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Hietn ard s ALGORITHMS

Identification Conditions for the Solvability of NP-complete Problems
for the Class of Pre-fractal Graphs

A.V. Tymoshenko', R. A. Kochkarov?, A. A. Kochkarov* DOL: 10.18255/1818-1015-2021-2-126-135

'National Research University of Electronic Technology (MIET), 1 Shokin Square, Zelenograd 124498, Russia.
“Financial University under the Government of the Russian Federation, 49 Leningradsky Prospekt, Moscow 125993, Russia.
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Research article After revision April 27, 2021
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Modern network systems (unmanned aerial vehicles groups, social networks, network production chains, transport and
logistics networks, communication networks, cryptocurrency networks) are distinguished by their multi-element nature
and the dynamics of connections between its elements. A number of discrete problems on the construction of optimal
substructures of network systems described in the form of various classes of graphs are NP-complete problems. In this case,
the variability and dynamism of the structures of network systems leads to an "additional” complication of the search for
solutions to discrete optimization problems. At the same time, for some subclasses of dynamical graphs, which are used
to model the structures of network systems, conditions for the solvability of a number of NP-complete problems can be
distinguished. This subclass of dynamic graphs includes pre-fractal graphs.

The article investigates NP-complete problems on pre-fractal graphs: a Hamiltonian cycle, a skeleton with the maximum
number of pendant vertices, a monochromatic triangle, a clique, an independent set. The conditions under which for some
problems it is possible to obtain an answer about the existence and to construct polynomial (when fixing the number of
seed vertices) algorithms for finding solutions are identified.

Keywords: NP-complete problems; pre-fractal graphs; discrete problems; solvability conditions
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lnormation Sysem: ALGORITHMS

Breipenenue yciaosuin paspemunmoct NP-moxHbIX 3amau quisa Kiacca

npendpakraabHbIx rpados
A.B. Tumoruenxko’, P. A. Koukapos?, A. A. Koukapos® DOI: 10.18255/1818-1015-2021-2-126-135

'HaumoHaIbHBII MCCIENOBATENbCKUIT YHUBEPCUTET “MOCKOBCKIIT MHCTUTYT 3J1€KTpOHHON TexHukM , [lnomans [okuna, 1. 1,
r. 3esenorpan, 124498 Poccus.
2PyrHAHCOBBII yHusepcuret rpu [Ipasurenscre PO, JleHMHrpagckuii mpoci., a. 49, r. Mocksa, 125993 (I'CII-3) Poccus.

YIK 519.17 ITonyuena 9 mapra 2021 r.
Hayunag craTea TTocne nopa6oTku 27 ampeinsd 2021 T.
IlonHBIN TEKCT Ha PYCCKOM fI3BIKE Tlpuusara k my6ankanny 12 mast 2021 T.

CoBpeMmeHHBIe ceTeBble crcTeMbl (rpymmsl BIUIA, colmanbHbIe ceTH, CeTeBbIe IPOM3BOACTBEHHBIE LIETIOUKI, TPAHCIIOPTHO-
JIOTHICTIYECKIIE CETH, CEeTU CBSI3M, KPUIITOBAIIOTHBIE CETI) OTIMUAIOTCSI MHOTOJIEMEHTHOCTBIO M JVHAMIKOIN CBS3ell
MeX[y ee aleMeHTaM. PsI IMCKpeTHBIX 3a/1ay 10 IIOCTPOEHMIO ONTIMAIBHBIX IOACTPYKTYP CeTeBbIX CICTEM, OIIChIBA-
eMBIX B BIJie pasIMYHBIX KJIaccoB rpados oTHocsaTca K NP-morHbIM 3agadam. IIpu 5ToM M3MEHUNBOCTD U AMHAMUYHOCTD
CTPYKTYP CETEBBIX CUCTEM IIPUBOIUT K «{OIIOIHUTEIFHOMY» yCIIOXKHEHIIO [TOVCKA PELIeHIIS 3a1aU ANCKPETHOI OIITIMI-
3a1u. BmecTe ¢ TeM 1715 HEKOTOPBIX ITOAKIIACCOB AMHAMIUECKIUX IPadoB, KOTOPBIMIU MOAEIUPYIOTCS CTPYKTYPBI CETeBBIX
CIICTEM, MOYKHO BBIIEJIUTD yCJIOBNMSA pa3pernMocty psana NP-monubix 3agau. K TakoMy mogkinaccy auHaMu4eckux rpagos
OTHOCSITCS IIpeAdpaKkTaIbHbIe rpadBbl.

B craTbe mcciaenosans NP-moHble 3agaun Ha npefdpaKkTaabHBIX Ipadax: raMUIbTOHOB LMK, OCTOB ¢ MAKCUMAaJIbHBIM
YICIIOM BUCSYMX BEPIUVH, MOHOXPOMATMUECKUII TPEYTOJIbHMUK, KIMKa, He3aBUCMMOE MHOXECTBO. BbIfeeHs! ycioBus,
IIpM KOTOPBIX IUISI HEKOTOPBIX 3a/1au BO3MOXKHO IIOJIYUITh OTBET O CYIL[ECTBOBAHNI ¥ IIOCTPONUTH IIOJIMHOMMUAIBHbIE (IIpu
buUKCHpPOBaHMY UMCIIa BEPLINH 3aTPABKH) AITOPUTMBI ITOMCKA PeIIeHIIL.

Knrouessbie ciroBa: NP-1mionHbIe 3agaumn; Hpeﬂq)paKTaﬂbHI)Ie rpa(bbl; AVICKPETHBIE 3aJa4M; yCJIOBYSA pa3peIIMMOCTIL
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Tymoshenko A. V., Kochkarov R. A., Kochkarov A. A.

Beegenue

KonmuecTBo mpuKIafgHBIX 3aqad B OONBIINX CETAX TOJIBKO PACcTeT ¥ C pasBUTMEM HaIlpaBIeHUs aHa-
Jn3a OOJIBIINX JAHHBIX, YBeJMUeHIeM Ynciia a00HEeHTOB I YCIIOKHEHIEeM ceTell, CCIeJOBaHue 3a1ad Ha
OUHAMMUUECKUX rpadax GoJbIIol pa3MepPHOCT CTAHOBUTCS BCe Ooiee akTyalnbHbIM [1—4].

B pa6ote [2] mpemioskeHO ommcaHue AMHAMUYECKUX rpadoB, IIpoBeieH 0030p M3BECTHBIX METOIOB
UX BU3YaIM3aL, IpeII0KeHbl MOOM(UIPOBAHHbIE AJITOPUTMBI C YIYUIIEHHBIMY XapaKTePUCTUKAMIL.
YkasaHHas II0CJIeI0OBATeIbHOCTb COOTBETCTBYET TEPMUHY TPAaeKTOPUU NpeA(PPaKTaTIBHOTO (QMHAMUIYECKO-
ro) rpada. C 0[IHOJI CTOPOHBEL, NIpeJiaraeMble AITOPUTMBbI BU3YyalIM3alyyl AMHAMIUECKUX IrpadoB IIpuMe-
HIMBI K BU3yanu3auuy npendpakTaabHbIX rpadoB Kak nogkiaccy. C qpyroit CTOpOHBL, MAeHTUPUKALIL
MM paclio3HaBaHMe COLMAIBHBIX CeTell B KauecTBe NpefdpaKkTaIbHbIX IpadoB IIO3BOINUT pelllaTh TPY/A-
HOpelllaeMble 3a[aul C YIYUIIeHHO BpeMeHHOI TPYyHZOeMKOCThIO, a TaKKe IIOSBIIAIOTCS BO3MOXKHOCTH
pa3paboTKy IapasuIesIbHbIX aITOPUTMOB UM paciiapauleIBaHys IPeIIOKeHHBIX MOIePHU3MPOBAHHBIX
AJITOPUTMOB.

B crarpe [3] mpemiaraetcs MeToj reHeparuu rpaga COLUANbHON CeTH, CTPYKTypa KOTOPOTO CXOKa
C M3BECTHBIMIY COLVANBHBIMY CeTIMM. Tarxxe aBTOpaMu IpeIOKeH aJTOPMUTM, YUMTHIBAIOIINII OCHOB-
HbIe CBOJICTBA COLMATBHOI ceTr. OCOOEHHOCTBIO TAKOTO AJITOPUTMa CTajla 3aBUCUMOCTD OT KOJIMUYECTBA
co00111eCcTB (MM KIIACTEPOB), a He He OT KOJIMUeCTBa IT0JIb3oBareeil. B TepMuHoIOrUy npeadpakTaIbHbIX
rpadoB B KauecTBe COOOIIECTB BBICTYIIAIOT 3aTPaBKM (11 OJI0KM) pa3HBIX PAHTOB, IIPU 9TOM IIpOLefypa
IIOpOKIeHNUs NpeAdpaKkTaIbHOro rpada I03BosSeT IIePeHOCUTh XapaKTepPUCTMUKY 3aTPaBOK Ha Bech rpad
WJIU IIO-OPYTOMY CTPOUTH rpad ¢ 3apaHee 3aMaHHBIMI XapaKTePUCTIKAMIIL.

Asrops! [4] npemoxuin 3pPeKTUBHBII AITOPUTM O0HAPYKEHMS 1 yCTpaHeHNs KOJUIM3UIL B IIPaB!-
JIaX Me)XCeTeBOTo 9KpaHa B JIOKaJIbHOII ceTu. [[peBOBUAHAL CTPYKTypa pacCMOTpeHa B KaUeCTBe CTPYKTYPbI
XpaHeHVs IPaBUI IOIUTUKY Oe3omacHocT. B coorBeTcTBUM € [5, 6] BCsIKOE mepeBO MOXKHO PacIio3HATh
B Bue IpeadpakranbHOro rpada. AJanTUpPOBaHHBIN aJropuTM [4] MoKeT OBITH IpUMeHeH B 3amauax
BBIOOpA I KOHKYPEHTHOII 60phOBI Ha IpeAdpakTaIbHbIX 1 AMHAMIYECKUX rpadax.

OnpeneneHI/m ¥ 0003HAUYEHIS

B wmacrosmeit pabGore wmcroib3yercss oOwenpmHITOe oO0O3HaueHMe I oOlpefeseHue rpada
G = (V,E) [7, 8]. Onpenenenue npendpakranbHbIX rpadoB cooTBeTcTBYeT paboram [5, 6]. 3ampaskoii Ha-
3BIBAETCS CBA3HBIN n-BeplunHHBIL rpadp H = (W, Q) ¢ HemoMeueHHBIMU BepiunHamu v € W. IIpedgpak-
manvubiil epag oboznauaercs B sune G = (Vi, Ep), roe Vi — 970 MHOXKeCTBO BeplumH, a Ej — MHOXeCTBO
pebep. B mporecce mocrpoenus npendpaxranbHoro rpada dopmupyercs tpaekropus Gi, G, ..., G, ..., Gr.
IToctpoennsrit Ha 11are [ rpad HasbIiBaeTcs npendpakransasiM rpagom Gy panra .

Hogvimu pebpamu rpada Gy HasbIBaloTCsa peOpa paHra L, a octanbHble pebpa cmapuimu pebpaMu paHra
I, roe paur [ = 1,2,..,L — aro HOMep B Tpaekropun Gi, Gy, ..., Gy, ..., Gr. Hamee musa npendpakTalbHbBIX
(n, g, L)-rpadpoB G, = (V1, Er) ucnonssyercs yrupoineHHoe obosHauenue Gy, rae g = |Q|, n = |[W].

Ha pmuc. 1 mpencrapieHa npolijeaypa 3amMeleHus BepinHel 3arpaskoit (3B3). Bepiumne: rpada G; 3a-
MEIIAOTCS IIOJTHOM 3-BEPIIMHHOI 3aTPaBKOIT H ¢ IPOM3BOIBLHOM CMEKHOCTBIO CTapBIX pedep: (a) MaIbIMu
IIyHKTUPHBIMI OKPY>KHOCTIMY 00BeIeHbI BepIIINHEI, 3aMelljaeMble 3aTpaBKoif; (6) cpeqHMMY MYHKTUP-
HBIMI OKPY>KHOCTSIMU OOBEE€HBI 3aTPaBKIY, 3aMelaole BEPIINHEL; (B) crapble pebpa rpada G, Bbime-
JIEHBI KUPHBIMU JIVMHUAMIA.

BaxxHble xapakrepucTuku npendpakransHoro rpada Gp = (Vi, E) — KonmuecTBo ero BepmimH N =
N(n,L) = |V| n pebep M = M(n, g, L) = |EL| coorBeTCcTBEHHO:

N = N(n,L) = nk;
nt -1

M(n,q,L) = gq(1 + n+n? + ...+ nt?) -
n_

=q
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a) 6)
HOBBIE _ cTapele
pebpa pebpa
B)
Fig. 1. The operation of replacing the vertices of Puc. 1. Onepaums 3aMeLleHns BepLnH rpada G,
the graph G, with a seed H 3aTpaBkol H

B mporecce moposkaeHNs UCIIONB3YIOTCS PasINUHbIE YCIOBUS CMEXHOCTH, OCHOBHBIE 113 HUX: CMEX-
HOCTb CTapbIX peGep mpomsBoOIbHAS (pUC. 1.B); CMEKHOCTE CTapbIX pebep coxpaHsercs (puc. 2); crapble
pebpa He mepecekarorcs (puc. 3).

Fig. 2. Contiguity old edges preserved Puc. 2. CMeXHOCTb CTapbIxX pebep coxpaHsieTcs
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YcnoBue coxpaHeHMsS CMEKHOCTH CTapbIX pebep MpUMeHAeTCcs Ui CTaphIxX pebep BceX paHToB. B Heko-
TOPBIX CJIy4asgX OrOBApUBAETCS COXPAaHEHNE CMEKHOCTHU CTaphIX pedep OJHOro JUIM HEeCKOJBKUX PaHIOB,
HAIIpUMep, COXpaHeHIe CMeKHOCTY CTaphIX pebep ¢ uepegoBaHUEM.

Fig. 3. Old edges are not crossed Puc. 3. Ctapble pebpa He nepecekaroTcs

YcnoBue HenepeceueHMs CTapbIx pebep, NI, II0-APYTOMY, OTCYTCTBIIE CMEXXHOCTH IIPMMEHSIeTCs K CTa-
pBIM pebpaM BCeX PAHTOB, B TOM UIMCJIE CTAPBIM peOpaM pasHbIX PAHTOB.

Huxe mpusomarcs GopMyIMpPOBKM HECKONBKMX JIEMM, KacaloIIUXCSI CTPYKTYPHBIX OCOOEHHOCTEN!
npeadpaKTalbHbIX IPpadoB.

JEMMA 1. Beakuit npendpaxransusiit rpag Gy, [ € [1,2,...L] MOXHO IIOCTPOUTH C HellepeceKaroIy-
MICS CTapBIMU pebpamu.

JEMMA 2. Tlpendpakransusiil rpad Gy, I € [1,2,...L], TOpOKIEHHDIN CBIA3HON 3aTPABKOI, ABIAETCS
TaK)Ke CBSI3HBIM.

Hanee npuBoasaTcs GOPMYIMPOBKY KIACCUUECKUX TPYRHOpPELIaeMbIX 3a7ay, IIPeCTaBICHHBIX B MO-
Horpaduu [9]. Ilocie kaskmoit 3amaun mpeaiaraeTcs HoBas TeopeMa A IIpeadpakTanbHbIX rpados.

1. TaMIIbTOHOB ITMKJI

3AIJAYA 1. TaMUIBTOHOB IVIKIL.

YCJIOBUE. 3apau rpag G = (V, E).

BOITPOC. Umeercd nmu B G raMUIbTOHOB IIMKJI?

TEOPEMA 1. Ecan Ha 3arpaBke H mMeeTcsi TaMIIBTOHOB IIMKII, ¥ MEXAY JI000 ee mapoil BEpIINH
MMeeTCs TaMIJIBTOHOBA Liellb, a CTapble peOpa Ha mpendpakTaabHOM rpade He IepeceKaroTcs, TO Ha
G, 1 € [1,2,...1], cymiectByeT raMUIbTOHOB IIMKIL.

JOKA3ATEJIbCTBO.

Ha rpade G; cymectByer raMmunbToHoB ki C; = C| 1o ycinoBuio Teopembl, Tak G TIpeJICTaBISeT
coboit 3aTpaBky H. Ha ciaenyrorem mrare ko BceM BepiumHaMm Gy mpumensetcs mporienypa 3B3 u ¢op-
mupyercss G, Ipu 3TOM cTapble peOpa IIepBOro paHra He IepecekaroTcs. Vnu mo-gpyromy K BeplInHaAM
raMmiIbTOHOBa IuKiIa C; mpuMeHsaercs mpouenypa 3B3 u crapbie peGpa IepBoro paHra He IepeceKarTcs.
Pebpa mepBoro panra cMmexuole B C; OKasanch pasgeneHHbIMU 3arpaBkamu H. Ha xaxmoit saTpaBke
BBIJIeJIAETCS TAMIIBTOHOBA 1lenb C2 Mex Ty peGpaMu MepBOTO paHTa, KOTOpble ObLIM cMeKHbIMU B Ci.
TaxumM 06pa3oM, OXBaueHbI Bce BepIUMHBI G, 1 IIOCTPOEH TaMIUIBTOHOB IMKII Cy.

3amecrtus Bepumusl Cj, [ = 2,3,...,L — 1 3arpaBkamu H n BbIeNNB HAa HUX TaMUJIBTOHOBBI LIETIN Csl”,
s = 1,2,..,n"!, chopMupoBaHbl raMIIBTOHOBEI LUKIBI Cl,; Ha HpeAdpakTanbHbx rpadax Gi,i. Takum
o6pasoM, s Kaxxaoro mnpeadpakransHoro rpada G panra [ € [1,2, ..., L] BbigeneH raMuiabToHOB LUK Cj.
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YcnoBue TeopeMBl 0 HellepeceueHIUN CTaphbIX pebep I03BOJIAET Ha KAXK/IOM IiIare pasmeisTh raMUIbTO-
HOB IIVIKJI ITOATrpad-3aTpaBKaMI M JOCTPaNBaTh HELOCTAIOLIME YaCTU FaMIUIBTOHOBBIMY Lersamu. O6part-
HOe YCJIOBNE COXpaHEeHNI CMEKHOCTH CTaphIX pebep He IMO3BOJISET IIOCTPOUTH FaMUIBTOHOB IUKII Jajee
rpacda Gj, Tak Kak 3aTpaBKy H Ha Ka)XI0M IIare IMOPOXKACHS CKIEUBAIOTCA K CYILLIECTBYIOIIMM BepILIMHAM,
¥ LUKJI IPOXOauT obIiie BepiunHbl He MeHee ABYX pa3. TEOPEMA [JOKA3AHA.

CJIEACTBUE 1.1. Eciiu cMesXHOCTB cTapbIx pebep npendpakransHoro rpada Gy, [ € [1,2,...L] coxpans-
eTcd, TO Ha HeM He CyII[eCTBYeT IaMIJIbTOHOBA LIMKJIA.

AJITOPUTM o BBIAEJIEHVA TAMUIIBTOHOBA ITUKJIA

BXO[: B3Berrennslit npeadpakransasii rpad Gr.

BBIXO/I: ramunesronos uuki C = (V, E,).

ITAT 1. IlpumeHseTcsa mpolieAypa IMoucKa raMIUIbTOHOBA KA K G;. Ha BeIxope mpoleqype! oayueH

raMmJIbTOHOB MK C; = Cll.

OJIABCEX [ = 2,3, ..., L BBIIIOJIHUTD:

IIIAT . JIA BCEX s = 1,2, ..., n'! BBIIIOJIHWUTD:
IIAT Ls. [ns kaxmoit s—ovi 3aTpaBku [-To panra H BBITOTHNUTH NPOLENYPY ITOMCKA TaMILIb-
TonoBoit ttertu C! Mexmy pe6pamu (I - 1)-To paHra raMiIBTOHOBOTO 1uka C)_1.

Ha Brixome 1mara [ = 2, 3, ..., L BbImesIeH raMmIbTOHOB LK C.

IMPOLEOYPA TAMMWJIBTOHOB ITMKJI

BXO[: B3Bewtennstit rpap G = (V, E).

BBIXO/I: ramunbronos muki Cs = (V, Ey).

IMPOLEOYPA TAMMWJIbTOHOBA LEIIb

BXO[: 3Berwrennstit rpagp G = (V, E).

BBIXO/I: ramunbronosa nemnb Cg = (V, Ey).

CJIEACTBME 1.2. IIpu BBIIOIHEHNN YCIOBUII TeOpPEeMBI O CYII[eCTBOBAHIUM ITapaMeTpM30BaHHBI aj-
TOPUTM BBIIENAET TAMUIBTOHOB MK Ha npendpakrambaoM rpade Gy 3a pems O(c - N), tme N = nl
c=(n-1).

HMcrionb3ys mepeOOpHBIN aJrOpMTM, BBIFeJIeHNe TaMIIbTOHOBA IIMKJIA VUM LIeNM Ha 3aTpaBke H B
Xy[llIeM clydae IIoTpe6yeT BbIonHeHus (n — 1)! onepauuii. Becero Ha mpendpakransaoM rpade Gy mpu-
cyrersyer (n! - 1)/(n - 1) < n! = N 3arpasoxk.

IMPUMEYAHMUE 1.1. B teopeme 1 u ciegctBuu 1.1 paccMaTpuBaroTcad ABa IIPOTMBOIIOJIOKHBIX CIIY-
yasg — crapble peOpa He IlepeceKaroTcs U CMEXHOCTh CTapbIx pebep coxpansercs. IIpu atom ycioBue
“crapsle pebpa He IepeceKaloTcs  O3HAUaeT, UTO CTapble pedpa JIF0ObIX PAHTOB He SBISIOTCA CMEXHBIMIU
Mexay coboit. MccieqoBaHme OCTaNbHBIX CIyUYaeB SIBISETCS IPeIMeTOM JaTbHENIINX HayUHbIX U3bICKa-
HIIL, B TOM YNCJIe B BUJIE IIepeUHs TeopeM, KOTOpble ITOKPhIBAJIN OB BCEBO3MOYKHBIE CIIydan IIOPOKACHIA
npendpakraipHOro rpada.

ITPUMEYAHIE 1.2. B cinexnctBum 1.1 yKasaHHBIN aJTOPUTM IOJMHOMMAJIEH OTHOCUTeNbHO N mpm
duKcupoBaHUM IMapaMeTpa n. ITO IpUMedaHNe TakKe BepHO M caeacTBmit 2.1 m 3.1.

IMPUMEYAHUVE 1.3. Onucanue anropurma @ MpuBefeHO B KauecTBe IpumMepa. AIropuTMsbl paszpaba-
TBIBAIOTCS B TECHOJ CBSA3I C JOKa3aTeIbCTBAMI COOTBETCTBYIOIINUX TeopeM. [lanee N1 HEKOTOPBIX TEOpeM
yKasaHa TPYJ0eMKOCTb aJITOPUTMOB 6e3 VX OIMCAHMI.

2. OcTOB ¢ MAKCHMMAJIBHBIM UICJIOM BUCIUIIX BEpIINH

3AJAYA 2. OcToB ¢ MaKCMMAJIBHBIM UMCJIOM BUCSUMX BEPIIUH.
YCJIOBHUE. 3apaust rpad G = (V, E) u momoxurenbHoe 1enoe uncio K < |V|.
BOITPOC. CymtectByer u B rpade G 0cTOB, y KOTOporo He MeHee K BepinH cremeHn 17
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TEOPEMA 2. Ecnu Ha 3aTpaBke H CylecTByeT OCTOB, Y KOTOPOTO He MeHee k < n BUCIUMX BEPILINH
I CMEKHOCTb CTapbIX pebep coxpaHgeTcs, To Ha npeadpakransaom rpade Gy, 1 € [1,2,...L] cymecrsyer
0CTOB, Y KOTOpOTO He MeHee K Bucaunx sepum, rae K = (k - 1)nt1,

HOKA3ATEJIbCTBO.

Ha rpade G; cymectsyer octos T; = T}, y koToporo He MeHee k < n BUCSUMX BEPIIMH IO yCIOBUIO
TeopeMbl, Tak G; IIpeAcTaBisgeT coboi 3atpaBky H. Ha cienyrorem mare ko BceM BepinHaMm G; IIpuMe-
HseTcs npouenypa 3B3 u popmupyercs G, ¢ coxpaHeHMEeM CMeKHOCTHI CTapbIx pedep. Mnu mo-gpyromy x
BepLIMHAM OcToBa 1 mpuMeHsercs npotenypa 3B3 ¢ coxpanenuem cMexHOCTH cTapbix pedep. Ilockomnb-
Ky BCe BepIIMHBI I 3aMeINaroTCA 3aTpaBKaMI, TO HU OJHA TaKad BepINHa He gBjIgeTcd Bucadell B G,.
Boigenss octoBel T2 Ha 3aTpaBKax BTOPOTO paHra u mobasmss octos Tj, Gopmupyercs octos T; Ha G,.
B ocrtoBe T, BUCSUMMM MOTYT SBJATHCS TOJBKO BUcsume BepiimHbl B T2. Ha m060it 3aTpaBke He MeHee
k < n Bucsunx BepiuH. OcToBbl T2 dakTIuecky CKIeNBarTCs ¢ BepiimHaMu T OHO¥ U3 CBOMX BEPIIIIIH.
B xynmiem ciydae octoB T2 MOKET CKIEMBATBCSA CBOEN BUCSUEl BEPIINHOI, TOT/Ia KOJIMUECTBO BUCIUMX
BepwINH 0cToBa 1 B G; paBHO IIpOM3BeNeHNUIO UICIa BUCIUMX BepIinH 6e3 0HOI Ha 3aTpaBKe Ha UMCIIO
3aTpaBoK BToporo pasra: (k — 1)n.

IIpouenypa mopoxxkaenus rpa¢os tpaekropuu Gi,l = 2,3,...,L 3arpaBkamu H u BeImeJeHUe Ha HUX
ocroBoB T, s = 1,2,...,n'"! dopmupyer ocTossr T; Ha mpendpakTanbHbx rpadax Gj. Takum o6pasom, mis
Kaxkoro mpeadpaxtanbHoro rpada Gy panra [ € [1,2,...L] Beimesnen ocros T ¢ He Meree K = (k — 1)n!™!
BepuinH. TEOPEMA JOKA3AHA.

CJIEOCTBUE 2.1. Ilpyu BBINOJHEHNM YCJIOBUI T€OPEMBI O CYIIeCTBOBaHMN IapaMeTpU30BaHHBIN ajl-
TrOpUTM BBIENIeT Ha mpendpakransHoM rpade G; ocToB, y Kotoporo He Menee K = (k - 1)n'™! Bucsunx
BepnH, 3a Bpems O(c - N), rme N = ntuc=2m

BriesieHNe OCTOBHBIX IepeBbEB C MAaKCYMAJIBHBIM UVCJIOM BICAUNX BEPIINH Ha 3aTPaBKaX MOXKET OCy-
I[ECTBIATHCS JIOOBIM M3BECTHBIM JITOPUTMOM, B XyIIIeM cIydae IIOTpeOyeT BBIIOJHEHNS 2" omeparuit.
Bcero Ha npeadpakransaoM rpade G; mpucyrersyer (n' — 1)/(n - 1) < n! = N sarpasok.

3. MoHOXpOMATUUYECKUI TPEYyTOJBHIK

3AJAYA 3. MOHOXpOMATIUECKIII TPEYTOIbHUK.

YCJIOBUE. 3apau rpag G = (V, E).

BOITPOC. CyectByer ju pa3bueHne MHOXecTBa E Ha [Ba HellepeceKaroluxcs MHoKecTBa Ey u Ey,
takue, yto Hu ofguH u3 rpados G; = (V, E;) wnu G, = (V, E;) He cogepKnUT TpeyroabHuKa?

TEOPEMA 3.1. Ha npendpaxransaom rpade G, [ € [1,2,...L] He cyLIeCTByeT TpeyroJIbHIKOB, COCTOS-
L{UX U3 pebep COCeTHNX PAHTOB.

HNOKA3ATEJBCTBO.

PaccmarpuBaercs mpendpakranbHblil rpad Broporo panra G. IIpeqmosoxum, uTo CyIIecTByeT Tpe-
YTOJIBHUK, COCTOSILLINIT 13 JBYX pebep IepBOro paHra 1 OgHOro pebpa Broporo paura. I[IpumeHum ome-
palio CTArMBaHMs 3aTPaBOK, oOpaTHyIo 3B3, Torga aBa cMeXHBIX peOpa IIepBOro paHra CTATMBAIOTCS B
KpaTHOe peOpo, UTO IIPOTUBOPEUNT OIpeeseHNI0 npeadpakTansHoro rpada. [Ipeamonoxum, 4To cyie-
CTBYET TPEYTOJIBHUK, COCTOSIIIINIL 13 ABYX pebep BTOPOTO paHra 1 OgHOro pedpa rmepBoro panra. [[pyMeHus
OIlepaLMIO CTATMBAHUS 3aTPABOK, BA CMEXHBIX pebpa BTOPOTo paHra CTATMBAIOTCS B BepIINHY, a pe6po
[IEPBOTO paHTa IIPeACTaBIsIeT COOO0I METIII0, UTO TAKXKE IIPOTUBOPEUNT OIIPeesIeHNIO IIpea(paKkTatbHOro
rpada.

PaccmarpuBaercs npendpakransusiii rpad I-ro paura Gj. IIpenmoomum, 4To CyIecTByeT TPEyroib-
HUK, cocTosImii u3 aByx pebep (I — 1)-ro panra u ogHoro pebpa [-ro paura. [IpumeHuB oneparuo cTarm-
BaHMS 3aTPABOK [-T0O paHra, IOJYUYMM, UTO JBa CMEXHBIX pebpa (I — 1)-ro paHra CTATMBAIOTCA B KpaTHOE
pedpo, UTO IPOTMBOPEUNT OTIpefeIeHIIo peadpakTaabHoro rpada. [IpearnonoKum, uto CyecTByeT Tpe-
YTOJIBHUK, COCTOSILIIVIL 3 ABYX pebep [-ro panra u ogHoro peGpa (I — 1)-ro panra. [IpumeHss onepannio
CTSATMBAHMA 3aTPaBOK [-ro paHra, ABa CMEXHBIX peOpa [-ro paHra CTAruMBalOTCI B BEpIINHY, a pebpo
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(I - 1)-ro panra npezcrasisgeT coboil METIII0, UTO TAK)Ke IIPOTMBOPEUNT OIIpeesIeHNI0 IIpeAdpakTaIbHOIO
rpada. Takum obpasom, Ha npeadpakraabHoM rpade G HEBO3ZMOKHO IIOCTPOUTH TPEYTOJIBHUK U3 pebep
cocequux panros. TEOPEMA JOKA3AHA.

TEOPEMA 3.2. Ha npendpaxransuaom rpade Gy, [ € [1,2,...L] He cylecTByeT TpeyroIbHUKOB, COCTOS-
X 13 pebep pasHbIX PAHTOB.

JOKA3ATEJIBCTBO.

Ha npen¢paxransaom rpade G; HEBO3MOXKHO ITOCTPOMUTH TPEYTOJIBHMK U3 pebep COCeTHUX PaHIOB,
Kak OBLIIO JOKa3aHO B IIPEABIAYILEl TeEOpeMe.

PaccmarpuBaercs npendpakransaseiii rpad [-ro panra G;. IIpenmosnoxmum, 4To CyIIecTByeT TPeyToJlb-
HUK, COCTOSAIINITI U3 ABYX pebep l;-ro panra m omHoro pebpa l-ro pamra, I; < L u L, € [1,2,..,L].
IIprMeHUB ONepalIio CTITMBAHNA 3aTPABOK -T0 paHra, MOJIyUMM, UTO J{Ba CMEKHBIX pebpa [;-ro paHra
CTATMBAIOTCS B KpaTHOE peOpo, UTO IIPOTUBOPEUNT ONpefesieHNI0 npeadpakraitsHoro rpada. [Ipemmomo-
JKUM, UTO CYL[ECTBYET TPEYTOJIBHUK, COCTOSIINIT U3 OBYX pebep L,-ro panra u oguoro pebpa lj-ro pamra,
ly < L. lpuMeHss onepanuio CTATMBAHNS 3aTPABOK -0 paHTa, IBa CMEXHBIX pebpa ,-ro paHra cTarusa-
I0TCSI B BEPILINHY, a peGpo [;-ro paHra IpeacTaBiiseT cO00I1 IeTIII0, UTO TAKKe IIPOTUBOPEUNT OIIpe IeJIeHII0
npendpakrantpHoro rpagda. Termeps IpeaIIonoxnM, CYyIIeCTBYET TPEyTOIbHIK, COCTOSIIIIVIL M3 OJJHOTO peb-
pa lj-ro panra, oguoro pebpa l-ro panra m ogHoro pebpa ls-ro paura l; < I, < b u I, b, € [1,2,...,L].
IIprMeHss onepalio CTATMBAHNS 3aTPABOK 3-TO paHra IOJIy4YMM, UTO ABA CMEXHBIX pebpa l;-ro u L-ro
PaHIOB CTATMBAIOTCSA B KpaTHOE peOpo, UTO IPOTUBOPEUNT IIPOLeAype IMOPOKIACHNS IpeadpaKTaIbHOTO
rpacda 1 BBIBOAUT U3 Kiacca IpeadpakTalbHBIX IpadoB 3aMKHYTBIX OTHOCUTEIBHO onepauyu 3B3. Takum
o0pasoM, Ha npeadpakranbHoM rpade G; HEBO3MOKHO IIOCTPOUTD TPEYTONbHUK 13 pebep pa3HbIX PAHTOB.
TEOPEMA JOKA3AHA.

TEOPEMA 3.3. Eciint 3arpaBka H — MOHOXpOMATIMUECKIIT TPEYTOJIBHUK, TO IpendpaKkTaabHbIil rpad
Gy, 1 € [1,2,...L] rakxe MOHOXPOMATUYECKUIT TPEYTOIBHIIK.

OOKA3ATEJBLCTBO.

[Ipendpakranbuelit rpad G; IBILETCS MOHOXPOMATUUECKUM TPEYTOJIBHIKOM II0 YCJIOBUIO TEOPEMBI,
TaK Kak IpefcTaBisfeT coboit 3arpaBky H. To ects E; MOKHO pasbuTh Ha IBa HellepeceKarolMXcs MIO-
mHoxkecTBa E] n E} , Ka)K[10€ U3 KOTOPBIX HE COIEPKUT TPEYTOJIbHIKOB.

Ha rpage Broporo paura G, x rpady G, mobasnsiorcs 3aTpaBku H, MHOXXeCTBO pebep Kaskmoit 13
HIIX MOXHO pasOUTh Ha J(Ba HeIlepeceKaroluxcs moaMHoKectsa E2| u EZ,. OGbenuusem see E2| B ox-
HO MHOxecTBo E’, a Bce EZ, Bo Bropoe MHOxecTBo E”. HOBBIe TpeyroipHUKHU IOCIe 00beAMHEHNs He
MOTYT TIOSIBUTHCS, TaK Kak pebpa 3aTpaBOK BTOPOTO paHTa He mepecekatorcsi. Jlo6asnsas E] x E/, a E}
E” TaxKe HOBBIX TPEyTOJBHUKOB He 00pasyercs, B CUIY BBIIOJHEHNSI TEOPEMbI O HEBO3MOKHOCTU Cy-
ILI[eCTBOBAHMS TPEYTONBHUKOB U3 pebep pasHbIX paHroB. Takum obpasom, pebpa G, pasmesneHBl Ha OBa
HelepeceKaoIuxcs noamuoxectsa E' u E”| He comepiKalux TpeyronbHIKOB.

PaccmarpuBaercs npendpaxransubiii rpad [-ro panra Gy, I € (2,3, ...L], monyuennsiit n3 G;_; oneparu-
eit 3B3 H. PeGpa ka)xmoit 3aTpaBKu [-ro paHra MO>KHO pasOUTh Ha ABa HeIlePeCeKAIOIIMXCSI TOIMHOXKeCTBA
Eg,l n Eiz. O6BenuHsIEM BCe Eg,l B OJ{HO MHOKeCTBO E’, a Bce Eg,z BO BTopoe MHOkecTBO E”/. HoBbIX Tpeyros-
HIIKOB IT0CJIe OOBeqUHEHNs He MOXKeT IOSBUThHCA, TaK Kak pebpa 3aTpaBoK [-ro paHra He IepeceKaloTCs.
Hob6asss Eg,‘ll KE a Eé,‘zl K E” TaxsKe HOBBIX TPEyTOJIBHUKOB He 00pa3yeTcs, B CIITy BBIIIOJIHEHNS TEOPEMBI
0 HEBO3MO>KHOCTH CyIIIeCTBOBAHN TPEyTOJIbHUKOB 13 pebep pasHbIX paHroB. IloayuaeMm, uto pebpa G
pasjesieHbl Ha [Ba HellepeceKarmmxcs mogMuoxkectsa E' u E”, He copepsKalux TpeyroIbHUKOB.

Takum o0pasoM, IpemyioskeHa IpolleAypa pasmeseHNns MHOKecTBa pebep npendpakraibHOro rpada
G, 1 € [1,2,..L] Ha nBa HemepeceKkawuwxcs nogmMHokectsa E' u E”, He comepKalmux TpeyrolbHUKOB.
IIpouenypa mpoBogmrcs morraroBo ot rpada G; k G; u Tak manee no G BrirounrensHo. TEOPEMA
JOKA3AHA.
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CJEJCTBUE 3.1. Ilpu BBINIOTHEHNM YCJIOBUI T€OpEMbl O MOHOXPOMATUUYECKOM TPeyTOJIbHIKe Iapa-
MEeTPU30BaHHBII AJITOPUTM pasmeiieT MHOXKeCTBO pebep mpendpakransaoro rpada Gi, !l € [1,2,...L] Ha
J(Ba HellepeceKaIIIIXCA MOTMHOXKECTBA, He COTepKaIX Tpeyronbuuky, 3a Bpems O(c - N), rne N = n! n
c=2"

Hcrmonp3ys nepeGOpHBIN aJIrOPUTM, pasieleHNe MHOKeCTBa pebep Ha 3arpaBke H B XyAllIeM cirydae
noTpebyer BbIOTHeHNA 2" onepanuit. Beero na mpendpakranmsaom rpade Gy mpucyrersyer (n!-1)/(n-1) <
n! = N sarpaBox.

4. Knuxa

3AJIAYA 4. Knuka.

YCJIOBUE. 3apans! rpad G = (V, E) u nonoxurenbHoe neioe unciao K < |V|.

BOITPOC. Bepno 11, uto G comepKUT KIUKY pa3Mmepa He MeHee K? MIHBIMM c10BaMI, CyIIeCTBYeT JIN
nonmHoKkecTBO V' ¢ V takoe, uto |V’| > K u nro6bie nBe BepmuHbl B V’ coenuuensl pebpom us E?

TEOPEMA 4. Eciin Ha 3aTpaBKe H cylecTByeT KIMKa pasMepoM He MeHee k < 1, To Ha IpeadpaKTaib-
HoM rpade Gy, I € [1,2,...L] cymiecTByeT KIMKa pasMepoM He MeHee k.

HNOKASATEJBCTBO.

Ha npendpakransHoM rpade G; Ha 3aTpaBKax [-ro paHra CyLIeCTBYIOT KIMKM pasMepoM He MeHee k
B CIULy YCJIOBUS TEOPEMBL.

Kumku pasmepa k, BeIgesleHHbIe Ha 3aTpaBKax [-ro paHra, HeJb3s YBeJIMUNTH 3a CUET CTapbIX pebep
IpepIIyINNX PAHTOB. KiMKa COCTOMT M3 TPeYTOJIBHMKOB U IJIS TOTO, UTOOBI ITEpeiiT! K KIMKe pasMepa
(k + 1), HeoOxX0QMMO MCIIOIB30BATh pedpa MpeabIAyIIMX PaHroB (pebpa pasHBIX 3aTPABOK OXMHAKOBOIO
panra He nepecekatorcs). Ho moctponts TpeyronsHMKY 13 pebep pasHBIX pAaHTOB HeJIb3d B CIIJIY OTpaHIde-
HIIT TEOPEMBI O CYILLIeCTBOBAHNY TPEyTOJIbHIKOB, COCTOSIINUX U3 pebep pasHbIX paHroB. Takum oGpasom,
BBIOVpast JII00YIO KIMKY pasMepa k Ha 3aTpaBKaX, HEBO3MOKHO YBEJIMYNTD ee 10 pasmepa (k + 1) Ha mmpen-
dpakransaoM rpade. TEOPEMA [JOKA3AHA.

5. He3aBucumoe MHO>KeCTBO

3AJIAYA 5. HesaBucmmoe MHOK€ECTBO.

YCJIOBUYE. 3agans: rpad G = (V, E) u nomoxutenapHoe neioe uncio K < |V.

BOIIPOC. Bepro nu, uto G COmep:KUT HE3aBNUCHMOE MHOXXECTBO MOIIHOCTY He MeHee K? MHBIMUI
CJI0BaMu, BEPHO JIN, UTO CYIIeCTBYeT NoAMHOkecTBO V’ ¢ V Takoe, uto |V’/| > K u HUKaK1e [{Be BEPIIMHbBI
B V’ He coenuuensl pe6pom us E?

TEOPEMA 5. Eciiut 3aTpaBka H coep:KuT He3aBUCHMMOE MHOYKECTBO MOIITHOCTH He MeHee k < n 1 cMex-
HOCTbB CTapbIX pebep coxpaHsercs, To npendpaxranpueii rpad Gy, I € [1,2,..L] cogepXUT He3aBUCUMOE
MHO)ecTBO MorHocTn K < knil,

JOKA3ATEJBCTBO.

Ilo ycnoButo Teopembl G; COINEPKUT HE3ABUCUMOE MHOXECTBO V| MOLIHOCTU He MeHee k, Tak Kak
npejcTaBiseT coboit 3arpaBKy H. Beimenss HesaBucumoe MHOKecTBO V| Ha G, CMEKHbIE BEPIIMHBI IT€-
pemeraroTcs Bo MHOKecTBo V(. Ha cieyromem 1mare ns G, yansorcs Bepiuussl V)’ u nepemerarorcs
B V}/, Torna 8 G} Bce HOBbIE 3aTPaBKM BTOPOTO paHTa He MepeceKarTcs (B CUITYy COXPAHEHUs CMEXHOCTU
crapbIx pebep), Tak KaK BEPLINHBI CO CMEXHBIMI CTApbIMU pebpaMu IIepBoro paHra yganeHsl. Ha ypesan-
HBIX 3aTpaBKax Gj BBIIEJIAIOTCA HE3aBICUMbIE MHOKECTBA U COXPAHAIOTCS B V), a BCE CME)KHbIE BEPIIHBI
nomergaworcs B V). MuokecTBO V' comepXnT B cebe yaajeHHbIe BEPIUNHBI HA IepBoM 1are G; 1 BTOpOM
urare Go.

Ha cnenyrommem mare us G; ymansorcs Bepiunssl V,' u nepemeraiorcs B V4/, torna B G5 Bce HOBBIE
3aTpaBKM TPETHETO PAaHTa He IIepeceKaroTcsl, TaK KaK BEPIIINHBI CO CMEXHBIMY CTaphIMI peGpaMi BTOPOTro
panra ynanensl. Ha ypesanubix 3atpaBkax G} BbIAEJISIOTCSI HE3aBUCUMBIE MHOXKECTBA U COXPaHsIoTCs B V5,
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a Bce CMeKHBIe BePIINMHBI ToMenaoTcs B V4. MHOkecTBO V3’ comepsKuT B cebe yaleHHbIE BEPIIMHBI HA
nepsowMm 11are Gy, BropoM mare G, u TperbeM miare Gs.

[Iponenypa mopoxpenns rpados Tpaekropun Gy, I = 2,3,..L saTpaBkamu H dopmupyer Ha mpen-
¢paxranbHbIX rpadax G; HesaBucuMble MHOXecTBa V] . Takimm 06pasoM, I KasKO0To IpefdpaKkTaIbHOro

rpada G; panra [ € [1,2,..L] BeIgeneHo HesaByucuMoe MHOKecTBO V] mommoctn K < kn'"!. TEOPEMA
JOKA3AHA.

3axkiroueHue

B paboTe paccmoTpeHs! 1 ncciienoBaHbl NP-1tonHbIe 3aKaun Ha OMHOM U3 KJIACCOB QMHAMIYECKIX Ipa-
¢oB - mpendpaxranbubIx rpadax. [To Kakmoi n3 3aKay IPUBEAEHBI YCIOBUS PA3PEIINMOCTIL, PV KOTOPBIX
IJ1 HEKOTOPBIX IO3aau BO3MOKHO IOJIYUNUTh OTBET O CYLIIECTBOBAHUY U IIOCTPOUTD IOJIMHOMUAJIBHBIE
(pu puKcUpoBaHMY UMCIIa BEPILIMH 3aTPABKI) AITOPUTMBI IIOMCKA pelireHnit. Pax ciemcTBuit 06061aoT
MOJIyYeHHbIe Pe3yIbTaThl, 1100 MPUBOAIT YCIOBUI — OTCYTCTBMA pelleHusa. Hanpumep, nyia sagaum BbI-
nenenust [aMmiIbTOHOBA I(MKIIA, IIPUBEIEHO YCIOBUE OTCYTCTBUS pellleHns Ha IpendpakTagbHOM rpade.
Jli1g HeKOTOPBIX 3afad IPUBEAEHBI PACYETHI BBIUMCINTENBHBIX CJI0KHOCTEN ITOJCKa pelIeHNIL.

B pmammuoi1 paboTe IpuUBeneHO MCCIeqOBaHNE MaJION YacTy M3 umcia u3BecTHsIX NP-monHbix 3amauy.
VccnenoBaHue Bcero Habopa 3afad U BbIAeJIeHNe yCJIOBMIT paspelnMOCTy IS Kilacca AMHAMMIYECKUX
rpa¢oB - npendpakTanbHbIX Ipad OB, II03BOJIUT II0-CY TV TOBOPUTH O BhIAEIEHIM 11eJIOT0 II0gKIIacca rpadoB
¢ ycaoBugaMu paspemmumocTtyt NP-mosnHbIx 3agau.

PaspaboTka noamHOMMAaIbHbIX (IIpy PUKCHUPOBAHNY UNICIIA BEPIIVH 3aTPaBKI) AJITOPUTMOB [JII AVHA-
MMUeCKMX IPadoB ITO3BOINT PELIATD C YIYUILIEHHBIMI XapaKTEPUCTUKAMY TaKIE M3BECTHDIE IIPUKIIaTHbIE
3a/auyl KaK BblieJIeHe MOATPadoB B GOIBIINX JUHAMIYECKIX CETAX — BBIAEICHIE COOOIIECTB B COLIMAIIb-
HBIX CEeTSX; pellleHMe MHOTOKPUTEPMAJIBbHBIX 3a/au B TPAHCIIOPTHO-JIOTMCTUUECKMUX CUCTeMaX OOJIBIION
pasMepHOCTH; TIOMCK 1 BbifeseHne ddos-aTak B KpUIITOBANIOTHBIX CUCTEMax U MHOTME ApyTMe 3afauil.
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Let Gy be defined as G; = {a, b; a'ba = b*), where k # 0. It is known that, if p is some prime number, then G is residually
a finite p-group if and only if p | k - 1. It is also known that, if p and q are primes not dividing k - 1, p < g, and 7 = {p, ¢},
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HEKOTOPBIX AIIIIPOKCUMANIMOHHBIX CBOJICTB Pa3pemInmMbIX
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Hayynas craTes ITocne mopaborku 28 mast 2021 r.
TlomHBIN TEKCT HA PYCCKOM A3BIKE Ilpunara k nyOnaukamuy 2 miona 2021 r.

Iycts Gy = <a, b; a'ba = b*), rme k # 0. 3BecTHO, UTO ecim p — HEKOTOopoe IIPOCTOe YMCIIOo, TO rpynna Gy anIpoKcu-
MHUpYeTCsl KOHEUHBIMI p-TPYIIIIAMI TOT/A U TOJIBKO TOTIA, KOTAa p | k — 1. VI3BeCTHO Tak:Ke, UTO €CJIU p U  — IPOCThIE
yucia, He gensiiuue k-1, p < qu = {p, q}, 10 rpynna G anmpoKCuMupyeTcss KOHEUHbIMU 7T-TPYIIIIaM¥ TOTAA U TOJIBKO
torga, korma (k,q) = 1, p | ¢ - 1 u mopsamox umcna kK B MyJIbTUIUIMKATUBHOI TPYIIIe II0NA Z, ABIAETCA P-UUCIOM.
B Hacrosiies craTbe MCCIENyeTcss BOIIPOC O KOJNMYECTBE [ABYyX3JIEMEHTHBIX MHOKECTB IIPOCTBIX YVICEJN, Y/IOBIETBOPSIO-
LUX YCIOBYSIM IIOCJIENHEro Kpurepus. Bosiee TouHO, mycTh fi(X) — KONMUECTBO MHOXECTB {p, q} Takux, 4ro p < g,
ptk-1,qtk-1,(k,qg)=1,p| q- 1, mOpAKOK k I10 MOLYIIO ¢ ABISETCS P-UUCIIOM U P, ¢ BBIOUPAIOTCS CPERM IIEPBBIX X
IIPOCTBIX UMCeN. YCTAHOBIIEHO, UTO ecin 2 < |k| < 10000 1 1 < x < 50000, TO MoUTH IS BCeX paccMaTpuBaeMbIX k GpyHK-
1u fi(x) MOKeT GBITH JOCTATOUHO TOUHO NpubmIKeHa pyHKImeln apx*®, rie koapduument ap — cBoit L Kaxmoro k
n {ox | 2 = |k| = 10000} < (0,28; 0,31]. TaxKe ucciaeqoBaHa 3aBUCUMOCTb BeIUUMHEI fi(50000) ot k u mpemoxeH a¢-
(PeXTUBHBII AITOPUTM IIPOBEPKI ABYyX3JIEMEHTHOTO MHOKECTBA IIPOCTHIX UVCEN Ha COOTBETCTBIIE YCIOBUSIM IIOCIIETHETO
Kpurepus. IlonyueHHbIe pe3yIbTaThl MOIYT UMETh IPUIOKEHNS B TEOPUIL CIIOXKHOCTIL BBIUMCIIEHMIT U aJrebpanyuecKoii
Kpunrorpaduu.
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1. HCKOTOPLIC AIINIPpOKCIMANMIOHHBIE CBOIICTBA paccMaTpuBa€EMbIX I'DYIIIL

Crenys [1], ons kaxKoro HeHyJIeBOTO Lesoro uncia k o6osnaunm uepes Gy rpyIy, KoTopas 3aaeTcs
npencrasiaennem Gy = {a, b; a'ba = bX). Ona BXOmUT B XOPOILIIO M3BECTHOE CeMelicTBO TPy BayMmcia-
ra-Comurapa BS(m, n) = (a, b; a 'b™a = b"), rie m u n — HeHyJeBbIe IeNble YMCIA.

V3y4yeHne annpoKCHMAaIMOHHBIX CBOVCTB rpynnbl Gy 6puto Havarto I'. Baymciarom u [I. Conurapom
B [2]. HamomuuM, uto rpynna G HassIBaeTcs annpokcumupyemoi knaccom epynn C (C-annpokcumupyemotr),
ecyIy JUId JTII000T0 HeeqUHIUHOTO 3jleMeHTa g € G cyliecTByeT roMoMopduaM ¢ rpynnsl G Ha TPyIILy
n3 kiacca C rakoit, uro g¢ # 1. B [2, 3] ycranoBneHo, uto rpynna Gy (pMHUTHO anIpoKCUMUpyeMa,
TO €CTb allIIPOKCUMIUpyeMa KJIacCOM BCeX KOHEUHBIX Ipymil. VcciieqoBaHme alnpoKCUMUPYeMOCTH 3TO
TPYIIIBI KOHEUHBIMMU IpyIamMmu 6suto npoponkero [. M. MonxmaBanckum. B [4] on mokasan cienyrormmit
KpUTepUit allnpoKCUMMUpyeMocTy rpyninbl Gy KnaccoMm F, Bcex KOHEUHBIX p-TPYIIL, THie p — HEKOTOpoe
IIPOCTOE YMCIIO.

Teopema 1. [4, Teopema 3] [Tycmb p — npocmoe uucno. I'pynna Gy Fp-annpokcumupyema mozda u monvko
mozda, koeda p denum k — 1.

B [5] 65112 paccMOTpeHa alIIpOKCUMUPYeMOCTh Ipymnbl Gy KitaccoM F; BceX KOHEUHBIX 7I-TPYIIIL, I/ie
JT — HEKOTOpOe MHOYKECTBO IIPOCTBIX uycelsl. HalloMHMM, UTO IieJI0e UNCI0 HasbIBAETCS JT-HUCTIOM, €CII
BCe ero IIPOCThIe MeJINTeNN IPUHALIEKAT MHOKECTBY 7T, IIepMOJIuecKast IPyIIIIa Ha3bIBaeTCs /T-2pYNnnot,
ecII IOPSIAKY BCEX ee 9IeMEHTOB SIBISIIOTCS r-uyciamu. IlpuBonmmast faree TeopemMa 2 JaeT KpUTepuUit
aIIIPOKCUMUPYeMOCTH IPyIIbl Gy KOHEUHBIMI 7-TPYIIIIAMI IJIS IPOM3BOJIBHOTO MHOKECTBA /T IIPOCTHIX
yycei. IToscHuM, uTo B ee HOPMYJIMPOBKE ¥ BCIOAY Aajiee IOX IOPSAKOM LIEJIOr0 YICIa X 110 MOMXYJIIO
IIeJIOTO YMCIIa Y TIOHMMAETCS TIOPSAMOK UMCIIa X B MYJIbTUILIMKATUBHOI IPYIIe KOJIbIa Z,.

Teopema 2. [5, reopema 1] ITycmb m — npoussonvHoe MHoMecmeo npocmuix yucen. I'pynna Gy F,-annpok-
cumupyema moz0a U Mosbko moezoa, Koeda cyujecmeyem m-uucino s > 1, 63aumHo npocmoe ¢ k, nopsook
1o MOOYITI0 KOMOPO2o HUCia k maxsice A6Isemcst t-4UucioM.

Kpurepuii, cogepsxammmiicss B TeopeMe 2, He SIBISETCS KOHCTPYKTUBHBIM, T. €. HE JaeT aJrOpUTMa,
ITO3BOJIAIOLIETrO [JIA 3aJaHHBIX YMCIa kK 1 MHOXXeCTBA 7T IPOBEPUTH, alllIpOKcUMupyercs ju rpymnna G
KiaccoM F. Takoil anropuT™ CyIecTBYeT IS ABYX3JIEMEHTHOTO MHOKECTBA IIPOCTHIX UVICEJI U IPeJo-
CTaBJIAETCS NMPUBOAMMOI masee TeopeMoil 3. OTMeTHM, UTO B 3TOJ TeopeMe pacCMaTpPUBAIOTCA TOJIBKO
Iapsbl IIPOCTHIX UNCEN P U ¢, KAKI0e 13 KOTOPHIX He HeIuT k — 1, HOCKOJIBbKY B IPOTMBHOM CJIydae TpyII-
na Gy annpokcumupyercs knaccom Fp mnu Fy cornacHo Teopeme 1.

Teopema 3. [5, Teopema 2] ITycmv p u q — npocmole uucna, yoosnemsoparoujue ycroeuam
ap=< g
byptk-1;
c)qtk-1.

ITycmv makaxce w = {p, q}. [pynna Gy Fr-annpokcumupyema moeda u mosbko moeoa, K0eoa
1) (k,q)=1;
plqg-1;
3) nopsdok k no Mo0ymI0 q A6ISTEMCS P-HUCTIOM.

Xors Teopema 3 uMeeT 3¢ PeKTUBHO IpoBepsieMoe yCIOBIUeE, OHA He JaeT OTBeTa Ha BOIIPOC, AJIS BCEX JII
3Ha4YeHMIT k CyIecTByeT Imapa IIPOCTBIX Yucel (p, q), yXOBIeTBOpPSIOIIas ee yciaoBuio. HerpynHo mpose-
puth, uto mpu k = +1 rtakoit maps! Her. IIpm |k| > 1 Hanmume mapsl IPOCTHIX UNCET C TpeOyeMbIMU
CBOJICTBAMI yCTaHaBIMBAET

Teopema 4. [5, reopema 3] Ecnu |k| > 1, mo dna 06020 npocmoeo uucna p, He Oensiujeeo k — 1, Hatldemest
npocmoe uucrno q, He densujee k — 1 u makoe, umo epynna Gy Fp-annpokcumupyema, 20e & = {p, q}.
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TeopeMma 4 ocTaBiigeT OTKPBITBIM BOIIPOC O KOJIMUECTBE NBYX3JIEMEHTHBIX MHOKECTB IIPOCTBIX UMICEI,
YIXOBJIETBOPSIIOIIUX YCIOBUAM TeopeMsl 3. B maHHOI paboTe 3TOT BOIIPOC MCCIEAYeTCS P YCIOBUM, UTO
2 < |k| = 10000 1 s;meMeHTHI MHOKeCTBA BbIOMpAIoTCs U3 mepBhIx 50000 IPOCTHIX Yncell. YKa3aHHBIe Orpa-
HIUYeHNs 00yCIIOBIEHBI BpeMeHeM paboThI IIPOrpaMMbI, IIEPEUNCIISIONIell JByX3JIeMeHTHbIE MHOMXKECTBA
MPOCTBIX YMCEJN ¥ BBIOMpAIOIIell M3 HUX Te, I KOTOPBIX CIIpaBeqJIMBbI yCiIoBUsA TeopeMsbl 3. IlombiTka
JaJbHEIIIEro yBeJIMUeH s Aana3oHa pacCMaTpyBaeMbIX IIPOCTHIX UMCeJl IPUBOOUT K HECOPA3MEPHOMY
POCTY BpeMeHM BBIIIOJHEHVS PacueToOB MCXOMHBIX JAHHBIX MJIL IIPOBENECHI MCCIeOBAH; TOApoOHee
00 3TOM CM. B pasnele 4.

2. 3aBucumocTs oT k unciia AByX3JIEMEHTHBIX MHO>KECTB, YXOBJIETBOPSIIOIIIIX
YCIIOBUAM T€OpeMBI 3

Iycts |k| > 1 u n = 1. Bygem ucmons30BaTh Cieqyoe 0003HAUEeHN:

P(n) — MHOKeCTBO, COCTABIIEHHOE U3 IIEPBBIX 1 IIPOCTHIX ULCEI;

Si(n) — MHOKeCTBO Iap MPOCTHIX uucen (p, ¢), YIAOBIETBOPSIOIINX YCIOBUIM a—C, 1-3 TeopeMsI 3
U TaKMX, uto p, q € P(n);

fr(n) — MorrHOCTE MHOKECTBaA Si(n).

ITonoxum Taxxke

K = {-10000; -2} u {2; 10000},  €(k) = £¢(50000), c(k) = fi(4).

ITocpencTBOM SIBHOTO BHIUNCIIEHISI 9IEMEHTOB MHOKeCTB Si(50000) ripu 2 < |k| = 10000 GpLIO yCTaHOB-
neHo, uro 3HaueHus &(k) MeHSIOTCS B OCTATOUHO IIMPOKMX Ipenenax. Ecim paccmaTpuBaTth GyHKIMIO
¢: K — Z xax CIy4ailHyI0 BEJIUUNHY, TO B IPEIIIOJI0KEHNM PABHOBEPOATHOCTU BCEX 3JIEMEHTAPHBIX
COOBITUIT MeeM

M(C) ~ 2940,57;  o(€) ~ 280,02.

MO’KHO BBIIENUTH HEKOTOPBIE 3HaueHUs k, Mt KOTOphIX BenmunmHa €(k) CylIeCTBEHHO OTIMYAETCA
or M(€). Hepasencrso €(k) < %M(Qﬁ) BBITIOJIHAETCA I 76 31eMeHTOB MHO)ecTBa K, IpuyeM Bce 3TU
uncira orpurateabHbl. Cpeu HIX caexyer 0cob60 OTMETUTH Te 3HaueHus k, misa kotopeix E(k) < iM(C):
-256; —16; —6561; —-4096; -576; —9216; —2916. Bce momoxurensHble 3HaueHus k € K YIOBJIETBOPSAIOT
coorHowmenno E(k) > 0, 73M(C).

B cayuae ¢ mpessiiennem Benmunnoit €(k) cpenrero snauenns M(€) KapTuHa CKIAABIBAETCS IPSIMO
nporuoronoxkHas. Hepasercrso €(k) > 2M(C) Bormonusercs nist 37 3HaueHUI K, 11 BCe OHU ITOJIOKUTENb-
ubl. Henb3s He 00patnth BHNMaHMe Ha k = 4096, Tak kak €(4096) = 11878 > 4M(C) u €(k) < 3M(C) mns Bcex
octanbHbIX k € K. Bce orpunarensusle sHaueHus k € K ynosiersopsior cootHourenuio &(k) < 1, 62M(C).

Touxn, B xotopbix ¢pyukima €(k) npuaumaer 20 cambIx GoNbIINX M 20 caMbIX MaJeHBKUX 3Haue-
HUIL, IPUBOAATCA B Tabl. 1. AHAMN3MPYS ee COTEPKMMOe, JIOTUUHO IPeNIIONI0KNUTh, UTO 3HauUeHue QyHK-
uu €(k) cylecTBeHHBIM 00pasoM CBSA3aHO C pasjioxKeHMeM uncia k Ha mpocTble MHOXUTenn. VsyueHne
TaKOJ 3aBMCUMOCTI MOKET CTaTh MPeAMETOM AAIbHENIINX JCCIIeOBAHIIIL.

Ewte oguu ecTecTBEHHBIM 00pa3oM BO3HUKAIOIMIT BOIIPOC — MO>KHO JIM TOBOJIBHO OBICTPO BPYUHYIO
HATH Tapy IIPOCTBIX YNCeJI, YAOBIETBOPSIOIINX YCIOBUAM TeopeMbl 3. [[11 oTBeTa Ha Hero ObLia WC-
cnenoBana pyHkiusa ¢(k), COOTBETCTBYIOIIAsI CIyUalo, KOrJa IIPOCThIE YMCIIA BHIOMPAIOTCA U3 MHOXECTBA
P@4) = {2,3,5,7}.

YcranosieHo, uto mis 10000 13 19998 paccMOTpeHHBIX 3HAUEHNIT k cripaBeayinBo HepaBeHCTBO ¢(k) > 0,
npuueM cpenn 9tux 10000 3HaAUeHMIT Kk IMOJOXKUTEIBHBIX M OTPUIATENBHBIX IPAKTUUYECKU IIOPOBHY:
4998 mostokuTeNbHBIX U 5002 OTpMUATeNbHBIX. TakuM 00pa3oM, IPUMEPHO IJIS ITOJIOBMHBI 3JIEMEHTOB
MHOKecTBa K MCKOMYIO IMapy MPOCTHIX UMCeSl MOXKHO ObIcTpo Haiitu nmogdopom. Kpome aroro, ycraHos-
neHo, uto ¢(k) < 3 mua moboro k € K. KonnuectBa aseMeHTOB MHOKecTBa K, it KOTOphIX pyHKIms ¢(k)
npuHuMaer 3HaueHud 0, 1, 2, 3, mpuBeneHEI B TabII. 2.
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Table 1. The largest and smallest values Ta6nuua 1. Hanbonbluve 1 HavMeHbLUINE
of the function ¢(k) 3Ha4veHusa dyHKUMn E(k)
k ek) | eky/m(e) k ek) | e(kym(e)
-256 267 ~ 0,091 225 6038 ~ 2,053
-16 481 =~ 0,164 441 6049 ~ 2,057
-6561 570 ~ 0,194 100 6050 ~ 2,057
-4096 693 ~ 0,236 3600 6067 ~ 2,063
-576 727 = 0,247 9216 6243 ~ 2,123
-9216 732 =~ 0,249 576 6254 ~ 2,127
-2916 733 ~ 0,249 36 6277 = 2,135
-36 739 ~ 0,251 2916 6296 = 2,141
-2401 919 ~ 0,313 1024 6408 = 2,179
-625 935 ~ 0,318 81 6918 ~ 2,353
-10000 959 ~ 0,326 1296 6990 = 2,377
-81 1035 ~ 0,352 625 7175 ~ 2,440
-1296 1052 ~ 0,358 10000 7190 ~ 2,445
-100 1169 ~ 0,398 2401 7271 ~ 2,473
-1600 1187 = 0,404 64 7429 ~ 2,526
-8100 1194 = 0,406 6561 7947 ~ 2,703
-8427 1228 ~ 0,418 16 8206 = 2,791
-1587 1249 = 0,425 729 8306 ~ 2,825
-9075 1268 ~ 0,431 256 8660 ~ 2,945
-4107 1269 = 0,432 4096 11878 ~ 4,039
Table 2. Frequencies of the values Ta6bnuua 2. YactoTbl BCTpEYaeMoCT 3HaYeHUI
of the function (k) byHKUMN (k)
x 0 1 2 3

card{k € K | c(k) = x} | 9998 | 6285 | 2858 | 857

3. 3aBUCHMMOCTBH UICIIA ABYX3JIEMEHTHBIX MHO>KECTB, YIOBJIETBOPAIOINNX YCIIOBUAM
TEOopEMbI 3, OT KOJINYECTBA paCCMAaTPUBAEMBbBIX IIPOCTHIX UMCEJL

B manHOM paspmerne nccieqyeTcs BOIIPOC O TOM, KaK MeHSIEeTCsI KOIMUECTBO Iap IPOCTHIX UMCell, YOBIIe-
TBOPSIOLLMX YCJIOBUIO TEOPEMBI 3, T. €. BeInmunHa fi (1), B 3aBUCUMOCTH OT KOJIMUECTBA Nl pacCMaTPUBaeMbIX
IIPOCTBIX UMCeJI IPU PUKCUPOBAHHOM k. MOXKHO JI¥1 OHOTI M3 5JIeMeHTapHBIX (PYHKIINIT JOBOJIBHO XOPOIIIO
HMpUOIM3UTD TAKYIO 3aBUCUMOCTD? 13 pe3yIbTaToB IpeAbIAYIIero naparpada sSiCHO, 4TO IIPU PasINUHbIX k
byukun fi(x) MMeIOT CyllecTBEHHO pasiyaoluecs sHaueHns. Ho Biauser nu k Ha xapakrep 3aBUCHK-
moctyt miut GyHKUnK fi(x) OTAMUAIOTCS OPYT OT OpYyTra JIMIIb HEKOTOPhIM MHOKNUTETIEM?

Yro6bl OTBETUTD HA 3TU BOIIPOCHI, BEIUMCIEHHbIE 3HaUeHMs GyHKIMIT fi(x) ObUIM BU3yanU3UPOBAHBIL
IUII HeKOTOphIX k (cM. puc. 1). B pe3ynpTare BOSHMKIIO IIPENIIONIOKEHNME O TOM, UTO IIPY PasinUUHBIX k
byHKIUN fi(X) MMEIOT OVH U TOT K€ XapaKTep 3aBUCUMOCTY, ITIOXOKIIT Ha JTorapu(pMIUecKuil UIn cTe-
IeHHOI (¢ mokasarteneM cTeneHy, MeHbIUM 1). [lepBble jXKe MONBITKM ANMIPOKCUMAIINK ITIOKA3AIN, UTO
sorapudpmudeckas pyHKIMs He moaxoaut. IloaroMmy nasee ObLIO pellIeHO MICKATh IPUOIIDKEHHYIO0 QYHK-
1o B Buge gr(x) = axP, roe koadduimenTs! o u B, Boob11e rOBOPsI, 3aBUCAT OT K.
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Fig. 1. The graph of the function fi(x) Puc. 1. T'paduk dyHKUMN fi(x)
ontheset {1, 2, ..., 2000} for different k Ha MHOXecTBe {1, 2, ..., 2000} NPV Pa3NNYHbIX k

HpI/I 3aJaHHbIX kn ﬁ IIOVICK MHOJKUTEJISA & BBIIIOJIHAJCA, VICXOOA 13 YCJIOBUIA

50000 axh 2 .
X, (1- fk<x>> o

x=1
roe
= fe(x), ecmm fi(x) # 0,
fi(x) =
1, ecnu fi(x) = 0,
OTKyZa
50000 50000 2[3
_ p X
o = X =
xZ:; ; fr(x)

Ompenenenne f OCYLIECTBISAIOCH ABYMS CIIOCOOAMIL.

Cnoco6 1. Ilepe6op mis kaxxkgoro k € K Bcex 3sHaueHMit M3 MHOXeCTBa /3, cofgepxarriero uncia ot 0,7
1o 0,99 ¢ mrarom 0,01. MUHMMaJIBLHBI 3JIEMEHT MHOKecTBa /3 ObLI HallgeH B XOJe pegBapUTEIbHBIX
pacueToB ¢ MEHBUINM KOJIMUECTBOM TOUEK, B KOTOPBIX BBIUMCISINCH QyHKUMH fi(X).

IIpu puxcupoBarnnHoM k € K ms kaxxaoro b € B onpenessuiich COOTBETCTBYIOIINE eMy 3HAUCHNUS

50000 50000 2b 50000 b 2
b) = b A <1—“Eb)x>,
alb)=| 2 2iw) Oy

IocJie Yero BbIOupasics Tot aneMeHT b € B, mist koToporo 3HaueHne §(b) oka3anmoch MUHNMATBHBIM. JTOT
aJieMeHT masee ob6o3HauaeTcs uepes f.

Cnocob6 2. Uctionb3oBanue miid Bcex k € K ogHOro 1 Toro e sjneMenTa b € B.

Bri6upancs sanemenr b € 13, nanbotee 6:1M3KuMit K cpegHeMy 3HaueHmIo uncel fi (k € K), monyueHHBIX
MEePBBIM CIIOCOOOM. DTOT 3IEMEHT fajiee 0603HaUaeTCs depes foyg.

Ormernm, uto onpeneserue f ¢ GOIBIIEN TOUHOCTHIO He IIPOM3BOAIIIOCH, IOCKOIBKY MCXOIHAS 3a1aua
COCTOSLIA JINIIB B onucaHmuu o61ero Buaa GyHKuuit fi(x), a He B HOJyUeHNN BO3MOXKHOCTY OTHICKAHUS
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UX 3HAUEHNI C ITOMOIIBI0 alIpOKCHMupyomeil GyHKmn gi(x). [Ipu aT10M HalieHHOe TaKUM IIyTeM
HIpUOIVIKeHNe 0Ka3aI0Ch BIIOJHE yXOBJIETBOPUTENBHBIM (CM. HIIKE).

BosmoxxHOCTh BBIGOpa KO3 duumerTa ff BTOphIM criocobom obecrieunBaercss 0COOEHHOCThIO pacIipe-
nenenus uncen fi (k € K). [lycrs dyuxkuun f: K — Bun: B — Z onpeneneHsl CleAyOLINM 00pasoM:
B(k) = Pi, n(b) = card{k € K | f(k) = b}. 3nauenus byHKUMM 7, IpeICTABIIEHHbIE B Ta0J. 3, TO3BOJISIOT
CHeJIaTh IPEATIOIOKEHIIE O TOM, UTO QyHKUIMS 5, paccMaTpuBaeMas Kak AMCKpeTHas CIyJaiiHas BeIMUNHA,
uMeeT HOpMaJIbHOe pacipenesene. [[poBepuM 1uist Hee BBIIIOJIHEHIE IIPABIIIA «TPEX CUTM».

Umeem M(B) = 0,8531 u o(f) = 0,0206. CrnyuaitHas Benmumua f(k) comepXUTCA B MHTepBaje
(M(,B) - 30(p); M(p) + 30(ﬂ)) C BepOsITHOCTBIO ~ 0,9954, B MHTepBaje (M(ﬂ) - 20(f); M(p) + 20(/)’)) -
C BeposATHOCTHIO =~ 0, 9531, B MHTepBase (M(ﬂ) - a(B); M(p) + J(ﬁ)) — C BEpOSITHOCTEIO ~ 0, 6688. IIpaBuio
«Tpex CUTM» He BBIIIOJIHEHO, HO IOJIyYEeHHbIE BEPOATHOCTM JIMIIb HEMHOTO OTINYAITCI OT HeoOXo-

Q

OUMBIX 3HAUEHUI, II03TOMY MOXKHO CUMTaTh, UTO paclipefeieHue ciydaiiHoil Benxmunssl (k) 6amsko
K HOpMaJbHOMY.

Table 3. Nonzero values of the function n Ta6bnuua 3. HeHynesble 3Ha4eHUa QYHKLAN
b 0,711 0,75 | 0,76 | 0,77 | 0,78 | 0,79 | 0,80 | 0,81 | 0,82 | 0,83 | 0,84
n(b) 1 1 2 4 14 16 71 337 | 1030 | 2297 | 3426
b 0,8 | 0,86 | 0,87 | 0,88 | 0,89 | 0,90 | 0,91 | 0,92 | 0,93 | 0,94
n(b) 3886 | 3457 | 2605 | 1566 | 793 | 323 | 115 37 11 6

OTMeTHM, YTO ABa CAMBIX MaJIEHbKIX 3HaUeHN QYHKINY f COOTBETCTBYIOT 3JleMeHTaM MHOXecTBa K
n3 tabun. 1. Tax, f(k) = 0,71 mpu k = -256 u (k) = 0,75 npu k = —2916. Uro Kacaerca MakcuMmyma QyHKIIII
B(k) = 0,94, T0 3mech curyarusa obpaTHas — B ILSITY TOUKAaX M3 IIIECTH, IAe OH JOCTUIaeTcs, CydariHas
enmunHa € npuHuMaer 3HaueHne, 6nuskoe k M(C). Mckmouenne cocrabiser k = —1849, s KOTOPOro
¢(k) = 1630. Takum 06pa3oMm, IBHOI B3aMMOCBI3M MEK Y TOUKaMI, B KOTOPbIX pyHKUMM € 11 f IPUHNMAIOT
3HaueHus, OJIM3KIe K IIpeesIbHbIM, He Ha0I0aeTcs.

Ipu ucnonp3oBanuu; croco6oB 1 u 2 miust Kaxxporo k € K ObL1y HallgeHbl [Ba 3HauUeHus Ko3pduuu-

1 2
€HTa o, 0003HaYMM UX uepes a,(c ) n OU](C ) COOTBETCTBEHHO I OTMETUM, UTO

{alV | kexc} < [0,064;0,775], {al® | ke K} < [0,028; 1,186].

1)

. 2
Yro6sI omycaTh pacrpeaeieHne 3HaueHMit o n a,(( ) Goree TOUHO, BBeieM QYHKLIUU

AV A — 7, Q[(i)(a)=card{k€IC|a ~0,01 < a) < a},

rme i € {1;2}, A = {0,01; 0,02; ...; 0,99; 1}. I'padpmxu stux GyHKIMI B JIOTAapUPMUIECKOM MACIITA-
6e ma muoxectse A’ = {0,1; 0,11; ...; 0,59; 0,6} mpexncraBiensr Ha puc. 2. OTMETUM, YTO ﬂ(l)(a) <3
uAP(a) < 7npuag A

Anamzupys snavenns byukmmit AV u AP, moxHO cenats creayome BHIBOIBL.

1. Momasnsrowee GonbiumHCcTBO (18997 M3 19998) K03 HULIIMEHTOB a,(f) NPUHAIIEKNAT IIPOMEXKYT-
Ky (0, 28; 0,31], pu 3ToM 12336 U3 HUX COAEPKUTCA B IIPOMEXKYTKE (0,29; 0,30]. Kak ciencrsue, IIpy ai-
MPOKCUMALUI BCeX PYHKIUIT fi(X) MOKHO IOMBITATHCS MCIIONB30BATh OAMH I TOT 3Ke Ko3hduumeHr «,
OIM3KNIL K CPeJHEMY 3HAUEHIIO UIICETT a,(cz) (k € K).

2. dyuxius AV Meer HeCKOIBKO TOKAIBHBIX MAKCIMYMOB, GIM3KIX 10 BEJMUMHE I He IPEBOCXO-
pammx 2535. IloaroMy B maHHOM cilydae BpIOpaTh Kakoe-TO OJHO 3HaueHMe Ko3pduumeHTa o He Npen-
CTaBJISETCSA BO3MOYKHBIM.

142



Computational Analysis of Quantitative Characteristics of some Residual Properties of Solvable
Baumslag-Solitar Groups

8192
4096
2048
1024
512
256
128
64
32
16

0,5 T T T T T T T T T T
01 015 02 025 03 03 04 045 05 055 06

Fig. 2. The graphs of the functions A" (a) and A (a) Puc. 2. Tpadukn dyHKLMA AD(a) 1 A (a)

s kaxmoro k € K oreHka KauecTBa annpokcuManuy GyHKUUN fi(X) OCyIeCcTBIsLIAChH IIYTEM OIIpe-
IeJIeHVIS UICIa, OTPAHNYNBAIOIIETO CBEPXY BeINUNHBI

(1 - gk(®) /filx) | (x € P(50000))

110 MEHBIIIEN Mepe IJId 95% 3JIEMEHTOB MHOKeCTBA P(50000). Bynem TOBOPUTH, UTO UNCIIO k € K obnamaer
coiicteoM J3(r), rme r € (0; 1), ecnu

P{[1 - ) /fet)

< r} > 0,95

I, YTO TO K€ caMoe,
card {x € P(50000) | |1 - gk(x) /fiul) ) < r} > 47500.

B ta6u. 4 mpeacraBieHbI CBeIEHUA O KOIMYECTBAX JIEMEHTOB MHOXecTBa K, He 00JIafafolux CBOII-
crBoM *J3(r), B 3aBUCHMOCTH OT cIioco6a Berumcienns koadduumenra f. Kak u ciaemoBanao 0XumaTs, Ipu-
MeHEeHIe IIePBOTo CI1ocoba Jaet JTyuliee mpubmpkenye. OXHAKO U IPY MCIIOIb30BAHUI BTOPOTO CII0C00a
GOJIBIIMHCTBO umcel u3 MHOecTBa K o6agaer cBoiictBoM 3(0, 15), UTO Tak:ke MOXKHO CUMTATh BIIOJIHE
yIXOBJIETBOPUTEIBHBIM Pe3yJIbTaTOM.

EcTecTBeHHO IIPeAIIONIOKUTE, YTO eCIN IJI HeKoToporo k € K BeamdmHa fj CyIIecTBEeHHO OTINYAETCI
OT Pavg, TO byHKIMA gi(X) = a,(cz)xﬂ”g He OuUeHb XOpOIlIo mpubiarpkaer GyHKUUIO fi(X) 1 MOTOMY CBOII-
ctBO ‘P(r) BBIIOJIHAETCS AU YNMCIa k JIUIIB IPU JOCTaTOYHO O0JbIIOM r. TeM He MeHee, COOTBETCTBUS
MeXIy BenmuunHoin B — Pavg| M MunumanbubeiM r € (0;1), ansa xotoporo k obnamaer cpoitctBoM ‘P(r),
BBIIBJICHO He OBLIO.

Table 4. The numbers of elements of K that do not
have the property B(r)

Ta6nuua 4. Konnuectsa 3/1eMeHTOB K,
He obnagaroLmx cBoncTeoM PB(r)

r 0,08 | 0,09 { 0,10 | 0,11 | 0,12 | 0,13 | 0,14 | 0,15 | 0,16 | 0,17 | 0,18 | 0,19 | 0,20
Cmoco6 1 | 226 100 52 26 17 8 5 3 2 1 1 0 0
Cmoco6 2 | 1860 | 1091 | 670 | 383 | 233 133 79 55 35 24 14 5 4
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Wrak, mpoBeneHHBIN aHAJIN3 II03BOJIIET CAeJaTh CJIeXy oLt

BeiBon. IToumu onsecexk € K gpynkyus fi(x) na muoxcecmee {1, 2, ..., 50000} mosxcem 6b1mv c docmamouHotl
mounocmvio npubnuxcena gyuxyueii gr(x) = apxP, 2de f = Pavg = 0,85 10,28 < a; < 0,31.

4. O BBIUMCINTEJIBHOMN CJIIO>KHOCTY IPOBEPKU yCIOBIII TEOpEMBI 3

Bce ommcaHHbIe BBIIIE Pe3yIbTAThl IIOJIYUEHBI C IIOMOILBI0 IIPOrPAMM, PEATM30BAHHBIX aBTOPOM
Ha a3bike C++ (GCC) ¢ mcmonbsoBanmeM C RTL m C++ STL. U3 mpomsBegeHHBIX pacueToB HamOOIb-
IIYI0 BBIUMCIUTENBHYIO CIOKHOCTh MIMEJIO OTBICKaHIME 3JIeMEHTOB MHO)KecTBa Si(n). [y BBIMOIHEHUS
9TOI1 omeparny TpeGyeTcs IPOBEpUTh Ha COOTBETCTBIE YCIOBUSIM TEOPEMBI 3 @ map (p, q), Toe p < q.
B xope Ka)XIoit TaKoil IIPOBEpKM HEOOXOMMO yOeqUTHCSI B TOM, UTO

1) p e menut k - 1;

2) q e mennr k - 1;

3) (k, q) = 1 (4TO BBMAY IPOCTOTHI YMCIIA @ PABHOCWIBHO YCIOBUIO q 1 k);

4) p menur q - 1;

5) MOPSIAOK k 110 MOMYJIIO g SIBJISIETCS P-UMCIIOM.

OueBMIHO, UTO IIepPBbIE UETHIPE OIlepAII MOTYT ObITH BBIIOJIHEHHI ITporieccopoM 3a Bpems O(1). Ecin
ClleOBaTh MaTEMATIUECKOIT GOPMYIUPOBKE ITOCIETHEN OIIepaIiiL, TO HEOOXOAMMO

a) BBIUMCINUTD ITOPSAIOK uncia k o MogyJo g;

0) IPOBEPUTH, ABJILETCA JIU OH CTEMEHBIO UUCIA P.

HamomHMM, uTO IOPAIOK k 10 MOZYJIII0 ¢ — 9TO HaMMeHBIIIee UICIIO X U3 MHOecTBa {0, 1, ..., g -1},
ymoBJeTBopsmwoliee cootHowneHuo k¥ = 1 (mod g). Takum o6pa3om, OThICKaHME TOPAOKA ymcia k — 3to
He UTO MHOE, KaK BBIUMCIIEHNE AVCKPETHOTO jorapudma B MyJIbTUILIMKATUBHOI rpymie mons Z,. Kak
M3BECTHO, JaHHAS 3ajaUa ABJISETCS JOCTATOYHO TPYLOEMKOIL: PACIIPOCTPAHEHHBIE AJITOPUTMEI €€ PeLLIeHS
MIMEIOT CJI0KHOCTD Topsanka O(,/q).

Yrobsl coenarh anroputM Oosee 3hHeKTMBHBIM, 3aMETUM, UTO B HETICTBUTEIHHOCTY HAM He HYIKHO
BBIUMCIISATD MOPSIOOK § umcia k, a JOCTATOUHO JIUIIb IIPOBEPUTD, IBIISETCI 1 OH p-umcioM. Ilycts m —
MaKCHMAaJIbHOE LIeJI0e UNICIIO, YOOBIETBOPsIIee cooTHowreHnio p™ | g — 1. Tak Kak paccMarpuBaemas
rpyIna uMeeT MOPSaoK q — 1, T0 s | ¢ — 1 U, 3HAUNT, IOPSOOK $ SIBJISETCS P-UMCIOM TOTAA U TOJIBKO TOTAA,
KOTJIa OH COBIIAJIaeT C OMHUM 13 umcen 1, p, p, ..., p™. IIpu atoM s # 1, MOCKONBKY q He menut k — 1.

Taxkum 00pa3oM, A BBIITOJHEHNS ITOCAETHEN, MATOI, Ornepanuy HeoOXOqUMO m < logp(q - 1) mpob.
Kaxxmas n3 Hux TpeGyeT BO3BECTU B CTeIleHb p b0 umciao k (Iid mepBoil IpoObI), InOO UMCIIO, pac-
CMOTpeHHOe Ipu Ipensiayielt npobe. [Ipu mcmonp3oBaHNy OMHAPHOTO AJIrOpUTMa BO3BEIEHUS B CTe-
neHs (cM., HampuMep, [6, § 1.2]) mua aroro tpebyerca nopsaaka O(f) ymuoxenuis, rae £ = |log, p| +1 —
IUIMHA OMTOBOTO IIPENCTABJIEHMS UNCIA p. B MTOTe, IMpemIoKeHHBII AJrOPUTM IPOBEPKU mapsl (p, q)
Ha COOTBETCTBUE YCIOBUSIM TEOPEMBI 3 IMEET CJIOKHOCTH

O(log, p - log, ) = O(log; g),
MEHI)I_I_IYIO, ueM HpI/I BbIUVICJICHNU ,HI/ICerTHOI‘O norapmbMa.
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Conformance checking methods diagnose to which extent a real system, whose behavior is recorded in an event log, com-
plies with its specification model, e.g., a Petri net. Nonetheless, the majority of these methods focus on checking isolated
process instances, neglecting interaction between instances in a system. Addressing this limitation, a series of object-centric
approaches have been proposed in the field of process mining. These approaches are based on the holistic analysis of the
multiple process instances interacting in a system, where each instance is centered on the handling of an object. Inspired
by the object-centric paradigm, this paper presents a replay-based conformance checking method which uses a class of
colored Petri nets (CPNs) — a Petri net extension where tokens in the model carry values of some types (colors). Particularly,
we consider conservative workflow CPNs which allow to describe the expected behavior of a system whose components
are centered on the end-to-end processing of distinguishable objects. For describing a system’s real behavior, we consider
event logs whose events have sets of objects involved in the execution of activities. For replay, we consider a jump strategy
where tokens absent from input places of a transition to fire move from their current place of the model to the requested
places. Token jumps allow to identify desire lines, i.e., object paths unforeseen in the specification. Also, we introduce local
diagnostics based on the proportion of jumps in specific model components. The metrics allow to inform the severity of
deviations in precise system parts. Finally, we report experiments supported by a prototype of our method. To show the
practical value of our method, we employ a case study on trading systems, where orders from users are matched to trade.
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IIOBEOCHMNA 1 IOKAJIbHBIX OTKJIOHEHII
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MeTonbl IPOBEPKI COOTBETCTBMSA IIO3BOJIAIOT YCTAHOBUTDL, B KaKOif CTENEeHM peajbHad CUCTeMa, IOBeJeHNe KOTOpOI
PErucTpUpyeTcs B )KypHajle COOBITIUIL, COOTBETCTBYET ee MOJeIN, HapuMep, B Bufe ceTu IleTpu. BoJbLUIMHCTBO TakMX
MEeTOJ0B HaNpaBJIeHbl HAa IPOBEPKY M30JIMPOBAHHBIX 9K3EMILIAPOB MPOILecca M UTHOPUPYIOT B3aMMOJEIICTBIE MEXIY
9K3eMILIIpaMIu B cucreMe. [l Mpeooe s 3TOr0 OrpaHIueHN B 00JIaCTI MHTEJJIEKTYaIbHOTO aHaIM3a JaHHBIX ObLI
IIpeJIOKeH P OOBEKTHO-OPMEHTUPOBAHHBIX ITOAX0MO0B. ITU IMOAXOAbI OCHOBAHBI HA L[EJIOCTHOM aHAIN3e HECKOJIbKIX
9K3eMILIIPOB IIpoliecca, B3aMMOEICTBYOIINX B CUCTeMe, T KaXKIbIil 9K3eMIIIIP COOTBETCTBYET HEKOTOPOMY OOBEKTY.
B aT011 cTaThbe 06BEKTHO-OPMEeHTYPOBAHHBII ITOXO0 IIPMMEeHIeTCS K MeTOLY IPOBEPKIL COOTBETCTBIS MEXKIY SKypHaIaMI
cobbrTuit u 1BeTHbIMH ceTsmu Ilerpu (CPN) - pacurupennem cereii IleTpu, B KOTOpOM (GUILKM B MOJEIIN IPELCTABISIOT
co60J1 3HaYEeHMA HEKOTOPBIX TUIIOB (LBeTOB). B wacTHOCTHM, MBI paccMarpuBaeM KoHcepBaruBHble CPN morokoB pa6or,
KOTOpbIe II03BOJIAIOT OIMCHIBATH OXKIAAaeMOe IIOBeJeHMe CUCTEeMBI, B KOTOPOil KOMIIOHEHTBI COOTBETCTBYIOT 00paboTKe
pasIMYHBIX 00bEKTOB. PeaspHOE ITOBEeIEHME CUCTEMBI OIIMCAHO B KYPHaJe COOBITIIT, B KOTOPOM COOBITHS aTpuOyTHPOBa-
HBI YYaCTBYIOIIVMMM B HUX 00beKTaMu. {711 BOCIIpOM3BeNeHNUS )KypHaila COOBITIIL MBI MCIIOJIB3yeM CTPATEIMIO IPBIKKOB,
Korfa (uUIIKM, Heo6XOMMMBIe I CpabaTHIBAHMSA IIePEX0/a, IepeMeII[aloTCs M3 CBOMX TeKyLIMX IO3MIUIT BO BXOTHbIE
ITOSMIIUY 3TOTO nepexona. [IpbDKKM (HILIEK TO3BONAIOT UACHTU(GULIIMPOBATH JIMHIY sKeJIaHWI, TO €CTh II0OBeJeHMS 00beK-
TOB, He IIPelyCMOTPeHHbIe B crenuuKkanym. Taxke MbI IpeCTaBIgeM JOKAIBHYIO IMAarHOCTUKY, OCHOBaHHYIO Ha J0JIe
TIPLIXKOB B ITOBEJIEHNY KOHKPETHBIX KOMIIOHEHT MOJENN. DT METPUKI TI03BONAIOT CyAUTDb O CEPhe3HOCTM OTKIOHEHMIT
B T€X MM MHBIX YacTaX cucTeMbl. HakoHel, MBI IPMBOAMM 5KCIEPUMEHTBI, BBIIIOJTHEHHBIE C IIOMOILIO IIPOTPAaMMHOTO
npororuna. IIpakTudeckas LeHHOCTh HAIllero METOZAA IOKa3aHa Ha IIpMMepe MOMAEIMPOBAHNA TOPTOBBIX CUCTEM, IIPU
KOTOPOM yCTaHaBJIMBAIOTCA COOTBETCTBUSA MEXK/y 3aABKaMIU I10JIb30BaTEJIEN U CAETKaMIUL.
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1. Introduction

Process mining is a discipline that focuses on the analysis of system processes on the basis of event logs
and formal models [1]. Event logs consist of recorded traces, which describe the real behavior of systems.
As formal models, most process mining methods use Petri nets — a formalism for analysis of concurrent
distributed systems [2]. Thus, process mining methods allow, for instance, to discover models describing
the real processes from event logs, or to check compliance of real processes by comparing their logs with
models describing expected behavior. The former kind of method is called process discovery, whereas the latter
is referred to as conformance checking [3]. These methods have increasingly gained attention, resulting in a
plethora of case studies from business organizations [4] and innovative research applications, e.g., see [5-7].

Nevertheless, the majority of process mining methods have hitherto consisted on the individual analysis
of isolated process instances, thereby neglecting their interaction with other instances in the system. This
assumption falls short, and may throw out a wrong analysis, especially when there is a strong dependency
between the life-cycles of instances (for example, “a buy order is filled only if a sell order is in the system,
and both orders are in certain locations™).

To overcome such limitations, object-centric approaches have emerged as a popular paradigm in the field
of process mining [8, 9]. The common denominator of these approaches lies in the holistic analysis of the
multiple processes interacting in a system, where each process is centered on the management of a class
of objects. Thus, within this research direction, novel multi-instance modeling notations [10, 11], process
discovery methods [12], and formal verification techniques [13] have been proposed.

As for conformance checking, certain methods have been proposed to validate multiple perspectives of
a process beyond the control-flow, i.e., the correct ordering of activities [14, 15]. Particularly, these methods
make use of Petri nets with data (DPNs) to detect deviations caused by data corruptions (e.g., “a loan approval
was wrongly executed due to a requested amount higher than expected”). However, the backbone of DPNs is
an ordinary Petri net used to describe the individual execution of a single process instance, and data elements
are only statically attached to model transitions. Thus, this model does not allow to describe and validate
the dynamic and concurrent interaction of multiple instances within a system.

In this paper, inspired by the object-centric paradigm, we present a conformance checking method to di-
agnose whether systems that manage different kinds of objects comply with their specification. The method
uses a class of colored Petri nets (CPNs) — a Petri net extension where tokens carry values representing
objects of different types (called colors) [16]. Particularly, we consider conservative workflow CPNs with
multiple source and sink places. In this model, tokens cannot disappear or duplicate, and they move through
paths whose endpoints are specific pairs of source and sink places. In this way, the model allows to describe
the expected behavior of systems with components centered on the end-to-end processing of distinct objects
of a certain type. For describing the system’s real behavior, we consider traces of event logs, where events
consist of executed activities and sets of object identifiers. The latter indicates which objects were involved
in an event’s activity. As we will present, the characteristics proposed for both CPNs and event logs allow
us not only to keep track of individual objects, but also to provide an algorithm with linear time complexity.

Our method is based on replaying individually each trace of an event log on top of a CPN model. When
replaying each trace, the distinct objects are injected as tokens in source places of the model. Then, for each
event of the trace, we seek to fire a transition labeled with the event’s activity, and selecting tokens from
the transition’s input places that correspond to the event’s object identifiers. If a token related to an event’s
object is not in a requested input place, we consider a jump strategy, where the missing token is moved from
its current location in the model to the requested input place. This allows to force a transition firing, and to
keep replaying a trace to find more deviations. The method reports all token jumps between places and their
frequency. As we will present, this information can be added to the input CPN model to unveil so-called
desire lines [17], i.e., actual paths of objects which are unforeseen in the specification model.

148



Object-Centric Replay-Based Conformance Checking: Unveiling Desire Lines and Local Deviations

In addition, we present local conformance metrics based on the proportions of token transfers and jumps
through specific components of a CPN model. By leveraging the correspondence of parts of a real system
with components of a CPN model (e.g., activities with transitions and system locations with places), these
metrics then allow to diagnose local deviations and their severity in concrete parts of a system. Finally, we
report an experimental evaluation supported by a prototypical implementation of our method. To showcase
the practical value of our approach, we shall make use of a case study on trading systems, where orders from
users are matched to trade.

The remainder of this paper is structured as follows. Section 2 introduces a motivating example illus-
trating the use of our method in trading systems. Sections 3 and 4 present the class of CPNs and event logs,
which we use in our method. Section 5 presents the conformance checking method, as well as the confor-
mance metrics. Section 6 reports experimental evaluations supported by our prototype. Section 7 discusses
the related work, and finally Section 8 presents the conclusions.

2. Motivating Example: Checking Conformance in Trading Systems

To give the reader an idea on how our method can be applied on a specific domain, let us consider the
validation of trading systems in stock exchanges [18]. In trading systems, buy orders and sell orders from
users are crossed to trade securities (e.g., stocks of a company). Orders that aim to trade the same kind of
securities are placed in two-sided lists called order books (e.g., orders that buy or sell securities of “rosneft”
are placed in the order book “rosneft”). In a trading system, there are as many order books as kinds of
securities that can be traded.

Fig. 1 presents a CPN modeling the specification of a trading system operating one order book. It
describes how the system is expected to manage both object classes, buy orders and sell orders. CPNs consist
of two kinds of nodes: places and transitions. Places (drawn as circles) represent locations. For example,
places p; and p, are source places for orders, p; and p, model buy and sell sides of the order book, and
finally ps and pg are sink places for canceled or filled orders. Conversely, transitions (drawn as boxes) model
system activities. Transitions consume tokens from input places, producing them back in output places.
Thus, transitions a and b model submission of orders, transitions ¢ and d represent cancellation of orders,
whereas transition e models a trade execution between two orders. Albeit this example abstracts from other
activities in a trading system, it will allow us to clearly illustrate our method.

sell side

sink place
sell orders

source place
sell orders

new buy order

new sell order

cancel buy order

cancel sell order

trade

[ RS o B~ o B

source place
buy orders

buy side
specification model

Fig. 1: CPN model specifying the expected behavior of a trading system operating an order book

Like other distributed technologies, trading systems are prone to failures, e.g., due to errors during the
system’s development or due to malicious users hacking the system. Thus, trading systems are sensitive
to deviate from their specification. For instance, let us assume a trading system initially built upon the
specification of Fig. 1, but whose real behavior is actually described in Fig. 2(a). In this real system, buy and
sell orders are “silently” allowed to trade without being accepted in the order book, i.e., skipping activities
a and b. Also, an undesired variant of activity e allows sell orders to trade an unrestricted number of times.
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For system engineers, it can be hard to determine these deviations and to which extent they have violated
the system. Fortunately, event logs of this system record this misbehavior (e.g., Fig. 2(b)). For instance, the
two first events in the trace oy of Fig. 2(b) exemplify the mentioned problems of this system: a buy order b1
and a sell order s1 have traded, skipping activities a and b. Also, the sell order s1 illegally trades in the next
event. Powered by this kind of logs, we introduce how our conformance method unveils these deviations.

sell side

trace| event| activity| objects

o, e, trade | b1l , si1
e, trade b2 , s1

(b) event log

X T Y buyside

(a) real system

Fig. 2: CPN describing the real behavior of a trading system with undesired behavior highlighted in gray (a).
Our method takes an event log (b) from this real system.

Fig. 3 illustrates the setting of our method for detecting the aforementioned deviations. As input, the
method takes the CPN specification model of Fig. 1, and an event log of the real system as exemplified in
Fig. 2. In this example, each trace of an event log corresponds to all events executed in a specific order book.
As output, the method produces a report listing all token jumps detected (representing objects skipping
activities), global and local conformance metrics, as well as other traffic statistics. These reports can be used,
for example, to extend the specification model in order to clearly identify deviations and their magnitude.

real system

object-centric replay-based | o (@@= . *
_’ conformance checking <4 records
CPN specification model ut event log
él - observed jumps of objects
extend model deviation - |ocal conformance metrics

with the output’s information reports - object traffic statistics

Fig. 3: Validating real behavior of a trading system via object-centric replay-based conformance.

Fig. 4 shows an example of the specification model extended with the mentioned outputs of our method.
Token jumps and their average frequencies on traces appear as dotted lines between places. Note how
these jumps directly correlate with the components in Fig. 2(a) that describe undesired behavior of the real
system, i.e., orders skipping activities a and b jump from places p;, p, to places p; and py. Also, components
of the extended CPN are labeled with traffic statistics. For instance, places indicate how many tokens were
transferred from them (k), and how many of them actually arrived to the place by a jump (j).
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Fig. 4: Specification model of Fig. 1 enriched with the output information of our conformance method.

By leveraging the association between model’s transitions and places with system’s activities and loca-
tions, local conformance metrics allow to diagnose the severity of deviations on precise system components.
For instance, one of these metrics checks the proportion of token jumps to input places of a concrete tran-
sition to force its firing. Then, this allows to measure the proportion of objects executing a precise activity
without following the specification path. For example, activity d consumed 7 orders, but 4 of them were not
ready at the location related to place ps. Thus, this activity is associated with a measure of 0.42, i.e., 42%
of the objects were at the required location when executing d, whereas the rest were improperly involved
in this activity. As we will present in the next sections, similar local metrics can be associated to places
(locations) and arcs from places to transitions. Finally, as depicted in Fig. 4, the metrics can be combined
with the notion of a heat map to clearly visualize which components of a system have been violated more,
e.g., if the local measure of a component is close to 0, then such a component is painted in red.

3. Colored Petri Nets

In this section, we present formal definitions and execution semantics for a class of colored Petri nets
(CPNs). As introduced in Section 1, CPNs are an extension of Petri nets where tokens carry values of some
types (also referred to as colors). For example, types may account for object classes, whereas tokens carry
object identifiers. Let ® = {Dy, ..., D¢} be a finite set of types. Each token in a CPN carries a value d of some
type D € ®. For instance, in the model of Fig. 1 two types are defined: OB for buy orders and 0S for sell
orders. Places are mapped to types in © to indicate the kind of tokens they contain, e.g., type(p;) = OB.

Arcs are labeled with expressions to describe how tokens are processed upon transition firings. We
consider that each expression consists of a typed variable. Let V be a finite set of typed variables. We denote
by type(v) the type of a variable v € V s.t. type(v) € ©. We define a function W that maps each arc to
a variable in V. For example, in Fig. 1, expressions W(py, t;) = W(#, ps) = x specify that one buy order is
transferred from place p; to p; upon the firing of #;. Let .A be a finite set of activities. To relate transitions
with real system activities, we fix an activity-labeling function A that maps transitions to elements in A.

Definition 1 (Colored Petri Net). Let ® be a finite set of types, let V be a finite set of variables typed over
®, and let A be a finite set of activities. A colored Petri net is a 6-tuple CP = (P, T, F, type, W, A) where:
« P is a finite set of places;
« T is a finite set of transitions, s.t. Pn T = @;
« Fc(PxT)u(T x P) is a finite set of directed arcs (called the flow relation);
« type : P — D is a place-typing function, mapping each place to a type in ®;
« W : F — V is an arc-labeling function, mapping each arc r to a variable in V. Vr € F, if r is adjacent
to a place p € P, then type(W(r)) = type(p);
« A : T — A is an activity-labeling function, s.t. Vt,t' € T : t #+ ' < A(t) # A(t’), i.e., transitions are
mapped to distinct activities.
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We now define execution semantics for the CPNs defined above. Let CP = (P, T, F, type, W, A) be a
CPN. A marking M in a CPN is a function, mapping every place p € P to a (possibly empty) set of tokens
M(p), such that M(p) < type(p). We denote by M, an initial marking. A binding b of a transition ¢t € T is
a function, that assigns a value b(v) to each variable v occurring in arc expressions adjacent to ¢, such that
b(v) € type(v). Let "t and t be respectively the sets of input places and output places of a transition ¢t € T.
Transition t is enabled in marking M w.r.t. a binding b iff vp € 't : b(W(p, t)) € M(p), that is, each input
place of t has at least one token to be consumed. The firing of an enabled transition ¢ in a marking M w.r.t.
to a binding b yields a new marking M’ such that Vp € P : M’(p) = M(p) \ {b(W(p, 1))} u {D(W(t, p))}.

As introduced in Section 1, we make use of CPNs to model systems consisting of components centered
on the end-to-end processing of different types of distinguishable objects. To faithfully describe these systems,
CPNss shall be characterized by the following properties: on the one hand, CPNs must be conservative, that is,
tokens cannot disappear or duplicate upon transition firings; on the other hand, models must be workflow-
oriented with a pair of source and sink places for every type defined in the model, such that tokens move in
a path between a source and a sink corresponding to their type. We thus define conservative workflow CPNs.

Definition 2 (Conservative-Workflow Colored Petri Net). Let ©® = {Dy,..., Dy} be a finite set of types
such thatk = 1, and let CP = (P, T, F, type, W, A) be a CPN defined over ®. We say that CP is a conservative-
workflow CPN if and only if:

1. CP is a conservative colored Petri net where:
cVteT Vpe't Np et : Wipt)= W(tp).
eVteT Vpet ANp et: W' t)= W(tp).

2. Foreveryj € {1,.., k}, there exists one distinguished pair of places in P, a source place i; and a sink place o;
in P, where type(i;) = type(o;) = D; with D; € D, and there exists a path in CP from i; to o; such that for
every place p in the path type(p) = D;. We denote by Py and Pr the sets of source places and sink places in
CP.

3.vteT: vpp' €'tp+p < type(p) # type(p)) n Vp,p' € 1" p#p' < type(p) # type(p),
i.e., for every transition t, places located within the set of input places of t have distinct types. The same rule
holds for places located in the set of output places of t.

As input models for our method, we shall consider conservative workflow CPNs. We briefly explain
Definition 2. Firstly, a CPN is conservative iff for every variable v occurring in an input arc of a transition
t, v occurs exactly once in an output arc of . Similarly, each variable occurring in an output arc of ¢ shall
occur exactly once in an input arc of t. This implies that when token values in input places are binded to
variables upon transition firings, then such values are transferred to output places, without disappearing
or being duplicated. In this way, our conformance method will be able to unambiguously associate every
distinct object in a trace with a token in the model.

Also, according to Definition 2, CPNs shall be workflow-oriented. More precisely, a workflow CPN has
distinct k source places and k sink places where k is the number of types defined in the model. Each pair of
source and sink places of the same type are connected by a path whose intermediate places are also of the
same type. In our conformance method, distinct objects in a trace are injected as tokens in source places.
Then, tokens move in paths according to the information of objects recorded in events. Upon termination,
the method will check whether these tokens arrived to their corresponding sink places. It can be inferred
that all places of the same type form a subnet within a workflow CPN, where each sub-net represents a
system component handling end-to-end processing of a concrete object class.

Finally, Definition 2 states that the model does not have transitions with input places of the same type.
The latter allows to relate every object type with exactly one input place in each transition. In Section 5, we
discuss how this syntactic restriction contributes to providing an algorithm with linear time complexity.
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4. Event Logs

In this section, we introduce event logs, describing how they are structured.

Definition 3 (Event Log, Trace, Event). An event log is a finite set of traces L = {01, ..., 05} where, for each
i€{1,..,s}, atrace g; = {ey, ..., em) is a finite sequence of events, s.t. m = |oj| is the trace length.

Let A be a finite set of activities, and let © be a finite set of types. For every trace ¢ in L, each event e in ¢ is a
tuple of the form e = (a, R(e)), where a € A is an activity label, and R(e) = {ry,...,r¢} is a finite set of objects.
For each j € {1,...,k}, we say that r; € R(e) is an object of type D involved in the execution of activity a, such
that D € .

Table 1: An event log L with two examples of traces, which correspond to runs in a trading system.

trace | event (e) activity (a) objects (R(e))
oy e new buy order bl
e new sell order s1
(23 new sell order s2
ey trade bl,sl
es cancel sell order | s2
oy e new buy order bl
e trade b1, sl
(23 trade b2, sl
ey new sell order s2

Table 1 presents an event log with two traces related to end-to-end runs in a trading system. Events
indicate activities executed and objects involved, e.g., event e, in trace oy indicates an execution of activity
trade with two objects involved: buy order b1 and sell order s1. We consider that all objects in a trace are
distinguishable by having distinct identifiers. We denote by R(o) the set of distinct objects in a trace, e.g.,
R(o7) = {b1, s1, s2}. With slight abuse of notation, we denote the type of an object r by type(r).

To guarantee the proper execution of our method, event logs must comply with a criterion of syn-
tactical correctness with respect to the CPN used in the method. Let L be an event log, and let CP =
(P, T,F,type, W,A) be a conservative workflow CPN. We say that L is syntactically correct w.r.t. to CP
iff, for every trace o € L, each event e in o is syntactically correct. An event e = (a, R(e)) is syntactically
correct w.rt. to CPiff 3t € T : A(t) =a A Vp et 3r € R(e) : type(r) = type(p) A Vr € R(e) Ape -t :
type(r) = type(p). That is, for every event e = (a, R(e)), there exists a transition t labeled with activity a,
and each input place of t is associated with exactly one event’s object, and similarly each event’s object is
associated with exactly one input place of ¢.

5. Object-Centric Replay-Based Conformance Checking
5.1. The Algorithm

In this section, we present our conformance checking method. The method is based on the replay strategy
described in [1] with some adaptations for the class of CPNs and event logs described in Sections 3 and 4.
Particularly, we shall assume that input models are conservative workflow CPNs (i.e., see Definition 2),
whereas event logs are syntactically correct to these models.

The method replays individually each trace of an event log on a CPN. We consider that the input CPN
has an empty initial marking. When replaying a trace o, distinct objects in ¢ are firstly inserted as tokens
in source places of the CPN, according to their type. Then, for each event e = (a, R(e)) in o, the method
seeks to fire a transition ¢ labeled with activity a, and consuming the tokens that correspond to the event’s
objects, i.e., elements in R(e). If a token corresponding to an event’s object is not in an input place of ¢, then
we consider a jump strategy where the missing token is moved from their current location in the model to
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the requested input place. This allows to force transition firings, and to keep replaying a trace to find more
deviations.

Algorithm 1 describes the method. As output, the method returns two integer counters j and k. The
value j is the total number of token jumps, whereas the value k is the total number of tokens transferred
from input places to output places upon transition firings. A ratio between these values j and k allows to
measure the discrepancy between a trace and a CPN. In the following, we illustrate the use of the algorithm,
whereas at the end of this part we introduce conformance measures based on these counters.

Algorithm 1: Replay on CPNs with a token jump strategy

Input: CP = (P, T, F, type, W, A) — conservative-workflow CPN with marking M initially empty;
Py, Pr ¢ P — non-empty sets of source and sink places;
o — an event log trace;
Output: j — number of token jumps;
k — number of tokens consumed/produced,;
1 J«— 0k« 0;
2 populateSourcePlaces(P, R(0));
3 foreach e = (4, R(e)) in ¢ do
t < selectTransition(a);

'S

5 foreach r in R(e) do

6 if r ¢ M(p) such that p € 't A type(p) = type(r) then // location[r] # p
7 Jump(r, p);

8 je—Jj+1

9 endif

10 endfor

11 fire(t, R(e));

12 k <« k +|R(e)[;

13 endfor

14 foreach r in R(c) do
15 if r € M(p) such that p € Pr A type(p) = type(r) then
16 Jump(r, p);

17 je—3j+1
18 endif
19 endfor

20 consumeAllObjectsFromSinkPlaces(Pr, R(0));
21 k «— k +|R(o)]; // count final transfers: consumption of all distinct objects from the sinks
22 return (j,k);

To illustrate how the algorithm works, we will consider the example depicted in Fig. 5, which describes
step-by-step the replay of trace oz in Table 1 on the CPN of Fig. 1. For compactness, transition names are
used instead of activity labels. Firstly, our method extracts all distinct objects of the trace, inserting them
in source places according to their type (function populateSourcePlaces). For example, four objects are
extracted from o, — buy orders b1, b2 and sell orders s1, s2. Thus, the source place p; for buy orders
(type(p:) = OB) is populated with tokens b1 and b2, and the source place p, for sell orders (type(p,) = 0S)
is populated with tokens s1 and s2.

After populating source places with the distinct objects, we start to replay the trace on the CPN. As
described in lines 3-13 of Algorithm 1, for each event e = (a, R(e)), the following steps are performed. We
select a transition ¢ in the CPN labeled with activity a. Then, for every object r € R(e), we check if the
input place p of t contains object r. If the latter is not true, then r is moved from its current location in the
model to place p. Each token jump is counted by incrementing the value of counter j. Afterwards, when all
observed objects in R(e) are located in the input places of transition ¢, then ¢ fires. The transition consumes
such objects from input places, transferring them to its output places. The counter k is incremented by the
number of tokens transferred.
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Fig. 5: Replay of trace o, of Table 1 on top of the CPN of Fig. 1 using Algorithm 1.
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As an example, let us focus on the replay of e; = (e, {b1,s1}) depicted in Fig. 5. The sell order s1 is
not in place p,. This event corresponds to the situation of a trade between b1 and s1, but s1 was still not
allowed to trade. However, to continue to replay, the object s1 jumps from its current location (place p;) to
place ps. As observed later in Fig. 5, the same situation occurs on e; = (e, {b2, s1}), where both tokens are
absent from the input places of the transition to fire. Thus, after forcing the replay of e, note how we can
detect another deviating events.

After replaying all events in a trace, we check if all distinct objects arrived to their corresponding sink
places. This final step allows to validate, for example, if the real system completely processed all objects.
Lines 14-21 of Algorithm 1 describe this final step. For instance, in Fig. 5, object s2 was left in an intermediate
place. This can be interpreted as a corrupt order that should have traded or been canceled at the end of a day.
Hence, we force this token to jump to its sink place, which is ps since s2 € 0S and type(ps) = 0S. When all
tokens are in the sink places of the CPN, they are consumed by the “environment”. Note that the counter of
transfers k is incremented by the number of all distinct objects consumed in this final step.

Time Complexity. We briefly analyze the time complexity of our method. Let n = (3 y.c, |[R(e)|) be the
number of objects recorded in all events of a trace o. Let T(n) be the time taken to execute Algorithm 1. We
sketch out that T(n) is O(n), where O(n) is the standard asymptotic notation, referring that the execution
time of the method linearly growths according to the number of objects n in all events of a trace. This bound
can be guaranteed under the assumption that access to elements of a CPN model only requires constant
time, i.e., the time taken to visit a transition or a place given its name is negligible.

Let us define T(n) = Tinit(n) + Trep(n) + Tena(n), where Tinic(n) is the execution time of the function
populateSourcePlaces (line 2 in Algorithm 1), Trep(n) is the time taken to replay all events in trace o
(lines 3-13), and finally Tepq(n) is the time taken to consume all tokens from sink places (lines 14-20). First,
the function populateSourcePlaces visits all objects in all events of a trace o, looking for the set of all
distinct objects R(o), so this operation takes up to n steps. Then, each distinct object r € R(o) is inserted in
the source place of type type(r), which can take up to |[R(0)| = n steps. Thus, Tipit(n) is O(n).

Now, we sketch that the time taken Trep(n) to replay all events is O(n). This part of the algorithm performs
n iterations as it visits each object r € R(e) of every event e in o. Below, we rewrite Lines 3-13 of Algorithm
1 illustrating that the operations performed for every object can be performed in constant time.

1 foreach e = (a, R(e)) in o do

2 foreach r in R(e) do

3 p < inputPlace[a, type(r)];

4 if location[r] # p then // ré&M(p) such that pe't A type(p) = type(r)
5 marking[location[r]].remove(r);

6 marking[p].insert(r);

7 location[r] < p; // jump(r, p)
8 j<—Jj+1L

9 endif

10 marking[p].remove(r);

11 marking[outputPlace[a, type(r)]].insert(r); // part of firing: r transferred to an output place
12 location[r] «— outputPlace[a, type(r)];

13 k«—k+1;

14 endfor

15 endfor

In the code above, we consider that the CPN is stored in the following associative arrays: location tracks
the position of each object in the CPN; marking stores the tokens contained by every place, and inputPlace
and outputPlace indicates input/output places of a transition given a type. Notably, as shown above in Line
3, each object is directly related by its type to exactly one input place as we consider CPNs whose transitions
have input places of distinct types (i.e., Definition 2) and events are syntactically correct w.r.t. to the CPN.
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Then, if the associative arrays representing the CPN guarantee constant time to access, remove and insert
elements, then it follows that the operations for every object in each event are performed in constant time.
Thus, the execution time of the trace replay only depends on the number of objects n in the trace, following
that Trep(n) is O(n). The time taken Teng(n) in Lines 14-20 of Algorithm 1 is also O(n) as R(0) < n distinct
objects are consumed from sink places of the model. Finally, since Tinit(n), Trep(n), and Tenq(n) are O(n),
then the execution time T(n) = Tinic(n) + Trep(n) + Tena(n) of Algorithm 1 is also O(n).

Fitness Metric. We introduce a global metric, namely fitness, to measure the overall degree of conformance
between a trace of an event log and a CPN. It allows to quantify to which extent the behavior seen in the
trace complies with the CPN model. The metric is based on a proportion of the total number of token jumps
j and tokens transferred k.

Definition 4 (Fitness). Let o be a trace, and let CP be a colored Petri net. Let j be the total number of token
Jjumps and, let k be the total number of tokens transferred, computed in Algorithm 1 with o and CP as input.
Then, the (global) fitness metric £it(o, CP) is defined as:

£it(o,CP) =1 - %

We shall demonstrate that 0 < fit(o, CP) < 1. Let us focus on counter k. In each event e, we transfer |R(e)|
tokens, as we force to replay all event’s objects. Also, all distinct objects are consumed at the end of the
method. Thus, we have that k = (3 y.c, [R(e)]) + |R(o)| with |R(c)| > 0. Regarding the counter j. Let j, be the
number of token jumps made in an event e of a trace ¢. In every event e, we know that at most |R(e)| jumps
can be made, so 0 < j, < |R(e)|. Let j be the number of token jumps of the distinct objects to sink places as
they remained in intermediate places after the replay (e.g., see Lines 14-21 in Algorithm 1). We know that
0 < jp < |R(0)|. Now, let us formulate the total number of jumps as j = (X yecs Je) + Jr- Then, it follows that
j = k. Therefore, 0 < fit(o, CP) < 1.

We now extend the definition of fitness for an event log as the average of the fitness values, which are
computed upon the replay of each trace in the event log on top of a colored Petri net.

Definition 5 (Fitness of an event log). Let L be an event log, and let CP be a colored Petri net. We denote
by £it(L, CP) the average fitness value obtained upon replaying individually every trace o on top of CP using
Algorithm 1, where:

1 Y, fit(o,CP)

fit(L,CP) = ] .
Vo €

For example, let us consider the replay of traces o7 and o, of Table 1 on top of the CPN of Fig. 1. After the exe-
cution of Algorithm 1 with oy, the obtained fitness value is fit(oy, CP) = 1- g = 1, whereas with o3, we have
that fit(oz, CP) = 1 - % = 0.6. These global measures may be interpreted as follows: the overall system’s
behavior observed in o; complies completely with the specification model. Conversely, fit(oy, CP) = 0.6
indicates that only 60% of the overall behavior observed in o, complied with specification model. Then, by
considering both traces of the log using Definition 5, £it(L, CP) = 0.8 gives an estimation on how in average
the system, as observed in the logs, complies the specification model.
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5.2. Local Conformance Diagnostics

In the previous part of this section, we introduced a global conformance measure, namely fitness (Defini-
tions 4 and 5). This measure allows to quantify to which extent the real system, as observed in logs, comply
with the specification. Whilst such a metric provides an overall compliance estimation for the whole sys-
tem, in many applications is required to provide local diagnostics, i.e., in which precise system components
deviations are occurring, and in which magnitude.

In this part, we present local conformance metrics that are related to precise components of a system, and
which can be computed upon the execution of our conformance checking method. Our approach is based on
the direct association between real components of a system and components of a CPN input model. Recall
that activities correspond to transitions, real locations to places, and the relation between a location and
an activity is represented by an arc. Thus, by keeping track of the proportion of token transfers and jumps
flowing through a model component, we can precisely indicate the number and magnitude of deviations
occurred in the part of the real system that such model component represents. In what follows, we introduce
these metrics, and we illustrate their usage in an example.

Definition 6 (Place-conformance). Let o be a trace, and let p € P be a place in a CPN. Let k,(p) be the
number of tokens consumed from p upon the replay of o, and let j _(p) denote the number of token jumps to
place p upon the replay of o. The place-conformance £it,(p) is defined as:

1 ks(p) >0
fitO'(P) = ka(P) (p)
1 : otherwise

The place-conformance £it,(p) compares the number of tokens consumed from place p, when replaying
trace o, with how many of them actually jumped to p to force transition firings. Hence, this metric can
be seen as the proportion of objects that comply with be at the location represented by place p upon the
execution of any activity that requires objects from such a location. If fit,(p) is close to 1, then almost
no tokens jumped to p, e.g., objects are respecting the path established in the specification. Conversely, if
fit,(p) is close to 0, then most of the tokens are jumping to place p, e.g., the majority of the objects skip
previous activities that precede the location represented by p. Note that if k,(p) = 0, then fit,(p) is not
defined, i.e., assessments cannot be computed since no traffic flowed through place p during the replay of o.

Definition 7 (Flow-conformance). Let o be a trace, and let (p,t) € F be an input arc in a CPN, s.t. p €
Pt € T. Letky(p, t) be the number of tokens consumed from p to fire t when replaying trace o, and let j ,(p, t)
denote the number of tokens that jumped to place p to force the firing of t. The flow-conformance £it,(p, t) is
defined as:

[ 3o )
fity(p,t) = ks (p, 1)

L :  otherwise

ks(p,t) >0

Definition 8 (Transition-conformance). Let o be a trace, and let t € T be a transition in a CPN. Let us
define the active pre-set of transition t in trace o as"t, = {p | p € 't A ks(p, t) > 0}. The transition-conformance
fit,(2) is defined as:

1
- Y, fits(p,t) : |'ts|>0
fity(t) = { |"tol e s,

1 :  otherwise
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Definitions 7 and 8 follow the same principle of place-conformance. Given the replay of a trace o, the
flow-conformance £it,(p,t) compares the number of tokens transferred, through the arc from place p to
transition ¢, with how of many them jumped to p to force specifically the firing of ¢. This can be interpreted
as the proportion of objects that comply to be at the location related to place p when executing activity A(¥).

The transition-conformance £it,(t) is the mean value of the flow-conformance between t and all the
input places from which t consumes tokens. Thus, fit,(¢) diagnoses how many of the objects consumed by
activity A(t), from all its required locations, correspond to outliers.

We now exemplify the usage of the local conformance metrics. Let us recall our motivating example of
trading systems shown in Section 2. Fig. 6(a) shows a model representing a real trading system S, whose
behavior is slightly deviated from the specification model of Fig. 1. In particular, some sell orders in Sy can
be submitted to the sell side of an order book (place p4) by skipping activity b. Now, let us consider a trace
o from Sy. Let us assume that o corresponds to the observed interaction of 20 distinct objects (i.e., 10 buy
orders and 10 sell orders). We then ran our method to check conformance between ¢ and the model of Fig.
1. Let us suppose j = 5 and k = 55 as the total number of jumps and token transfers computed by Algorithm
1, thereby obtaining a fitness value fit(c, CP) = 1 - % = 0.909 (i.e., Definition 4). Nevertheless, it becomes
more insightful to diagnose conformance in precise system components. To this aim, we calculate the local
conformance metrics previously introduced and we extend the specification of the specification model of Fig.
1 with such metrics. The model is also extended with relevant traffic statistics of token jumps and transfers
in the model components (i.e., see Fig. 6(b)).

0B 0B 0B

P P3 Ps

0

(a) real system §, (b) conformance between the specification model and trace o from S,

Fig. 6: Conformance results between a trace o of system Sy (a) and the specification (b).

We briefly discuss the specification model of Fig. 6(b) which has been enriched with conformance diag-
nostics. First, the number of transferred tokens k,(p) and token jumps j (p) are shown besides each place
D, e.g., ks(p2) = 10 and j_ (p2) = 5. Jumps between places are displayed as dotted lines labeled with their
frequency. In this example, jumps corresponded to 5 sell orders that in the system S, moved to the sell side
of the order book (place p,) using the silent action z. This action is not recorded in trace ¢ nor allowed by
the specification model shown in Fig. 1. Then, upon the replay of activities d and e, these sell orders were
not in place p4, but in place p,. Hence, to force replay, these 5 tokens jumped from place p, to place p,.

Input arcs are labeled using notation j (p, t) | ks(p, t) where k,(p, t) is the number of tokens consumed
by transition ¢ from place t, and j_(p, t) indicates the number of jumps to place p to force the firing of t.
As an example, the label of input arc (ps, d) indicates that 7 sell orders were consumed by activity d, but
3 of them were not ready in place p, before the firing. Output arcs are simply labeled with the number of
resources transferred from a transition to a place.
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Local conformance diagnostics are displayed on components of the specification model. For example,
for place p4, the place-conformance fit,(ps) = 0.5. This can be interpreted that only half of the time a
sell order was ready in the sell side of the order book upon the execution of activity d or e. The flow-
conformance k;(ps, €) = 0.33, i.e., activity e consumed a sell order 3 times, but two of these orders were not
ready in place py. The transition-conformance £it;(e) = 0.66 is the mean value between fit,(ps;, e) = 1 and
fit,(ps, €) = 0.33. This means that buy orders were always available in place p;, whereas only a third of the
time sell orders were available in place py. As a result, 66% of the time no deviations were observed upon
the execution of activity e.

Notably, a practical benefit of the use of local conformance metrics is their combination with the notion
of a heat map. For example, in Fig. (see Fig. 6(b)) a heat bar is displayed in the right side of the model denoting
that the lower the conformance measure of a component, then the more red that such a component is painted.
This allows us to quickly identify which components experienced more deviations. For instance, in Fig 6(b),
it can be easily seen that deviations are localized in the component of the system related to sell orders.

Finally, note that the introduced local measures are computed based on the information provided by a
single trace . We close this section by extending definitions of these measures to event logs. Consider-
ing now all traces in the log, they shall allow to diagnose the average magnitude of deviations in precise
components of the system.

Definition 9 (Place-conformance of an event log). Let L be an event log, and let p € P be a place in a
CPN. Let us define L, = {0 | 0 € L A kq(p) > 0}. The place-conformance £it(p) is defined as:

1
— T fit(p) : |Lyl>0

fiti(p) = |Lp| Vo €L,
L :  otherwise

Definition 10 (Flow-conformance of an event log). Let L be an event log, and let (p, t) € F be an input arc
inaCPN, st.p€ Pat€T. Let us define L, = {0 | 0 € L A kq(p, t) > 0}. The flow-conformance £itr(p, t)
is defined as:

z fito’(P5 t) : |L N3 | >0
fity(p,t) = Lp.0)l vo &1 Y

L :  otherwise

Definition 11 (Transition-conformance of an event log). Let L be an event log, and let t € T be a
transition in a CPN, s.t. p € PAt € T. Let usdefineL; = {c | 0 € L A 3p : ks(p,t) > 0}. The transition-
conformance £it(t) is defined as:

1 .
_ T Y, fitg(t) : [L >0
fity(t) = { Ll voer
1 :  otherwise

6. Implementation and Experimental Evaluation

We have developed a prototypical implementation of our method in the Python programming language.
Our solution is supported by SNAKES [19] — a library which facilitates the prototyping of high-level classes
of Petri nets, including CPNs. In the following, we describe the functioning of our prototype, as well as we
report an experimental evaluation of our method. The prototype and all the material of our experiment is
freely available in our project repository [20].
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Fig. 7 illustrates the organization of our prototypical implementation. Users of our solution simply need
to invoke a program called “conformance checker”. The program receives three input arguments: an option
indicating the conformance method to use (e.g., replay with CPN using jumps), an event log formatted as a
comma-separated value (CSV) file, and a CPN model. CPN models are built as Python scripts. This generic
organization allows us to seamlessly extend our solution, incorporating other methods of our research. In
addition, as depicted in Fig. 7, our prototype has an independent routine to generate artificial event logs (as
defined in Definition 5) by running CPN models. When running a CPN to generate a trace, if two or more
transitions are enabled in a given marking, then the routine randomly selects one of such transitions to fire.

As an example, Fig. 8 depicts the execution of our prototype in a command-line interface with the afore-
mentioned input arguments (option 1 stands for the conformance method presented in this paper). Upon suc-
cessful execution, the program generates an output folder with CSV files corresponding to: jumps detected,
frequency per trace, and their average (file jumps. csv), traffic statistics and the local conformance metrics
presented in Section 5 per each component type (files arcs . csv, transitions.csv and places. csv), and
finally the file traceFitness.csv reports the total number of token jumps, token transfers and the result-
ing fitness per trace and their average (Definitions 4 and 5). As we motivated in Section 2, the information
provided in these reports can be used to extend the specification model, so that to quickly identify observed
deviations and their magnitude in concrete components of the system.

)| CPN replay with jumps
O-1 C; t: O ] OO S e e e s E e e
O-0-041h0 % conformance
CPN models checker

deviation reports

IE

A

y

artificial event log
generator

B

BIEENE(E

event logs

Fig. 7: Organization of the prototypical implementation of our conformance method.

giulio@giulio:~/mais$ python3 conformance_checker_main.py 1 cpn_model.py event_log.csv

= === CONFORMANCE CHECKER v1.0 == ==

National Research University Higher School of Economics, Moscow, Russia.
Laboratory of Process-Aware Information Systems (PAIS Lab)

University of Constantine 2. Abdelhamid Mehri, Constantine, Algeria.
Date: May 2021

PETRI NET MODEL: cpn_model.py
EVENT LOG: event_log.csv
CONFORMANCE METHOD: CPN Replay with Token Jumps

Replay complete! Folder with deviation reports has been generated.

(@) run of the prototype in the command-line interface

L arcs.csv 9.7kB Text 1 ongmi\place mrget'?place freqiwg freqi?racel freqitrfacez freqj;acea fi
| ] jumps.csv 1.7kB Text '—!} § Eg Ei ggg g i é

[] places.csv B.9kB Text 2 S‘; gg g:gi 3 g g

| | traceFitness.csv 2.5kB Text

| | transitions.csv 48kB Text

(b) folder with deviation reports and fragment of the file jumps.csv

Fig. 8: Execution of the prototype in the interface (a) and example of generated files (b).
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Experimental Evaluation. Using our prototype, we conducted an experiment with three event logs, ar-
tificially generated from different trading system models S;, Sz, and S;. Each event log was replayed on
top of the specification model of Fig. 1. These models represent replicas of a trading system, according to
the specification, but each of them with undesired behavior is increasingly added. For instance, system S,
is a variation of S, but with a subtle modification to slightly increase its difference with the specification
model. Table 2 describes each replica and its event log generated. Each event log consists of 100 traces and
20 resources (i.e., 10 buys orders and 10 sell orders). The aim of this experiment is two-fold: to showcase the
use of local conformance measures presented in Section 5, computed with all traces of an event log, and to
study the stability of the proposed measures, e.g., how much the metrics are affected by subtle increases of
undesired behavior.

Table 2: Experimental settings

e}l(f;t SSJ;) if:;: ( t(:;l;;’nl;i;o]; E:i:ﬁe) system description (undesired behavior)
L S1 (Fig. 9(a)) (2610, 26) sell orders and buy orders skip activity b and a.
Ly S» (Fig. 9(b)) (2726, 27) S1 + activity e may return sell orders to place ps.
L3 Ss (Fig. 9(c)) (2575, 26) Sy + activity b may take sell orders to a deadlock place p;.

Before discussing the conformance results, let us review the specification model in Fig. 1. According to
the specification, in a system with no deviations each object must be transferred exactly 3 times: an order is
submitted (activity a or b), then it trades or is canceled (activities ¢, d or e), and finally the order is consumed
from a sink place. This implies that the replay of traces on the specification model, with 20 objects each,
must count 60 token transfers (that is, 6000 transfers for an event log with 100 objects). However, as shown
in Table 2, each system variant presents certain undesired behavior, so objects can move between certain
locations disobeying the specification model. Hence, when replaying event logs of these system variants on
top of the specification, observed deviations will incite token jumps between places, and less expected token
transfers through the model structure. The latter is evidenced in columns resources transferred and jumps
detected of Table 3. For ease of representation, the averages of transfers and jumps have been rounded.

Table 3 summarizes the results upon the replay of each event log on top of the specification model. For
each variant, it can be observed how the introduction of a single subtle deviation induces more token jumps
during replay, e.g., more objects flowing through paths unforeseen in the specification. It can be observed
that the latter causes a monotonic and tenuous decrease in the average trace fitness (e.g., Definition 5).
However, more intriguing becomes to identify where deviations have occurred and their magnitude. To this
aim, items (d), (), and (f) in Fig. 9 presents the specification model of Fig. 1 extended with local conformance
diagnostics, computed when checking conformance in each variant, and which are associated with model
components (Definitions 9—11). Input arcs and dotted lines representing jumps indicate the rounded average
number of transferred/jumped tokens that flowed through them, considering all traces of a log variant. The
introduction of certain undesired behavior in each variant is unveiled by our method as a jump, showing
how such undesired behavior induces more deviations in a precise component. The latter impacts on the
conformance-related measures, used to paint the model to clearly identify where deviations occurred more.

Table 3: Conformance results.

event | system fitness resources transferred jumps detected kinds of jumps
log | source (total, avg. per trace) | (total, avg. pertrace) | (origin, target, avg. frequency per trace)
Ly S1 0.7974 (4999, 50) (1001, 10) (P2, p1,5), (1, p3,5)
Lo S2 0.7607 (5309, 53) (1263, 13) (P25 P, 5), (P15 P35 5), (Ps> Pas 3)
L3 S3 0.7425 (5058, 51) (1306, 13) (D2, 1, 3), (D1, 13, 5), (Ps, Pa, 2), (Pa, P, 3)
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Y J 5

conf.
1.00

conf.
1.00

5
(c) system S, (f) conformance diagnostic with L,

Fig. 9: Conformance checking between each event log of a system variant and the specification of Fig. 1.

7. Related Work

Conformance checking relies to a great extent on the expressive power of the models used to describe
expected behavior of systems under evaluation. In this regard, state-of-the-art conformance methods use
workflow nets (WF-nets) which is an ordinary Petri net employed to describe the control-flow of a process
executed in isolation, that is, one single process instance after another. Thus, methods using WF-nets do not
lend themselves for validating multiple instances concurrently interacting in a system. In contrast, the use of
more expressive models overcoming the mentioned limitation becomes a demand in real-world applications.
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For example, papers [21, 22] present case studies where multi-instance modeling notations are needed to
diagnose the behavior of objects interacting within modern computational environments. In what follows,
we review how different works address this challenge by using various kinds of Petri net extensions, and
focusing on their application for conformance checking and similar techniques.

Proclets are one of the earliest proposals in process mining to study and validate the interaction of
process instances in a system [23]. Each instance runs in an independent workflow, and semantics are
provided to describe communication between workflows. Among its different applications, the concept of
Proclets evolved into artifact-centric processes for conformance checking [24]. Also, the decomposition of
the conformance checking problem has been studied for artifact-centric processes [25] in order to perform
replay between each artifact and its corresponding sub-log. Another variant of this model is reported in
[26], where the authors check conformance of artifacts which are modeled using UML state and activity
diagrams.

Object-centric Petri nets is a notation recently proposed to describe in a single model the interaction of
multiple cases (process instances) [8, 27]. Object-centric Petri nets can be seen as another subclass of CPNs
with certain characteristics. For instance, arcs that transfer an arbitrary number of objects are introduced to
describe one-to-many or many-to-many interactions. In [27], the authors thus present a method to discover
an object-centric Petri net from event logs. In particular, these event logs are built in extensible object-centric
(XOC) format [28]. The usage of object-centric Petri nets for conformance checking presents open challenges.
For instance, the model does not provide a direct assignment of objects to concrete variables, so multiple
bindings may be chosen. In this light, the fact that one event can be associated with multiple valid bindings
implies the need for recursive strategies of non-linear time complexity, e.g., backtracking.

Another notable research direction in conformance checking is the validation of additional behavioral
dimensions (perspectives) of a single process [14, 15] such as time or data constraints. In [14] the authors
present an alignment-based conformance method using Petri nets with data (DPNs). On the one hand,
alignments find differences between a model and a trace by computing the shortest path in the state space
of a synchronous product net, i.e., a Petri net composed by the input model and the trace [29]. On the other
hand, a DPN is a WF-net whose transitions are equipped with data variables which can be read/written upon
transition firings. In this way, additional process perspectives to analyze are encoded within these variables.
In contrast, DPNs are not appropriate for analysis of multiple process instances, e.g., tokens are black dots
and data values do not flow through the model. This is why, for instance, we have opted for a model based
on CPNs whose tokens carry object identifiers.

CPNs have already been considered in the process mining field. For instance, Rozinat et al. considered the
discovery of CPN-based models for simulation [30, 31]. Notably, in paper [32], we proposed a conformance
checking method with a class of CPNs whose tokens are tuples carrying object identifiers and attributes,
thereby allowing to detect various kinds of deviations. For instance, using logs whose events record the
state of object attributes after the event’s activity execution, the method detects if such attributes were
transformed as specified by the CPN. Also, the method was applied to check compliance of a real-world
trading system w.r.t. its specification. In this regard, we refer the reader to papers [33-36], which present
our studies on the extraction of event logs and Petri net-based modeling of real-world trading systems.
However, in the method presented in [32], the replay of a trace is stopped upon the occurrence of the first
deviating event, and also local diagnostics on system components are not provided. Thus, the approach of
token jumps and local conformance diagnostics presented in this paper can be used to extend such methods.

Nested Petri nets is an extension where tokens can be Petri nets themselves, which allow to describe the
inner behavior of objects [37]. The model becomes useful when it is crucial not only to analyze the flow of
objects within a system, but also to validate the inner behavior of these objects. For instance, in paper [38],
we studied the conformance problem between a nested Petri net and an event log of a multi-agent system.
We proposed a compositional approach where the behavior of each agent can be checked separately.
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Nested Petri Nets have also been used in the related fields of adaptive process modeling and verification [39,
40]. Finally, another recent research direction on modeling and validation of object-centric systems focuses
on the use of models that combine Petri nets with data persistence models such as relational databases. The
Information Systems Modeling Language (ISML) [41] and catalog-nets [42] are examples of this research
direction. For instance, in these works, methods are proposed for verifying the integrity of objects in the
Petri net and their representation in databases.

8. Conclusion

In this paper, we have presented a replay-based conformance checking method to validate whether a
system, whose components manage interacting objects of different classes, complies with its specification.
As the modeling language for the specification, we considered a subclass of colored Petri nets, whereas
for describing real behavior we considered event logs where events are equipped with sets of involved ob-
jects. These objects refer to the individual resources involved in the execution of an activity. Regarding the
subclass of CPNs, we particularly considered conservative workflow CPNs which faithfully characterizes
systems handling the end-to-end processing of distinguishable objects. Among the syntactic constraints, we
considered that transitions do not have input places of the same type. The latter assures in our setting only
one binding for an event to replay. Consequently, we can provide an algorithm that, unlike alignments, has
linear time complexity. Noteworthy to mention that the constraint of distinct types for input places can be
dropped at the price of losing linear time complexity. For such a case, multiple bindings then can be associ-
ated to an event, and thus the algorithm shall look for the correct one using, e.g., recursive-based strategies
such as backtracking.

The replay strategy of our method has been based on populating tokens in the model that correspond to
distinct objects observed in the trace. For an event to replay, if objects are not located as tokens in specified
input places of the transition to fire, we proposed a jump strategy to move tokens from their current location
in the model to the required places. Interestingly, this approach not only allows us to force transition firings
to find more deviations in a trace, but also recorded jumps between places unveil the so-called desire lines,
i.e., paths of objects which are unforeseen in the specification [17].

Leveraging the fact that real locations and activities directly correspond to concrete components of a
CPN, we proposed local conformance diagnostics that can be used to clearly identify the severity of devia-
tions in precise parts of a system. Besides, we presented a prototypical implementation of our method, and
we illustrated its usage with a case study on trading systems. The prototype is freely available for its usage
and extension. In this regard, the prototype may be upgraded to provide automatic enhancement of an input
CPN model with conformance diagnostics.

The work presented in this paper may give ground for different research directions. For instance, pre-
vious works on conformance checking based on Petri net models whose tokens carry object attributes or
object inner behavior (e.g., [32, 38]) can be extended with the strategies presented in this paper, e.g., use of
jumps and local conformance diagnostics. Also, it may be of interest to study other variants for this method,
e.g., where tokens not only represent distinct objects, but also relationships between each other. This would
imply, for instance, that the state of the objects do not correspond to a single location, but their state is in
some sense distributed among places, similar to the approaches of ISML and catalog nets. The latter would
make to the approach presented in this paper more intriguing and challenging.
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To ensure traffic safety of railway transport, non-destructive tests of rails are regularly carried out by using various ap-
proaches and methods, including eddy-current flaw detection methods. An automatic analysis of large data sets (defec-
tograms) that come from the corresponding equipment is an actual problem. The analysis means a process of determining
the presence of defective sections along with identifying structural elements of railway tracks in defectograms. At the same
time, severity estimation of defined defects is also of great interest. This article continues the cycle of works devoted to the
problem of automatic recognition of images of defects and rail structural elements in eddy-current defectograms. In the
process of forming these images, only useful signals are taken into account, the threshold levels of amplitudes of which are
determined automatically from eddy-current data. The article is devoted to the issue of constructing severity estimation
of found defects with various lengths. The construction of the severity estimation is based on a concept of the generalized
relative amplitude of useful signals. A relative amplitude is a ratio of an actual signal amplitude to a corresponding threshold
level of useful signals. The generalized relative amplitude is calculated by using the entropy of the half-normal distribution,
which is assumed to be a model for a probability distribution of an appearance of certain relative amplitudes in an evaluated
defect. Tuning up the formula for calculating severity estimation of a defect is carried out on the basis of eddy-current
records of structural elements. As a reference of the most dangerous defect, the bolted rail joint is considered. It models a
fracture of a rail. A reference weak defect is a flash butt weld, a defectogram of which contains signals with low amplitude
values. The proposed approach to severity estimation of defects is shown by examples.

Keywords: nondestructive testing; eddy current testing; rail flaw detection; automated analysis of defectograms; severity
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Mg obecrevenns 6e30MaCHOCTM OBVDKEHMS HA >KeJIe3HOTOPOKHOM TPAHCIIOPTE PEeryNapHO IPOBOAUTC HepaspyIIao-
ILIMJ1 KOHTPOJIb PEeJIbCOB C IPMMEHEHMEM PasINIHbIX II0AX0I0B M METOMIOB, BKII0Yas METOIBI BUXPETOKOBOIT HeeKTOCKO-
muu. AKTyasbHOI 3ajiauell SBJISETCS aBTOMATMUECKNIT aHaMu3 OONBIINX MAcCUBOB JaHHBIX (IedeKTorpaMm), KOTOpbIe
IIOCTYHAIOT OT COOTBETCTBYIOIIET0 00opymoBanus. [lox aHAIM30M IOHMMAETCS MPOLeCC ONpefieNieHus 1o AedeKxrorpam-
MaM Haunmuus JedeKTHBIX yJacTKOB Hapsay C BBIABIECHMEM KOHCTPYKTMBHBIX 3JIeMEHTOB pelbcoBOro ImyTu. IIpm sTom
TakKe GOJIBILIION MHTepec NpefCTaBiIsgeT U OLeHKa CTEIIeHN OIIACHOCTH BBIABICHHBIX RedeKToB. [JaHHas CTaThs IIPO-
JOJDKaeT LMK paboT, MOCBALLIEHHBIX 3aJaue aBTOMATUYeCKOTO pacIo3HaBaHMs 00pa3oB NedeKTOB M KOHCTPYKTUBHBIX
3JIEMEHTOB JKeJIe3HOOPOKHBIX PEJIbCOB II0 BUXPETOKOBBIM HedekrorpamMmam. Ilpu dopmupoBaHmy sTux 06pa3oB Mpu-
HMMAIOTCS B PacueT TOJILKO II0JIe3HbIe CUTHAJIBI, IOPOrOBble YPOBHM aMILIUTY ] KOTOPBIX ONPeleIAI0TC aBTOMAaTIUeCKI
10 BUXPETOKOBBIM MaHHBIM. CTaThd IIOCBAINEHA 3ajade IIOCTPOEHNS OLIEHKM CTEIeHV OIIACHOCTM MJIS BBISBIE€HHBIX
TOBEPXHOCTHBIX JedeKTOB pasinuuHoil mpoTshkéHHocTH. [locTpoeHe OLIeHKM ONMMpaeTcs Ha MOHITIE 0600LUEHHOI OT-
HOCHUTEJILHON aMIUIUTY AbI IOJI€3HbIX CUIHAN0B. OTHOCHTEIbHAS aMILINTY A IPe/ICTaBIgeT o601 OTHOIIEHNE PeaTbHOI
aMIUIMTYABI CUTHAa K COOTBETCTBYIOILIEMY IIOPOTOBOMY YPOBHIO IIOJI€3HBIX CUTHaNOB. OGOOIIEHHAT OTHOCUTENIbHAS
aMILINTY A BBIUMCISETCS C MCIOTh30BAaHMEM SHTPOINMY IIOJTyHOPMAIbHOIO pacHpeneeHNs, KOTopoe IpeaIoiaraeTcs
MOJIeIbHBIM JISl pacnpesieJIeHUs BeEpOATHOCTElN IOABIEHM TeX MM MHBIX OTHOCUTENbHBIX aMIUIUTY ] B OLIEHMBAEMOM
nedexre. Hactpoitka ¢opMyipl pacuéra CTelleHM OIacHOCTH AedekTa ocyliecTBIAeTCA Ha OCHOBE 3aIllicell KOHCTPYK-
TUBHBIX 9JIEMEHTOB. B KauecTBe sTallOHHOrO HamboIee ormacHoro gedeKkTa paccMaTpUBaeTCs GONITOBON PEIbCOBBIN CTBIK,
KOTOPBIIl MOJEIMPYyeT M3JIOM pelbca. OTATOHHBIM CIabbIM JedeKToM BBICTYIIAeT 3JIeKTPOKOHTAKTHAasd CBapKa, medex-
TOrpaMMa KOTOPOI, KaK IIPaBUJIO, COAEPKUT CUTHAJIBI C HEBBICOKUM 3HAUEHMEM aMILIMTYA. IIpeamoxkeHHBIN MOAXO
K OLIeHKe CTeIIeHM ONAaCHOCTM Ae(eKTOB JeMOHCTPUPYeTCd Ha IIpJMepax.
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Beegenue

s obecrieyeHus 6e30MacHOCTM OBIDKEHMUS Ha KeJIe3HOLOPOKHOM TPAaHCIIOPTE PeryJsIpHO IPOBO-
JUTCS HEPA3PYIUAIOIINI KOHTPOJIb PENILCOB C IPUMMEHEHMEM PA3JIMYHBIX IIOAX0I0B I METOMOB, BKIIIOUas
MeTOIBI BUXPETOKOBOI MedeKTOCKOIMM. AKTyalbHOI 3afauell ABIAeTCS aBTOMAaTNUecKuil aHanmus [1—3]
OOJIBIIINIX MACCUBOB JaHHBIX (XedeKTorpaMmm), KOTOpbIe IIOCTYIIAI0T OT COOTBETCTBYIOILIET0 000PYOBAHMS.
ITox aHamM30M IMOHMMAETCS IPOLIECC ONpeesieHNs 110 AedekTorpaMmMaM Hanuuus qepeKTHBIX YIACTKOB
HapsAy C BBISBIEHIEM KOHCTPYKTUBHBIX 3JIEMEHTOB PeJIbCOBOrO ITyTH. IIpu 9TOM Takke GONIBIION NHTEPEC
IIpefiCTaBIIsIeT OLleHKA CTEIIeHYI OITaCHOCTY BBIIBICHHBIX Ne(eKTOB.

aHHas CTaThs IPOJOJDKAET LMK paboT [4—8], IIOCBAIIEHHBIX 3ajaue aBTOMaTUUECKOT0 pacIio3HaBa-
HIS 00pa3oB KeeKTOB 1 KOHCTPYKTIMBHBIX 3JIeMEHTOB >KeJIe3HONOPOKHBIX PEJICOB I10 AedeKTorpaMMam
MHOTOKaHAJIbHbIX BUXPETOKOBBIX MedeKToCKooB. [ledekrorpaMmsel pa3duBaioTcs Ha pparMmeHTsI (610K
aHaJNM3a), KAKIBIA U3 KOTOPBIX 06pabaThIBaeTCs OTHENBHO. B TekyIeM Gi10Ke aHANIM3a € MCIIOIb30BAHIEM
aNropuTMa U3 craTeit [4—6] [T KaHAIOB JAaHHBIX IIPOVICXOUT BhIesIeHNe TI0JIe3HBIX CUTHAJIOB, KOTOpbhIe
TPYIIUPYIOTCS B OTMeTKM. HalineHHBIe OTMETKM ITOIJIeXKaT JabHeNIell KiaccuduKauuy ¢ IpuMeHe-
HIeM HeJIpOHHBIX ceTell. B craTbe [7] pelanack 3ajaua pacrnosHaBaHMs 3amucell HeOOJIbIINX KOHCTPYK-
TUBHBIX 3JIEMEHTOB (IUIMHOM O 157 MM) ClIeqyIOIIMX TPEX TUIIOB: 1) GOJITOBON CTBIK C IPSIMBIM N
CKOIIIEHHBIM COeNVHEHMEM PeNbCOB, 2) 3JIeKTPOKOHTAKTHAS CBapKa PeIbCcOB U 3) aIIOMMHOTEPMUTHASI
cBapKa peibcoB. B crarbe [8] mpoBoguiock pacrnosHaBaHue 3amncelt IMHHBIX (0T 420 MM Do 3220 MM)
KOHCTPYKTMBHBIX 3JIEMEHTOB PEJIbCOBOTO IIyTM IBYX KJIACCOB: 1) CUETUMK OCeil ITOABVLKHOIO COCTaBa,
2) mepeceueHme penbCcOBBIX IyTeit. OTMETKNM, KOTOpble He OBLIM OTHECEHBI K TOMY IV MHOMY THUITY
KOHCTPYKTVMBHBIX JIEMEHTOB, KJIacCUPUUUPYIOTCA KaK yCIOBHBIE He(eKTHI.

OTa cTaThd IOCBSIIEHA 3aaue ITIOCTPOEHNMs OLEHKM CTeIleHV OIACHOCTY IS BBIABIEHHBIX IIOBEPX-
HOCTHBIX HedeKTOB pasInyHOI HpoTHKEHHOCTH. [locTpoeHEe OIIeHKY OIMpaeTcs Ha IOHATIE 0000IIEH-
HOJI OTHOCHUTEJbHOJ aMIUIUTYOBI ITOJNE3HBIX cUrHanoB. OTHOCKHTeNbHAS aMIUIMTYAA IIPEeCTaBIsSET CO-
0oi1 OTHOIIIEHNE peaTbHON aMIUIUTYAbl CUTHAJIA K COOTBETCTBYIOIIEMY IIOPOTOBOMY YPOBHIO IIOJIE3HBIX
curaaioB. O600IIEHHAA OTHOCUTEIbHAS aMIUIUTYAA BBIUNMCIIAETCS C MCIIONb30BaHIEM SHTPOINI IIOJY-
HOPMAaJIBHOTO paclpefiesieHNsI, KOTOpOoe MPeIloaraeTcss MOAEIbHBIM I paclpefeieHus BepOSTHOCTEN
ITOSIBJIEHIS TeX VIV MHBIX OTHOCUTEJIBHBIX aMIUIATY B OLIEHMBAEMOJ OTMETKe.

Hacrpoiika popmybl pacuéra cTerreH M OIIacCHOCTY OTMETKIY OCYILIeCTBIISIETCS Ha OCHOBE 3aIIicel KOH-
CTPYKTMBHBIX 3JIEMEHTOB. B kauecTBe sTanoHHOr0 Hambosee onacHOro fedekra paccMaTpyBaeTcs 00JITo-
BOJI PEJIbCOBBIN CTBIK, KOTOPBINI MOZENNPYeET U3JIOM Pebca. ITAIOHHBIM CIa0bIM HeQeKTOM BBICTYIIaeT
3JIEKTPOKOHTAKTHAsI CBapKa, AedeKTorpaMma KOTOPOIL, KaK IIPaBIIO, CONEPKUT CUTHANBI C HEBBICOKUM
3HaUeHMEeM aMILIUTY L.

B crarpe paccmaTtpuBaeTcs 06001IEHHOE YCTPOIICTBO B Biie 12-pa3psIHOrO BUXPETOKOBOTO nedeKTo-
ckoma ¢ 15 KaHanaMu JaHHBIX (Ha OOMH peibc). KaHanbr qaHHBIX COOTBETCTBYIOT (pM3MUECKUM JaTUMKAM,
KOTOpBIE ITOCJIEeOBATENIBHO PACIIONIATAIOTCI Ha IIOBEPXHOCTM pesibCa MEepIeHAUKYIISIPHO HAIpaBIeHUIO
IOBIDKeHUsT MedeKToCKoma. 3HAueHNUsI aMILUIATY CUTHAIOB KaXXIOTO KaHala perucTpUpYIoTcs AedeKTo-
CKOIIOM BUJ€ LeJIbIX Yucell oT -2048 go 2047. IIlar ckaHMpoBaHUI ;qe(beKTocxona — 1 Mm.

VHTepec mpecTaBisgioT aMIIMTYIbI TOJIBKO II0Je3HBIX CUTHATIOB. OTMETHUM, UTO IpUMEHIEeMBbIil pa-
Hee aJTOpUTM OIIpefeseHNs [IOPOTOBOTO YPOBHS aMILINTYH II0JI€3HbIX CUTHATOB [5, 6], pacCUMTaHHBII
Ha (pparMeHTHI BUXPETOKOBBIX Ae(eKTorpaMM, IoHaBIsgioliee GOIBIIHCTBO CUTHAIOB B KOTOPBIX COCTaB-
JISIET PeNbCOBBII LIyM, OBLT CKOPPEKTHPOBAH B paboTe [4]. Bpuin yureHbI CUTyalun ¢ BO3MOXXHBIM HaJIM-
4uyeM Ha aHAIMSUPYEeMOM ¢parMeHTe BUXPETOKOBOI JeeKTOrpaMMBbl OOJIBIIOTO KOJIMYECTBO ITOJIE3HBIX
CUTHAJIOB (HampuMep, OT IPOTKEHHBIX ITOBEPXHOCTHBIX He(eKTOB, AIMHA KOTOPBIX MOKET COCTABIATH
HECKOJIKO COTEH METPOB).

[ajee B cTaThe IpenIioaraeTcs, UTo MOJe3Hble CUTHABI OIIPeNeITI0TCS MMEHHO 110 COOTBETCTBYIO-
MM CKOPPEKTMPOBAHHBIM IIOPOT'OBBIM YPOBHAM.
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1. IIpemBapuTelbHBbIe CBeJEeHUA

[TockonbKy majee B CTaThe IPEIIIONAraeTcs, YTO BEPOITHOCTY OTHOCUTEIBHBIX aMILIUTY[ CUTHAIOB
IIPOM3BOJIBHON OTMETKI MIMEIOT II0TyHOPMaJIbHOE paclpefieIeHIie, a KIII0UeBbIM MOMEHTOM IIPU pacuére
CTeIIeHN) OTIACHOCTY OTMETKH fBJISAETCS IIpMMeHeHNe SHTPOINM, JaAUM CHavala HeoOXORMMble IIpefBa-
pUTeJIbHBIE CBeIEeHMS, KAaCAIOIIMeCs MCIIOIb3yeMbIX ITOHITHIA.

ITycTs HempepbIBHAA CTyUaiiHasg BeandnHa X MMeeT IOJTyHOpPMaIbHOE pacipeeieHne BeposSTHOCTe
(half-normal distribution). Torga ¢pyHKIUS IIIOTHOCTU pacIpefeIeHNs BEePOITHOCTEIl IMeeT BU

V2o 2

e 22, x>0
0"771' bl b

IIe 0 — CpeIHEKBAIpATNYECKOE OTKIOHEHNE CIIYUalfHON BEJIMYMHBI OTHOCUTEIBHO HYJIA.

f(x) =

I[.HH IIOJIYHOPMAJIBPHOTO pacCIIpenejeHnsa nMMeeM

0 +00 2 _i
= 202 = 1
/f(x)dx /a\/fe dx =1,
0 0

+00 +00

/xzf(x)dxz/xzo\fE e_% dx = o*.

0 0

PaccmorpumM ¢opmyity SHTpOINMHM IOJTYHOPMAIBHOTO pacIpefesieHUs BepOSTHOCTEl, 3allICAaHHYI0
C MCIIOTB30BAHNEM HATYPAIBHOIO JIorapudma:

HIX] = - /f ) In f(x) d /f(x 1n£—2’;21ne dx =
_om ~ U\/E 1
= 0/f( dx+/ x* f(x) dx = W+§_

Jr

=lnoc+ln— + - =~lno +0,726.

1
V22
Orcropa mmonyuaeM ClIeqyoIyo GopMysy BIUNCIECHNS ¢ Uepe3 SHTPOIILIO

o ~ eHIX1-0.726

2. Pacuer crenmenu onmacHocTu gedexra

Ilae 0. Hopmuposanue amniumyo none3Hvix cueHanog. C IOMOIIBIO Clleqyroleil GyHKIMY, HallcaH-
HOII Ha sa3bIKe Python 3, mpomcxoquT MOAroTOBKA MCXOMHBIX HAHHBIX MJI Pacuéra CTeleHNU OITacCHOCTH
HalIIeHHOJ OTMeTKY. 3HaueHMe aMILIMTYbI KaXIOr0 CUTHAJIA OTMETKM JEJIMTCS Ha COOTBETCTBYIOIIIA
IIOPOTOBBIN YPOBEHD MOJIE3HBIX CUTHAIOB M OKPYTIJISIETCS ¢ TOUHOCTBIO 10 1/coef, e coef = 10. VI3 momny-
YeHHOT'O pe3yJIbTaTa BBIUMTAETCS eVHILA, T. €. OCYIIeCTBIIIeTCS CMeleHue Ha 1. 3aTeM IOCUNTHIBACTCS
YacToTa KKIOI0 PasINUHOIO 3HAUEHNsI TAKMX OTHOCUTENbHBIX aMILUIUTY CO CMeIlleHIeM.

B aroit pyukumm EC[0:49999,0:14] — aT0 MaTpuIila aHATU3UPYEMBbIX MCXOJHBIX BIUXPETOKOBBIX HaH-
HBIX, T. €. pparMeHT AedeKTorpaMMbl IIUHOI 50 MeTpoB ¢ maHHbIMU OT 15 kaHanoB, Threshold[0:14] —
CIIVICOK IIOJIOKUTEJIBHBIX M OTPUIATEIbHBIX IIOPOTOBBIX 3HAUEHMUII aMIUIUTY[ IIOJIe3HbIX CUTHAJIOB IJIS
15 kaHanoBs, start u end — KOOpAMHATHI Hayala M KOHIIA TeKyIIell OTMeTKM. PesysbraToM paboTel PyHKIMM
SBJIIETCS MACCUB R 4acTOT aMILIUTYH ITOJIe3HBIX CUTHAIOB OTMETKY, HOPMUPOBAHHBIX OTHOCUTEJIBHO CO-
OTBETCTBYIOIIETO IIOPOTOBOI0 YPOBHS CUTHAJIOB C IIOCIETYIOIIVM BbIUMTAHMEM eAVHNLBI, YMHOKeHIeM
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Ha coef 1 OKpyIyleHueM [0 OJypKaitiero 1eioro. Ipyrumu cioBamu, sneMeHT R[i] mpexncrasiser co6oit
KOJINUECTBO HallleHHBIX 3HaueHuit i = round(coef - k), rme k — 9TO OTHOILIEHNE MOJE3HOTO CUTHAIA
OTMETKM K COOTBETCTBYIOIIIEMY IIOPOTOBOMY YPOBHIO CUTHAJIOB 6e3 eMMHUIE], a round — QyHKIMS OKPYT-
JeHns fo Oypkariiero esroro uncia. C yuérom crienuduky XpaHeHUs JaHHBIX B MaccuBe R paee Gymem
HAa3BIBATH i MIPOCTO 3HAUEHUMEM CMEIIEHHON OTHOCUTEIBHON aMILIATY/IbI IIOJIE3HOTO CUTHANa, a R[i] —
YACTOTOI IOSABJIIEHNSI B OTMETKe CMEIIEHHO OTHOCUTENBHON aMILIUTY bl CO 3HAUEHVEM .

Yucio 10, BBIOpaHHOE B KAUeCTBe 3HAUEHNS I KOHCTAHTHI coef, 03HAUAET, UTO CMEIIEHHbIE OTHOCH-
TeNbHbIE aMIUIUTY/IbI PA3IMUAIOTCA C TOUHOCTHIO 0 OQHOI JeCSITOI.

def Data_Preparation(Threshold, EC, start, end, coef, R):
for j in range(0, 15):
thplus = Threshold[j].thplus
thmins = Threshold[j].thmins
for i in range(start, end + 1):
ec = EC[i, j]
if ec > thplus:
Rlint(coef * ((ec / thplus) - 1) + 0.5)] += 1
if ec < thmins:
Rlint(coef * ((ec / thmins) - 1) + 0.5)] += 1

Ilaz 1. Buiuucnenue sumponuu. Paccmorpum maccus R[0 : n] 4acToTHOro pacmpepeieHus 3HAUEHUIT
CMEIEHHBIX OTHOCUTETHHBIX aMmutyx X = {0,1,...,n} Bcex IMOJI€3HbIX CUTHAJIOB TEKYIEN OTMETKIL
Yucmo n — 3HaueHMe MaKCUMAJIbHOI CMELIEHHO OTHOCUTENBHO aMILIUTYIbI 9TON oTMeTKI. [[ponsse-
oém Berumcienue surpornu H mis maoxecrsa X = {0, 1,..., n} no dopmyie

H= —zn:p,-lnpi, rue Zn:pi =1,
i=0 i=0

Ppi — BEPOATHOCTD IOABJIEHNA B OTMeTKe CMeII¢HHOI OTHOCUTEIbHOI aMIUINTYAbI CO 3HaueHMeM i € X.

Crenyromtas ¢yHxius Ha g3bike Python 3 peanusyer sty dopmyny. Kpome Habopa manusix R u 3Ha-
YeHMs n Ha BXOX (PYHKLUM ITOmaéTca CyMMapHOe 3HaueHIe cir BCeX 3JIeMEeHTOB MaccuBa R. B kauectse
pe3ysbTata QyHKIMA BbINAET 3HaueHne H sHTponuu A Habopa maHHBIX X.

def Get_Entropy(R, n, ctr):

H=0
for i in range(0, n + 1):
if R[i] > O:
H += (R[i] / ctr) * math.log(ctr / R[i])
return H

Illaz 2. Cpednexksadpamuueckoe omkioHeHue. [JomycKkas, 4To BepOITHOCTH II0SBJICHNS B OTMETKE TOV UK
MHOJ CMEILIEHHOJ OTHOCUTEIBHON aMIUIUTYABI B IPUOIIVDKEHUY MeeT [TOyHOPMATIbHOEe pacIpemerie-
HJI€, BBIYJICIIMM [AJI1 3HAUEHMII 3TUX OTHOCUTEIBHBIX aMIUINTY [ MX CPeTHEKBAIpaTNUeCKOE OTKIOHEHIE
OT HYJIs Yepe3 MMOIyUueHHyIo sHTponuio H 1o cienyroieit popmyie:

H-0.726
coef

Henenne Ha x03¢¢puumeHT coef MPOBOAUTCI ¢ yuéToM ocobeHHOCTU popmupoBaHms MaccuBa R[0 : n],
C TIOMOILBI0 KOTOPOTO OCYIL[ECTBIISIETCS XpaHeHVe YacTOT 3HAUEHMIT CMEIEHHBIX OTHOCUTEIbHBIX aM-

o =

IUINTY O IIOJIE3HBIX CUTHAJIOB.
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Hlae 3. IIpasumo mpéx cuem u Oeyubenvl. Bocronb3yeMcs IPAaBUIOM TPEX CUTM, YTOOBI IIOCTPOUTH
0000IIEHHBIIT yPOBEHb OTHOCUTEJIBHBIX aMILUIUTYH IIOJIE3HBIX CUTHAJIOB I IIepeBeéM eTo B HelOeIIbl:

Amplitude = 201g(1 + 30),

roe Amplitude — 0GOOIIEHHBIN YPOBEHb OTHOCUTENBHBIX aMILUIUTY B AeluOesax.

Ilae 4. Oyenxa cmenenu onachocmu. Ha ocHOBe 06001méHHOTO ypoBHI Amplitude OTHOCUTEIBHBIX aM-
IUINTYH, BBIPAKEHHOTO B [qelbenax, IIPOM3BOAUTCSI PACU€T CTEIEeHM OIACHOCTU Severity s TeKyLei
ormerku. [Ipu aToM IpMHMMAIOTCI BO BHUMAaHIE CleqyIolye apaMmeTpsl: Scale — rpagarus (KOJIMUECTBO
IIYHKTOB) cTelleHM omacHoctu, minAmpl u maxAmpl — HaumeHnsbitee n Hauboblllee ITOPOrOBbIe 3HA-
yeHNs 000OIIEHHOIO YPOBHS OTHOCUTENBHBIX aMIUIUTYA. [lapamerp minAmpl 11o3Bossier UTHOPUPOBATD
He3HauMTeJIbHbIe OTMETKY, I KOTOPBIX He IIpeJyCMOTpeHa Aa)ke MUHUMAaJIbHAs CTeIleHb OITaCHOCTIL.
3HaueHme maxAmpl ycTaHABIMBAET IIOPOT, IIPY IPEBBIIIEHUI KOTOPOro 0ojiee He MMeeT CMBICIA pas-
JMYATh MAaKCUMAJIBHO OIIACHBIE OTMETKU. B 3TOM cilyyae BceM MM IIPUCBAMBAETCS IPENENTbHBIN YPOBEHD
oracHocTy. HauBBICIINII ypOBEHb OMACHOCTY COOTBETCTBYeT 3HaueHuio Severity = 1. C yBennmueHuem
3HauUeHNs Severity yMeHBIIIAETCS Y CTEIIeHb OITaCHOCTI OTMETKIL.

[IpuBenénnas HiwKe yHKUMS Ha s3bIKe Python 3 peanmsyer mociremHuit sTan BBIUMCIEHNS OLIEHKN
CTeIeHY OITACHOCTY OTMETKI.

def Get_Severity(Amplitude, Scale, minAmpl, maxAmpl):
if Amplitude < minAmpl:
Severity = Scale + 1
else:
Amplitude = min(Amplitude, maxAmpl)
Step = (Scale - 1)/(maxAmpl - minAmpl)
Severity = Scale - math.floor((Amplitude - minAmpl) * Step)
return Severity

3meck math.floor() — pyukimsa oxkpyriaeHus uncia 5o 6pKaiiero HauMeHbIIero 1exoro. OTMeTuM, uTo
Npy JajgbHeNIeM aHalu3e BCe OTMETKN, IOJyumBIINe 3HaueHue Severity paBHoe Scale + 1, cunraiorcs
He3HAUUTEIbHBIMIY 110 CTEIIeH) OTIACHOCTM U yHAISIIOTCA U3 criycKa qedeKToB.

3. OOocHOBaHNE 3TAaOB pacuéTa

OpHyM M3 KII0YEeBBIX MOMEHTOB IIPM PACcUéTe CTEIEHM OIMACHOCTYM OTMETKU ABJILETCS BBEIEHME I10-
HATUA 0000ILIEHHOI OTHOCUTEIBHOI aMIUINTYAbL. IIpy HeKOTOpOoM «ycpemHEeHMUM» 0000IIEHHA OTHOCK-
TeJIbHAsA aMILUIUTY A II03BOJIAET IOJyUNTh HATrJIAJHOE IIPEICTaBIEHME O TOM, BO CKOJIBKO Pa3 aMILIUTYIbI
IIOJIE3HBIX CUTHAJIOB OTMETKM OOJIbIIIe COOTBETCTBYIOIIUX HAJIEHHBIX IIOPOTOBBIX YPOBHEI (IIOJIe3HBIX
curHanoB). Ha mpaxkTuke poct 3HaueHNs 00001EHHOT aMILIATY AbI PETMICTPUPYEMBIX CUTHAIOB HAIIPSIMYIO
CBS3aH CO CTEIIEHbIO N3HOLIEHHOCTY IIOBEPXHOCTY KaTaHMs TeCTMPYeMOTo pparMeHTa peiIbca.

B xauecTBe «ycpenHAIOIIeN IIPOLeyphl» IIPUMEHIeTCs IIPABIIIO TPEX CUT'M IIPY MOAEIBHOM IOITyIIle-
HII, YTO BEPOATHOCTM CMEIIEHHBIX OTHOCUTEILHBIX aMIUIUTY] OTMETKM COOTBETCTBYIOT IIOJIyHOPMAalb-
HOMY 3aKOHY pacrpefeienusd. Ilo aTomy mpaBmily IpefnojiaraeTcs, 4To I TeKyIlell OTMeTKM IIOUTHU
BCe OTHOCUTEJIbHBIE aMIUINTYABI Oe3 CMellleHNd Ha eIVHNIy OTpaHIYeHbI CBepXy 3HaueHueM 1 + 3 - o,
rge o — cpefHeKBagpaTHueckoe OTKJIOHEHMe OT HyJld, BBIUMCIEHHOEe UYepe3 SHTPOINIO, IJIA 3HAUeHU
CMEILEHHBIX OTHOCUTEIbHBIX aMILIUTY ] IIOJIE€3HbIX CUTHAJIOB.

BaskHO OTMeTNTB, UTO MMEHHO JCII0JIb30BaHMe SHTPOIIMMN IIPY BHIUMCIEHN CpeTHEKBAIPATIIUECKOTO
OTKJIOHEHNS 0 II03BOJISET II0TyJaTh CTAOMIIbHBIN OKMJaeMbIil pe3yJIbTaT PV IIOCTPOEHNY OLIEHKI CTeTIe-
HII OTIACHOCTM ITOBEPXHOCTHOTO NedeKra. Brrumcienne cpeqHekBagpaTuecKoro OTKJIIOHEHNS HAIIPIMYIO
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Fig. 1. Straight bolted joint (at the top), 250 mm, Puc. 1. MNpamoli 601TOBON CThIK (BBEPXY), 250 MM,
Severity = 1. Probability distributions of shifted Severity = 1. PacnpegeneHuns BepoATHOCTE
relative amplitudes (at the centre). Values CMeLLEHHbIX OTHOCUTENbHbLIX aMMANTYA
of relative amplitudes (at the bottom). (Mo ueHTpy). 3HayYeHNsA OTHOCUTENbHbIX
Useful signals are 45,49% amMnAnTya (BHW3yY). MNone3HbIX CUTHANOB 45,49%
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Fig. 2. Flash butt weld (at the top), 250 mm,
Severity = 9. Probability distributions of shifted
relative amplitudes (at the centre). Values
of relative amplitudes (at the bottom).
Useful signals are 7,43%
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Puc. 2. SnekTpOKOHTaKTHas cBapka (BBepxy),
250 mMm, Severity = 9. PacnpegeneHus
BEPOATHOCTEV CMEeLLEHHbLIX OTHOCUTENbHbIX
aMnanTyA (No ueHTpY). 3HaYeHUs OTHOCUTENbHbIX
aMMINTYA (BHW3Y). NonesHbIX CUTHaNoB 7,43%
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Fig. 3. Aluminothermic rail weld (at the top), Puc. 3. AntoMnHOTEpMUTHAs CcBapka (BBepxy),
250 mm, Severity = 5. Probability distributions 250 MM, Severity = 5. PacnpegeneHuns
of shifted relative amplitudes (at the centre). BEPOSATHOCTEN CMeLLEHHbIX OTHOCUTETbHbIX
Values of relative amplitudes (at the bottom). amMnAnTyA (Mo LeHTpy). 3HauYeHNs OTHOCUTeNbHbIX
Useful signals are 31,89% amMnAnNTyA (BHW3yY). MNonesHbIX CMrHanos 31,89%
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Fig. 4. Single surface defect (at the top), 250 mm,
Severity = 4. Probability distributions of shifted
relative amplitudes (at the centre). Values
of relative amplitudes (at the bottom).
Useful signals are 24,31%
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Puc. 4. OMHOYHbII MOBEPXHOCTHbIN fedekT
(BBepxy), 250 Mm, Severity = 4. PacnpegeneHns
BEPOATHOCTEV CMEeLLEHHbIX OTHOCUTENbHbIX
aMnAnTyA (Mo LeHTpy). 3HayYeHNss OTHOCUTENbHbIX
aMnAnTYA (BHW3Y). MNonesHbIX CUrHaioB 24,31%
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Fig. 6. One-meter fragment of 9-meter surface
defect (at the top), Severity = 10. The first thousand
values of relative amplitudes of the fragment
signals (at the bottom). Useful signals are 13,59%
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Puc. 6. MeTpoBblIii pparmeHT 9-mMeTpoBOro
AedekTa MOBEPXHOCTU KaTaHWs (BBepXY),
Severity = 10. NepBas TbiCAYa 3HAYEHUIA
OTHOCUTENbHbIX aMAANTYZ CUrHaNoB dpparMeHTa
(BHM3Y). MNonesHbIX CUrHanoB 13,59%
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Fig. 7. Single short surface defect (on the top),
250 mm, Severity = 2. Real distribution
(at the centre) and imaginary distribution
(at the bottom) of probabilities of shifted
relative amplitudes of useful signals.
Useful signals are 17,14%

Puc. 7. O4VHOYHbI KOPOTKMIA MOBEPXHOCTHbIN
AedekT (BBEPXY), 250 MM, Severity = 2.
PeanbHoe pacnpegenieHue (Mo LEHTPY) U MHUMOE
pacnpegeneHue (BHU3Y) BepOATHOCTEN
CMeLLEHHbIX OTHOCUTEJIbHbIX aMMNTYZ NOAe3HbIX
CUrHanos. MNonesHbIX CUrHanoBs 17,14%
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Fig. 8. Beveled bolted joint, 250 mm, Severity = 2.
Real distribution (at the centre) and imaginary
distribution (at the bottom) of probabilities of

shifted relative amplitudes of useful signals.
Useful signals are 36,20%
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Puc. 8. Kocoli 60n1ToBOM CThIK (BBEpPXY), 250 MM,
Severity = 2. PeanbHoe pacnpegeneHue (rno LeHTpy)
1 MHMMOEe pacrpezeneHue (BHN3Y) BEpOSTHOCTEN
CMELLEHHbIX OTHOCUTE/IbHBIX aMMINTYA MOMEe3HbIX
CUTHanNoB. MNonesHbIX CUrHaNoB 36,20%
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MJIU Ke C IpUMeHeHNeM aJIropuTMa u3 crareit [4—6] HelrenecoobpasHo, Tak KakK COBEpPIIEHHO He rapaH-
TUPYETCS, UTO IIOJTyUYEeHHbIE 3HAUEHU OYQYT COTIACOBBIBATHCS C ITOCTABIEHHBIMI LEJAMU 10 IPUYUHE
YACTOTO 3aBBILIEHNS MY 3aHIDKEHMS (OTHOCUTENIBHO OXKIIAHNIT) BRIUMCISEMOI0 3HAUEHNS 0.

Ha puc. 1-6 s pasianunbIx pparMeHTOB AedekrorpaMm (BBepxy) IMOKas3aHBbI (110 LIEHTPY) peabHOoe
U MOZIeJIbHOE pacIipeieieHNs BEPOsTHOCTeN CMEIIEHHBIX OTHOCUTENBHBIX AMIUIUTY I II0JIe3HBIX CUTHAJIOB
C BEPTUKAIBHOI JIMHIEN OTCEUKY VI 3HAUeHUs 3 - 0. Bojiee TOT0, B HIDKHEI YaCTV PUCYHKOB IIPVBeEHbI
BBICTPOEHHBIE B JIMHUIO 3HAUEHVS OTHOCUTEIBHBIX aMIUIMTY[ IIOJI€3HBIX CUTHAJIOB C TOPM3OHTAIBHOI
JIMHUEN OTCEUKM IJIg 000OILEHHO OTHOCUTEIBHOI aMIIIUTYbI, paBHON 1 + 3 - 0.

OTMeTMM, UTO ITOCHeAYIOLIMIT IIepeBod OOOOLIEHHOV OTHOCUTEJIBHON aMIUIMTYABI B JeLMOesbl —
9TO CTaHOApTHOE [AeiiCcTBIE IpY paboTe ¢ OJOOHBIMNI BeJIUMHaMU. PasnnuHoe BOCIIPUSITIIE UeTOBEKOM
OIM3KMX CIIAOBIX U OJIM3KUX CUJIBHBIX aMILINTY A IPUBOANT K HEOOXOAMMOCTY IIPOMEKYTOUHOT'O MCIIONIb-
30BaHM JIOTapUPMUUECKOIT IIKAIBI I TOTO, UTOOBI Jajlee MMeTh BO3MOXXHOCTh afeKBaTHOTO Iepexoma
K «JIMHEIHBIM» YPOBHIM/CTEIIEHAM OTACHOCTIL.

CremyromyuM KII0UeBBIM MOMEHTOM IIPY IIOCTPOEHMY OL[€HKI CTEIIeH) OIIaCHOCTH SIBJIIETCS HACTPOII-
Ka e€ IIIKaJIbL.

JI71s1 HacTpOVIKM IIKANBI CTEIleHel OMAaCHOCTY IIpejIaraeTcsl MCIIONb30BaTh 3aIIMCU KOHCTPYKTMBHBIX
3JIeMEHTOB, KOTOPBIE PeryJIIpHO BCTpeYaloTcs Ha AedeKTorpaMMax. B KauecTBe STaJOHHON OTMETKI,
MMeIOIIell MaKCUMAJIBHBI YPOBEHb OIMacHOCTU Severity = 1, ymoOHO paccMaTpuUBaTh 3aIlMICh OOJITOBOIO
penbcoBoro cThika (cM. puc. 1). B manHOI cutyarum 60ITOBOI PEIBCOBBIN CTHIK OYOET UIPATh POJIb M3JI0-
Ma, T. €. pOJIb CaMOTO oIlacHoro nedekra. B kauecTBe 3TaIOHHOTO €1aboro KedeKTa, KOTOPBII MMeeT CMBICI
HaUuMHATh OTCIEKNBATh, BHICTYIIAeT 3JIEKTPOKOHTAKTHAasA cBapka (cM. puc. 2). Kak mpasmito, o6pas aiek-
TPOKOHTAKTHOM CBapK! (OpMUPYETCS CUTHAJIAMM C OTHOCUTEIHHO HEBBICOKMM 3HAUEHVEM aMILIUTYbI.
[Ipn TaxoM ITOAXOMme aNOMMUHOTEpMUTHAS CBapKa OymeT HaBaThb OTMETKY C IIPOMEXYTOUHBIM yPOBHEM
omacHoctH (CcM. puc. 3).

Ha maHHBII MOMEHT BpeMeHU HAacTpolika GOpMYIIbI OLIEHKY CTEIIeHN OITACHOCTY OTMETKM OCYIIeCTB-
JIeHa C MpUMeHeHUeM CIeAYIOIX 3HAUeHmit mapameTpos: Scale = 10, minAmpl = 9 u maxAmpl = 27.
Omenxka Severity st OTMETOK, IIpeACTaBICHHBIX Ha BCEX PUCYHKAX CTaThbl, IPOM3BeqeHa C MCIIONb30Ba-
HIeM MMeHHO 3TUX 3HaueHMit mapamMerpos minAmpl u maxAmpl 1o gecsTuOanIpHON LIKAJIE.

Haxkomnery, o6patuM BHUMaHMe Ha elié oquH napameTp coef = 10, MCIIONB3YIOMIMUIICS IIPU ITOCTPOECHUN
MacCHBa YaCTOT CMEIEHHBIX OTHOCUTENbHBIX aMIuTyx R[0 : n]. 9ToT mapamerp m03BOJIsIET aBTOMATH-
YeCKM 3aHIDKATh CTEIeHb OIIACHOCTY JJIA TeX AedeKTOB, KOTOphIe Ha 3allVICU MIMEIOT COBCeM He OOJIbIIoe
KOJIMUECTBO II0JIe3HBIX CUTHaIOB. HecMOTps Ha TO UTO aMIIMTYABI CUTHAJIOB 9TUX Ae(eKTOB MOTYT IIPU-
HIMAaTh «3alllKaJMBaOIye» 3HAUeHMs, PaKT MX HeOGONIBIIOrO KOJIMYEeCTBA 03HAYAET, UTO COOTBETCTBYIO-
II{/ie peaJibHbIe ITIOBEPXHOCTHBIE HedeKTh 001a1a0T CKPOMHBIMI pasMepaMiy I He SIBJISIOTCS HACTOJIBKO
OITaCHBIMMU, KaK MOXKET IT0Ka3aTh 0000IIEHHAS OTHOCUTEIbHAS aMILIUTY A,

OpHaxo IJIst TaKMX OTMETOK M3-3a HeOOJIBIIIOr0 KOJIMUECTBA ITOJIe3HbIX CUTHAJIOB MaccuB R[0 : n] mo-
JIyuaeTcs paspesKeHHBIM (CONEep)KUT HyJIeBble BHYTpEHHMEe 3jieMeHTHI). [Ipu BerumciaeHnn 06061EHHOI
OTHOCUTEJIPHOI aMILIUTY/bl Yepe3 SHTPOINMI0 Habmomaercs agdekT cxxatusa maccusa R[0 : n], mockonb-
Ky OH BOCIPUHNMAETCS IUIOTHHIM (6e3 HyJIeBBIX 9JIEMEHTOB B CEpeIIHe MAacCUBa) U YIIOPSIIOUeHHBIM
I10 YOBIBAHMIO. ITO MPUBOANUT K HEOOXOAVIMOMY 3aHIDKEHIIO 0000IIEHHOI OTHOCUTEIBHOI aMIUIUTYIHL,
I10 KOTOPOJT Jajiee CTPOUTCS OLfeHKa CTEIleHN OIACHOCTY OTMETKIL.

Omnucauubii 3dgdekt cxxarus u copTupoBKy Habopa maHHBIX R[0 : n] MoxHO Habmomath Ha puc. 7.
s cpaBHeHUS Ha pucC. 8 IPUBONUTCS ITOXOKMIL CIyUall, HO C JOCTATOUHO IIJIOTHBIM pacIpeeieHreM
YacTOT aMILIUTY/] CUTHAJIOB, IJI KOTOPOro 3¢ ¢eKT cxaTus oYty He 3aMeTeH. Ha aTux prucyHkax 1o neH-
TPy IpeICTaBleH pealbHBI/I MAaCcCUB pacIpeleeHNs YacTOT CMEIEHHBIX OTHOCKUTEIbHBIX aMIUIUTYI,
a B HIDKHEN UaCTU PUCYHKOB IIOKAa3aHO TO, KAK 3TOT MAaCCUB BOCIIPMHUMAETCS IPU BBIYMCIEHNUU JH-
Tpomnuu (A IOIYHOPMAIBHOTO pacipegenenns). 3aech 3HaueHNs 9JIeMeHTOB MaccuBa R oTobpaskaroTcsa
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B HOPMIPOBAaHHOM BIJie OTHOCUTEJILHO OOIIIel CyMMBI 3HAUeHMIT BCeX 9JIeMeHTOB MaccuBa R, T. e. 1o cytu
NIpUBeJeHBI Ipad VKN IIJIOTHOCTU pacIpefeeHNA BEPOSTHOCTEN 3HAUCHMIT CMEIEHHBIX OTHOCUTEJIBHBIX
aMILIUTY[ IIOJIE3HBIX CUTHAJIOB.

3akiroueHye

IIpennoKeHHBIN B CTaThe MIOAXOM K OlleHKe CTEIIeHY OIIaCHOCTY IIOBEPXHOCTHBIX Ae(eKTOB pasINuHOI
MPOTSHKEHHOCTI XOPOIIIO ITOKa3as cebsI Ha MpaKTHKe Py HepaspylIalolieM KOHTPOJIE PeIbCOB. AITOPUTM
OLICHKIU YCIIEIIHO IIPMMeHSeTCI B paMKax alllapaTHO-IIPOrpaMMHOI0 KOMILTIEKCa BIUXPETOKOBOI nedex-
TOCKOIIMI IIPY OLIEHKe CTEIIeHY OITaCHOCTY Ae(eKTOB IIOBEPXHOCTY KaTaHMI PEJIbCOB.
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Let B be a Euclidean ball in R" and let C(B) be a space of continuos functions f : B — R with the uniform norm |f|¢@) :=
max,ep |f(x)|. By IT; (R") we mean a set of polynomials of degree < 1, i. e., a set of linear functions upon R". The interpolation
projector P : C(B) — II,;(R") with the nodes x € B is defined by the equalities Pf (x(f)) =f (x@),j =1,...,n + 1.The
norm of P as an operator from C(B) to C(B) can be calculated by the formula |P|s = max,ep Y, |A;(x)|. Here A; are the
basic Lagrange polynomials corresponding to the n-dimensional nondegenerate simplex S with the vertices x?. Let P’ be a
projector having the nodes in the vertices of a regular simplex inscribed into the ball. We describe the points y € B with the
property |[P’|z = 3. |A;(y)|. Also we formulate some geometric conjecture which implies that |P’| is equal to the minimal
norm of an interpolation projector with nodes in B. We prove that this conjecture holds true at least for n = 1, 2,3, 4.

Keywords: simplex; ball; linear interpolation; projector; norm
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lnormation Sysem: DISCRETE MATHEMATICS IN RELATION TO COMPUTER SCIENCE

O cBoJicTBaX NPaBMJIBHOTO CUMILIEKCa, BIINICAHHOTO B IAp

M. B. HeBckmit! DOI: 10.18255/1818-1015-2021-2-186-197

1HpOCJIaBCKI/IﬁI rocygapcTBeHHBIN yHUBepcutetT uM. I I. [Jemunosa, yi. CoBetckad, 1. 14, r. fIpociasns, 150003 Pocenms.
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Hayuynas craTes Iocne mopabotku 25 mas 2021 T.
TlomHBIN TEKCT HA PYCCKOM f3BIKE Ilpundara k nyOnaukamuu 26 Mas 2021 r.

IIycrs B — eBximpoB map B R", C(B) — mpocTpaHCTBO HelpephIBHBIX GyHKII f : B — R ¢ paBHOMEpPHOIT HOpMOII
Ifle@ := maxyeg|f(x). Iom II; (R") moHMMaeTcss COBOKYIIHOCTh MHOTOUJICHOB OT 1 IIepeMEHHBIX CTEeIleHM < 1, TO ecTh
nuHeitHprx GyHKuMit Ha R". WnTepronsumonusni mpoextop P : C(B) — II;(R") ¢ yamamu x¥) € B ompenensercs
paBeHcTBaMu Pf (x(f)) =f (x(j)),j =1,...,n+ 1. Hopma P xax oneparopa us C(B) 8 C(B) Beruucisercs o gopmyue |P| =
max,cp . |A;(x)|, rme ; — 6asucuble MHOTOUWNEHBI JIarpaHka HEBHIPOKIEHHOTO N-MEPHOTO CUMILIEKCA ¢ BeprumHamu xU).
IIycts P/ — mpoeKTop, y3JIbl KOTOPOTO COBIIAJAIOT C BEPIIVHAMI IPABUJIBHOTO CUMILIEKC], BIICAHHOTO B LIap. B craTbe
HalleHsl TOUKN y € B, mus xotopsix [P/ = Y, |4;(y)|. PopmynupyeTcs reomerpuueckast IUIIOTE3a, M3 CIIPABeIIIBOCTIL
KOTOpOI1 cienyeT, uto |P/|p ectb MMHUMaNbHOe 3HAaueHVE HOPMBI MHTEPIOJSAIIMOHHOIO IPOEKTOPa, Y3JIBI KOTOPOTO
npuHamexar B. [Joka3bIBaeTCs, YTO 9Ta IUIIOTE3a CIPaBeIJIMBaA [0 KpaitHeit Mepe i n = 1,2, 3, 4.
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Nevskii M. V.

Beegenue
IIyctes Q — Bermykioe teno B R”. O6o3nauum uepe3 C({2) mpoCTpaHCTBO HENMPEPBHIBHBIX (YHKIIMIT
f + Q — R ¢ paBHOMepHOIT HOPMOIL
lew) = max|f(x).

ITox Iy (R") 6ymemM moHMMATh COBOKYITHOCTh MHOTOUWIEHOB OT N IIepeMEeHHBIX CTEeIIeH! He BBILIe 1, Wi,
MHaue roBops, MuHeiHbIX Gynkumit Ha R™. Tna x© € R", R > 0 uepes B(x”); R) 0603maunm n-mepHpIit
eBKJIMJIOB 1I1ap, 3aaBaeMblii HepaperctoM |x — x(V] < R. 3xecs

1/2
n

. _ 2
Il = Gex) = | Y %
i=1
IMonoxum B, := B(0; 1). Huxe ey, ..., e, — KaHoHuueckuit 6asuc R".
IycTs S — HeBBIPOXKIEHHDIT cumILiekc B R”. O6osmaunm Bepumusr S yepes xU) = (xl(’),...,x,(l’)),

1= j =< n+1. Beeném B paccMOTpeHNe CIEAYIOLIYI0 MAMPUYy 6epuiti 3TOTO CUMILIEKCA:

X Xn 1
S .= x%z) x,(lz) 1
(n+1) x}(1n+1) 1

Iycts S7! = (lij). Jlumeitapie MHOTOUNEHHI Aj(X) = lLjxi; + ... + lyjxy + lpsqj, K0aduUIMEHTEI KOTOPBIX
COCTABJISIIOT CTOJIOIIBI MaTPUIIBI S~!, o6mamaroT CBOIICTBOM Aj (x(k)) = 5]»". Mzr nasbiBaeM A; 6asucHbimu
mHozounenamu Jaeparxca, coorBercTByronumu S. [Ins x € R" BbIOIHAIOTCI paBEeHCTBA

n+1 n+1

x= ) A, Y L) = 1.
Jj=1

STy paBeHCTBA 03HAYAIOT, UTO UMcia Aj(x) ABIAIOTCA Gapuyenmpuueckumu KoopouHamamuy Toukn x. Ilo-
npobHee cMm., HaripuMep, [1, §1.1].

Bynmem roBoputs, uto mHTEpHONIIMOHHEI 1poekTop P : C(Q) — II;(R") cooTBeTCcTBYeET CMILIEKCY
S c Q, eciu €10 y3JIbI COBIANAIOT C BEPIIMHAMI 3TOT0 cuMILIeKca. [IpoexTop P onpenesnsercs paBeHCTBAMMU
Pf (x(i)) =f (x(i)) . CripaBeyIuB ClleyIOIMII aHATIOT MHTEPIIOMAIMOHHOIT Gopmyuibl Jlarpamika:

n+1
Pf(x) = Y f (x7) 4x). ()
=1
O6o3uaunm uepes |P|q HOpMy P kak omeparopa us C(Q) 8 C(Q2). 13 (1) cienyer, uro

n+1

H%ﬁgggwmh

[TockomnbKy Aj(x) cyTh 6apuiieHTpUYecKue KOOPAWHATEI TOUKM X, IMEEM TaKKe

n+1 n+1 n+1

IPlo=max{ Y 1§ Y pxleq Y p=1t. @
Jj=1 Jj=1 J=1
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Iycts Q = B : = B(x'%; R). Kak nokasano B [2],

2\ 172
n n+1 n+1

1Pl = max |R( {3 fily I ZICUlIE 3)
T j=1 j=1

i=1

Eciut S — IpaBIUIbHBLI CHMILIEKC, BIMCAHHBII B map, To |P| 3 He 3aBucut Hu ot tentpa x| Hur ot pagmyca
R mrapa, Hu OT BBIGOpa TAKOTO CUMILIEKCA. B aToM ciyuae (cMm. [2, Teopema 2])

|P|s = max{y(a), Y(a+1)}. (4)
3mech
1/2
¢m:;jfﬁ@m+1-g) +1-n?i, Ostsn+l, 5)

a:= n+l _ Jn+l
: 2 |-

TeoMeTpuuecKye OLEeHKN B IOJIMHOMUAIBHON MHTEPIIOISILINM N3JI0KeHbI B MOHOrpaduy asropa [1].
B wacTHOCTH, TaM IpUBeNEHbI PEe3YJIbTATHI IO JIMHEMHON MHTEPIONALMM HA eUHUYHOM Kybe Q, :=
[0, 1]", wacTh 13 KOTOPBIX MMeEET OKOHYATEJNBHBIIT XapaKkTep. HeKoTopble OIleHKM [JIst KOHKPETHBIX 1 GBI
[03[Hee yayuLIeHs! (CM., Hanpumep, [3, 4]). MuTeprnossums ayHeHbIMY QYyHKIMAMY Ha €BKIVXOBOM
mrape B R” u cMe)XHBIe BOIIPOCHI paCCMATPUBAIINCE B [5, 6], [2].

B Hacrosiiest crarbe MbI JOIIOJIHUM pe3yJIbTaThl, IOJIyUeHHbIe B [2], MUI IIPaBIUIBHOTO CUMILIEKCA,
BIIMCAHHOTO B IIap. B ImyHKTe 1 yKashIBalOTCHA TOYKM, B KOTOPBIX QyHKIMA A(x) := ), |Aj(x)| mocTuraer
CBOEro MaKCIMyMa Ha Iape. B kaxoit Takoit Touke y € B

n+1

Ay) = DI = |Pls = max{y(a), y(a+ 1)},

J=1

ITU TOUKM pacIioNaraloTcsa Ha rpaHuuHoit cdepe. Ux konmmnuectBo paBuo N = ("zl), rae k coBmamaer ¢ TeMm
13 umcen a u a+ 1, Ha kotopoM /(¢) npuauMaet 6oibliree 3Hauenue. OueBunHo, uto N ecTs uncio (k — 1)-
MEpPHBIX TPaHell HEBBIPOKIEHHOTO N-MEPHOTO CUMILTEKCA. B myHKTe 2 06CyKIAI0TCsA BOIIPOCHI, CBA3AHHBIE
C MHBAapUAHTHOCTHI0O HOPMBI MHTEPIOJSAIMOHHOIO IIpoeKTopa npu adppuHHOM npeobpasoBaHum. B myHk-
Te 3 popMyIMpyeTcst TeOMeTpIUecKas TUIIOTe3a, U3 CIIPABEIIINBOCTIL KOTOPOIT CIeyeT MUHIMAIBHOCTD
HOPMBI [IPOEKTOPA C y3JIaMI B BEpIINHAX IPABIIFHOIO BIIICAHHOTO CUMILIEKCA.

1. Toukmu makcuMyMa PYHKIMHU A(X) AJIS MPAaBMIBHOTO BINMCAHHOTO CUMILIEKCA
[Tomoxxum AJId HaTypaJIbHOTO N

a+1, ecmu y(a+1) = yY(a),

a, ecau Y(a+1)< Y(a).

IMompo6HbIit aHanns u TabauLa, ComepIKalas nepeble 3HaueHus n u k, mpusenens! B [2]. B rabunue 1 atu
IaHHble OOIOJHAIOTCT unciaamMu N = ("Zl).
Ilpu n = 1, 2,3 Beinonuserca k = 1. Ecim n > 3, To Vn + 1 > 2, moaromy

1 [n+1 Jn+1 n+1 Jn+1 1 n+1
a+1-= -—

-——+1<
2 2

k:um;:{

2 2 2

3HauuT, mpu n > 3 BepHO k < %1 Tak kak k — 1eJioe, TO IIpU BceX n = 2 uMeeM k < g
IIycte S — n-MepHBII NpPaBWJIBHBIA CUMILIEKC, BIIVICAHHBIN B n-MepHBIi map B, A; — GasucHble
muorowrensl Jlarpamka aroro cumiurekca, P : C(B) — I1j(R") — cOOTBETCTBYIOLIMI MHTEPIIOSIIIIOHHBIN

IIPOEKTOP.
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Table 1. The numbers n, k, and N = (") Ta6nuua 1. Yncnan, kN = (")
" [ & N- ()
1 1 2
2 1 3
3 1 4
4 1 5
5 2 15
6 2 21
7 3 56
8 3 84
9 3 120
10 | 4 330
11 | 4 495
12 | 5 1287
13 | 5 2002
14 | 6 5005
15 | 6 8008
50 | 22 196793068630200
100 | 45 | 110826707011209895344085355160

Teopema 1. Paccmompum npousgonvryro (k — 1)-mepuyro epanv G cumniexca S. ITycmv H — (n — k)-mepras
epamnv S, komopas codepicum eepuiutbl, He npunadexaujue G. Obosnauum uepes g u h yenmpu msxecmu
epaneit G u H. ITycmv y ecmb mouka nepeceuerust npsmoti (gh) ¢ epanuunoti cepot 6 Hanpasmenuu om g K h.
Toeoa

n+1

Ay) = 3 L = 1Pl (6)
j=1
Hokasamenvcmeo. [JoctaTouHO paccMoTpersh pukcnpoBaHHble I1ap B ¢ R” u mpaBmMIbHBIN CUMILIEKC S,
BIIMCAHHBIN B B, a Taxoke ciyuait G = conv (x(l), e x(k)) .

Ecmmn=1,710 Y(t) = Jt2-t)+|[1-t, a =0, ¥(a) = Y(a+1) =1, k = a+ 1 = 1. Bosemém xV = 0,
x® =1,1.e.5=B=[0,1]. Borom ciyuae g = 0, h = 1, A1(x) = -x + 1, Ay(x) = x, A(x) = 1. Tak kak |P|p = 1,
TO pu ¥ = h = 1 paBeHCTBO (6) BBIIOJIHAETCA. 3aMeTUM, UYTO B 3TOM TPUBMAIBHOM CIyuae COBOKYIIHOCTb
TOoUeKk MakcumyMma QyHKumuu A(x) coBramaer c mapom B.
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Ilycts n = 2. CHavajna 3aMeTMM, UTO LIEHTP TSDKECTY ¢ CUMILIEKca S IpUHAMIEXUT OTpe3Ky (g, h].
[lejicTBUTENBHO, 13 PABEHCTB

1 n+1 " 1 k " 1 n+1 "
= s = — y hzi 7
¢ n+1Zx & ka n+1- ka @
j=1 j=1 Jj=k+1
cnenyet, uto (n+ 1)c = kg + (n+ 1 - k)h, 1.e.
k n+1-k
= + h. 8
¢ n+1g n+1 ®)

Hns noxasarenbcTsa (6) DOCTATOYHO YKasaTh JIMHETHBI MHOTOUIEH p, IPUMHUMAIOIINII B y3JIaX 3Ha-
uenus +1, takoit uto p(y) = |P|p. PaBencrna p (x(])) = +1 marot

n+1 n+1 n+1

P = D p (x9) 1) = A) = E]Ny<mHZM@ = |Pls.

Jj=1

Ecnu p(y) = |P| g, TO Bce BenMumMHBI B 9TOI I{eIIOUKe COBIIAAAOT, 3HAUUT, A(y) = |P|p.
IMoxakeMm, uTo 3TUM CBOIICTBOM 06amaer muHorowreH p € I1;(R") co sHaueHUAMU

P (x(l)) =.=p (x(k)) =-1, p (x(k”)) =.=p (x(””)) =1. 9)

IMockoneky p — nuueltHas dyukuus, us (7) u (9) cnenyer, uro p(g) = -1, p(h) = 1. Ipumenss remeps (8),

rnoyiyuaem
n+1-k n+1-2k
pg)+ ———ph)= ——.

n+1 n+1

ple) =

IleHTp Ts>KeCTM NMPABUIIPHOTO CUMILIEKCA COBIIAaeT ¢ IIEHTPOM Iapa. Tak Kak mpupalieHne GyHKINA p
MIPOTIOPLIIOHAIBHO PACCTOSHIIO MEKIY TOUKAMY, BBIIIOJIHIETCS

lg-hl _ R

p(g) - p(h)  p(y) - plc)’

rage R — paamyc mapa. HOJICTaBJIHSI HalileHHble 3HaueHU, IIPpUXOAVIM K PaBEHCTBY

n+1

n+1-2k 2R
+ .
n+1 lg - Al

p(y) = (10)

BennunHa nocieqHelt qpodu He 3aBUCUT OT BBIOOpA IlIapa M BIIMCAHHOTO B HETO IIPABYIIBHOTO CUMILIEKCA.
Berumcium aTo 3HaUeHME AJIS KOHKpeTHBIX S 1 B.
HimenHO B KadyecTBe S BO3bMEM IPABIUIBHBIN CUMILIEKC C BEPIIHAMNI

xW = €1, ..n, X = en, K1) - <1 -Jn+1 1- \/m) .

5 eeey

n n
Iimuea moGoro pe6pa S pasHa /2. Cummtexc Brcan B map B = B(x¥; R), rme

1 1
o_|1Nmr INmal o L [n
n b b n bl

x .
n+1

B coorBeTcTBMN C (7) KOOPAMHATEI TOUYEK g U h MMEIOT BUI

1
817 =8k = 1 8k+1=--=8n =0,
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b - 1 1-+Vn+1
Lmem e i Tk n ’
1 1-Vn+1
hk+1— —hn+1_ 1+
n+1-k n

Orcrona

k nn+1-k)

ITocyte HeCIOKHBIX IIPe0Opa3OBAHUII MeeM

2 2
||g—h||2=<1 1- “"+1> .k+<”+1_ ""+1> “(n- k)

n+1
—hf ————
e = 10
Hrak, B paccMaTpmMBaeMOi CUTYaLIN
2R n (k(n+1-Kk):  24n

=2 k(n+1-k)?.
ek Nn+1  Jnsi nyq (Ker1-R)

IIpomomxas Temeps (10), MBI MOXKEM 3aIMCATh

1-2k 2R 2k 2
nr . - 29" (me1- k)
n+1 lg - h| 1

ol

p(y) =

7+
n+1 n+

Ecmm 1l < k < ”T”, TO mocyeqHee BbhipakeHue coBnanaer ¢ Y(k). 9To HepaBeHCTBO A k BBIMOTHAETCS.

Bonee Toro, k coBmagaer ¢ TeM u3 umcen a U a + 1, Ha KOoTopoM /(1) MpuHUMAaeT OOJblilee 3HAUEHIIE.
CremoBarensHo, p(y) = max{{(a), Y(a + 1)} = |P|. Teopema nokasana. U

Teopema 2. B o6o3Hauenusx npedvidyweti meopemvl [g, h] sensemcs ompe3xom MakCUMATbHOU OTUHbL, NPU-
Haomeiauum S U napanienvHuiM 6ekmopy gh.

[okazamemnvcmeso. B [7] 6puin mmosryueHs! popMyJIbl IS BBIUMCIECHUS IINHBL U KOHI[OB MaKCUMAaJIbHOTO
OTpe3Ka 3a[JaHHOTO HAIIPABJIEHNsI, IPYHAJIEKAIIET0 CUMILIEKCY. MOKHO BBIIIOJHUTH COOTBETCTBYIOLIIIE
BBIUMCIIEHNS [UIsT KOHKPETHOTO CUMILIEKCa U Y4eCTh cooOpaskeHus mogo6us. OXHaKo Ipolile BOCIIONIb30-
BaThCS CIIEAYIOLIIEN XapaKTepu3anueil MaKCUMaJIbHOTO OTpe3Ka, JOKa3aHHO B [7] (cM. Tam eMMsI 1 1 2).
Ompesok, npunadexawuti CUMNITEKCY U NAPAILTeTbHbLY 0AHHOMY HEHYTIEB0MY 6eKMOpY, UMeem MAKCUMATTb-
HYI0 OTUHY Mo020a U MObKO moeoa, kKoeda kaxcoas (n — 1)-MepHas epanb cuMneKca cooepium xoms 6vl 00UH
U3 €20 KOHY08.

Ilycte 3amucs x = {fi,..., Pp+1} O3HAUAET, UTO TOUKA X MMeeT OapMIEHTpUUECKNEe KOOPAMHATHI
P, ..., Pns1 oTHOCUTENBHO S. Yepes Gj o603HaumM (n — 1)-MepHyI0 I'paHb CUMILIEKCA, He COJEpPKaIyIo
seprmuy xU), [na Touek aToif rpaHM Bce GapMI[EHTPUUECKNe KOOPIMHATHI HEOTPUIATENbHEI, IPUUEM
pj = 0. Umeem:

k
1 . 1 1
— E )R R vy —0,...,0
g K jzl X k, b k" H b >

1 n+1 (j) 1 1
= — xY =10,...,0, s s
n+1—kj=;1 n+1-k n+1-k

B aTux paBeHCTBAX UMCIIO HEHYJIEBBIX OAPUIEHTPUUECKUX KOOPIUHAT €CTh COOTBETCTBEHHO kK U n + 1 — k.
OueBnaHO, g € Giy1, ..., Gpi1, h € Gy, ..., G. Iloaromy Kaxkpas (n—1)-MepHas rpaHb CUMILIEKCA S COTEPIKUT
KoHel[ oTpe3ka [g, h]. TeM caMbIM, 3TOT OTPE30K MMeEeT MAKCUMAIBHYIO JUIMHY U3 BCEX OTPE3KOB B S
MAHHOTO HAIpaBieHVs. 3aMeTUM, UTO 3TO PacCyXAeHUe MONXOAUT AJI J06O0ro cCuMILIEKca U JI60ro
k =1,...,n. Teopema nqoxasaHa. O
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2. VHBapuaHTHOCTH HOPMBI IIPOEKTOpA IpU APMHHOM IIPeodpa3oBaHIINI

B 1948 r. ®. [I:xoH [8] mokasai, uto Kaskoe BhITyKIIOe Tesio B R” comepKUT e IMHCTBEHHBII SJLIUIICONT
MaKCUMAaJIBHOTO 00b€Ma, a TaKXKe Al XapaKTepM3alyIo TeX BBITYKIIBIX TeJ, IJI1 KOTOPBIX TaKMM SJIJIUII-
COMIOM SIBJISIETCS e {MHIUHBIN eBKINIOB 11ap B, (mogpobuee cM., Hanpumep, [9, 10]). 3 reopemsr [Ixona
CIIeyeT aHAJIOTUYHOE YTBEPKAEHIIE, KOTOPOEe XapaKTepMU3yeT e AMHCTBEHHBII 3JUINIICOMT MUHIMAJIbHOI'O
00BéMa, coftepIKalUil JTaHHOE BBIITYKIIOE TEJIO.

MpbI GygeM paccMaTpuBaTh JUINIICOM MUHIMAIBHOTO 00BEMa, COTEPIKAIIINTT QAaHHBIV HEBbIPOKIEH-
HBIN CUMILTEKC. [IJI KpaTKOCTM TaKOM SJUIUIICOUT OyaeM Ha3bIBATh MUHUMATbHbIM. OUeBUIHO, UTO M-
HIMaJIbHBII 3JUIMIICOM] CUMILJIEKCA ONIICaH BOKPYT Hero. LleHTp 3TOro ajnnuiconsa coBnagaer ¢ HeHTpoM
TOKECTU CUMILIeKca. MUHMMAaIBHBIN 3JIIUIICOU, ONIMCAHHBIN BOKPYT CUMILIEKCA, ABIAEeTC eBKINI0BBIM
IIapOM TOTa U TOJIBKO TOTJA 3TOT CUMILIEKC ABJISETCH MPAaBUIBHBIM. 9TO 3KBMBAJIEHTHO TOMY, UTO 3 BCEX
CHMILIEKCOB, COIeprKallXcd B IIIape, MaKCUMaJIbHbIN 00béM uMeeT IIPaBIUILHBIN CUMILIEKC, BIIVICAHHBIN
B 3TOT 11ap (cM., Haripumep, [11—13]).

Ionoxkum s, := vol(B,). Yepes o, 0603HaunM 06HEM MIPABIIBHOTO CUMILIEKCA, BIIVICAHHOTO B €U~
HUuHBI map By,. Ilycts S — mpou3BoJIbHEI N-MepHOTO CUMILIEKC ¥ E — MUHMMAaNbHBIN 3JIIUIICON 3TOT'0
cumiurekca. Ecnu HeBbIposkneHHOe apPuHHOE 0TOOpaKeHNE IEPEBOANT S B IIPABIUIBHBIIN CUMILIEKC, BITN-
caHHBIN B By, T0 06pa3 E npu sToM oTobpaxkeHnu cosmangaer ¢ B,. CiemoBareIbHO,

vol(E) s
vol(S) o,
Hs3BectHO, UTO
) 1 : ( n+1 )3
My = ———, Op=—A+n+ ,
T (2+1) "ol n
a™ 2m+lpm 2(m)(4m)™
s = —_—, s = =
2T ) LT ome ) 2m+ 1)

(cm., Hanmpumep, [14, 15], [1]). Takum o6pasom,

' n
vol(E) = K, vol(S), K, := “n i ()2 P
On I‘(g+1)(n+1)T

Taxxke CIIpaBE€JINNBbI paBEHCTBaA

2m)!(2rm)™ 1 my
K2m = ( ) ( ) 1 K2m+1 = 2m+% (2 - ) ’ ﬂ'mmL
m!(2m + 1) 2 m+1

Bennunna K, yuacTByeT B HIDKHeT OI[eHKe [JIS HOPMBI IIPOEKTOpPa, Y3JIbI KOTOPOTo IIpMHANIeKaT By,.
ITycte yn(t) ects cmanoapmusosanHbiii MHozoueH Jlejicanopa cmenenu n:

olt) 5= [ -1,

CyectByer koHcTaHTa C > 0, He 3aBUCSIIAs OT N, TAKas UTO JIs JIF0OOr0 MHTEPIIOISLMOHHOTO IIPOEKTOpa
P : C(Bp) — Ii(R")
IPls, = ' (Ky) > C/n. (11)

HepaBenctsa (11) ycraHoBneHs! aBTopoM B [6]. [IpaBas olieHKa BepHa, HallpuMep, Ipyu

c-_ 7
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Iycts S n S’ — HeBbIpoXAenHbIe cuMILTekch B R” ¢ Beprmmmamu x0), ..., x(™V iy, (1 coorper-
crBeHHO. O603HaUNM uepes S MaTpuIy BepIIMH cUMILIeKca S, yepe3d Y — n x (n + 1)-marpuny, j-it croabery
KOTOpO#t copieput koopauuatsl sepummubt Y. Iycers Ay, ..., Ay — 6asucHble MHOTOUWIeHB! Jlarpamxa
CUMILIEKca S.

Jlemma 1. Cywecmeyem eduncmeennoe aggunnoe npeobpasosanue F npocmpancmea R, nepesodswee S 6 S,
dns komopozo yU) = F (x(j)). Pasencmeo y = F(x) sk6usanenmHo Kaxoomy u3 coomHouleHull

» !
=y (s’ x , (12)
Yn 1
n+1
y =, AoV, (13)

Hokasamenvcmeo. Kasknoe HeBbIpokaeHHOe adduuHOe mpeobpasoBaHme mpoctpancrsa R" mmeer Bup
F(x) = A(x) + b,rme A : R" — R" — HeBBIpOXXIEeHHBII ITMHeHEI onepatop. ITycts A = (a;;) — maTpuna
omepatopa A B KaHOHUYECKOM 0asmce. B koopamHaTtHOM Buae paBeHCTBO y = A(X) + b 3KBUBaJIEHTHO
COOTHOIIIEHUIO

X1
N an ... ain by .
Yn an1 ... Qun bn 1
Ilycts M ects n x (n + 1)-mMaTpuita, crosimias B mpasoit wactu. Yerosus y¥) = F (xV)) pasrocumbmbr

MaTpuuHoMy paseHcTBy Y = MST. CemosarensHo,
M=Y (D) =v(s)".

[Tosromy addpuHHOe ITpeobpasoBaHye, YIOBIETBOPSIOLIEE YCIOBUSIM TEOPEMBIL, SIBIISETCS €JUHCTBEHHBIM
u nmeet Bup (12).

[Tockomeky A; € IIi(R") m A; (x(k)) = (Sjk, paBeHcTBO (13) Takxke 3amaér apduHHOE mpeobpasoBaHIe
y = F(x), nnsa xoroporo F (x(k)) = y(k). U3 equuacreennoctu F ciepyer, uto (13) sxkBuBanentHo (12). Pas-
HOCJIBHOCTB 9TUX PABEHCTB MOYKHO YCTAHOBITH U HEITOCpencTBeHHO. [lepenuieM (13) B KOOpAMHATHOM
BUJIe uepe3 K0apPuumeHTh MHOTOUIEHOB A;:

n+1 ] n+1 n ]
y= Z A](x)y(» = Z lijk + ln+1,j yo),
Jj=1 Jj=1 \ k=1
n+1 n . n+1 n . n+1 .
Yi= Z lxi + I j y}’) = Z Z lejxi yi(’) + Z ln+1,jyi(]) =
Jj=1 \ k=1 Jj=1 \ k=1 Jj=1
n n+1 . n+1 .
-2 Wi ) xe+ > Y by
k=1 \ j=1 j=1
Taknm 06pasom, (13) 9KBMBAIEHTHO COOTHOIIEHUSAM
n n+1 . n+1 .
Yi= Z AKX + bi, ik = Z yi(])lkj, bi = Z yi(])lml,j.
k=1 Jj=1 Jj=1
Iockonbky S™! = (I;j), mocieHme paBeHCTBa paBHOCIUIBHEI (12). O
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OrMeTuM, YTO HOpMa MHTEPIIOJISLMOHHOTO IIPOEKTOPA MHBAPMAaHTHA OTHOCUTEIHBHO HEBBIPOKIEHHO-
ro a¢p¢pmuHHOTO Ipeobpa3oBaHUISL.

Teopema 3. [Tycmb Q — suinyknoe meno 6 R", codepicaujee Hegvipoxcoennvlii cumniiexc S, Q' u'S" — ux o6pasvi
npu HegvLpoHOeHHOM addurom npeobpasoéanuu, P : C(Q) — I;(R"), P’ : C(Q') — I;(R") — unmepnonsa-
YUOHHDLE NPOEKMOPbL, Y3/Tbl KOMOPLLX COBNAOAM ¢ Gepulunamu cumniexcos S u S’ coomeememeenno. Tozda
IPla = [Pl -

Loxazamenvcmeo. IlycTs Xy, ..., Xp41 — BEpILIMHBI CUMILIEKCA S. BygeM cumTaTh, YTO BEpPILVHBI CUMILIIEKCA
S’ saHyMepOoBaHBI TAKMM 06pa3oM, UTo y(f) =F (x(f)). ITpu Takom cooTBETCTBUM HAGOP GapUIEHTPUUECKIX
KOOpAMHAT IIPOU3BOJIBHOM TOUKM X € R"” oTHOCUTEIBFHO cUMILIEKCa S cCOBIIAfAeT ¢ HAGOpOM GapuIleHTpI-
YeCKIX KOOpAMHAT ToukM y = F(x) orHOCUTeNnbHO cumIuiekca S'. ATo ceyeT n3 paBeHCTB

n+1 n+1

x= 3 L0,y =3 4xyY,
j=1

BTOpOe 13 KOTOPBIX COBIAAaeT ¢ cooTHolreHneM (13) temmer 1. IToaTomy B coorBeTcTBMM ¢ DOPMYIIOIL (2),
BBIpaKaIOIIell HOpMY MHTEPIOJIALMOHHOIO IIPOEKTOpa Yepe3 OapULIeHTpUYeCcKyie KOOPAMHATEI, IMeeM

n+1 n+1 n+1 n+1 n+1 n+1

|IP|o = max Z 1Bl Zﬁjx(j) €Q, Zﬂl =1} = max Z 1Bl Zﬂjy(j) e, Zﬁl =1t =|P)|o.
j=1 j=1 Jj=1 Jj=1 J=1 J=1

Teopema mokasaHa. t

CiuenpcrBue 1. ITycmb S — HeBbipoiOeHHbLU N-MepHbITi cumniekc, E — e20 MUHUMAIbHBLI SILTUNCouo,
S’ — npasumvbhblil cuUMNIEKC, GNUCAHHBLIL 6 eOuHUuHbLL wap By,. Ipednonoxum, umo P : C(E) — IL;(R")
u P’ : C(B,) — I(R") — unmepnonayuortvle NPoeKmMopbl, Y3iibi KOMOPbIX COBNAGAIM COOMEEMCMEEHHO
¢ sepuwiunamu S u S'. Tozda |P|g = |P’|5,.

Hoxazamenvcmeo. PaccMoTpuM HeBbIpOkAeHHOE adppuHHOE 0TOOparkeHIEe, KOTOPOE ITEPEBOIYIT CUMILIEKC
S B IpaBIIBbHBIIT cuMIUIeKC S'. ITO oTOOpaskeHMe nepesoauT ayumurcous E B wap B,. Ocraérca npuMeHUTH
TeopeMy 3 B CUTyalmy, Koraa € ecTb MIHMMAaTbHBIN 3JUIMIICON CUMILIEKca S. O

HomonHnM ciencreue 1 3aMeyaHueM, CIPaBeIMBOCTh KOTOPOTO YCTAHABIMBAETCS 10 TOVL XKe CXeMe.
O6o3naunm 3xech uepes A; 6asucHble MHOTOUWIeHE! Jlarparska MponsBoabHOro cumiuiekca S. Toukn mu-
HIMAJIBHOTO 3juinnconsa E, B KOTOPBIX JocTuraercs MakcumyM GyHkumm A(x)= Y |4;(x)|, mmeror To xe
reoMeTpUUeCcKoe OIINICaHIe, KOTOpOe BhIpaXkaeTcs TeopeMoil 1. B ycioBum TeopeMbl MpaBIIIBHBIN CUM-
IIJIEKC HY>KHO 3aMEeHUTH IIPOM3BOJIBHBIM, a ONMCAHHBIII [IIap — MUHUMAJIbHBIM 9JUIMIICOMAOM CUMILIEKCA.
B ykasaHHBIX TOUKaX IPAHMIIBL JJUIAIICOUAA 3HAUeHE A(X) MaKCUMAaIbHO U paBHO |P|g.

CuenpcrBue 2. Cyujecmeyem yHugepcanvHas koncmanma C > 0, maxas umo 0ns 06020 annuncouda E ¢ R™
u 1106020 UHMEPNONIAYUOHHOZ0 NPOEKMOPa, Y3bl Komopozo npuxadnexam E, evinonnaiomes Hepasencmea

-1
IPle = X, (Kn) > Cy/n.
Cpasy nosnyuaercs u3 (11) 1 npeabIOyLIEroO CJIeACTBIUS.
3. OO0 ogHOM 3KCTPEMAIBHOM CBOJICTBE IMIPABIJIBHOTO CUMILIEKCA, BIMCAHHOTO B IIAP

Ilycts S — HEBBIPOXKAEHHBIN N-MEpPHBIN CUMILIEKC, E — MUHMMAaNBHBIN 3JUTUIICON A, COmep KAt S.

n
3adurcupyem HaTypaibHoe m < . Kaxxmomy Habopy 13 m BepIINH CUMILIEKCA IIOCTaBUM B COOTBETCTBIE
TouKy y € E, onpenensemyio crenytomum obpasom. Ilycts g ects 1eHTp TsKecTH (m — 1)-MepHOIt rpaHu S,
cofepsKalliell BeIAeJIeHHbIe BEPILIMHBI, I — IIEHTP TSHKeCTH (n— m)-MepHOJ TpaHu, COIepsKallell OCTalIbHbIe
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n+1-m BepunH. Toraa y ects TOUKa IepecedeHNst IpMoit (gh) ¢ rpaHuIielt SJUIUIICONAA B HATIPABIEHNN
or gk h.

ChopmynupyeMm CireAyIoLIyIo IUIOTesY.

(H1) Ans dannozo namypanvroeo m < 4 u m06020 He6biposcdentozo cumniexca S ¢ B, naiioémes makoii
Habop U3 m 6epulUH cUMnJIeKca, Ot Komopozo y € By,.

Bosee cuiapHBI BapMaHT TUIIOTE3bI YTBEPIKIAET, UTO YKA3aHHOE CBOJICTBO BBITIONHIETCS O/ 1100020
HamypanvHozo m < 5 (H2). [Ina marmmx neseir mocrarouno, uro6er (H1) 66110 cripaBeammso msa m = k(n).
Yucio k = k(n) ompegensercs B MyHKTe 1.

Teopema 4. [Ina m = 1 eunomesa (H1) eepHa.

Hokazamenvcmeo. Ilycts S — cumILIexc ¢ BepIIMHAMMA PNS B, un nentpom tsxxectu c. llentp MunHM-
MaJIBHOTO JUIS S 3JUIMIICOMAA TAaKKe HaXOONUTCA B Touke c. [JoaTomMy B cryuae m = 1 TOUKM y MMEIOT BUJ,
y(j) =2¢-x0), j=1,...,n+ 1. Tem cambIM TpeGyeTcs IOKA3aTh, UTO [JIS HEKOTOPOII BEPIIMHBI X CUMILIEK-
ca BepHO |2¢ — x| = 1. Tak Kak S ABIAETCA HEBBIPOKAEHHBIM, HAMIETCA BEPIUNHA X, YIOBIETBOPIIOIIAL
HepaBeHCTBY (¢, X — ¢) = 0. [lyig 9701 BEPIINHBI

|2c - x|* = 2c-x,2c - x) = 4(c,c - x) + |x|* < |x]* = 1,
3HaumT, BepLINHA X SBISETCS IIOAXOAsIIeil. Teopema nokasaHa. O

O6osnaunm uepes 6,(B,) MIHUMATBHYIO HOPMY MHTEPIIONALMOHHOrO mpoekropa P : C(B,) —
0;(R™), ysnber koToporo nmpuHaexar B,. Yepes P/ 0603HAUNM MPOEKTOP, Y3JIbI KOTOPOTO COBIAIAOT
¢ BepILIMHAMM IIPaBUJIBHOTO CUMILIEKCa S/, BmcasHOTrO B By,

Teopema 5. ITycmb n maxoso, umo ymeepxuoerue (H1) sepro ons m = k(n). Tozoa 0,(B,) = |P’|5,

[oxasamenbcmeo. PaccMOTPUM TPOM3BOIBHBI MHTEPIONAIMONHEI TIpoextop P ¢ yamamu xV) € B,.
I[TycTs S — cuMILIEKC ¢ BepIIMHAMM B 3TUX TOUKaX, A; — 6asmcHbIe MHOTOUneHb! Jlarpamka g S. O603Ha-
4yM uepe3 E MUHMMAaJIBHBIN 3JIMIICOMA 3TOTO cuMILIekca. Iockonbky S ¢ By, misg HeKoToporo Habopa
n3 k = k(n) BeplinH cuMILIEKCa COOTBETCTBYIOILAS TOUKA ) MPUHAIIEKNT IIapy. 3aduKcupyeM y 1 3a-
IINIIEM CIeTyIOIYIO0 LIEeTIOYKY COOTHOLIIeHIL:

n+1 n+1 n+1

/
1P, = [Pl = max > 14(x)| = 3 14(y)] = max 37 |3(x)] = [Pls,-
x€E £ n x€B, 4
J=1 J=1 J=1

Mps1 npumennu popMyIry IJist HOPMBI IIPOEKTOPA, TeOpeMy 1, cieIcTBIE 1, a TAK)Ke 3aMeUaHue IIOCIIe HETO.
HepaBeHCTBO B 3T0I1 L{eIIOUKe CJIEAyeT 13 TOro, UTo y € B,. 3ameTum, uTo eciay y ABJSIeTCS BHYTPEHHEI
TOYKOII LIIAPa, TO 9TO HEPABEHCTBO SABJISIETCS CTPOTVIM.

Taxum 06pasom, s IF0060ro IIPOEKTOPa, Y3JIbI KOTPOTO IPUHAIIEKAT By, BHIITOIHAETCS HEPABEHCTBO
IP’|B, = |P|B,- CrenoBarensro, 0,(B,) = |P’|5,, uTo 1 TpeGoOBaIOCh JOKA3ATE. O

Cnencrsue 3. Ecnul < n < 4, mo 0,(By) = |P/|5,-

Hoxazamenvcmeo. B cydae n = 1 yTBepKIeHIe 3KBUBAJEHTHO TOMY, YTO MUHMMAaJIbHAsA HOpMa MHTep-
noJsAuoHHoro npoekropa P : C[-1,1] — II;(R) peasnusyercs qy1s mpoeKTopa, y3JIsl KOTOPOTO COBIIAAIOT
¢ KoHIamu otpeska [—-1,1]. Ecim e 2 < n < 4, TO BBIIIOJHAETCS paBeHCTBO k(n) = 1 1 HY>KHBIN pe3yabTaT
cpasy cienyer U3 Teopem 4-5. O

Pesynbrar ciencTBus 3 GbUI YCTaHOBIIEH B [2] OpyrMM MeTOHOM, ITOAXOMSALIMM JIVMIIb I pasMep-
HocTell co cBoiicTBOM k(n) = 1. Haunnas ¢ n = 5 BeinosHseTcs HepaBeHCTBO k(n) > 1 (em. [2]). Oguako
paBeHcTBO 0,(B,) = |P’|p, MOXeT GBITH IOJIYUEHO HA IyTH, OTMEYEHHOM T€OPEMOI 5.

B yTBepXIeHMAX ITOTO IYHKTA eMHUYHBII 11ap B, MokeT ObITh 3aMeHEH Ha IIPOM3BOJIbHBII €BKII-
JIOB II1ap B, uTo mpuBeET K 9KBMBAJIEHTHBIM pPe3yJIbTaTaM.
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Functional dataflow programming languages are designed to create parallel portable programs. The source code of such
programs is translated into a set of graphs that reflect information and control dependencies. The main way of their ex-
ecution is interpretation, which does not allow to perform calculations efficiently on real parallel computing systems and
leads to poor performance. To run programs directly on existing computing systems, you need to use specific optimization
and transformation methods that take into account the features of both the programming language and the architecture of
the system. Currently, the most common is the Von Neumann architecture, however, parallel programming for it in most
cases is carried out using imperative languages with a static type system. For different architectures of parallel computing
systems, there are various approaches to writing parallel programs. The transformation of dataflow parallel programs into
imperative programs allows to form a framework of imperative code fragments that directly display sequential calculations.
In the future, this framework can be adapted to a specific parallel architecture. The paper considers an approach to perform-
ing this type of transformation, which consists in allocating fragments of dataflow parallel programs as templates, which are
subsequently replaced by equivalent fragments of imperative languages. The proposed transformation methods allow gen-
erating program code, to which various optimizing transformations can be applied in the future, including parallelization
taking into account the target architecture.

Keywords: transformation of programs; dataflow parallel programming; program analysis; typing; intermediate program
representations
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Tpanchopmamus GPyHKIMOHATBFHO-TIOTOKOBBIX ITapaJuIeIbHBIX

IIPOI‘paMM B I/IMIIepaTI/IBHbIe
B. C. Bacunpes!, A. U. Jleranos?, C. B. 3p1k0B? DOL: 10.18255/1818-1015-2021-2-198-214

'CuGupckuit penepanbHbiil yHuBepcurer, rp. CBoGoRHBII, 1. 82, T. KpacHospek, 660041 Poccust.
2HanumoHaIbHBIN UCCIeq0BATEeIbCKILIT YHUBeEpCUTET «BpIcIIag IIKoIa S5KOHOMUKM», Y. MacHuuxkas, x. 20, r. Mocksa, 101000
Poccus.

YK 004.4’42 [Momryuena 7 mas 2021 T.
Hayunaa crates ITocne mopaborku 31 mast 2021 r.
TTosHBIN TEKCT Ha PYCCKOM SI3BIKE Ipuusara k nmy6nnkanym 2 uioHs 2021 r.

DyHKIMOHAIBHO-TIOTOKOBAs MapajurMa IapajulebHOr0 IpOorpaMMUpPOBaHNS OPMEHTMpOBaHA Ha paspaboTKy Iapai-
JIEJIBHBIX MEPEHOCUMBIX IIporpaMM. VICXOMHBIN KO (YHKIIMOHAIBHO-IIOTOKOBBIX IIPOIpaMM TPaHCIMPYeTCs B Habop
rpadoB, oTpaxarolX MHPOPMALVMOHHbIE 1 YIPaBIAOIINe 3aBUCUMOCT. OCHOBHBIM CIIOCOOOM MX MCIIOJHEHMUS fB-
JIIeTCST MHTepIIpeTaLys, UTo He I03BOJIsgeT 3((EeKTMBHO BBIIONTHITh BBIUMCIEHNS Ha peabHBIX IapajUIebHbIX BbI-
YMCIUTENBHBIX CUCTeMax M BeldeT K HIU3KOM IPOM3BOAUTENBHOCTM. [IJ19 HeIocpeACTBEHHOTO BBINOTHEHNS ITPOrpaMM
Ha CyILECTBYIOLIMX BBIUMCIUTEIBHBIX CUCTeMax TpeOyeTcs MCIIOIb30BaHME CIIELM(PIIeCKIX METOIO0B ONTYMM3ALINI I
TpaHCpOpMAIUH, YINTHIBAIOIINX 0COOEHHOCTM KaK A3bIKa IPOrpaMMUPOBAHI, TaK M apXUTEKTypbI UCIIOMHUTENS. B Ha-
cTosIIIee BpeMs HanboJjIee pacIpocTpaHeHHOII sBJsgeTcd apxuTekrypa Pon-HelimaHa, mapasienbHoe IporpaMMIpPOBaHe
UL KOTOPOII B GOJIBIIMHCTBE CIyYaeB OCYILECTBIIAETCSA C MICIIONb30BAHMEM A3BIKOB, ONAEP/KUBAIOIIIX MMIIePaTUBHBII
CTIUIb VI OPMEHTUPOBAHHBIX Ha CTAaTUUYECKYIO CHCTeMY TUIIOB. [y pasiMYHBIX apXUTEKTYp ITapajuleIbHBIX BBIUMCIIN-
TEJIBHBIX CUCTEM CYILECTBYIOT pa3HOOOpasHble MMOAXONbI K HAIMCAHWIO IapajuIeJIbHbIX MporpaMM. TpaHcdopmanms
(YHKUMOHATBHO-TIOTOKOBBIX ITapajlyIeJIbHbIX IIPOTPaMM B MMIIEPATHBHbIE IT03BOJIAET cHOPMUPOBATH OOIIMIT KapKac
13 PpparMeHTOB MMIIEPATUBHOTO KOMa, HEIIOCPEACTBEHHO OTOOPaKAIOIIIIX [IO0CIe0BaTeIbHbIe BHIUNICIEHNs, KOTOPBIIL B
JaJIPHENIIIIEM MOKeT OBITh afallTUPOBaH K KOHKPETHOII TapaJlIeJIbHOI apxuTeKType. B paGoTe paccMaTpuBaeTcst TOgX0M K
BBIIIOJIHEHIIO TAKOTO TUIIA TpaHC(OpMAINY, 3aKITI0UAOIINIICA B BbIAEICHIY (HPAarMeHTOB (QyHKIMOHAIBHO-IIOTOKOBBIX
MapaJuleIbHBIX IIPOTPaMM B KauecTBe IIa0JIOHOB, 3aMeHsIeMbIX BIIOCIEACTBUN Ha 9KBMBAJEHTHbIe ()parMeHThbI MMIIe-
paTMBHBIX A3bIKOB. IIpeqaraeMble MeTOABI TPaHCHOPMAIMM IIO3BOJNAIOT IOPOXKAATH IIPOTPAaMMHBIN KO, K KOTOPO-
My B JaJIbHeJIIIIeM MOKHO IPUMEHATh PasindHble ONTUMU3NPYIOLINe TpeoOpasoBaHms, BKIIOUAsI paclapaienBaHe
C Y4eTOM IIeJIeBOJ apXUTEKTYPEL.

KirroueBble ciioBa: TpaHcopMmaums Iporpamy; (GyHKIMOHAJIBHO-IIOTOKOBOE IapajulesibHOe IPOrpaMMMpPOBAHIE;
aHaJIN3 IPOrpaMM; TUIIN3ALNS; IPOMEXXYTOUHBIE IIPeACTaBIeHNs IPOrPaMM
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Beegenue

OCHOBHBIM HaIllpaBJIeHMEM B ITapaJuUIeIbBHOM IIPpOIpaMMMPOBAHUM ABJIAEeTCA HaIMCaHMe Koia, Opu-
€HTUPOBAHHOIO Ha LIEJEBYI0 apXUTEKTypy He3aBMCUMO OT TOTO, HACKOJIBKO 3(QQPEKTUBHO CUCTEMa IIPO-
TpaMMMPOBAHUS OTpaskKaeT CIelMUKy IpeaMeTHON objacti. B GoNbIIMHCTBE CiIyuaeB 3TO CBSI3AHO CO
CTpeMJIeHNeM IOJNyunTh 3(p(PeKTUBHBIN KOX B yiepO a¢gdeKTUBHOCTI U HaJe:KHOCTU IIpoliecca paspa-
6otku. IlocTosHHOE COBepIIIEHCTBOBAHME ¥ M3MEHEHNE apXUTEKTYp MapajlIeTbHBIX BBIUMCINTEIbHBIX
cucreM ([IBC) BemeT kK TOMy, UTO paHee HaNMCAHHBIE MTapaJUleIbHbIE IIPOTPAMMBI IIPUXOINUTCS ITepepada-
THIBATh, 3a4aCTyI0 JOCTATOUHO CIJIBHO, JJI afalTalMy K HOBBIM yCJIOBUAM 3KCIUTyaTauuy. 3a OTHOCU-
TeJIPHO KOPOTKMII CPOK CMEHWJIOCH HECKOJIIBKO PA3HOBUIHOCTEN apXUTEKTypP BBICOKOIIPOM3BOIMUTEIBHBIX
cucreM. B HacTosIlee BpeMs BCTPEUAIOTCA pasiMyHble KOMOMHVPOBAHHBIE PELICHNS, B KOTOPBIX, 3aua-
CTYIO OHOBpPEMEHHO, MCIIONb3YIOTCI MEXaHN3M Ilepefau COOOIIeHNIT, MHOTOIIOTOUHOCTb, IpadmuecKue
YCKOPUTENN, PEIeHNs HA YPOBHE CUCTEM Ha Kpucrasure [1].

Pasuoobpasme [IBC BemeT K IOMCKY ITOAXOMOB, KOTOpble MOINIM ObI ITOAIEpKATh apXUTEKTypHO-
HEe3aBJICUMYIO pa3paboTKy IapaUIeJIbHBIX IIPOTpaMM M obecreunTs uX 3¢ dekTnBHYI0 TpaHcopMaIuo
HY>KHYIO B I[eJIeBYIO apXUTEKTyPy. MOXKHO BBIAENNUTH PAJ TAKUX IIOAXOX0B, OPMEHTMPOBAHHBIX Ha JICXO/-
HOe CO3JaHIe IIPOrpaMM I abCTPaKTHBIX NTapaJlIeIbHBIX BBIUVICIUTEJIEI U IOCIeRYIOIIyIo TpaHcdop-
MalyIo B pealbHble apXUTeKTypsl. KOHIens pecypcHO-He3aBUCUMOTO ITapaJlIeIbHOTO IIPOrpaMMUpPO-
BaHMs peannsoBaHa B sg3bike COLAMO, opueHTHpOBaHHOTO Ha pa3paboTKy CUCTeM Ha Kpucraje [2, 3].
Co3pmaHne YHUBEpPCAIBHBIX A3BIKOB, HAIPAMYIO He CBI3aHHBIX C ApXUTEKTYPHBIMI OTPaHYEHUIMIL, MOXK-
HO IIPOCJIeNUTH Ha IpuMepe PYHKIIMOHAIBHBIX I3BIKOB IIapajUIeJIbHOro IporpaMmmuposanus Sisal [4] u
IIndarop [5]. B sa3p1ke Set@] nmporpamma mpencrasiseT co60¥ OIMCAHNS AJITOPUTMA B BUJIE APXUTEKTYPHO-
He3aBMCUMOT0 MHPOPMAIMOHHOTO ¥ Habopa apXUTeKTypHO-3aBUCHMBIX aCIIEKTOB, UTO II03BOJISET IIepe-
HOCHUTH KO MEXY PasIMUHbIMU IIapajlIeIbHBIMU apXUTeKTypaMu 6e3 u3MeHeHMs aJropurma [6].

B s3bike (PyHKIIMOHAIBHO-IIOTOKOBOTO IapajlIeIbHOTO IIporpaMMmupoBaHus [Iudarop peannsosana
KOHIENUMI €AMHCTBEHHOTO VICIIOJIb30OBaHMA BBIUVICIUTEJIBHBIX PECYPCOB, UTO ITO3BOJIAET (l)OpMI/IpOBaTI)
IapajuleJIbHble IIPOTPaMMBl, OPMEHTMPOBAaHHBIE Ha apXUTEKTYPHYIO He3aBUCUMOCTb. [lyId aHanm3a BO3-
MOXKHOCTeII 513bIKa pa3paboTaHbl MHCTPYMEHTAIbHbIE CPeICTBa, IOAAEPKUBAIOIINE IIPOLecC CO3MaHMd,
IpeoOpa3oBaHus U BBIIOJIHEHNS QYHKIMOHAIBHO-IIOTOKOBBIX ITapajulelbHbIX Iporpamm [7]. ITokasawo,
YTO HAIlJMCAaHHbIe IIPOIPAMMBbI MOTYT OBITh ONTUMM3MPOBAHEI [8], OTJIa’KeHBI [9] M MCIIOIB30BAHBI MJIS
dopmanpHoIT Bepudukanmm [10] mporpamm errfe K0 TOro, Kak OHM OYAYT BBIIOJIHITHCSI Ha KOHKPETHOI
BBIUMCIIMTEIBHOI CUCTEME.

HecMoTps Ha MHOTO3TAIIHBI IIPOLIECC KOMIMIALMY U (GOPMUPOBaHYE IPOMEKYTOUHBIX IPEeICTaB-
JIEHNTI, TTO3BOJIAIOIINX IIOPOXKAATh BBIXOQHOE IIpefCTaBlIeHe Ha JII000M MMIIEpATUBHOM s3bIKe, Ha Te-
KyIUiT MOMEHT ObliIa pealr3oBaHa TOJIBKO MHTEPIpeTalus, 0asupyroIascsa Ha 3TUX IPOMEKyTOUHBIX
IIpefCcTaBIeHNIX. B CBA3M ¢ 9TUM aKTyanbHOII ABIIAETCA 3afaua TpaHcopMaly MporpaMMbl B BBIXOJHbBIE
MMIIEpaTUBHbIE NIPEACTABIEHYS, UTO II03BOJISIET BBINIOJIHATD KO, I1I0CJIE JOIOJIHUTENBHBIX KOMIIMIIALINIL,
Ha COBPEMEHHBIX BBIUMCINUTEIBHBIX ApXUTEKTypax 0e3 MOMOoNTHUTEeIbHBIX HaKJIagHbIX pacxonoB. K rakum
MIMIIEpAaTUBHBIM 3BIKaM OTHOcATCS, HanpuMep, C, C++, Poprpan.

Tpancpopmanus GyHKIMOHATBHO-IIOTOKOBBIX MapautenbHbIx (PIIII) mporpamMm B A3BIKM CO cTaTHUe-
CKOII TUIIM3aLMell 3aTpy AHEeHa U3-3a TOT0, UTO B sA3bIKe [Indarop ucrnonbayercs [uHaMmuecKas TUIN3ALL
maHHBIX. OMHAKO MOKHO OTMETUTb, YTO CYIIECTBYeT A OOLIMX NPMHIMIIOB, CBI3aHHBIX C IPOLIECCOM
TpaHcdopManyu, KOTOpble HAIPSMYIO He CBSI3aHBI C CICTEMOIL TUIIOB U MOTYT OBITh pean30BaHbI He3a-
BIMICHMO OT Hee. MO)XHO TaKKe OTMETUTh MMIIepaTUBHBIE A3BIKY, B KOTOPBIX pean30BaHa AMHAMIIecKas
TUNM3auysa JaHHbIX, HarpuMep, Python. U xors Python He mncronbsyercs B BBICOKOIIPOM3BOAUTEIBHBIX
IIapaJuI€JIbHBIX BBIUMCIEHMAX, CYIHECTBYIOT IIPEAMETHBIE O6JIaCTI/I, B KOTOPBIX Ha HEM pa3pa6aTI)IBa10Tc51
MHOTOIIOTOUHBIE IapaljieNbHble IporpaMMsl. [loatomy TpaHcdopMmalus QyHKUMOHAIBHO-IIOTOKOBBIX
IIapaJuI€JbHBIX IIPOTPAaMM B MMIIEPATVIBHBIE MOJXKET IIPENCTABIATD MHTEPEC U IJIA TaKMX SI3BIKOB.
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Bmecre ¢ TeM mif QyHKIMOHANBHBIX SI3BIKOB IIPOTPAMMMUPOBAHUSI, K KOTOPBIM OTHOCKUTCI M SI3BIK
IIudarop, npopaboraHa KOHIENUIMS BHIBOAA TUIOB [11] M3 MOCTYMAOINX HA BXOX apryMEHTOB, UTO, B
MIpUHINIIE, TI03BOJIAET IPMMEHNUTh AaHHYI0 KoHUenuio 1y tpancpopmanyy PIIIT nporpamm. Hapsany
C 9TMM TaKKe MOXXHO OTMETHUTb, UTO Ha 0ase (QyHKIMOHAJIBHO-IIOTOKOBOII ITApafUIMBbl IapajjIesIbHO-
r'0 IPOrpaMMMpPOBAHMS IpeNJIOKEeH CTaTIMUeCKV THUIN3MPOBaHHBIN A3bIK Smile [12, 13], mpu paspaboTrke
KOMIIMJIATOPa KOTOPOTO IIJIaHMpYyeTCd JMCIIOJIb30BaTh paccMaTpyBaeMble pelleHKs. pyruM BapMaHTOM
JCII0JIb30BaHMe, Takke cBsAzaHHoro c¢ ®IIIl mporpamMMupoBaHMeM, ABJISAETCS BBeAeHUE SIBHOI TUMNI3a-
LMY B PeBEPCUBHBIN MHPOPMALMOHHBI rpad, GOpMUPYEMBIil B pe3yIbTaTe KOMIIVIIALUY IIPOTPAMM,
HanucaHHeIx Ha [Iudarope. 9ToT moaxox mpearaeTcsa B padore.

1. Ocob6enHocTu TpaHcPopManuy PyHKIIMOHATIHHO-IIOTOKOBBIX IIAPaJLIeIBHBIX
IIporpamMm

K ocobennocrsam s3pika PIIII mporpammuposanus Indarop, onpenensronmm crenuduky tpancdop-
MaI B MIMIIEPATUBHBIN KOJ ClIeTyeT OTHEeCTIH:

1) Hcnonp3oBaHMe quHAMMUYECKON TUIIN3ALNI, IIPY KOTOPOIT OMHA U Ta JKe (PYHKLMS MOXKET IT0JIyUaTh

B KaueCTBe apryMeHTa JaHHBIe PAa3IMUHOTO THUIIA, YTO IIOPOKAAET Pe3yJIbTaT, TUII KOTOPOTO TaKXKe
MOJKeT OBIT Pa3JINMIHBIM.

2) B a3bIke mMeroTcs crienm@uuecKye ornepaTopsl, OTCYTCTBYIOIIE B MMIIEPATUBHBIX A3bIKaX, HAIIPI-
Mep: 3alep>KaHHBII CIIVICOK, ITapaJUIeNIbHBII CIIMCcOK. OHM MCITONB3YIOTCS crienndruecKM o6pasom,
YTO IpeRoIpenesseT 0COOBIN ITOAXO0N K UX aHAIN3Y U TpaHCHOpMAaIINL.

3) B xoze BBINONHEHNS, BHIYNMCICHNS HEKOTOPBIX BETBEJ aJIFOPMTMA MOTYT IIPMBOANUTD K OLIMOKAM,
KOTOpBIe He BIMAIOT Ha pabOTy alrOPUTMa eCJIM UX Pe3yJIbTaThl He VCIIOIb3YIOTCH.

4) Hcnonp3yeTcs yIpasiieHIe BBIYVMCICHISAMI 110 TOTOBHOCTY JaHHBIX.

B cBsi3u ¢ aTM TpaHCchOpMALM MCXOMHBIX IIPOTPAMM B CTaTMYECKM TUMNM3UPOBAHHBIE IIPOTPAMMBbI
IUIS TIOBBIIIeHN 3¢ (HeKTUBHOCTY CBI3aHA C HAIOKEHEeM OIpeleJIeHHBIX OTpaHIUeHIIL.

Tpancdopmarus mporpaMm OCYyIIECTBIISETCS Ha OCHOBE aHAINM3a PEBEPCUBHOTO MH(POPMALIOHHOTO
rpada (PUI), asndromiero pesyabTaToM KOMIIMUIAINMY JICXOMHBIX TEKCTOB IIPOTpaMMBI Ha A3bIke [Imda-
rop [7]. Jaunsrit rpad coxpaHseT BCI0 MHGOPMAIMIO U IIPU 3TOM OToOpaxkaeT ee B ¢popMe, YAOOHOI 1t
JaJbHeIIIero aHaamsa. B xo/ie aHamm3a MOKHO BBIJENNTD CIeYIOIe OCHOBHBIE (ashl, OpMEeHTUPOBAH-
Hble Ha aHAJIU3 U TPAaHCPOPMALNIO PAa3IMIHBIX KOMOMHALNIT IPOIPAMMHBIX OOBEKTOB:

* CIIJICKOB JaHHBIX, 00eCIIeUNBAIOIINX CTPYKTYPIPOBAHIIE;

+ IIpemoIpee]eHHBIX QYHKIMIT 00Iero BIIA;

* CIeLUANIN3UPOBAaHHBIX IIpefOIpeaeIeHHbIX QYHKIINIL;

+ yHKUMIL, pa3pabOTaHHBIX ITOJIb30BaTEJIEM;

+ TapaJIeJIbHBIX CIIUICKOB, OIIPeeNISIOLINX MAaCCOBbIe BBIUMCICHS;

+ 3a/Iep’KaHHBIX CIIVICKOB, OPMEHTIPOBAHHBIX HAa aJIbTEPHATIBHOE BHIIIOTHEHIE OIIepaTOPOB.

IIpu ananuse PUT' u ¢popmMupoBaHUM KOPPEKTHOI IIOCIENOBATEIBHOCTI OIIepALil MMIIEPATUBHOIM
IIPOrpaMMBbI YUNUTHIBAETCH 3aBMCUMOCTD 110 HaHHBIM. IloMmMo aToro, miusa GopMupoBaHMUA PA3IMUHBIX
KOHCTPYKIIIT MMIIepaTUBHOI ITporpaMmsl, y3isl PUT popMupyroTcs B rpy s (11a6IoHbI), 06pasyroLe
KOHCTPYKIIMI, HeoOXOUMBIe I IIpeoOpa3oBaHMs. OTI MIAOTOHBI B TEKCTE ITOICHAIOTCA COOTBETCTBYIO-
LM SKBUBaJIEHTHBIMU (parMeHTaMu Kofa Ha a3bike [Indarop. Ilopoxmaemsie B xone TpaHchopMaIun
MMIIepaTUBHbIE KOHCTPYKIUN JUIIIOCTPUPYIOTCS Ha SI3bIKe IIporpaMMupoBaHus C++, KOTOPBIN UCIIOTb-
3yeTcs 11 GOPpMUPOBAHNUA BBIXOIHOTO IIpeICTABICHIA.

2. Hcnoap3oBaHMe CTATHUYECKON TUIIN3AINN AJIA TpaHcOpMAITIN
G yHKIIMOHATBFHO-TIOTOKOBBIX MAPAJIJIEJIBHBIX IIPOTPaAaMM

OcHOBHOII 00J1aCTHIO IIPMMEHEHNUA IIapalJIEJIbHOT'O IIPOrpaMMUPOBaAHUA ABIAIOTCSA BBICOKOIIPOM3BO-
ANTEJIbHbIE BBIUMCIIECHUA. HpI/IMEHFIeMbIe IIp¥M 3TOM SA3BIKNM IIPOTPAMMIPOBAHNA ABJIAIOTCA CTATUMUECKU
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TUNU3VPOBAHHBIMM, UTO II03BOJIET M30aBUTHCA OT QUHAMIUYECKOI IIPOBEPKY TUIIOB AAaHHBIX BO BpeMsI
BBIUVICJICHII M IIOBBIIIAET IIPOM3BOAUTEIBFHOCTD ITapaJlIeIbHBIX IIporpaMM. Mcxoms 13 3TOoro 0oCHOBHOM
aKLleHT B paboTe cheyaH Ha TpaHcHOpMaUWIO B MMIIEpPATUBHBIE S3BIKMU, IIOIAEP)KUBAIOLINE CTATHUe-
ckyro tunmsanyio. OgHaKo ciegyeT OTMeTUTh, 4To B A3bike PIIII mporpammupoBanns [Tudarop mcmons-
3yeTcd AUMHaAMMJecKad TUIIM3alug OaHHBIX. B cienmyromem Bapuante sisbika PIIII mporpaMmupoBaHus
Smile [12, 13] npumeHsercsa craTmueckas TUIM3alys, obaeryarias mpoiecc tpancopmannu. Ilepexon
B JaHHOM f3bIKe K CTaTMUECKOJ TUMM3aLUY BefeT TaKKe K M3MEHEHMI0 aKCMOMATVKM A3bIKa. B 6osb-
IIHCTBE CIYYaeB 9TO CBSI3AHO C YIPOI[eHeM CEMAHTUKI OIIEPATOPOB I IIpeRoIpeeleHHbIX QyHKIIIL,
uTo 00yCIaBIMBAETCI CTPEMIICHNEM IOBBICUTE 3¢ deKTUBHOCTD Ipouecca Tpancopmanyu. OgHaKo [t
IAHHOTO SI3bIKA ellfe He pa3paboTaH KOMILIEKT MHCTPYMEHTATIBHBIX CPEeCTB, 00eCIIeunBaOIINX KOMIIN-
JIAIMIO MICXOAHBIX IIPOTpaMM B IIPOMEXYTOUHOE IIpeICTaBJIE€HNE, MO3BOJIAIOIIEe TPOBOANUTDL MaIbHEN-
LN aHaMM3 ¥ KoMIuanuio. IJosromy mns oTpaGoTKy MeTOXOB TpaHCHOpMAUNY IPUHATO pellleHue
MCIIOJIB30BaTh PEBEPCUBHBIN MHPOPMALMOHHBII rpad, IOposkaaeMbIll KOMIMIITOpOM s3bika [Tudarop ¢
IIOCITIEAYIOIINM SIBHBIM fo0aBleHNeM K HeMy MHQpOpMAIUM O TUIIaX JaHHBIX. [JoMo6HbIe pelieHns yxe
mcriorp3oBanuch npu tpanchopmaruy PIIII mporpamMm B IporpaMMupyeMble JIOTUUECKN MHTerpaJbHbIe
cxemsl (IIMC) [14, 15], a Taxke npu paspaborke MeTonoB gopmanbuoit Bepudukanun [16]. [Inanupy-
€TCsI, UTO IOJIyUeHHBbIe Pe3yJIbTaThl OYAYT YUTEHBI IIPY TeHepalMy [IPOMEKXYTOUHOTO IIPEeACTaBIEHS
KOMITIJIATOPOM sI3bIKa Smile. [Ing aToro aHanmmusy u JanpHelIIeMy IIpeoOpasoBaHMIO B VIMIIEPATUBHBIN
KOJ IIOABEpraroTcs He Bce KOHCTPYKIun s3bika Ilndarop. B psme ciyuaeB Ha npeoGpasyembie KOHCTPYK-
LMY HAaKJIaAbIBAIOTCSA NOIIOHITENIbHbIE OIPAHMUEHMS, UTO II03BOJIIET BBICTPOUTH Oosiee 3¢ deKTUBHbIE
MeTOonb! TpaHchopmau.

Tun pesyipraTa qys Kaxporo y3ia PUT, onpenesnsiomiero oneparop, MOeT ObITh BEIUMCIIEH €CIIN 13-
BeCTeH THUII BXOJHOTO apryMeHTa PYHKIMN, a TAKKe TUIBI Pe3yIbTaTOB, BO3BPAIllaeMbIX BCEMU MCIIONb-
3yeMbpIMI BHelIHMMM QyHKImamu. Vcxons u3 3Toro, cejaB COOTBETCTBYIOIIYI0 HAUaJbHYI0 pa3MeTKY
3TUX Y3JI0B, MO’KHO IIOJIHOCTBIO C(OPMMPOBATh CTATMUECKM TUNMM3UpOBaHHOe IpencraBienue PUTL. Pe-
3yapTaToM paborsr kommmutsTopa OIIII nporpamm, seisgerca Habop PUL. [Insg moGaBieHUs cTaTUuecKoin
TUIN3alMY IIPeaIoKeHO BBeCTU JOIIOJIHUTENbHOE OIICaHIe, CBI3aHHOe C KOKIO0l BEepIINHOI, B ClIemy-
foieM gopmare:

<Tun ¢ymxmum> ::= <Tun apryMmerTa> -> <Tun BO3BpamaeMoro 3HAYEHUA>.
<Tum xopTexa> = @{<9memenTH KOpTexa>}

<9neMeHTH KopTexa> ::= <mycTo> | <Tum> | <Tun> [,<OmeMeHTH KopTexa>]
<Tun> ::= Qchar | Q@int | @double | <Tun cmucka> | <Tun byHKIURE>
<Tun cmmcka> ::= Q(<Tum>) | @[<Tum>]

<Tun BO3BpamaeMoro 3HadeHus> ::= <Tum>

dyuxkuys Ha sspike IIndarop Bcerma mmeer OAMH apryMeHT, KOTOPBINL, OMHAKO, MOXKET 3a[aBaThCs
CIIVICKOM (KOpTEeXXeM), COFepsKall[IM HEeCKOJIbKO 3JIEMEHTOB Pa3IMUHbIX TUIIOB.

CemaHTMKa MOZeNN BBIUNMCIEHNIT TapaHTIPYeT, UTO Ha BXOJ He OymeT IogaH IapajlleIbHbII CIUCOK.
On Moxer ObITh cpopMMpOBaH B pe3ysibTaTe BbIONHeHUS pyHKIMu. [JosToMy B ommcaHUM BO3MOXK-
HO KaK 3afaHMe CIMCKa NaHHBIX @(<Tun>), Tak ¥ mapauieabHOro cunucka @[<ITun>]. OnucaHne TUIIOB
COIIOCTABIISIETCS € KaXAbIM y3noM PUT u pasmentaercs B oTaetbHOM daiiie, YTO ITO3BOJISET MCIIOJIb30-
BaTh Hemonauduiuposauusi PUI' B paHee paspaboTaHHBIX MHCTPYMEHTAJIbHBIX CpencTBax. [laHHbIe B
IOTIOTHUTENbHBIN (Al B HACTOSIIMIT MOMEHT BHOCATCS BpyUHYI0. OTHAKO IIPOMEKYTOUHBIE TUIIBI, KaK
U B PYIUX A3BIKaX QYyHKUMOHAIBFHOTO MPOrpaMMupoBanys [11], MOTYT aBTOMAaTUUECKN BHIBOIMUTHCS U3
naopMarun 06 apryMeHTax TeKy1eit pyHKIIN, a TAK)Ke M3BECTHBIX CUTHATYP QYHKIUIT, MCIIOIB3YeMbIX
B PUT.
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Table 1. Example of converting binary and unary

arithmetic operators

Ta6nuua 1. Mpumep NpeobpazoBaHMa BUHaAPHbIX
1 YHapHbIX apuPmMeTHecKx onepaTopoB

dparmenrt kona Ha [Indarop

OKBUBaJIEHTHBI pparMeHT Ha C++

// @{@int} -> @int
fact << funcdef X {
X1 << (X, 1;
[(X1:[<=,>]):7]1"(
{X1},
{ (X, X1:-:fact ):x }
):. >> return;

int fact (int arg 0 ){
int varl =
int var2 =
int var3;
if (arg_0 <= varl){

var3 = arg_0;

}
if (arg_0 > varl){

1
1;

int var4 = arg_0 - var2;
int varb = fact(var4d);
int var6 = arg_0 * varb;

var3 = var6;

}

return var3;

B rabnuue 1 npuBemeHa GyHKLMS BBIUMCIeHNUSI ¢akropymana Ha sa3bike [Imdarop m pesyibrar ee
npeobpa3oBaHMs B UMIIEPATUBHYI0 nporpammy Ha C++. B mepBoit ctpoke ncxomuoro xoxa Ha IIudarop
NpUBeeHO ONNCAHYEe TUIIA apTyMeHTa (PyHKINNM, Ha OCHOBE KOTOPOI'O BBIBEIEHBI OCTAJIbHbIE TUIIHL.

o

int

{int}-=int

—
} (int)
| int

Fig. 1. Example of marking up a reverse
information graph with types

Puc. 1. lNpnMep pasMeTKy peBepCcnBHOIo
nHGopmMaLUnoHHOro rpada Tmnamm
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B Tabiuie 2 mpuBegeHo TeKcToBoe mpencTtasiaenue PUI, renepupyemoe cucremoit tpancaaumm. Ilo-

Ka3aHHbIE TUIIBI BHICTABJIAIOTCS IIPK IIEPBUUHOI pa3MeTKe rpada, 3aTeM OHU IIepeCUUThIBAIOTCS IS psAa
y3JIOB C YUeTOM IIpaBMJI SKBUBAJIEHTHBIX IpeoOpasoBaumii [16]. Hanpumep, y3en 11 — rpynnupoBka B
IapaJuIesIbHBII CIIMCOK — Ko0OaBIIeH B pe3ysibTaTe TPAHCIISILNY 3aePKAHHOIO CIIMCKA, TaK KaK CeMaHTIKa
MOJ eI/ BBIYMCIICHNII JOIIyCKaeT ONMCAaHNA B 3aiep;KaHHOM CIIIICKe ITapajliebHbIX BhrunciieHnit. OqHako

TaK Kak 3a/iep>KaHHbII CIIICOK B JAHHOM CJIy4ae MCIIOJIb3yeTCs JUIIb AJIS OpraHM3alU BeTBIEHN, TO B
X0fie mpeoOpasoBaHNsI B MMIIEPATUBHYIO (POPMY OH pacIosHaeTCs KakK «II1ablIoH», 11 y3ela 11 ycTpaHsercs.
Kpowme Toro, ysen 6 B mporpaMme UCIOJIb3yeTCs NI 3a0aHNUsI HEOOXOMMMBIX IPMOPUTETOB BBHITOTHEHIST
oIeparuii — epey npeobpasoBaHyeM B MMIIEPATUBHYIO GOPMY TaKle y3JIbl yIaIAIOTCS.

Table 2. Example of marking up a reverse

information graph with types

Ta6nuua 2. Mpymep pasmeTky peBepCUBHOMO
nH$opMaLMOHHOro rpada TMnamm

TexcroBoe npencrasienue PUT

Tun HJaHHBIX y3JIa

External
0 fact
Local
01
1 {2311
id delay operation links
arg
(---) 0 loc:0
[---] <= >
12
(---) 3
407
[---1 5
. 1 _
7 ext:0
(---) 08
9 %
[---1 10
(---) loc:0 loc:1
12 6
13
return 14

© 0 NO Ok W N+~ O
N NDNOO OO O O O

N e
DS W NN -, O
O O O O NN

e
(62}

int

(int)
[{int, int} -> bool]
[bool]
(bool)
int
[int]
int
int
(int)
int
[int]
(int)
int
int
int

Ha pucynke 1 pasmeuennsi PUI' mpuseneH B cokpalieHHOM rpadudeckoM popmate (3agepKaHHBIE
CIIVICKM ITOKa3aHbI PaMKOI1), IIPM 3TOM yOpaHBbI Y3JIbl, He YUaCTBYIOLIME B IIpoliecce TpaHChOopMarimn.
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3. OcobeHHOCTH TpaHCHOPMALNN PA3INUYHBIX KOHCTPYKImii si3bika OIIIT
IpOrpaMMMPOBAHUSA

Omneparoper g3bika OIIII mporpaMmupoBaHusa 00pas3yioT pasiIMUHbIe KOMOMHAINM, KOTOPbIe MOTYT
paccMaTpuBaThCA NIpM TpaHChOpMAIMM KaK IPYIIIBL, OIpefeSiolnye pasiauuHble I1abioHbl. Kaxmbli
U3 3TUX LIA0JIOHOB MOXKET IIOPOXKIAaTh Ha BBIXOZE PasyIMUHble KOHCTPYKIUM MMIIEPATUBHBIX A3BIKOB
nporpammupoBaHyd. Hyske paccMOTpeHbI TUIIMYHBIE CUTYALN, CBI3aHHBIE C IIPOBOIMMBIMIU TpaHCc(Op-
MaIUAMI.

3.1. TpancdopmManusa CINCKOB JAHHBIX

B s13bIKe ¢ AMHAMMUECKOT TUIIN3alye ]l CIIVICKY JaHHBIX B 0011eM CcIyuae IpeCcTaBIg0T MepapXiecKn
BJIOKEHHBIE KOJUIJIEKI[MY, COfepKalliye JaHHbIe pasanyHoro tumna. OHU TakKe UTPAIOT pasjIMUHbIe PO
Kak IIpY JCIIOJIh30BAaHMUM B KaueCTBe apryMeHTOB (YHKLMIL, Tak U BHyTpu pyukumit. Ha maHHbBIL BuR
CIIMICKOB HAJIOKEHBI CIeAyIOoIle OrpaHNYeHN.

1) Cmmcku JaHHBIX MOTYT MICIIOJIB30BAThCA I GOPMUPOBAHNS TOIBKO OHOMEPHBIX MACCUBOB, 3JI€-
MEHTBI KOTOPBIX IIPUHAAJIEKAT K OMHOMY TUITy. YUUTBIBAs TO, UTO B A3bIKE OTCYTCTBYET OIMCaHUe
TUIIOB, 3JIEMEHTHI CIIMCKA MOTYT MMETh TOJBKO IpeqompeneneHuslit (6a3oolit) Tui. K 6a30Bbim
THUIIAM OTHOCSTCS IfeJIble Y JeVICTBUTENbHBIe UNCiIa, OyIeBCKMe BeIMUMHBI, CMMBOIIBIL. [[I9 Takux
OTpaHNUEHHBIX CIIVICKOB 33JJa€TCs OIIVICaHVIE pa3Mepa, UTO II03BOJISET PACCMATPUBATD UX KaK OJXHO-
MepHBIe MaCCUBBIL.

2) Crmcok JaHHBIX MOKET SIBJISATHCS KOPTeXeM, COCTOSIIIIM U3 TaHHBIX Pa3HOTO TuIa. B TakoM Bue
OH MOJKeT MCIIOJIB30BAThCSI MJII 3afaHNs ONMMCAHWII apIryMeHTOB QYHKIIMIL, a TakKe B KauecTBe
crucka GaKTIUeCKUX IapaMeTPOB, IOCTYIIAOIMX Ha BXO BbI3bIBaeMbIX QyHKUMIL. THUII 9J1eMeHTOB
B JAaHHOM cJydae TakKe OrpaHMYeH MMEIOINMMICS IpefonpenesleHHbIMU TUIAMM JaHHBIX VN
yKasaTeJIMIU Ha IpefolpefieJIeHHbIe TUIBL. YKa3aTely II03BOJITI0OT IlepeaBaTh MaCCUBBL.

3.2. IlpemompepneseHHble PyHKIIMN

B ¢pyHKIIMOHATHHO-TTIOTOKOBOI MOAenn mapaiiteabHbix Berunciennit (PIIMIIB) onpenenen pag pyHk-
L1, KOTOpBIE He MIMEIOT aHAJIOT'OB B MIMIIEPATVMBHBIX A3bIKaX, HO MICIIOIL3YIOTCS JJI OPTaHM3aLVI BbIUVIC-
nenuit. Ix TpanchopMalus cBa3aHa ¢ 3aMeHOI Ha CIelVIaIbHO HAIlMICAHHbIe MMIIepaTVBHbIE (QYHKIINIL.
Cremyer Taxke OTMETUTD, UTO He Bce GYHKLMY JaHHOI MOAeIN nognarorcs addexrnsHoir Tpanchopma-
. [TosTomy mx npeoGpasoBaHne He uMeeT cMbIcia. [IogoGHBIN TOAXO0M TaKKe IPUHAT IIPYU CO3TaHUI
CTaTMUECKU TUIM3UpoBaHHOTO 13bIKa PIIII mporpaMmupoBanus Smile, B KoTopoM psan GyHKINIA, MCITONb-
3yeMbIX B 43bIke IIndarop, orcyrcrByer. IIpu octaBIImxcs GyHKIMII MOTYT BHOCUTBCSA OTPAHIUEHNS I10
CeMaHTHKe, UTO CBI3aHO C MX M3HAYAJIbHO YHIBEPCATIBHOCTBIO, KOTOpas He BCera IBIIAeTCs He0OX0AMMOIL
B CTaTMYEeCKN THIM3MPOBAaHHBIX IIPOTPaMMaXx.

Cy1ecTByeT HabOp IIpeoIpeIesIeHHbIX (QYHKIIT, KOTOPBIE TP HAJIMYNY JOIIOIHUTEIBHON pa3MerT-
KM TUIIOB, colocTaBIgeMoli BepumrHaM PUT, mocTaTogHO MpoCcTO TpaHCHOPMUPYIOTCS B OTIEpALIN MIMIIe-
PaTMBHOTO I3bIKA IIPOrpaMMUpPOBAHNA. B UacTHOCTH, K HUM OTHOCATCA apudMeTHUecKye 1 JOTMUecKIe
byHKIMN, GYHKIMY CpaBHEHNS, Pl BCIIOMOTATeNIbHBIX QYHKINIA, MAaHNITYINPYOIINX KOHTETHEPHBIMI
TUIIAMY ¥ aTOMapHBIMY JAHHBIMIL.

OyHKIUS «|» BO3BpalllaeT IUIMHY CIIMCKAa JaHHBIX. [I09TOMY €ro JIerko COImocTaBUTh ¢ QYHKIUAMI,
OCYIEeCTBIIIONIIMY BBIYNCIEHNE QINHBL. B cTaHmapTHOI 6MOIMOTeKe MHOTUX MIMIIEPATUBHBIX A3BIKOB
MMeIOTCA CTPYKTYPhI JaHHBIX, IIOAAepKIBAIOIIIle COOTBETCTBYOIIYI0 omeparuio. Hampumep, B C++ aTo
MOTyYT OBITH KOHTelTHephI Tina vector mn list.

Apudmernueckue u jormueckne QyHKImM, GyHKII CPAaBHEHNUA MOTYT ObITh HEIIOCPEACTBEH-
HO COIIOCTaBJIEHBI C COOTBETCTBYIOIIMMI oIlepanuamMu. B xone Tpancdopmarum HyKHO y4uecTs, UTO IJI
pszia OIepaTopoB CyILeCTBYIOT YHapHBIe I 6uHapHbIe popMbl. Kpome Toro, Takue omepaTops! s3bika [1Iu-
darop mMoryT o6pabaThIBaTh 3HAUEHNSA PA3JIMYHBIX TUIIOB. PerreHne safaum corocTaBlIeHMs OIIepALIVIL
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OCYILeCTBIIIETCS Ha OCHOBe aHaJIM3a TUIIOB JaHHBIX. B Tabmiie 3 mpuBeneH IpyMep BBIITOTHEHNS 10100~
HBIX IIpeoOpa3oBaHMil Hax QyHKUMSAMM OIIpeaeIeHI MOMYJIA UMCiIa Y CPaBHEHUS JBYX APOOHBIX UICET
C IIOTPELIHOCTBIO.

Table 3. Example of converting binary and unary Ta6nuua 3. Mprmep NpeobpazoBaHa BUHaAPHbLIX
arithmetic operators 1 YHapHbIX apUPMeTNHecKX OnepaTopoB

®parmenrt kona Ha [Tudarop

//@{@double}->@double
d_abs << funcdef X {
[((X, 0.0):[<, >=]):7]~(
{X:-},
{x}

):. >> return;

//@{@double,@double,@double}->@bool
is_close << funcdef X {

A << X:1;

B << X:2;

Eps << X:3;

return << ((A,B):-:d_abs,Eps):<;
}

OKBUBaJIEHTHBI pparMeHT Ha C++

double d_abs (double arg 0 ) {
double varl = 0.0;
double var2;
if (arg_0 < varl) {
double var3 = -arg_O;
var2 = var3;
}
if (arg_0 >= varl) {
var2 = arg_O;
+

return var2;

double is_close (double arg_ O,
double arg_1 ,double arg_2 ) {
double varl arg 0 - arg_1;
double var2 = d_abs(varil);
bool var3 = var2 < arg_2;
return var3;

B psane curyaumii npenomnpeaeseHHble QYHKIMN I3bIKa IporpaMmupoBanus [Iudarop ncmonbsyor-
CsI B TUIIOBBIX KOMOMHAIVISIX, KOTOpbIe MOKHO paccMaTpuBarh coBMecTHO. HeaddextupHas peanmsanms
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OTHeNbHBIX (PYHKIMIT B 9TOM CJIyduae MOKeT ObITh 3aMeHeHa Ha Oosiee addexTuBHOE pelreHue B ¢op-
MupyeMoM Ha si3b1Ke C++ BBIXOHOM IIpeICTaBlIeHNN. BorgesneHne pparMeHTOB, 00pa3yoIX HIa0I0HBI,
Be[leTCsI Ha OCHOBE aHAIN3a PeBepCUBHOTO MHPOpMAIMOHHOrOo rpada. B uacTHOCTH 9T0 KacaeTcst QyHKLMIT
TPAHCIIOHMPOBAHUSA U GOPMMUPOBAHUS AYOIMKATOB.

OyHKINA TPAHCIIOHNPOBAHMNA « #» BBIIIOJIHsET IIpeobpasoBaHIe AJISI BIO)KEHHBIX CIIVICKOB JaHHBIX,
AQHAJIOTMYHOE TPAHCIIOHMPOBAHMIO MATPUII M Yallle BCETO MCIIOIb3yeTCs MJIS IIOCTPOSHMS IIap apryMeH-
TOB, KOTOpBIE B JaJbHEIIIIIeM BHIUMCIISIOTCS MapaiIeIbHO OJHOI 1 TOJI e dyHkimeit. [IpuMepom MoxeT
CJIY>KUTH IIOIIApHOE CJIOKEeHMe 3JIeMeHTOB IBYX BEKTOPOB. B coueranmu c¢ ¢popMupoBaHMeM Ha BBIXOHE
IapayIeJIbHOTO CIMCKA JaHHasg QYHKIUA IIPOM3BOAUT OJHOBPEMEHHOE CIOKeHIe BCeX Iap JIeMEeHTOB
BeKTOpoB A u B, mosryuas Ha Beixoze Bektop C. AHanusupys gaHHble pparMeHThI KOJa MOXKHO 3aMEHUTh
ux Ha 6ojee 3 deKTUBHBIC MMIIEPATUBHBIE PellleHNs, KOTOpble BMECTO TPAaHCIIOHMPOBAHMS MCIIONb3Y-
10T IpsIMOE IIOIIapHOE CJIOXKEHIEe 3JIeMeHTOB MAacCUBOB. Pe3ysbTar Takoil TpaHcopMaluy NpUBeeH
B Tabiuie 4.

Table 4. Transformation of a template fragment Ta6nuua 4. TpaHchopmaums WabaoOHHOro
containing a predefined transpose function dparmeHTa, cogepiallero npegonpeseneHHyo
GYHKLMIO TPAHCMOHVPOBaHNSA

dparmenrt kona Ha [Tudarop

//@{@(@int) ,@(@double) }->@(@double)
vec_sum << funcdef vecPair {
A << vecPair:1;
B << vecPair:2;
C << (A,B):#:[1:+; // TpaucdopMupyeMtii pparMeHT
return << C;

}

OKBUBaJIEHTHBI pparMeHT Ha C++

vector<double > vec_sum (vector<double > arg_0 ,vector<double > arg_1 ){
size_t varl_size = arg_0.size();
vector<double > varl(varl_size);
for (size_t varl_iter = 0; varl_iter < varl_size; ++varl_iter){
varl[varl_iter] = arg O[varl_iter] + arg_1[varl_iter];
}
return varl;

3

®ynxums «dup» BHIIONHSET AyOIMpOoBaHMe JAHHBIX I MICIIOJIb3YeTCs Yallle BCero AJII OpraHu3alun
rapaJuIeNbHBIX BBIUNMCIEHMIT, KOTA OMMH 13 apTyMEeHTOB OCTaeTCs Heu3MeHHBIM. [lanHoe qy6nmpoBaHme
B IIOCJIEIOBATEIBHOM MIMIIEPATVBHOM IIPOTPaMMUPOBAHNI IBJISETCSI M30BITOUHBIM, TaK KaK JIETKO 3aMeHsI-
eTcsl Ha IIOBTOpHOe o0palileHe K OJJHOII 11 TOJI XKe IrepeMeHHOi1. [I09TOMy HemocpecTBeHHAS peasn3ariys
byHKkIUK Bpsia iu uMeeT cMbIci. [lenecoobpasHee Ha ocHOBe aHanM3a 6ojiee KPYIHBIX PparMeHTOB pac-
CMaTpMBaTh 3Ty QYHKIMIO KaK UacTh OOIIUX NMpeoOpa3oBaHMiL, B KOTOPHIX IIPOMCXOAUT MHOTOKpATHOE
o6pameHme K OJHOJ U TOM >Ke TueliKe IMaMSITIL.

PYyHKUMS «..» ABIIETCS TeHEPaTOPOM ITOCIeN0BATEIBHOCTI SAHHBIX, 00pA3yIOIIX PA LeIbIX UK
IOEeVICTBUTEIBHBIX YUCE C 33JaHHBIM I1aroM. [[JIs ero mopoKaeHus MCII0Nb3yeTcs 3aJaHle Hauajla MHTep-
BaJa, ero KoHua u miar. Ha Beixone gpopmupyeTcs nmapajuiebHbIi CIIMCOK YNCell B 3aJaHHOM [MarasoHe I
C 3aIaHHBIM 11aroM. Pe3yapTaTsl paboThl reHepaTopa yallle BCero UCIONb3yI0TCI B IMKIAX KaK 3HaUeHme

207



Vasilev V.S., Legalov A.I., Zykov S. V.

CUETUMKaA. HaHHYIO (I)YHKI_U/IIO TAaK}XX€ MOJXHO paCCMAaTPpMBATh B COCTaBE€ COOTBETCTBYIOIIUX I_I_Ia6.TIOHOB, quTo
IIO3BOJIAET MHTETPUPOBATD €€ B OIIEPATOPDI LIMKJIA MMIIEPATVIBHBIX IIPOTrpaMM. HpMMep BBIIECJICHIIA TAaKOTrO
mabaoHa 1 IIOPOKOEHIISI Ha €TI0 OCHOBE (bparMeHTa JIMIIEPATUBHOTO KOa IIPEACTABIIEH B Ta6m/1ue 5.

Table 5. Converting number sequence generators Ta6nuua 5. NMpeobpasoBaHme reHepaTopoB
to imperative form nocneoBaTeNbHOCTU YNCeN B UMMNePaTUBHYHO
$opmy

dparmenr xoxa Ha [Tudarop

//0{@(@double) }->@(@double)
ex18 << funcdef X {
Len << X:|;
Generator << (2,Len,3):..;
Sub << X:Generator;
return << Sub;

//@{@(@double)}->@(@double)
ex19 << funcdef X {

len << X:|;

return << (X,(1,1len):..) :#:[]:exb;
}

OxBuUBaJIeHTHBIT PparmenTt Ha C++

vector<double > ex18 (vector<double > arg 0 ){
int varl = 2;
int var2 = 3;
int var3 = arg_0.size();
size_t var4_size = (var3 - varl)/var2;
vector<double > var4(varéd_size);
for (int var4_iter_in = 0, var4_iter_ex = varl;
var4d_iter_ex < var3;
++vard_iter_in, vard_iter_ex += var2) {
var4d[vard_iter_in] = arg_O[vard_iter_ex];
}

return var4;

vector<double > ex19 (vector<double > arg 0 ){
int varl = 1;
size_t var2_size = arg_0.size();
vector<double> var2(var2_size);
for (size_t var2_iter = 0; var2_iter < var2_size; ++var2_iter){
var2[var2_iter] = exb5(arg_Ol[var2_iter], [var2_iter]);
}

return var2;
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3.3. 3apeprkaHHBbIe CIIICKU

Omneparopsl, BIO)KeHHbIE BHYTPb 3a€P/KaHHOTO CIIVCKA, HEe HAUMHAIOT BBIIOIHATHCS daKe IIPY ro-
TOBHOCTY BCEX CBOMX apTyMEHTOB [0 TeX II0p, II0Ka CIIMCOK He OyaeT «pacKpbIT». 3afepsKaHHble CIIUCKI
B pyHKIMOHAIBHO-IIOTOKOBOM IIPOTPaMMMPOBAaHNM MICIIOIB3YIOTCS, B TOM UIICIIE ISl OPTaHM3aLUI BETB-
JIEHNs, TIPU STOM:

« (pparMeHTHI KOAA, BBHIITOJIHSIEMbIE YCIOBHO, IIOMEIIAIOTCS B pa3jiMyHble 3aiepKaHHble CIMCKY, KO-

TOpBIE, B CBOIO OUepeb, BKIAABIBAIOTCSA B CIIMICOK JAHHBIX;

+ B 3aBUCUMOCTI OT P€3yJIbTATa BBIMOJIHEHUs «YCIOBUA» U3 CIIMCKA JaHHBIX BHIOUPAETCA OIUH U3

9JIEMEHTOB — 3a[ep>KaHHBI CIIICOK;

+ K BBIOpaHHOMY 3aJiep)KaHHOMY CIIMCKY IIPMMEHSIEeTCs OIlepaTop MHTEPIPeTal, BHIITOIHIIOIIIII

«pacKpBITHUE CIUCKa», IIPUBOJSALIEe K BBIIIOTHEHNIO BCEX BIIOKEHHBIX OIIEPATOPOB.

IIpn peobpasoBaHuM B UMIIEPATUBHYIO (GOPMY, OIIEPATOPHI PA3HBIX 3aeP>KaHHBIX CIVICKOB, IIPeN-
CTaBJISIOLIMX COOOIT albTepHATIBHBIE BETBI AITOPUTMA, CIIVICKa HEOOXOAMMO pa3MeCTUTh B Pa3HbIX 0JI0-
Kax oIlepaTopa BeTBJIEHI, CJIeJOBATEIbHO CUCTEMA IPeobpasoBaHms JOJDKHA yUNTHIBATS He TOIBKO 3aBI-
CUIMOCTI T10 JaHHBIM MEXKAY Y3JIaMI, HO U BIIO’KEHHOCTb y3JIOB B 3aiepsKaHHbIe crivcku. [Ipeo6pasoBanne
3a/lep;KaHHBIX CIIMICKOB, 3a[Af0IIIX BETBIIEHIIE, B MMIIEPATUBHY0 (GOpPMY MpEACTaBIeHO B Tabiunie 3 Ha
npumepe tparnchopmarun pyuxinu d_abs.

3.4. Choucku JaHHBIX KaK apryMeHTbhI GyHKIII

Crycku JaHHBIX SBISIOTCS OQHOM 13 OCHOBHBIX CTPYKTYP, uctonbdyeMbix B @IIII nmporpammax. B Te-
KyIIell Bepcuu MHTepIIpeTaTopa OHM 00pabaThiBaloTcst Kak MaccuBbI [17]. OqHaKo B psfge ciydaeB CIIVCKI
JaHHBIX JICIIOJIB3YIOTCA KaK 3JIEMEHTBI CMTHTaAKCMUECKIUX KOHCprKLU/If/I. HpI/I 9TOM B MMIIEPATUBHOM KOJ€E
TaKMe CIVCKM IIPUCYTCTBOBATh He NOJDKHBI, TaK KakK IIpeoOpasyloTcs B APYyTue IIpOTrpaMMHbIEe 00BEKTEL
Hamnpumep, cnmcok, MOCTPOEHHBIN 13 3aepP/KAHHBIX CIIVMCKOB, B Ta0iMIle 3 CIIy)XKUT ST OPraHM3aLNN
BETBJICHN.

Ecnu pyHKUMS IpUHUMAET HECKOJIBKO apIyMEHTOB, TO IIepe.] BHI30BOM OHU IPYIINUPYIOTCSI B KOPTEXK.
B nMnepaTuBHBIX A3BIKaX apIyMEHTHI LieJlecoo0pasHee IlepeaBaTh B BI/E CIIMCKA ITapaMeTpoB. Bmecre ¢
TeM IUIsI OOpaleHMss K KOHKPETHOMY apryMeHTy QyHKIun B si3bike IIndarop BeImoHseTCS oOpaleHne
K 3JIeMeHTY CIIMICKa JaHHBIX II0 MHAeKcy. Takue obpallieHus npu npeobpasoBaHmMM JOJDKHBI 3aMEHIThCS
Ha o0pallfeHMs K COOTBETCTBYIOIIMIM apryMeHTaM (yHKIM, KaK I0Ka3aHo B Tabiuie 4.

3.5. IlapaaneabHbIe CHMCKU

ITapannenbHble CHMCKM OTAMYAIOTCS OT CIIMCKOB JAHHBIX Te€M, UTO IpUMeHdeMas K HUM oIlepalms
NpUMeHsAeTcs K KaKIOMY BJIOKeHHOMY 3eMeHTy. Hapany co crmckaMy DaHHBIX OHM 3a4acTyIo CIIy»KaT
BCIIOMOTaTeJIbHBIMIU HeTpaHCHOPMUPYEMBIMY IOHIATUIMMI B COCTaBHBIX KOHCTpyKumax. PUI, npusenen-
HBIIT B TabanMIle 1, COMEPKNUT TP 3a€PIKAHHBIX CIIMCKA: IIEPBBIIT NCIIOIb3YeTCs I 3a{aHNs IIPUOPUTETA
oIleparuit, BTOpOIl — [JI TPYIIIMPOBKY OIIEpPATOPOB YCIOBUS, TPETUIL ObLT OOABIIEH B pe3ysibTaTe TPaHC-
JAIUY 3afiepsKaHHoro crycka. Hu oguH 13 HUX B ABHOM BUJIe He IIOSBUTCS B MMIIEPATUBHOM KOJIE.

B cBsi3u ¢ opueHTanuen Ha CTATUUECKYIO TUIIM3ALUMIO MIPEAIIOJaraeTcs, UTO IapajjeilbHble CIIMCKI
aHATU3MPYEMOI IMPOrpaMMBbI He MMEIOT BJIOKEHUI U COCTOSAT TOJIBKO M3 3JIEMEHTOB, MMEIOIINX OIHA-
KOBBIIT IIpeHOIIpeesIeHHbIN TUII (KaK M CIMCKM AaHHBIX). [loaToMy muist ux TpaHcopMarmy BO3MOXKHO
JCIIONIb30BATh KJIAcC vector U3 CTaHTAPTHON 61OIMoTeKN 13bIKa porpaMmupoBanus C++.

OcHoBHOe oTiIMUMe IpoIiecca TpaHChOpMaILY MapaAJIIENIbHBIX CIIMCKOB OT CIIVICKOB JAaHHBIX 3aKJIIO-
yaeTcss B KOHTEKCTe (PYHKIMIT BBIIOJHAEMBIX Had 3TUM cinckoM. Ha ocHOBe aHanmsa 9TOT0 KOHTEK-
CTa BBIAEJIETCS COOTBETCTBYIOIIMII IIIA0IOH, KOTOPBIIL IIOMeIl[aeT B LMK BCe (pyHKLMM, OCYILIIeCTBIISIIO-
e o6paboTKy Bcex 3JIeMeHTOB GopMUpyeMoro BeKTopa. B xome Tpanchopmariny napajuieabHble CIINC-
KU PacKpBIBAIOTCHA, POPMUPYS LUKINUECKUE KOHCTPYKUIMM B cooTBeTcTBUM ¢ npaBmioM PIII-mopmernn
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BBIUVICIIEHUIL:

(di,dy,....dy] - f—[d1: fode: f,....dy : f]

B maunoit cutyaruu ncnoixs3oBanue QyHKuuu f ¢ mapaiiensHbIM COIUCKOM [dy, dy, . . ., dy] mpuBOIUT K ee
[IPUMEHEHNIO K KQXXIOMY 9JIEMEHTY CIIICKA, TO €CTh IIOBTOPSIOIEMYCs nericTBuio. OqHAKO apalieslbHbIe
CITUICKM 3aYACTYIO OMMCHIBAIOTCA B IIPOTPAMMe HEABHO, a TIOJIYYAIOTCI B PE3YJIbTATe IPYTUX BBIUMCIEHUIL.
B npumepe peobpasoBanus, I0KasaHHOM B Tabie 4, GopMUpyeTcs HapaieabHbI CIUCOK, COCTOSIIIIIII
U3 Tap COOTBETCTBYIOIINX SJIEMEHTOB CIIMCKOB NaHHBIX vecPair:1 n vecPair:2.

3.6. PyHKUMH BBICIIETO NOPAAKA

Ilepenaua pyHKIMYM B KauecTBe apryMeHTa OPYroil (pyHKIIMYM UaCTO UCIIONb3YEeTCs OIS MOBBIIIEHUS
rubkocty mporpamm. fI3sik [Indarop mmeer mogmepkKy PyHKUMII BBICIIIETO HOPSIOKA ¥ OHM YACTO VIC-
IIOJIB3YIOTCSI B MIpOrpaMMax. B kauecTBe apryMeHTa MOJKET IlepeaBaThCs He TOJBKO (PYHKINS, HO TaKKe
oIrepaTop M Haske IIPOM3BOJBHBIN (parMeHT KOJa, IIOMELIeHHBIN B 3aep)KaHHbII CIIMCOK. Takme KOH-
CTPYKILIMU KpaliHe CJIOKHO IepeHeCT Ha MMIIEPATUBHBIN SI3bIK B BUY CIEIYIOIINX IIPUUNH:
 Ha BXOJ apu(pMeTNUECKIX U JIOTUUECKUX OIIEPATOPOB MOTYT OBITH IIOJAHBI APTYMEHTHI PA3IMUHBIX
THUIIOB OAHHBIX, HO OJIs npeo6pasoBaHmsI HeO6XOI[I/IMO YKaBaTI) THUIIBI ABHO;

+ OIIEPATOPHI + I - MOTYT OBITh YHAPHBIMU;

+ (parMeHT KOJa, IIOMEIeHHBIN B 3aJjepP>KaHHbIIl CIIVICOK MOKET MIMETh 3aBUCUMOCTI OT KOHTEKCTa
$yHKIUM, B KOTOPOIT OH OBLI CO3[IaH U COAEPIKATh UACTUUHO BbIUMCIEHHbIE 3HAUEH S,

B cBsa3m ¢ 9TUM, B IporpaMMax, IIpeJHa3HaUeHHbIX NI IIpeobpa3oBaHs, He JOJDKHBI UCIIOIb30BaThC
yKasaHHBbIE BbIllle cMHTaKcuueckue BosMmoxkHocTy PIIMIIB, a aj1a nepemaun Koja B KauecTBe apryMeHTa
¢yHKIMY HE0OXOXMMO SIBHO ONVCHIBATEH BCIIOMOTaTeIbHble QYHKIMY — 00EpTKY U TUIIM3MPOBATE X, KaK
II0Ka3aHO B Tabnmmax 6 u 2.

4. HHcTpyMeHTAaIbHAs IMOAKEepPIKKa TpaHcopManuy GpyHKIIMOHATIHHO-IIOTOKOBBIX
NapalIeJIbHBIX IPOTrpaMM

B mportecce mpeoGpasoBaHUsI OCYIeCTBIIETCS Cilenyoomas tpaHcopmarys tumnoB maHHbx PIIIT
IIPOTPaMMBL:

« tunsl int, double u char 3aMeHSIOTCSI Ha COOTBETCTBYIOLI{ME THUIIHI sI3bIKa C++;

* UYJCJIOBBIE CIIMCKM AaHHBIX U ITapayljieJbHble CIIMCKI IIpeoOpasytorcs B Tull (std::vector), a criucku

CUMBOJIOB B CTpOKM Tuia (std::string);

+ B KayecTBe apryMeHTOB (YHKLIMII BBICILIETO ITOPSAKa MCIonb3yercs Tull std::function.

B ¢yHKIMOHATBHO-TIOTOKOBOM IIapajUIeIbHOM IIPOTPaMMUPOBAHNI MCIIONB3YeTCs IIPUMHLINIT eNVH-
CTBEHHOT'O IIPJMCBAaMBAHMN, II09TOMY PEBEPCUBHBIN MHPOPMAIMIOHHBIN rpad QyHKIMM, 110 CYTH, 3aaeT
rpad nporpammubix 3asucumocreit ([TI3) [18]. Takas ¢popma MCIoNb3yeTcs KakK [JI BHYTPEHHETO IIPe/-
CTaBJIEHMS IIPOTPaMMBI B CCTeMe IIpeoOpa3soBaHMA.

Anroputm npeo6pa3oBaHMs IPIMEHIETCS OTAEIBHO K KaKI0i GYHKIMM, IIPU 3TOM OH CBOIMUTCH K TO-
My, UTO BBIfieJIsgeT B Ipade ommcaHHbIe BbIIIe MIAGIOHBI, A KOTOPBIX 3afaH IIOPSIOK IpeobpasoBaHMs.
PeBepcuBHbIT nHPOpMAIMOHHBIN rpad oOpabaTeIBaeTcs B IOPAAKe paCIpOCTpaHEeHNUs IIOTOKA JAaHHBIX:
OT aprymeHTa QyHKIIMN K OIlepaTtopy refurn.

Bri6paHHOE BHYTpeHHee IpeiCTaBIeHIe IPOTPAMMBI B CHICTeMe IIpeoOpasoBaHMs UCIIOJIb3YeT SPyCHO-
napannensuyio ¢popmy (AIIP), 3a cuet aroro orpaxaer cTpykrypy PIIII-mporpamMmsel u mo3BoseT yaoObHO
1 3¢ QEeKTUBHO MOJNyUaTh HYKHYIO i o6paborkn mHbpopmanumio [19]. IIpeobpasoBanme BBIIOIHIETCH,
HauMHasg ¢ BepxHUX ApycoB AIIP, omHako OTHEIbHO BBIIENIIOTCA 3afepKaHHble crimcku. B xome PIIII-
IIpOrpaMM TaKMe CIJCKY Yallle BCero 3aal0T allbTepHATHBHBIe 0JI0KM onepaTopoB. HecMmorps Ha T0, UTO
y3JIBI OTHOTO 3afiep>kaHHoro ciucka B JAI1P pacrosnararorcs Ha pasHBIX pycax — B KOJie Ha UMIIEpaTBHOM
A3bIKe OHM pa3MelaloTcs II0cIef0BaTeIbHO APYT 3a IPYTOM.
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Table 6. Using auxiliary functions to pass operators Ta6nuua 6. Vicnonb3oBaHKe BCMOMOraTenbHbIX
as arguments to a function byHKUMIA AN Nepesaym onepaTopoB B KadecTBe
apryMeHToB QYHKLMN

dparmenrt kona Ha [Tudarop

d_plus << funcdef X { //@{@double, @doublel}->@double
return << (X:1, X:2):+;
}
//0@{@(@double) ,0(@double), @{@double,@double}->@double}->0@[@double]
map3_d_d << funcdef X {
VectorA << X:1;
VectorB << X:2;
Operation << X:3;

[((VectorA:|, VectorB:|):[!=, =1):?7]1"(
{"badVectorSize":error},
{(VectorA , VectorB):#:[]:0Operation}
):. >> return;
}
// CrRandpHOe IpPOU3BEIeHWE BEKTOPOB
//@{@(@double) ,@(@double)}->@(@double)
vec_mul_d_d << funcdef X {
((X:1, X:2, d_plus):map3_d_d) >> return;
}

OKBMBaJEHTHBIN pparmeHT Ha C++

double d_plus (double arg_0O ,double arg_1 ){
double varl = arg 0 + arg_1;
return varl;
X
vector<double > map3_d_d (vector<double > arg O ,vector<double > arg_1 ,
function<double(double,double)> arg_2 ){
int varl = arg_0.size();
int var2 = arg_1.size();
vector<double > var3;

if (varl != var2){
throw std::runtime_error("badVectorSize");

}

if (varl == var2){
size_t var4_size = arg_0.size();
vector<double> vard(vard_size);
for (size_t vard_iter = 0; vard_iter < vard_size; ++vard_iter)

var4d[vard_iter] = arg 2(arg_O[var4_iter], arg_1[vard_iter]);

}
var3 = var4;

}

return var3;

}

vector<double > vec_mul_d_d (vector<double > arg O ,vector<double > arg_1 ){
map3_d_d(arg_0, arg_1, d_plus);
return varil; 211

3

vector<double > varl




Vasilev V.S., Legalov A.I., Zykov S. V.

Ha pucyHke 2 OKpy>KHOCTIMM 0003Ha4YeHBI Y3JIbI MH(OPMAILMOHHOTO rpada, IITPUXOBON JIMHUEN
BBIICJICHBI 3aflepKaHHbIe CIIVCKM, CBEPXY B poMOe IpMBeeH HOMEp 3aJepKaHHOTO CIIVICKA, B BOCBMU-

YTOJIbPHUKAX 3aIlliCaHbl HOMEpa SApPyCOB.

ONOROICIONO

Fig. 2. Information graph with highlighted delayed Puc. 2. VIHpopMaLUMOHHBIV rpad ¢ BblgeneHHbIMU
lists and tiers 3ajep>XXaHHbIMW CMINCKaMK 1 apycaMut

AJ’II‘OpMTM TpaHCIAONN COCTOUT M3 psAda 3TAIIOB:

Pasmerka y3/10B TUIIaMI Ha OCHOBE TUIIA apryMeHTa QYHKIMN 1 IPABIUJI MOIEJN BHIUMCIEHMIA.
PasmMerka y30B MMeHaMU IIepeMEHHBIX, COOTBeTCTBYIOIMX y3iaM ['TI3 B reHepupyeMoM Kofe Ha
VIMIIEPATUBHOM fI3BIKe IIPOTPAMMIPOBAHMS.
Hauanphas pasmerka y3i0B ¢raramu TpaHcIaiun. Mcmonb3yores cnenyomme ¢arn:

« NOT TRANSLATED - ueobpaboTaHHBII y3eI;

+ NO_TRANSLATABLE - y3en, He Tpebyto1uit mpeobpa3oBaHus;

« TRANSLATED - 06paboTaHHBIiT y3eIl.

« SWITCH _RESULT - meTKa [JIs y3JIO0B, ABJIAIOINMXCS pe3yJbTaTaMM BBIUNCIEHUS BeTBell

aJIropuTMa IpU TPAHCIALMY YCIOBHBIX OIIEPAaTOPOB.

Ioxgroroska y3moB k Tpanciasuuu. [Ipu stom B I'TI3 BeigensioTcs u pa3meuarorcs noarpadsl, 3ama-
IoIIMe OIlpefiesIeHHbIe CHTAKCUUeCKIe KOHCTPYKIMM A3bIKa C++.
TpaHcaAMA KOHCTAHT.
TpaHcsaIMs BbIAEIEHHBIX ITOArPadoB M1 CUHTAKCUUECKUX KOHCTPYKIUIT I10 OIMCAHHBIM BBIIIIE
11abIoHaM.
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3axkiroueHue

B pabote ommcamnbl mpobieMbl 1 0coOeHHOCTM IIpeoOpa3oBaHMsd (QYHKIMOHAIBHO-IIOTOKOBBIX IIPO-
IrpaMM Ha OCHOBE PEBEpPCUBHBIX MH(POPMaLMOHHBIX IrpadoB, 3aJal0IX MaKCHMAIbHBI ITapaJIeIN3M,
B uMIIepaTuBHYI0 ¢popmy. [IpuBemeHbI HEKOTOpBIE AeTalV peanu3aliyl TaKOI CICTeMBl, IIpeo0pasyolelt
nporpaMMmBel sf3bIka [Tndarop B 1361k C++. [IpeimoxKeHbI:

1) ¢opmar onmmcanus TUIIOB GYHKIMII PyHKIMOHAIBHO-TIOTOKOBOTO SI3BIKa IIPOTPaMMUPOBAHII;

2) anropuTM npeoGpasoBaHMs, OCHOBAHHBINM Ha IIOMCKe B PeBEPCUBHBIX MH(OPMAIIOHHBIX rpadax
KOHCTPYKI[MIT, COOTBETCTBYIOLIMX 3aTaHHOMY MHO)KECTBY I1a0JIOHOB;
3) CTpYKTyphI HaHHBIX, 0OecneunBaroiye 3pQeKTUBHYIO peaIn3aliio TaKOro alropuTMa.

PaspaGoTanHas cucreMa I03BOJIgeT Ipeo6pasoBhIBATh JOCTATOUHO IIMPOKUIL KJIACC IIPOIPaMM U SB-
JigeTcsa OCHOBOII Ui JajibHelIIero aHanmusa KoHcTpykiuit OIIMI-mporpamMm, KOTopble MMeeT CMBICHT BbI-
MOJHATD NTapaJUIeJIbHO Ha KOHKPETHO 1IeJIEBO apXUTEKTYPeE.
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