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PaccmarpuBaercs 3ajiata mocTpoeHnst U KJIACCU(DUKAIUN SJITUITAIECKAX Pe-
[MeHni HeMuHeHHbIX auddepeHnalbHbIX ypaBHeHuil. OnuceiBaercst 3¢ deKkTrB-
HBIIl METO/I, TO3BOJIAIONINN HAXOUTH JII0D0E JUIUIITUIECKOE PEIIeHIEe aBTOHOMHOTO
HEJIMHETHOTO OOBIKHOBEHHOTO IuddepeHInajLHOro ypapaeaus. Meroa He Tpeby-
€T MHTEIPUPOBAHUS JOMOJHUTEIbHBIX JnddepeHnaibHbiXx ypaBHeHuii. Bosbimoe
BHUMaHNE yJIe/IA€TCAd METOJUKE TOCTPOCHU A SJIJTAIITUICCKUX peLHeHI/IfI C HECKOJIbKU-
MU [IOJTIFOCAMU B ITapaJuiesiorpamme nepuooB. C MoMOIIbIO IAHHOTO METO/a HalIeH
SIBHBI B/ BCEeX JIVIMIITUYICCKUX peHleHI/Iﬁ JI0 IeTBEPTOr'o IIOpdAaKa BKJIIOYUTE/Ib-
HO i1 OOBIKHOBEHHOTO AudhepeHnuabHOTO YPaBHEHHSI, UMEIOIEero psil pusmde-
CKUX MpWIOXKeHui. PaccMaTpuBaeMbIil METOJT JIOITyCKAET eCTeCTBEHHOE 0000ITeHre
Ha CJIydail CHCTeM OOBIKHOBEHHDLIX AudhbepeHnualbHbIX ypaBHEHHI.

1. Bsenenne

ABToHOMHBIE HeJlMHelHbIe TuddepeHiaibible yPaBHEHN, KaK OOBIKHOBEHHDIE, TaK
U B YaCTHBIX IIPOU3BOJIHBIX, BCTPEYAIOTCs IIPU OIUCAHUNA MHOI'UX IIPOIIECCOB U sIBJICHUIT
B (busuke, OUOJIOTHHN, XMMUU SKOHOMUKE U T. JI. B mocjeaane rojibl mosiBUIOCH O60JIbIIOe
KOJINYIEeCTBO PabOT, MOCBAIIEHHBIX IIPObIeMe TIOCTPOEHNS TOUYHBIX PEIIeHnit aBTOHOMHBIX
HeJMHeHHbIX JuddepeHianibabix ypasaenuii |[1-12]. Bout npejyioxken mesblit psjg MeTo-
J10B 1 ajiroputmMoB. Cpein HanboJiee N3BECTHBIX METOI0B OTMETUM METOJI SKCIIOHEHT, Me-
TOJIbI TPUTOHOMETPUIECKUX U TUIIEPOOTHIECKUX (DYHKIINI, METO, JUIMITUIECKIX (DY HK-
nnit Zlkobu, a Tak:ke X pas3jandHble MoguduKannn u 060o6mennsa. OIHUM U3 OCHOBHBIX
HEJIOCTATKOB, MPUCYIINUX TOJOOHBIM METOJIAM, sIBJISIETCS allpUOPHO 33 IaHHbIN BUJI TOY-
pnoro perternst. COOTBETCTBEHHO, BCE peIleHusl BHE (DPUKCHPOBAHHOTO KJIACCa OCTAIOTCSI

'Pabora BbIIOIHEH IIpH UHAHCOBOI HOyIepKKe Poccuiickoro Hay4dnoro ®onia, IPOEKT JJId OJ-
JIEPKKU UCCJETOBAHUI, TPOBOIMMBIX OT/IEJbHBIMUA HayIHBIM Tpymmamu, Ne 14-11-00258.
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He HaiiJleHHbIMU. Bompockl KiraccuduKaIluy peleHnii pacCMaTPUBAIOTC KpaifHe PeJIKo.
Kpome Toro, paziaudmabie METOJIBI YaCTO JIAIOT OJHU U Te K€ peIleHus, HO 3alicaHHble
no-pasznomy. B pesysbrare MHOIMMHU aBTOPAMU JIEJIAIOTCA OIMUOOYHBIE YTBEPKIECHUS O
TOM, YTO IOJIYY€HbI HOBbIE TOYHBIE PEICHUS, B TO BPEeMs KaK HaliJIEHHbIC PEIeHUs] Ha
camoM JieJie xoporto u3secTHbl [12-15]. CrenoarenbHo, 3a1a9a KiraccuduKaun TOTHBIX
peleHnil aBJIsgeTcs BaXKHOM U aKTyaJsIbHOM.

C npukIaIHON TOYKYN 3PEHMs OIPOMHBIN HHTEPEC IMPEICTABJIAIOT PEIeHns, sBJISIO-
necss MepoMOpMHBIMEU (DYHKITUSIMEI. JTOT KIacc (DYHKINIT BKIIIOYAET B cedsl, BO-IIEPBDIX,
dyukInu, BoOOIIE HE UMEIONNE HA KOMILIEKCHON IJIOCKOCTUH KOHEYHBIX OCOOBIX TOYEK,
U, BO-BTOPBIX, DYHKIWHA ¢ "IpocThIMI" 0COGEHHOCTSIMU B KOHEUHBIX TOYKaX (BCe TaKme
0co0ble TOUKH MCYEPIBIBAIOTCA W30JIMPOBAHHBIME TI0JIF0CaMI ). [Ipocreiinivu nmpumepa-
MU MepOMOPMHBIX (DYHKIHI ABISTIOTCS ITOJTUHOMBI M pAIlMOHAIbHbIE (DYHKITUN, TPUTOHO-
MeTpudeckue u runepbosmdeckue dpyuxmnun. [leapio nacrosiieit paboThl sBJIseTCS pas-
paboTKa MeTO/Ia MOCTPOCHUs U KJIACCU(PUKAIINN JIBOSKO-IIEPUOIMICCKUX MEPOMOPMHBIX
peleHuii (3JUTMITHIECKUX PEIIeHNi) HeJIMHeHHBIX i depeHIalbHbIX YPaBHEHHI.

JItoboe aBronommuoe uddepeHmaIbHOe ypaBHEHUE B YACTHBIX ITPOU3BOIHBIX
Elu(x,t)] = 0 momyckaer mepexos K 0ObIKHOBEHHOMY udepeHIaIbHOMY YPABHEHIO
BBEJICHHEM ITePEMEHHBIX OeryIeil BOTHbI

u(z,t) =w(z), z=ux— Cot, (1)

ryie Cy — HEKOTOpasi MOCTOSTHHAS, OIIPEIEJISIIONTast CKOPOCTh BOJIHGI. [losyunBineecs: 0ObIK-
HosenHoe juddepennnanbaoe ypasuenne Flw(z)] = 0 TakKe ABIACTCA ABTOHOMHBIM.
B pazgene 2 maerca noJpobHOE OMHCaHUE METOJIa, MTO3BOJIAIONIET0 HAXOIUTH JII000e
JUIMIITHYECKOE PellleHre HEeJIMHEIHOIO aBTOHOMHOI'O OOBIKHOBEHHOTO jibdDepenHInalib-
HOTO ypaBHeHM:. B pazese 3 4eTBepTOro mopsjika ¢ JByMs MOJIXOIAIIMEI JIOMIHAHTHBI-
M OaslaHCaMU U TPOU3BOJILHBIMU KO DUIIMEHTaMI B COOTBETCTBYIONIUX psijiax JIopaHa.

2. DiumnTUYecKue penieHns oObIKHOBEHHBIX
anddepeHInaabHbIX YPaBHEHNI

Paccmorpnm aBronoMHOe HemHeiiHOE 0OBIKHOBeHHOE i depeHnnantbHoe ypaBHe-

HUe
Elw(z)] = 0, (2)

rje Beipazkenne E|w(z)] ABsgercs MOIMHOMOM OTHOCHTEIBHO 3aBACAMOM DyHKIMH w(2)
U ee NIPOU3BOJHBLIX. By/eM ncKaTh /UIHIITHYeCKHe pellleHns ypaBHeHns (2). DuuunTa-
JecKOl Ha3bIBaeTCs MepoMopdHast byHKINA, HMEIOIas IBa HEHyJIEBbIX IePHOJa Wy, W,
TaKHe YTO OTHOIIEHUE wj/wy He SIBJIAETCH BEIeCTBEHHBbIM dncioM. Ilosenenue sroboit
SJIINITUIECKON (DYHKIME HA KOMILICKCHON ILIOCKOCTH OIIPEETIACTCS €€ IIOBEICHUEM B
rapaJiiesiorpaMMe eprooB. KosmmaecTBo HOII0COB JITHITHYECKOH (DYHKINN B ITapaJi-
JIeJIorpaMMe IIEPHOIOB HA3bIBAIOT HOPSIIKOM SJIInITHYecKoit dynkiu. Ilomockr ciremnyer
CUUTATD C YyIeTOM IOPSIKOB.

Ypasuenue (2) HeOOXOAUMO UMEET JIIUITHIECKIE PEIIeHNs, €CIU STOMY YPABHEHUIO
y/I0BJIETBOpsieT XOTs ObI ojiuH psj JIlopana Buja

P 19
Cc_
w(z) = E Z—kk—l— g a2, 0<z] <k, (3)
k=0

k=1
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rie mapamerp p € N obosnagaer nmopsiJiok moJroca B Touke z = (. YpapHenue (2) uHBa-
PUAHTHO OTHOCHUTEJILHO MPeodpa3oBaHus 2z — z — Zzg, TJ€ Zg — HEKOTOpas MOCTOSTHHAS.
CuteroBaTeIbHO, TO3UIUIO TOJIFOCA MOXKHO BBIOMPATH ITPOU3BOJIbHBIM 0Opaszom. Kpome
TOTO, B CHJIY T€X Ke COOBparKeHuil Jyist 1000ro perenns w(z) ypaBHeHus (2) CyIecTBy-
eT IeJioe ceMeicTBo perneHnit w(z — zp). Kak mpaBuiio, mpon3BOJIbHYIO MOCTOSTHHYIO Zo
MBI Oy/ieM orycKaTh. VIMeeT MecTo ciemyroriee yTBEPK IEHHE.

Teopema 1. [Tycmwv pad Jlopana euda (3) ydosaemeopaem a6moHOMHOMY HEAUHETHOMY
obvikHosernomy duddeperyuanvrnomy ypasuenuro (2). Toeda amo ypasnenue obaadaem
He bosee wem 00HUM MEPOMOPPHOIM PeUeHUEM, UMEWUM noioc 6 mouke z = 0 ¢
padom Jlopana (3) npu Pukcuposanmvir xospduyuenmar nocaednezo.

CrpaBe IJITMBOCTD 3TOI TEOPEMbI HEIIOCPEICTBEHHO CIeIyeT u3 CBOHCTB psiaoB Jlopana
U €JIMHCTBEHHOCTH aHAJUTHIECKOTO MTPOIOJIKEHI.

CrenoBaresibHO, ypaBHenue (2) jomyckaer He 60Jee OJJHOIO SJUIUITHIECKOrO perlie-
HUsI, UMEIOIIEro noJioc B Touke z = 0 ¢ pagom Jlopana (3) npu GukcHpoBaHHBIX KO-
dunuentax psia.

JI100y10 /IUIITHIeCKy0 (DYHKIIUIO MOXKHO PAIMOHAJIBHO BBIPA3UTh Yepe3 SJLIUITHU-
yeckyto byskimio Beitepmirpacca p(z) u ee mpousBOmHYIO. DmnTHYecKast QyHKINA
Beiieprrpacca o(z) yaoBieTBopsieT 00bIKHOBeHHOMY b depeHInaIbHOMY YPABHEHUTO

(9:)> =40 — gopp — g3 (4)

U UMeeT BTOPOI MOPAIOK C JBOMHBIM ITOJIOCOM B Hadasle KoopauHaT. [lapamerpnr ypas-
HEHUd (o, g3 HA3BIBAIOT MHBAPUAHTAMU, OHU CBA3AHBI C IIEPUOJAMU T1, To IIOCPEIACTBOM
COOTHOIIEHU

60 140
g2 = Z T 1 93 = Z 6" (5)
o Z00.0) (nwy + mwsy) (0.0 (nwy + mws)

B nanbueiiniem nam morpedyeTcs erie ojiHa creruasibHas (DYHKIMs, TaK Ha3blBaeMasi,
(—dyukiusa Beiiepmrpacca. He aBngack smmunrudeckoit, (—@yHKIUA yI0BJIETBOPSIET
ypaBreHuio (,(z) = —p(2).

[Ipennaraembrii HUXKE METOJI MO3BOJISET HAXOJIUTH JIIOOOE SJLUITUITUIECKOE PEIIeHUe
ABTOHOMHOI'O HEJIMHETHOrO 0OBIKHOBEHHOTO i depenimaibioro ypasaenus (2). Ajro-
PUTM METOJIa MOXKHO YCJIOBHO pa30UTh Ha HECKOJIBKO IIaros.

Illaz 1. Tloctpouth Bce psijibl JIlopana B okpectHOCTH T0s10ca 2 = (), KOTOpBIE Y/I0-
BJIETBODSIIOT ypaBHEHHUIO (2).

Iaz 2. 3adurcupoBarh MOPAIOK M HCKOMOIO SJUIMIITUYECKOro pernenust w(z) u
BeIOpaTh K pas3nudHbIX psjoB Jlopana

pi  (4) 00
. C .
MW@:§—§+§<ﬁﬁ,0<m<@,j:LmJn (6)
k=0

k=1

cpein HaliIeHHbIX Ha 1rare 1, Tak 9ToObI BBITOJIHAINCH CJICIYIONIUE YCIOBUS:

K ' K
Sdh=0 Y p=m (7)
j =1

J=1
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Iaz 3. 3anucarh 061Iee BHIpAYKEHUE JJIsl SJUTUIITHIECKOTO PellieHnst w(z), IMEIOIIero

K nonapHO pasiudHBIX HOJTIOCOB A1, ..., Ak B ITApAJUIeJOrDaMMe IIEPUOJIOB C PsaMn
Jlopana w (z — ay), ..., w¥) (2 — a;) B oxpecTHOCTH TI0/TIOCOB:
K K pi '
Pi (_1)kc(l) dk—2 ~

@(Z — ai) + ho. (8)

wz) =Y —a)+ 3

=1 i=1 k=

(k — 1)l doh—2

Haiiru psaer Jlopana qyst dyskmmn w(z), 3a/aHHON paBeHCTBOM (8), B OKPECTHOCTH €€
MOJTIOCOB A1, . .., G, HO.HO)KI/IB 6e3 orpanndenus odmHoctn a; = 0. IIpm sTom ynobmHO

BBECTH 0DO3HAYEHUST A = p(aj) B; = ©:(a;),7=2,..., Kn

K K
ho o ho — Z C(jia%) - Z C(j%@(aj)- (9)
2

Jj=2 J=

Illaz 4. IlorpeboBaTh, 4T0OBI psjibl JIopana, HallIeHHbIE Ha TPETHEM IIIare, COBIIA A~
JIU ¢ COOTBeTCTBYIOMmMUMHI psgamu JlopaHa, BeIOpaHHBIME Ha BTOpoM Imare. CocTaBUTh
asreGpamecKyio cucreMy, jobaBus K Heii ypasHenus B = 4A% — gy A; — g3, j = 2,

, K, sBjsiomuecs pe3ysbTaToM IOACTAHOBOK ©.(a;) = Bj, p(a;) = A, B coorHOIIE-
uue (4). KosmaecTBo ypaBHeHuii B cucreMe JIOJIZKHO ObITH HE MEHbIIE, YeM KOJUIECTBO
apaMeTpoB KCKOMOTO 3JIIUIITUIECKOTO PellleHusl. PermuTs ajarebpanieckyio cucreMy or-
HOCHTEJIHHO TTApAMeTPOB SJLIUIITHIECKOro perernst w(z). Apyrumu ciosamu, Haiitu Ao,
92, 93, {As, ..., Ak}, {Ba,..., Bk} Ilpu 5T70M MOIyT MOSIBUTHCsI OPDAHUYEHUs] Ha Ia-
paMeTpbl UCXOAHOTO ypasHenus (2). Eciau cucrema HecoBMecTHa, TO ypasHenue (2) He
umeer sjuinnTrdeckux perennii (10) ¢ BeiOpanubiMu psiamu Jlopana.

Ilae 5. lcnonb3yst Teopembl caoxkenust s GyHKIwmii o u ¢ (cm. [16-18] u paBeHcTBa
(12), mpuBo/MBIE HUZKE), TIEpecaTh Bbhipazkerue (8) B Bue

Sy et (el by
dzk 2 4 p(z) — 4

=2 k=2

K (J j 41 k(1) p_o
)+ B —1)*c; d
Jj=2

2 z) —Aj) o= (k—1)! dzk—2
[TpoBecTu MpoBepKY MOJIYyYEeHHBIX PEIIeHHT, OICTABIIAS X BMECTE C HAMIEHHBIMEI OTDa-
HUYEHUsIMU, B UCXOJHOe ypaBHeHue (2).

Hasee 3ameruM, 910 ypaBHEeHUIO (2) MOUYT yJIOBJIETBOPSTH psjibl Jlopana ¢ mpouns-
BOJILHBIMU ITapamMeTpaMu. K Takue psibl BBIOPAHbI HA BTOPOM Iare, To Jjid yI100CcTBa
9TU TOCTOSTHHBIE TAKyKe BHOCATCS B CIIMCOK MAPAMETPOB UCKOMOIO SJLIUIITHIECKOIO Pe-
mieHus. B JiomosiHeHe, Ha YeTBEPTOM IIare MeToja aJredpamvecKylo CHCTeMY MOYKHO
[IOCTPOUTH CJICLYIOMMM 00pa3oM: HEOOXOJMMO TOJACTABUTL psijbl JlopaHa, HaiijeHHbIe
Ha TPETbEM Ilare, B UCXOJHOE YPABHEHUE ¥ NPUPABHATH HYJIIO KOI(DMUIIUEHTHI IPUA OT-
PUIATEIBLHBIX U HYJIEBOIl CTEHEHAX ePeMeHHbIX (2 — a;), j = 1, ..., K B moJyduBIIeMcs
COOTHOIIEHUN. DTOT IOJXOJ YIUThIBAET TOT (PaKT, ITO FJLUIANTHIECKAas (DYHKIHA Oe3
MOJTIOCOB sIBJIsieTcs moctostHHoi. Ha "HysmeBom ypoBHe" 10cTaTOYHO B3STH BCETO OJTHO
COOTHOIIIEHUE. 3aMETUM, 9TO B 9TOM CJIYUae IOJIY JAIoNasics aaredpandeckasi CHCTEMA B~
Jsistercst KoneuHoit. [Ipenosozkum, 9To 1mpu nmoctTpoennu Bhipazkenus (8) XoTs Obl OJ[1MH 13
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PSJIOB € TPOU3BOJILHBIMU KOI(MDMUITMEHTAMU UCIIOJIb3YeTCsl HeCKOJILKO pa3. Tora Heob-
XOJMMO MPOBEPSATD, UTO TAKHUE PsJIbl B pe3yJibTaTe OKA3bIBAIOTCS PA3JINIHBIMUA, OCOOEHHO
ecsu ajirebpandeckas cucrema PpOPMUPYETCs € MOMOIIBIO TOJBHKO YTO OIMUCAHHOI'O CIIO-
co0a, MOCKOJIBKY B 9TOU cUTyaluu ajrebpandeckasl CUCTEMa He COJIEPXKHUT IapaMeTpOB,
COOTBETCTBYIOIINUX ITPOU3BOJIbHBIM KO3 DUImenTam.

Ecu ssmanriaeckast byHkimst w(z) nuMeer Jpa u 60Jiee pa3iinaHbIX MOJIOCa B TTApaJl-
JIleJlorpamMMe TIepHoJIOB, TO JIJIst HIOCTPOeHus psi/IoB JIopaHna Ha TpeTbeM Imare HeoOXo MO
UCIIOJIE30BATh TEOPEMBbI CJIOKEHUs st PYHKIW ©(2), ¢, (2) u dopmyity ciiokeHust jist
dbyukun ((z). B Hamux 0603HAYEHUSX STH COOTHONIEHUST BBILJISIIAT CJIE/YIOMUM 00pa-
30M

s =) = cla) = clw) + 5075
A R oy
pz(ai - CLJ) = _B’L + ( + ])( 7 gQ) _ ( -+ j) ‘
4(A; — Ay)? 2(4; — Aj)3
Smauenus ((a;), j = 2, ..., K ucye3aoT u3 MOTyYAOMUXCA PAJOB TIPH TIEPexojie OT

napamerpa hg K mapamerpy hg o dopmyiie (9) . 3amerum, aro coornomienus (11) mero-
CPEJCTBEHHO He IpUMeHHMbI, ecian A; = A; umm, 1ro 10 ke camoe, p(a;) = p(a;). Di-
mnTHaeckas dbyHkims Beffepmtpacca ©(z) uMeeT BTOPOit TOPSAIOK U, CJIEI0BATETHHO,
npuHUMaeT JiIoboe 3HAUEHHe B HapaJuieiorpaMMe MEPUOIOB JABazK Ibl. TakuM 00pa3oM,
paseHcTBO (a;) = @(a;) Upu a; # a; BOSMOXKHO TOJIBKO ISt IIPOCTBIX TOUEK, JIPYTHMHE
ciaoBaMu, ©,(a;) # 0, p.(a;) # 0.

Brisesiem Teopembl u dbopMyiLy cioxkeHus [ ciaydas p(a;) = p(a;), toe a; # aj.
[Iyctb wy = 271, wy = 275 — OCHOBHBIE IIEPUO/IBI AJLIUIITHIeCKON hyHKIuu Beftepmrpacca
©(2). CumBoJstoM T3 0003HAYUM CyMMY Tq + To. JIBoitHbIMU 11t DyHKINN (O(Z) ABAAIOTCS
toukn 2z = 0, z = 7, [ = 1, 2, 3, upu 3TOM Hadga/0 KoopauHat z = (0 — JABOIHOI 1TOJTIOC.
Crenosarensno, a; # 17, a; # 7, | = 1, 2, 3. I3 wernocru s/umnrudeckoit GyHKIUI
Beiteprrpacca (z) ciemyeT cnpaBe/lIBOCTh COOTHOIIECHUS (27, — 2) = p(2), [ =1, 2,
3. Kak pesyibrar, Mbl HoslydaeM a; = 27, — a;, tae | = 3, ecyin ofHa U3 TOUYEK (a; W
;) JIEZKAT BHYTPH OCHOBHOT'O IapaJiiesorpaMma i | = 1 wmm [ = 2, ecm o/iHa U3 TOYEK
JIEZKUT Ha CTOPOHE, ONPeJIEsIsIeMOl COOTBETCTBYIONIUM BEKTOPOM 71 WIH Tp. ducio 27
SIBJIAETCS IEPUOJIOM JIAITHIeCKNX DyHKIWi p(2), ©.(2), mosromy p(a; —a;) = p(2a;)
u ©,(a; —aj) = p(2a;) u p,(a;) = —p.(a;). lpumenss npasuio Jlomuras B paBeHCTBAX
(11), mbI HaxoauM (HOPMYILYy U T€OPEMBI CIOKEHUs [T ciydas o(a;) = p(a;):

Cla; = a;) = C(ai) — Claz) + TiB
(121412 - 92)2
pla; — aj) = p(2a;) = —24; + 6 (12)
_ _ 3(1247 — g2) A (1247 — go)°

[Ipu pemenun aaredpandecKoil CHCTEeMbI BBITHUCJICHIS 3aMETHO YIIPOIIAIOTCS, €CJIU CHA-
Jasia Haiitu Beanaunst ((a; —a;), p(a; —a;), p.(a; —a;), a 3aT€M UCIOIB30BATL TEOPEMBI
caoxenus (11) nmm (12).



54 Modenruposanue u ananrusd ungopmayuonnuxr cucmem T.21, Ne5 (2014)

Omnucanublii MeTO/ IIO3BOJIdeT HaXOJUTh JII000€ SJIINIITIIECKOE penienue ypaBHEHUA

(2). Eciin ypasaenuio (2) ynosjersopsier poBHo N pasimdsbix psijios Jlopana sBuja (3),
N

TO TOPSJKMA SJUTMINTUYECKUX  peIIeHuil He TPEBBINAT  YHucia Z Dpi, TIe
i=1

P1, ---, PN — TOPSJKU IOJIOCOB B COOTBETCTBYIOMUX psjgax. [Ipu BbITOIHEHUN YCII0-

Bus gs — 27g3 = 0 syumnTuveckast pyukius Beiiepmrpacca ((2) BBIPOXKIA€TCS, APYTH-

MU CJI0BaMU, CTAHOBUTCS ITPOCTO-TIEPUOTNIECKON MJIN PAITMOHAJIBHON, 1, CJIe/I0OBATETHHO,

BBIPOKJIA€TCs U dJanTuaeckoe pertenue (10).

3. Ilpumepbl npuMeHEHUS MeETOJA

B kadecTBe npumepa OyjieM UCKATh SJIANTHYECKNAE PEIeHNd aBTOHOMHOT'O HeJInHei-
HOT'O OOBIKHOBEHHOTO (D (epeHnna bHOr0 YpaBHEHU Y€TBEPTOTO MOPSIKA

Wyrsy + 200WW,, + 3w? + agw,, + auw, + asw + ag = 0. (13)

9TO ypaBHEHHE MOKET OBITH IOJIYIEHO, €CJIU B CJACIYIONINX HeJUHEHHBIX JuddepeHIiu-
aJIbHBIX YPABHEHUSX B YACTHBIX ITPOU3BOJIHBIX

(B1) : U = Ugges + 200Ulge + 300U2 + Bligy + gty + st + o,
(E2) 1 U = Uggge + 2001 UL, + 3a2u§ + a3z, + Puy + asu + ag, (14)

(E3) . Ut = Uggaax + 2aluumrz + 2(@1 + 3052)“1”3393 + A3Uggy + AyUygy + 6“3:

nepeiTu K repeMeHHbIM Geryiteii Bostabl. s ypasuenust By, k = 1, 2, 3 mapamerp Cy
B nojicranoBke (1) umeer Bug Cy = apro — f.

Hac 6yser unrepecoBarh KaaccuuKaIs JUMITHIECKAX pereHnii ypasaerns (13),
II09TOMY ITIO3BOJIUM mapamerpam oy, 1 < k < 6, npuHuMaTh J100ble KOMIICKCHDBIE 3Ha-
genusi. [Ipu srom GyjieM TpejnosiaraTh, 9To MapaMeTpbl (q, (o OJHOBPEMEHHO B HOJIb
He obpamaioTcs. be3 orpanndenust oOIIHOCTH, MOYKHO MOJIOXKUTH PABHBIM HYJIIO TTapa-
MeTp 3.

st mocTpoeHust SJIUIITUYIECKUX PellleHuii HeoOXOAMMO PACCMOTPETh CJIE LY IOIIUe
JIBa JIOMWHAHTHBIX GajiaHca ypaBaenus (13):

() Weono + qww,, +aow? =0; (I1): oqww,, + agw? = 0. (15)

JloMUHAHTHBIE TOBEJIEHNsI, COOTBeTCTRYoIMe Gatancam (15), uMeror BuI

C(_l) (1) 10
(1) w(z)=— chy=——"— ar+ay#0;
z a1 + Qo (16)
2
(IT) w(z)=c?z", r= ﬁ“l&)@, 200 + 300 #0, 1 <=2,

2
riae C£« ) IIPOU3BOJIbHaA ITOCTOAHHAA. COOTBGTCTBYIOLHI/IG MHIEKCbI CDcha OIIPpEJICJIAIOTCA

paBeHCTBaMU

(1) (G+1){(a1+a2)j® — 15(as + a2)j* + 2(3301 + 43a2)j — 120(a1 + o) } = 0;

(I1) (j+1)j=0.
(17)
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IIpy BBIIOJHEHUM YCJIOBHI COBMECTHOCTH JJIsl BCEX HEJIBIX ITOJIOKUTEILHBIX MHICKCOB
Dykca B cayuae (I), ypasrenuto (13) yuosierBopsior psijpl JIopana Buga

(1) ( o0
MWy =2 | ¢ (1) _k
w'(z) = — Tt ,;_0 o 2 (18)

Homvmunanrraoe mosesenne (I1) mopoxaaer psijbl Jlopana B OKPECTHOCTH OJIIOCOB TO-
rIa U TOJbKO Torma, Korga r € Z, r < —2. CoOTBETCTBYIOIINE DALl UMEIOT OJIIMH
[IPOU3BOJILHBIN KO DuUIimenT 0512). Bynem nnrepecoBaTbes TUITHICCKUME PEITEHUSMEI
ypasaenusi (13) 10 gerBepToro mopsijika BKIOUNTETHHO. ClesoBaTebHO, HEOOXOIMMO
pacemorpers ciaydan r = —3 u r = —4. JTomunanraomy nosejenuto (I11) coorBeTcTBYIOT

caemytomue psaanl Jlopana:

(2) 00
c. 90 8
r=-3: w?(z) = —233 o + E c,&l)zk, az = —gai;
k=0

(19)

c 0« 5
r=—4: w?(z)="=2- P + Zc,ﬁl)zk, @ = —on.
k=0

B sTux BbIpaskeHusx c(_Qg, c(_Zi — OTJIMYHBIE OT HYyJIsl IIPOM3BOJIbHBIE MOCTOSIHHBIE. Bce
octasibHble KoabdurmenTsl psiioB (19) onpenessitorcs eJMHCTBEHHBIM 00Pa30M.

[TocTpouM 3N THYECKUE PEHIEHUsT BTOPOTO IOPAAKa. Takne pemnenns nMeroT OIuH
IOJTIOC BTOPOTO TOPsIJIKA BHY TPH TapaJijieiorpaMMa eproioB. B OKpecTHOCTH TOUKHY 2 =
0 5Tu permenns packiagsiBaeTca B paj Jlopama w(Y(2). B cooTBeTcTBIM ¢ paBeHCTBOM
(8) s/LIMITHYECKHE PelIeHHs BTOPOro 1ops IKa, coorsercrryomue psaty wl(z), Moxno
3aI1CaTh B BUJIE

w(z) = cp(2: g2, 93) + ho. (20)
PacknanpiBas sty dyHKImMO B psijl Jlopana B okpecTHOCTH TOUKH 2z = (), HAXO/IUM

1) 1) 1)

cly 92C 3 o | Y3C3 4 (21)

w(z)=—7F+h z 24
() 2 Thot 572+ =220 +

[Moxcrasisst psan (21) B ypasHenue (13) u npupaBHEBasi HYJTIO BBIDAYKEHUS TIPU CTEIIEHSIX
¥ k= —5...0, noay4aeM cucreMy ajJrebpamdecKnxX ypaBHEHUi. Perras mocTpoeHHYIO

CUCTEMY, HaXOAUM JIBa ceMelCcTBa IINNTUIECKIX pemeHHﬁ BTOPOI'O IIOpAIKaA. HapaMeT—
Pbl IJIfd II€PBOT'O ceMelicTBa UMEIOT BU

(1 + ag)as (g az)’a

ho=0, go— _ _
0T T B0 —3as) BT T 60(20n — 3a0)

(22)
OTH pelleHusl CYIEeCTBYIOT IIPU BBIIOJHEHUN CJIEIYIOMIMX ONPAHUYIEHUN Ha ITapaMeTphbl
UCXOMHOTO ypaBHeHus:: 2c; — 3ag # 0, ay = 0. Ecyin ke BBINOJIHEHBI YCIOBUS: (vg =
(2011)/3, ag = 0, a5 = 0, ag = 0, To JieByIO YacTh B paBeHCTBe (13) MOYKHO JIBAXKJIBI
IIPOMHTErPUPOBATh. B pe3y/brare moyduM ypaBHEHUE BTOPOIO MOPSIKA

W,y + cqw? + b1z + by =0, (23)

rae by, by — mocroguuble nnTerpupoBanusd. [lomaras by = 0, HAXOIUM SJTUITUYECKOE
perierre (20) ¢ TPOM3BOJILHBIMU [TAPAMETPAMU 2, g3, IpU ITOM hy = 0.
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Ypasuenne (13) nmeer S/UIMIITHYCCKAE PEIICHNS TPETHErO MOPS/IKA TOJBKO DU BbI-
HOJIHEHNY yCJIoBus (y = —(8ay)/9. Takue pemnenns B mapaJuiesiorpaMMe IepruoIoB UMe-
TOT OJIMH TIOJIIOC TPeThero mopsaka ¢ paaoM Jlopana w? (z) (em. (19)). Crenys anropur-
My, OIHCAHHOMY B paszjieJie 2, 3aluiineM OONHid BUJ| TAKAX S/UITNITHICCKAX PEITeHuU

(2)
C_

w(z) = ——23pz(2;92,93) + D o(2; 92, g3) + ho. (24)

Packnaapiast 3Ty hyHKIuio B psij Jlopana B OKpecTHOCTH TOUKK 2 = (), HAXOIMM
@ (2 @) (2) @) @)
€3 | €2 g2C_3 G2C_2 o G3C_3 3 G3C_o 4 25
e R R _ L (29)
w(z) = 3+ 5 Hho - e Tt - T m T

CpasruBast coorsercTByionue Koaddurmentsl paios (19) u (25), onpejessieM mapamer-
PBI JUTUIITUIECKOTO PEIeHns

2 _ 43204 ho = 0 _ % — _Lozg 2%
T Ty T T ogg BT T 74649602 (26)
U OrpaHMYeHNs HA [apaMeTPhl UCXOJHOrO ypasHeHus: (13)
8 875 o 3 a?
0 0 0 = —= = — 2+ -2 27
ar #0, ays#0, as#0, 9041, o7 1152 04104421 1 (27)

Hasee OyaeM ncKaTh SJUIMNTUYECKUE PEINECHHS YETBEPTOrO IOPsIKa. Bo3MOXKHDLI Ba
cinydas. Takue S/UIMNTHYECKHE PENIEHHsl MOTYT MMETh B NapaJlIeJIOrpaMMe IIEPUOI0B
JIBa HOJTI0CA, BTOPOro mopsaka ¢ pagamu Jlopana w(z) mam oxun mosmoc eTBepToro
nopsKa ¢ pajgom Jlopama w®(z).

B nepBom cirygae ob1iee BhIpaxKeHue Jjis SJTMITHIECKUX PEIIeHU MOXKHO 3aIllUCaTh
CJIEIYIOIIUM 00Pa30M:

’LU(Z) = C—2p(27 92793) + bC(Z792793)+

) (28)
+c_2p(z — a, 92, 93) — b((2 — a, ga, g3) + ho,

e ho = ho + ¢_29(a, g, g5) — bC(a, g2, g3), c—s = 3. Pazmonum bysximmo (28) B sy
Jlopana B okpectHocT Touek z = (0, 2 = a. B pesynbprare mosryanm

- b b
w(z) = CZ—;+;+ho+2Ac,2+{bA—Bc,g}z+ {<3A2—%) c(_Q%—§B}z2—|—...
C_2

b + ho +2Ac_9 — {bA— Bc_s2}(z —a)
a

T (z—a)? -

(29)
3/iech U HIKe HCIOJIB3YI0TC obo3HadeHns A = o(a, gs,93), B = oi(a, g2, g3). Panst
(29) 6ymyT uMeTh pasaundHble Ko3bMUIMEHTHI B caeayommx caydaax: b # 0 wm b = 0,
B # 0. Takum o6pa3oMm, HAM HY?KHO PACCMOTPETh TaKue 3HAYCHUS [MapaMeTpoB oy, (g,
koropbie g paga w(z) maror ungekcer Pykca j = 1 u (wm) j = 3. Pag wM (2) 6yzner
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nmeThb uHjIekcel Pykea j = 1, j = 3 mpu ag = —17a4/(12), ag = 1 COOTBETCTBEHHO.
[Moncrapmnsia psaapr (29) B ypasuenue (13), mosydmm cHCTEMY, COCTOSIILYIO U3 JIECATH
asrebpandeckux ypasaeruil. CorjiacHO ajaropuTMy, OMUCAHHOMY B pasjiesie 2, CUCTEMY
HEOOXOUMO JIONOIHUTL ypasHenueM B? = 4A3 — g, A — gs.

Pemast a1y cucremy B ciydae ag = —17a4/(12), onpenessieM mapaMerpbl SJITHIITH-
YecKux perenuit (28):
L)~ %’ . o b . é’ 4o 5atb? 6042 4+ 35a%b2A’
aq 1152 aq 57729024 4176 (30)
 64AB — ajbtA B 169a3b* A? B alp® o ajp? n a1bA
93 = 9621504 16704 23143334805504" 4810752 24

rie napamerpbl A, b # (0 HAXOIATCS U3 CHCTEMBI

27500 212502b2A

B 1800042 =
" geas0d 6o oA =0 »
o+ 1296880 A _ 90950ib'A | 10835006747 107785a7°
6 ap 267264 232 321435205632

BamMeTnM, 9TO IPHU MPAKTUIECKOM UCIOIB30BAHUH SJLIANITUICCKIX PEIIIEHUI 9Ty CHCTEMY
y/100Hee pa3permTh OTHOCUTETHLHO IMapaMeTpoB (i, (. SHAUYEeHNe ITapaMerpa cg OBLIO
Haitjieno panee. /g cyIecTBOBaHUSA 9THX PEIICHUN HEOOXOIMMO HOTPEOOBATH BBIIOJI-
HeHus ycaosuii: ay = 0, ag # 0.

B ciydae as = p mapamMeTpbl JUTMIITUYECKUX PEIIeHUH UMEIOT B/

1) 5 Qs 10 <a1a6>1/2
=2 he=0, =22 gg=-20 A4=0, B= (32
2 o 0 g2 3 g3 120 120 ( )
rJie MOXKHO BBIOpaTh Jr060e 3HaYeHre KOPHs B Bbipazkeruu jijid B. [Tocrpoennbie pere-
Hud CYHIECTBYIOT IIPU BBIIIOJIHEHUU CJIE€AYIOIINX OFpaHI/I“IeHHﬁ Ha ITapaMeTpbl HCXOIHOI'O
ypasuenust: oy = 0, a1 # 0, ag # 0.
C nomorpio TeopeM cioxkenns s GyHkiwit ((z) n o(z) nepenuiiem perterne (28)
CJIEJTYIOIIIM 00Pa3oM:
(1) 2
c. 2(2;592,93) + B b |p.(2:92,93) + B
w(z) = =2 [@ (2592, 93) ] _ v [@ (2; 92, 93) ] + ho. (33)
4 [ p(292,935) — A (292, 93) — A

2

[TozcTaBss B 9TO BbIparKeHUsl HOJLy I€HHble 3HAUCHHs TapaMeTPOB, Hail1eM SBHBIA B
JITUITUIECKUX PEIIeHHI.

OcTaoch paccMOTPETh Clydail S/UIMNTHYECKHX PEIIeHHH 4eTBEePTOro IIOPSIKa, CO-
otserctrytomux psay w? (). Tpu atoM ay = —(5a4)/6 n c(_2% = 0. fIBHOe BBIpaKeHue
JUTSl TAKUX PEIICHUI BBITVISIUT CIC/YIOMNM 00pa3oM:

e @)

w(z) = %pzz(% 92, 93) + ¢ 20(2; g2, g3) + ho. (34)

Ucnonbays ypasuenue (4), Haxoqum .. = 6p* — go/2. Paznoxkum dyukimio (34) B psi
Jlopana B okpecTHOCTH MOJIIOCa 2 = 0, IIOTyYUM

@ (2 (2) 2) @)
C_y  Co g2€_4 1 <g202 93C4> 24

(35)

24 22 60 20 + 14
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CpasnuBast coorseTcTByIonme Kosbdunuentst psiyios (19) u (35), Haiigem aBa cemeiicTsa
perennii. 3HaYeHNs TAPAMETPOB JJIsl IEPBOIO UMEIOT BT

agA3at — 2360 azA?a? — 2349648000

B —
0 10a2\p ’
6 [agai\® — 2710 asa? A2 — 127008000
gy = D100 2T0 s | (36)
ajoe
[\ — 1764 ag) N3a] — 1540560 asA?a? + 37340352000
g3 = — 6)\30[3 )
10
IIe BBeJIEHBI OOO3HAUECHUSA A = c@l i
0 = a5\ — 6350400. 37
1

[Tapamerp A sBjsIeTCS KOPHEM ypPaBHEHUSI
a$ (2503 + 27a2a?) \6 1161agazal \5 25272020 Mo 1736040660} \3
6000000 25000 625 125 (38)

5313570192002
_ o 5N \2 4 4518705356928 = 0.

[Tosryuernoe perenne cynecTByeT IpH CIeAyIOMux orpanndenusx ay = 0, oy # 0, o # 0.
Ecan ke Boinonneno coorHorrednne 9 = (), TO MOYXKHO IOCTPOUTH BTOPOE CEMeHCTBO
pelllennii, KOTOPOe OKA3bIBAETCS BBIPOXKIEHHBIM, ITO3TOMY MBI €I'0 OITyCKaeM.
Ha sTom MBI 3aKkaHIMBaeM KIACCUPUKAIIIO SJTUITHYECKIX PENTeHnii, BTOPOro, Tpe-
THEro M YeTBEPTOrO MOPSIKOB. B 3ak/Iiouenre 3aMeTuM, YTO IIPH BBIMOTHEHUN YCIOBHUS
gs — 27932 = () HOCTPOEHHDIE JUTMIITUIECKHE PEIEHUs BBIPOZKIAIOTCH.

4. 3akJo4dYeHue

B nannoit paboTe IPUBOINTCS JIeTaTbHOE OIICAaHUE METO/Ia, TTO3BOJISIONIErO HAXOIUTh
JTUITUYECKUE PEIleHns] HeJMHEHHBIX aBTOHOMHBIX OOBIKHOBEHHBIX Juddepeniinaib-
HBIX ypaBHeHmil. B To BpeMs Kak IeJIbIil PsJ] METOJIOB TIOUCKA SJUTUIITUIECKUX PEIleHuii,
TAKNX KaK MeToJ s/umnTudeckoil pynknuu Beiieprrpacca [3,11], meros ssumunrudeckux
dbyukimit fxobu [5,6,9], ux pazaudable 06001EeHNsT 1 MOIUMUKAIIN, TEPAIOT PEIIEHNUS,
He II0TIa/Ial0INe B IIPHOPHO 33/ JaHHOE IIPEe/ICTaBJIeHNe, IIpeJijlaraeMblil MeTO/T II03BOJISIET
HAXO/IUTH JIIOOOE SJIUITUYIECKOE PellleHre U TPOBOAUTL UX Kiaccudukanuio. Eme ogun
MEeTO/I, JIMIIEHHBIN ITUX HEJO0CTATKOB, ObLI 1peioxked Kontom u Miozerr [19,20]. Ox-
HAKO PACCMATPUBAEMBbIil B JAHHOW paboTe MeToJ 3HAYUTE/JILHO IPOIE B ITPUMEHEHUH,
MIOCKOJIbKY He TpebyeT MOCTPOEHUs U MHTETPUPOBAHUS JIONOJTHUTETBHBIX U depeHIiu-
AJIbHBIX YPaBHEHUN.

B kadecTBe mpumepa B paboTe HpoBejieHA KJIACCUMUKAIUA SJIANTUIECKUX pellle-
HUI 70 9eTBEPTOTO MOPSIKa BKIIOYUTETHLHO I OOBIKHOBEHHOTO N depeHnaIbLHOro
yPaBHEHUS YETBEPTOro MOPAIKa C JBYMS MOJIXOJANNMEA JOMUHAHTHBIMEA OaIaHCaAMU U
IPOU3BOJILHBIME KO3 DUIneHTaMu B COOTBETCTBYIOMNX psjiax Jlopana.
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Doubly Periodic Meromorphic Solutions of Autonomous
Nonlinear Differential Equations

Demina M. V., Kudryashov N. A.

National Research Nuclear University MEPhI,
Kashirskoe shosse, 31, Moscow, 115409, Russia

Keywords: meromorphic solutions, elliptic solutions, autonomous nonlinear
differential equations

The problem of constructing and classifying elliptic solutions of nonlinear differential
equations is studied. An effective method enabling one to find an elliptic solution of an
autonomous nonlinear ordinary differential equation is described. The method does not
require integrating additional differential equations. Much attention is paid to the case
of elliptic solutions with several poles inside a parallelogram of periods. With the help
of the method we find elliptic solutions up to the fourth order inclusively of an ordinary
differential equation with a number of physical applications. The method admits a
natural generalization and can be used to find elliptic solutions satisfying systems of
ordinary differential equations.
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