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YIK 517.9

CemelicTBO HErpyOBIX ITUKJIOB B CHCTEME JIBYX
CBSI3aHHBLIX I'€HePaTOPOB C 3alla3/IbIBAaHIEM

Kamrenko A. A.

noayvena 15 wona 2017

Awnnoramus. B nammroit pabore paccMaTpuBaeTCs HeJIOKAJbHAS IUHAMUKA MOJIEIHN IBYX CBI3AHHDBIX
TEeHEPATOPOB C 3AIA3/IBIBAIOIIEH 00PATHOI CBI3BI0. DTa MOJEIb UMEeT BHJ CUCTEMbI JIBYX auddepen-
NUAJLHBIX YpaBHEHUil ¢ 3ama3/abiBanneM. OyHKINA 0OpATHON CBSI3M SBJISETCS HeJMHeHOW, GUHUTHOMN
U TAaIKON. [JITaBHBIM ITPEIIIOIOKEHIEM B 3aJIa9e ABJISIETCS TO, YTO CBA3b MEXKJy MeHepaTOpPaMU JIOCTa-
TOYHO MaJjiasi. ACUMITOTHYECKUMI METOJAMUI UCCIEIYETCsl CYIIECTBOBAHNE PEJIAKCAIMOHHBIX TIEPUOJIU-
9eCKUX PeIIeHnii Jauuoil cucreMbl. Jjis aToro B ha3oBOM MIPOCTPAHCTBE UCXOIHONW CHCTEMBI BBIJIEJISIET-
Cs1 CITEIUAJIBHOE MHOXKECTBO. 3aT€M HAXOJIUTCS aCUMIITOTUKA PEIIeHUi JTAHHOW CUCTEeMBbI ¢ HAYAJIbHBIMEI
yCJIOBUAMMA U3 3TOI'O MHOXKECTBaA. C IIOMOIIBIO 9TOM aCUMITOTUKI CTPpOUTCA CllenuaJIbHOe 0T06pa>Ke-
HUe, OIUCHIBAIONIEE B TJIABHOM JTUHAMUKY UCXOJIHON 3a/1a4u. JloKa3bIBaeTcs, 9TO BCE PEIIEHUs JTAHHOTO
0TOOpaXKEHUs SIBJIAIOTCS HErpyObIME IUKJIAME [IEPUOJa JBa. B pedyibrare ymaercs chOpMyIupOBaTH
YCJIOBHS Ha MapaMeTp CBA3U, IIPU BBIIIOJTHEHNN KOTOPBIX UCXOAHAA CUCTEMa UMeeT AByIlapaMeTPUIecKoe
ceMeiicTBO HerpyObIX HEOMHOPOJIHBIX DPEJIAKCAIMOHHDBIX IIEPUOINIECKAX ACHMITOTUYECKUX 10 HEBSI3KE
peleHuii.
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BBenenue

Paccmorpum juddepeniinaibioe ypaBHeHEE ¢ 3a1a3/[bIBAHIEM
U+u=AF(u(t—T)). (1)

31ech u — cKajisipHas (pYHKIMs, HapaMeTp 3anasabiBanus 1’ u Koadduiment A\ moJio-
KUTETbHBI, a F'(u) — HekoTopas HesuHeiiHas ¢ynkims. [Ipeamonaraem, aro yHKImst
F(u) stBasiercst GUHUTHOMN, TO €CThb JijIst HEKOTOPOro p > () uMeeT MeCTO paBEeHCTBO

fu), |ul <p,
Fw =70, u>p.
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YpaBHEHUS TAKOTO BH/a BO3HUKAIOT B JeKTpoTexnuke [1-3| u pagnodusuke [4,5].
Bynem npeanosnaraTs, 9To HapaMeTp A fBIAETCA JOCTATOYHO OOIBIINM:

A> 1. (2)

B [6,7] 661710 1TOKa3aHO, YTO [IPH YCJIOBUH HEBBIPOXKIEHHOCTH IIPU BCEX JOCTATOTHO OOJTb-
mux A > 0 (1) umeer OHO WK JBa YCTONYUBBIX PETAKCAIIMOHHBIX EPUOJINIECKIX De-
IeHns, ¥ OblIa HaiijleHa UX aCUMIITOTHKA P A — +00.

Pacemorpum cucremy u3 ByX CBsI3aHHBIX ypasHeHuit Buja (1) npu yciosun (2).

Uy +up = AF(ui(t —=T)) + vy(ug — uy), (3)
Uy + ug = AF(ug(t —T)) + vy(ug — ug),

rJIe IapaMeTp CBsI3U Y MOJIO0KHUTEICH. DTa CUCTeMa, OUEBHUTHO, UMEET OJHOPOIHBIH (U] =
u2) pPeIaKCaIMOHHbBIA 1UKJI, OJTHAKO €r0 YCTOMYUBOCTH WUJIN HEYCTOMYUBOCTDL OIIPEIEsIs-
eTcs BeJMINHON mapamerpa 7. B pabore [8] 6b1710 MOKA3aHO, 4TO MPH HEKOTOPBIX YCJIO-
Bugax Ha GyHkmuio f(u) npu v = v (InA)~! (rge 71 > 0) npm Beex gocTaTOUHO GOMBIIIX
A > 0 cTpyKTypa aTTpakTopoB (3) onpe/ie/seTcs aTTPAKTOPAME CIIEINAIBHBIX O/[HOMED-
HBIX oTOOpaxkenuil. IlpuBenens! coorBeTcTByIONE (POPMYIIBI JJIsl TAKUX OTOOParKeHuit
U [OCTPOeHa acUMIITOTHKa perenuii (3). Takxke 6bLI0 TOKA3aHO, ITO st KAXKJIOTO JI0-
CTaTOYHO OoJbIOro 3HadeHus A > () cymectByeT 77 > ( Takoe, 94TO IpU BCeX 7y > 7
OJTHOPOJIHOE MIEPHO/UIECKOE PeaKCAIMOHHbIE pernenue (3) OymeT yeToNauBbIM.
B nmamnoit pabore uccseryeTcs HeJIOKaIbHAS JUHAMUKA CUCTEMbI (3) TP yCJIOBUH

Yy=mAY >0, 1/2<a<l. (4)
Takxke npenonaraercs, 910 GyHKIma f(u) rajkas U yJI0oBIeTBOPIET YCIOBUIM

uf(w) >0, 0<u <p
f(=p) = f(0) = f(p) =0,

f(u) =consty(p—u)?, 0<p—u<l,
f(u) = consta(p+u)?, 0<p+u<l.

1. Meroa ucciegoBaHus

MbI u3yuaeM HeJOKaJIbHYIO JIMHAMUKY cucTeMbl (3) mpu yeaoBusx (2), (4), (5) ¢ momo-
IBIO CIIENUAIbHOrO MeTo/ia 6obinoro mapamerpa |9, 10].

Omnumiem cyrb panHoro Meroga. B dasosom npocrpancrse Cpor,)(R?) uexoqnoii cu-
cTeMbl BIONpaeM MHOKecTBO S(), 3aBucsdIee or napamerpa . /lamee HAXOIMM acuMII-
TOTUKY NpH A — +00 Beex pemtenuit u(t, ¢, \) = (u1(t, ¢, \), ua(t, ¢, \))T ¢ nHavambabIME
yeaoBusaMn u(s, ¢) = ¢(s) n3 muoxkecrsa S(x). JokassiBaeM, 9T0 CyIIeCTBYeT 3HAYCHHE
T Takoe, 9TO KaxKjoe perierue u(t, , ) depes HeKOTOpoe BpeMs t(P, A) IPUHAIEIKUT
muOKeCTBY S(Z): u(s + t(d, A), ¢, A) € S(Z). D10 03HAUAET, ITO CYIIECTBYET ONEPATOD
rocsieiopanus I Takoit, 94To

(¢(s)) = u(s +1(¢,A), ¢), m ILS(x) C 5(z).



Kamenko A. A.
CeMmecTBO HErpyObIX IIUKJIOB B CUCTEME JBYX CBI3aHHBIX M€HEPATOPOB C 3aIa3/IbIBAHUEM 651

[To acUMITOTHKE PEIIeHMI aHATUTHICCKHU IIOJIy9aeM 3aBUCUMOCTL T OT X B BUJAE T =
Y(x) + o(1).

[Iycrb @1, 2o, . . ., &) — UK oToOpazkenust & = (), upuaem [ (z1)-. .. ' (xg)| # 1.
Torna s Beex jgocTaToqHo 00X A > () 1mojiyydaem Hk(acl) € S(x1). Orcrona cienyer,
gro onepatop 1I¥ mmeer memomsmxkmyto Touky. CiemoBaTesbHO, CYIIECTBYET (BDYHKITHT
b.(s) € S(x1) raxast, aro [1¥(¢.(s)) = ¢.(s). [losromy pemtenue u(t, ., \) UCxomHOlM
cucTeMbl epuoaeckoe ¢ mepuoaoM t(g., A) +t(I1(p,), A) +. ..+ t(ITF1(4,), \). Tannoe
PEIlleHre UMEET TY Ke YCTOWIMBOCTD, YTO M IUKJI L1, L2, . . . , Ly OTOOparKkeHust T = ().

Jauubrii MeTos npuMensiicst B paborax [11-14].

2. Junamuka cuctembl (3) mpu ycaoBusx (2), (4), (5)

Jns weeneioBaHns AaCHMITOTHKE perieHnii (3) MpuMEeHUM CXeMy U3 IIPEJIBIIYINEro pas3-
nena. Oupegernm muokectBo S(z) C Clor0)(R?) matansubix yciosuit. Beegem 06o-
snavenus. Ilycrs mapamerp k pasen 1 mim —1, mapamerp x # 0, npudem kx > 0, a
JUI mlapamMeTpa [ BBINOJIHEHO HepaBeHCTBO 0 < [ < «. @ukcupyem 3Hadenusd k, r, (.
MuoxkecrBo dyukmit ui(t, 5, ), us(t, B, x), yIOBIETBOPSIONMX YCIOBUAM

‘ul, > P, |’U,2| > p, nput € [_T7 0)7 (6)

Utli=o = kp, u2|i=o = ap\’, (7)
obosHaunM depes S(z).
Torpa npu t € [0,7] Beinosusitorest yenosus F(ui(t — T)) = F(uq(t — T)) = 0.
Cire1oBaTeIbHO, IMEIOT MeCTO (POPMYJIBI

uy(t, B, ) = kp(1+ o(1)) exp(—t), us(t,B,z) = 2pA®(1 + o(1)) exp(—t).

Bamernm, 9TO B CcHily TOro, uro Ha orpeske t € [0,7] cucrema (3) mMeeT BHJ CHCTEMBI
OOBIKHOBEHHBIX JIN(DdEepEeHITUATBLHBIX YPABHEHU TEPBOr0 TOPSJIKA, TO IIPU (DUKCUPOBAH-
HBIX 3HAYEHUSAX ko, To, o BCe peleHust (3) ¢ HAYAJIbHBIMEI YCJIOBUSIMEU U3 KJacca S(xg)
conaaror ipu t € [0, 7], u, cieoBaTesIbHO, COBIAIAIOT IpH Beex ¢ > 0.

[Ipu t € [T, 2T] umeem

ui(t, B,x) = Alg(t) + o(1)],

up(t, B, 2) = apA’(1 + o(1)) exp(—t) + 1A ™ [gu(t) + o(1)],

e
t t

o(t) = [ expls — 0 fhkpexp(T = 9)ds, u(t) = [ expls — tig(s)as.
T T
Orcioza mosrydaeM, 9To
ui (2T, B, x) = A[g(2T) + o(1)],
ap P exp(=2T)[1+o(1)], mpu 1 —a < B < o
us (2T, B, ) = < A (2T)[1 + o(1)], mpu 0 < B < 1 — a
A =rpexp(—2T) +1191(2T) + o(1)], npn =1 - a.
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Us (5) crenyet, uro upu t € [27, 3T GyayT cOBIAIATE IIABHBIEC WIECHBI ACUMITOTHKH
peleHnii cucreMsl (3) 1 CHCTEMBI

Ul +u; = ’Yl)\ia(UQ — ul), UQ + Uy = ’yl)\*o‘(ul — UQ). (8)

CrenosaresbHo, nipu t € [27, 3T BepHb! HepaseHncTBa |uq (t, 5, )| > p u |us(t, B, x)| > p.
[Iycrs ¢; (i = 1,2) — nepBblil MOMEHT BpeMeHU Takoit, uto t; > 2T u |u;(t;, 5, 2)| = p.
O6oznaumM to = min{ty,ty}, t = t — 2T. Torma pu t € [27, 1] cucrema (3) nmeer BT
(8) u BepHBI CJle/lyIOIIIe aCUMITOTHIECKIE (hOPMYJIBI:

ur(t,B,) = Mg(2T) + o(1)] exp(—),
2pAP exp(—2T)[1 + o(1)]e™, upu 1 — o < < o
ua(t, B, x) = ¢ MAT(91(2T) + g(2T)E +o(1))e™, mpn 0 < f < 1 -«
M (zpexp(—2T) + 7 (g1(2T) + g(2T)E) + o(1))e™", npu S =1 — a.

N3 nanHbIX (DOpPMYJI CIeLyeT, ITo

. (B+o(1))In A, mpu 1 —a < < a;
"l -a+o1))ln\ mpu0< B<1—a.

B wurore npu t = t;, nupuxomumM K paBeHCTBaM

us(to, B, ) = kp,  ua(to, B, ) = Zp)°,

B KOTOPBIX C TOYHOCTHIO 710 0(1)

3 {1—B,Hpnl—a<ﬁ<(x, (9)

a, mpu < <1 —q

9(2T)
———— mpu l —a < f<a,
T =< |z|pe?T P & (10)

Evi(1—a)in A", mpu 0 < <1 —a.

Taxkum o6pazom, 1pu t = ty cuTyanus BepHy/Iach K ucxoHoi (npu t = 0) ¢ 3aMeHoit
U Ha Up, Up HA U U 3aMEHOH I1apaMeTpoB 3 U & COOTBETCTBEHHO Ha 3 M T COIVIACHO
dbopmymam (9), (10).

[Tpu 8 u3 unrepana (1 — o, ) moy9IaeM UTEPAIMOHHBIN TIPOIECC MO MapaMeTPaM

Sux

9(2T)
n :1_ mny n - 9 :1’27-.. 11
Bt B Ln+1 |2, | pe—2T n (11)
U3 pasencrsa (11) ciemyer, 910 Bhio = Bp U Tpio = x,. Takum obpasom, Bce pe-

merns orobpakenus (11) sBisiorcss HerpyObIME IUKIaMu nepuofa 2. s uexoaHoi
cucreMsl (3) HpH BCeX JOCTATOYHO GOJbHIX A > 0 MOXKHO yTBEPXKIATH CYIIECTBO-
BaHUE ACHMITOTHIECKHX II0 HEBSI3KE CEMEICTB HMEePUOJUYIECKUX DEIIeHnil ¢ IePUOOM
To(A) = (1 4+ o(1))In A, y KOTOpBIX 3HAYEHUST HAPAMETPOB 5 U & ¢ TOYHOCTDHIO 110 0(1)
MeHsTIOTCs 110 3aKoHy (11). BBIBOIbI O CyIIeCTBOBAHUI TOYHBIX IIEPUONIECKUX PEIIeHMUH
1 00 UX YCTOHYMBOCTH CJICIATDH HEJIb3sI.



Kamenko A. A.
CeMmecTBO HErpyObIX IIUKJIOB B CUCTEME JBYX CBI3aHHBIX M€HEPATOPOB C 3aIa3/IbIBAHUEM 653

OrMernM, 9TO KazK1asd KOMIOHEHTa HerpyObIX aCUMITOTUYCCKUX 110 HEBA3KE pellle-
Huil cucremsl (3) oauH pa3 Ha nepuoge Tp(\) 3a KOPOTKHUiT TPOMEXKYTOK BpeMeHH (I0-
psiika O(1)) coBepiraer CKAYOK OT BEJTMIMHBI MOPSIKA €IUHUIIBI 70 BEJMIUHBI TTOPSIKA
O(A), a ocTajbHOI TPOMEKYTOK BPEMEHH yOBIBAET M0 SKCIOHEHIMATHLHOMY 3aKOHY [0
BEJIMUNHLI TOPAIKA €IMHUIBL.

3. BoiBoabl

ACI/IMHTOTI/I‘{GCKI/IMI/I MeTOoJaMM HCCJIe/JOBaHa HeJIOKaJIbHad JUHaMHUKa CUCTEMBbI U3 JIBYX
CBSI3aHHBIX aBTOM€HEPaTOPOB ¢ HeJIMHEHHON (DUHUTHON 3ala3/IblBaoIieii oopaTHoil cBs-
3bto. [lokazano, aro npu ycaousx (4) u (5) mpm Beex pocrarodno Gosbmux A > 0
cucreMa (3) uMeer JByHapaMeTPHIECKOE CEMEHCTBO HErpyObIX HEOTHOPOIHBIX PeJIaKCa-
TUMOHHBIX IIEPUOINICCKUX aCUMIITOTUICCKUX 110 HEBA3KE pemeHHﬁ.

Crnucok auteparypbl / References

[1] Kilias T. et al., “Electronic chaos generators-design and applications”, International
journal of electronics, 79:6 (1995), 737-753.

[2] Kilias T., Mogel A., Schwarz W., “Generation and application of broadband signals using
chaotic electronic systems”, Nonlinear Dynamics: New Theoretical and Applied Results,
Akademie Verlag, Berlin, 1995, 92—-111.

[3] Balachandran B., Kalmar-Nagy T., Gilsinn D.E., Delay differential equations, Springer,
Berlin, 2009.

[4] Omurpues A.C., Kucios B. {., Cmoxacmuueckue xoaebanus 6 paduomernuxe, Hayka,
Mocksa, 1989; |Dmitriev A.S., Kislov V. Ya., Stokhasticheskie kolebaniya v radiotekhnike,
Nauka, Moskva, 1989, (in Russian).]

[5] Amurpues A.C, Kamenko C.A., “/lunamuka reHepaTopa ¢ 3ala3/bIBAONIENl 0OpaTHOIL
CBSI3bI0 U HUBKOIOOPOTHBLIM (UILTPOM BTOPOTO Hopsika’, Paduomexrnukxa u saekmpo-
nuka, 34:12 (1989), 24-39; [Dmitriev A.S., Kaschenko S.A., “Dinamika generatora
s zapazdyvayushchey obratnoy svyazyu i nizkodobrotnym filtrom vtorogo poryadka”,
Radiotekhnika i elektronika, 34:12 (1989), 24-39, (in Russian).]

[6] Kamenko C.A., “Acumnroruka  peJakCAIlMOHHBIX  KojebaHuii B cucreMax
nuddepeHInalbHO-PA3HOCTHBIX ypaBHeHUt ¢ GuHuTHON HenmHeiHOCTIO. 7, /ud-
peperyuarvroe ypasnenus, 31:8 (1995), 1330-1339; English transl.: Kaschenko S.A.,
“Asymptotics of relaxation oscillations in systems of differential-difference equations with
a compactly supported nonlinearity. I”, Differential Equations, 31:8 (1995), 1275-1285.

[7] Kamenko C.A., “AcuMnroruka  peJaKCAIIMOHHBIX — KosiebaHWii B cuCcTeMax
nudpepeHInaIbHO-PA3HOCTHBIX ypaBHeHU ¢ (huHUTHON HemuHeiHOCTBIO. 117, /Jlud-
pepenyuarvroe ypasrenus, 31:12 (1995), 1968-1976; English transl.: Kaschenko S. A.,
“Asymptotics of relaxation oscillations in systems of differential-difference equations with
a compactly supported nonlinearity. II”, Differential Equations, 31:12 (1995), 1938-1946.

[8] Kamenko A.A., “JIluHamMuka cuCTeMbl W3 JBYX [POCTEHIINX aBTOIEHEPATOPOB C HEJIH-
HEAHBIMU (PUHUTHBIMUA OOpaTHBIMU cBA3AMEU, Modeauposanue U anaius uH@OPMAUUOH-
nox cucmem, 23:6 (2016), 841-849; [Kashchenko A.A., “Dynamics of a system of two
simplest oscillators with finite non-linear feedbacks”, Modeling and Analysis of Information
Systems, 23:6 (2016), 841-849, (in Russian).]

[9] Kamenko C.A., “UccrenoBanue MeTomaMu GOJIBIIONO MapaMeTpa CUCTEMbl HeJIMHEeHHBIX
muddepeHnnaabHO-PA3HOCTHLIX YPABHEHNM, MOIEJTUPYIONINX 33849y XUITHUK — KepTBa’,
Jlokaadv Axademuu nayx CCCP, 266:4 (1982), 792-795; English transl.: Kaschenko S. A.,
“Investigation, by large parameter methods, of a system of nonlinear differential-difference



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.24, Ne5 (2017)
654 Modeling and Analysis of Information Systems. Vol. 24, No5 (2017)

equations modeling a predator-prey problem”, Soviet Mathematics. Doklady, 26:2 (1982),
420-423.

[10] Grigorieva E. V., Kashchenko S. A., “Regular and chaotic pulsations in laser diode with
delayed feedback”, International Journal of Bifurcation and Chaos, 3:6 (1993), 1515-1528.

[11] Bestehorn M., Grigorieva E. V., Kaschenko S. A., “Spatiotemporal structures in a model
with delay and diffusion”, Physical Review E, 70:2 (2004), 026202.

[12] Grigorieva E. V., Kashchenko S. A., “Dynamics of spikes in delay coupled semiconductor
lasers”, Regular and Chaotic Dynamics, 15:2/3 (2010), 319-327.

[13] Kaschenko D., Kaschenko S., Schwarz W., “Dynamics of First Order Equations with
Nonlinear Delayed Feedback”, International Journal of Bifurcation and Chaos, 22:8
(2012), 1250184.

[14] Kamenko C.A., “Penakcanuonubie KojiebaHUsl B CHCTEME C 3alla3/bIBAHUSMHI, MOJIEJIN-
pyomeit 3a/1ady <«XUIMHUK—KepTBay”, Modesuposarue u aHaAu3 UHPOPMAUUOHHDIT CU-
cmem, 20:1 (2013), 52-98; English transl.: Kaschenko S.A., “Relaxation oscillations
in a system with delays modeling the predator-prey problem”, Automatic Control and
Computer Sciences, 49:7 (2015), 547-581.

Kashchenko A.A., "A Family of Non-rough Cycles in a System of Two Coupled
Delayed Generators", Modeling and Analysis of Information Systems, 24:5 (2017), 649
654.

DOI: 10.18255/1818-1015-2017-5-649-654

Abstract. In this paper, we consider the nonlocal dynamics of the model of two coupled oscillators
with delayed feedback. This model has the form of a system of two differential equations with delay.
The feedback function is non-linear, finite and smooth. The main assumption in the problem is that
the coupling between the generators is sufficiently small. With the help of asymptotic methods we
investigate the existence of relaxation periodic solutions of a given system. For this purpose, a special
set is constructed in the phase space of the original system. Then we build an asymptotics of the solutions
of the given system with initial conditions from this set. Using this asymptotics, a special mapping is
constructed. Dynamics of this map describes the dynamics of the original problem in general. It is
proved that all solutions of this mapping are non-rough cycles of period two. As a result, we formulate
conditions for the coupling parameter such that the initial system has a two-parameter family of non-
rough inhomogeneous relaxation periodic asymptotic (with respect to the residual) solutions.

Keywords: large parameter, relaxation oscillation, periodic solution, asymptotics, delay
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