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Abstract. Parabolic singularly perturbed problems have been actively studied in recent years in
connection with a large number of practical applications: chemical kinetics, synergetics, astrophysics,
biology, and so on. In this work a singularly perturbed periodic problem for a parabolic reaction-diffusion
equation is studied in the two-dimensional case. The case when there is an internal transition layer under
unbalanced nonlinearity is considered. The internal layer is localised near the so called transitional curve.
An asymptotic expansion of the solution is constructed and an asymptotics for the transitional curve is
determined. The asymptotical expansion consists of a regular part, an interior layer part and a boundary
part. In this work we focus on the interior layer part. In order to describe it in the neighborhood of
the transition curve the local coordinate system is introduced and the stretched variables are used.
To substantiate the asymptotics thus constructed, the asymptotic method of differential inequalities
is used. The upper and lower solutions are constructed by sufficiently complicated modification of the
asymptotic expansion of the solution. The Lyapunov asymptotical stability of the solution was proved by
using the method of contracting barriers. This method is based on the asymptotic comparison principle
and uses the upper and lower solutions which are exponentially tending to the solution to the problem.
As a result, the solution is locally unique.
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Introduction

The main objective of the paper is the development and application of the asymptotic
comparison principle in a new class of problems for nonlinear parabolic singularly
perturbed equations in the two-dimensional case. These equations can have solutions
with boundary and internal layers. These problems have been actively studied in recent
years in connection with a large number of practical applications: chemical kinetics,
synergetics, astrophysics, biology, and so on. Solutions of these problems, under natural
assumptions, have narrow domains of rapid change, namely, boundary and internal layers,
and they are difficult both for numerical solution and for asymptotic search.

1. Problem statement

In this work we consider a singularly perturbed problem. It is a parabolic nonlinear
differential reaction-diffusion equation:

N:(u) := <Au — %) — F(u,z,y,t,e) =0,

(z,y,t) € Dy := {(2,y,t) € R*: (z,y) € D,t € R}, (1)
;Tur(x,y,t,s) =0, (z,y)el,teR,
u(z,y,t,e) =u(x,y,t +T,e), (x,y) € D,t€R,
where A = a Z T y2 , and the derivative ai is taken along the inner normal to the smooth
boundary I' of the given two-dimensional 'domain D, and € > 0 is a small parameter.
Assume that the following conditions hold:
(A1) Let F(u,x,y,t,¢) be a function sufficiently smooth with respect to its arguments
and T-periodic with respect to ¢.
(A2) The degenerate equation F'(u,x,y,t,0) = 0 has precisely three isolated solutions
T-periodic with respect to t, =) (z,y,t) < 0 O(z,y,t) < ¢ (2,y,t), (z,y,t) € D,.
(A3) F,(o®) 2, y,t,0) > 0,F, (o, 2,9,t,0) < 0, (z,y,t) € D,. Using in the
standard way the local system of coordinate (r,6) near the curve Cj (how to find this
curve is explained below), let us introduce a new function

o) (r,0,t)
I(r,0,t) := / F(u,r6,t,0)du.

() (r,0,1)

and impose the following conditions:

(A4) Suppose there exists a sufficiently smooth simple closed curve Cy(t) lying in
D, such that in the considered domain I|,_, = 0, § € [0; O], where [0; O] is the domain
of variation of the coordinate 6 on the curve Cj.

(A5) &L | < 0, which means that the nonlinearity is unbalanced.

We search for the interface curve C(t,¢) in the following form: r = A*(0,t,¢).

As is known (see [15], [11], [10], [1]), problems similar to (1) can have solutions
both with boundary layers near I' and the internal transition layers. In the present paper,
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we consider a solution such that, for every time moment ¢, as € tends to 0, it tends to the
root ¢©*)(z,y,t) in the domain bounded by some smooth closed curve C(t,¢) C D and
tends to another root ¢(=)(x,y,t) in the other part of the domain D. A domain of rapid
change of the solution occurs in a neighborhood of the curve C(t,¢), and the solution
in this domain is referred to as an internal transition layer. Solutions of this kind are
called contrast structures and the curve C(t, €) is the curve of the transition layer, or the
interface curve; its position is not known in advance. Let us define the position of the
curve of the transition layer by the condition of intersection of the solution and the root of
the degenerate equation ¢ (x,y,t), C(t,e) = {(z,y) € D : ¢O(z,y,t) = u(x,y,t,e)}.
The curve C(t,e) partitions the domain D into subdomains D~ and D™) which are
correspondingly the outer and the inner domains for the curve.

2. Construction of the asymptotic

2.1. The asymptotics for the solution

A formal asymptotical expansion was constructed in the following form:

US(z,y,t,e;\) = aB(z,y,t,e) + QP (7,0,t,e; \*) + (€, 0p,t,¢), where the regular
part is a™®) (z,y,t,¢) = ﬂ(()i) (x,y, t)+5ﬂ§i) (z,y,t)+.. .—1—6”1153[)(1:, y,t)+. .., the boundary
layer part is II(§, 0r, t,e) where & = "I (here (rr, 0r) - a local system of coordinates for

the curve I') and the interior layer part is
QW (r,0,t,6:X°) = Qg7 (1, 6,6:3) + Qi (1.0, 5X) .+ " QU (T 0,5 X) + .

where 7 = (r — A\*(0,t,¢))/e. The part Q™) (7,0,t,; \*) depends on A\*, but in general
case is not a function depending on \*, thats why the notation ";"is used.

The method of boundary layer functions (see |[6]), taking into account the specific
features of a parabolic operator (see [1] and [15]), leads to a sequence of problems for
determination of the coefficients of the asymptotic series (3), from which, in particular, we

see that ’I_L(i)(LE, y,t) = o)z, y,t), '&éﬂ (z,y,t) = o) (x,y,t). The functions ﬂz(-i) (x,y,1),
i=1,2,3,..., and also the boundary layer functions II;(, fr, t), are constructed in the

standard way, and we do not consider this construction in the present paper.

For the part of the internal layer in zero approximation we have problems

02 (()i)(T,G‘,t; %)

or? )

69(0,0, 1 X%) + a5 (A 0,1) = O (A", 0, 1), 2)
&) (00,6, A%) = 0.

— F(e® (X, 0,1) + Q5 (7,0, 1%), \*,6,1,0)

wich have unique solutions monotone with respect to 7.
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In the next approximation, we obtain the linear problems
PR OF iy _

87—2 au 1 1 9
QY(0.6.6: 1) +ar (A, 6,1) = 0,
QY (00, 0,1:37) = 0,

(3)

(£) s o (E) [
(£) ey L 90 e s oF* duy oF
ry (7,0, N7 = - (T,Q,t,/\)s(/\,ﬁ,t)JrT(au By (A5, 0,t) + - +
OF*  OF*
U (A%, 0,t)——
+U1( s Uy )au + 88 5
where s(r,0,t) = Ar(r,0,t) — %(T,@,t)‘xy:wnst, the symbols 7 ~ 7,7 x” above and

to the right of a function mean that the value of the function is taken at the argument
(@F (A%, 0,1) + Q(()i) (1,0,t; X*), A\*,0,t,0). The solution of problems (3) is represented
in an explicit form (see [15]).

Q-functions of subsequent orders are defined in a similar way.

2.2. The asymptotics for the interface curve

The asymptotics for the interface curve we will search in the following form:
r=X(0,t,e) = eXi(0,t,6) = e(M(0,t) + X (0, 1) +*X3(0,1) + ...). (4)

The coefficients of the series are found from the condition of C'-matching of the
asymptotics on the curve C,

oU-)
or

U
or

€ =c (5)

r=\*(6,t,e)

r=\*(6,t,e)

By substituting the asymptotics into condition and equating to zero the terms before
every power of £, we obtain the tasks for determining A;. Namely, for A\;(6,t) we have
the following problem:

+o00

o1 . OF  OF
E)\l + / (—(I)(T,e,t, O)S + ET + g) (I)(T,@,t, O)dT =0. (6)

—0o0

Here the symbol ” A7 above a function mean that the value of the function is taken
at the argument (0,60,t). The coefficients \;(0,t),i = 2,3, ... are determined from the
analogous tasks

~

ol
=\ J— > 1
5 i+ fi=0, i>1, (7)

By virtue of assumption (A5) problems (6), (7) have the unique solutions.
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3. Substantiation of the asymptotics thus constructed

We denote by Uqgi)(x,y,t,s; A*) the partial sums of order n of the asymptotic series
constructed above in which the argument 7 of the Q-functions is replaced by 7, =

nt+l n+l _ _
(r—>2e"X\(0,t))/e and \* by Xt = > &'\;(0,t) In the DS and DS into which the
i=1 i=1

domain D is partitioned by the curve r = \* when constructing Ur(li)(x,y,t, g; "), we
use the functions Q) and Q) respectively. The following theorem holds.

Theorem 1. If conditions (A1)-(A5) hold, then, for sufficiently small €, there is a
solution u(x,y,t,e) of problem (1) which is a contrast structure of step type, and the
following bound holds:

|Un(x7y7t7€;)\*) - u(x7y7t7€)| < C€n+17 (xuy) S D7t € R.

The proof of this assertion is carried out using the asymptotic method of differential
inequalities. We shall construct the upper and lower solutions of problem (1) by modifying
the terms of the asymptotic series, similarly to the way in which it was done in [4]. For
example, for the upper solution, one can take the function

Bn(z,y,t e) = Eéi) (x,y,t) + &ﬂgi) (x,y,t)+ ...+ 6"+20£i)2(a:, y,t)

+ QE):‘:) (Tg, ‘97 t; Anﬁ) + ‘EQY‘:) (Tﬁa 67 t; /\nﬁ) T+ 6n+1Q$1:i)2<7—ﬂ7 97 t; )\nﬁ)
+ Hﬂ(€7 61—‘7 t? 8) + €n+2(/7 + QS.?ZB(TB; 97 ta Anﬁ))a

where \,5(0,t,2) = Ni(0,t,8) + "2 (N\y2(0,t,6) —v(60,t)), v > 0 is a constant ensuring
the validity of the necessary differential inequality, and v > 0 is a function ensuring the
validity of the inequality for the jump of derivatives on the curve of transition layer.
The functions QS_?Z s are obtained by the scheme of [4] by modifying the equations for
QS?Q in which 7 is replaced by 75 = (r — A\5(t,0,¢)) /e, the functions Iz ensure the
validity of the differential inequalities near I" and are not considered in this work. A
lower solution o, (z,y,t,€) has a similar structure. All necessary inequalities are verified
by the immediate calculations.

4. Stability of periodic contrast structures

The periodic solutions to the problem (1) can be considered as the solutions to corresponding
boundary value problem with an initial condition:

N.(v) := & <Av — %) — F(v,z,y,t,e) =0,

(z,y,t) € Diy = {(2,9,t) € R*: (z,y) € D,0 < t < 00}, (8)
0
—u(x,y,t,e) =0, (x,y) el 0<t<oo,
8np
v(x,y,0,¢) =1%x,y), (z,y)€ D.
Obviosly, if v°(z,y,¢) = u(x,y,0,¢), where u(z,y,t,¢) - the solution to the periodic
problem (1), then the problem (8) also has the solution v(x,y,t,e) = u(x,y,t,¢).
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The problem of the Lyapunov stability of this solution is based on the asymptotical
method of differential inequalities. We will seek upper and lower solutions to problem ()
in the form a(x,y,t,e) = u(z,y,t,e) + e O a, (2, y,t,6) — u(x,y,t,¢)), Bz, y,t,€) =
u(z,y,t,e) + e 2B (z,y,t,e) — u(x,y,t,¢)), where A\(e) > 0 is sufficiently small. It
can be shown that N.8 < 0 for n > 0. The inequality N.a > 0 can be checked similarly.
Thus, the above constructed periodic solution is stable with the influence domain being
at least [, Bol.

Theorem 2. Let conditions (A0)-(A5) hold. Then the solution u(z,y,t,e) is Lyapunov
asymptotically stable with the domain of stability containing at least (v, Bo), and hence,
u(z,y,t,e) is a unique solution of problem (1) in this domain.
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Annorarus. [lapabosimaeckne CHHTYJISIPHO BO3MYIIEHHBIE 33J1a91 AKTUBHO HMCCJIEILYIOTCA B IO-
CJIeJTHUE TOJbI B CBSA3U C OOJIBIIUM KOJMYECTBOM MPAKTUYECKUX [IPUMEHEHUI: XUMHUIecKasi KMHETUKA,
cUHepreTuKa, acrpodusnka, 6uojorust u T.J1. B 3T0il pabore mccaeayeTcs CHHTYJISIDHO BO3MYIIEHHAS
epronaecKasi 3aada JJjisd mapaboJnIecKOro ypaBHEHNs peakiua-a1uddy3nus B ABYMEPHOM CIIydae.
PaccmarpuBaercsa cirygail cyiecTBOBaHNMS BHYTPEHHET'O IEPEXOHOrO CJIOA NMPHU HecOATAHCHPOBAHHON
HesnHeltHOCTH. BHYTpeHHUit c/10il JToKaIM30BaH BOJM3M TaK HA3LIBAEMON KPHUBOH MEPEXOHOTO CJIOS.
CrpouTcst aCHMITOTUYECKOE PA3JIOYKEHNE PEIIeHUs] U OIIPeJIeJIsieTCsl ACUMIITOTHKA, JJIsi KPUBOH IIEpexo/I-
HOT'O CJIOs. ACHMIITOTHYECKOE Pa3JI0KEHNEe COCTOUT W3 PEryJisipHOIl YacTy, BHYTPEHHErO CJIOsl U YaCTh
MIOTPAHUYIHOTO C¢jI0si. B 9T0it pabore MbI chOKycHpyeM BHUMAaHUE HA YACTA BHYTPEHHETO MIEPEXOTHOTO
cios1. C 1eJIbIo €ro OMUCAHUs BBOIUTCS JIOKATbHAST CHCTEMa KOOPJUHAT B OKPECTHOCTH KPUBOH TIEPEX0/1a
¥ UCIOJB3YIOTCS PACTIHYTHIE MTepeMeHHble. dTOObI 000CHOBATH TAKMM OOPA30M IMTOCTPOEHHYIO ACHMII-
TOTHKY, UCIIOJIb3yeTCsl aCUMITOTHYECKU MeTo audepeHinaabHbIX HEPpABeHCTB. BepxHee n HIXKHee
pellleHnsT CTPOSITCS IIyTeM JOCTATOYHO CJIOXKHON MOAM(UKAIMN aCUMITOTHIECKOIO Pa3JI02KEeHUs Pellie-
Husl. ACUMIITOTHYIECKAsT YCTONUIMBOCTD PEIIeHUsT 10 JISIIYHOBY JIOKA3bIBAETCSI C MIOMOIIBIO METOJIA CY¥Ka-
omuxcsi 6apbepoB. ITOT MeTOH, Oazupyercd Ha npuHImie TuddepeHITNaIbHBIX HEPABEHCTB, U B HEM
HCITOJIB3YIOTCSI BEPXHEE U HU2KHEE PEIeHNsI, KOTOPhIE SKCIOHEHIINAIHHO CTPEMSATCS K PEIIEHNIO 3aIatN.
Kak pesysbrar, pelenne sBiisieTCs JIOKAJIbHO €INHCTBEHHBIM.

Crarbs 1yOJIMKYyeTCsl B aBTOPCKOIN peIaKIli.

Kurouessbie ciioBa: peaxiusi-udys3usi, CHHIYJIIpDHBIE BO3MYIIEHUsI, MaJIbIi [TapaMeTp, BHy TPEHHUE
cjou, HecOAJIAHCUPOBAHHAS PEAKINd, IMOI'PAHUYHbIE cjiou, nuddepeHInaibHble HEPABEHCTBA, BEPXHUE
U HUKHUE pellleHus
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