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Abstract. The multi-component extension problem of the (2 + 1)D-gauge topological Jackiw—Pi
model describing the nonlinear quantum dynamics of charged particles in multi-layer Hall systems is
considered. By applying the dimensional reduction (2 + 1)D — (1 + 1)D to Lagrangians with the
Chern—Simons topologic fields , multi-component nonlinear Schrodinger equations for particles are
constructed with allowance for their interaction. With Hirota‘s method, an exact two-soliton solution
is obtained, which is of interest in quantum information transmission systems due to the stability of
their propagation. An asymptotic analysis t — 00 of soliton-soliton interactions shows that there is
no backscattering processes. We identify these solutions with the edge (topological protected) states —
chiral solitons — in the multi-layer quantum Hall systems. By applying the Hirota bilinear operator
algebra and a current theorem, it is shown that, in contrast to the usual vector solitons, the dynamics
of new solutions (chiral vector solitons) has exclusively unidirectional motion. The article is published
in the author’s wording.
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1. Introduction

The (2+1)D matter particles interacting with gauge topological Chern—Simons fields
support solitons solutions [1, 2, 3, 4, 5, 6. Solitons are a central paradigm in many
branches of present-day physics and mathematics. One of most interesting combination
of the quantum and nonlinear properties of solitons arises in the (2-+1)D-nonlinear
Schrodinger equation gauged by a Chern—Simons fields (Jackiw—Pi model) [4, 5]. The
model [4], proposed by Jackiw and Pi is described by the (2+41)D —action

1 o B
Se+1)p = / (%5MVPFMVAP +ih" Dty — o | Di|” — V(P)) &z, (1)

where ¢ € C is the Schrodinger quantum field, giving rise to charged bosonic particles
after second quantization. A, is the Chern-Simons gauge field, V'(p) is the self-interaction
potential of charged particles, p = 9*¢ is the particle density and D, = 0, — t4,
(u=0,1,2) is the covariant derivative. The metric tensor is g*¥ = (1,—1,—1) and &**
is the Levi-Civita anti-symmetric symbol.

In context of the Landay-Ginzburg mean field theory the Langrange density of
model (1) can be considered as the model to describe the edge states (chiral solitons) of
the Integer Quantum Hall Effects in monolayer systems [6]. In this case the scalar field
1 is the order parameter and the constant % is interpreted as the Hall conductivity. In
the 2D-system of charged particles the Hall quantum current is given by J, = 0,,E,,
where the transverse conductivity o,, can be computed as:

2

_ __ B
Oy = 5y | Wb S2he, by) = 27— 2)

Here h is the Planck constant, Q = rotA, (;; = 0;A4; — 0;A; is the Berry curvature), vz
is Berry holonomy (phase), k; is a wave-number and Ry g9 = (h/e?) = 25812,807¢ is
the Klitzing practical standard for Electrical Resistance, used in resistance calibrations
worldwide. The quantum Hall resistance Ry = ac/27 also provides an extremely in-
dependent determination of the fine structure constant a— the quantity of fundamental
importance in QED(Quantum Electro-Dynamics, ¢ is the maximum speed at which all
known form of information in the universe can travel).

As well know [2, 6] in the multi-layer systems to take place the Fractional Quantum
Hall Effect due to inter-layer correlations of interacting anyons — the planar particles
with unconventional statistics. So it is interesting the extension of the theory (1) to the
multi-component case of matter field: ¢ — v;, j =1,2,... N.

In this Letter we present a multi-component generalization of the Jackiw—Pi models (1).
As the (2+1)D-second-order field equations associated to (1) are not integrable, it is
natural to consider a dimensional reduction L41)p — L(141)p-

2. Lagrangian and the dimensional reduction Ly, )p —
Liynp

We start by suppressing dependence on the one space-like coordinate and redefining the
gauge field as Ay = (mc/h*)B, A; = A; and Ay = Ay + (mc/h?)B. By adding suitable
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kinetic term for B-field we have reduced (1) to the following total (1+1)D-Lagrangian
Liot(141) = Lay1) + L + Lr, (3)

where '
Ly = %_LBB', Lar = (25) 1 Be* Fp. (4)

Here dot/prime indicate differentiation with respect to time/space, g is the coupling
constant of B-fields, k = (h?/mc)k is dimensionless and we have neglected the term
0.(B?/3hx) since it is a total spatial derivative. V = V(31)) is a general polynomial
in the density \¢j|2 and describes nonlinear self-actions and inter-actions between N
components of matter fields ¥;, j =1,2,..., N.

After elimination of the gauge fields (A,, B) by using its dynamic eq. and phase
redefinition of ¢; we obtain from (3) a final local-invariant Lagrangian

N
L(1+1)D = /dl’ Z (Zhwjgtﬂ)] - Hj — V) s (5)
=1
- - _
H; = %Hjnja I; = | 0, ik Zpk Vi, pe = Vg
k

So the Euler—Lagrange equation reads

N
<Za7— + Dg - gl€2 Z Jk) wj = STV (6)
k J

Here 7 = h~'t and ¢ = z(h?/2m)~/? is the normalized time and space variables, D; =
O + igk*p is the gauge covariant derivative, k = (h*/mc)& is the Hall dimensionless
constant which are connected to the Berry phase v and called as a Chern (number)
topological invariant. At the same times the factor  is defined by Hall conductivity:
04y = (€2/h)v = k /27, where v is the filled factor of Landau energy levels. In the Integer
QHE (IQHE) v € Z. In the Fractional QHE (FQHE)-v € Q.

The particle density p = ij pr and the total current J = Zg Ji, where J, =
%(Echwk — wkM), satisfy the continuity equation: p, + J. = 0. Jackiw and Pi
found that the dynamics of model (1) is not Lorentz-invariant |1, 2, 3, 4]. Also it is
not Galileo-invariant. Another interesting fact is the nontrivial gauge analogy between
(1+1)D multi-component model (6) and standard nonlinear Schrédinger equations with
SU(m,n) group symmetry |7, 8]. A simple analysis allows us to describe an exact solution
for system Egs. (6).

3. Nonlinear Schrodinger equation and two-component
chiral solitons

Let us first assume that V' = 0. Now if we define a nonlocal transformation |5, 9

oy = [-ignt [ dcoic) 4 )
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and use also the continuity Eq. we obtain modified multi-component nonlinear Schrédinger
equation (the sign tilde omit below)

N
iLot; = 29K (Z Jk) ¥, (Lo = 0 —i0) (8)
k
with a current-nonlinearity

1 _
Ji, = 5 (rtore — Yuthnc) - (9)

This is to be contrasted with the familiar multi-component (vector) U(m,n) nonlinear
Schrodinger equation |7, 10]:

N
— Loty =2 <Z Ak |¢kl2> Vi, (10)
k

where to take place the usual charge density nonlinearity |wk]2 = pr. At the same times
we note that our Eq. (8) is nothing but the multi-component (vector) generalization of
Aglietti et al eq. [5].

Influenced by the known solutions |[7] to Eq. (10), we can be obtained an exact
solution to Eq. (8) by the Hirota bilinear method [10, 11]:

wj:Gj/H,HGR,jILQ,...N. (11)
In the simple case N = 2 the solution to (8) which has one soliton for each component

is given by
( U1\ _ g1 1€ (1 + aggbia exp(og + T2)) (12)
o v2€%% (1 4 a11b9y exp(o1 +71)) )’

where the Hirota function has the form
2

H=1+ ZakkeakJrEk + a11a22612621601+ﬁ1+02+52 (13)
k
with )
. An |Vl kn = ki
0, =k, C+ k2T, pp = ——— by = ——— 14
1 uG n (kp + Fn)? k, + ko, (14)

and @ = a*(*- complex conjugation). The parameters k; related to the amplitudes, width
and velocity of the j-th soliton |7, 10].

4. Asymptotic 7 — +oo analysis of the two-soliton
solutions

Evidently that the two-soliton solution (12) describe a process of soliton - soliton scattering
for the inter-component interaction. The asymptotic (7 — F00) analysis show that

N
(¢, 7 — £o0) = Z Cfisech [%(g — Vo + fj) ¢'Oni (15)
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where U,, = 2Rek, and V,, = 2Im k,, are the inverse width and velocity of n-th soliton,
respectively,

a1 |b12|2

kll

2
_ Q22 |b21| 22

; Cop =In——, CSE =1In -, C1+1 =In
Fao Ko

- an

=1In—
Cll kll
is the soliton phase before (—) and after (+) the interaction. The soliton amplitudes C'~
and C}* are related to one another as

_ b12 bay
cnt=1rCn, T = = T2 = = 16
J J g 1 “712! 2 !b21! ( )

It is seen that IT}'[ 2 = ] and the interaction-induced phase shifts of solitons A; =
j+n - §j’n obey the Sudzuki-Zakharov-Shabat condition: (1141 — (22As (conservation law
for the soliton center of mass) |7, 8|. Now for establishing the integrability property of
the our system (8) we propose a following theorem

Theorem: If the current (9) satisfy to condition J, = Vipr/2, then the form (12) is
an exact two-soliton solution of Eq. (8).

Proof of theorem: The proof this theorem is ordinary. Using the Hirota bilinear
operator D, defined as D(U-V') = (DU)V —=U(DV'), by direct computation the current (9)
on the basis of the form (12) we find

1 DCGk o Gk

1 2
Jp = 5 2 5Vk |V (17)

iff the condition Im(k, — k,,) = 0 is satisfied.

5. Conclusion

As (17), the our Eq. (8) becomes identical to Eq. (10) with

)\k = —%g/ka. (18)
The interesting pattern is follow from condition of (18): if A\ > 0 with the gauge coupling
constant fixed (¢ > 0), then the soliton in all components moves in one direction (Vj, <
0) —it is the chiral solitons. This is contrasted to the usual NLS Eq. (10), whose solitons
can move in both directions. Finally, we obtain one unexpected result — the (1 + 1)D-
multi-component chiral solitons is NO-scattering composite particles on the Line, as
Vi = Vs

We plan to obtain edge modes solution in model (1) for the non-hermitian case, by
operator dressing method |7, 12].

The results of the work were reported at the International Scientific Conference "New
Trends in Nonlinear Dynamics" (Russia, Yaroslavl, YSU, October 5-7, 2017). We thank
Profs. A. Mikhailov, S. Kashchenko, N. Kudryashov, V. Butuzov, N. Nefedov, D. Treschev
and S. Glyzin for discussion and critical comments. We also thank mathematicians at
P.G. Demidov Yaroslavl University for their warm hospitality during our visit.
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Amnnoranus. Paccmarpusaercst npobiieMa MHOOKOMIIOHEHTHOrO paciiupenus (2 + 1) D-kanu6po-
BOYHOIT TomoJIoruvdeckoit Mojean Jackiw—Pi, onuceiBarorieit HeJIMHEHHYI0 KBAHTOBYIO JTUHAMUKY 3apsi-
JKEHHBIX YaCTHUIl B MHOPOCJIOWHBIX cucreMax XoJuia. Ilpumenss pasmephyio peaykmuio (2 + 1)D —
(1 +1)D x narpamxkuanaM ¢ Torojorundeckumu nosisivu Iepra—CaiiMoHca, Mbl HOCTPOUJIA MHOIOKOM-
MMOHEHTHBIEe HesinHeitnbie ypasuerus [Ipeaunrepa jis 9acTUIL ¢ yIeToM uX B3anmoeiicteus. Vcmoas3yst
MeTo XUPOTHI, IOy YU TOYHOE JIBYXCOJUTOHHOE PEIIeHNE, IIPEICTABIISIONIEE NHTEPEC I KBAHTOBBIX
cucTeM Iepe adn HHQOPMAIUU B CUJIy YCTONIMBOCTH UX PACIIpOCTpaHeHusi. AcuMmirornyaeckuii ¢ — +00
aHaJIn3 COJINTOH-COJIMTOHHBIX B3aMMO/IEHCTBHII IIOKA3bIBAET, YTO IIPOIECCOB ODPATHOIO PACCESHUS HET.
MbI OTOXKIECTBIISIEM STH DPEINEHUs ¢ KPAEBBHIMU (TOIIOJOIMYECKH 3AIIUINEHHBIMA) COCTOSHUAMUA — KH-
PaJIbHBIMA COJIUTOHAME — B MHOTOCJIOMHBIX KBAHTOBBIX cUCTeMaX XoJuta. [Ipumenss OunnHeitHyo ore-
paTopHYyI0 anredpy XUpOThl U TEOPEMY TOKA, MBI IOKA3aJ/IM, YTO B OTJIUYHNE OT OOBIYHBIX BEKTOPHBIX
COJINTOHOB JIMHAMUKA HOBBIX PelleHnil (KHPAJIbHBIX BEKTOPHBIX COJIMTOHOB) MMEET UCKJIIOUUTETIBHO OJ1-
HOHaIpapjieHHoe jiBuKeHne. CTaThsl MyOJIUKYeTCsI B aBTOPCKON peIaKIuy.

KiroueBsbie cjioBa: BEKTOPHbBIE KHUPAJIbHBIE COJIUTOHBI, 1ojie Uepra—CaiiMOHCa, TOOJIOIMIeCKOe TI0JIE,

nesinHeitHoe ypasuenne [llpegunrepa, 1pobHBIHT KBAaHTOBBIH b deKT Xo1Ia.
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