=-m+1, a3 = Clay/a?:

_w + v w? + 400@1

Va2 —4 Va2 —4
y = , w:e_% Cs exp Va2 aQC + Cg exp VAL ] aZC ,
200 2al 20’1
m+2
Yy
dz= 4,
aq +C’0y2 C

(21)

Cs, Cg — g 2/4 BoI-

rje Cs, Cg — OpOU3BOJIbHBIE TIOCTOsIHHBIE. JleficTBUTe/IbHOE pellleHre TIpu ay > ai/4 Bbl

JIEJISIETCST AHAJIOTUIHO IPEJBULYIIUM JBYM ciaydagM. ['paduk pemenus (21) s Heko-
TOPBIX 3HAYEHUI [TapaMETPOB IpeJICTaB/IeH Ha puc. 1.

Tenepb Bocmob3yeMcs JIpYTUM KPUTEPUEM UHTEIPUPYEMOCTH, HAWJIEHHBIM B Pado-

te [7]. MoxHo nokasarh, uro ypasHenue (1) ymoBJeTBOpsSIET 3TOMY KPHUTEPHUIO JIUIIbL B
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0.5 2 Z 4 03 0.15 Z 03 0 0.15 032

Puc. 1. Tounoe pemenne (21) ypaBuenus (1), cCOOTBETCTBYIOIIEE CJIELYIOMIUM 3HAYCHUAM
napaMerpos: a) a; = ag = 1, Cp =2, C5 = =3, Cg = —1, m = 2; b) a; = 1, ay = 10,
Co=5Cs=C=1,m=2¢c)ay=01,a=1Co=3,C5 =105 = —4, m=2

ciyuasx a; = 0,07 # 0 u a; # 0,07 = 0. PaccMoTpuM 1epBbIii U3 9TUX CJIy9aes,
pu 3ToM 6e3 orpaHrvdeHust OOIHOCTH B 000X CIydasx 3aMeHUM ag Ha —as B (1). Torma
MOZKHO TIOKa3aTh, 9To ypasuenue (1) npu k = 3—m, [ = 1—mu a3 = 2C2 /9 ¢ nomonipo
peodbpa3oBaHmit

3\/(1—2 CO _
= d( = —y~"d 22
CBOJIUTCA K YPaBHEHUIO
Wee + 3w¢ + w3 + 2w = 0. (23)

Ucnonb3yst (22) u obimee pernienne ypasaerus (23) (cM. [7]), npuxoanm K obiemy perire-
amio ypasuernus (1) mpu k=3 —m, =1 —m u a3 = 2C%/9:

ie_(G'CO)cn{e_(erco)—C'7,1/\/§}, z 3 y™dg, (24)

T3V e

rJie ¢ — HJUIMNTHIECKuit cunyc, (o, C7 — IPOM3BOJIbHbBIE OCTOSHHBIE.
Paccemorpum cinyuait Cy = 0. Torma tpu k = 4n —m+3,l =2n—m+ 1 u ag =
2a2/(9(n + 1)) ypasuenue (1) ¢ nomormpio npeobpazoBanuii

w:3 al(n—l—l)ynH’ d(::

aq 3

ﬂy"_mdz, (25)

MOXKHO IIpeobpa3oBarh K ypapaenuto (23). Mcnonb3ys obiiee perienne ypapHenusi (23) u
nupeobpazoBanns (25), HaxouMm obree pertenne (1) npu k =4n—m+3,1=2n—m+1
uaz = 2at/(9(n+1))

1
n+1
_ @ ¢+ e fe—C+O) _ (1 1/4/3 _3 / m-n
= | ———¢ cn{e —Cg,1/v?2 , 2= — dc, 26
V= 37mma T { 5, 1/V2} ol IS (26)

rie (g, Cs — IpOU3BOJIbHBIE ITOCTOSHHBIE.

B nannOM pasjese mokazaHo, 9To obmiee pemtenue ypasuenus (1) npu af + CZ # 0
MO2KeT ObITh HailJIEHO TP HEKOTOPBIX OIPAHMYEHUX Ha ero napamerpnl. Paccmorpeno
[SATh PA3IMIHBIX CAyYaeB, W Jisl KaxKJ0ro M3 HUX HaiijgeHo obmiee pernenue (1), BbIpa-
JKeHHoe JIOOo Yepes3 MoKazaTebHbIe, JIMOO Yepe3 SJUIUITHIeCKue (PyHKITIH.
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3. 3akJjrouyeHue

B pabore paccMOTpeHO ceMeilcTBO HeJMHEHHBbIX JuddepeHImaIbibIX YpaBHEHUH, dB-
JIIIoITeecs PeayKIneil K IepeMeHHBIM Oeryineil BOJIHBI JjIs HEJUHEHHOrOo ypaBHEHUS
KOHBeKIMI—Tn(dYy31un ¢ TOJNHOMUAIBHBIM ncTOYHUKaMU. [[okazano, 9To B cTamuoHap-
HOM cJiyuae 0e3 ydeTa KOHBEKIUH JIjIs JJAHHOTO yYpaBHEHUs 00Ilee pelieHne MOXKHO 110~
CTpOUTHL 0e3 OrpaHrYeHuil Ha ero napaMerpbl. B obimiem cirydae HailJeHbl OrpaHuYeHnsd
Ha IapaMeTpbl ypaBHeHus (1), P KOTOPOM BO3MOXKHO ITOCTPOUTH €ro 00IIee peleHue.
Bo Bcex caydasx HaiiJleHbI COOTBETCTBYIOIINE (DOPMYJIbI JIJI PEIICHUi, BbIPaKeHHbBIE
yepes3 MoKa3aTe/IbHbIe U SJUIMIITHIECKHe (DYHKIINN.

Crnucok auteparypbl / References

[1] J.D. Murray, Mathematical Biology. I. An Introduction, Springer-Verlag, Berlin, 2001,
556 pp.

[2] N.A. Kudryashov, A.S. Zakharchenko, “A note on solutions of the generalized Fisher
equation”, Appl. Math. Lett., 32 (2014), 43-56

[3] A.D. Polyanin, V.F. Zaitsev, Handbook of Nonlinear Partial Differential Equations,
Chapman and Hall/CRC, Boca Raton-London-New York, 2011, 112 pp.

[4] M. Sabatini, “On the period function of z" + f(x)z'? 4+ g(z) = 07, J. Differ. Equ., 196
(2004), 151-168

[5] V.K. Chandrasekar, M. Senthilvelan, M. Lakshmanan, “On the complete integrability and
linearization of certain second-order nonlinear ordinary differential equations”, Proc. R.
Soc. A Math. Phys. Eng. Sci., 461 (2005), 2451-2476

[6] A.K. Tiwari, S.N. Pandey, M. Senthilvelan, M. Lakshmanan, “Classification of Lie point

symmetries for quadratic Lienard type equation & + f(x)i? + g(z) = 07, J. Math. Phys.,
54 (2013), 053506

[7] N.A. Kudryashov, D.I. Sinelshchikov, “On the criteria for integrability of the Lienard
equation”, Appl. Math. Lett., 57 (2016), 114120

[8] N.A. Kudryashov, D.I. Sinelshchikov, “On the connection of the quadratic Lienard equation
with an equation for the elliptic functions”, Regul. Chaotic Dyn., 20 (2015), 486-496

[9] N.A. Kudryashov, D.I. Sinelshchikov, “Analytical solutions for problems of bubble
dynamics”, Phys. Lett. A, 379 (2015), 798-802

[10] N.A. Kudryashov, D.I. Sinelshchikov, “Analytical solutions of the Rayleigh equation for
empty and gas-filled bubble”, J. Phys. A Math. Theor., 47 (2014), 405202

[11] W. Nakpim, S.V. Meleshko, “Linearization of Second-Order Ordinary Differential
Equations by Generalized Sundman Transformations”, Symmetry, Integr. Geom. Methods
Appl., 6 (2010), 1-11
a

[12] S. Moyo, S.V. Meleshko, “Application of the generalised Sundman transformation to the
linearisation of two second-order ordinary differential equations”, J. Nonlinear Math. Phys.,
12 (2011), 213-236

[13] E.L. Ince, Ordinary differential equations, Dover, New York, 1956

[14] E. Hille, Ordinary Differential Equations in the Complex Domain, Dover Publications,
Mineola, 1997

[15] E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, Cambridge University Press,
Cambridge, 1927



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.23, Ne3 (2016)
316 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

Kudryashov N. A., Sinelshchikov D.I., "Analytical Solutions of a Nonlinear
Convection-Diffusion Equation With Polynomial Sources", Modeling and Analysis of
Information Systems, 23:3 (2016), 309-316.

DOI: 10.18255/1818-1015-2016-3-309-316

Abstract. Nonlinear convection—diffusion equations are widely used for the description of various
processes and phenomena in physics, mechanics and biology. In this work we consider a family of
nonlinear ordinary differential equations which is a traveling wave reduction of a nonlinear convection—
diffusion equation with a polynomial source. We study a question about integrability of this family of
nonlinear ordinary differential equations. We consider both stationary and non-stationary cases of this
equation with and without convection. In order to construct general analytical solutions of equations
from this family we use an approach based on nonlocal transformations which generalize the Sundman
transformations. We show that in the stationary case without convection the general analytical solution
of the considered family of equations can be constructed without any constraints on its parameters and
can be expressed via the Weierstrass elliptic function. Since in the general case this solution has a
cumbersome form we find some correlations on the parameters which allow us to construct the general
solution in the explicit form. We show that in the non—stationary case both with and without convection
we can find a general analytical solution of the considered equation only imposing some correlation on
the parameters. To this aim we use criteria for the integrability of the Lienard equation which have
recently been obtained. We find explicit expressions in terms of exponential and elliptic functions for
the corresponding analytical solutions.
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