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Introduction

This work is concerned with analytic-numerical methods for singularly perturbed parabolic
equations which may be interpreted as models of reaction-diffusion-advection processes
in various applications. Such problems often feature narrow boundary and interior layers
(stationary or moving fronts), and are extremely difficult for a numerical treatment.
Recently, asymptotic analysis is successfully used to investigate such problems (see [8,
15, 14, 13, 18, 16, 17, 10, 11, 12], where special mesh methods used). Note that the
special numerical methods for singularly perturbed parabolic equations were practically
studied mostly for problems with stationary boundary and interior layers. There are some
specific features in constructing special difference schemes in the case of moving interior
layers. For singularly perturbed parabolic problems with such type of solutions, special
schemes were constructed in [10, 6, 7, 5]. Such schemes are fairly complicated, that calls
the necessity to develop simpler schemes and alternative numerical methods (based on
a posteriori adapted grids). In the presented paper we propose an effective combined
analytic-numerical approach, which use some a priori information from asymptotic
analysis of the moving front type solution, in order to simplify numerical calculations.
Numerical methods for nonlinear singularly perturbed interior layer problems using an
approximate layer location are developed, particularly, in the works [10, 9] (see, also, the
references therein), where different type of refined meshes were proposed.

The motivation to combine asymptotic and numerical methods is that if we use
numerical method for a singularly perturbed problem, two opposite phenomena connected
with small parameter arise: on the one hand, the smaller this parameter, the more rough
and unstable numerical solution we obtain; on the other hand, the smaller this parameter,
the more precise a priori information about exact solution we are able to get by using
asymptotic methods. This fact gives the possibility for a productive combination of
asymptotic and numerical approaches. Another reason is that using asymptotic analysis
of singularly perturbed problem we can prove the existence of the exact solution with
boundary or internal layers (moving fronts) and can decrease the spatial dimension for
numerical calculations: the dimension of spatial variables in the equation for the moving
front location is lower per unit then the original problem or this equation is not partial,
but ODE (or it is not differential equation at all).

The main purpose of this paper is to suggest an algorithm of numerical solution of the
singularly perturbed problems with the moving internal layers (fronts) which based on the
asymptotic analysis of the problem. Using the rigorous asymptotic analysis, which also
state the existence of the moving front type solution and gives the asymptotic expansion
of the front location, we construct so called dynamically adapted mesh (DAM).

Our DAM is constructed by the following way. We use the basic (coarse) mesh with the
mesh interval choosing in accordance with the width of the interior layer. The information
about the location and width of the interior layer (front) we get by the asymptotic
analysis. Inside the moving front region two course mesh intervals are divided into some
additional subintervals (so inside the moving front region the mesh is a version of a
Shishkin mesh). In order to justify the number of these additional intervals some method
of the a posteriori estimates (e.g. Richardson extrapolation) can be applied. The coarse
mesh (and, therefore, the front region intervals) is chosen to guarantee that the front is
located inside these intervals.
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Note, that our variant of the coarse mesh is ε-dependent. For the problems with
moving internal layers this choice of the coarse mesh simplifies the interpolation procedure
for the moving refined mesh and allows to save computing resources. Of course, all
presented ideas can be realized on the mesh when the total number of nodes (coarse and
refined meshes together) not depends of ε (Shishkin mesh), but in this case nodes of
the coarse mesh are not fixed because of refined mesh is moving with the front. In this
paper we did not investigate a priori the convergence of the numerical method, but our
variant of the mesh choice allows to simplify the procedure of a posteriori error estimates
because not requires to do interpolation to the new coarse mesh nodes on each time step.

We also have to note that the problem to define the layer location in our example
is explicitly solvable. In more general case we have to create numerical method to solve
this problem which is done at the end of Section 1..

The paper is structured as follows. In Section 1. we describe methods which allow to
get a priori information that will be used for the DAM constructing. In Section 2. we
briefly describe the main ideas that are used for constructing the DAM. In Section 3. we
perform a numerical experiment for the example and explain some nuances of the mesh
constructing. Finally, in Section 4. we discuss some perspectives of our approach.

1. A priori information from the asymptotic analysis

We illustrate our approach by considering the following class of problems:
ε
∂2u

∂x2
− ∂u

∂t
= A(u, x)

∂u

∂x
+B(u, x), x ∈ (0, 1), t ∈ (0, T ],

u(0, t) = uleft, u(1, t) = uright,

u(x, 0) = uinit(x),

(1)

where functionsA(u, x) andB(u, x) are sufficiently smooth for (x, u) ∈ [0; 1]×(−∞; +∞).
The rigorous treatment of problem (1) was obtained in [3], where the existence and

asymptotics of the front type solution were established. The main information, which we
use for our approach, is:

1. speed or position of the transition layer;

2. width of the transition layer;

3. structure of the transition layer (we use the fact that transition layer has the
exponential behavior).

We will obtain this information using the asymptotic of the solution of problem (1).
The main ideas of the asymptotic procedure are briefly represented below.

Let consider two initial value problems:

A(u, x)
du

dx
+B(u, x) = 0, u(0) = uleft, x ∈ [0, 1];

A(u, x)
du

dx
+B(u, x) = 0, u(1) = uright, x ∈ [0, 1].

(2)
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We suppose, that the solutions of problems (2) exist on x ∈ [0, 1], and denote them as
ϕl(x) and ϕr(x) respectively. Assume, that the following inequalities are fulfilled for all
x ∈ [0, 1]:

a) ϕl(x) < ϕr(x),

b) A(ϕl(x), x)) > 0, A(ϕr(x), x) < 0.
(3)

The problem of formation of the moving fronts is discussed in [2] and [1]. Particularly,
for the reaction-diffusion problem the fast formation stage is described in [2]. We assume
that the front is already formed at the moment t = 0 and the initial function uinit(x) has
a thin transition layer between levels ϕl(x) and ϕr(x) located at the point x00 ∈ [0, 1].
For our problem this assumption can model a discontinuous-initial-condition situation.

We define the moving front position by the function xt.p.(t, ε), that is the point of the

intersection of the solution of (1) u(x, t, ε) and the level
1

2
(ϕl(x) + ϕr(x)).

We put xt.p.(0, ε) = x00 and will seek the position and speed of the transition point
in the form of power series of ε

xt.p.(t, ε) = x0(t) + εx1(t) + ...

vt.p.(t, ε) = v0(t) + εv1(t) + ... ,
(4)

where vi(t) =
dxi
dt

.
Assume, that the Cauchy problem

dx

dt
=

ϕr(x)∫
ϕl(x)

A(u, x)du

ϕr(x)− ϕl(x)
, x(0) = x00 (5)

has solution x(t) such that

x(t) ∈ (0, 1) for all t ∈ [0;T ].

and the following inequalities are fulfilled

a)

ϕr(x)∫
ϕl(x)

A(u, x)du > 0 for all x ∈ [0, 1]

b)

s∫
ϕl(x)

(A(u, x)− V (x))du > 0 for all s ∈ (ϕl(x), ϕr(x),

(6)

where

V (x) =

ϕr(x)∫
ϕl(x)

A(u, x)du

ϕr(x)− ϕl(x)
.

Condition (6), a) guarantee that (1) has no stationary solutions, and (6), b) provides
solvability of some equations in the further asymptotic procedure.



326
Моделирование и анализ информационных систем. Т. 24, №3 (2017)

Modeling and Analysis of Information Systems. Vol. 24, No 3 (2017)

We define by D̄l
T and D̄r

T the left and right sides with respect to the point xt.p.(t, ε)
respectively and will find the solution of (1) separately in these parts

u =

{
ul, (x, t) ∈ D̄l

T

ur, (x, t) ∈ D̄r
T .

(7)

The functions ul and ur can be written in the form

ul = ūl(x, ε) +Ql(ξ, t, ε), ur = ūr(x, ε) +Qr(ξ, t, ε) . (8)

Here ūl,r(x, ε) – regular functions, which represent the solution far from transition point
xt.p.(t, ε); function Ql,r(ξ, t, ε), where ξ = (x− xt.p.(t, ε))/ε, describe transition layer
(moving front) near this point (ξ ≤ 0 for the function with the index l and ξ ≥ 0
for the function with the index r).

The functions ūl,r(x, ε) and Ql,r(ξ, t, ε) we seek as power series of ε:

a) ūl,r(x, ε) = ūl,r0 (x) + εūl,r1 (x) + . . .+ εnūl,rn (x) + . . .

b) Ql,r(ξ, t, ε) = Ql,r
0 (ξ, t) + εQl,r

1 (ξ, t) + . . .+ εnQl,r
n (ξ, t) + . . . .

(9)

Terms of series (9) can be built by the standard procedure (see [3]) separately at two
sides of the point xt.p.(t, ε). We assume that the functions ul and ur are joint with the
continuous first derivatives (C(1)–matching conditions):

ūl(xt.p.(t, ε), ε) +Ql(0, t, ε) = ūr(xt.p.(t, ε), ε) +Qr(0, t, ε) = ϕ(xt.p.(t, ε)),

ε
dūl

dx
(xt.p.(t, ε), ε) +

∂Ql

∂ξ
(0, t, ε) = ε

dūr

dx
(xt.p.(t, ε), ε) +

∂Qr

∂ξ
(0, t, ε).

(10)

Substituting (9), a) into (1), at zero order of ε we obtain equations (2). So we have
ūl0(x) = ϕl(x), ūr0(x) = ϕr(x) and

ū0(x, t) =

{
ūl0 = ϕl(x), x ∈ [0, xt.p.(t, ε))

ūr0 = ϕr(x), x ∈ (xt.p.(t, ε), 1]
(11)

Functions ūl,rk (x), k ≥ 1 are the solutions of the following problems

Āl,r(x)
dūl,rk
dx

= −
(
∂Āl,r

∂u
(x)

dϕl,r

dx
+
∂B̄l,r

∂u
(x)

)
ūl,rk + f̄ l,rk (x),

ūlk(0) = 0, ūrk(1) = 0,

(12)

where Āl,r(x) = A(ϕl,r(x), x), B̄l,r(x) = B(ϕl,r(x), x) and f̄ l,rk (x) — is known function.
Solutions of (12) can be written explicitly.

In order to obtain the transition layer functions (9), b) we must do the change of

variables (x, t) by (ξ, t) in (1), where ξ = (x− xt.p.(t, ε))/ε. Operator ε
∂2

∂x2
− ∂

∂t
takes

the form
1

ε

∂2

∂ξ2
+

1

ε
vt.p.(t, ε)

∂

∂ξ
− ∂

∂t
where vt.p.(t, ε) is defined in (4); operator

∂

∂x
changes

to
1

ε

∂

∂ξ
.
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Substituting these expressions and (9), b) into (1) and equating terms with different
powers of ε, we obtain equations for functions Ql,r

i (ξ, t) , i = 1, 2, . . .
For Ql,r

0 (ξ, t) we have the following problem:

∂2Ql,r
0

∂ξ2
−
(
A(ϕl,r(xt.p.(t, ε)) +Ql,r

0 , xt.p.(t, ε))− vt.p.(t, ε)
) ∂Ql,r

0

∂ξ
= 0,

Ql
0(0, t) + ϕl(xt.p.(t, ε), ε) = ϕ(xt.p.(t, ε)),

Qr
0(0, t) + ϕr(xt.p.(t, ε), ε) = ϕ(xt.p.(t, ε)),

Ql
0(ξ, t)→ 0 for ξ → −∞,

Qr
0(ξ, t)→ 0 for ξ → +∞.

(13)

Using the continuous function

Q̃(ξ, xt.p.(t, ε), vt.p.(t, ε)) =

{
ϕl(xt.p.(t, ε)) +Ql

0(ξ, t), ξ 6 0

ϕr(xt.p.(t, ε)) +Qr
0(ξ, t), ξ > 0

(14)

we can rewrite (13) as

∂2Q̃

∂ξ2
−
(
A(Q̃, xt.p.(t, ε))− vt.p.(t, ε)

) ∂Q̃
∂ξ

= 0, ξ ∈ (−∞,+∞),

Q̃(0, xt.p.(t, ε), vt.p.(t, ε)) = ϕ(xt.p.(t, ε)),

Q̃(−∞, xt.p.(t, ε), vt.p.(t, ε)) = ϕl(xt.p.(t, ε)),

Q̃(+∞, xt.p.(t, ε), vt.p.(t, ε)) = ϕr(xt.p.(t, ε)).

(15)

The exponential estimates for the solutions Ql,r
0 (ξ, t) of (15) were established in [3]:

|Ql
0(ξ, t)| 6 Ceκξ (ξ 6 0), |Qr

0(ξ, t)| 6 Ce−κξ (ξ > 0), t ∈ [0, T ], (16)

where C and κ are positive constants.

Using C(1)–matching conditions and explicit formulas for
∂Q̃

∂ξ
we obtain the problem (5)

for zero order term of the moving front position

dx0
dt

=

ϕr(x0)∫
ϕl(x0)

A(u, x0)du

ϕr(x0)− ϕl(x0)
, x0(0) = x00. (17)

Note that for general cases the initial value problem (17) has to be solved numerically.
In the example, which we use at Section 3., we can solve it explicitly.

Continuing this procedure we can write the equations for functions Ql,r
1 (ξ, t)

∂2Ql,r
1

∂ξ2
+ vt.p.(t, ε)

∂Ql,r
1

∂ξ
− Ã(ξ, t)

∂Ql,r
1

∂ξ
− ∂Ã

∂u
(ξ, t)Φ(ξ, xt.p., vt.p.)Q

l,r
1 = f l,r1 (ξ, t)

Ql
1(0, t) = ūl,r(xt.p.(t, ε))

Ql
1(ξ, t)→ 0 for ξ → −∞

Qr
1(ξ, t)→ 0 for ξ → +∞,

(18)
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where Ã(ξ, t) = A
(
Q̃(ξ, xt.p.(t, ε), vt.p.(t, ε)), xt.p.(t, ε)

)
, Φ(ξ, x, v) = ∂Q̃

∂ξ
(ξ, x, v) and f l,r1 (ξ, t)

is known functions; index l corresponds to ξ 6 0, index r – to ξ > 0.
The solutions of (18) can be found explicitly and for all t ∈ [0, T ] the functions

Ql,r
1 (ξ, t) satisfy

|Ql
1(ξ, t)| 6 Ceκξ (ξ 6 0),

|Qr
1(ξ, t)| 6 Ce−κξ (ξ > 0),

(19)

where C and κ are some positive constants. Using C(1)–matching conditions (10) at first

order of ε and explicit formulas for Ql,r
1 (ξ, t) and

∂Ql,r
1

∂ξ
, we obtain the problem for first

order term of the moving front position

dx1
dt

=
K(x0(t))

ϕr(x0)− ϕl(x0)
· x1 +G1(x0(t), t), x1(0) = 0, (20)

where K(x0(t)) and G1(x0(t), t) are known functions (see [3]).
First two orders in ε of moving front speed v0(t)+εv1(t) are defined in (17) and (20).

So the location of the moving front at two higher orders of asymptotics is defined as the
solutions of Cauchy problems (17) and (20).

The width of the transition layer is defined by the estimates (16). It means that
interior layer exponentially tends to functions ϕr,l(x) and its thickness is

h = C|ε ln ε|. (21)

The structure of the interior layer is defined by the problem (15) and by estimates (16).

In Section 3. we demonstrate our approach by the following particular case of problem
(1), where A(u, x) = −u, B(u, x) = u:

ε
∂2u

∂x2
− ∂u

∂t
= −u∂u

∂x
+ u, x ∈ (0, 1), t ∈ (0, T ],

u(0, t) = −5, u(1, t) = 2,

u(x, 0) = uinit(x).

For this example we have:

ϕl(x) = x− 5, ϕr(x) = x+ 1, (22)
and the conditions (3) and (6) are satisfied for all x ∈ [0, 1]:

ϕl(x) = x− 5 < ϕr(x) = x+ 1,

A(ϕl(x), x)) = −(x− 5) > 0, A(ϕr(x), x) = −(x+ 1) < 0,

ϕr(x)∫
ϕl(x)

A(u, x)du =

x+1∫
x−5

−udu = 12− 6x > 0.

From (17) for the zero order term of the moving front speed we have

dx0
dt

=

ϕr(x0)∫
ϕl(x0)

A(u, x0)du

ϕr(x0)− ϕl(x0)
=

12− 6x

(x0 + 1)− (x0 − 5)
= 2− x0. (23)



Lukyanenko D.V., Volkov V.T., Nefedov N.N.
DAM construction for solution of singularly perturbed problem 329

From (20) for the first order term we get

dx1
dt

= 0, x1(0) = 0, (24)

and therefore x1(t) ≡ 0.
If we are not able to calculate position of the transition point analytically (that

is possible in some cases of particular A(u, x) and B(u, x)),we are able to do this
numerically. Here we want to describe corresponding numerical algorithm of xt.p.
determination.

At the beginning we introduce uniform mesh XN0 only on x–dimension that has
number of nodes N0 + 1 (that equals to N0 intervals): XN0 = {xn, 0 ≤ n ≤ N0 : xn =
0 +

(
(1− 0)/N0

)
n}. This mesh will be used for calculation of the solution q(x). Then it

is possible to solve equations (2) and find numerically ϕl(x) and ϕr(x) on the mesh XN0 .
For numerical solving of (2) any suitable scheme can be applied. Then right-hand side
of the equation (5) can be calculated on the same mesh XN0 .

After that we have to solve the problem (5). At first, we introduce uniform mesh TM0

only on t–dimension that has number of nodes M0 + 1 (that equals to M0 intervals):
TM0 = {tm, 0 ≤ m ≤ M0 : tm = 0 +

(
(T − 0)/M0

)
m}. We suggest to use Rosenbrock

scheme with complex coefficient (CROS1), which is monotone, stable and has the order
of accuracy O(τ 2) (see [4]):

x(tm+1) = x(tm) + (tm+1 − tm)Re

( V
(
x(tm)

)
1− 1+i

2
(tm+1 − tm)Vx

(
x(tm)

)).
Note: It is very important to mention that we have to perform interpolation of the
tabulated function V (x) from basic mesh XN0 on each point x(tm). It is need not to
perform interpolation with order of accuracy greater than 3.

So, we have dependence of transition point position x on time t as the solution of (5)
(see Figure 1(a)). After that we are able to interpolate corresponding function t(x) on
the uniform mesh X, which has intervals equal to |ε log ε|/C, C > 1 (where |ε log ε|
is thickness of the interior layer). This interpolation is possible to perform because of
strongly monotonic of the function x(t) (see Figure 1(b)). So, we have grid TM which is
quasi-uniform grid [20].

2. Dynamically adapted mesh construction
The idea of dynamically adapted mesh construction is the following. If we know the width
of the transition layer, we can introduce basic uniform mesh with the steps, which are
equal to this width, and then refine two intervals that are the nearest to the transition
point (see Figure 2–10),1)). Then if we know the location of the transition layer on
each time step, we can check whether the transition layer is located on these intervals
or not. If the transition layer will leave the second interval soon, we refine the next
basic interval and perform interpolation of the numerical solution on these additional
nodes (see Figure 2–2)). Then we remove from following calculations the nodes of the
first refined interval. For appropriate interpolation we should use information about
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Fig 1. a) Function x(t) as a solution of (5). b) Quasiunidform mesh TM on t constructing

structure of the transition layer. After this we have only two refined basic intervals again
(see Figure 2–3),4)).

The main problem of this process is the possibility to obtain corresponding a priori
information. This problem for one type of reaction-diffusion-advection equation was
discussed above in Section 1.. Now, in Section 3., we will describe some numerical
experiment and explain some nuances of the mesh constructing for the particular example.

3. Numerical example
As an example of the application of proposed methods we consider the following Burgers’s
equation: 

ε
∂2u

∂x2
− ∂u

∂t
= −u∂u

∂x
+ u, x ∈ (0, 1), t ∈ (0, 1],

u(0, t) = uleft, u(1, t) = uright,

u(x, 0) = uinit(x),

(25)

where uleft = −5, uright = 2, and the initial condition uinit(x) has following form (for
example, see Figure 4):

uinit =
(x+ 1) + (x− 5)e−3ξ

1 + e−3ξ
, ξ =

x− 0.5

ε
.

Method of lines and Rosenbrock scheme with complex coefficient For numerical
solution of the equation (25) we apply the stiff method of lines (SMOL) in order to reduce
the PDE to the system of ODEs that can be solved by Rosenbrock scheme with complex
coefficient, which is significantly efficient for stiff systems of ODEs [4].

At the beginning we introduce piecewise uniform mesh XN only on x–dimension that
has number of nodes N + 1 (that equals to N intervals): XN = {xn, 0 6 n 6 N :
0 = x0 < x1 < x2 < . . . < xN−1 < xN = 1}. So after finite-difference approximations
of derivatives with second order of accuracy in (25) we obtain the following system of
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Fig 3. Dynamically adapted mesh construction 2:� – nodes that are used for calculations;
o – nodes in which numerical solution was interpolated; × – nodes that must be removed
from the calculations on the next steps

ODEs from which we should determine N − 1 unknowns functions un ≡ un(t) ≡ u(xn, t)
(n = 1, N − 1, u0 and uN given as the boundary conditions):

dun
dt

= ε
2

xn+1 − xn−1

(
un+1 − un
xn+1 − xn

− un − un−1
xn − xn−1

)
+ un

un+1 − un−1
xn+1 − xn−1

− un,

u0 = −5, uN = 2,

u(xn, 0) = uinit(xn).

This system can be rewritten as
du
dt

= f (u, t),

u(0) = uinit,
(26)

where u =
(
u1 u2 u3 . . . uN−1

)T , f =
(
f1 f2 f3 . . . fN−1

)T and
uinit =

(
uinit(x1) uinit(x2) uinit(x3) . . . uinit(xN−1)

)T . The vector-function f has the
following structure. For n = 1:

f1 =
2ε

x2 − x0

(
u2 − u1
x2 − x1

− u1 + 5

x1 − x0

)
+ u1

u2 + 5

x2 − x0
− u1,

for n = 2, N − 2:

fn =
2ε

xn+1 − xn−1

(
un+1 − un
xn+1 − xn

− un − un−1
xn − xn−1

)
+ un

un+1 − un−1
xn+1 − xn−1

− un,



Lukyanenko D.V., Volkov V.T., Nefedov N.N.
DAM construction for solution of singularly perturbed problem 333

0 0.2 0.4 0.6 0.8 1

−5

−4

−3

−2

−1

0

1

2

x

u

Fig 4. The example of uinit(x) for ε = 10−2 (refining of the mesh in a neighborhood of
the transition point has been performed)

and for n = N − 1:

fN−1 =
2ε

xN − xN−2

(
2− uN−1
xN − xN−1

− uN−1 − uN−2
xN−1 − xN−2

)
+ uN−1

2− uN−2
xN − xN−2

− uN−1.

For numerical solution of this system of ODEs (26) we use Rosenbrock scheme with
complex coefficient (CROS1), which is monotone and stable and has the order of accuracy
O(τ 2) (see [4]). In order to apply this scheme we introduce quasi-uniform mesh TM on
t–dimension that has number of nodesM+1 (that equal toM intervals): TM = {tm, 0 6
m 6 M : 0 = t0 < t1 < t2 < . . . < tM−1 < tM = 1}. After that we are able to apply the
CROS1 scheme for solving of the system (26):

u(tm+1) = u(tm) + (tm+1 − tm)Rew ,

where w is a solution of the SLAE[
E − 1 + i

2
(tm+1 − tm) fu

(
u(tm), t

)]
w = f

(
u(tm),

tm + tm+1

2

)
.

(27)

Here E is the identity matrix, fu is the Jacobian matrix, where for n = 1:

∂f1
∂u1

=
2ε

x2 − x0

(
− 1

x2 − x1
− 1

x1 − x0

)
+

u2 + 5

x2 − x0
− 1,

∂f1
∂u2

=
2ε

x2 − x0

(
1

x2 − x1

)
+

u1
x2 − x0

;
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for n = 2, N − 2:

∂fn
∂un−1

=
2ε

xn+1 − xn−1

(
1

xn − xn−1

)
− un
xn+1 − xn−1

,

∂fn
∂un

=
2ε

xn+1 − xn−1

(
− 1

xn+1 − xn
− 1

xn − xn−1

)
+
un+1 − un−1
xn+1 − xn−1

− 1,

∂fn
∂un+1

=
2ε

xn+1 − xn−1

(
1

xn+1 − xn

)
+

un
xn+1 − xn−1

;

and for n = N − 1:

∂fN−1
∂uN−2

=
2ε

xN − xN−2

(
1

xN−1 − xN−2

)
− uN−1
xN − xN−2

,

∂fN−1
∂uN−1

=
2ε

xN − xN−2

(
− 1

xN − xN−1
− 1

xN−1 − xN−2

)
+

2− uN−2
xN − xN−2

− 1.

The other components of fu for the considered equation equal to zero.

Dynamically adapted mesh construction Now we explain in details how to construct
the dynamically adapted mesh XN(t) ≡ {XN(tm)}, 0 6 m 6 M , and how to use it for
the calculations by the scheme (27).

1) At first we introduce a basic uniform mesh X(0)
N0

on x with step h0 = (1 − 0)/N0

that has number of nodes N0 + 1 (that corresponds to N0 intervals): X(0)
N0

= {x(0)n , 0 6

n 6 N0 : x
(0)
n = 0 +nh0}. The number of interval N0 should be chosen in accordance to

the a priori information about thickness of the transition layer that can be calculated
by formula (21):

N0 =

[
1− 0

|ε ln ε|

]
.

2) Then we introduce the family of piece-wise uniform meshes {Xn,n+1
N0, Nint

}, 0 6 n 6
N0− 2, which have the uniform refining on the (n+ 1)–th and (n+ 2)–th intervals of the
basic mesh using Nint additional intervals and have totally N = N0−2 + 2Nint intervals.

Xn,n+1
N0,Nint

= {xm, 0 6 m 6 N0 − 2 + 2Nint, 0 6 n 6 N0 :

0 = x0 = x
(0)
0 < x1 = x

(0)
1 < . . . < xn = x(0)n < xn+1 = x(0)n + 1

x
(0)
n+1 − x

(0)
n

Nint

<

< xn+2 = x(0)n + 2
x
(0)
n+1 − x

(0)
n

Nint

< . . . < xn+Nint−1 = x(0)n + (Nint − 1)
x
(0)
n+1 − x

(0)
n

Nint

< xn+Nint
= x

(0)
n+1 < xn+Nint+1 = x

(0)
n+1 + 1

x
(0)
n+2 − x

(0)
n+1

Nint

< . . . <

< xn+Nint+Nint−1 = x
(0)
n+1 + (Nint − 1)

x
(0)
n+2 − x

(0)
n+1

Nint

< xn+Nint+Nint
= x

(0)
n+2 <

< xn+2Nint+1 = x
(0)
n+3 < . . . < xN0−3+2Nint

= x
(0)
N0−1 < xN0−2+2Nint

= x
(0)
N0

= 1}.
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At our approach the basic mesh X
(0)
N0

has to be uniform if we want to perform
Richardson extrapolation. In this case it is sufficient to use for extrapolation only nodes
of the basic mesh which coincide on every meshes from {Xn,n+1

N0, Nint
} family.

3) Using the formula (23)– (24) we are able to obtain a priori information about
transition point location

xt.p.(t) = x0(t) + εx1(t) = 2− 3

2
e−t, t ∈ [0, T ] (28)

where T 6 ln 2
3
. It is important that in order to have correct information about location

and structure of the interior layer we must use also the first term x1(t) of the asymptotic
expansion for xt.p.(t).

Thus we can allocate the interval of the basic mesh which contains xt.p.(t0). Without
loss of generality assume that it is n-th interval (x

(0)
n−1, x

(0)
n ) of X(0)

N0
. If xt.p.(t0) > (x

(0)
n−1 +

x
(0)
n )/2 we use XN(t0) = Xn−1,n

N0, Nint
mesh and let n = n+ 1, otherwise XN(t0) = Xn−2,n−1

N0, Nint

mesh and let n = n. Let m = 0.
4) Using formula (28) we can obtain also a priori information about maximal time

step τ that do not allow the point of the transition layer location to leave one basic
interval in one time steep:

τ = max
tm+1,tm∈TM

xt.p.(tm+1)−xt.p.(tm)= 1−0
N0

|xt.p.(tm+1)− xt.p.(tm)|.

From this formula we can obtain corresponding a priori information:

τ = ln
1

1− 2
3
h0
.

5) Let m = m + 1. If xt.p.(tm) 6 (x
(0)
n−1 + x

(0)
n )/2 we use CROS1 scheme (27) for

the calculations on mesh XN(tm) = XN(tm−1). Otherwise, we use for calculations mesh
XN(tm) = Xn−1,n

N0, Nint
(for this we discard values of the function u(tm−1) on the (n− 1)–th

interval of the basic mesh X(0)
N0

and interpolate its on the refined (n+1)–th basic interval
and put n = n+ 1.

For interpolation we use a priori information (19) that gives that interpolating
function tend to ϕr(x) from (22) exponentially. So we are able to perform it by the
formula |ϕr(x) − y| = a eb x (that is equivalent to log a + b x = log |ϕr(x) − y|) for the
pair of interpolated points (x, y) in order to determine the coefficients a and b of the
interpolating function f(x) = ϕr(x) + a eb x.

6) If m = M we stop the calculations. Otherwise, go to 5).
Some example of the calculations is represented on the Figure 5.

4. Conclusion
Numerical methods for singularly perturbed problems have serious restrictions because of
such problems often feature narrow boundary and interior layers. Contrariwise, the small
parameter allows to get a priori information about the exact solution, which gives the
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Fig 5. The example of calculation for ε = 10−2. N0 = 22 (has been calculated
automatically), Nint = 40 (control parameter that has been set manually)

possibility for productive combinations of asymptotic and numerical approaches. Using
the information, based on the rigorous asymptotic analysis of the problem, we propose
an analytic-numerical algorithm for a singularly perturbed reaction-diffusion-advection
equations that reduces complexity of the numerical calculations.

The class of the problems that was considered in this work is given to illustrate our
approach. Our method is not restricted by only this class of the problems. We plan
to extend this approach for periodic-parabolic problems with interior layers solutions
and some classes of systems. We also plan to improve our procedure in order to use
ε-independent meshes and investigate the convergence of the numerical method.
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Аннотация. В данной работе на примере численного решения сингулярно возмущенного
уравнения Бюргерса мы рассматриваем метод построения динамически адаптированной сетки,
который позволяет существенно улучшить численный счет для уравнений такого типа. Для по-
строения данной сетки мы используем априорную информацию, основанную на асимптотическом
анализе исходной задачи. В частности, мы используем информацию о скорости внутреннего слоя,
его толщине и структуре. Предложенный в работе алгоритм способен существенным образом упро-
стить численную сложность решаемой задачи и улучшить ее устойчивость по сравнению с класси-
ческими подходами, используемыми для решения задач такого класса. Приведенный численный
эксперимент демонстрирует эффективность предложенного метода.
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