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OT peFakTOpOB BBIITYCKa From the Editors of the Issue

B. A. 3axapos™?, H. B. IlIunos’® V. A. Zakharov'?, N. V. Shilov’
1 BIIIS 1 HSE

21CII PAH 2 ISP RAS

3 Yausepcurer MuHOMOMNMC 3 Innopolis University

04-05 H05{6p51 2021 r. B lHHOMmO/IMCE mpoIllell ABEHAALATBIN MeXAyHapOAHBII HayYHO-IICCIeq0Ba-
Tenbckuil cemuHap «CeMaHTMKa, cienuuKamisa 1 BepupuKanmus NporpaMm: Teopus M IPIIIOKe-
Hus» (12-th Workshop on Program Semantics, Specification and Verification: Theory and Applications, PSSV
2021). BBuay HempocToil sIyaeMmUuecKoil oOCTAaHOBKM B CTpaHe 3acefaHMs CeMUHapa IPOBOAVIINCH B
¢dopmare BumeokoHdpepermy. OpraHnN3aTopoM ceMMHapa BBICTYIIIUIIA JabopaTopus IPOTPaMMHOI MH-
KeHepuu yHUBepcutera MuHOMoOnuc (pyk. ma6oparopun H. B. Iunos).

IlepBas ceccust cemuHapa OpLa IOCBAIIeHA I00MIIeI0 BBIAAIOIIEr0Cs YUeHOT0, CIIelalicTa B 00J1acTn
MH(OPMAIIOHHBIX TeXHOJIOT U ¥ IIPOTPaMMUPOBaHMS, 3aBeAYIOIIEr0 OTAEIOM TEXHOJIOT U IIPOrPaMMI-
poBauusa UucturyTa cucremuoro nporpammuposanus uM. B.I1. MiBanaukosa, npodeccopa MockoBCKOro
rocymapcrBeHHoro yHmBepcurera uM. M.B. JlomonocoBa u Bercurert IIkosnbl SxkoHOMMUKM AJleKcaHApa
Koncrantunosnuua Iletpenko. B cBoem nokmane, osariaBienHoM «The position of formal methods in
nowadays software industrial development», A.K. IlerpeHko ImpoaHaIM3MpPOBAT TEHAEHIUN Pa3BUTUSL
U IIPaKTUUYECKOro IpUMeHeHNs (opMalbHBIX METOLOB B paspaboTKe IIPOMBIIIUIEHHOIO IIPOIPaMMHOIO
obecIreueHNs, paccKasaj O CBOEM OIIBITE JICIIOJIb30BaHMA ITUX METONOB B pPelLlIeHNN Pa3HOOOPasHBIX 3a-
a4 CUCTeMHOI'0 IIPOrpaMMMPOBaHNA, HAUMHAA OT paboT II0 CO3aHNIO IIPOrPaMMHOT0 00eCIIeueHNs A1l
COBETCKOII KOCMMUECKOT rporpaMmsl «BypaH» 10 HeJaBHMX NIPUKIATHBIX MCCIEOBAHUIL II0 IIPOEKTHU-
POBaHMIO U BepuUKAIMM KPUTUUECKIUX II0 6e30IIaCHOCTI U HAJe>KHOCTU IIPOTPaMMHBIX CHCTEM.

Penkoserus sxypHaiia IprcoeJUHIETCI K TEILIBIM II0XKeIaHVSIM, BBICKa3aHHBIM YUACTHUKAMIU CEMI-
Hapa PSSV 2021 B agpec Anexkcannpa Koncrantuaosuya Ilerpenxo.

Ha 1o6ueriHoM ceccun ceMyHapa TakKe MPO3ByUaay JOKIAbI OIVOKANIINX KOJLIET

A. C.Kamxun: High-Level Synthesis of Computing Systems: Motivation, Challenges, and Existing Solutions,
B.B. Kynamun: Formal Security Models,
A.B. Xopormnos: Verification of operating systems.

ITporpamma cemmuapa PSSV 2021 Bxirouana

+ 5 peryJISIpHBIX TOKJIAI0B
Anton Gnatenko, Vladimir Zakharov: Satisfiability and model checking for one extension of Linear
Time Temporal Logic,
Alexander Bolotov, Alex Abuin Yepes, Paqui Lucio and Montserrat Hermo: Certifying Proofs and
Models for CTL Satisfiability and Model Checking,
Hans de Nivelle: A Recursive Inclusion Checker for Recursively Defined Subtypes,
Thomas Baar, Horst Schulte: On the Need to Support Vectors and Matrixes in KeYmaera,
Dmitry Kondratyev: Towards automatic deductive verification of C programs with Sisal loops using
C-lightVer system,

+ 7 KpaTKUX COOOLIEHMIT
Thanh-Hai Tran, Igor Konnov and Josef Widder: EDTL4CSRS: Event-Driven Temporal Logic for
Control Software Requirements Specification,
Julio Cesar Carrasquel: Validating Real Behavior of Agents in Trading Systems using Nested Petri
Nets,
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Anton Zavyalov, Sergey Staroletov: Flovver: A Graphical Functional Language with a Compiler
Focused on Recursion Optimization,
Mohammadsadegh Mohagheghi, Khayyam Salehi: Statistical Verification of Qualitative Reachability
Properties for Markov Decision Processes,
Andrei Klimov: On Recent Achievements in Theory of Names to be Used in Semantics of Object-
Oriented Languages,
Andrew Mironov: Mathematical model and method for verifying parallel programs,
Nikolay Shilov, Dmitry Kondratyev, Boris Faifel: Platform-independent model of fix-point arithme-
tic for verification of the standard mathematical functions,

* 4 JIeKUVY IPUTIAIIEHHBIX JOKIATUNKOB
Nataliya O. Garanina (Laboratory of Theoretical Programming of A.P. Ershov Institute of Informa-
tics Systems, Novosibirsk, Russia): The Optimization Problem with Model Checking,
Dmitry A. Kondratyev (Laboratory of Theoretical Programming of A.P. Ershov Institute of Informa-
tics Systems, Novosibirsk, Russia): Automatic deductive verification of C programs using the C-
lightVer system,
Alexandr V. Naumchev (Innopolis University, Russia): Security audit of code using contracts and
program proving,
Nikolai D. Kudasov (Innopolis University, Russia): Nameless and scope-safe: de Bruijn notation as
a nested datatype.

B cBoux BBICTYIUIEHMAX YYaCTHMKIM CeMMHapa paccKasalll O pe3yJibTaTaX HeJaBHO 3aBepIIeHHBIX
HayUYHBIX paboT M O IPOJOILKAIOIINXCS VMCCIeTOBAHNAX, IOCBIIIEHHBIX PasBUTHUIO U IPVMEHEHIIO Ma-
TeMaTUYeCKNX METOAOB I pa3paboTKI IPOrPaMMHOI0 00ecIeueHNs, BBIYUCIUTEIBHOI M TeJIeKOMMY-
HMKAI[VIOHHOJI allIapaTyphl, CO3JJaHIIO HOBBIX MaTeMaTIUYECKIX MOJIesIeil B 00JacTy MHPOPMATUKIA, pas-
BUTUIO ¥ BHEJJPEHNIO IIePCIIEKTUBHBIX CPEJICTB IIPOrpaMMIpPOBaHNA. BoibIlioe BHUMaHNe OBLIO yaeIeHO
MeTOoJaM JeAyKTUBHOJI IIPOBEPKM IIPAaBIIIBHOCTH IIPOTPaMM, 3aiauaM BepuMKaIIM MOIeJIell IPOrpaMM,
HOBBIM METOJaM aHaJINM3a TUIIOB JAHHBIX, a TaK)Ke BOIIPOCaM ITOCTpOoeHMd GOpPMaJIbHBIX MOJIeJIelt MHPOP-
MaIIOHHBIX c1cTeM. [laHHBIN BBIITYCK jKypHasa BKJIIOYaeT 6 cTaTell yJacTHUKOB ceMmHapa PSSV 2021,
PEeKOMEHIOBaHHBIX IIPOTPAMMHBIM KOMITETOM CeMIHapa K IyOIMKaIlU B KypHAJIe.

T. Baar u H. Schulte uccieqoBanu Bompoc o nprMeHeHUN IPOrPaMMHO-MHCTPYMEHTAIHHOTO CPENCTBA
BepuduUKauuy nporpamMm Ha ocHoBe joruku Xoapa KeYmaeraX nms o6ocHOBaHMS CBOJICTB IIOBeHeHIIS
IUMOPUOHBIX CUCTEM. STU CUCTEMBbI OIIPEIEeNISIOTCI COBOKYIIHOCTBIO MVCKPETHBIX VM HENPEPHIBHBIX IIepe-
MEeHHBIX, 3HAUEeHVSI KOTOPBIX MOT'YT M3MEHAThCSI CKAUKOM MJIM ITocTerneHHO. OMHO 113 MHOTO06EIIAIoITIX
obiacreit mpuMeHeHus KeYmaeraX sBIAIOTCS CHCTeMBI YIIpaBJIeHUS ¢ oOpaTHoiI cBa3blo. Ha mpumepe
OIHOM U3 TaKUX YIpPaBIAIOIIMX CHCTEM aBTOPBI IIOKA3bIBAIOT, KaK MOKHO ITOJIYUHUTb CTPOTOE MaTeMa-
TUUYECKOe JOKa3aTeIbCTBO ACHMIITOTIYECKON YCTOIUMBOCTY €€ IIOBeeHM C JMCIIOIb30BaHIEM CpeICcTBa
nenykruBHoit Bepudnkarun KeYmaeraX. B cratbe Taxke 00CyKIa0Tca HEKOTOpPbIe OTKPBIThIE BOIIPOCHI,
CBsI3aHHBIe ¢ (hopManm3aruell Tpe6oBaHNA ACUMIITOTIYECKO YCTOMYMBOCTY IMOPUIHBIX CUCTEM.

B craree H.O. I'apanunoit u C.II. T'opyaua mpeacTaBiieH HOBBIN ITOAXOJ K aBTOMATMU3allMU ITOMC-
Ka ONTMMAaJIbHBIX IIapaMeTPOB CTPYKTYpPbl MHOTI'OIIPOLIECCOPHBIX IIpOrpaMM, IIpeJHa3sHaUeHHBbIX AJII IIa-
patensHOi 06paboTKy DaHHBIX. [ pellreHNs 3TOM 3aauyl aBTOPHI IpeIaralT IPUMEHATh CpeCcTBa
BepuduUKanuy Moesell BBIUMCINTENbHBIX CICTEM, CIIOCOOHBIE POPMUPOBATH KOHTPIIPUMEPHI 110 PE3YIIh-
TaTaM IIPOBEPKMU TpeGOBaHMII IIPABUIIBHOTO IOBedeHNsa nporpamMM. ONMCaHHBIN B CTaThe METOJ ITOMCKA
ONTYMAaJbHBIX ITapaMeTPOB KOHCTPYKUMM BBIUMCIANTEIBHBIX CHUCTEM IIPY IIOMOLIY IIOCTPOEHUSI KOHTpP-
MPUMEPOB MpPeAyCMaTPUBAET IIPEACTABIEHNE MCIOJHEHNs a0CTPaKTHOI MPOTpaMMbl Ha aGCTPaKTHOI
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MOJIeJIVI MHOTOIIPOLIECCOPHOIL CUCTeMBI, (GOPMYJIMPOBKY CBOJVICTBA ONTMMAJIBHOCTM B BUJe TpeOOBaHNI
6€30IaCHOCTY BBIUMCIICHNUI ITOJIyUeHHO aOCTPaKTHO MOMeNN, IPMMEeHeHIe alropuTMa Bepuduranmn
dbopMaybHOI MOJENN ¥ BIOOP ONTHMMAIBHBIX 3HAUEHMIT [TaPAMeTPOB HACTPOIIKM BBIYVMCIUTEIBHOI CI-
CTeMBI Ha OCHOBAaHNY aHaIN3a KOHTPIIPMMEPOB, IIOJYUEHHBIX B X0O[€ BepU(PUKALIIL.

B crarpe A.P. I'marenko u B.A. 3axapoBa yCTaHOBJIEHBI OI[eHKV BBIUNCINTEIBHON CIOKHOCTM 3a7au
BepuUKALINI aBTOMATHBIX MOJENel IT0CIeqOBATEbHBIX PEaTNPYIOIMNX CUCTEM 1 IIPOBEPKU BBITIOTHII-
MocTy GOpMYJI IIapaMeTPU30BAaHHOTO PACIINPEHNUs TEMIIOPATBHOIN JIOTUKY JIMHETHOTO BpeMeH!, KOTO-
pO€e aBTOpPBI OMMCANN B CBOUX Oojiee paHHUX paborax. [Ipy momomuy TeOpeTMKo-aBTOMATHOTO IIOAX0Aa
yRaJIOCh II0Ka3aTh, uTO 3¢ ¢eKTUBHBIE pellleHnss 00erX pacCMaTpUBAeMbIX 3aauy MOKHO IIOJIYUUTH, JIC-
IIOJIB3YS JIMIIE ITOIMHOMMAIBHO OTPaHIYEHHBI 00beM maMsaTh. B cBeTe paHee IONyUeHHBIX Pe3yIbTaTOB
3TO 03HauaerT, uTo obe 3amaun aBigorca PSPACE-TonHBIMMU.

Cratps [I.A. KorgpaTheBa ITOCBAII€HA MCCIIeJOBAHII0 OMHOM I3 3a4a4, KOTOpasd BO3HMKJIA IIPY BBIMIOJ-
HEHII JOJITOCPOUHOT0 IIPOeKTa, IpoBoanMoro B IHcturyTe cucreM nHpopmaruku CO PAH, o cospanuio
IIPOrpaMMHO-MHCTpyMeHTaapHoro Komiiekca C-lightVer nna memyxkrusroit Bepudnkamyum C-mporpaMm.
9Ta 3agava cBA3aHAa C IOIBITKAMI PaCIIMPUTH 00IacTh MPUMEHEHNS IIPOEKTIPYEeMOro CPeCTBa JeyK-
TUBHOJ BepMQWKaIVI ¥ JCIIONb30BaTh €ro JJIA IPOBEPKU IPABMIBHOCTY IIPOTPaMM, BBIIIOTHEHHBIX B
cucTeMe 00JIAUHOTO MapajlielbHoro mporpammuposanns CPPS, koropas taxke paspabarsiaercs B ICU
CO PAH.

B crarbe A.M. MupoHoOBa 13saraeTcs HoBasg MaTeMaTuueckas MOJieJIb paclipeieJIeHHbIX BBIUMICIUTENb-
HBIX CIICTeM, NIpeJHa3HaueHHAas IJII BepuUKaIMy IIporpaMM, KOTOpbIe BBIIIOJIHEHHI C MCIIONb30BAHIIEM
IIporpaMMHOTro MHTep@eiica mapamuieapsHoro nporpammuposanus MPL IlapannenbHas mporpaMMa Mofe-
JIMPyeTCs CUCTeMO BBIUMCINTEIbHBIX IIPOIECCOB, B3aMIMOAEICTBYIOIINX IIyTeM aCHXPOHHOII Ilepenadnu
U TIpyeMa COOOIIEeHNTT IT0 KaHATAaM CBsI3U. [JIABHBIM IIPEMMYILECTBOM IIPEIIOKEHHOI aBTOPOM MO
SBJISIETCS BO3MOKHOCTh MOJENNPOBAHMS U BepuDUKALNY [TapaJUIebHBIX IIPOTPaMM C HEOTPaHNUEHHO
GOJIBILINMM UMCIIOM IIOCIIEAOBATENBHBIX B3aMMOIECTBYIOIIMX IporieccoB. Ha 0cHOBe IIpeniioKeHHO MO-
ey Ob11a mpoBeneHa Bepudukanus MPI mporpaMmMbl mepeMHOXKEHMSI MATPULL.

H. de Nivelle npenymoxxni B cBoell cTaTbe OPUTMHAIBHBIN JOIMUYECKUII ITOAXOT K IIOCTPOCHUIO CH-
CTeM TUIIOB JaHHBIX, HOIYCKAIOINNII BBeJEHNE 3aBUCUMBIX U MHIYKTUBHO OIpefeseMbIX TUIIOB. JTa
pabora ABIIAETCS YaCThIO IIPOEKTA 110 pa3paboTKe HOBOTO S3bIKA IIPOrPaMMMpPOBAHMS, ITOAXOIAIIETO I
IIpMMeHEeHV B O0JIACTV MaTeMaTM4ecKoil Jornku. Tak kak jgormueckme GOpMyNbl IPeNCTABIAIOT CO-
6011 OPEeBOBUIHBIE CTPYKTYPBI C MHOXKECTBOM PAa3HOTUIIHBIX KOHCTPYKTOPOB, AJITOPUTMBI UX 00paboTKM
IOJDKHBI YUMTHIBATH COIVIACOBAaHINE TUIIOB PasIMUHBIX y3JIOB Takux HepeBbeB. Hamboiee yacto Takoe
COIVIaCOBaHIME OCYII[ECTBIISIETCS IIyTEM COIIOCTABIEHNS ¢ 00pa3[oM. ABTOp CTaThU IIpeiaraeT VHOI IO-
XOM: BMECTO COIIOCTABJIEHMI AepPeBhEB C Pa3HBIMU ILIA0IOHAMU, COOTBETCTBYIOIIVIMM OIpelesIeHUIMU
TUIIOB, OH IIpeMJIaraeT MCIIOIb30BaTh aIlllapaT JOIMUecKoro (TabImaHOoro) BEIBOIA, MCXONI M3 CUCTEMBI
ompeneeHNIT TUIIOB I ITOATUIIOB.
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discrete and continuous variables, whose values can change abruptly or continuously, respectively. KeYmaeraX supports
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loop control systems. A closed-loop control system consists of a plant and a controller. While the plant is basically an
aggregation of continuous variables whose values change over time accordingly to physical laws, the controller can be seen
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In this paper, we review some recent extensions of the proof calculus applied by KeYmaeraX that make formal proofs on
the stability of dynamic systems more feasible. Based on an example, we first introduce to the topic and prove asymptotic
stability of a given system in a hand-written mathematical style. This approach is then compared with a formal encoding
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KeYmaeraX — 910 oka3aTesbCTBO TeopeM B cTiuie Xoapa st IMOpMAHBIX cucTeM. [ MOPMAHYIO CICTEMY MOXHO paccMar-
PMBATh KaK COBOKYIIHOCTb JYICKPETHBIX, TaK ¥ HEIIPEPHIBHBIX [TepeMEHHBIX, 3HAUEHVISI KOTOPBIX MOT'YT U3MEHATHCS PE3KO
VIV HETIPepBIBHO cooTBeTcTBeHHO. KeYmaeraX rojmepsKmuBaeT TOJIBKO IlepeMeHHbIe, MEIOIIVe IPUMUTUBHBI TUIl bool
wu real.

Biaropapsi coueTaHMI0 AMCKPETHBIX U HEIPEPHIBHBIX JIEMEHTOB CUCTEMBI, OJ{HOI U3 IEePCIeKTUBHBIX 00JacTeil Mmpu-
meneHust KeYmaeraX sIBJSIIOTCS CHCTEMBI yIPaBIeHMsI C 3aMKHYTBHIM KOHTypoM. CucTeMa yIpaBieHUsI C 3aMKHYTHIM
KOHTYPOM COCTOUT M3 YCTAHOBKU M KOHTPOJUIEpA. B TO BpeMs Kak yCTaHOBKa B OCHOBHOM IIPEJCTABIISIET COBOII COBO-
KyIIHOCTb HEINPEPHIBHBIX IIepeMeHHbIX, 3HAUEHUsI KOTOPBIX MEHSIOTCS CO BpEMEHEM B COOTBETCTBUM C (QU3UUECKUMU
3aKOHaMU, KOHTPOJLIEP MOXXHO PacCMaTpUBaTh KaK alropuTM, ChOpMyIMPOBAHHBIN Ha KJIACCUUECKOM SI3BIKE IIPOrpaM-
MIUpPOBaHU.

B 3T0I1 cTaThbe MBI PACCMOTPUM HEKOTOpbIe HeJaBHUE PACLIMPEeHUs UCUUCIEHUs [OKa3aTeNlbCTB, IpuMeHsemble KeY-
maeraX, KOTOpBIE [eyaioT opMasbHbIEe JOKA3aTeIbCTBA YCTOMUMBOCTY AMHAMUUECKUX CUCTEM G0Jlee BBIIOJTHUMBIMIUL.
OCHOBBIBasICh Ha IpUMepe, MBI CHauaia I03HAKOMUMCS C TEMOIT U JOKaXKeM aCUMIITOTUUECKYIO YCTOMYMBOCTD AHHOII
CIICTEMBI.
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1. Introduction

The verification of software has made huge progress over the last 20 years, but is still considered to be
challenging [1]. Many software verification systems such as KeY, FramaC, VeriFast, Dafny and others rely
on a classical Hoare-style calculus [2] for verifying pre-/post-conditions.

The theorem prover KeYmaeraX and its underlying Differential Dynamic Logic [3] were successful in
extending a traditional Hoare-style calculus with capabilities to reason also on the dynamics of continu-
ous functions, which are specified by ordinary differential equations (ODEs). More precisely, KeYmaeraX
allows to verify so-called hybrid programs® to be correct in the sense of fulfilling given pre-/post-condition
contracts. The language of hybrid programs is a very simple traditional imperative while-language with
assignment, sequential composition, conditional execution, and iteration as basic programming constructs. In
addition, there is support for non-determinism (non-deterministic choice, non-deterministic iteration) and
a very special construct bridging the gap to evolving functions called evolving state. More details on KeY-
maeraX and its supported syntax can be found in tutorial [4]. In [5, 6], we have analyzed some deficiencies
of the input syntax and present a number of introductory examples.

Control theory is an engineering discipline aiming at analyzing dynamic systems in general. A dynamic
system is modeled by a set of state variables, which typically change their value continuously over time. In
many cases, this change is described by ordinary differential equations (ODEs).

Well understood and widely applied are linear dynamic systems, whose dynamic can be described as
x = Ax, where x is a vector of state variables, A the so-called system matrix, and x denotes the derivation of x.
The stability of linear systems is well-understood and proving it for a given concrete system usually requires
few mathematical arguments: Common techniques are finding a Lyapunov function [7, 8] or analyzing the
system matrix A together with its eigenvalues.

When modeling real world processes, pure linear systems are often not sufficient. However, the overall
system can be modeled in many cases as a system switching through multiple linear subsystems [9]. The
switching condition can be simple (as in our running examples shown below) or more elaborate. In any case,
we can formulate such conditions using an imperative programming language.

While classical control theory is very successful in analyzing pure linear systems, its mathematical ap-
proaches do not work well when applied to composed system. If the composition scheme is restricted to
few switching schemes, the mathematical analysis remains feasible but becomes cumbersome[9]. A more
elegant solution for this problem could be to encode the composition rules for aggregating the resulting
system in terms of an imperative programming language. To analyze such composed systems, one would
obviously need a notion of the underlying semantics of the used programming language.

The theorem prover KeYmaeraX is able to capture both the continuous dynamics of systems as well as
algorithms for switching the current mode. We will review in this paper some recent achievements that will
make the formal verification of system stability more feasible. We also discuss some shortcomings of the
dynamic logic and the proof calculus underlying KeYmaeraX.

This paper is organized as follows: Section 2 presents two linear systems and then two different compo-
sitions of it. Though the composition algorithms differ only very slightly, the two resulting systems differ
dramatically. One of them remains stable, the other one becomes instable. In Section 2, we also give a
mathematical proof for the stability of the first composed system. In Section 3, we provide an encoding of
the running examples for KeYmaeraX and outline the formal proof within KeYmaeraX. We also report on
yet unresolved obstacles such as the formulation of the verification goal (asymptotic stability of the overall
system) within the Hoare-style logic supported by KeYmaeraX. In Section 4 we review related work and
Section 5 concludes the paper.

There is a graphical version of these programs (basically the Control Flow Graph) called hybrid automaton.
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2. Running Example
Given is a periodic linear time invariant (LTI) dynamic system in state space form [10]

(1) = <_°a é) X(H) = Ax(t),  x(t=0)=x (1)

with the state vector x = (x1, x )T, the system matrix A, the parameter a € Ry and the initial condition as
xo € R%. Based on the theory of ordinary differential equations (ODEs) [11], the periodicity of the solution
of (1) with

21
x(t)=x(t+T), T-= Ta

is related to the eigenvalues of A denoted as A = eig(A) € C? with A; = —j/aand A; = +j/a. Let us now
consider two systems

(2)

: 0 1 o (01
Sysl = x(1) = <—a1 0) x(1), Sys2 = x(t) = (_az 0> x(1), (3)
[ — [
Al AZ
where the parameters g; for i = 1, 2 satisfy the condition
O<a<l<a . (4)

For illustration, we consider the numerical examples of the form (3) satisfying (4) with

Figure 1 and 2 show the particular solution and phase diagram for the initial value x, = (0, 3)7. The ana-
lytically determined period in (2) of

27 2r 4nm
Tl =——=4r7 s = — = —
N N
corresponds to the numerical solution. Let us now examine the dynamics of a system which switches
Periodic solution of system 1 Solution in the state space (21, z2)
6 P 6
4 i 4
2 2
. 2 2
4 4
6 6
0 5 10 15 5 0 5

tls ’ °

Fig. 1: Particular solution x(t) and in the state space of Sys1 for x, = (0, 3)7
between the two systems (3) as a function of the current state x. For this purpose, the switching function

switch(x) = x1 x2 (5)
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Periodic solution of system 2 Solution in the state space (1, x2)
6 T 6
4 i 4
2 2
i: 0 g0
» 2 2
4 4
6 6
0 5 10 15 5 5

t[s] » zy
Fig. 2: Particular solution x(t) and in the state space of Sys2 for xy = (0, 3)T
is defined to divide the state space into two non-convex subspaces
Xy = { x(t)| switch(x) <0}, Xy = { x(t)| switch(x) =0 }. (6)

Based on these definitions, two variants of a switching system can now be specified. The first switching
system SwSysl is given as

A ), itch 0
SwSysl = x(t) = 1x(t), - switch(x) < (7)
Ay x(t), switch(x) =0
The second system SwSys2 inverts the switching condition from the first system and is given as
A ), itch =0
SwSys2 = x(t) = 1x(1), - switch(x) = (8)
Ay x(t), switch(x) <0

Analogous to the previous LTI systems, the switching systems have the same initial condition x;. The partic-
ular solution of SwSys1 (7) is given in Figure 3. One can clearly see that this system is asymptotic stable for
the given initial condition, i.e. tli>n30 x(t) — 0 for x = (0, 3). By quadrant switching, two periodic systems
are joined to form an asymptotically stable system.

The opposite effect occurs in the second switching system SwSys2 (8) if the switching condition is re-
versed. Here, the amplitudes of x;(t), x2(t) fastly grow and exceed any bounds. Note that the diagrams of
Figure 4 have on their axis much greater values than all the other diagrams.

In order to understand the effect, it is worthwhile to analyze the phase diagrams for both SwSys1 and
SwSys2 (cmp. Fig. 5). As one can see at the left part, system SwSys1 is enforced in the right-upper and
left-lower quadrants (note that switch(x) = 0 holds) to have a greater value change for x, than for x;. For
example, when entering the right-upper quadrant, the value for x; is 0 and let v be the value for x;,. When
leaving this quadrant, the value for x; is now 0 and x; has a value, but this is smaller than v. An analogous
behavior we have in the right-lower and left-upper quadrant, where x; changes more than x,. In summary,
whenever the trajectory of SWSys1 crosses the diagram axes (x; = 0 or x, = 0), the non-zero value of the
coordinate (alternating xi, x;) form a monotonically decreasing series.

For system SwSys2, the opposite is true: When crossing the axes, the non-zero component of the coor-
dinate becomes larger. Thus, SwSys2 is not stable.

To sum up, combining two periodic systems Sys1, Sys2 to a switched system can result both in an asymp-
totic stable system SwSys1 or in an unstable system SwSys2. The difference in the definition of SwSys1 and
SwSys2 is rather marginal. Therefore, it would be very helpful to have a verification tool able to check
formally, whether the resulting system is stable or not.
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Switching System I: z(t), za(t) Solution in the state space
T T

100

Fig. 3: Particular solution of SwSys1 (7) for x, = (0, 3)7

Switching System IL: @,(t), z(t) Solution in the state space

40

20

20}

40}

60 |-

80}

L L 100 L ' L L
5 10 15 -200 -150 -100 -50 0 50
t[s] zy

Fig. 4: Particular solution of SwSys2 (8) for x, = (0, 3)7

Lyapunov Stability Analysis

V(x) = x7 + x5 Vx #0
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A system is called to be stable, iff the system will never leave an € region around the origin (i.e. |x| < €)
when started in an appropriate J region (|x| < §). Note that § can be freely chosen once ¢ has been fixed.
Both § and e must be positive (¢ > 0,5 > 0). A formalization of this definition is presented below in (16).

A system is called to be asymptotic stable, iff in addition lim;_,.x(t) = 0 holds. Figure 6 shows a system,
which is stable but not asymptotic stable.

We proceed with a mathematical proof for the stability of the first switching system SwSys1 using Lya-
punov’s direct method [7, 8, 12]. We start with considering one - heuristically chosen - Lyapunov function
candidate for the original systems Sys1, Sys2
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6. Phase portrait of stable switching system A Phase portrait of unstable switching system
= \RN/ —
2t 2|
or or
o) | -2
a4t 4t
° \\i — N ———— /4
" . . | ‘ | ‘ | ) 8
5 5 4 P 0 > P 3 3 8 6 4 2 0 2 4 6 8

Fig. 5: Phase diagram for SwSys1/SwSys2

Fig. 6: Definition of Stability
The time derivative of the function V(x) results in
V(X) = 2x % +2x, %y . (10)

Substituting x; and %, by the right hand side of the LTI systems in (3) with 0 < a; < 1 < a; two Lyapunov
function candidates are obtained for Sysl1, Sys2:

Vi(x) =2x1 6 (1 - a), Va(x) = 2x1 %2 (1 - az) (11)

Each separate function V;(x) does not satisfy the requirement of a Lyapunov function with Vi(x) < 0. vx.
This is valid only segment-wise and with the introduced switching function (5) and switching condition (6)
of x it follows that Vs,,sys1 is a Lyapunov function with

. 2x1%(1-a;) <0, switch(x)<0
VSwSysl = [ 0 (12)

2x1 % (1-az) <0, switch(x) =

where VSw.Sysl < 0 holds for all x # 0. The switching condition in (12) corresponds to the one in system
SwSys1 (7) which therefore proves the asymptotic stability.
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3. Running Example for KeYmaeraX

In this section, we will present an elegant and succinct specification of both the linear and the switched
system presented in the previous section using the input formalism of KeYmaeraX. In KeYmaeraX, a dynamic
system is described in form of a program «.

As a first attempt, the linear system Sys1 might look as a program could as follows:

asys1 = {X, = Alx} (13)

Unfortunately, KeYmaeraX does not allow the usage of state matrix A; since all constants and variables
have to have a primitive type (real, bool). Also, the state vector x cannot be directly used and must be split
into its components x1, x,. Thus, we have to rewrite our first attempt (13) as

asyst = {x1" = x2,x2" = -a; = x1} (14)

The system Sys1 can be described in KeYmaeraX by just one evolving state. For the system SwSys1, we
combine the two evolving states representing Sys1 and Sys2 using the non-deterministic choice construct
(operator ++) and enclose this by a non-deterministic iteration (operator *):

ASwSys1 = (
{x1" = x2,x2" = —a; » x1 & switch(x) < 0}
++ (15)
{x1" = x2,x2" = —ay » x1 & switch(x) = 0}

InSys2
x1'=x2
x2'=—a2 *x1
x1 *x2>0

running InSys1
x1'=x2 X;iizl* .
x2'=—al *xI1 .
x1 ¥x2<0

Fig. 7: System descriptions of Sys1, SwSys1 in KeYmaeraX (as hybrid automaton)

The graphical version of the programs (13) and (15) are shown in Figure 7.
3.1. Proving stability using KeYmaeraX

In terms of differential dynamic logic, the stability of system SwSys1 formulates as:

Ve(0<e—>35(0<dAxP+x5<8— [aSWsysl]xf +x2 <€) (16)

Establishing a formal proof using KeYmaeraX for such a property of system SwSys1 remained for quite a
long time rather a challenge. This was due to the fact that the proof’s fundamental argument - the Lyapunov

function V(x) = x? + x? - could not be encoded directly when establishing the proof.
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However, Tan and Platzer report in their very recent paper [13], how the proof calculus has been recently
conservatively extended, i.e. new proof rules have been derived and can be used now directly within proof
tactics. One of the new proof rules looks as follows:

FfO0)=0rv(0)=0 3y >0vx(x]’<y? > v>0r0 <0)
F AStab(x” = f(x))

Lyap.

The formal proof for the stability of the switched system SwSysl has been published in [14] and is
available online?.

Please note, that (16) only formalizes stability but not asymptotic stability. To formulate asymptotic
stability, one would need to encode a situation that is far in the future (lim;_,) as asymptotic stability means
that there will be a point in time, after which the system will always remain within an € region. How can we
catch this point in time in a formula defining asymptotic stability? In order to formalize asymptotic stability,
one has to choose - probably - a different form than the usual invariant ¢ — [«]¢ that has been successfully
applied for formalizing stability. This problem has to remain as an open question here. Note, however,
that also the conclusion of [14] considers the formalization of asymptotic stability within KeYmaeraX as an
unsolved problem and future work.

4. Related Work

In his landmark paper published in 1892 (see [7] for a French and [8] for an English translation), A.M.
Lyapunov identifies and describes mathematical tools for analyzing dynamic systems. A Lyapunov function
for a given system is an energy measure that has to be decreasing/non-increasing as the system evolves over
time. Once an appropriate Lyapunov function is found, it can witness the stability of the system.

Much research has gone into finding suitable Lyapunov functions automatically. Some numerical ap-
proaches [15], [16] are based on sum-of-square programming techniques while other approaches exploit
Grobner basis [17], Lie derivatives [18], or constraint solving techniques [19]. Switched systems [20], [9],
[21] can vary considerably in their switching mechanics (see also [14] for an overview). A stability proof
for switched system often requires to find more sophisticated Lyapunov functions taken all different sys-
tem modes into account. In [22], a more relaxed notion of stability is presented together with a verification
methods based on model checking.

5. Conclusion

In this paper, we report on experiences we gained when merging verification techniques from two en-
gineering disciplines: control theory and software engineering.

Control theory has developed numerous techniques to verify certain properties of modeled systems.
One of the most important properties is stability. One fundamental verification technique is finding a Lya-
punov function as an upper bound for the system’s state change. When the Lyapunov function decreases
monotonously, the system changes will become smaller and smaller over time and the system converts
towards a stable point. Another often used verification technique for linear system is the analysis of the
eigenvalues of the system matrix.

It becomes more and more popular in control theory to combine rather trivial systems by some glue code
(written in an imperative programming language) in order to form more complex systems. Here, the behavior
of the overall system depends also from the semantics of the used imperative programming language.

The traditional, math-based verification techniques usually fail to verify such composed systems, because
they do not have a notion of programming constructs. KeYmaeraX is a theorem prover that covers both
areas: continuously and abruptly evolving systems. Very recently, KeYmaeraX was extended by dedicated
verification support for stability properties of dynamic systems. Thus, it is now possible to formally verify

%see https://github.com/LS-Lab/KeYmaeraX-projects/blob/master/stability/switchedsystems.kyx
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the stability also of such systems, which are composed of subsystems and which switch between these
subsystems. The switching decision can be any algorithm encoded by a simple imperative programming
language.

From a practical point of view, the most urgent future work is to find an elegant encoding of the notion

of asymptotic stability within the formalism supported by KeYmaeraX.

References

[1]

(2]

[11]
[12]

[13]

[14]

P. Baudin, F. Bobot, D. Biihler, L. Correnson, F. Kirchner, N. Kosmatov, A. Maroneze, V. Perrelle, V.
Prevosto, J. Signoles, and N. Williams, “The dogged pursuit of bug-free C programs: the Frama-C
software analysis platform”, Communications of the ACM (CACM), vol. 64, no. 8, pp. 56—68, Aug. 2021.

C. A. R. Hoare, “An Axiomatic Basis for Computer Programming”, Commun. ACM, vol. 12, no. 10,
pp. 576-580, 1969.

A. Platzer, Logical Foundations of Cyber-Physical Systems. Springer, 2018, 1SBN: 978-3-319-63587-3.

J.-D. Quesel, S. Mitsch, S. Loos, N. Aréchiga, and A. Platzer, “How to Model and Prove Hybrid Systems
with KeYmaera: A Tutorial on Safety”, STTT, vol. 18, no. 1, pp. 67-91, 2016. por: 10.1007/s10009-015-
0367-0.

T. Baar and S. Staroletov, “A Control Flow Graph Based Approach to Make the Verification of
Cyber-Physical Systems Using KeYmaera Easier”, Modeling and Analysis of Information Systems.
2018;25(5), pp. 465-480, 2018.

T. Baar, “A Metamodel-Based Approach for Adding Modularization to KeYmaera’s Input Syntax”, in
PSI, Novosibirsk, Springer, 2019, pp. 125-139. por: 10.1007/978-3-030-37487-7_11.

A. Liapounoff, “Probleme général de la stabilité du mouvement”, Annales de la faculté des sciences
de Toulouse, vol. 9, no. 2, pp. 203-474, 1907, French translation of original work published in 1892.
[Online]. Available: http://www.numdam.org/item?id=AFST_1907_2_9__203_0.

A. M. Lyapunov, “The general problem of the stability of motion”, International Journal of Control,
vol. 55, no. 3, pp. 531-773, 1992, English translation of original work published in 1892.

D. Liberzon, Switching in Systems and Control. Birkhéuser, 2003. po1: 10.1007/978-1-4612-0017-8.

R. E.Kalman, “On the general theory of control systems”, in Proc. 1st World Congress of the International
Federation of Automatic Control, 1960, pp. 481-493.

V. L. Arnol’d, Gewdhnliche Differentialgleichungen. Springer-Verlag, 1979.

J.L.Salle and S. Lefschetz, Die Stabilititstheorie von Ljapunov. Mannheim: Bl Hochschultaschenbiicher,
1974.

Y. K. Tan and A. Platzer, “Deductive Stability Proofs for Ordinary Differential Equations”, in Tools
and Algorithms for the Construction and Analysis of Systems - 27th International Conference, TACAS
2021, Held as Part of the European Joint Conferences on Theory and Practice of Software, ETAPS 2021,
Luxembourg City, Luxembourg, March 27 - April 1, 2021, Proceedings, Part I, J. F. Groote and K. G.
Larsen, Eds., ser. Lecture Notes in Computer Science, vol. 12652, Springer, 2021, pp. 181-199. por:
10.1007/978-3-030-72013-1_10.

Y. K. Tan and A. Platzer, “Switched Systems as Hybrid Programs”, in 7th IFAC Conference on Analysis
and Design of Hybrid Systems, ADHS 2021, Brussels, Belgium, July 7-9, 2021, R. M. Jungers, N. Ozay,
and A. Abate, Eds., ser. IFAC-PapersOnLine, vol. 54, Elsevier, 2021, pp. 247-252. por: 10.1016/j.ifacol.
2021.08.506.

U. Topcu, A. K. Packard, and P. J. Seiler, “Local stability analysis using simulations and sum-of-squares
programming”, Autom., vol. 44, no. 10, pp. 2669-2675, 2008. por: 10.1016/j.automatica.2008.03.010.

335


https://doi.org/10.1007/s10009-015-0367-0
https://doi.org/10.1007/s10009-015-0367-0
https://doi.org/10.1007/978-3-030-37487-7_11
http://www.numdam.org/item?id=AFST_1907_2_9__203_0
https://doi.org/10.1007/978-1-4612-0017-8
https://doi.org/10.1007/978-3-030-72013-1_10
https://doi.org/10.1016/j.ifacol.2021.08.506
https://doi.org/10.1016/j.ifacol.2021.08.506
https://doi.org/10.1016/j.automatica.2008.03.010

Baar T., Schulte H.

[21]

[22]

M. Anghel, F. Milano, and A. Papachristodoulou, “Algorithmic Construction of Lyapunov Functions
for Power System Stability Analysis”, IEEE Trans. Circuits Syst. I Regul. Pap., vol. 60-I, no. 9,
Pp- 2533-2546, 2013. por1: 10.1109/TCS1.2013.2246233.

K. Forsman, “Construction of Lyapunov functions using Grobner bases”, in Proceedings of the 30th
IEEE Conference on Decision and Control, 1991, pp. 798-799. por1: 10.1109/CDC.1991.261424.

J. Liu, N. Zhan, and H. Zhao, “Automatically Discovering Relaxed Lyapunov Functions for Polynomial
Dynamical Systems”, Math. Comput. Sci., vol. 6, no. 4, pp. 395-408, 2012. por: 10.1007/s11786-012-
0133-6.

S. Sankaranarayanan, H. B. Sipma, and Z. Manna, “Constructing invariants for hybrid systems”, in
International Workshop on Hybrid Systems: Computation and Control, Springer, 2004, pp. 539-554.

M. S. Branicky, “Multiple Lyapunov functions and other analysis tools for switched and hybrid
systems”, IEEE Trans. Autom. Control., vol. 43, no. 4, pp. 475-482, 1998. po1: 10.1109/9.664150.

Z.Sun and S. S. Ge, Stability Theory of Switched Dynamical Systems. Springer, Communications and
Control Engineering, 2011. por: 10.1007/978-0-85729-256-8.

A.Podelski and S. Wagner, “Model Checking of Hybrid Systems: From Reachability Towards Stability”,
in Hybrid Systems: Computation and Control, 9th International Workshop, HSCC 2006, Santa Barbara,
CA, USA, March 29-31, 2006, Proceedings, ]J. P. Hespanha and A. Tiwari, Eds., ser. Lecture Notes in
Computer Science, vol. 3927, Springer, 2006, pp. 507-521. por: 10.1007/11730637_38.

336


https://doi.org/10.1109/TCSI.2013.2246233
https://doi.org/10.1109/CDC.1991.261424
https://doi.org/10.1007/s11786-012-0133-6
https://doi.org/10.1007/s11786-012-0133-6
https://doi.org/10.1109/9.664150
https://doi.org/10.1007/978-0-85729-256-8
https://doi.org/10.1007/11730637_38




MODELING AND ANALYSIS OF INFORMATION SYSTEMS, VOL. 28, NO. 4, 2021

/
” r journal homepage: www.mais-journal.ru
LR

Sinormation Syems THEORY OF COMPUTING

Autotuning Parallel Programs by Model Checking

N. O. Garanina'?, S. P. Gorlatch? DOL 10.18255/1818-1015-2021-4-338-355

'A.P. Ershov Institute of Informatics Systems (IIS), Siberian Branch of the Russian Academy of Sciences, 6 Acad. Lavrentjev pr.,
Novosibirsk 630090, Russia.

“Institute of Automation and Electrometry SB RAS, 1, Academician Koptyug ave., Novosibirsk 630090, Russia.

3University of Munster, 62 Einsteinstr, Muenster 48149, Germany.

MSC2020: 68W10 Received November 15, 2021
Research article After revision December 1, 2021
Full text in Russian Accepted December 8, 2021

The paper presents a new approach to autotuning data-parallel programs. Autotuning is a search for optimal program
settings which maximize its performance. The novelty of the approach lies in the use of the model checking method to
find the optimal tuning parameters by the method of counterexamples. In our work, we abstract from specific programs
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parameters by using a counterexample constructed during the verification of the optimality property. In the fourth step, we
extract the information about the tuning parameters from the counter-example for the optimal parameters. We apply this
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YJIK 004.822, 681.51 Tonyuena 15 HosOps 2021 I.
Hayunas cratbs IToce mopaborknu 1 nexabpst 2021 .
IToTHBIM TEKCT Ha PYCCKOM SI3BIKE IpunsTa K nyoaukanuu 8 nexadps 2021 r.

B 31011 cTaThe IpencTaBiIeH HOBBIM ITOAXOM K aBTOHACTPONIKE IPOTpaMM, ITapaylyIeNIbHBIX 110 JAaHHBIM. ABTOHACTpPOI-
Ka — 9TO TIOMCK ONITMMAJIBHBIX IIapaMeTPOB HACTPOIIKI IIPOrPaMMBI, IIPY KOTOPBIX €€ IIPOU3BOAUTEIHHOCTh OKa3bIBAETCS
MakcuManbHo. HoBM3HA IMOAX0a COCTOUT B MICIIOJIB30BAHNMY METOMA IIPOBEPKM MOJEJNell A ITOMCKA ONTUMAIbHBIX
rapaMeTpoB HACTPOMKM METOAOM KOHTpPIpMUMepoB. B Harrrelt paGore MbI aGcTparupyeMcsi OT KOHKPETHBIX IIPOrpaMM I
KOHKpPEeTHBIX IIPOI[eCCOPOB, 3aaBas UX IIpeCcTaBUTeIbHbIe abCTpaKTHbIe I1a6a0HbI. Halll MeTon KOHTPIIPMMEpPOB COCTO-
WUT B pealyaalnyy CIeIYIIINX YeTHIpEX I1aros. Ha mepBoM mrare Ha sf3bIKe MHCTPyMEHTa IIPOBEPKI MOl 3aKaéTcs
MOJIeJIb VMCIIOJIHEHNsI a0CTPaKTHOI IIporpaMMbl Ha abcTpakTHOM Iporteccope. Ha BropoM mare Ha si3bIKe MHCTpyMeHTa
TIpoBepKM Mofesell GopMyIMpyeM CBOICTBO ONTMMAJIBHOCTI, 3aBUCsALIee OT IOCTpoeHHOoIT Momenn. Ha TpeTbem miare
rnoxOMpaeM ONTUMAJbHbIE 3HAUEHNS I1apaMeTPOB HACTPOVIKIM IIOCPECTBOM JVICIIOJIB30BAaHMsI KOHTPIIPUMEPOB, IIOCTPO-
€HHBIX B XOfe BepuguKaluu cBoiicTBa onruManbHocT. Ha ueTBéproMm Imrare m3piexaeM MHGOPMALMIO O ITapaMeTpax
HAaCTPOMKM U3 KOHTPIIpUMepa AJIS ONTUMAIBHBIX ITapaMeTpoB. Mbl IpuMeHseM TOT IMOAXOM K aBTOHACTPOIIKe Iapal-
JIeJIBHBIX IIPOTpaMM, HallMCaHHBIX Ha g3bike OpenCL — coBpeMeHHOM ITOIYJIIPHOM SI3BIKe, KOTOPBIN PaCIINpseT sI3bIK
C s mporpaMMMUpOBaHMs KaK OOBIYHBIX MHOTOsIAepHBIX IpoueccopoB (CPU), Tak n MacCHBHO-IIapaLIeNbHbIX Ipadu-
uveckux nporueccopos (GPU). B xauectBe nHCTpyMeHTa BepuduKkauy Mbl ucronb3yeMm Bepudurarop SPIN u ero s3bik
npencTaBieHns Mopeieit Promela, popmanpHas ceMaHTIKa KOTOPOTO IT03BOJIIET MOAEIMPOBATH UCIIOIHEHIIE IIapaslIelib-
HBIX IIPOTPaMM Ha IIPOL[eCCOpax C PasIMYHOI apXUTEKTYPOIL.
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Garanina N. O., Gorlatch S. P.

Beegenue

Harmra pabora mocBsiiieHa pasBUTHIO METOLOB aBTOHACTPONKM IIPOIpaMM [JI COBPEMEHHBIX apXy-
TEKTYp HapaJlIeIbHBIX IIPOLIECCOPOB. A6mMoHAcmMpolika aBTOMATIUECKY HAaXONUT ONITHMAJIbHbIE 3HAUEHS
TaK Ha3bIBa€MBIX NAPAMempos HACMPOUKY, ABIIAIOIIIXCI KPUTUIHBIMI JI1 IIPOM3BOIUTEIBHOCTY JMCIION-
HEHMsI IPOrpaMM Ha MHorosigepHbIx rnpoueccopax (CPU) n MHOrosmepHbIX rpaduyecKux IpoIEeccopax
(GPU): onTnManbHble 3HaUEHNUs IIapaMeTPOB HACTPONIKY IT03BOJIAIOT JOCTUYUb MaKCUMAJBHON IIPOM3BO-
JUTEIBbHOCTM VI/VIIYM MMHMMAJIBHOTO 9HepronoTpebIeHNs JaHHOI IapaylielbHOI IIPOrpaMMBbl Ha KOH-
KpPeTHOII apxXmUTeKType. TUIMYHBIMY IIpUMepaMM IIapaMeTPOB HACTPOMKI ABJIFIOTCA: KOJIMYECTBO ITapasl-
JIeTBHBIX IIOTOKOB, KOJIMUECTBO IIOTOKOB B OHOI paboueit rpyIiile, pa3Mep OaHHBIX B IOKAJIbHON IaMATU
nporeccopa i T. 1. CricTreMa aBTOHACTPOMKY JOJKHA aBTOMAaTIUeCKY TeHepMpPOBaTh IIPOCTPAHCTBO ITOMCKA
[apaMeTpOB I MCCIIeNOBATh €T0, UTOOBI HAMTH OITUMAIBHYIO (MJIM JOCTATOUHO XOPOILIYI0) KOMOMHAIIIIO
3HaUeHUI [TapaMeTpOB HacTpoliku. [lon6op ONTMMAaIBbHBIX ITAPAMETPOB B CUCTEME aBTOHACTPOVIKM OCHO-
BaH Ha BbIOOpe KOH(UTIypanmy IapaMeTpoB U3 IIPOCTPAHCTBA IIOVCKA M 3aIlyCKe IIPOTPaMMBI C STUMU
IapaMeTpaMI Ha peaJbHOM Ipolneccope. Cragus nepebopa IapaMeTpoB U 3aIlyCKa SBJISETCS CaMoIl 3a-
TPaTHOII II0 BpeMeHM! — KaK IIPaBIJIO, ITOVICK JJOCTATOUHO KaUeCTBEHHOTO peIlleHN 3aHIMaeT HeCKOJIBKO
YacoB, a MHOTIA ¥ CYTKY MAIIIMTHHOT'O BpeMeHN.

B cBs31 ¢ BBICOKOJT aKTyaJIbHOCTHIO ITPOOJIEMBI aBTOHACTPOIKI, K HACTOSIIEMY BpeMeHM IIpeIoKeH
U peaJn30BaH pAx KOHKpeTHBIX cucteM aBToHacTpoliiku: ATLAS, PATUS, FFTW, MILEPOST, CHILL, OSKI,
ActiveHarmony, Apollo, OpenTuner, CLTune, ATF [1—11]. 9Tu cucTeMbI UCIOIB3YIOT PA3IUUHBIE METOIBI
ITOMICKA ONTMMAJIBHOT'O pellleH s, BKIFoUas MOJEIMPOBaHYIEe OTKIATA, CIIyYalIHBIN ITOVCK, CTATUCTIUECKIIe
MEeTOABI SKCIIEPMMEHTAIBHOTO IIPOEKTMPOBAHNSA, TeHETIYECKIE aJITOPUTMBI, IIOUCK C MCIIOIb30BaHNEM
MAaIIMHHOTO 00yUeHNUs 1 JUHaMIUecKoe porpammupoBanne. Ho nniup HEKOTOpHIe U3 HUX IIpeAIaraioT
VICUEPITBIBAIOIINII IIOVICK, KOTOPBIV HaXOANUT TapaHTUPOBAHHO OITMMAIBHEIN pe3yibrart. [Ipu aToMm, aToT
IIOVICK MCIIONB3YyeT IIPSIMOJIMHEHBIN aIroOpUTM IIepebopa BceX BO3MOKHBIX BapMaHTOB U II03TOMY, KaK
IIPaBUJIO, MICIIOJIB3YETCSI PEIKO M3-32 BBICOKOI PeCypCOEMKOCTI 1 BpeMEHHBIX 3aTpar.

B 31011 paGoTe MBI IIpefyaraeM HOBYIO TEXHUKY aBTOHACTPOVIKM, OCHOBAHHYIO Ha JICUEPIIBIBAIOIIIEM
IIOVICKE C MCIIOJIB30BAaHMEM MHCTPYMeHTOB IpoBepky Mmoxenu (model checking) n MmomenupoBanum a6-
CTPaKTHBIX IpoleccopoB. OGBIUHO MHCTPYMEHTBI IIPOBEPKIU MOIENN MICCIeAYIOT KaKAbII 9JIeMEeHT IIpo-
CTPAHCTBA IIOVCKA, MICIIONb3YS PA3IMUHbIe COKpAIeHNs SIBHOTO Iepebopa 9TOro IpOCTPaHCTBa, TaKMeE KakK
CUMBOJIBHOE KOJUpOBaHue, peIyKIVI YaCTUIHBIX ITOPSAKOB 1 abcTpakuys [12]. 9Tu coKpallieHus I103Bo-
JISIFOT MICCIIEOBATH OOJIBLIIE IIPOCTPAHCTBA IIOMCKA 3a 60oJiee KOpOTKoe BpeMsi. [I09ToMy MBI Ipefinionaraem,
UTO MHCTPYMEHTBI IPOBEPKM MOAeIell Oy IyT HaXOAUTh FrAPaHTUPOBAHHO ONTUMAJIbHbIC 3HaUEHNS I1apa-
MEeTpOB HACTPOVIKM 3a MeHbIllee BpeMs, YeM TPaaAMIMOHHBIE IIPOTpaMMBbl aBTOHACTpoiKu. Kpome Toro,
MOenpoBaHye abCTPAKTHBIX IIPOLIECCOPOB II03BOJISIET He 3aBMCETH OT HAIMYMS KOHKPETHBIX IIPOLIECCO-
POB IIpU IOVICKE ONTMMAJIBHBIX IIapaMeTpPOB ITapajuIeJIbHOM IPOTPaMMBL.

ITpoepka Monenu sBisgeTcs popMaIbHBIM METOOM BepuduKkanuy mporpaMmm. ITOT METOJ IIPOBEPSIET
BBITIOJTHMMOCTD CBOJICTBA ITapaJIeJIbHON CUCTEMBI JJIA BCeX CLieHapueB e€ moBemeHud. Eciam mposepde-
MOe CBOJCTBO He BBINIOJHSIETCS B HEKOTOPOM CII€HApMI, TO 3TOT CLEHAPUIl SIBISETCS KOHMPNPUMEPOM:
IIOCJIEJOBATEJIBHOCTBIO AEVICTBUI CUCTEMBI VI YCJIOBMII, BJIEKYIIVX HEBBIIIOJHMMOCTH CBOMCTBA. KOHTp-
IIpUMepHl ABJISIOTCS OCHOBOI ITOAXO0MA K PEeIleHNI0 3aJau ONTUMU3AIMU ¥, B UACTHOCTM, COCTABJICHNUS
ONTMMAJBHBIX PACIMICAHUII I pearnpyoiux cucreM [13—17]. B aToit cTaThe MBI afaNTUPyeM TeXHUKY
KOHTPIIPMMEPOB TSI IIOMCKA ONTUMAIbHBIX KOHQUTYpaImii mapaMeTpoB HACTPOIIKIL.

MsI 6ygeM pelaTh 3aJady aBTOHACTPOJIKM IIPOTpaMM, HallMCAHHBIX Ha IIONMYJISIPHOM S3bIKe IIapaj-
senpHbIX Berunciaenuit OpenCL [18], mpenioskeHHOTO KakK HOBBIM CTAHAAPT I IIPOTPaMMUPOBAHNS KaK
CPU, tak n GPU. OcHOBHbIE KOMIIOHEHTHI HAIIIero abCTPAKTHOTO IIPOLieCCOpa COOTBETCTBYIOT CXeMe rpa-
¢uueckoro mpoiieccopa, T.K. aBTOHACTPOIiKa Hauboee YacTo UCIoab3yeTcs uMeHHO a1 GPU-mporpamm,
rmockosbKy apxutekrypa GPU ocobGeHHO ciloskHa Ui Ipe[cKasaHUs KOHEUHOI IPOM3BOAUTENBHOCTU

340



Autotuning Parallel Programs by Model Checking

[IPOrpaMM Ha 3TOJ apXUTEKType. B kauecTBe MHCTPpyMeHTa IPOBEPKY MOJEJIEN MBI OyeM MCII0Ib30BaTh
Bepuduxarop SPIN [19] - HagexHYyI0 1 yIoOHYI0 IporpaMMy IIpoBepKu Mopeeit. Ero si3blk Momeposa-
Hust Promela nmeer C-miogo6HbII cMHTAKCUC 1 TeMIopaabHyo oruky LTL mist popmympoBaHus cBoiicTB
nporpammbl. CeMaHTUKA 3bIKa 00 benuHsAeT Monxey napamtenusma CSP [20] n akTopHyo Mmomens [21],
YTO MAeaTbHO IOAXOMUT AJIS MOMENVPOBAHNS IapajlIebHOTO MCIOJTHEHVS IPOTpaMM Ha PasiIMUHBIX
TUIMAaX rpadnuecKux MporeccopoB. Taxke HeMATOBaXXHO, UTO B OIMICAHNU MOJeJel Ha 13bIKe Promela
IOITyCKAaOTCs BCTAaBKM Koja Ha si3bike C.

Ocrasimrasicst 4acTb paboThI OpraHM30BaHa CIeqyoIM o0pa3oM. Paszmen 1 IOCBSIIEH ONMMCAHNIO TEX-
HJKV KOHTPIIPMMEPOB B 33auax [IaHMPOBAHVIA/ONTUMI3AIMN I HaIIell afanTaliiy STOM TEXHIKI IS
3aJjauM IOVCKA ONTNMAJIBHBIX TApAMETPOB aBTOHACTPONIKIL. B paseire 2 paccMOTpeHBI OCHOBHBIE IIOHSITHS
s3bika OpenCL n Harreir abcTpakTHOI Moaenan rpadmuecKkoro mporeccopa, HeoOXOAUMMbIe OIS PelleHst
3ajjauy aBTOHACTPONMKM B KOHTEKCTE IIPOBEPKM MOJEJEN], a TaKKe MAEN MX MOMEIMPOBAHVS Ha S3bIKE
Promela. Paszmen 3 comepXur onmcaHme mpejiaraeMoil HaMJ TEXHUKY ITOMCKA ONTUMAIBHBIX IIapaMeT-
POB aBTOHACTPOIKY C MCIOIb30BaHMeM mHCTpyMeHTa SPIN. B 3axmounrensHOM paspese 4 M3JI0KeHBI
BBIBOJIBI M IIPEICTABIIEH IUIAH Oy QYIUMUX MICCIIEXOBAHIIL.

1. HPOBepKa Monenei[ B 3ajlavaX INITaHUPOBAaHUA, OIITUMM3ANNN 1 aBTOHaCTPOI?‘IKI/I

IIposepka mofeeit — 9T0 GOpMATbHBI METO BepU(UKALIUY MOIENN CUCTEMbI OTHOCUTEIHHO 3a/1aH-
HOI cneumbmxaur/m €€ CBOJICTB. ITOT MeTOJ IIPOBEPSIET CBOMICTBA MOMENN CUCTEMBI JUIS BCeX CI€HApIEB
eé moBemeHMss. Momenb CUCTEMBI U CBOVICTBO 3a[al0TCS C IIOMOIbI0 (OpManbHbIX A3bIKOB. Hampumep,
MOJIeNb CCTEMBI MOJKHO 3a1aTh Kak CTPYKTypy Kpurike, a cBOiICTBO — GOPMYIIOit TEMIIOPAIBHOI JIOTUKI
LTL. Ectut cBoJICcTBO He BBINIOJIHAETCA B MOJENMN, TO METOJ, II03BOJIIET HATU KOHTPIIpUMeEp, T.€. YCIOBUA
U TI0CJIeJOBAaTeJIbHOCTb HEVICTBUII MOJMEINN, BIEKYIIIUX HEBBIIIOJIHIMOCTE CBOMCTBA. KOHTpIIpMMeEpEI IB-
JITIOTCA OCHOBOM TEXHUKU TIOJIYUEHUS ONTUMAIBHBIX PACIIMCAHUIT I MAPAJUIENbHBIX cucteM [13—17].
Kpowme toro, n3zsectsslit Jlarmrynab-ceMuHap Ne14482 [22] OBLI ITOCBAIIEH COUETAHNIO METOMOB aBTOMa-
TUYECKOT0 INIAHVPOBAHUSA I IIPOBEPKI MOEJIEIL.

Kparko u3noxum Halry Maero JMCIIOJIb30BaHMs IIPOBEPKM MOAesell B 3afaue IUIaHMpPOBaHMS (OIITH-
MM3alUuy), KOTOPYIO MBI IIpeajIaraeM HPUMEHITH IJI aBTOHACTPOMKN. 3adaua niaHupo8anus COCTOUT B
TIOMICKE NJIAHA, T.€. IIOVICKa II0CIeI0BAaTEeIbHOCTY NEeICTBIUI B HEKOTOPOII cpefie, KoTopas IPMBOAUT K 3a-
nauHOM ueiu. [Ipu 9TOM cpedy MBI MIPENCTABIAEM KaK AMCKPETHOE MHOECTBO COCTOSHUIL U IIEPEXOTOB
MeXOy HuMU. MBI cunraeM, 4TO COCTOSIHUSI CPeIbl AUCKPETHBI, KAXKI0€ COCTOSIHNUE IOJHOCTHIO HaOJIIo-
JlaeMO U MHOKECTBO COCTOSIHUII KoHeuHo. OmpenesneHO HauamrbHoe cOCMosHUe U OIpefeseHa yeab Kak
MHOKECTBO 3aKJIIUNTENIbHBIX COCTOTHII. VI3BeCTHBI BO3MOYKHEIE NEICTBMSA 10 M3MEHEHNIO COCTOSTHIII,
U IIPY 3TOM KaK[Ooe NEJICTBME MPUBOAUT K €AMHCTBEHHOMY HOBOMY COCTOSTHUIO, & BpeMs BBIIIOJIHEHUSA
IeVICTBMII He yunThIiBaeTcd. PeweHueM 3amaun ILUIAaHMPOBAHUSA OyHeT SABISATHCA IIYTh OT HAYAJIBHOTO CO-
CTOSIHMSI O IeJIEBOTO COCTOSIHYISI, KOTOPBIiL, BOOOII[Ee TOBOPSI, MOKET YAOBIETBOPITH HEKOTOPOMY Habopy
orpannuenuit. Eciu olieHNBaTh KauecTBO pelleH s, TO eCTh PEIIaTh 3a0auy OnMuMuU3ayuu, To HeoOXoau-
MO OIIpeNeNTh PYHKYu cmoumocmu nymu. B saBuCHMOCTI OT KpUTepUsl ONTUMATBHOCTY, 3TO MOXKET
6bITh HAMOOJIBIIIAS VIV HAMMEHbIIAsd CTOMMOCTb CpeIM BCeX BO3MOXKHBIX PeILIeHNiT 3aJaun ILIaHUpO-
BaHusA. Takum o6paszom, QIS aJITOPUTMA IIAHUPOBAHUS HEOOXOAMMBI METONBI MIPENCTABIEHUS CPENbI I
Iepexo0B MEKIY COCTOSIHMSIMI, a TAK)Ke METOJ YIIpaBIeH)s I1epe6opoM B IIPOCTPAHCTBE COCTOSTHUIA.

OueBHUIHO, UTO METOJ IIPOBEPKU MOJeJIel ITOJTHOCThIO COOTBETCTBYET BBILIEU3JIOKEHHO ITIOCTAHOBKE
3ajjau IJIaHMPOBAHUA UM ONTMMU3aluM. B 3TOiT mocTaHOBKe Ccpefoll ABJIAETCA IIPOCTPAHCTBO COCTOSHUIL
MOJEJIN CUCTEMBI, B KOTOPBIX BBIJEIAETCI MHOKECTBO HAaUaJIBHBIX COCTOSHUI. COCTOSHUS 1eIM MOK-
HO 3a7aTh C IIOMOIIIBIO OyJIeBOIT (GOPMYIIBI OTHOCUTEIHHO IIepeMEeHHBIX CCTeMBL. Toraa, YToObI HATU
pellleHNe 3aga4un INIAHNPOBAHNA C IIOMOIIBIO METONA IIPOBEPKI MOAeNIeN, Hy>KHO 3a0aTh CBOVMICTBO He603-
MOMCHOCIU docmudiceHus yernu. B ciyuae, ecin 11esb BCé-TaKy JOCTIDKIMA, TO METO[ IIPOBEPKY MOeIelt
IIOCTPOUT KOHTPIIPUMEP, H€MOHCTPUPYIOIINIT BO3SMOKHOCTD HOCTILKeHNd 1enu. IIocKoIbKy Takoil KOHTp-
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IpuMep ABJIgeTCs IoCIeJ0BaTeIbHOCTBIO AeICTBUIT MO e, IIPUBOAAIIEIT K COCTOSHIIO, B KOTOPOM LieJIb
MOCTIDKMMA, TO OH 1 Oy[eT ILIaHOM, BeXyIuM K menu. Eciu meseBble cocTosHMS 3aiaHbl OyeBoit Gpop-
MYJIOI ¢, TOTJa CBOIICTBO HEBO3MOKHOCTHU JOCTVIKEHMS Lieay Ha g3bike Joruky LTL Beiraautr kak Ge.
Ecnu umerorcs orpaHnueHns Ha IIyTH K LENN ¢, KOTOPble MOKHO BBIPA3UTH OyseBoit popmMyIron ¥, To
LTL-dopmyna s cBOIICTBa HEBO3MOXKHOCTY JOCTYDKEHIIS IIeJIV IIPY 3afaHHBIX OTPAHNUEHNSIX BHITVISINAT
kak ~(yUgp).

B 3agaue onTuMM3anuy IpeanoaaraeTcs, UTo Lelb TOCTIDKIIMA U eCTh UMCJIeHHAasd OLleHKa ITyTH JOCTHU-
skeHud 1enu. ITosTomy, IiIg pelreHNs 3TOM 3aauyl ¢ IIOMOUIBIO IIPOBEPKIU MOJeJIel, B MOJeIb CUCTEMBI,
NpeCTaBIAIONIYIO Cpefly, HY>KHO BBECTH OIL[€HOUHYIO IIepeMEHHYI0, 3HaUeHM KOTOPOil B COCTOSHUI MO-
JIely 3aBUCAT OT IIYTH, BeAYIIero B 3TO COCTOfHMe. Torja Jjf IONydeHUs OINTUMAJIBHBIX 3HAUeHMUII
9TOI IIepPeMEHHOJ, HY>KHO 3aaTh CBOJICTBO HEE03MONHOCMU OOCIMUNCEHUS UYeu Npu 3a0aHHOL OYeHKe.
[TycTp 1eseBBIe COCTOSIHMS 3aqaHblI OyneBoil GopMyIIoil ¢ u, HanpuMep, (MUHMMAaIbHAS) OLleHKA 3aJjaHa
HepaBeHCTBOM x < N, e x — olleHOUHad IlepeMeHHasd, a N — umncio. Torma sTo cBOMCTBO BBIpayKaeTCs
cienyroreit popmystoit soruku LTL: G(¢ — x = N). Ecan 3to cBOIICTBO He BBIMTOIHIETCS B MOMEII, 3TO
03HAYaeT, YTO LIeJIb JOCTILKMMA IIPY 3HAUEHMAX OLEHKY X, MEHBIINX 3afaHHoro ropora N. 3HauUNT, eciu
YMEHBIINTD IIOPOT, TO MOKHO IIOJYUMTh JIYUIINII IUIaH, KOTOPBI IIPUBOAUT K menu. Takum obpasom,
IUTSI TIOJIyUeHMsI OITMMABHOTO 3HAUEHMS OL€HOUHOI QyHKIMY HeOOXOQMMO IT0CTIEeL0BATENBHO BBIIIOJ-
HATDb IIPOBEPKY MOJeJell ¢ M3MEeHIIIIMcd 3HaUeHeM I1opora 0 TeX IIop, II0Ka MeTOJ He IepecTaHeT
KOHCTPYMpOBaTh KOHTpIIpuMepsl. Ilopor, s KoToporo MUHUMAJIBHOE €ro M3MeHeHMe BeJET K OTCYT-
CTBUIO KOHTPIIpUMepa, OyJeT ONTUMAIbHbIM 3HAUCHYEM UJICJICHHOJ OLIEHKN, a KOHTPIIpUMep, KOTOPBII
IOpOsKaaeTcs JJIA 3TOTO IIOpOra, ABJIIEeTCS ONTUMATIbHBIM IIJIaHOM. /{711 aBTOMATUUeCKOT'O0 COCTABJIEHMUS
ONTUMAaJBHBIX PACIMCAHNII OLEHOUHOI IIepeMEHHOI MOXeT OBITh IlepeMeHHas, XpaHdIas INIo0anpHoe
BpeMs paboThI cucTeMBbl. B aToM ciyuae, kak IpaBuiio, He0OOXOAMMO HAITI MUHIMAIBHOE BpeMs paboThI
CUICTEMBI. BBIIIIEONIMCAaHHYI0 TEXHUKY MOKHO 0000OILNTH IJIsSI YMCIEHHBIX OLIEHOK HECKOJIBKUX IIapaMeT-
poB.

B 3TOl cTaThe MBI QHANTUPYEM TEXHUMKY KOHTPIIPUMEPOB IIPOBEPKM MOMENN IS 3aJauy ITOMCKa
ONITMMAJIbHBIX ITapaMeTPOB aBTOHACTPOMKI MCIIOJTHEHN NTapajIeJIbHBIX TporpaMM Ha si3bike OpenCL Ha
abCTpaKTHOM rpadmdyecKoM IPOLeccope CIeyIOM 00pa3oM.

B 3amaue mapassenbHbBIX BBIUMCIECHNII 1eJIbI0 IBJIAETCS BBIUNCIEeHIE Pe3yIbTaTa g 3aJaHHbIX BXO/I-
HBIX JAHHBIX. ITa LIeJIb MOKeT ObITh JOCTUTHYTA PAa3IMUHBIMY IIYTSAMI B 3aBUCUMOCTH OT pacIIpeNeIeHIs
HapalyIeIbHOI 00pabOTKM HaHHBIX 110 BHIUMCIUTEIBHBIM 3JIeMeHTaM M MICIIOJIb30BaHM JOKAJIBHOI Ia-
MSTHU IIpolieccopa. 3afjaua ONTUMM3AIMIU COCTOUT B ITOVCKE IOCTIeJOBATeIbHOCTU AeJICTBIIL, KoTopad 3a
Kparuarilliee BpeMs ITI03BOJISET MOJNyYNUTh Pe3yJbTaT BeruuciaeHus. Iloatomy cBoiicTBo @, HEBO3MOKHOCTI
IOOCTVDKEHVS LIeI IIPY 3a{aHHOI OITIMAIBHOM OlleHKe GOopMyJIMpyeTcs Kak: ~llapajurebHast Iporpam-
Ma He Moxcem 3aBepIIUThCA depe3 T enuHuL BpeMeHn . CBoiictBo ®, HY>KHO BepupULMPOBATH B MOEIIN,
KOTopas IIpefAcTaBiIsgeT UCIOTHEeHNEe MTapajlje]bHOM IPOrpaMMbl BBIUMCIEHNIT B 3aJaHHOM IIpolieccope,
C IIOMOIIBIO MHCTPYMEHTa IPOBepKM Mojenn. Ecam 3To CBOJMICTBO He BBINIOIHSETCS, 9TO O3HAYAeT, UTO
BBIUNICJIEHNS OeVICTBUTEIBHO 3aBepIIaloTCd B TeueHe BpeMeHU 1. IHCTpyMeHT IIpoBepKM MOOEIN KOH-
CTPYMpyeT KOHTPIIPUMeED, KOTOPBIN OIMICHIBAET YCIOBMS 3aBepIIeHns paboThl IporpaMMsl 3a Bpems T,
BKJIIOYAst KOHPUIypauuio mapaMeTpoB HACTPOIIKY, KOTOPbIe OTBEUAIOT 3a paclipefielieHue IapalielbHOI
00paboTKM HaHHBIX 10 BHIUMCINTENbHBIM 3JIeMEHTaM VM MHTEHCUBHOCTD MICIIOIB30BAHMS JIOKAIBHOIL I1a-
MaTu. [lajee Hy’)KHO YMEHBIIUTD BpeMs 3aBePIIIE€HNA U IIPOBEPATh 3TO CBOJICTBO CHOBA M CHOBA, IIOKa HE
HaOETCI MUHUMATbHOE BpeMs BBITIOJIHEeHMS IporpaMMbl M T: eciii MbI YMEHBIINM 3TO BpeMsd Ha OOHY
eqVHUITy BpeMeHH, IporpaMMa IpOBEPKM MOJEIN JOKAXKeET, CBOICTBO ¥, BRIMOIHAETCH, T.€. IporpaMmMa
IelICTBUTEJIbHO He MOKEeT 3aBepIIUThcs 3a Bpemsa 1. HauanpHoe 3HaueHMe BpeMeHN 3aBepLIEHUS MO-
JKeT OBITh 331aHO C IIOMOIIBI0 CUMYJISIIMY MOJAENN IIporpaMMbl. Kak mpaBmito, MHCTPyMeHTHI IIPOBEPKA
MoJeJiell ITO3BOJISI0T CMYJIMPOBATh CLieHapUY BBINTOJTHEHUS MOJEIN M MOKHO BBISBUTH 3HaUeHUeE Bpe-
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MEeHV VICIIOJHEHNsI MTapajlIeIbHOl MPOrpaMMBbl B KAKOM-JIMOO0 U3 ClieHapyeB. YMeHbIIATh [I0TyUeHHOe
3HAUEHNE MOYKHO, HallpMMep, METOLOM OMCEKLIVIIL.
Urax, npenyaraeMslit HAMIU Memo0 KOHMPNPpuMepog 0t NOUCKA ONMUMATbHOU KOHPueypayuu napa-
Mempoe HACMPOUKY COCTOUT U3 CIeTYIOIINX IIaroB.
1. IlpencraBneHue Ha I3bIKe MHCTPYMEHTA IIPOBEPKIM MOJIeJIell IIapaMeTpOB HACTPOIIKM I MICTIOJTHEHUA
[IpOrpaMMBbI Ha BEIOGPAHHOM IIPOIECCOPE.

2. ®opmynmpoBaHMe cBoiicTBa P, HEBO3MOKHOCTY JOCTVIKEHIIA 1[eJIM Ha A3BIKe IIPOTPaMMBI IIPOBEPKU
MoJeJein.

3. Ilomck MUHMMAJIIBHOI'O BpeMeHN 3aBeplieHud nporpaMmsl M T.

4. NsBneuenue nudpopmaium 06 ONTUMAIBHON KOHPUIypauuy IapaMeTpoB U3 KOHTPIIpUMepa I
MUHMMaJIBHOTO BpeMeHu MT.

B cnenmyrommx pasmenax MBI peliaeM 3aady IT0MCKa ITapaMeTpoB HacTpoitky aig nporpamm OpenCL,
MCIIOJIHSIOIIMXCS Ha Pa3INUHBIX rpaduuecKkux mporeccopax. [ist peleHus 9Toi 3aJauu METOAOM KOHTp-
NIPUMEPOB MBI BBIOpaJIM B KaueCcTBe CpeICTBa IIpoBepku Moxeseli nHcTpyMeHT SPIN [19], HOCKOJIBKY A3BIK
Promela, kak u OpenCL, Toxxe 6am3ok K ss3bIky C, ¥ Ipm 9TOM OH HOIIycKaeT BcTpamBaHme xoma C B
npoBepseMble Monenu. Kpome Toro, popmanbuas cemanTuka Promela, ocHoBaHHas Ha MCUMCIEHNY B3a-
MopeiicTByfomux nporeccos CSP [20] n anxrebpe akropos [21], momyckaer ¢popmMatnsaiiio abCTpakTHOTO
rpagmueckoro Impoieccopa. BrellenepeunciieHHble 4 Iara Imoucka mapamerpoB HacTpoitku OpenCL c
nomoitbio SPIN MBI mofpoGHO onuireM B pasgede 3.

B creqyrouem pasmese MbI OIIMCBIBAEM HAIII IIOAXO[ K aGcTparnpoBanmio moHsTuir a3bika OpenCL [18]
u rpaduueckoro mpoieccopa, HeodxoaMMble I mocTpoeHus Promela-mMonmenu ncronHeHns abcTpaKTHOI
nporpammsl OpenCL Ha aGcTpaKTHOM IIpOIECCOpe.

2. AocrtpakTHBII rpadpuueckuii npoueccop u 361Kk OpenCL

SA3b1k OpenCL ucnonb3yeTcs A7 pealn3aliy NapajielbHbIX BerunciaeHnit Ha T.H. OpenCL-ycmpoticm-
6ax, KOTOPBIMI MOTYT OBITh Kak MHorospaepHble npoieccopsl (CPU), Tak u rpaduueckme Ipoueccopsl
(GPU). B narreir pabore MbI paccMaTpuBaeM TOJBKO IpadmuecKkue IIpoLeccopsl (mauee — npoyeccopol),
nockoipKy OpenCL pa3pabaThIBaics B IIEPBYIO OUepeb I TAKUX yCTPOICTB, M KaK IIPABIIIO, Peai3aryisl
nporpamM OpenCL Ha Hux 6oiee addexTrBHa. OTHAKO HAIII IOAXOJ JOCTATOUHO OOIIVIL M MOXeT OBITh
amanTtuposaH s CPU.

2.1. AO6cTpakTHBI rpadmuecKuit mpoueccop

B aroit paGoTe MBI paccMaTpuBaeM 3JIeMEHTBI apXUTEKTYphbl HAIllero abCTPAKTHOTO rpadmdeckoro
mporteccopa Abstract Processor, opmeHTHpYSCh Ha apxutekTypy ®epmu koprnoparnun Nvidia, koTopas
ABJsgeTcs BeqywmM npouspoguresieM GPU-npoueccopos [23]. [Ipyrue rpadudeckue IpoLeccophl yCTpo-
€HBI ITOX0KIIM 00pa3oM.

IIporeccop cBasan ¢ CPU, oTkynma sarpykaloTcsi JaHHBIe B en06anbHyl0 namsmb nporeccopa GPU.
Hamr Abstract Processor Brirouaer m mymvmunpoyeccopoé SM (Streaming Multiprocessor). Kaxmprit
MYJIBTUIIPOIIECCOpP COTMEPKUT PAJ IMPOLECCOPHBIX 3JIeMEHTOB (0OBIUHO MX YMCIO cocTaBisteT 2"). B act-
HOCTY, MyJIBTUIIPOLIECCOp ¢ apXmUTeKTypoii Fermi Bkitrouaer 32 yHUBepcaltbHbIX guiuucaumens (cores), 16
9JIeMeHTOB A paboThl ¢ qaHHbIMU LSU (load/store units) u 4 aseMeHTa U1 paboOTHI CO CIIELMAIBHBIMU
dyuxumsamu SFU (Special Function Units). B nanpHesiiiieM MbI Ipe/IiosiaraeM, uto abCTPaKTHBI MYJIbTHU-
IIPOLIECCOpP COMEPKNUT 2" IIPOIeCCOPHBIX 3IeMeHTa, KOTOphIe, AJIS IIPOCTOTHI MOENNPOBAHN, IBIISIOTCS
TOJIBKO YHUBEPCAIbHBIMI BBIUMCINTEIIAMIL.

IIporeccopHsIe aJ1eMeHTHI paboTal0T OMHOBPEMEHHO. [IX BEIUMCIIeHMAMY YIIPABIIAIOT BCTPOEHHBIE 0UC-
nemuepul. OHU 3aITyCKAIOT BBIYMCIIMTEIIV TPYIIIIaMIL — TaK HasbIBaeMbIMU 6apnamu (warp). Bymem cunrars,
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| Warp Scheduler

‘ Warp Scheduler ‘
\

Dispatch Unit \

|
| Dispatch Unit \

Interconnect Network )

Fig. 1. Fermi architecture of multiprocessor Puc. 1. MynbTunpoueccop apxmtektypbl Pepmun

4TO B aGCTPAKTHBI My TBTUIIPOIECCOp BCTpoeHbl 2F mucmeruepos u pasmep Bapra cocrasser 2" <!, [Tuc-
TeTYepsl I paboThI C BapIaMy MCIIOIb3YIOT CIIMICOK MHCTPYKIMIT 00paboTky maHHBIX. [IpomeccopHere
3JIeMeHTHI BBIOPAHHOT'O AVICIIETUEPOM BapIla OGHOBPEMEHHO BBIIIOTHSIIOT CBOIO OUePeTHYI0 MHCTPYKIIMIO.
Korna Bce BbIUMCIMTENN BapIia 3aBepILIAlOT CBOIO paboTy, AUCIIeTUep BHIOMpPAET CIIe YOIl BapIl.

MyubTUnporeccop nMeeT OGBICTPYIO JIOKATIbHYH NAMAMb, K KOTOPOIL €CTh JOCTYII Y BCeX IIPOLIeCCOPHBIX
aneMeHTOB. Tyja MOTYT 3arpy>KaThCs JaHHBIE 113 [NI00AIBHOI IaMATH IpoLeccopa. OTHOIIIeHIe CKOPOCTelt
OOCTYIa K JIOKAJIBHOJ IaMATHU U ITI00aJIbHOI COCTaBsgeT mpumMepHo 1/100.

Ha pucyHke 1 pefcraBieH MyJIbTUIIPOLIECCOp apXxUTeKTypsl Pepmu. 3mech OpaH)KeBBIM LIBETOM 000-
3HaueHbl KOMIIOHEHTHI, OTBEUAIOIINe 3a AUCIIeTYEPHU3aIIIIO, OTTEHKaMH 3€JIEHOT0 1BeTa — IIPOLIeCCOPHbIe
3JIEMEHTBI, & CUHIM — MOAYJIN JIOKaJIbHOM IMaMATIH.

Urak, nam Abstract Processor mmeer ciemymolnye KOMIOHEHTRI: IIPOLIECCOPHEIE 3JIEMEHTHI, OVIC-
IeTuephl ¥ MyJIbTUIIpOLeccopsl, a Takke CPU-mpoliecc, KOTOPEBIN pacpepeiiseT BEIUMCIEHNI 110 MYyJIb-
THIpoIeccopaM. MbI 6ymeM IpeacTaBIATh X C IIOMOIIBIO OTAeabHBIX Promela-mporeccos. Bee atu mpo-
Liecchl MepapxXM4ecKy CBsA3aHbl oTHomeHnamu nogunHenna: CPU-niponecc 3amyckaeT MyJIbTUIIPOLIECCO-
PBI, MYJIBTUIIPOLIECCOPEI aKTUBUPYIOT CBOMX JMCIIETUEPOB, a NUCIIETUEPDI, B CBOIO OUEPENb, PETYIUPYIOT
paboTy cBOero BapIIa, T.e. Habopa IPOLIeCCOPHBIX JIeMEHTOB. [IJI1 CMHXPOHU3ALNY CBOell paboThI OHY UC-
ITOJIb3YIOT KaHAJIBI COOOIIEHNIT € MKOCTBIO 1, IT0 KOTOPBIM IlepechUIaloTCs KOMaH bl Hadyasla ¥ OKOHUaHNUS
paboTHI, a TaKKe COOOIIeHN O 3aBepIIeHN BBIYMCIeHNII. Pasmune B CKOPOCTAX JOCTYIIA K JIOKAIBHOII
7 IJI06ATBHON ITAMATY MOAEIMPYETCS ¢ IIOMOIIBI0 KOHCTAHT, 3aJal0lIX 00bEM BpeMeH oOpalleHus K
namAaTy. [l MomeIMpoBaHNs INI00AJIBHOTO BpeMEHH B CHCTeMe MBI MCIIOIb3yeM CIIeMaIbHBII IIPOIlecc,
VICTIOJIB3 YOI UMCJIO aKTYBHBIX IIPOLIECCOPHBIX 3JIEMEHTOB Ui OIpeeJIeHIA MOMEHTA, KOTHa CUETUMK
BpeMeHM yBeJIMuMBaeTcsa. B aToif pabore MBI He yuUMThIBaeM BpeMfA KOMMYHUKAIMN MKy KOMITOHEH-
TaMI IIpolieccopa, KOTOpoe Ha IIPaKTHUKe CYIIleCTBeHHO MeHblIle, UeM IpyTHe BpeMeHHbIe 3aJep>KKI. Mbl
M3JIOKMM JeTalM Halllell peanusanyy Ha Promela a6erpakrHoro mporieccopa B paspgene 3.

!Mynsrunpoueccop ¢ apxutekrypoii Fermi BKIIIouaer fBa Aucrerdepa U B OHOM €ro BapIle MOXKeT ObITh 16 BHIUMCIIUTENEN
ynu LSU, nnan 4 SFU.
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2.2. KixroueBble MOHATUSA NporpaMMmbl Ha sa3b1ke OpenCL

IIporpamma Ha OpenCL cOCTONUT U3 ABYX JIOTMUECKIUX YACTEI: XOCM-Npozpamma n s0po. XocT-mporpaMmma
ucronusercs Ha CPU, coepunenHnom ¢ rpadpmueckum mnporeccopom (GPU), a ssapo — mapajuresHO BceMu
mmporeccopHbIMU 31eMeHTaMu atoro GPU. XocT-mmporpaMma obecIieunBaeT MCIIOIHEHME SApa: KOMIIVIIN-
pyeT aapo, paboTaeT ¢ JAHHBIMIU AJI HETO: pe3epBUpYeT INI00aTbHYI0 IaMIATh IIPOLieccopa, KOMMPYeT B Heé
IaHHBIe, U BHITPY’KaeT JaHHbIe pe3ysbrata us 3Toi mamsatu B mamsats CPU. Axpo mpousBoaut o6paboTky
IOAaHHBIX M BBIUMCICHS.

Tunnunas nporpamma Ha OpenCL o6pabaTeIBaeT MacCUBBI U BBITAET pe3yabTaT obpaborku. [Toatomy,
KaK IIPaBIUIO, MHOKECTBO sIep IapajUIesIbHO BBIUNCISIOT BBIPQ)KEHVSI Ha OCHOBE NOCTYIIHBIX NaHHBIX,
3aBUCAILINX OT MHIEKca MAaCCUBA, U IIPJMCBAMBAIOT Pe3yJIbTaT BBIUMCICHNS OTAeJIbHOI ITepeMeHHO N
sseMeHTy MaccyuBa. OTMETIM, UTO MaCCUB MOXKET ObITh MHOTOMEPHBIM, I TOTAA €r0 3JIeMEeHThI OyxyT
VIMETb COOTBETCTBYIOIIMIT MHOTOMEPHBI MHAeKc. Kaxkmoe BbrumcieHne (Aapo) BBIMIOIHIET OOUH pado-
yuti snemenm. Pabounit aneMeHT MMeeT MAeHTU(HUKATOP, COOTBETCTBYIOIINII MHAEKCY MaccuBa. Takum
o0pasoM, paboune 3JeMEeHTHI BBIIIOJIHAIOT OOHIL U T€ )K€ BBIUMCIEHNS, HO Ui pa3HbIX HaHHBIX, T.€. dJIe-
MEHTOB MaccuBa. ITOT METOX paclapajie]MBaHNsI M3BECTEH B JINTepaType KaK IapalieInsM I10 JaHHBIM
(data parallelism). Eciiu BerumciieHns oqHOM MTepalMy LIMKJIA 3aBUCAT OT BBIUMCIIEHMIT OPYToil UTepa-
LI, TO €CThb OT MHAeKca MaccuBa, To B OpenCL npexycMOTpeHBI CpeICTBa CMHXPOHM3AIINN BEIUMCICHIIL:
6apveput (barrier). MHOKecTBO pabounx 3j1eMeHTOB pa30uBaeTcs Ha pabouue epynnvl IUOO IBHO IIPOrpaM-
MICTOM, JI160 10 yMOTYaHMIO KOHKpeTHOI peanusanmeit OpenCL. DiaeMeHTbI OJHOI TPYIIIIBI JOJKHEI
UCIIOJIHATHCS Ha OXHOI BBIUMCIUTEIBHON eqMHMIIE (HAIPUMep, MYJIbTUIIPOLIECCOPE).

B OpenCL mamsarp pasgensercs Ha 4 BuAa: a1o0anbHas, NOCMOSHHAS, JTOKATbHas u npusammas. K rio-
GaIbHOI MaMATH MMEIT HOCTYII Bce paboune aJIeMeHThI U XOCT-IIporpamMma. IlocTossHHAs MaMATh — 3TO
HeuU3MeHsieMas 4acTh IJ100aIpHON maMaTy. K JIoKanbHOI MaMsaTy MMEIOT JOCTYIl 3JIeMEeHThI OJHOI pa-
6oueit rpymmsl. [IprBaTHOI MaMATHI0 MOKET II0JIb30BATHCS ONMH pabounii aeMeHT. II0CKOIbKy IIpearo-
JIaTaeTcs, YTO JOCTYII K JIOKAJIBbHOI ITaMsTU Ha YCTPOICTBE, A KOTOPOTO KOMIIMUIMPYETCS IIporpaMMa,
CYILIeCTBEHHO OBICTpee HOCTyIa K II00aIbHOIN IaMsATH, TO SIAPO YaCTO 3a[aéT, KaKle NaHHbIe M B KAKOM
00béMe OyRyT 3arpyskKaThCs B IOKAJIBHYIO IIaMATh. ITI JaHHbIEe HasdbIBaloTca niumkamu (tiles).

S3p1k C cyxut ocHoBoil a3b1ka OpenCL. OcHoBHbIe orpanuueHns OpenCL o cpaBHeHUIO ¢ C:

* OTCYTCTBYIOT MHOTYIE CTaHAapTHbIe (GyHKIWN, HanpuMep, printf mim malloc;

+ HET MacCUBOB IIePeMEeHHOI JINHBI;

* peKypcus He JOITyCKaeTcs;

« HeT yKasareJell Ha QpyHKIIIL.

Cxema abcrpakTHOI nporpamMmsel Ha OpenCL BBITIIAIUT CIeRYIOIMM 00pasoM:

int main ( void ) {

Initialize OpenCL

Compile kermnel source code

Reserve global memory on the device and copy data to the device
Execute kernel (instances)

Copy data from the device

G WN -

JIuctmur 1: A6crpaktHas mporpamma Ha OpenCL

B nmanbueriiieM Mb1 6ymeM paccMaTpMUBaTh CIEAYIOIIYIO CXeMY THUIIMYHOIO sapa nporpammsel Ha OpenCL:

__kernel void abstract_kermnel (__global float* N_g, __global float* R_g,
int size){

__local float N_1[ TS ];

int idx_g = get_global_id (0);

int idx_1 = get_local_id (0);

float result = 0;

for (int i = 0; i < size / TS; ++i) {

O WN =
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// access to global memory

6. N_1[idx_1] = f(i, idx_1l, size, tile, N_g);
// waiting for local co-workers

7. barrier (CLK_LOCAL_MEM_FENCE);

8. if b(idx_1) // access to local memory

9. for (int k=0; k < TS; ++k) result = gil(k, idx_1, N_1, result);

10. else for (int k=0; k < TS; ++k) result = g2(k, idx_1, N_1, result);
// waiting for local co-workers

11. barrier (CLK_LOCAL_MEM_FENCE) ;}

// copy the result of this working item to global memory
12. R_gl[h(idx_g, size)] = result;

Jluctunr 2: Cxema Tunuunoro aapa OpenCL

ITapanmenpHble IO JAHHBIM BBIUMCIEHNS — 9TO BCET/a BHIUMCIEHNS AJIS MacCUBOB (BO3MOKHO, MHOT'O-
MepHBIX). [IoaToMy 11 Ka’KJ0r0 MHAeKCca MacC/Ba OTAEeJIbHBII paboumil 3JIeMeHT BBIUUCIIAET JIOKAIbHBII
pesyIbTaT MCIIONIHEHN KoJa aapa. B HalleM nmpumepe mporpaMMbl B JUCTUHTE 2 BXOTHBIMY JaHHBIMU
aBJsgeTcs MaccuB N_g pasmepa size. BeixomHBIMM HaHHBIMMU (pe3yJIBTATOM) 3H€Ch ABJISIOTCS 3JIEMEHTHI
maccuBa R_g. [lng yMeHbIIeHUs oOpaleHNi K II00ANBbHOI MaMITH B CTpOKe 1 00BSIBIILETCS JIOKATBHBIN
MaccuB N_1 pasMepa TS, a7ileMeHTBI KOTOPOTO 3aBMCAT OT BXOAHBIX NaHHBIX. KakOpIil 13 aieMeHTOB pa-
Ooueil TPYyIIIbI, KOTOPBIN IONYUYMII 3HAaUEHe CBOero MHaekca idx_1 B cTpoke 2, ¢ moMolibo QyHKiuy f
[apaJijieIbHO BhIUNCIseT (V1M KOIUpPYeT) CBOE 3HaueHMe JoKanbHoro maccusa N_1[idx_1] B cTpoke 6,
HO ITI0JIb30BaThCS STUM 3HAUEHMEM MOTYT BCe 9JIeMEHTBI er0 IPYIIIIBL, II03TOMY B CTpOKe 7 HeOOXOXMMO
IOXKOAThCS 3aBeplieHus paboThl ¢ IIIO0ATBHBIMY TaHHBIMI BCEX 3JIeMEHTOB HaHHOI paboueil IpyIINbI
¢ IMOMOIIBIO OIlepaTopa CMHXpoHM3anuu barrier. [lanee B cTpokax 9-10 nTepaTuBHBIE BLIUMCIEHNS pe-
3yJbTaTa result 3aBMCAT TOJBKO OT JIOKAJIBHBIX MAHHBIX U MHIAEKca 3JeMeHTa rpynnsl. Kpome Toro, B
3aBJMCUMOCTY OT MHJEKCa, 3TU BHIUMCICHNSI MOTYT IIPOBOAMUTHCS II0-Pa3sHOMY: B CTpOKe 8 OyJieBa GyHKIISL
b(idx_1) perymmpyer BapuaHThI Beruncienus (byukuns gl vim g2). B crpoke 11 pabounit aeMeHT K0-
KIAeTCd 3aBepLIeHN BbIUMCIEHNUIT BCeX ONHOIPYIITHMKOB € TEKYILIVIMI JIOKAJIbHBIMI JAHHBIMU, I Ha
CJIeAYIOLIell MTepalyy IUKIIa CTPOKN 5, JIOKAJIbHbIE JaHHbIE CHOBA BbIPaOaThIBAIOTCSA Ha OCHOBE OUEpe[-
HOJI IIOpLIMIY ITI00aIbHBIX JaHHBIX. Korna rio6aipHble qaHHBIe Oy AyT 06paGoTaHbI IOJTHOCTHIO, Pe3YJIbTAT
PpaboTHI a1eMeHTa IPYIIIBI COXPaHAETCS B III00AIBHOI TaMATH B 3JIeMeHTe MaccuBa R_g, MHIeKc KoToporo
3aBVICUT OT pa3Mepa BXOJHBIX JaHHBIX U ITI00aJIBHOrO MHAeKca 1dX_g, MOTyUeHHOTO 3JIEMEHTOM IPYILIIbI
idx_1 B ctpoke 2. Cimcok BosmoscHbix demaseii mporpamMm Ha OpenCL, KoTopble He ITOKa3aHbI B IpUMepe
cxeMbl gApa abstract_kernel BKIOUAET CileAyIOIINe TyHKTHL:

1) MaccUBBI MOT'YT OBITH MHOTOMEPHBIMIL;

2) MOXeT OBITh HECKOJIBKO BXOTHBIX MaCCHUBOB, I KpOMe MacCCHBOB MOIYT ObITh APyTMe BXOIHBIE IIe-

peMeHHBIe ¥ KOHCTAHTBI, pa3MellEHHbIe B [NIO0AIBHOI aMATI;

3) BBIXONHBIMU AaHHBIMIU MO>KET OBITh HECKOJIBKO MaCCUBOB MJIV UIICEJ;

4) HeT M3MeHEHUII B INIOOAJIBHOI MaMATH, KOTOpPbIe TPeOYIOT CMHXPOHM3ALMM BCeX IIPOLECCOB BCEX

pabouux rpyii.
OpxHako ImpyUMep JIMCTUHTA 2 JIETKO JOIIOJHUTD 3TUMU JeTAJIMU, He BBIXOAS 32 PAaMKI ero QyHKIMIT 1
OIIEpaTOpPOB.

Harmr momxon K MCIIonb30BaHMIo s3bIka Promela mcnons3yer ToT dakT, uTo MOCKONIBKY I3bIK Promela,
kak 1 131K OpenCL, 65130k K 131Ky C, To mporpammsl Ha OpenCL M0OXHO TpaHCIMPOBATh B A3BIK Promela
¢ yuétoM cienyroiux orpannuennii. Tak kak SPIN mpenmnonaraer aberparupoBaHiie OT BIUMCIUTEIBHBIX
aCIIeKTOB IIpOTrpaMM I NpeHa3HaueH I IPOBEPKY B3aMIMOJEVICTBYSA, CUHXPOHU3ALMN Y KOOPAMHALIN
IapaJlJIeIbHBIX IIPOI[ecCOB, Bce maHHBIe Promela-Momesny mo/DKHBI MMeTh KOHeuHBIN Tuil. Bojee Toro,
npu 3ajgaHuu Ha Promela abcrpakTHOro sfigpa, Mbl aGCcTparupyemcs OT KOHKPETHBIX BBIUMCIICHUIL, M IS
pellleHs Halllell 3aJauyl II0JICKa ONTYMAaJIbHBIX IIapaMeTPOB Mbl yUNTBIBAE€M JIMIIIb BpEMS STUX BBIUICIIE-
HIIT, KOTOPOE 3aBYCUT OT KOJIMUECTBA M COOTHOIIEHNS 0OpalieHnil K III00aIbHOI I JIOKAIBHOI ITaMSTH.
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IToaTomy cTpoku Berumcienui 6, 9, 10 u 12 muctuHra 2 B Promela-mopmennu a6CTpaKTHOI‘O A0pa 3aMeHAI0OTCA
Ha KOJI, pealu3yOIINil TeueHle BpeMeH, He0OXOqMMOro I 9TUX BbhrumcieHuit. [1o aToit sxe mpuumHe
MBI UITHOPUPYEM ITapaMeTpbl U JIOKUIbHEIE IIepEMEHHBIE AApa, 3aJalolie CoOqepKaHNe JaHHBIX OJIg BbI-
yncnaernit (ctpoxku 1-4). OQHAKO KOJMMUECTBO 9TUX BBIUMCIEHUIL, T. €. Size MOJDKHO ObITh yuTeHO. B cuny
abcTparnpoBaHus OT BbrumcieHuit B Promela-mopmenn sapa, nmyHkTer 1-3 cnmcka Bo3amoHBIX meraseit
TaKKe He yUNUTBIBAIOTCA IIPM MOIEIMPOBAHNI, a 3HAYUT, IpuMep Aapa abstract_kernel gasisgercd Oo-
CTaTOYHO IIPEACTABUTEIBHBIM C TOUHOCTBIO A0 KOJINYECTBA HMKJIOB M CTPYKTYP YIIpaBJIe€HNA IPOTPaMMBI,
TaK Kak JJI1 MOAEJIMPOBaHN BIUNCIEHNUI IMeeT 3HaUeHME TOJIbKO pasMep BXOOHBIX JaHHBIX.

KpomMme Toro, Ba;JKHBIM aCIIeKTOM, KOTOPBIN MBI YUMTBIBaeM IIpM MOOEIMPOBAHUMY, ABJIAETCI CUHXPO-
HM3aUMs 3JIeMEHTOB pabouMx TPYMI OTHOCUTEIHHO M3MEHEHWUIT B JIOKAJIBHOM M II00aIbHOM MaMITH.
s obecrieueHNs JTOKAIBHOM CMHXPOHM3AIMY B MOENb BBOISITCI IIPOIlECCHl Oapbepa, OTBEUAIoIIe 3a
OTHeNbHYI0 pabouyio IPYIIIy, a IJIs I100aIbHOM CMHXPOHM3aMY — IIpoliecc Oappepa s Bcex paboumx
9JIEMEHTOB. B HaieM mpumepe siapa rI00aIbHBIN Gapbep OTCYTCTBYET, HO €ro peanmsanus Ha Promela
AHAJIOTMYHA peaan3aliy JOKaIbHOro 6apbepa.

Posip XOCT-IIporpaMMsl B HallleM MofeanpoBaHum Ha Promela cBogures K mponeccy “KoMImstiym”
S7Ipa, T. €. pacrpeeeHII0 BEIUMCIEHNI B 3afaHHOM rpaduueckoM mpoiieccope. leranu peannsaumuu Ha
Promela ncrionuenns abcrpakTHOTO sigpa abstract _kernel u ero XocT-IporpaMMbl Ha aGCTPaKTHOM IIPO-
neccope Abstract Processor m3siosXeHBI B CJI€AYIOLEM pasfese, IIe ONNMChIBAeTCI IPUMMEHEHE MeTOIa
IIPOBEpPKIU MOJeJIell IJI pellleHns 3afaul ONTIMM3aIMY IpousBoguTensHocTy mporpamMm OpenCL.

3. ITouck onTuManbHbIX nNapameTpoB nporpamm OpenCL ¢ momomxbro SPIN

Jis peasmsarnuu ImepBOTO IIara IMOMCKA ONTUMATIBHOM KOHPUIypaluu mapaMeTpoB HacTpOiKu (pas-
men 1), T.e. MOJeIMpOBaHNUA Ha S3bIKe MHCTPYMEHTA IIPOBEPKM MOJeJell MCIIOTHEeHNs IpOrpaMMbl Ha
BBIOpAHHOM IIpolieccope, OymeM ONMpaThCs Ha CIERYIOLIYI0 OOLIEIPUHATYI0 CeMAaHTUKY MCIIOIHEHMS
nporpamm OpenCL [18].

CoracHO 3TOiI CeMaHTUKe, KOMIIMJIATOP BBIAENSET I MCIIOJHEHNS XOCT-IIPOTPaMMBbl OJVH XOCT-
npoueccop (CPU), coequuennsrii ¢ rpapuueckum mpoieccopom (GPU). Ilociaenunit o6bequHIEeT M MyJb-
TUIIPOLIecCOPOB SM, a 3JIeMeHThI OJHOI pabouell IPYIIIIbl MICIIONHIIOTCS Ha OJJHOM MYJIBTUIIPOLIECCOpE.
Kaxp1it pabounit 3;ieMeHT IPYIIIBI IT0CIe0BATEIbHO UCIIOMHAETCS Ha OHOM BBIUNCIUTE]Ie MYJIbTUIIPO-
neccopa. CiremoBaTeIbHO, OJHOBPEMEHHO MOT'YT MCIIONHATECI 2" pabounx sjieMeHTa, 110 on-k
Bapm, rie 2° - umcrno aucneruepos. Eciu pasmep paboueit rpymbr Gosbiie 2", TO MHOXKECTBO paGoumx
9JIeMeHTOB pa30MBaeTcs Ha HECKOJIBKO BapIIOB I [Ba AMCIIeTUEpa MYJIbTUIIPOLIECCOPA BBIOMPAIOT IT0OUe-
pEOHO IO OMHOMY BapIly [AJIS MCIIOJHEHMS OUepefHON MHCTPYKLUM paboumX 3JIeMEeHTOB IPYIIIBL 3a
OJVIH TaKT BBIIIOJIHAETCS POBHO OHA MHCTPYKIMA 3JeMeHTa. IIoCKOIBKY B Kofie sipa MOTYT BCTPeUYaThCs
YCJIOBHBIE OIIepPAaTOPBI, 3aBUCALIME OT HOMepa pabouero sjeMeHTa, TO B 5TOM CIydae BapIl MOKET BBI-

Ha KaKJIbIN

IIOJIHUTBCA TOJIBKO UACTUUHO, @ MHCTPYKLIMM OCTABIIINXCS 3JIEMEHTOB BapIia BBIITOTHIIOTCS B CIeAYIOIIX
TaKTaX, II0Ka BCe 3JIEMEHTHI BapIla He MCIIOIHAT CBOIO odepenHylo NHCTpyKuuio. [locae sToro nucneruep
BbIOMpaeT cirexyromuit Bapi. PaGoune ajieMeHTBI MOTYT MICIIOTIB30BATh JaHHBIE KaK M3 JIOKATIBHO IIaMITI
MYJIBTUIIPOLIECCOPA, TaK U M3 III00IbHON maMaTu. IIpy 5TOM HaHHBIE JIOKAIBHON ITaMAT He JOCTYIIHBI
3JIeMeHTaM APYTUX pabouyx IPyII, UCIOMHIEMBIX Ha OPYIUX MYJIbTHUIIpoIieccopax. II0CKONBKY HOCTYII
K JIOKQJIBHOJ IIaMSATV 3HAUMTEJIBHO ObICTpee, YeM K IJI00albHOI, pa3yMHO OKIJATh, UTO pasbueHue Ha
TPyNIIBIl MaKCUMM3UPYET MCIIOJIb30BaHIE JOKAJIbHOM IaMATHU, TO €CTb B OJHOI TpyIINe OKa3bIBAIOTCH
3JIEMEHTBHI, KOTOpbIe B OCHOBHOM NCIIOJIB3YIOT JAaHHbIE, BEIpadaThIBaeMble BHYTPY IPYIIIIBL.

Takum o6pa3om, MBI BbIAeJIIeM CIeOYIOLMe ITapaMeTphl, BIMUSIONUIE Ha IIPOM3BOAUTEIHHOCTD IIa-
pajuleNbHBIX BhIUMCIIeHNIT aiid nporpaMmel Ha OpenCL. 9Tu napamMeTpsl 3aBUCAT OT pa3Mepa BXOTHBIX
IAHHBIX Size, oOpabaTeIBaeMbIX mporpammoit. KoamyectBo paboumx 31eMEHTOB 3aBMCUT OT pasMepa
JAHHBIX.
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« Pasmep paboueti zpynnuvi WG (ompenensgeTcs B XxocT-miporpamme). IIpy onTumanbHO BEIOPAaHHOM pas-
Mepe pabodell IpyIIIIbI BCe BBIUMCIUTENN BceX MyabruinponeccopoB GPU sarpyskeHbl IIOJTHOCTBIO U
PaBHOMEPHO, UTO IPMBOAUT K COKPAIIEHNIO O0IIIero BpeMeHY BBIYVICIeHIIL.

+ Pasmep nnumox TS (ompeneinsercs B sape). [Ipu onTuManbHOM BbIGOpe pa3Mepa JaHHBIX, IEPUOAN-
YeCKM 3arpy>KaeMbIX B OBICTPYIO JIOKAJIBHYIO IIAMATh, JOCTUTAETCS MIHMMM3ALA YIICIIa OOpaIieHIi1
K Me[JICHHOJI IJI00aIbHOI IaMITH, UTO TaKKe IIPUMBOJUT K COKPAILLIEHNIO BpeMeHY BBIUMCIICHIIL.

Htak, MBI pelraeM 3ajiady ITIOMCKa ONTMMAIBHBIX pa3MepoB pabounx rpynm WG u pasMepoB IIUTOK

TS pnsa abcrpakTHOro fAapa abstract_kernel (IMCTHHT 2) M €r0 XOCT-IIPOTPAMMBbI, MCIIOJHSAEMBIX Ha
abctpakTHOM Iporeccope Abstract Processor (pasmen 2.1).

IDar 1 MmeTOxa KOHTPIPUMEPOB

OTOT 1Iar SBIAETCS CaMBIM TPYyRXOEMKIUM 3TAIlOM HAIller0 MeTOMa, TaK KaK HeOOXOIVIMO y4YecThb BCe
IeTaau VICIIOTHeHNUs napauielbHbx nmporpaMmM OpenCL Ha abGctpakTHOM rpaduueckoMm mporeccope. Ha
3TOM Luare MblI onpeneiseM B Promela-monenu PM sToro ucrnonHeHus cienyoiue Promela-mporeccst.

ITpoyecc pabouezo smemenma epynnvi pex BHIIIOTHIET BBIUNMCIEHNS 9K3eMILIApa gapa abstract_kernel.
OGi11ee UMCIT0 3TUX IIPOLECCOB, co3maromuxcs B Promela-momenn, 3aBucut oT pasmMepa BXOSHBIX JAaHHBIX.
Yncno ofHOBpeMeHHO paboTaIOILMX IIPOLIECCOB PEX 3aBUCUT OT KOJIMUECTBA MYJIBTUIIPOLIECCOPOB M BEJIN-
YMHBI BApIIOB, YTO 3HAUNTEIHHO MEHbIIIe 00II[ero Yncia IporeccoB. Kaxaplil 13 HUX 3allyCKaeTCsl CBOMM
nucneTuepoM, Promela-npounecc koroporo ommcaln Hypke. [Ipoliecc pex cBf3aH KaHAJaMM CUHXPOHM3a-
1y pex_b 1 b_pex ¢ IoKaIbHBIM OapbepoM Ipynnsl, 1 pex_d u d_pex — €O CBOMM UCIIeTUepoM. B atu
KaHaJIbI pabounii ajeMeHT IOoJIy4aeT KOMaHIbI 3aIlyCKa U OCTAHOBA, a TaKKe COOOIIaeT O 3aBepILIEHNN
(arana) Berumcienuii. Mer aberparupyeMcst OT KOHKPETHBIX BBIUMCIEHUIT, KOTOpbIEe IIPOBOIUT SAPO, II0-
3TOMY B MOMEJN MICIIONIb3yeM TOJBKO BpeMs BBHIIIOJHEHM BbIumclaeHNII. IIpyu sTOM BpeMs BBIUMCIICHNIA,
JICIIOJIB3YIOIIVX JIOKAIBHYIO IIaMATh, MBI CYMTA€M PABHBIM OJHOJ YCJIOBHOI €IMHNIIE BpEMEHN, a BpeMs
BBIUVICJIEHI, MCIIOIB3YIOLINX ITI00aNbHYI0 IaMATh, paBHBIM GMT yCIIOBHBIM eIMHUIIAM BpeMeHI. Takum
00pasoM, B IIpoliecce pex CMOAEIMPOBAHO TOIBKO KOJIMYECTBO IIIar0B BBIUVICICHIL, COBEPIIAeMBIX IAPOM
(umkn for B cTpoke 5), 3aBUCAIIlee OT pa3Mepa BXOTHBIX HAaHHBIX M oOpallleHuit K II100aIbHOM MaMITi
(cTpoxm 6-11, 23-28) u k sokanbHOI mamatu (ctpoku 14-19). Ilo 3aBepieHMM IIara BBIYMCIEHUIT pex
coob11aer 06 3TOM COOBITMM IIPOI(ECCY, PEANU3YIOLUIEMY IJIO0AIbHOE BpeMs IIOCPENCTBOM yBEIWUeHIII
cuérumka paboTalINX B JAHHBI MOMeHT mporeccoB NRP_work. Otmernm, uto B criry GIOKMPYIOLIEN
ceMaHTUKM g3bIKa Promela, mpoitecc MoskeT mepeifiTit K CIeAYIOIeMY 3TAIly CBOYMX BBIUMCIEHUII TOJIBKO,
Korja riobanbHoe BpeMs time yBemuunres Ha 1 (cTpoknm 10, 16, 19 1 27). CHHXpOHM3ALS 10 JIOKAJIBHOMY
Gapbepy MPOMCXOINUT ABKABL, KaK I B ICXOMHOM sIpe: CTPOKa 7 siApa COOTBETCTBYET CTpoKe 13 Momein,
a ctpoka 11 — crpoke 21. [Iportecc pex 3aBepiiaer pabory (cTpoka 29), KOraa BeITPysKaeT pe3yJIbTaT CBOell
paboThI B III00AIBHYIO ITAMSTh.

proctype pex ( byte me; chan pex_b; chan b_pex; chan d_pex; chan pex_d) {

1. do
2 d_pex 7 go, me ->
3 start_time = time;
4. cur_time = time;
5. for (i : 0 .. size/TS){
6 do // access to global memory
7 time > start_time + GMT -> break;
8 else -> atomic { cur_time = time;
9 NRP_work++;}
10. time == cur_time + 1;
11. od;
12. b_pex ! done;
// waiting for local co-workers
13. pex_b ? go, me;
// ?if’ access to local memory
14, atomic { cur_time = time;
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15. NRP_work++;}
16. time == cur_time + 1;

// ’else’ access to local memory
17. atomic { cur_time = time;
18. NRP_work++;}
19. time == cur_time + 1;
20. b_pex ! done;

// waiting for local co-workers
21. pex_b 7 go, me;

}

22. start_time = time;

// copy the result of this working item to global memory
23. do

24 . :: time > start_time + GMT -> break;
25. :: else -> atomic { cur_time = time;
26. NRP_work++;}

27 . time == cur_time + 1;

28. od;

29. pex_d ! done;

30. :: d_pex 7 stop, me -> break;

31. od;

¥

JIncruur 3: Promela-npouecc st pabouero sieMeHTa IPYIINbL pexX

Ilpoyecc noxanvHoll cunxpoHusayuu barriere CMHXpPOHM3UPYET IPOLIECCOPHBIE 3JI€MEHTHI OJHOTO
MYJIBTUIIpOIlecCOpa, ¢ KOTOPBIMM OH CBf3aH KaHajlaMM pex_b m b_pex. OH mpMHMMAaeET OT IPOLIECCOB
pex coolIIeHNe O IPUOCTAHOBKE MX PabOThI U IOACUNMTHIBACT B IIEPEMEHHOI 1 UMCIIO IPOIeccoB, KOTO-
phle OXXUAAIOT 3aBepliieHNs paboThI € JIOKAIBHOI [IaMAThI0 JPYTUX 3JIeMEHTOB IPYIIIbI, BBIITOIHSIIOIIIX
B JAHHBI MOMEHT BbIUMCIeHMs. Korga oHO OKa)keTcs paBHBIM UVICIY IIPOIIECCOPHBIX 3JIeMEHTOB PE,
Gapbep cumrTaeTcs MPOIAEHHBIM I B CTpoKe 13 mporiecc 6apbepa MO3BOJISIET IPOIECCOPHBIM JIeMEHTaM
IIPOJOJKUTE BBIUMCIICHUS.

proctype barriere (chan pex_b; chan b_pex) {

1. do

2 pex_b 7 done ->

3 i=1;

4. do

5. :: i < PE -> atomic {

6 pex_b 7 done;
7 NRP --;

8 i++5}

9. else -> break;

10. od;

11. atomic {

12. NRP = NRP + PE;

13. for (i : 1..PE) { b_pex ! go, i;} }
14. :: pex_b 7 stop -> break;

15. od;

JInctunr 4: Promela-niponiecc n1st TIOKanbHON CUHXpOHMU3anuy barrier

Ipoyecc ducnemuepa dispatcher 3amyckaeT B CTpOKe 5 OOUH Bapil, T.e. WR IIpo11eccoB pex, MCIIONHI-
IOII[IX POBHO OJHY OIlepaliio ogHoBpeMeHHO. IIpu aTom oH o6HOBIseT KoamuecTBO NRP 3amyIieHHbIX
B IaHHBIII MOMEHT IpoIeccopoB (cTpoka 4). Ha 310 umerno Bamser umcio mporeccos mucreruepos ND B
OJHOM MYJIBTUIIpOIleccOpe M Yuciio NM MyJIbTUIIPOI[ECCOPOB, KOTOPHIE 3aBYCAT OT BBIOPAHHOTO IIpoliec-
copa. B saBucumoctn or pasmepa paboueit rpynmsl WG, MoKeT ObITh HECKOJIBKO BapIIOB, IPUIIMCAHHBIX
OJHOMY mucIeTuepy. B TakoM ciyuae, mucrerdyep akTUBUPYET UX ITO0UEPETHO, IIOKA BCE SJIeMEHTHI pabo-
Yell IPYIIIbI He BBIIIOJHIT BCe CBOM BBIUMCIEHMS (CTPOKK 6-16). MBI cunTaeM, UTO QUCIETUED 3aIlycKaeT
BapIbl 1(es10e unciio pa3 (WG % (WR*ND) = O B crpoke 6). [Iporecc dispatcher 3aBepimaer paboTy, Korga
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BCe IIPUIMCAHHBIE K HEMY IIPOLIECCHI PeX 3aBEPIIIAIOTCSA U cO00IIaeT 06 9TOM CBOEMY MYJIBTUIIPOLIECCOPY
(cTpoka 19).
proctype dispatcher (byte me; chan pex_b; chan b_pex; chan mul_d; chan
d_mul) {
chan d_pex = [1] of {mtype : action, bytel;
chan pex_d [1] of {mtype : action};

1. do

2. mul_d ? go, me ->

3. atomic {

4. NRP = NRP + WR;

5. for (i : 1..WR){ run pex (i, pex_b, b_pex, d_pex, pex_d);}}
6. for (j : 1..WG/(WR*ND)) {

7. atomic {

8. NRP = NRP + WR;

9. for (i : 1..WR) { d_pex ! go, i;} }
10. i = 0;

11. do

12. :: i < WR -> atomic {

13. pex_d 7 done;
14. NRP --;

15. i++; }

16. :: else -> break;

17. od; 1}

18. for (i : 1..WR) { d_pex ! stop, i;}
19. d_mul ! done;

20. :: mul_d ? stop, me -> break;

21. od;

}

JIncruur 5: Promela-npouecc nist gucmeruepa

Ilpoyecc mynvmunpoyeccopa muproc 3amyckaeT cBou rpoliieccel dispatcher uncnom ND B cTpokax 4-5
u QuUKCHUpyeT 3aBeplIeHNe X paboThI B CTPOKax 8-13, mocite uero coobiaer mpoiteccy host o 3aBeprireHUn
BBIUMCIIEHNI B CBOell paboueii rpymnme. OTMeTNM, UTO MYJIBTUIIPOIECCOP 3aITyCKAeT eqIHBIN I CBOEI
paboueil TPYIIIIBI IPOLECC JIOKATBHOI CUHXPOHU3AIMM barriere ¢ KaHantaMy, B KOTOPBIIL €CTh OCTYII ¥
BCEX IIPOLIECCOPHBIX 3JIEMEHTOB 3TOJ T'PYIIIIbL, IIOCKOJBLKY OHM I€peJaroTCd KaK IapaMerTp.

proctype muproc (byte me; chan m_hst; chan hst_m) {
chan pex_b = [1] of {mtype : action};
chan b_pex [1] of {mtype : action, bytel};
chan d_mul [1] of {mtype : action};
chan mul_d [1] of {mtype : action, bytel};

1. do

2. hst_m 7 go, me ->

3. run barriere (px_bar, bar_px);

4. atomic { for (i : 1..ND) {

5. run dispatcher (i, pex_b, b_pex, mul_d, d_mul); }}
6. for (i : 1..ND) { mul_d ! go, i;}
7. i = 0;

8. do

9. i < WR -> atomic {

10. d_mul 7?7 done;

11. i++; 7}

12. :: else -> break;

13. od;

14. for (i : 1..ND) { mul_d ! stop, i;}
15. px_bar ! stop;

16. m_hst ! done, me;

17. :: hst_m ? stop, me -> break;

18. od;

}

JuctuHr 6: Promela-nipouecc nist My IsTuIporeccopa
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ITpoyecc xocm-npozpammpr host samyckaeT MyabTUIIpoOLeccopbl muproc. Ecin uncno pabounx rpymnm
WGs 0Ka3aoch 6OJIbIIIE YNCIIa MYJIBTUIIPOLIECCOPOB B BHIGPAHHOM IIPOLECCOPE, TO BHIYMCIEHNS, Pa30NUThIe
Ha pabouiie TPYIIIIbI, 3aITyCKAIOTCA IOCIeoBaTenbHo (cTpoku 13-31). 3meck MbI He TpeGyeM, YTOGBI UMCIIO
paboumx rpyIi QejuIoch HALleJIo Ha uiciio Myabrunponeccopos NM. IIporecce host ¢pukcupyer 3aBepiie-
H1e paboThl MYJIBTUIIPOLIECCOPOB MPUCBAMBAHMEM TJI00anbHON nepeMenHoit DONE sHaueHme true. 1o
03HAUAET, YTO HapaljiesIbHbIe BIUNMCIEHNS 3aBEPILVLIINCE.
proctype host () {

chan m_hst = [1] of {mtype : action, bytel};
chan hst_m = [1] of {mtype : action, bytel};

1. DONE = false;

2. if

3. WGs <= NM ->

4. atomic { for (i : 1..WGs) {run muproc (i, m_hst, hst_m);}}
5. for (i : 1..WGs) {hst_m ! go, i};
6. i = 0;

T. do

8. i < WGs -> atomic {

9. m_hst 7 done;

10. i++; }

11. :: else -> break;

12. od;

13. :: else -> atomic { for (i : 1..NM) {run muproc (i, m_hst, hst_m);}}
14. for (i : 1..NM) {hst_m ! go, i};
15. i = 0;

16. do

17. :: i < WGs -> atomic {

18. m_hst 7 done, j;
19. hst_m ! stop, j;
20. run muproc (j, m_hst, hst_m);
21. hst_m ! go, j;

22. i++; }

23. :: else -> break;

24 . od;

25. i = 0;

26. do

27. :: 1 < NM -> atomic {

28. m_hst 7 done, j;

29. i++;7}

30. :: else -> break;

31. od;

33. fi;

33. DONE = true;

}

JInctmar 7: Promela-miporiecc st X0CT-IIporpaMmabl

OcHogHoti npoyecc main BeIOMpaeT 3HAUEHNS IapaMeTpOB HACTPOitky WG 1 TS 1 3amrycKaeT IIpOI{eCcChI
host u clock. KonuuectBo Mmynbrunponeccopos NM, koamuecTtBo aucierdepoB ND A1 og4HOTO MyJIbTH-
npotueccopa, pasmep Bapmna WR 1 KonamdecTBo Bhrumcnuteseil PE ABIA0TCA [T06aTbHBIMI KOHCTAHTAMU I
OOBSIBIIAIOTCS B HaUaJe OIMCAHUA MOAEIN. ITO HaéT BO3MOXKHOCTD HacTpoliku Promela-mMonmenu muis pas-
JIMYHBIX apXUTEKTYP pealbHBIX IpadgiuecKIUX IPOIecCOpOB. B 3T0it Momenu oy IpoCTOTHI MbI CUMTAEM,
YTO pasMep DaHHBIX Size ABisercs cTeneHsio uncia 2. [loatomy uncna WG u TS Taxke 6yayT Kakoi-1u6o
CIIy4aliHOV CTeIleHbI0 2. ITU CTelleHM BBIOMparoTcs B cTpokax 3 u 6. Ilockonbky Promela He mommep-
KUBaeT OIlepaLlMI0 BO3BeNEHMUs B CTeIleHb, BBIOpAHHBbIE CIIyYaifHBIM 00pa3oM UMCIA MOKHO IIOJIyUMTb

IIOCPEICTBOM COOTBETCTBYIOIIIETO IIOOMTOBOIO CABUIa Size.
active proctype main() {
byte d;
// let size = 2~n
1. byte n = 10;
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2. size = 1024;
// WG selection
select (d : 1 .. n-1);
WG = size >> (n - d);
// Number of Working Groups

NI

5. WGs = size/WG;
// tile size selection
6. select (d : 1 .. n/2 );
7. TS = size >> (n - d);
8. Topt = 100;
9. atomic { rum host(); run clock(); }
}

JIuctmur 8: Promela-niporecc a1 BeI6opa napaMeTpoB HACTPOVIKY M 3aITyCKa BBIUMCICHUIT

ITpoyecc uacos clock peannsyer IIOACUYET I10OATBHOTO BpeMeH!. DTOT IIPOLiecC YBeJIMUMBaeT II00as-
HYIO IIEpEMEHHYIO CUETUIKa BpeMeHU time, Korga Bce 3allylleHHbIe B HACTOAIIMII MOMEHT IIPOLIECCHI
pex (ux uncio NRP) cooOIIman mocpeacTBOM yBeInUeHMs pas3aeiiseMoit nepemernHo NRP_work, uro oHn
HaxoJ4TC B COCTOSHUM BBIUNMCIEHHUA odepenHoro sHaueHus. IIpomecc clock ocraHaBiamBaeTcd, KOrga
robanpHas nepemenHas DONE mpuHumaer sHaueHme true. 3HaueHMe time B 9TOT MOMEHT SIBIISETCS
BpeMeHeM, 3aTPaueHHBIM Ha BBIUMCJIEHUA.

proctype clock () {
1. do

2 DONE -> break;

3 NRP !'= 0 && NRP_work == NRP -> atomic { NRP_work = 0; time++; }
4. od;
}

Juctuar 9: Promela-niporece anst moacuéra rino6aabHOro BpeMeH!

Takum o6pasom, MbI 3aJaiy Mojenb ucrnonHeHus nporpamMmmel OpenCL Ha abcTpakTHOM rpadmue-
CKOM IIpoIieccope, T.e. BBIIOJIHIUIN IIePBBIN IIAar MeToAa KOHTPIIPMMEPOB IS IIOVICKA OITMMAIbHBIX
IapaMeTpOB HACTpOIIKM (pasme 1).

IIIar 2 MeToxa KOHTPIPUMEPOB

Ha BTOpoM m1are meroma mpu (GOpMyJIMpPOBAHNUY CBOJMICTBA HEBO3MOXHOCTM HOCTIDKeHMs weiayu Of
MBI OyeM JMCIIOJIb30BaTh 3HaueHMe IepeMeHHoi DONE, puKcupyroerl OKOHYaHMe BBIYUCICHUI, U G-
HaJIbHOe 3HaueHue time. fI3pikom cnermdukaruu ceoitcte B SPIN sBisercs TemmnopanpHas gornka LTL
u osromy ®¢ = G(DONE — (time = MT)), uTO COOTBETCTBYET BbICKA3bIBAHMIO “Bcerpa Ipu 3aBepIieHnn
HapaJuleIbHBIX BBIUMCIEHUIT BpeMs paboThI IIPOrpaMMBbI G0JIblIle MITHIMAIBHOTO BpemeHu M T

IIIar 3 MmeTOga KOHTPIIPUMEPOB

Tpertuit mar Merona, KOTOPBIN 3aKIIOYAETCs B IIOVICKE MIHMMAJIBHOTO BpeMEHM, 32 KOTOpoe IIpo-
rpaMMa IapajIeIbHbIX BBIUMCIEHNIT MOKET 3aBepIINThCA, HauMHaeTcs ¢ 3armycka Bepugukaropa SPIN ¢
IIOCTpOeHHO Monenbo PM u ¢popmy:noit @4 s HEKOTOpOro sHaueHMs MUHUMAIbHOrO BpeMeHu MT.
3arem Mol yMeHb1aeM M T o tex nop, noka SPIN He riepecTaHeT reHepupoBaTh KOHTPIIPUMEDPEI, T.€. II0Ka
He COIVIACUTCS C TeM, UTO IIporpaMMy 3a BpeMs, MeHblilee 3afaHHoro M T, BBIIONHNUTE Heslb3d. HauanpHOe
sHaueHMe M T MOXHO 3a1aTh, UCIIONIb3yd BO3MOXHOCTh cuMyiauuy moxneineit B SPIN. Ilpu cumynanun
SPIN BOCIIpOM3BOOMT ONMH M3 KOHEUHBIX CLieHApUEB pabOThI CUCTEMBI, QUKCUPYS 3HAUEHVSI UCIIOIb3ye-
MBIX B MOJI€JIM IIepeMEHHBIX I10 3aBepIIeHNI CUMyIAnun. IIosToMy MOKHO BOCIIOJIb30BaThCA 3HAUEHIIEM
time, COOTBETCTBYIOIIMM KOHIY pabOThI IPOTpaMMbl B CUMYIMPYEMOM cleHapuy. [ns yMeHbIIeHUs
sHaueHus M T B ciaenyromux 3amyckax SPIN Mbl ucmons3yeM MeTox OMCeKIINI.

IITar 4 MmeTOZa KOHTPIIPUMEPOB
INocnegHmit miar Halrero IOAXOJa — aHAJNNM3 KOHTpIpUMepa AN U3BJIECUEHUS OINTUMAJIBHON KOH-
¢urypanun napamerpoB Hactpoliiku. [usa anHanmusa xoHTpmpumepa SPIN mpemocTaBiseT BO3MOMKHOCTD
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3aIlyCcKa CUMYJIAINN, COOTBETCTBYIOIIEI IlepexoaM KOHTpIIpuMepa. B 3amaue aBToHACTpOIIKM He HYKHO
OCYILIECTBIIATH IIOMCK ONTUMAJIBHOTO IIYTU BBIUMCICHNIA, II03TOMY COOCTBEHHO II€pPeXOabl KOHTPIIpUMe-
pa aHaIM3MPOBATh HEeT HeoOXoauMOCTH. [[1g pellleHNs HaIlleil 3afaul Hy>KHO M3BJIeUb JIUIIb 3HAUCHUT
napaMeTpoB HacTpouku WG u TS, KoTophle, Kak U 3HaUEHUSA APYTUX IIEPEMEHHBIX, U3BECTHBI B KOHIlE
CHUMYJIAUWIA.

Taxum 06pasoM, MbI IIOKA3aJIH, KaK MOXKHO MCIIOJIb30BaTh MHCTPYMEHT IIpoBepKu Mogeielit SPIN mis
pelleHNs 3ajady IOMCKa ONTMMAJBHBIX ITapaMeTpoB IporpamMM Ha f3bike OpenCL, McIonHAeMBIX Ha
abCTpaKTHOM rpaduueckoM Iporeccope. AGCTPaKTHBII rpadIIecKMit IPOLeCCOp MOKHO CIIeHMATIN3UPO-
BaTh IyTEM 3ajaHNA KOHKPETHBIX 3HAUEHUII UMCJIa MYJIbTUIIPOLIECCOPOB, QUCIIETUEPOB U IIPOLECCOPHBIX
3JIEMEHTOB, a TaKKe, BO3MOKHO, I3MEHEHMEM aJITOPUTMA B3aMMOIEIICTBIA JUCIIeTUepa C IIPOLIeCCOPHbI-
M 3JIEMEHTaMIMU.

4. 3axkiaroueHune

Pesysbrarh! Hallleit paGoThl HallpaBJIeHbI Ha pa3BUTIE METOIOB aBTOHACTPONIKM 3a CUeT paspaboTKI
HOBOJ T€XHMKMH, JICUEPIILIBAIOIIETO IIOMCKA ONTUMAILHBIX IIapaMeTPOB HAaCTPOMIKM IapajllelIbHbIX IIPO-
rpaMM Ha OCHOBe IIPOBEpKM Mofeleil. B mpencTaBieHHON cTaTbe MBI IPEAJIOKIIIN ITOOXOM K IIOVMCKY
ONTMMAJIBHBIX IIapaMeTPOB MCIIOTHeHus mporpaMM Ha s3bike OpenCL Ha abGcTpakTHOM rpadudueckom
Ipolieccope, KOTOpEI o6o01taet apxutekTypbl GPU, ncronbayemsble Ha mpakTyke. Hallr mogxom mcmoms-
3yeT MeTOH KOHTPIIPMMEPOB, OCHOBAaHHBII Ha IIpoBepKe Mofesell. MeTox Ipenrosaraer npeacTaBlIeHIe
JCIIONTHEHNS IIPOrpaMM M CBOJICTBA ONTMMAJIbHOCTM Ha f3bIKe MHCTPYMEHTa IPOBEPKU Mopeleil. B ka-
yecTBe TAKOTO MHCTpyMeHTa MbI BbIOpanu Bepudukarop SPIN ¢ sseikom Promela mims mopenmpoBanus
MCIIOTHEHN IPOorpaMM U TeMIopaiabHoI norukoit LTL mpna npenacrasneHns cBOMCTBA ONTUMATIbLHOCTIA.

Hamre mogenupoBanue ncnonxHennus nporpamm OpenCL B Promela a6erparupyercss oT KOHKpeTHBIX
BBIUMCIIEHMII, COXPaHAA JIOTMKY B3aMMOMENICTBUSA M CHMHXPOHM3AIMM IapaJlleJIbHBIX IIPOIECCOB IIPO-
rpaMMBbI B BRIOpaHHOM rpaduueckoM npoueccope. OTMeTHM, UTO ITOCKOJIBKY fA3BIK Promela nmeet dop-
MaJbHYIO CeMaHTUKY, To Promela-momens sagannoi OpenCL-mrporpaMMbl MOKHO CUMTaTh GOpMaIbHOI
OIIepallIOHHON CeMaHTMKOM B3aMMOJEMCTBMA M CMHXPOHM3AIMM IapaJlyIeIbHBIX IIPOLEeCCOB IIpOrpaM-
MBI B BBIOpaHHOM TIpadudecKoM IIpoleccope. boyee Toro, BapbMpOBaHNE IApaMETPOB UM aJITOPUTMOB
B3aMIMOJEICTBIA KOMIIOHEHTOB a0CTPAaKTHOTO IIpolieccopa II03BOJIIeT 3a1aBaTh I MCCIeI0BATh KOHKPeT-
HbIe rpadyuecKue IpoIeccopsl. ITO JAET BO3SMOKHOCTD IIOMCKA ONTMMAJIBHBIX IIapaMeTPOB HACTPOVIKI
IIporpaMM IIpu HU3MIECKOM OTCYTCTBMM PeANbHBIX IpadMdecKMX IPOIecCOPOB, B TO BpeMs KaK Tpaam-
LMOHHBIE CHCTeMBI aBTOHACTPOIKI TaKO} BO3MOXHOCTM IIPeJOCTaBUTh He MOT'YT.

B 6yayiieM MeI ITaHUpyeM JOOABUTH B MOZEIh BpeMd KOMMYHMKAIII MeKAy IIPOLeccaMi, a TakxkKe
paccMOTpeTh APYTue apaMeTphbl HACTPOIIKI, B YaCTHOCTH, KOJIMYECTBO pabounx aneMeHToB. KpoMme Toro,
MBI QAIITIPyeM METO ITOJCKa ONTUMAIbHBIX 3HAUEHNII 13 paboThl [14], KOTOPHIIT IT03BOJIAET M30€KATH
MHOTOKpATHOTO 3arycka Bepudukaropa SPIN B MeTome KoHTpIprMepoB. CyIlieCTBEHHBIM OTpaHIUeHIEM
M3JI0KEHHOJ peannsaluy Halllero MeTofa fABJIgeTcd Maiblil pasMep Promela-momen, KoTopslit mormyc-
KaeT OJHOBPEMEHHYI0 aKTMBHOCTb TOJIbKO 255 IMapajjesbHBIX IIPOLIECCOB, B TO BpeMd KaK B pealbHBIX
rpadpmuecKux Ipoleccopax MX MOTYT OBITh ThICAYM. I103TOMy MBI IIaHMpYeM paspaboTaTh IOAXOXN K
MacIITabMpoBaHMUIO Pe3yIbTaTOB HAIIIETO MeTOa KOHTPIIPMMEPOB, B KOTOPOM MOJKeT JMCIIOJIb30BaThCA TO,
UYTO pasMep PeabHbIX NAHHBIX VM KOJIMYECTBO IIPOILECCOPHBIX 3JIEMEHTOB PEAJIbHBIX IpapUyecKUX IIpo-
L[ECCOPOB SBJIETCSA CTENeHBbIo umcia 2. PasBurmem aroit TeMpl OymeT IpMMeHEHMe HAIlero IoAXona K
peanpabpiM OpenCL-niporpaMmMaM U KOHKPETHBIM IpadUuecKIM IIPOLEeCCOPAM.
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KnocnegosarepHBIM pearnpyommM CUCTEMaM OTHOCATCA KOMITBIOTEpHBIE IIPOTPaMMBI M BBIUNCIUTEIbHbIE yCTPOIICTBA,
KOTOpble 00pabaThIBAIOT IIOTOKM BXOAHBIX JAHHBIX UJIV CUTHAJIOB YIIPaBJIE€HNS U TeHEPUPYIOT Ha BBIXOJIEe [T0CIe0BaTeb-
HOCTY KOMaH]I MJIN Pe3yJIbTaTOB BBIUNMCIEHMIL. [IIS IPOEKTMPOBAHMS TaKUX CUCTEM II0JIe3HO UMETh (popMasIbHbIE I3BIKI
crenyguKanmii, crrocoOHbIe BbIPa)KaTh OTHOIIEHVS MEX/y BXOJHBIMIY M BBIXOMHBIMI IIOTOKaMU JaHHBIX. B mpemie-
CTByIOLIMX paboTax HaMIU OBLIO IIPEJIOKEHO CeMeICTBO TaKMUX fA3BIKOB CIIeM(UKALINIAL, IIPeCTaBISIONIX c000iT pac-
mypeHne TemrnopanbHbix Joruk LTL, CTL u CTL" 3a cueT MCIONIB30BaHNS PETYJISPHBIX I3bIKOB B KauecTBe ITapaMeTpOB
TeMIIOpAJIbHBIX OIIePaTOPOB. MBI IIPOBENIN CPAaBHUTENIBHBII AaHAJIN3 BBIPA3UTEIBHBIX BO3MOXXHOCTE HOBOTO PaCIIVPEHIIT
TeMIIOPAJIBHOI JIOTUKY JIMHeHOro BpeMeHN Reg-LTL 1 NMpeqIosKMiIy alropuTMbl BepuduKauyu Mofeseil A1 HOBBIX
pacumpennit toruk Reg-LTL, Reg-CTL, u Reg-CTL'. OgHaxo BOIIPOC O CIIOKHOCTU 33124 Bepu(UKaLmy MOfeJIel i [Ipo-
BEpPKU BBIIIOJHUMOCTY (POPMYJI YKa3aHHBIX JIOTMK OCTABAJICS OTKPBITBIM. B 9TOi1 cTaThe MBI BOCIIOJIHSIEM 3TOT IIpobeit B
HAIIINX JCCIIeJOBAHUAX U IOKa3bIBaeM, UTO MJIS TeMIIOpanbHOI toruku Reg-LTL o6e 3agaun sBistioTcs Pspace-IIOIHBIMIL.
BeruncianrenbHas Tpy/IHOCTb paCCMaTPMBAEMBIX 3aau JIETKO JOKA3bIBAETCI CBEJCHIEM K HIM IIPOOJIEMBI ITyCTOTHI IIepe-
CeueHMs CEMEVICTB PeryIIpHBIX A3bIKOB. OCHOBHBIM pe3yJIbTaTOM CTATBH ABJIAETCS AITOPUTM CBEeEeHIS 3aaul IIPOBEPKIL
BBINOTHUMOCTY popmyi oruky Reg-LTL k npo6ieMe IIycTOTBI aBTOMAaTOB BIoX1 cpaBHUTEIBHO HEOOJIBIIIOTO pasMepa
VI OTIVICAHMeE CTPATErNM, II03BOJIIIOLIEI IIPOBEPSATH IIYCTOTY IIOJIYUEHHBIX aBTOMATOB C MICIIOIb30BaHMEeM 00beMa aMATH,
MOJIMHOMAJIBHOTO OTHOCUTEJIFHO pa3Mepa MCXOMHBIX (GOPMYIL.
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Beegenue

Awmup Iuyenn GbUI, BEPOATHO, MEPBBIM, KTO 0OpATUJI BHUMAaHME HAa BO3MOXXHOCThH MCIIOJIb30BAHIS
TEMITOPATIFHBIX JIOTUK IS OIIMCAHNS IOBEJEHUS IIOCIENOBATENbHBIX M MApAJUIENbHBIX IporpamMm [1].
TemmopanbHble GOPMYJIIBI XOPOIIIO MOAXOAT I STOI (eI, KOTIa MOBeeHUe BBIUMCIUTENHON CUCTe-
MBI PacCMAaTPUBAETCA KaK COBOKYIIHOCTH IIOCIENOBATENBHOCTEN COOBITUIL. 3a IIOJIBEKa, IIPOLIENIIE CO
BpeMeHU MyOIUKAIMYU TMOHEPCKOi paboThl [IHyenn, moABUIOCh 1 OBLIO MOAPOOHO M3YUEHO OOJIBIIIOE
pasHoobpasme TEMIIOPAJIBHBIX JIOTUK, TAKMX KaK TeMIIOpalbHas JOruKa anHertHoro Bpemenu (LTL) [2],
soruka fepeBbeB Borunciaenuit (CTL) u ee o6o6uienne (CTL") [3], meTpuueckas TeMITopaibHas JIOTUKA
(MTL) [4] n np. Jloruka LTL sBnsieTcst JOBOJBHO BBIPA3UTENbHBIM (OPMATIBHBIM S3BIKOM IS PACCYK-
meHms 00 YCTPOIICTBe GECKOHEUHBIX IIOCIENOBATENBHOCTEN COOBITUI, CUTHAJIOB, COCTOSTHUI BHIUMCIIEHS.
®opmyist LTL cTposTCst M3 CUMBOJIOB KOHEUHOTO ajipaBUTa ATOMAPHBIX BHICKA3bIBAHNII IIPY IIOMOILN OY-
JIEBBIX CBA30K M TEMITOPATIBHBIX MOIAIBHOCTENL, MM OIIEPATOPOB, Takux Kak F (omeparop mpoucuiecTsus,
Korma-Hubyap), G (omeparop HeOorpaHUUEHHO MHBAPUAHTHOCTH, Beeraa), U (omepaTop orpaHUYEHHON
MHBAPMAHTHOCTH, O TeX II0p, IT0KA) ¥ HEKOTOPBIX Apyrux. Hanpumep, s saganHoro andaBura ajreMeH-
TapHBIX cOObITHUII {a, b} dopmyina Fa BeIOMHAETCS A1 TEX U TOJNBKO TEX IMOCIEN0BATENBHOCTEN COOBITHIA,
KOTOpBI€ BKJIIOUAIOT B ce0s1 XOTs ObI OMHO COOBITHE a (T.€., COOBITIE a KOTHa-HUOY b IIPOUCXOANT), a op-
myia Gb tpebyer, uToObI COOBITIE b IPOMCXOMIIO B KAXKABII MOMEHT BpeMeHU (coObITie b mponcxoqut
Bcerma). [Ipm momorm popmys LTL MOXKHO OIMCHIBATH PAa3HOOOpa3Hble CBOJICTBA BBIUMCIIEHNIT, BKIIIOUAs
TpeGOBaHMS KUBOCTH, O€30IIACHOCTH, CIIPABEIINBOCTH [5].

OcHOBBIBasICh Ha KOHUENUUsX JOruky LTL, MHOrME aBTOPBI MPENJIOKIIIN UM MICCIENOBAIY DS ee
(dbparMeHTOB UM pACIIMPEHUI, K UMCIY KOTOPBIX OTHOCSATCA pacmmpenas LTL [6], kBautuduimpoBan-
Hasa LTL [7], punamuueckas LTL [8, 9], TemropanbHble AeCKPUIITUBHBIE JOIMKM [10], IpoCTpaHCTBEHHO-
BpeMeHHbIe JTOTUKY [11] 1 1essiit pag qpyrux. JJOTHKY 3TOro CeMeicTBA MPENCTABIAIOT JBOSKIIT MHTEPEC.
C OIHOIT CTOPOHBI, OHU MHTEPECHBI C UMCTO TEOPETUUECKOI TOUKM 3peHs KaK HeKIe pasyMHble MaTeMa-
TIYECKVE TEOPUI, UMEIOLIVE ONpeeeHHbIe 00JacTy IpUMeHeHUs. B cBSI3U ¢ 9TMM BO3HMKaeT He06X0-
OUMOCTb U3YUNTh UX BBIPA3UTEIbHbIE BO3MOKHOCTY, AKCMOMATU3AIMIO, aJITOPUTMUUECKIIE TTPOOIEMBI.
C mpyroit CTOPOHBI, 9TU JIOTUKM MOTYT MCIIOJIB30BAThCSI B KAUECTBE SI3BIKOB CHEIM(UKAIIII IS Pa3INy-
HBIX TUIIOB MPOTPAMMHOTO U AIIapaTHOro ofecreyeHus, KOraa MIPUXOIUTCI MMETh MeJIo ¢ 3aJauaMu
Bepu(UKALNY, CTATUUECKOTO aHaIN3a, IIPOBEPKOIT KauecTBa QYHKIMOHMPOBaHMs cucteM (cM. [12, 13]).

CyurecTBoBaHME GONBIIOTO PA3HOOOPA3MsA TEMIIOPATBHBIX JIOTHK, KOTOPHIM, Ka3aloch Obl, HEIOCTA-
€T CTPOroil CHUCTeMATU3ALUN, JIETKO 00bscHNMO. [l BepupuKaumyu pasHbIX TUIIOB IIPOTPAMM, CUCTEM
06paboTky MHGOpMALUM U BBIUMCIUTENBHON M KOMMYHUKAIIMOHHON anmaparypsl TpeOyoOTCcs MOIeIn
COBEpILIEHHO PAa3HOIl IPUPOMBI 1, CJIEJOBATENBHO, pa3Hble A3bIKM crielupuranmumu. PaccMoTpuMm, Hanpm-
Mep, IOCIIeI0BATENbHbIE PEATUPYIOLINE CUCTEMBI, IIPENCTABILIONIE COOOI KOMIBIOTEPHBIE IIPOrPAMMBI
WU ammapaTHbIe YCTPOICTBA, KOTOPbIe 06pabaThIBAlOT MOTOKM BXOHBIX JAHHBIX VU YIIPABJISIOIIUX
CUTHAJIOB U BBIJAIOT Ha BBIXOJIE MTOCIIEX0BATENLHOCTI KOMAH/ VTN PE3yJIbTATOB AEMCTBIUIL. ITU NEVICTBUSL
U TIOPSIOK MX BBIMOJHEHUS 3aBUCAT HE TOJNBKO OT TEKYIIErO MPUHATOTO CUTHAJA, HO M OT BCEX MpeIbl-
OYIIUX YIIPABJIAIOIINX CUTHAIOB. TakuM 06pa3oM, IToBeeHIe PearupyoIell CICTEMbI XapaKTePU3yeTCs
HEKOTOPBIM COOTBETCTBUEM (OMHAPHBIM OTHOIIIEHMEM) MEXKY ITOTOKOM CUTHAJIOB U MIOTOKOM JI€MCTBUIL.
[TosTomy npm pa3paboTke GOpMaTIBHBIX METOLOB BEpUPUKALINI PEATUPYIOLINX CUCTEM HEOOXOMUM, TIPEX-
e BCETO, aleKBATHBIN (POPMAaIbHBII A3BIK, TTO3BOJIAIOIIII OIIMCHIBATD He MOCIIEN0BATENBHOCTU COOBITHIA,
a OTHOIIIEHVSI MEX/y [10CJIe{OBATEIEHOCTSIMY BXOMHBIX U BBIXOTHBIX COOBITIIL.

XoTs TeMIIOpabHast JIOTUKA IIMPOKO UCIIONB3YETCS YKE HOJITroe BpeMs IS Crieu(puKanmuy u Bepu-
¢ukanuy mporpamMm, He GBUIO IPENIPUHATO HUKAKUX CEPHE3HBIX IIOIMBITOK pa3paboTaTh BapuaHT TeM-
MOPATIFHOTO $3bIKA, KOTOPBIN MOAXOMWII ObI I pabOThI ¢ pearMpyrolUMU CUCTEMAMI TAKOTO POAA.
KitloueBBIM MOMEHTOM SIBJIETCS TO, UTO TEMITOpPAIbHbIe GOPMYIIBI OGBIUYHO MHTEPIIPETUPYIOTCS HA TI0-
CJIeJOBATENBHOCTAX COOBITUI, B TO BpeMs KaK IIOBEeJEHIIE PEarupyIOIell CUCTEMBI IIPOSIBIISLETCS B I1apax
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IIOCJIeIOBATEIBHOCTEN — BXOIQHBIX 1 BBIXOTHBIX — C OIIpefeIeHHbBIMI OTHOLIEHNIMN Mexay Humu. Hu
OIVH U3 TPAOULIMOHHBIX I3BIKOB TEMIIOPAIBHON CHerMUKAIMN BBIUNCIEHNIT He CONEP/KUT CIIeLIMalIb-
HBIX CPeICTB AJIsT BRIPKEHMsI CBOVICTB TaKMX OMHAPHBIX OTHOIIEHIIL.

Yro6sI IPEOTOTIETh ITOT HENOCTATOK, MBI IIPENJIOKIIIN JOIIOJIHIUTh BpEMEHHBIE OIIepaTOpPhI IIapaMer-
paMu, B KauecTBe KOTOPBIX BBICTYIIAIOT PeryJIApHbIe S3bIKM, I MONYUVIIN TaKUM 00pa3oM Reg-BapmMaHThI
tremropanbHbIX Joruk LTL, CTL, u CTL’, onucauusie B paGorax [14—16]). Hanpumep, popmyny G¢ (“cBoit-
CTBO ¢ BCErAa BBIIOJHAETCA ) MOKHO CHeaTh OoJee crelmmyHOIL, 3amucas ee Kak Gr¢, UTo 03Hayaer
“CBOJICTBO ¢ BBIXOJHOI I1OCJIE{OBATENBHOCTY BBIIIOIHSIETCS BCIKUIT Pas, KOTQa BXOMHAS II0CIIE0BATENb-
HOCTD IIpefICTaByIsgeT co00ll cI0BO U3 A3bIKa L. KOHeUHO, MOJKHO MCIIOJIb30BATh JII000I TUII S3BIKOB I
rapamMeTpu3aIny BpeMeHHBIX MOJAIBHOCTE, HO IJISI TOTO, YTOOBI TPAAMI{MOHHbIE 3aauy, CBI3aHHbIE C
NpUMEHEHVEeM JIOTUK, OCTaBaAJIMICh AJITOPUTMUUECKI Pa3pelllIMbIMI MbI OTpaHIUMBAEMCS PETyIIIPHBIMU
a3pIkaMiL. B cTarbe [17] 6BLIO ITOKA3aHO, UTO BOIIPOC O BRIIOIHNIMOCTY JakKe OUeHb IIPOCTHIX (GOpMyIT MO-
JKET 0Ka3aThCSA AITOPUTMIUUECKY HEPA3PELLIIMBIM, €CJIV ITO3BOJIUTD UCIIOIH30BATh B KAUECTBE [TAPAMETPOB
TeMIIOpAJIbHBIX OIIEPATOPOB KOHTEKCTHO-CBOOOHBIE SI3BIKIL.

Crexyst OCHOBHBIM ITOJIOKEHVSIM TEOPETHKO-aBTOMATHOIO IIOAXO0/a K PELIeHNI0 3aaU Bepu KA
Mopeell OTHOCUTEIHHO TEMIIOPAIBbHBIX crenmbukanmii (cm. [13, 18]), aBrops! cratsu [14] npenioxmin
meroq TpaHcaauuu ¢opmyn nornku Reg-LTL B aBromarsl Broxu; Takum obpa3oM, 3amauy Bepuduka-
LMY MOZeJIelt ¥ IIpOoBepKU BhIMONHUMOCTU GopMyi Reg-LTL Oplnu cBefeHBI K IpobieMe IIyCTOTHI [
aBromaroB Broxu. B cratee [16] aToT MeTonm TpaHCHAumy ObLT 0600IIEH U afanTUPOBAaH AJA PaboOTHI C
sorukoil Reg-CTL'. OgHako B 000MX cIydyasx pasMep IOJy4aeMbIX B pe3ysbTarTe TPAaHCISLMN aBTOMA-
TOB OLIEHVBAJICS ABOIHOI 9KCIIOHEHTOI, 3aBUCAIIIEl OT pa3Mepa TeMIIOPaIbHOI (GOPMYJIIbI; 3TO JAaBaJ0
BEpXHIOI0 oLleHKy ExpSpace BEIUMCINTEIBHOI CJIOKHOCTY paccMaTpuBaeMbIx 3agau. C ApyToil CTOpOHEL, B
crartbe [16] 6pLI0 ITIOKAa3aHO, UTO 3amaua Bepudukarmy Mmozeneit aus goruku Reg-CTL" asnsercsa PSpace-
TpyaHoi. Takum 006pasoM, MeXIy BepXHeN VM HIDKHEN OLICHKaMM BBIUMCIUTEIBHON CJIOKHOCTU 3aAau
MIPOBEPKM BBIITOIHMMOCTH GOPMYJI pacCMaTPUBaeMbIX ITapaMeTPI30BaHHBIX MOAM(UKALIIIL TeMIIOPAIb-
HBIX JIOTMK 00Pa3oBaJICS PasphIB, M TJIABHAS LI€JIb JAHHOI CTATHY — BOCIOJHUTH 9TOT IPOOes B HAIIIMX
MCCIIeIOBaHMUIX YKa3aHHBIX JIOTHK.

MBICIIB O TOM, UTO BBIPA3UTEIbHbIE BO3MOXXHOCTY TEMIIOPAIBHOIN JIOTMKY MOKHO YCWJINTH 32 CUET
MOBBIIIEHNS «UyBCTBUTEIBHOCT» TEMIIOPAIBHBIX OIlepaTopoB, He HoBa. OrpanHmuenHocts LTL crama
OUEeBMIHOIL, KaK TOJIBKO OBLIO II0KAa3aHO, UTO (GOPMYJIIBI STOV JIOTMKM IT03BOJISIOT OIIMCHIBATE JIMIIIb TAKIE
peryJsipHbIe SI3bIKI, KOTOpPble MOXKHO 3ajaBaTh 0e3 IpuBieueHMs omeparyu mreparun Kmmuau [19]. B
crartbe [6] Bonbnep mpusen npumep oueHb IPOCTOTO CBOVICTBA, KOTOPOE HEBO3MOKHO OXapaKTepn30BaTh
¢dopmymnamu soruku LTL (B crarbe [17] mpuBegeHO APYroe AOKA3aTEIBCTBO ITOTO (aKTa IIPM ITOMOLIU
TeMIIOpaIbHOI pasHOBUAHOCTY Urp dperdorixta—Pperrre [20]). Urobsr caenars 1351k oruku LTL Gomee
BBIPA3NTEIHHBIM, BoJIbIIep IpeIoK I BBECTY HOBBII BUI TEMIIOPATIBHBIX OIIEPATOPOB, 00JIACTH AEMCTBIL
KOTOPBIX OIIpeNeseTcs peryaspHbIMI IpaMMaTiKaMu [6]. DTa upes moyunia gajbHellllee pasBUTIE, B
KOTOPOM [IJISl YCUJIEHUS TEMITOPATBFHBIX OIIEPATOPOB BMECTO IPAMMATHUK ObLIN 3a/1€/ICTBOBAHBI KOHEUHBIE
aBTOMATHI [21] 1 maXke abTepHUPYIOIIIIe ABTOMATHI [22].

B crarpe [8] Xenpukcen u Tuarapamxas Ipe IOk AIbTEPHATUBHBIN IIOAXO0/ K PACIIVIPEHILIO JIOT Y-
ku LTL. OHM UCIIOTB30BaIN PeTyJIApHbIe BRIpasKEeHNS I lIapaMeTpU3aliiyl TEMIIOPAJIBHBIX OIIEpaTOPOB
7 TIONTYYIIYM MHAMUYECKYI0 TEMIIOPAIbHYIO JIOTUKY JuHelHoro BpeMenu (DLTL), koTopas oueHb I10X0-
’Ka Ha oruKy Reg-LTL. ABropsl cTatbu [8] paspaboTanm paspelarlnylo IpOUeaypy IS STOM JOTHUKIY,
MTO3BOJISIIONIYIO 32 9KCIIOHEHI[MAIBHOe BpeMsl TPAHCIMPOBATh JIoTUecKue GopMyIIsl B aBTOMAaThl Broxu,
pasMep KOTOPBIX TaK >Ke SKCIIOHEHIMATIBHO 3aBUCUT OT pasMepa popmys. XoTsS [Id MHTepIpeTanyun
¢dopmyn DLTL ncrionb3yrOTCss OGMHOYHbIE ITOCIET0BATENIBHOCTI COOBITIII, MbI BOCIIOJIB30BANNICH IIpeN-
JIO’KEHHBIM B CTaThe [8] METOIOM TPAaHCISILMMN, ANAIITIPOBAIIN €ro K Harel joruke Reg-LTL u moxyymian
MONVHOMMANbHBIE 10 00beMy MCIIONb3YeMOIl IIaMITI aJrOpUTMBI BepuuKaimy Mogeseil 1 IpOBepKu
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BBIIIOTHUMOCTY popMyJ1 toruky Reg-LTL. 9T aqropuTMBel I ABJISIOTCI OCHOBHBIM Pe3yJIbTaTOM Halllell
craren. [IpyHNMas Bo BHMMaHIe HIDKHIE OLIeHKN CIOKHOCTM yKasaHHBIX 3aJad, IIOJIydeHHbIe paHee B
cTaThax [15—17], MBI IPMXOAVM K BEIBOJY O TOM, UTO 3aa4M BepudUKaLMy MOzeIell 11 IPOBEPKY BBIIIOJ-
HUMOCTU GOopMyJI TeMIopaybHbIX JoruK Reg-CTL, Reg-LTL, n Reg-CTL" aBngrorcs Pspace-IoHBIMIL.

OraBeHMe Hallleif CTaTbI TaKOBO. B paspeste 1 onmmcaHsl aBTOMATHI-IIpeo6pa3oBaTesy, KOTOphIe CIy-
’Kat (GOpMaIBHOI MOJEJIBIO II0CJIe0BATEIbHBIX pearnpyolmx cucTreM. CUHTAKCIUC U CEMAaHTUKA TEMIIO-
pasbHOM moruku Reg-LTL, mcronp3yeMoit 1urd crielpIKaIuy IToBeJeHI aBTOMaTOB-TIpeoOpa3oBareeii,
IIpeJCTaBJIeHbI B pasfese 2. B pasmene 3 pacckasbIBaeTcs 0 HOBOM MeTofe TpaHcaauuu ¢opmyn Reg-LTL
B aBTOMaThI broxm. IlocTpoeHHOMY Ha OCHOBe 3TOJ TPaHCIALNY AJITOPUTMY IIPOBEPKM BBIIIOJHIMOCTI
dopmyn Reg-LTL mocssaiieH pasgen 4. B Hem mokasaHo, YTO Ui IPOBEPKM BBIIOIHUMOCTY (HOPMYI
JOCTaTOYHO JICIIONB30BaTh 00BEM ITaMATH, IIONMHOMUAIBHBIN OTHOCUTENIBHO pasMepa Gopmy. [laree, B
paspeiie 5 TOBOPUTCS O TOM, KAKIIM 06pa3oM OIMCaHHBIN MeTo TpaHcaanuu dopmya Reg-LTL B aBToMaTHI
DBroxu nmpyMeHATHh 119 BepuMKAM MOJeNIel! IOCIeN0BAaTeIbHBIX PearupyolX CIUCTEM OTHOCUTEb-
HO (popMaNBbHBIX CHelUUKAINI UX IOBefeHNsd. B 3akiounTenbHOM paspese 6 MbI IOJBOJUM WUTOTY
IIPOBEJeHHBIX MCCIeJOBAHNII 3aay clielMUKanmMy 1 BepuUKauy MoJelIeil I0CIeJOBaTeIbHbIX pea-
TYPYIOIINX CUCTEM C MCIIOJIb30BaHNEM TeMIIOPAJIBHBIX JOTUK.

1. Mopeab mocaeaoBaTEeNbHBIX PearNPyIOIIMX CHCTEM

O6mnactb IIPMMEHEHNA MOJEJIEN BBIYMCIECHUI C KOHEUHBIM YMCIOM COCTOSHUIL (KOHequIx aBTO-
maroB) obmupHa. [IpocroTa ycTpoiicTBa aBTOMATOB IIO3BOJISIET MCIIOIH30BATh UX IS ABTOMATM3ALIUN
peleHus 3agau CMHTe3a M aHaIM3a Pa3HOOOpPA3HBIX YIPABIAIOIINX CUCTEM. B YacTHOCTM, aBTOMATHI-
rpeobpasoBaTeny (MAILIVHBI ¢ KOHEUHBIM UMCIOM COCTOSIHUIL) XOPOIIIO MOAXOMAST AJISI MOLEIMPOBAHMS
IocJIe0BaTeIbHBIX pearupyoIIX CUCTeM, BKIOUad MHTEPIIPETATOPEI, CUCTEMHBIE ApaliBephl, KOHTPOJI-
JIleppl ceTeBble KOMMYTATOpHL. B 3TOI1 IylaBe MBI IIPUBOAMM OIIpeJesIeH)sI OCHOBHBIX IOHATNI, OTHOCH-
IIUXCSA K 9TOV MOJeJIl BbIUMCIIeHIII.

PaccmoTtpumM nBa xoHeuHsbx andasuta C u A. SnemMeHTsI MHOKecTBa C MBI Oy[aeM HasbIBaTh Clue-
HATAMU, a KOHEUHBbIe MOCJIeT0BATEIbHOCTI STUX 3JIEMEHTOB — MOmMokamiu cueHanos. CUTHAIBI MOKHO
JICTOJIKOBBIBATH KAaK BXOIOHBIC HAaHHBIEC, praBHHIOLLU/Ie KOMaHObI NN 3anpoc1)1, KOTOpre HOCTyHaIOT Ha
BXOJ] pearupyIolleil CUCTEMbI 3 OKPY’Kaollel cpebl. MHOKeCTBO BCeX IIOTOKOB CUTHAJIOB OymeM 060-
3HayaTh 3anuchio C’, a KOHKaTeHalNIo ITI0TOKOB U, v € C 3ammchIBaTh Kak uv. {11 0603HaUEHNS ITyCTOrO
IIOTOKAa CUTHAJIOB JCIIOIb3yeM CUMBOI €.

Cumsoisr andasura A OymeM Ha3bIBaTh TeMeHMAPHbIMU OeticmeusMuU, a KOHEUHbIe CIoBa B anda-
Bute A — cocmagHbimu Oeticmeusmu (maiee, MPOCTO AECTBUAMMU). DIeMeHTAPHbIE AEICTBUS SBIISIOTCS
abCTpakUMAMM IIPOCTEIINX OIIEPALINIL, KOTOPBIE CIIOCOGHA COBEPIIIATH PearupyOIast CICTeMa, a COCTaB-
Hble JeVICTBUS SBISIOTCS IIOCIEI0BATEIHbHOI KOMIIO3MIMEl MpOCTeNmMX onepanuit. B obigem ciayuae
pasHble OEICTBYUS MOTYT JaBaTh ONUHAKOBHIN 3¢p(deKT, U T09TOMY MX MOKHO MHTEPIIPETUPOBATH Ha I10-
JyTpyIIe (S, e,0), IIOPOKIEHHOV MHOKeCTBOM 3JIEMEHTAPHBIX [EVICTBII LA C omeparyeil KOMIIO3UIIUH o
U HeMITPaJIbHBIM 3JIEMEHTOM e. DiIeMeHThI MHOXeCTBa S OyqeM HasbIBaTh COCTOSHUIMM HaHHBIX. B pe-
3yJIbTaTe IPUMeHEHV COCTABHOTO NeICTBUSL A = a1 4d; ... Ay K COCTOSTHIIO aHHBIX S OyIeT IT0IyYeHO HOBOE
COCTOSIHIIE JAHHBIX 8’ = Soaqodyo -+ ody.

B 37011 cTaThe MBI OTPAaHUYMMCS PACCMOTPEHMEM CAMOII IIPOCTOI MHTepIIpeTauny, Koraa (S, e, o) sB-
JisseTcst CBOOOTHOI MOJMYTPYIIIION ¢ MHOXeCTBOM 00pasyorux A. B aToM ciyuae MHOKECTBO COCTOSTHII
AHHBIX S COBIIAJaeT C MHOKECTBOM COCTAaBHBIX JEICTBIII A", olleparimei o SBIsgeTcs KOHKaTeHaIMs CJIOB
B andasure A, a HaUAJIbHBIM COCTOSIHIEM [AHHBIX € IBJSIeTCS IycToe cioBo B andasute A. Boiee 06-
LI cIydail Mofesiell pearpyloINX CICTEM Hal IPOM3BOJbHBIMU IOJIYyIPyIIaMI pacCMaTpMUBAJICA B
paborax [23—25].

Asmomam-npeobpazosamenv Hax MHOKecTBaMy curHaitoB C U 3JIeMeHTapHbIX NeiicTBuil A 3amaercs
msarepxoit 7 = (Q, C, A, qinit, T), THE
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« Q — KOHEUHOEe MHOYKECTBO COCMOAHULL YNPABIIEHUS;

* Ginit € Q — HauaIbHOE COCMOTHUE;

e TcQxCxQx A" — KOHEUHOE OMHOULEHUE NePexo0os.
Yersepky (q’,¢,q”,h) € T Gynem HasbiBaTh nepexodom. Kaskmplit Takoil Iepexoj] COOTBETCTBYET IIPO-
CTeifllleMy IIary BBIUMCIIEHUS PearupyIollell CUCTEMBI: eCIM CUCTeMa, IpeObIBaIas B COCTOSHUM ¢,
[IOJIyYaeT Ha BXOJ€ CUTHAI ¢, TO OHA BBIIIOJHSAET JelicTBue h u mepexonut B cocrosiume q”. Kak 06brano,

¢, h
MBI OyieM MCIoab30Bath 3anuck ¢ — q” Bmecro (¢’,¢,q”’,h) € T.

ITpozon ipeoGpasoBareiis 7 — 9T0 GeCKOHeUHas IOCJIeT0BATEIbHOCTD IIEPEXOI0B

e, hy c2, hy 3, h3

P=q q2 q3

[IporoH Ha3bIBAETCS HAUATILHBIM, €CTI §1 = (init-

IIporoHsI aBTOMATOB-IIPE0OpPA30BATEINEIl — 3TO U €CTh aGCTPaKTHbIE 0O6Pa3bl BRIUMCIEHUIT Pearupyo-
mux cucreM. OgHako HabJIoaeMoe IIOBeleHIe pearnpyoLell CIUCTEMBI BRIIJIIAUT coBceM nHave. Cro-
pOHHeMY HAaOJIIOHATENI0 He HOCTYIIHO YCTPOVICTBO aBTOMATAa-IIPeobpasoBaress, U II09TOMY OH MOXKET
0003peBaTh JIMIIb [TOCTYIAOIINE HA €r0 BXOA CUTHAIBI M PErMCTPUPOBATH Pe3YJIbTAThl BBIIIOTHEHIS
IEVICTBUII ITOCIIe KKIOr0 BXOMHOTO CUrHania. IloaroMy npm aHanu3e MOBeEeHNS PEaTUPYIOLINX CUCTEM
BMeCTO IIPOTOHOB MBI OyeM MMeTh AeJI0 ¢ HaOI0AaeMbIMI TpaccaMy, I1OCIIeOBATEIbHOCTSIMI I1ap, CO-
CTOSIII{MIMIY 3 ITOCTYIUBIINX Ha BXOJ CUTHAJIOB U JOCTUTHYTHIX COCTOSHMI JaHHBIX.

Tpaccoti Hax MHOXecTBaMy curHainoB C U 3jleMeHTapHBIX HelcTBUII A HaspIBaeTCs BCAKas Iapa
tr = (s, @), B KOTOPOIT IepBasi KOMIIOHeHTa 5y € A", a Bropasd KOMIIOHEHTa @ SABJIETCS 0eCKOHEUHOII
ITocJIeJOBaTeIbHOCTHI0 Tap @ = {(c;, Si)}i>1, ¢ € C, s; € A". MHO>XeCTBO BCeX BO3MOKHBIX Tpacc 0003HaUNM
samuceio Traces. Mpl 6ymem o6o3HauaTh 3amuchbio tr|' cybdukce Tpacce tr, T.e. Tpacey tr|' = (s;, al’), B

KOTOPOIt @|' = (Cis1, Siv1), (Cirz2s Sis2)s - -
« ash c2, ha
Kaxxnmoe cocrossHme maHHBIX Sy € A" ¥ IPOTOH p = ¢ ——> @2 —> ... aBTOMara-IipeoObpasoBaTes

JT TIOPOKAAIOT Tpaccy tr = {Sy, @), B KOTOPOI IOCIENOBATENBHOCTS Iap a = (c1, $1),(cz, S2), -+ 5 (Cis Si)s ---
VIOBJIETBOPSIET PABEHCTBY S; = Sj_1h; muisg mroboro i = 1. MuoxectBo Traces(rr) Bcex Tpacc, ITOPOKIEHHBIX
HaUYaJIbHBIM COCTOSHUEM [AHHBIX € M BCEMU BO3MOKHBIMU HAUATBHBIMIU MPOTOHAMMU pj,j; aBTOMATA-
npeobpasoBaTens 7, GopMaIN3yeT MOHITHE HAGII0TAEMOro ITOBEeHNs II0CIeI0BATEIbHON pearnpyro-
LIell CHCTEMBI, MOMENMPYEMOIl aBTOMAToOM 7. TOrga CBOMICTBOM HAOIIOMA€MOTO IOBENEHUS CUCTEMBI
ABIISIETCS BCIKOe ITOIMHOXeCcTBO Prop muoxectBa Tpacc Traces. Pearupytomas cucrema, Mogenmpye-
Masi aBTOMaTOM-IIPe00pa30BaTENIEM 7T, YAOBIETBOPSET CBOIICTBY HAOIIOOAeMOT0O OBeNeHMs Prop B TOM 1
TOJIBKO TOM CJIyuae, eCJIV BBITONHAeTCs oTHoweHue Traces(r) € Prop.

2. S3pIk cienuduKanuii HoOBeXeHNS pearnpywmux cucreM Reg-LTL

B ocHoBy opmanpHOro 13b1Ka cuerndukaruit Reg-LTL, npeqHasHaueHHOTO [JIs1 OMICAHUS CBOVICTB
HaOJI00aeMOro IIOBeNeHN PearupyoIUX CICTEM, IIOJOXKeH SI3BIK TEeMIIOPAThHOI JIOTMKY JMHETHOTo
Bpemenu LTL. HoBblil Jormyeckuii popManmusM MMeeT ABe OTIIMUUTENbHbIe OCOOCHHOCT:

* aTOMapHBIMU GOPMYJIaMMI SIBIISIOTCS IIpeIMKAThI Ha MHOKECTBE COCTOSTHIIL JaHHBIX A, T.€. I3BIKI

B asdasute A;
+ BCe TeMIIOpaJbHbIE OIIEPATOPHI ITapaMeTPI30BaHbl OTHENIbHBIMY CUTHAIAMMI U3 MHOXKecTBa C MIn
MHOYXeCTBaMIH (S3bIKaMI1) IIOTOKOB CUTHAJIOB 113 COBOKyItHOCTI C .
B ob6uiem ciyuae (cm. [14]) 6a30BBIMM IpeIUKaTaMy U IapaMeTPAMU TEMIIOPATBHBIX OIIEPATOPOB MOTYT
OBITH IIPOM3BOJIbHBIE SI3bIKM B anaBurax curHaioB C u ajneMeHTapHBIX meiicTBuii A. Ho misa mocrpoe-
HYS 3¢ GEeKTUBHBIX paspelIaolX IPOoLeayp IPUXOAUTCA OTPAaHNYUMBATHCS PeryaIpHbIMU g3bIkaMu. Kak
M3BECTHO, PeryJsIpHble S3BIKM MOKHO 3a7aBaTh Pa3HBIMIU cliocobamur; OOVH 13 Hanboiree IIPOCTHIX U 3¢-
(beKTUBHBIX — 3a7aBaTh MX PV IIOMOILY KOHEUHBIX AeTePMIHUPOBAHHBIX aBTOMATOB-PACIIO3HABATEIIEIL.
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B manpHeliieM, ymoMmnHast O peTyJIAPHBIX A3bIKaX IPU OIMMCAHNUM CUMHTaKcuca Joruku Reg-LTL, me1 6y-
IIeM II0Jpa3yMeBaTh, UTO KKAbIIL peTryIIpHBII I3bIK IIPeICTaBIeH MUHIMATbHBIM e TEPMUHIPOBAHHBIM
aBTOMaToM-pacrio3HaBaTesieM (aBromaroM Pabuna-CKoTTa), JOIIYCKAIOIINM 3TOT SI3BIK.

®opmyst toruku Reg-LTL onpenensoTcs CieqyommM o6pasom:

1. Bcskuil perynspHBbIit A3bIK P B andasure A aBasercs gopmytoit (6a30BBIM NIPERMKATOM);

2. ecyu BBIpAXKEHUS ()1, P2 — POPMYJIIBI, TO 1¢; and ¢; A @p TaKXKe SIBIIIOTCA GOPMYyIaMu;

3. ecay BRIp@XEHU @1, ¢ — popMyansl, ¢ € C, u L — perynspHsblit 13bIK B asidpaBute C, TO BBIpAKEHUSI

X o1 u ¢;Up @, sBasirorcst popMyIiaMum.

CemanTuka si3pika Reg-LTL onpeensieTcst OTHOIIEHIIEM BBIIIOJHMMOCTY GOPMY.JI Ha TPACCaX, KOTOPBIE
BBICTYIIAIOT B POJIY MHTEPIIPETAIMOHHBIX CTPYKTYP. s 3amanHot Tpaccsl 1 = sy, &), rae a = {(c;, h;)}i>1
MBI OyieM JCIIOJIB30BATh 3aIUCh i1 k |/ I 0003HAUEHMs TOTO, UTO POpMyJIa | BBIIIOJHIETCI Ha Tpacce
tr. OTHOIIIEHMe BBIITOJHUMOCTY POPMYII F OIIpeqesseTcs MHAYKTUBHO CIeqyIomuM obpa3om:

1. tr ¥ P < sy € P gysa m1060ro 6a30BOT0 npegukara P;
tr F @ < eciau HeBEepHO, UTO S F @;

IrE i Ay = trEk Y utrk Yn;

treXep &= c=cutr|' k¢

tr £ ¢p1 Urgp, <= cymectByer Takoe i > 0, UTO IIOTOK CUTHAJIOB CiCy ... C; IPUHAMJIEKUT A3BIKY
Lnu tr|i F @, 1 pu 9TOM 11 J1I060ro j, 0 < j < i, BCAKUIT pas, KOrjaa MOTOK CUTHAJIOB € Cp ... Cj
NPUHAIEKUT A3bIKY L, CTIpaBeInBo cooTHOIIeHue tr k ¢.

Kak BugHO M3 NIpuUBedeHHOTO OIpenesieHNsd, TeMIopanbHble onepaTopel X u U mMeror B jJoruke Reg-
LTL rakoil >xe CMBICI, KaKk M B OCHOBOIIOJIararoufeir sjoruke LTL c Toit Juib pa3HUIlEN, UTO Telepb
IIpM IPOABYDKEHUM BpeMeHM NPUXOANTCA YUNTHIBATh, IPMHAIJIEKNUT JIM IIOTOK CUTHAJIOB TPAcCHl {r, Ha
KOTOPOII IIPOBEPAIOTCSI POPMYIIBL, TEM SI3BIKAM (B CTATHAX [ 14, 17] OHM Ha3BIBAIOTCA 11a0IOHAM TOBEXEHIS
OKPY’KaIOIIEeN CPebI), KOTOPHIMU ITaPaMETPU30BAHBI 3TU OIIEPATOPHI.

IIpn momorm OTpUIIAHUSA ¥ KOHBIOHKIMM MOKHO BBIPasUTh GopMysiaMy Opyrue OyJeBbl CBSI3KI,
Haroxo0me AM3BIOHKIMY V MIIM NMIUINKamy —. Kpome Toro, TouHo Tak ke, Kak u B joruke LTL MOXHO
OIIpeeJINTh APYTue TeMIIOpaJIbHbIE ollepaTopsl, Takue Kak Fro = trueUpg u Gro = =Fr .

Kaxkmast popmyia ¢ mornku Reg-LTL xapakrepusyer MHOKecTBO Tpacc Traces(¢) = {tr € Traces|trk
@}. Bymem roBoputh, uro ¢popmyna ¢ ewvnonnuma, ecniu Traces(p) # J; Takke OyIeM TOBOPUTH, UTO
aBTOMar-npeobpasoBarens 71 yoosremgopsem gopmyne ¢ (0603HAUAETCS 3aIUCBIO 7T k () €CiIM MMeeT
mecro Britouenne Traces(r) c Traces(p).

BripasuTenpHbIe BO3MOXKHOCTY TEMIIOpaIbHOI ToTnKY Reg-L T L mogpoGHO Mccaeg0BaHbI B cTaThbe [17].
B uactHOCTHM, OBLIM BBIAENeHbI ABa ¢parmenta LP-1-LTL u LP-n-LTL, KoTOpble ITO3BOJIMIN CPABHUTH
IapaMeTpU30BaHHYI0 TeMIIOPAIbHYI0 JOoTUKY Reg-LTL c TemmnopanbHol jjorukoit LTL n MoHOAMUECKOM
sorukoit S1S. ®opmynsl nepBoro u3 aTux pparmentos LP-1-LTL cTpodarcsa Hax OGHOOYKBEHHBIM ajda-
ButoM C = {c} BXOZHBIX CUTHAJIOB U IIPOM3BOJBHBIM KOHEUHBIM a1(paBUTOM 3JIeMEHTAPHBIX AEVCTBUI
A = {ay, ay,...,a,}. B KauecTBe mapaMeTpOB TEMIIOPAIBHBIX OIEPATOPOB B PopMyJiax 3TOro ¢pparmeH-
Ta paspelaeTcs JCIIOIb30BaTh JII0ObIE peryJisipHble sS3bIKM Hapx aixdaButoM {c}, a B KauecTBe 6a30BBIX
IIpeIVIKaTOB MCIIOJB3YIOTCS peryJsapHble sA3bIkM Bupaa P; = A’g;. [Ipm Takux orpaHmMyYeHMSIX IOSBIISIET-
cs1 BO3MOKHOCTh CpaBHUBATH ceMaHTVKM JoTuK LTL n LP-1-LTL Ha OMHOM U TOM >Ke KJlacce MoJeJelt
(Tpacc). B [17] 6s110 mOKa3aHo, uro nrobas popmyna LTL nmeer sxkBuBaneHTHYI0 popmyny LP-1-LTL, Ho
pu 3ToM ecTh Takue gopmynst LP-1-LTL, nias KOTOPBIX He CYIECTBYeT 9KBMBaNIeHTHbIX ¢opmyia LTL.
®parment LP-n-LTL onpenenseTcss aHAIOTMYHO, C TOV NI pa3HuLell, uTo andasuts: C 1 A COBIIaTaIoT,
T.e.C = A ={ay, a, ..., a,}. B 10i1 Ke craThe [17] yOaIOCh YCTAHOBUTD, UTO KJIACC MOMEJIEN, HA KOTOPBIX
BBIIOJHAIOTCT PopMyibl LP-n-LTL, B TOUHOCTM COBIIAfaeT C KJIACCOM CBEPXI3BIKOB, PACIIO3HABAEMBIX
KOHEUHBIMU aBToMaramMu Maitepa. Orciona cienyert, uto jgorukyu LP-n-LTL u S1S MMeroT OgTHaKOBBIE

Gk N

BbIpA3UTEJIbHbBIE BO3MOKHOCTIL.
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B cnemyromnieM paspgese Mbl IPUCTYIIMM K OIIMCAHUIO HAIIIETO METOA pellleHNsI ABYX OCHOBHBIX 3a1ad,
CBSI3aHHBIX C ONMCAHHOII 3ech JoTnKo Reg-LTL. 3amaua mpoBepKM BBIIIOJIHUMOCTY (GOPMYJII COCTOUT B
TOM, YTOOBI JIsI IIPOM3BOJIbHOI 3aKaHHO ¢popMyibl Joruku Reg-LTL BBIICHUTH, ABIAETCS N1 3Ta Pop-
MyJia BBIIOJIHMMOI. 3amaua BeprduKamyu MOIeseil COCTOUT B TOM, UTOOBI I IIPOM3BOJILHOTO 3a/aH-
HOTO aBTOMaTa-Iipeobpa3oBaTess 7 1 IPOU3BOIBHON 3aXaHHOI GopMysl ¢ Joruky Reg-LTL BBIACHUTE,
CIpaBeIMBO Ju OTHOIIeHUe 7 F ¢. Kak BUIHO M3 pe3ysnbraroB, IIpeACTaBIEHHBIX B cTaThe [17], 06e
paccMaTpuBaeMble 3aJaull SIBJISIOTCI Pspace-TpyRHBIMU, 1 ITO3TOMY Halllell I[eJIbI0 SIBJIIETCA paspabor-
Ka aJITOPUTMOB, CIIOCOOHBIX PELINTh YKasaHHbIE 3a[aull C MCIIOIb30BAHMEM IIOIMHOMUAIBHOTO 06beMa
naMATH.

3. IIpoBepka BBINOIHMMOCTH (POPMYJI IIPU IMOMOLIM aBTOMAaTOB Broxm

TeopeTuko-aBTOMATHBIIT IIOAXOM K IIPOBEPKe BBIIIOJIHMMOCTH (POPMyYJI TeMIIOPAIbHO JIOTUKM JIMHE-
HOTO BpeMeHIU, [IepBOHAUATIBHO IIPEJIOKEHHBIN B cTaThe [18] M ommparornuiics Ha maen paGoTel [26],
IpeJrojIaraeT IOCTPOeHMe A IpoBepaeMoli popMynIbl ¢ aBToMaTa Broxu By, KOTOPEIil yIOBIETBOPSAET
ciIemyromeMy TpeGOBaHIIO: ¢ BBIIIOJHIIMA TOT/IA M TOJIBKO TOTa, Korja Lang(B,) # @. Torga mpoBepka BbI-
ITOJIHMMOCTH (pOpMYJI CBOOUTCS K 3aade IIPOBEPKI ITyCTOTHI I aBTOMATOB Bloxu. 9Ta 3afgaua pemraercs
IeTeEpMUHMPOBAaHHBIM aJITOPUTMOM 32 BpeM, IMHEITHOEe OTHOCUTEILHO pasMepa aBTOMATA, MJIN HeleTep-
MIHMPOBAHHBIM QJITOPUTMOM C MCIIOJIB30BaHMEM IIaMATH, 00'beM KOTOPOII OLIeHMBAETCSA JIOTapu@MOM
oT pasmepa aBromara. O6bruHO aBTOMAaT Bioxu B, cTpouTca Tak, uToObI A3bIK Lang(B,) cocTosn n3 BCex
(-CJIOB, IIPECTABIIAIONINX MHTEePIPeTauuy (TPacchl), Ha KOTOPBIX BHIIOJHAETCH IIpoBepsAeMas hopMyia
¢. s TemniopanbHoii toruku LT L TpaHciasanus GopMyJI B aBTOMaThI BIoxu MoskeT GBITH OCYII[eCTBIEHA 32
BpeMs, 9KCIIOHEHI[aJTbHOe OTHOCUTEIBHO pasMepa (GOPMYJIBI U C MCIOIb30BAHMEM IOIMHOMMAIBHOTO
o6bema mamaTu. Pasmep camoro aBTomata B, Ipu 3TOM OLleHIBAETCA 3KCIIOHEHTOM OT pasMepa hopMyIIbI
¢, OTHAKO ITPOBEPKY ITyCTOTHI A3bIKa Lang(B,) MOKXHO IIPOBOAMTH «HA JIETy» 6e3 IMOCTPOEHNS aBTOMAaTa
B IBHOM Buje. Tak ymaeTcs I0KasaThb, 4YTO 3aaya IIPOBEpKM BBIIOIHUMOCTH (popmyit LT L npuHaIeKUT
Kyaccy cnoxuoctu Pspace.

ABTOpHI cTaThy [14] MpUMMeHMIN yKasaHHBIN IOAXOJ K PeILIeHNIO 3afaul BepUQUKaIy Moeelt
g noruku Reg-LTL. OgHako IpemyIOXKeHHBII B 9TOJ cTaTbe MeTox TpaHcuauum ¢gopmya Reg-LTL B
aBTOMAaThl Broxuy okasayics CIMIIIKOM TPYAOEMKMM: pa3Mep IIOIyUYaBIINXCsl aBTOMATOB OLIeHIBAJICS ABO-
HOII 9KCIIOHEHTOII OT pasMepa TeMIIOpalIbHBIX (popmyir. [JoaToMy IS MpoBepKU BBITOIHIMOCTU (GOPMYJIL
TpeboBajcsa 00beM ITaMATH, SKCIIOHEHIMAIBHO 3aBUCAIINII OT padMepa popMyIL. B marHOIT paboTe MBI MO-
IUUIUIPYyeM 9TOT AITOPUTM, BOCIIOJIb30BaBILINCH IIpMeMaMI, KOTOpbIe ObLIN IIpeIosKeHbl B cTaThbe [8],
U TIOJTy4aeM IIONMHOMMAJBHBIE II0 00BEMy IaMATHU IIPOLEAYPHI BepUPUKAIMM MOAeIell U IPOBepPKIU
BBIIIOJTHIMOCTY (pOpMYJI paccMaTpuBaeMoit joruky Reg-LTL.

3.1. Asrtomarbl Pabuna-Ckorra 1 aBTOMaThl broxu

Koneunwiii asmomam Pabuna—Ckomma (majee aBTOMaT-pacIio3HaBaTelb) Hax andaBuToM X 3amaercs
nsarepkoit A = (Q,2, Ginit, 9, F), rie Q — KOHEUHOE MHOYKECTBO COCIMOAHULL, BKITIOUAIOIIEE HAYATbHOE COCMO-
SAHUE Qiniy € Q M TIOOMHOXKeCTBO donyckatouwux cocmosuuti F € Q,a §: Q x X — Q — PyHxyus nepexodos.
9Ty QPYHKIIMIO MOXXHO PACIIPOCTPAHUTH HA MHOKECTBO CJIOB X.* 0OBIYHBIM 00pa3om, mmonaras 5(q, €) = ¢, u
é(q, ox) = 8(8(q, 0), x) mia Bcex cocroaHuUit ¢ € Q,0 € ¥ m coB x € X*. Pasmep aBromara A — 3TO YMCIO
ero cocrostHmii |A| = |Q|.

ABTOMaT-pacrosHaBatesnb A donyckaem CJIOBO X € X TOrfa M TOJNBKO TOrAa, Korma O(qinit, x) € F.
MmuoxecTBO Bcex cnoB Lang(A), momyckaeMbIXx aBTOMAaTOM A, Ha3bIBA€TCs S3blKOM 3TOTO aBromarta. s
MPOU3BOJIBHOTO PEryJSIPHOTO s3bIKa L 06003HAUMM 3anmuchio |L| pasMep MUHMMAJIBHOIO aBTOMATA, [JIS
KOTOPOTO BBIIIOJIHEHO PaBeHCTBO L = Lang(A).

Koneunsbie aBTOMaThI MOTYT paboTaTh HE TOJIBKO Ha KOHEUHBIX C10Bax. O603HAUNMM 3aMUCHI0 2“ MHO-
JKECTBO BcexX 6ECKOHEUHBIX ITOCIIe0BaTeIbHOCTEN OYKB ayidpaBmTa X, KOTOpbIe 6yIeM Ha3bIBATh (0-CIOBAMIL.
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HenerepMmuunposanusiii asmomam Broxu Hap andasutoMm X, kak u aBromaT Pabura-Ckorra, 3agaercs ms-
tepkoit B = (Q, 2, qinis, A, F), KOTOpas BKIOUaeT B ce0sI MHOYKECTBO COCTOSHUIT (), HAUAIIBHOE COCTOSIHIIE
Qinit, OTHOIIIeHME 1epexofoB A ¢ O x X x Q ¥ MOAMHOXECTBO AOIyCKaoIux coctosHuit F ¢ Q. OgHaxo
¢dbyHkumnoHMpoBaHue aBTOMaToB Broxu onpenensercs uHaue. s 3aaHHOTO w-CJIOBA X = (0102 € X%,
npozorom aBTomara Broxu B Ha c10Be X Ha3bIBaeTCs Takas OeCKOHEUHasl II0CIeN0BATEIbHOCTh COCTOSTHIII
qo> 91, G2, ---» B KOTOPOIL (o = Qinir, M AJA KaKOOTo i,i > 0, BBINOJHAETCS BKIIOUEHNE (qi, oi, q,~+1) € A.
Takoit IpPOroH cYMTAeTCI 00NYCKANW,UM, €CTIU B HeM OECKOHEUHO MHOTO pa3 BCTPEUAIOTCSI COCTOSHUS 13
IOIIYCKAIOIIEro MoAMHOKecTBa F. ByeM roBopurs, 4To w-cjioBo x € X“ donyckaemcsi aBToMaToM B, eciu
CYILlIeCTBYeT AOIIYCKAIOIIUII IIPOTrOH aBToMaTa B Ha cjoBe X. MHOXeCTBO BCeX (w-CJIOB, KOTOpbIe OITyCKa-
eT aBroMar Broxu B o6o3naunm sanuceio Lang(B). Pasmepom |B| aBTomara Broxu B HazoBeM 4uCIIO €ro
COCTOSTHUIA.

3.2. Tpaucasauua popmyn Reg-LTL B aBTomatsI Broxu

Paccmotpnm (6eckoneunoe) MmHOkecTBO map ciioB C x A", rme C — MHOXeCTBO CUTHAJIOB, a A — MHOXe-
CTBO 3JIeMeHTapHBIX fericTBuit. Torpa 6eckoHeuHas nociemoBarenbHocTs ff = {(¢;, hi)}iz1, ¢ € C, h; € A,
MOJKET pacCMaTPUBATHCA KaK (-CJIOBO B YKa3aHHOM ajdaBure. ITO CJIOBO OJHO3HAUHO XapaKTepU3yeT
Tpaccy trg = {e,a), rae a = {(ci, h1hy ... h;)}i>1. Hama menp cocTouT B TOM, UTOOBI AJIS IIPOM3BOJIBHOI
dopmynr ¢ moruku Reg-LTL mocrpouts Takoli aBTomat Broxu By, paamep KoToporo He 6oJiee 4eM 9KCII0-
HEHIMAIbHO 3aBUCUT OT pasMepa GopMyIIbl By, y10BIE€TBOPAIOIINIL IIPU 9TOM CIeyIoleMy Tpe6oBaHIIIO:
nns mo6oro w-ciosa ff € (C x A”)® BepHO cooTHoIeHme f € Lang(B,) < trg F ¢.

Jns 3agaHHON dopMyibl ¢ sorukyu Reg-LTL BelmenuM B 3TOil GOpMyJsie BCe peTyJIIpHbIE S3BIKK
Li,Ly,...,Ly u Py, Ps, ..., Py, KOTOpBIE UCIIONAB3YIOTCS B POPMYJIE ¢ B KAUECTBE MAPAMETPOB TEMIIOPATIBHBIX
OIIepaTOpOB U 0A30BBIX MIPEIMKATOB COOTBETCTBEHHO. PacCMOTpIM MUHMMAIIBHEIE I10 pa3Mepy aBTOMATHI
Pabuna-Cxorra A; = (O}, C, @iy 61, F{), 1 < i < k,u Dj = (Q, A, qinir» 6, F’), 1 < j = m, pacniosnaronme

init,j>

k m
9TU perynapHble I3bIKK. Pasmepom dhopmyisl ¢ GymeM HaspIBaTh BeqmuuHy |¢| = £ + Y. |Aj| + Y, |Dj|, tme
i=1 j=1

{ — KOJIMUeCTBO OYJIEBBIX CBA30K B popMyIie ¢.

Ipu mocTpoenuy aBromara Broxu B, 6ygem ciieoBaTh IPUHIMIIAM IIOCTPOEHIIS aBTOMATOB, XapaKTe-
PUSBYIOLINX BBITOJIHUMOCTh TEMIIOPAIBHBIX POPMYII, KOTOpbIe U3JI0KEHBI B MOHOrpadusax [12, 13] mpu-
MEHUTEJIBHO K popmymnam jsoruku LTL.

3ambikanuem Pumepa-JlagHepa mius GOpMyJIBl ¢ HA30BEM HAUMEHBIIEE MHOXKECTBO (POPMYIT
Closure(p), KOTOpO€e YOOBIETBOPSIET CIEAYIOLINM YCIOBUSIM:

« @ € Closure(p),

« i € Closure(p) < - € Closure(y),

« ecu Y A Y € Closure(p), To ¥/, "’ € Closure(yp),

« ecu Xy € Closure(y), 1o € Closure(yp),

« ecm Y'ULy” € Closure(p), ro ¢/, " € Closure(p),

HopmuoxectBo K ¢ Closure(p) HasbIBaeTCst C02/ACO8AHHbIM, ecit K HEITPOTUBOPEUNBO KaK MHOKECTBO
IPOIIO3ULMOHANBHBIX (GOPMYII U IIPM ITOM COTIIACOBAHO C CEMAaHTUKOI TEMIIOPAIBHBIX OIIEPATOPOB, T. €.
YIOBJIETBOPSET YCIOBUSAM:

« s Besikoit popmyutel ¥ € Closure(g) Bepao ¢y € K < -y ¢ K (mosaras mpu sToM =~y = §),

« s Beskoit popmynnt ' A Y € Closure(p) Bepuo ¥/ Ay’ € K <= ¢/, y” €K,

« muis Beskoit popmyast ULy’ € Closure(p) ecnmu ¢/ € Kue € L, to y'Ury” € K,

COBOKYITHOCTD BCEX COTIIACOBAHHBIX ITOJMHOKECTB COBOKynHOCTI dpopmyn Closure(p) Gymem o6o3HauaTh
3anucero K.

Monoxum V = | JX, 0/, W = U7 Qf. Bymem roBoputs, uto MHOMeECTBO coctostHmit R ¢ W do-
CMUMUMO, ecit R COmEpKUT POBHO IO OJHOMY COCTOSHUIO K@)XXJOIO M3 aBTOMATOB-PACIIO3HABATEJNEN
D;j,1 < j < m, mpuueM Bce 3TH COCTOSTHMS JOCTVDKIMBI 13 COOTBETCTBYIOIIMX HAYAIBHBIX COCTOSHUI Ginjt j
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TUX ABTOMATOB II0 OJTHOMY U TOMY e ClOBY, T.e. R = {&(qin;1;»h) © 1 < j < m} nus mekoroporo ciosa
heA.
Asromar Broxu By, = (Q, Cx A", Qinir, A, F) Ham andasurom C x A" onpenenserca cleqyoImumM 06pasoMm.
(1) CocrosHMAMU 3TOTO aBTOMATA SIBJIAIOTCA HAOOPHI M3 MHOXECTBA

Qc Kq, x 2V x ZVX{O’l} x 2V x {0,1} x {o,.}.

Kasxnerit takoit Haoop (K, C, S, R, b, 0) cocrour u3s cormacoBanHoro maoxecrsa ¢popmyn K € K,
KOHTPOJIBHOTO MHOKeCTBa cocTosiHmit C < V, BBINOJNHSIOLET0 MHOKECTBA IIOMEUEHHBIX COCTOS-
Huit S ¢ V x {0, 1}, npeAnMKaTHOTO SOCTVDKMMOTrO MHOKeCTBaA cocTossHuit R ¢ W, ¢assr b € {0,1}
n mapkepa 0 € {o,«}. [Ina toro, uto6sr Habop (K, C, S, R, b, ) mpuHamiexan MHOXKECTBY COCTOSI-
HIJI paccMaTpuBaeMoro aBromara Broxm B, HeEOOXOAMMO U TOCTATOYHO 0OeCHIeYNTh COOII0TeHIe
cleqyoimux TpeGoBaHMIT:
« U1 KaXgoro 6asoBoro mpenmkata Pj, 1 < j < m, BepHo coorHorenne P; € K < Fj’ "nR+Q;
« g kaxmoit opmynsr YUy, y € Closure(p), rme 1 < i < k, BBIIIOJIHAIOTCS YCIOBUA
- eam y €K, o F/ nC # @,
— €CIM Ginir,; € C 1 1py 3TOM 1IM60 € € L;, mubo € K, To YU,y € K,
- ecimu YUp, y € K, To 160 BepHBI 06a BKItoueHus ¢ ¢ L; u ¢ € K, mu60 (qiniti,1 - b) € S,
- ecnu (q, f) € S na HekoTOporo cocrosHUs g € Qf u HekoTopoit daswl f € {0,1}, To UG
g€ F/ uyeK,mubo y € K.
(2) Ornorrenne nepexomoB A ¢ Q x (C x A*) x Q comep:KUT mepexox

((K,C,S,R, b,0),(c.h),(K',C",S',R V., ¢))

B TOM U TOJIBKO TOM CJIyuae, eCJIV BBIITOJHEHBI ClleAyIolye TpeGoBaHus:
« s Kaxmoro j, 1 < j < m, BepHo coorHomtenue q € O nR = §7(q,h) € R,
« s mro6oit popmyist Xy € Closure(p) Bepo cootnomenne Xy € K = d = ¢,y € K/,
« YUy € Closure(¢), tme 1 < i < k, BBIIIOJTHSIOTCS yCIOBUS
- ecu ¢’ = 8/(q,¢) € Q/ n C’ v mpu aToM nmGo q ¢ F/, mubo € K, 1o q € C,
- ecnu (q, f) € S 0y HeKOTOPOro cocTOAHUA q € Q; ¥ HEKOTOpoit $assl f, 1 Ipu 3TOM 160
q ¢ F/, nu6o y ¢ K, 1o (8/(g,¢),f) € &,
—ecmmf=e0b =1-buf =o,
— ecnu 6 = o, 0 b’ = b; ipu 3TOM B Ciyuae, ecnu y ¢ K MM MHOKECTBO S COIEPKUT Hapy
(¢, b), nns koropoit q € F/, 10 6 = o, a B mporusHOM ciyuae 6 = .
(3) MuoxecrBo HauanbHbIX coCcTOSHUI Q;pniy = {(K, C, S, R,0,+) : ¢ € K, R— HOCTIIKMMOE MHOECTBO }.
(4) MuoxecrBo momyckarommx cocrogauii F = {(K,C,S,R, b,+) : K € K, }.

Teopema 1. Popmyna ¢ évinorHuma mozda u monvko mozoa, kozoa Lang(B,) # @.

Hoxazamemrvcmeo. (acku3) CripaBemIMBOCTD YTBEP)KIEHMS TEOPEMBI YCTAHABIMBAETCS, CIENYS TOI JKe
cxXeMe pacCyKIeHuII, KoTopas IPUMeHseTCs IPU 000CHOBAHUY AHAJIOTMYHBIX TEOPEM I TEMIIOPATBHBIX
smoruk LTL [12, 13], DLTL [8], u, nHakoHer, camoii sjoruku Reg-LTL [14].

Jlna KaKOoro MOITyCKAIOLIEro IPOTOHA p = Z,Z1,...,Zj,... aBToMara Broxu B, Ha w-cioBe f, rae
zi = (K, Ci, Si, Ri, by, ), i = 0, magykimeit mo cTpykrype nogdopmya ¢ € Closure(¢) MOXHO 1OKa3ars,
uro myd jaboro i = 0 MMeeT MeCTO COOTHOIIeHMe i € K; < trﬁ|i F /. Kpome Toro, must Kaxmoit
Tpacchl {1, Ha KOTOPOIL BBIMIOJIHAETC GOPMYJIa (), MOXKHO ITOKa3aTh, UTO ISl -CJIOBA [, IIOPOXKIAIOIIIETO
aTy Tpaccy, aBToMar Broxu B, mMeer Jomyckaroliee BEIYMCIEHNE p, B KOTOPOM I KaKIOTO COCTOSHIUSA
zi = (Ki, Ci, Si, R;, b, 0;) Bepo K; = {{ : ¢ € Closure(¢), tr|'  /}. TIocKONbKY [l Ka)KI0T0 HAYAIBHOTO
cocrostHus zy = (Ko, Co, So, Ro, by, 6y) BepHO BKiIIOUeHME @ € Kj), OTCIOOA CIIeyeT YTBEP/KIEHIIE TEOPEMBI.

365



Gnatenko A.R., Zakharov V. A.

BmecTo TOr0, UTOOBI IPUBOAUTH TEXHUUECKIE HETAIN 9TOTO OOOCHOBAHISI, MbI OTPAHMUMMCS 00BsIC-
HEHIEM TOJ POJIN, KOTOPYIO UTPAlOT B PyHKIIMOHMPOBAHNM aBTOMAaTa B, Bce KOMITOHEHTBI €T0 COCTOTHIIT
z=(K,C,S,R, D, 0).

AcHo, uto K — 310 MHOXeECTBO Beex Tex popmyn 7 € Closure(p), coBMeCTHasI BBIIIOJTHUMOCTD KOTOPBIX
IOJDKHA OBITH ITOATBEpsKIeHa Ha KaKo-1ubo Tpacce, T.e. tr k . OcTanpHble KOMIIOHEHTHI COCTOSIHUII aB-
TOMaTa COBMECTHO C OIIpejesieHIeM OTHOIIEHS ITePeX00B A IPU3BaHbI 00eCIIeUNTh COOIIOIeHIIE 9TOTO
TpeGoBaHMs. BRIMOIHMMOCTD 6a30BBIX IPEAMKATOB KOHTPOJIMPYIOT MHOXKECTBa R;, comepkaliyie poBHO
10 OOHOMY COCTOSIHUIO JJIs Kakmoro aBromara Dj, 1 < j = m. Onpenenenne oTHoueHus A rapaHTupyer,
YTO B IIPOTOHE p Ha w-cioBe {(c;, h;) : i = 0} sty MHOXKecTBa R; M3MEHSIOTCS B COOTBETCTBUM C AEVICTBU-
amu h;. B aT0M Xe omnpeneneHun obecreueHbl yCIOBUSA BBITOMHUMOCTI Gopmyst Buma X1/, BXOISIIIIX
B MHOXeCTBO K.

ABTOMAT CeUT 3a BhIMOMHMMOCTBI0 (opmyn Bupma YUy y npu momoum anmapata gas b € {0,1};
B K&XXIOM J0ITyCKaloIlleM IIporoHe (assl uepeayoTcs. Mapkep 0 mpusBaH OTCIIeKUBATh 3aBeplieHue das.
PaBenctBo 0 = + 03Hauaer, uTo TeKylas ¢asa ycrelrHo 3aBepiieHa. VHpopMauus o ToM, UTO B TEKy-
I[EM COCTOSHUM aBTOMAT OOecreunBaeT CeMaHTMUECKHe yCJIOBUs BhimoaHUMOCTH (opmynet YUy BO
Bpems daswl b, xpanures B Bune mapsi (¢, b), ¢ € Q, B BhmonHANIIEeM MHOXecTBe S. Pasa b He Gyner
3aBepllIeHa, IToKa XOTd Obl omHa mapa (q, b) HaxoguTCsa B BBIIOJHSAIOIIEM MHOXXeCTBe. B ompenenenun
OTHOLLIEH NS IEPEXOI0B YKa3aHO yCJIOBUe, TPV KOTOPOM 13 BBIITOJHSIOIIEr0 MHOKECTBA S yAassieTcs Iapa
(g, b); aT0 mMpoMCXOAUT IMOO B TOM ClIydae, KOTAA IIOCTYIIMBILINIL IIOTOK CUTHAJIOB He IPUHAJIEKUT A3BI-
Ky Lj, KOTOpBIIi MCTIONB3yeTCs B KauecTse MapaMeTpa TeMIopaibHoro omnepartopa Uy, (3Ta anbrepHaTHBa
IPOSBIIAETCS B OTHOIIEHNN ¢ € L;), 1160 KOrja B TeKyIleM COCTOSHIN Z BO3HMKaeT HeoOX0quMOCTh 0bec-
[IeYNTD BHIITOJHIMOCTb PAaHIYHOIO YCIIOBYA ) (3Ta alnbTepHaTyBa IIposiBisercs B oTHoureHnn Y € K). Bo
BpeMs paspl b MOTYT IOSBIATHCS HOBBIE GOPMYJIBI ¢ oriepaTopoM U, BBIIIOIIHEHIE KOTOPBIX TAKXKe HY)KHO
npoBepuTts. i 91X PopMya nHpopMaIms 0 HeOOXOAMMOCTY IIPOBEPKI MX BBIIIOJIHEHNS 3aIIMICHIBACTCS
B MHOeCTBO S ¢ ¢asoit 1 — b. Ilpy 3T0M 1poBepKa BBIIIOIHUMOCTY 9TUX (POPMYII HAUMHAETCS CPasy xKe,
HO Ha ee 3aBeplleHNe OTBOJMUTCS BpeMs 10 KOHLA CIeqyromel ¢assl.

OmnpenesneHne MHOXeCTBA JOITYyCKAOIIMX COCTOSHIII FrApaHTUPYET, YTO B TOM CJIyUae, eClIif aBTOMAT
B, mMeeT moIycKaloluii IPOroH Ha cioBe f§, Bce (aspl GECKOHEUHO YACTO 3aBEpIIAIOTCA, ¥, 3HAUMT,
BBITTOTHMMOCTD Beex popmyit suaa YUr, y, MOABIAIOMIMXCS B MHOKeCTBaxX K, OCTOSHHO MOTBEP/K/IAeTCs
Ha Tpacce 7. Tak KaK Jijs1 Oy CKaIOIIIero MPoroHa BepHoO BKIoueHne ¢ € Ko, ONMCaHHBII BbIIe IPIHIIAI
dyHKIIMOHMpOBaHNA aBTOMAaTa B, TapaHTHpYeT, UTO B CIyuae HeIyCTOTHI w-a3bika Lang(B,) cymecTByer
TaKoe w-CJI0BO f3, M1 KOTOPOTO t7g F ¢. O

Kak BuaHO 13 npuBeieHHOr0 OMMcaHus aBToMarta broxu By, Uncio ero cocToOHMI OLIeHBAETCs CBEPXy
semmunnoi 2°°V(9) Panee, B craThe [14], TeopeTnKo-aBTOMATHBII ITOAXOM OBLI IPMMEHEH IS JEMOHCTPA-
LMY TOTO, UTO 3aaua BepuuKanym Mofeelt paspelnma qjs Joruku Reg-LT L. OqHako MeTOJ, KOTOPBIL
ObLI IIpeJIOKEH B 9TOII CTaThe, IPMBOIILII K IIOCTPOEHMIO aBTOMATOB BIoxu, pasMep KOTOPHIX OIEHNBAJICI
IBOMHOI KCTIOHEHTOI OT pa3Mepa poBepsaemoii popmynsl. To ycrpoiicTBo aBTOoMara By, koTopoe ommca-
HO B 3TOM pasfeJie, OKa3bIBAeTCS CYLIeCTBEHHO 00jlee KOMIIAKTHBIM 3a CUeT MCIIOIb30BaHNI B CTPYKType
cocrosumii (K, C, S, R, b, §) aBroMaToB KoMITOHeHTOB (a3bl 1 Mapkepa. C MX MOMOIIBI0 0Ka3aJI0Ch BO3MOK-
HBIM XpaHUTh moaMHOxecTBa C, S, R MHOXecTB cocTosHMiI V m W aBTOMaTOB-pacIlio3HaBaTelell Iapa-
METPOB TEMIIOPATBHBIX OIIEPATOPOB 11 6A30BBIX IIPEAUKATOB (OPMYIIHI @; B pabore [14] mis Tex ke caMbIX
IeJIell PMUXOIMIIOCH VICIIONB30BaTh CeMeICTBa MMOOMHOXKeCTB V 1 W, UTO M IPUBOAMIO K «IBOTHOMY
9KCIIOHEHIMAJbHOMY B3PBIBY».

4. CII0>KHOCTB 3aJa4M IPOBEePKU BBINOTHUMOCTU popmya Reg-LTL

Hcrionb3yss KOHCTPYKIMIO aBTOMara B, U3 MpeabIAyINero pasjieia, IOCTPOUM aJITOPUTM IPOBEPKU
BBIIOJHUMOCTY popmyIt ¢ normku Reg-LTL, koTopoMy TpeOyeTcs IIOIMHOMUAIBHBIN OTHOCUTENIBHO pas-
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Mepa dopmyn o6beM maMaT. ABTOMaT By, B TOM Buje, B KOTOPOM OH OIMICaH B pasjeie 3, He BIIOJIHE
MIPUTOMEH AJIS aITOPUTMIUUECKNX I[eJIell, IIOCKOJIbKY OH paboraeTr Hax 6eckoHeuHbIM andasurom C x A"
Ho MBI OKaskeM, UTo IS IIPOBEPKU ITyCTOTHI JOCTATOUHO MCCIIENOBATH JIUIIb KOHEUHBIN ()ParMeHT 3TOTO
aBTOMATa, KOTOPBIN, BIIPOYEM, MOXKET MMETH OOJIBIIIOE UMCIO COCTOSHUIL. UTOOBI OOHAPYKUTH B 3TOM
dparmeHTe MOMYCKAIOIIUI IIPOTOH aBTOMATA, MCIIOIB3YS IIPU 3TOM OTPAHUUYEHHBINT 00'beM HMaMITU, MbI
BOCIIOJIB3yeMCsl IIPMEMOM HeIeTEPMUHIPOBAHHOIO YTagbIBAHNS HYKHOTO IIPOTOHA, a 3aTe€M IIPUMEHUM
teopemy CaBnua [27] u ciesaeM mpolece yragblBaHUS JeTEPMUHUPOBAHHBIM I1epebopoM, IPU KOTOPOM
MPOMCXOAUT JNUIIb KBALPATUUHOE YBeNNUeHe 00beMa UCII0Ib3yeMOil TaMsITI.

IlepBag TpyaHOCTb, KOTOPYIO HY’KHO ITPEOJIOJIETh, COCTOMT B TOM, UTO IIepeXOMbI aBToMara B, mpo-
JCXOMAT IO 3jieMeHTaM OeckoHeuHoro andasuta (c,h) € C x A*, B KOTOpOM TeVICTBUSI h MOTYT MMeETh
NIPOU3BOJIBHO 0ObIyI0 MuHy. OgHAKO Kak OymeT BUIHO U3 MOCIEXYIOLIEl JIeMMbI, OECKOHEUHBII al-
¢aBur C x A" MOXHO pa3bUTh Ha KOHEUHOE UMCIO KIACCOB TaK, YTO [AJISI 9JIEMEHTOB M3 OLHOTO I TOTO
JKe KJIacca OTHOIIIEHVIE IIePEXOJ0B ABTOMATA OIIPEAeIEHO ONMHAKOBO. ITO O0YCIOBIEHO TEM, UTO, KaK 3TO
BUJTHO U3 OIIpefieNieHns By, meiicTBuA h 0Ka3bIBAaIOT BIMAHME B IIEPEX0aX U3 OTHUX COCTOSHUI B IPyTHe
TOJIBKO Ha KOMIIOHEHTHI IIPeMKATHBIX MHOKECTB JOCTVDKMMBIX COCTOSTHUIL R, a KOJIMYECTBO Pa3IMUHbIX
MHOK€ECTB TaKOT'O BMa KOHEYHO.

Jlemma 1. ITycmb z uz’ — 06a cocmosnus asmomama Broxu By = (Q,Cx A", Qinir, A, F) Hao angasumom Cx A,
u npu smom 0 Hekomopozo smemerma (c, h) us muoxecmea C x A" cywecmeyem nepexod (z,(c, h),z’) € A.
Tozda cywecmeyem maxoe Oeiicmeue g € A" Onumvt, He npesocxodsueti 211198191, 3y komopozo maxce ecmv
nepexod (z,(c, g),z’) € A.

[lokazamenvcmeo. Paccmorpum nepexon (z, (¢, h), z') € A mexny cocrosauamu z = (K, C,S,R, b,0) u 2/ =
(K’,C’,S",R', I/, 0) B aBTOMaTe B, 1m0 antemenry (c, h) € Cx A", unycrs R = {q7, q,, ..., ¢/} — mpeauKaTHOE
OOCTIKUMOE MHOYECTBO, B KOTOPOM q;’ ,1 < j = m, — cOCTOHUS aBTOMATOB-paACIIO3HABATENEN Oa30BBIX
mpenukaToB gopmynsr ¢. Torma coriacHO ompeieleHMIO OTHOIIEHNS repexoqoB A aBTomaTa Broxu B,
neem R = {57/(q7',h), 83/(qf/s h), ... (s ).

PaccMoTpUM KpaTuaiiiiiee Mo ITMHe JIEVCTBIE & = a1z ... ay € A’, Ju1s Kotoporo pasenctsa (g}, h) =
5]-' ’ (q]’»’ , &) BBIIIOJIHSIOTCS IS 1106010 j, 1 < j < m, u mokaxem, uro N = O(Z“”| 1°g|‘ﬂ|). g 3TOrO MOCTATOUHO
3aMETUTD, YTO B CIIIy MUHMMAJIBHOCTHI g CPEeI MIPEANKATHBIX MHOKECTB COCTOSTHIIT

R( = {Sfl(q{’, aia ... a[), 52”(qé/, aas ... a[), vees 5:,:(6];;, aa ... a{)},

rge 0 < £ < N, He MoXeT ObITh ABYX OAMHAKOBBbIX. [loatoMy mumHa N HeiCTBUA g He IIPEBOCXOIUT
KOJIUeCTBa BCEX BO3MOKHBIX IPEIMKATHBIX MHOKECTB, KOTOpbIe 00pa3oBaHbI COCTOSHISIMI aBTOMATOB
D;j, 1 < j < m, pacriosHarouux 6asoBble Ipeankarsl Pj, 1 < j < m, bopmysl ¢. [IoCKONBKY UMCIIO COCTOSHMIA
|Qj’| kasmoro Takoro aBTOoMaTa-ipeobpasoBatens Dj, 1 < j < m, a TaKKe U UNCIIO M CAMUX aBTOMATOB, He
TIPeBOCXOUT pasmepa GOPMYIbI |¢, IPUXOMMM K BBIBOAY 0 ToM, uto N < 2l7/loglel, O

Jlemma 2. ITodmHoxcecmeo cocmosuuii R = {q/,qY,...,q" )} asmomamos D;,1 < j < m, bacnosHawuux
1542 m J

6asosvie npedukamvl Pj,1 < j < m, dopmynv ¢ sensemcs 00CMUMKUMbLM MHONECTNEOM 6 MOM U MONbKO

mom cryuae, eciu cyujecmeyem makoe oeticmeue g € A" onunbl, He npesocxodsueii 2191108191 3y komopozo

"o I . .

q;" = 6 (qinir)» §) Ona 6cexj, 1 <j<m.

Hokazamenvcmeo. IIpoOBOAUTCS IIO TOV 5Ke CXEMe, UTO M JOKA3aTeJIbCTBO JIEMMEI 1. O
Onupasice Ha TeopeMy 1 ¥ JIEMMBI 1, 2, IPUXOAUM K OCHOBHOMY YTBEP)KJEHIIO 3TOTO pasjela.

Teopema 2. 3adaua nposepxu evinonHumocmu gopmyn noeuku Reg-LTL npunadnexcum kraccy cIoiHOCMU
Pspace.
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Hoxazamenvcmeo. VI3 Teopemspl 1 ciemyer, UTO OJIs IIPOBEPKY BBIITOIHMMOCTY IIPOM3BOJIBHON GopMy-
Jbl @ morukn Reg-LTL mOCTAaTOYHO MPOBEPUTH, AOIIYCKAET JM XOTS OBl OJHO (-CJIOBO aBTOMAT Broxu
B, = (Q,Cx A", Qiit, A\, F), onucauustii B pasaee 3. Kak 66110 0TMEUEHO B 3TOM Ke pasfiesie, UMCiIo COCTO-
AHMI aBTOMara B, OLeHNBaeTCsa CBEPXY BENIMUNMHON 2polY9D | [t mpoBepku HemycToTHI A3BIKA Lang(B,)
IOCTATOUHO IIPOBepuUTH (cM. [12, 13]), CYIIIeCTBYIOT U TaKye HadalbHOE COCTOSHUIE Zjn;; M HOIIyCKAloIllee
COCTOSIHUE Zgcc ABTOMATA By, UTO COCTOSAHME Zgee MOCTVHKMMO KaK U3 Zjnjt, TAK U U3 Zgcc. LIS 9TOTO, B CBOIO
ouepesb, JOCTATOUHO IIPOBEPUTH, CYIIIECTBYET JIX TAKOJ IIPOTOH P = Zg, 21, ... , Z¢-1, (Z¢, - » Zp+r)® ABTOMATA
Broxu By, B KOTOPOM zp— HauaJbHOE COCTOSIHIE, & Z; — JOITyCKaloll[ee COCTOSHME, ¥ IIPY STOM Umncio £ + r
PasIMUHBIX COCTOSHMUII B 9TOM IPOTOHE He IPEeBOCXOAUT OOIIEro umcia COCTOAHMIt aBromara By,. [Ipn
IIOMOIIY JIEMMBI 2 MOXXHO IIPOBEPUTH, MCIIONAb3YS JINIIIE IOIMHOMUAIBHBIN 00beM IIaMITH, IBJISETCS JIN
HayTaJ| BHIOpaHHOE COCTOSHME Z) HaualbHBIM COCTOSSHMEM aBToMaTa B,. HemerepMMHMpOBaHHBII anro-
pUTM criocobeH OTBICKATh TaKOM IIPOTOH p, BEIOMpas Hayraj COCTOSHMS aBTOMAaTa B,, IpoBepsas BBLIMOJ-
HIMOCTH OTHOLIEHUS Ttepexona (z;, (c, h), ziv1) € A MeXIy BCeMU Iapamu IOCIEL0BATENLHO BHIOPAHHBIX
COCTOSIHMIA Z; I Zj+1 XOTS OBI U1 KaKoy-HuOynb mapsl (c, h) € C x A’, 1 IpoBOAs yUeT Yyciia BbIOpaHHbIX
IUISL IIPOTOHa cocTostHMIL. JleMMa 1 ITokasbIBaeT, YTO Uit IIPOBEPKM CYIIIeCTBOBAHIS IIEpeX0/ia B aBTOMaTe
B, 13 coCTOSTHNA 2; B COCTOSTHME Zj;| JOCTATOYHO OTPaHMUUTHCA PACCMOTPEHMEM JIMIIb TaKuX map (c, h), B
KOTOPHIX mmuHa N fesictBus h = aya; ... ay He mpesocxomut Bemmunusr 217/1°81¢1 B srom cyuae mposepky
CYILIeCTBOBAHMA IIepeXoa MOKHO TaKyKe IIPOBECTH TPV IIOMOIIY HeleTePMITHUPOBAHHON BCIIOMOTATENb-
HOJI IIPOLIEAYPHI, KOTOpas BHIOMpaeT Hayral jeMeHTapHble [eCTBUS U ITOJaeT MX Ha BXOMBI BCEX TEX
aBromMaToB-pacno3Hasateineit Dy, Dy, ..., Dy, KoTOpBIE crienuduiupyor 6a3oBble IpeauKarsl Py, Py, ..., Py
¢dopmynsl ¢. Ha kaskmoM 111are pabGoTsI 9Ta IpoIieAypa IPOBOANT YUeT KOJINUECTBA BBIOpaHHBIX HelICTBUIL
U XpaHUT B IaMsaTu Habop Tex cocrosHuii (qy, ..., q),), B KOTOPBIX IpedbiBatoT aBToMaThl Dy, Ds, ..., Dy,
OueBMaHO, UTO TaKOII Ipouexype Tpedyercs 00beM ITaMaTH, TONHOMMAIBHBI OTHOCUTEIHHO pa3Mepa
¢dbopmyssl ¢. Ho Torma m cam alropmMTM IPOBEPKU CYILECTBOBAHMS MOIYCKAIOLIEro IIPOrOHa aBTOMATa
Broxu B, Take MOKeT OBITh BHIIIONHEH C MCIIOTb30BaHMEM IOJMHOMMATILHOTO OTHOCUTETBHO pasMepa
dopmynbl ¢ o0bema mamsaTu. Takum 0o0pa3oM, MOKA3aHO, UTO 3afada IPOBEPKM BHIITOIHUMOCTU (op-
My soruku Reg-LTL npuHammIexuT Kiaccy cioxHocTu NPspace, KOTOpEIIL, Kak IIOKa3aHo B cTatbe [27],
COBIIAJIaeT C KJIACCOM CIJIOKHOCTH Pspace. O

Teopema 3. 3adaua nposepku evinonHumocmu gopmyi noeuku Reg-LTL aenaemcs Pspace-mpyoroti.

[okaszamenvcmeo. HUKHIOI OLIEHKY CIOKHOCTM 3afadyl IIPOBEPKM BBIIOJHUMOCTI MOKHO IIOJIyUUThH
IIyTeM CBeleHMs K Hell IIpo6IeMbl IIyCTOTHI IIepeceue sl CEMeIICTBa PeryJIIPHBIX SI3bIKOB, pacIIO3HaBae-
MBIX 3aJaHHBIMI IeTepMIHIPOBaHHBIMY aBTOMaTaMu Pabuu-Ckorra. Pspace-mosHora 9Toit 3agaun 6b11a
yCcTaHOBJIeHA B cTaThe [28].

ITycTp 3amaHO IIPOM3BOJIBHOE CEMENCTBO IeTepMIHIPOBAHHBIX aBTOMATOB-paclio3HaBaTeseit M =
{A1, Az, ..., Ay} w nycts P; = Lang(A;) nna kaxmgoro i,1 < i < n. Paccmorpum dopmyny ¢y = Fe(Py A

Py A -+ A Pp). VI3 onipeiesieHUsI OTHOIIEHS BBIIIOJIHUMOCTH IJISI TEMIIOPAJIBHOTO oreparopa F BumHo, uTo
n

dopMyIa @y BBIIOIHMMA TOTJA M TOJIBKO TOTAA, Korga (| P # @. O
i=1

CuencrBue 1. 3adaua nposepku evinomnumocmu gopmyn nozuku Reg-LTL sensemcs Pspace-nonnotl.

5. Cixo>xHOCTB 3agaun BepudUKanuy Moaeaei nis Joruku Reg-LTL

CnoXHOCTH 3a1aun BepudmKauy Mogeseil pearnpyolnx CUCTeM OTHOCUTeIbHO Reg-LTL cnerudu-
Kalyil MbI YCTAaHOBUM C IIOMOIIBI0 MOOU(UKAIMN METOROB, MCIIONb30BAHHBIX B IIPeAbIAYILEM pasele.
9Ta 3aava COCTOMUT B TOM, UYTOOBI IIPOBEPUTH BBIIIOIHUMOCTS COOTHOIIEHMS 7T F (¢ AJIS IIPOM3BOJIBHOIO
3a{laHHOT0 aBTOMAaTa-NpeoOpas3oBaTeis 77 M MPOW3BOIBHOI 3aKaHHOI GopMynsl ¢ Joruku Reg-LTL.
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Teopema 4. 3adaua gepuguxayuu agmomamos-npeobpasoeameieii OMmHocumensvbHo gopmys soeuxku Reg-LTL
npunaonexum Kuaccy croxHocmu Pspace.

[okasamenvcmeo. ITa 3amava paBHOCUJIbHA 3ajaue IPOBEPKM IIYCTOTHI IlepecedeHNss MHOMKECTBA BCEX
tpacc Traces(r), MOPOKIAEMBIX AaBTOMATOM-IIPe00pa30BaTeNIeM 7T, I MHOKECTBOM Bcex Tpace Traces(—¢),
Ha KOTOPBIX BBHINONHAETCS hopMyma —¢. I Takoi IIpoBepKM IOCTPOUM aBToMar Broxu By ,, KOTOpBIt
YIOOBIIETBOPSIET CIIEAYIOIIEMY TPEOOBAHUIO: T F ¢ <= Lang( .») = ©.Kak 66110 MOKa3aHo B TeopeMme 1, i
Ka)KI011 GOPMYJIBI 1) MOXKHO IIOCTPOUTD aBTOMAT Broxm Bw’ ymoBJIeTBOpsrouii tpeboBanmio Lang(B ﬂ(p)
{tr = <e,a) : tr € Traces,tr ¢ Traces(¢)} n uMerOIMIT 2Pol1¢) cocrosamit. OTmmune aBToMaTa Bw
oT aBTOMAaToB Bioxm, onmmcaHHBIX B pasfeie 3, COCTOUT B TOM, UTO HAUAJIbHBIMU COCTOSHUSIMU B HEM
ABIAOTCS Ui Takue Habopst z = (K, C, S, Ry, b, 0), B KOTOPBIX IIpeAMKATHOE AOCTIDKIMOE MHOXECTBO
= {qm”’ jilsjs m} COCTOUT U3 HAUAIBHBIX COCTOSHUIT BCEX aBTOMATOB, PACIIO3HAIOIINX Ga30BbIE
npe,uMKaTm dopmynsl ¢. s kaxxmoro aBromara-npeodpasosarens 1 = (Q, C, A, ginit, T) MHOKeCTBO Tpacc
9TOro aBTOMara pacmosHaercs aBromaroMm bioxu B, = (Q,C x A”, qinit, AT, Q), OTHOLIIEHUE TTepeX0omoB AT
KOTOPOTO yIoBieTBopset yciosumo (g, (¢, h), q') € At < (q,¢,q’,h) € T. Torpma, Kak U3BECTHO U3 TEOPUL
aBromaros (cm. [12, 13]), muoxkecTBO Tpace Traces(r) n Traces(—¢) Takke paco3HaeTcss aBToMaToM Broxu
By p, UMCIO COCTOSHUI KOTOPOTO He IPEBOCXOMMT IPOM3BENEHNS UMCJIA COCTOSHMIT aBTOMAToB B, u
B-,. [Ins IpoBepKy IycTOTEI A3bIKa Lang(By,,) MpuMeHAeTCS HeJeTepPMIHMPOBAHHBIN aJTOPUTM ITOMCKA
IOOIYCKAIOIIETO IIPOTOHA, aHAJIOTUMYHBII alITOPUTMY, OIIMCAHHOMY B {OKa3aTelIbCTBE TEOPEMBI 1. O

Pspace-TpymHocTh 3amauny BepmuKaimy MOMeJell pearupyIoluX CUCTeM OTHOCKUTenbHO Reg-LTL
crenuQUKaIil MOKHO YCTAHOBUTH ITyTeM CBeleHIs K Hell BCe TOJ sKe IIPOOJIeMbl IIYCTOTHI ITepeceueH s
ceMeTICTBa PeryJIIpHBIX I3bIKOB, IIOOOHO TOMY, KaK 9TO OBLIO ITI0OKa3aHO B TeopeMe 3.

CuepcrBue 2. 3adaua éepuguxayuu asmomamos-npeobpazosamerneti OmHOCUMETbHO HOpMYTT To2uKu Reg-
LTL senaemcs Pspace-nonHoii.

6. 3axkiaroueHue

B mamHOIT paboTe HaHO MOJHOE pelLleHMe 3a1ay IPOBEPKY BBIIOIHUMOCTI GOPMYJI TEMITOPATHHOI
soruku Reg-LTL v Bepumpuxaimy aBToMaTOB-IIpeoOpasoBareseil OTHOCUTENBHO (GOPMYJI 3TOI JIOTUKIUL:
1) mOCTPOEHbI NOAMHOMHUATIBHEIE 110 00'bEMY UCIIOIB3yEeMOIT TaMSITH Pa3peIlarolye alrOpUTMBL I 2) [0-
kasaHa Pspace-TpynHocTh 06eux 3amad.

MoskHO 0603HAYUTE TaK)Ke HEKOTOPBIE HAIIPABIIEHNS HATbHEIIINX JICCIIeOBAHNIL, IPeICTABIISIIOIIIIE
TeopeTMYecKNII ¥ NMpuUKIagHoi uHTepec. g smormkn Reg-LTL 3amauy mpoBepKy BBIITOTHUMOCTI I Be-
pudnkanun Moaeseil oka3aauch PSpace-moIHeIMY, a B CIydae MCIIOJIb30BaHMS B KaueCcTBe IIapaMeTpPOB
NIPOM3BOJIBHBIX KOHTEKCTHO-CBOOOIHBIX S3BIKOB — HepaspelmyMbeIMu. OJHAKO OCTaICsI HeMCCIIeqOBaH-
HBIM CJIy4alf, KOTAa B KauecTBe SI3BIKOB IUII IIapaMeTpU3aliiyl TeMIIOPAJIBHBIX OIIEepaTOPOB U 6a30BbIX
NIPeAVKATOB BBIOMPAIOTCSI KOHTEKCTHO-CBOOOTHBIE I3BIKM HEKOTOPHIX CIIELIVAIBHBIX CEMEJICTB, IS KOTO-
PBIX IIpobieMa IIPOBEPKM IIYCTOTHI IepeceueHus uMeet 3¢dekTruBHOe pelreHne. HTEepec npencrasiser
BOIIPOC O TOM, TJ€ IIPOXOINUT I'PaHUIA MEKAY PaspellIMOCTBIO I HepaspellIMMOCThI0 M KaK V3MEeHIeTC
IIpM 3TOM CJIOKHOCTB YKa3aHHBIX 3a7a4.

IToMMMO CIIOKHOCTU IIPOBEPKM BBIMOJHMMOCTM CYILIECTBYIOT M ApPyT¥e MaTeMaTH4ecKle BOIIPOCHI,
TPagMUMOHHO MCCIIeAyeMble M SI3BIKOB CIeI[M(UKAI[Mil: BbIPa3UTENbHOCTh, aKCOMATU3UPYEMOCTh I
npyrue. BeipasuTensHOCTS HEKOTOPBIX PparmMeHTOB si3bIika Reg-LTL m3yuanach B craTthbe [17], omHako B
Heil GOpPMYJIBI 3TOTO SI3bIKA MHTEPIIPETUPOBATICH Hall OOBIUHBIMI, a He JBOMHBIMM TpaccaMu. B To ke
BpeMsI, IS ABOMHBIX TPACC CYIIECTBYET CBOSI TEOPYS PETyNSAPHBIX MHOXKECTB, M BOIIPOC 00 OTHOLIEHNN
Reg-LTL c atuMu MHOKeCTBaMM 3aCy K/BaeT BHUMaHMA.
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The C-lightVer system is developed in IIS SB RAS for C-program deductive verification. C-kernel is an intermediate veri-
fication language in this system. Cloud parallel programming system (CPPS) is also developed in IIS SB RAS. Cloud Sisal
is an input language of CPPS. The main feature of CPPS is implicit parallel execution based on automatic parallelization of
Cloud Sisal loops. Cloud-Sisal-kernel is an intermediate verification language in the CPPS system. Our goal is automatic
parallelization of such a superset of C that allows implementing automatic verification. Our solution is such a superset of
C-kernel as C-Sisal-kernel. The first result presented in this paper is an extension of C-kernel by Cloud-Sisal-kernel loops.
We have obtained the C-Sisal-kernel language. The second result is an extension of C-kernel axiomatic semantics by in-
ference rule for Cloud-Sisal-kernel loops. The paper also presents our approach to the problem of deductive verification
automation in the case of finite iterations over data structures. This kind of loops is referred to as definite iterations. Our
solution is a composition of symbolic method of verification of definite iterations, verification condition metageneration
and mixed axiomatic semantics method. Symbolic method of verification of definite iterations allows defining inference
rules for these loops without invariants. Symbolic replacement of definite iterations by recursive functions is the base of
this method. Obtained verification conditions with applications of recursive functions correspond to logical base of ACL2
prover. We use ACL2 system based on computable recursive functions. Verification condition metageneration allows sim-
plifying implementation of new inference rules in a verification system. The use of mixed axiomatic semantics results to
simpler verification conditions in some cases.

Keywords: deductive verification; C-lightVer; cloud parallel programming system; symbolic method of verification of

definite iterations; loop invariant; ACL2
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Ha myTu x aBTOMaTnuecKom geqyKTuBHOI Bepudukanuu C-nmporpamMmm

c Sisal-mukramu B cucreme C-lightVer
. A. KOanaTbeBl DOI: 10.18255/1818-1015-2021-4-372-393

'Mucturyt cucrem unpopmaruru um. AIL Epinosa CuGupckoro otneneHus Poccuiickoit akafgeMun Hayk, IPOCIIEKT AKageMuKa
JlaBpeHTBEBA, . 6, . HOBoCcuOuUpCK, 630090 Poccus.

YK 004.052.42 TTonryuena 15 HosOpst 2021 1.
Hayunas craTes ITocie mopabotku 1 mexabps 2021 r.
TTosHBIN TEKCT Ha PYCCKOM fI3BIKE Ipuusra k ny6aukarun 8 nexadpst 2021 r.

B Uncruryre cucrem undopmaruku CO PAH paspabarsiBaercs cucrema C-lightVer mns megyxkrmBHOM BepudumKaryn
C-nporpamm. C-kernel sBiseTcss IPOMEXYTOUHBIM SI3BIKOM BepuUKaIMy B JaHHOI cucteMe. CiicTeMa 061auHOro Ia-
payutenpHoro nporpammupoBanusa (CPPS) Taxke paspabareiBaerca B HcTuTyTe cucreM nndopmaruku CO PAH. Cloud
Sisal siBsercst BxomubIM s3bikoM cucteMbl CPPS. I'maBHoOI oco6ennoctsio cuctembl CPPS sBisiercs HesBHOe mapai-
JIeNIbHOE VCIIOJIHEHVe, OCHOBAaHHOE Ha aBroMarmueckoM pacmapamtenuBanuy umkios Cloud Sisal. Cloud-Sisal-kernel
SIBJISIETCS IIPOMEIKY TOUHBIM 13bIKOM Bepudukaunu B cucreme CPPS. Harrreit 11eJIpio sIBJISI€TCSI aBTOMATIUECKOE PacIiapai-
JleIMBaHMe TAKOIO Ha[MHOKeCTBa si3biKa C, KOTOpoe IT03BOJIIET Pealn30BaTh aBTOMATNUeCKyIo Bepudukanuio. Harmmm
pellieHNeM ABISETCS Takoe HaAMHOecTBO s3bIKa C-kernel, kak assik C-Sisal-kernel. IlepBeiM pe3ybTaToM, IpeaCTaB-
JICHHBIM B JAHHOJI CTaThe, ABIAeTCA paciimpenne a3bika C-kernel nuknamn a3sika Cloud-Sisal-kernel. B pesynbrare 6511
paspaboTtan s3bik C-Sisal-kernel. BropsiM pesyinpTaToM, IpefCTaBIeHHBIM B JaHHOI CTaThe, SIBJISETCS paCIIMpeHIe aK-
croMaTnueckoi cemaHTuKY sa3b1ka C-kernel nmpasuiom BeiBoga it nukiios sseika Cloud-Sisal-kernel. B nammoiz cratbe
TaKXKe MpeJCTaBlIeH Halll IOAXOX K IpobiieMe aBTOMATMU3AVN [e yKTMBHOI BepudUKaluy B cIydae GUHUTHBIX UTe-
parit Hal CTPYKTypaMu JaHHBIX. Takye LMKIIbI Ha3bIBAIOTCS GMHUTHBIMY MTepauyamy. HaltmM pelireHmeM sBiseTcs
KOMITO3MIVISL CYMBOJIMUECKOTO MeTOofa BepuuKanmy (pUHUTHBIX MTepalyiil, MeTareHepaluyl yCIOBIUII KOPPEKTHOCTI
M CMEILIaHHOM aKCMOMATUYeCKoi ceMaHTUKM. CHMBOIMYECKIIT METOX BepuduKanuy GpUHUTHBIX NTEPALNIl IO3BOJITET
3a/laBaTh IIpaBMJIa BBIBOMA MJIS TAKMX IMKIOB Ge3 mHBapuaHTOB. CHMBOJIMYecKas 3aMeHa GMHMTHBIX UTepaIliil pe-
KYPCUBHBIMIU (QyHKISIMM SIBISIETCS OCHOBOI JAHHOTO MeToxa. [loyueHHbIE yCIOBYS KOPPEKTHOCTY ¢ IIPUMEHEHMSIMI
PEKYPCUBHBIX (ByHKLIUII COOTBETCTBYIOT JIOTMUECKOI OCHOBE CHUCTeMbI HoKasarenbcrBa ACL2. MbI mcroiassyeM cucre-
my ACL2, ocHOBaHHYIO Ha BBIUNCIVMBIX PEKyPCUBHBIX QYHKIUAX. MeTareHeparns yCIOBUIT KOPPEKTHOCTM IIO3BOJISIET
YIPOCTUTD peaM3aliio HOBBIX IIPABIJI BHIBOJA B CMCTeMe Bepudukarum. VICronp3oBaHme CMeIIaHHO aKCIOMAaTiue-
CKOJT CeMaHTUKII IPUBOAUT B HEKOTOPBIX CIIydasx K GoJiee IPOCTBIM YCIOBIAM KOPPEKTHOCTIL.

KiroueBrnle cinoBa: nenykTusHas Bepudukanus; C-lightVer; cucrema o61auHoro mapauiesbHOTO MPOrpaMMIUPOBAHNS;
CYIMBOJIMUECKIII MeTOJ BepuduKanuy (pMHUTHBIX UTepannit; mHBapuaHT nukia; ACL2
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Beegenue

Cucrema C-lightVer [1—5] paspa6atsiBaercsa B ucTUTYyTe cuicteMm unpopmaruku CO PAH nns sepudu-
karu C-mporpaMm. [laHHas cucTeMa OCHOBaHA Ha MeTOJe AeTYKTUBHOIM Bepmbmxaumm [6—9]. IIpencra-
BUTeIbHOE ITogMHOKecTBO A3bIKa C (C-light) [10] aBisercs BxoqubIM f13b1K0M cucTeMbl C-lightVer. Momens
namsaTu g3bika C-light ocHoBana Ha otoOpaxkenusx MeM u MD. MeM sBnseTcs oToOpakeHIeM 13 IMeH
00BEKTOB B ux aapeca, MD sBisercs oToOpaskeHMeM U3 afpecoB 00beKTOB B UX sHaueHus. Onepanms upd
II03BOJIIET CO3aBaTh HOBOe oToOpaskeHne MD, korga usmensierca cocrosaue mamaru. C-kernel [11] saB-
JIIeTCST IPOMEKYTOUHBIM s13bIKOM Bepudukanunu B cucreme C-lightVer. Tpaucisaums us C-light 8 C-kernel
ocHOBaHa Ha Habope rpaBu [1]. [J1aBHOII 11€71bI0 MAHHOI TPAHCISLNY IBISETCS JTOKAIN3AMS II000UHBIX
a¢ddexToB.

CuMBoIMUecKmii MeTOR Bepudukarmy GMHUTHBIX UTeparyii [12] mpuMeHseTcs K UMKIIaM CIIel{1alb-
Horo Buaa (PUMHMUTHBIM uTepanusam). Teno GUHUTHON UTEpPALU VCIIONHIETCS OOUH pas M KaKIOro
3JIeMeHTa CTPYKTYpbI JaHHBIX KOHeUHOII padMepHOcTi. OCHOBOII 3TOT0 METOA ABJIAETCS CUMBOJIMUECKAsT
3aMeHa QMHUTHBIX UTEPALIT CIIEMATBHBIMY PEKYPCUBHBIMI QYHKIUAMIY. [JaHHBIT METOX IIO3BOJISET
n30e)XaTh 3aaHNs MHBAPMAHTOB B ciiyuyae GuMHUTHBIX uteparmit. Cucrema C-lightVer npumenser sror
MeTOJ K [UKJIaM s13b1Ka C, COOTBETCTBYOINM (PUHUTHBIM uTepanmsam [3—5].

Metarenepanus ycimosuit koppektHoctu (YK) [2, 5, 13] mosBosiseT nconb3oBarth IpaBuia BeiBoga YK
KaK BXO[HbIe JaHHbIE CHCTeMBI BepuuKayu. BXogHpIMI qaHHBIMI MeTareHepaTopa sIBJISITCS IIPaBIIa
BbIBofa YK 1 aHHOTMpOBaHHAas IporpaMMa. 3aKIOUeHNI IPAaBIUI BHIBOMA NIPEACTABIISIIOT IIa0IOHBI, CO-
mmocrasisieMsble ¢ KoxoM Ha s3bike C. IToaromy, 6611 paspaboTaH sI3bIK 1a0IOHOB [2] I 3aaHMs IPABUI
BBIBOJIA.

Merox cMeIIaHHOT aKCMOMATIUECKO CeMaHTMKI [ 1] II03BOJIAET MCIIOIB30BATh ClIeIaIbHbIE BePCUL
MPaBIJI BBIBOAA IUISL OIIPENEEHHBIX IIPOTPAMMHBIX KOHCTPYKI{UIL.

B cucreme C-lightVer mns mokasarensctBa YK mcmonbsyercas ACL2 [14]. Applicative Common Lisp
(ACL) sBnsetcs BxogubIM a3bikoM cucreMbl ACL2. Cucrema C-lightVer renepupyer VK, sanucanusie Ha
a3pike ACL. Cucrema ACL2 ocHOBaHa Ha BBIUMCINMBIX peKypcuBHBIX GyHKIMIX [14]. [Tonyuennsie YK ¢
IIPUMEHEeHVSIMI PEKYPCUBHBIX (PYHKIUIT COOTBETCTBYIOT JIOTMYeCKOII ocHOBe cucteMbl ACL2.

BaKHBIM 3TarioM aBTOMATM3alMUy BepUPIKAIMY IBISETCI 9TAll aBTOMATU3alyy qoKasaTeslbcTBa YK.
Hoxa3zarenncTBo YK, comeprxalmx omepannio 3aMeHsb!I AJI GUHUTHON UTeparuy, OCHOBAHO Ha MHIYKLIUI
II0 JUIMHE CTPYKTYPhI, HaJ KOTOPOIL OCYILeCTBIseTCS JaHHas urepauys. [Ipu aToM, ucrionp3oBaHMA Kiac-
cuueckoit uHAyKiyu B cucreme ACL2 He mocraTouHO 1t mokasaTesbeTBa YK, comeprkaiux orepariuio
3aMeHBI 11 GUMHUTHOM MTepalin, B CIIyUae, eIy UTepalys M3MEHseT 3JIEMEHThI CTPYKTYPBI MIJIN COTep-
KUT MHCTPYKIMH, Togobusle break. B cucreme C-lightVer 6pi1a peanusoBana crpaTerus aBToMaTH3alun
mokasarenbcTBa YK mporpaMm, moCTyCIoBIEM KOTOPBIX SBJISETCS pasdbop ciryuaes [4].

Cucrema obmaunoro napayensHoro nporpammupoBanust (CPPS) rakke paspabarsiaercsa B Uncrury-
te cucreMm napopmaruku CO PAH [15]. Cloud Sisal [15—18] sBistercst BXOomHBIM s13bIKOM cucteMbr CPPS.
JlaHHBIII A3bIK IBIAETCI HOBOII Bepcuelt s3bika Sisal [19, 20]. Cloud Sisal siBistercst GpyHKIIMOHATBHBIM SI3BI-
KOM IIPOrpaMMUPOBaHsI, OCHOBAHHBIM Ha IIMKINUECKIX BEIPAKEHUAX. [JTABHOI 0COGEHHOCTHIO CUCTEMBI
CPPS saBusieTcs HesBHOe IIapajIjiesIbHOE JCIIONHEHNe, OCHOBAaHHOE Ha aBTOMATIUECKOM paclapajiieinBa-
uuy nukios Cloud Sisal [15, 16, 21]. Cloud-Sisal-kernel [22] 6511 pa3paboTaH Kak IpOMeKYTOUHBIN I3bIK
Bepudukauuu s gexykrusHoil Bepudmkaimu Cloud Sisal mporpamm. ABromarm3anus BepuduKanmn
nukioB Cloud-Sisal-kernel sBisieTcss pe3ynbraToM MCIOTB30BAHNS CUMBOJIMYECKOTO MeTONA BepuduKa-
v pUHUTHBIX uTepaumii [12].

Harrreit 11es1p1o SIBIsIeTCS aBTOMATIUECKOE pacliapaienyBaHue Takoro HagMHoxectsa C, KOTopoe mos-
BOJISIET PEATM30BATh ABTOMATUUECKYI0 Bepudukaumio. Harmmm pereHueM sBIIseTcs Takoe HAIMHOKECTBO
C-kernel, xak C-Sisal-kernel. 9to paciinpenue C-kernel nuknamn sa3pika Cloud-Sisal-kernel. Peannsanus
HEesIBHOT'O IIApAJLIEIbHOTO UCIIOIHEHNS porpaMM Ha s13b1ke C-Sisal-kernel ocHoBano Ha ombrTe [15, 16, 21]
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pacnapasutenuBaHus nporpaMm Ha a3bike Cloud Sisal. OTmeTumM, uTo 9T0 3amKava qPYroif IPYILIbI MCCIIe-
nosateleit [15—17, 21] us MuctutyTa cucrem nudopmaruknu CO PAH. Sra rpynma paspabareiBaer CPPS.
Asromaruueckoe pacnapauenuBanue C-Sisal-kernel mporpamm sBnstercst uactoio mpoekra CPPS.

Hareit samaueil sBisieTcsl pacIIupeHMe aKCMOMAaTI4ecKoil ceMaHTUKy si3bika C-kernel mis peannm-
3auuu OefyKTMBHOM Bepudmkanuu C-mporpaMm ¢ nmkiaaMmy sa3bika Sisal. [JenykTuBHas Bepudumranys
C-Sisal-kernel nporpamm aBisercs uactoio cucteMel C-lightVer. Mel mpumeHseM Takue IIOAXOABI KaK Me-
tox merarereparyy YK [2, 5] 1 MeTox cMeIIaHHO aKCOMATIYeCKOI CeMaHTUKM [1] Uit pelteHust 310t
3aJauIL.

IlepBeIM pesyJsbTaTOM, IIPeICTaBIeHHBIM B JaHHON CTaThe, SBIeTCS paciuimpeHus s3bika C-kernel
uukiramu Cloud-Sisal-kernel. Ilonyuennsiit 1351k HasbiBaercs C-Sisal-kernel. Bropsim pesynbraTom, pen-
CTaBJICHHBIM B JaHHOJI CTaThe, IBJIIETCA pacllIupeHue akcuomarudeckoir cemanTuku C-kernel mpasunom
BbIBoma 1uist 1uKIOB s13bika Cloud-Sisal-kernel. 9ta cemanTuKa 1103BOJIIET ABTOMATU3NPOBATD NEXYKTUB-
HyI0 BepuuUKanmo 6arogaps OTCyTCTBUIO MHBApPMAHTOB IMKJIOB. [laHHAs CTAaThs TaKKe IPeACTaBIIsIeT
Halll KOMIUIEKCHBII IIOAXON K IIpobieMe aBTOMATH3alNy qeAYKTUBHO BepudmKanum B cayyuae GUHNUT-
HBIX UTepalyil HaJ| CTPYKTypaMy AaHHBIX. HalmMm pelreHneM sBiIsieTcss KOMIIO3UIUSA CMBOJINYECKOTO
Meroma Bepudukanuu GUHUTHBIX uTepauuit [4, 5, 12], meroma merareneparuu YK [2, 5, 13] u meroma
CMeILIaHHOJI aKCMOMAaTIUeCKOII ceMaHTUKM [1]. MBI Imoslaraem, 4To Halll IIOAXOMX MOKET OBITh IIPUMEHEeH
K pasiMUHbIM I3bIKaM IIPOTPaMMIUPOBaHMNS, KOTOpbIe ITO3BOJIAIOT 3aIlMIChIBATD IIPOIPAMMBI C I[MKJIAMMU,
COOTBETCTBYIOINVMMIY (PMHUTHBIM UTEPALVISIM.

JlaHHAasg cTaThs MMeeT CJIEAYIOIIYI0 CTPYKTYpY: IIpeiBapyUTesbHbIe CBEICHNS OMMCAHbI B IJIaBax 1, 2
7 3, HOBbIE Pe3yJIbTAaThl OIMCAHBI B IJIaBe 4 U 9KCIIEPUMEHTHI, JeMOHCTPUPYIOLIe IpUMeHeHe HOBbIX
Pe3yJIbTaTOoB, OIMCAHBI B IVIaBe 5.

0630p poACTBEHHBIX paboT. Bo-mepBhIX, CrielMaIbHble BUABI LIMKIOB SBIISIOTCSI Ba)KHOM KOHIIEIIIIN-
ell B pasIMYHBIX IIapaJurMax nporpamMmuposanus. Hanpuwmep, dyHkuun map un reduce peannsoBaHbI
BO MHOTUX (YHKIMOHAJIBHBIX SI3bIKaX porpaMmupoBaHus. Bubiamoreka MapReduce [23] paciupser nm-
IepaTUBHbIE I 00BeKTHO-OPMEHTMPOBAHHBIE I3BIKY IIPOTPAMMMPOBAHNS KOHCTPYKLMSIMIY, COOTBETCTBY-
IOIMI QYHKIMOHATIBHOI IapagurMe IporpaMMIpOBaHys. JpyruM IpuMepoM SBJISeTCs CIelalbHas
KoHCTpyKIms [oop B sidbike Applicative Common Lisp [24]. Oneparmonnas ceMaHTHKA IS PACIIMPEHUS
aspika C-like xoncTpykumsamu OpenMP 6sblna mpenoskeHa B pabore [25]. Takas ocobeHHOCTD Sisal, kak
KOHCTPYKIIMM, ITOJ00HBIe break, gBigeTcs NIpeuMyIecTBOM Sisal-IIMKIOB OTHOCHTENBHO PacCMOTPEH-
HBIX BUJIOB MTepalMil. AKTyaJIbHOCTh aBTOMATU3alUM AeJyKTMBHON BepuUKALUA B CIydae ILUKIOB C
MHCTPYKUMSAMHU break MpoaeMOHCTPUpPOBaHA IpuMepaMu 13 Habopa 3amau 1o Bepuduranmm [26]. Mbr
IoJjlaraeM, 4TO CMMBOJIMYECKNIT MeToJ Bepudbukauuy (pMHUTHBIX UTepallil MOKeT ObITh IIPUMEHEeH K
PasIMYHBIM UTEpaIVIsIM, YIIOMSIHYTHIM B 9TOM pasjelie, YToObI 130eKaTh 3aJaHNs MIX MHBApUaHTOB.

Bo-BTOpBIX, paciypeHne S3bIKOB IIPOrPaMMIPOBAHMS KOHCTPYKUMAMY (YHKIVIOHATBHOI ITapajiir-
MBI IIPOrPaMMIPOBAHNS SIBJISETCS aKTyaJIbHOI 3afadeil. Takye KOHCTPYKIMY MOTYT YBeJIMUNThb ddek-
TUBHOCTbD VICITOJIHEHNS VM YIIPOCTUTD PealN3aliio HeKOTOPBIX aaroputmMoB. Hampumep, ceMaHTIMKa KOH-
CTPYKUMIT QYHKIMOHAIBHOI ITapaIuTrMbl IIPOrPaMMIPOBAHUsS B HOBEIINX cTaHxaprax C++ 1 Java onnm-
caHa B paborax [27, 28].

B tperpux, paciumpenns sa3pika C crienaJbHBIMY BUAAMY LHIKJIOB SBIISETCS aKTyaIbHOII 3agaueit. Ho-
Betrmit craHmapt C++20 [29] BBoguT AnamnasoHsl (ranges) 1 uTepauyy Hax HuMu. Boitee Toro, quanasoHsl
(ranges) HarmomuHarot TpuILtetsl A3bika Cloud Sisal. Ho numkisl for Hax sTuMu quanasoHamu (ranges) He
ITO3BOJIAIOT, B OTIIUMe OT Sisal-1uKiIoB, Mcronp3oBaTh pegyKuym. OTMeTHM, UTO COBPEeMEHHBII CTaHAapT
C11 [30] 6b11 paciInpeH HOBBIMU KOHCTPYKUMAMH ¢ POpMaIbHOI ceMaHTUKOIL [31], HO 9T1 KOHCTPYKUMI
He sBysgroTcs Bumamu urepaunmit. Cucrema RefinedC [32] ucrmonsayer 3Ty ceMaHTHKY, pealn30BaHHYIO B
cucreMe nokasarenbcTBa Coq, Ho rmosb3oBarenio RefinedC Heo6xonmmo 3agaBaTh MHBAPUAHTHI IIMIKIIOB.
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HaxoHer, Bepudukarys KIOB, OCHOBaHHAs Ha UX 3aMeHe PEKYPCUBHBIMI QYHKIMSIMIL, IIPEICTaB-
JieT GONBLION MHTEpeC Ui Hac. ITO AKTyaJlbHBIN ITOAXOM, HMO3BOJISIOIMIT 130e)XaTh 3aJaHMs MHBA-
pUaHTOB IUKIOB. PaGoTe! [33, 34] ocHOBaHBI Ha 3TOM MOAXOMe. [[pyruM MPUMEPOM JAHHOTO TMOIXO/a
ABJISIETCS CMBOJIMUECKUIT MeTOX Bepudukanyuy GUHUTHBIX urepanuit [12]. 9tor meTox ObLT IpUMeHEH
K CIIeIMaTbHBIM BUAaM HUKIOB for us s3bika C [3—5].

[JIaBHBIM QJIbTEPHATMBHBIM IIOAXOMOM SIBJISETCS IeHepauus MHBAapMAaHTOB LMKIOB. Hanpumep, aB-
TOMATUUECKAs TeHepalus MHBAPUAHTOB I P-paspelmMbIxX IUKIOB ObLIa HpeiokeHa B pabore [35].
I[IpaBble yacTy MHCTPYKLMIT IPUCBAMBAHYS B TeJie P-paspernMoro ukia JoJUKHBI MMETh BUL IIPUCBANL-
BaHMs TOJIMHOMHUAIBHOTO BeIpaskeHust. Ho HekoTopsie Sisal-1iukibl He SBistIoTCs P-paspemmmmbIiMuy u3-3a
HENOJVHOMMAJIBHBIX PEyKIMIT ¥ KOHCTPYKLIMIL, IONOOHBIX break. [[pyruM nprMepoM SIBJISIETCS METOL
PA3HOCTHBIX MHBAPMAHTOB, peann3oBaHHbI B cucteMe Diffy [36]. Ho aToT MeTon, B oT/imume 0T CHUMBOJIN-
YeCcKOro Meroja Bepudurany GUHUTHBIX UTEPALNIL, He IOAXOMUT AJIS LIMKJIOB C MHCTPYKIUIMH break.
JpyruM moaxomoM sIBIseTCs 3aJaHue IIpeayCIOBUIL M IIOCTYCIOBIUII BMECTO MHBApMAHTOB IIMKJIOB [37].
B pa6ore [38] Tak)Ke OMUCAHO UCIOAB30BAHME CIIENUPUKAINI CIIENUATBHOTO BUIa BMECTO MHBAPUAHTOB
LUKIIOB. OTOT MeTox peaynn3oBad B cucreme Frama-C [39]. Ho atu metoxsr! [37, 38] ocHOBaHbI Ha 3aJaHUN
creruUKAIUIiT ToIb3oBaTeeM. TakKe eCTh IPYTUe aATbTepHATUBHBIE TOXOAbl. OMHUM U3 HUX SBIISIETCI
HaTypaibHas ceMaHTHKa. Takas ceMaHTIKa GbuIa mpeqoxeHa s Sisal-iukinos B pabore [40]. Ho mpen-
JIO’KEeHHas HATypaJbHAsA CEMaHTUKA IS A3bIKa Sisal GosIbIie mogxoauT mis paspaboTKu KOMIMIATOPOB,
yeM IS NeyKTUBHOI Bepudukanuu. [Ipyroit aTbTepHATUBO SIBJISETCS UCIIONb30BaHIe TPAHCIAIIOH-
Hol cemanTuKu. Hanpumep, paGora [41] ocHoBaHa Ha TpaHCcasauuu UukioB a3bika Cloud Sisal B riukibr
aspika C. TpancdopmanmonHas ceMaHTnKa 6puta npemnoxena st MapReduce [42]. OgHako MbI mosa-
raeM, UTO aKCMOMATHMUECKAsd CEMAHTMKA ABIIAETCSA JYUYIINM BHIOOPOM IS HeQYKTUBHON BepuUKAIUIL,
[I09TOMY 3TU aJIbTEPHATUBEI He UCIIOIb3YIOTCS B IIPEACTABIEHHOM UCCIIeJOBAHIL.

1. SI3pIKM, MeTOABI I MOZYJIN, McIIOJIB3yeMbIe B cucteme C-lightVer

1.1. SI3pik C-light u a3p1k C-kernel

BxonubiM s3bikoM cuctembl C-lightVer sBnsercs aspix C-light [10]. 9ToT sA3BIK SBIsSETCSA MPEACTaBA-
TeNbHBIM IOAMHOKecTBoM s3biKa C. s s3pika C-light 6puta paspaboraHa ormeparioHHas CeMaHTMKA.
Mopenp mamsaTH, OCHOBaHHas Ha otoOpakeHusax MeM u MD, ucnions3yercs B 3Toit ceMaHTuKe. MeM sB-
JiseTcst OTOOpaKeHMeM U3 MMeH 00'beKTOB B uX aapeca, M D siBnsercs oTobpakeHueM 13 afpecoB 00BEKTOB
B UX 3HAUEHU.

Omneparus upd mo3BosieT co3xaBaTh HOBOe oToOpaskeHue M D, Korga M3MeHIeTCs COCTOSIHIIE ITAMSITI.
Omnpenennum sHauenue BoipakeHus upd(MD, addr, val), rme MD siBnstercss otoOpakenueM address —
value, addr asngerca anpecom n val sensercs sHauenuem. Ecim MD conepskurt napy (adr val’) (rme val’
ABJIIETCS HEKOTOPBIM 3HaueHMeM), To orobpaskenue upd(MD, addr, val) ornmuaercs or MD 3ameHoit
naps! (adr val’) ma nmapy (adr val). Eciu addr me npunammexut obnactu ompeneienus MD, Torma
orobpaxenue upd(MD, addr, val) otnuuaercss or MD mobasnenuem napsl (adr val).

Asbik C-kernel stBisteTcss oueHb OrpaHMYEHHBIM TOOMHOXecTBOM s3bIKa C-light [11]. Mg s3pika C-
kernel orpeenena akcmomarnueckas cemaHTuKa. 1o o3BossieT Bepuduiuposars C-kernel mporpammer.
Tpaucanums us C-light B C-kernel sBisercs mepsoit crapuedt ncnonHenns cucremsl C-lightVer. 9ta Tpanc-
JIALMS OCHOBaHA Ha HaOOpe MpaBWI. JTU IMPaBIJIA OMPENENSIOT TPAHCIANIO PAa3INYHBIX KOHCTPYKI{IIL
C-light B sxBuBasenTHBIe KOHCTpYKUMH C-kernel.

I'maBHOI 1eNbI0 9TON TPAHCISUUN SIBJISETCS JoKanu3anus mobounsix addekros. [loaromy, npasuia
TPAHCISLNY BBIHOCAT CJIOKHBIE TIOABBIpaKeHNs (He ITepeMeHHbIe ¥ KOHCTAHTHI) M3 BhIPAKEHUIT U OIle-
pAaTOpOB, UCIIOIB3YS 3a{aHIe BCIIOMOTATEIbHBIX IEPEMEHHBIX CO 3HAUEHMSIMI 3TUX IMOABbIpaskeHUit. B
UTOTE, BCE MHCTPYKIMY M BHIPOKEHUS TPAHCINPYIOTCI B GOPMY, I'le TOJIBKO IIepeMeHHble Y KOHCTAHThI
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SBIISIOTCS MIX apTyMeHTaMu. B kauecTBe IIpuMepa pacCMOTPUM IIpaBiio TpaHcasuyy Ops: ecin e; He SBIs-
€TCsl IepeMEeHHO VIV KOHCTAHTOIA, €j11, ..., €, — IePEMEHHBIE VJIM KOHCTAHTHL, f — QYHKLIMS VUK +, —, %, /, <,
> <=,=>1===rtorga f(es, ..., €1, €, €i+1, ..., €y) TPAHCIUPYETCAB (X = e;, f(e1, ..., €i-1, X, €ix1, ---» €n));
TIe X ABJIAETCA HOBOI IIEPEMEHHON C TEM K€ TUIIOM, UTO I €;.

Tax xak g3bik C-kernel sBisgercs mogmuoxecTBoM si3bika C-light, To ero omeparonHas ceMaHTHKa
SIBJISIETCSI TOJI JKe CaMoiL, UTo U ceMaHTuKa sf3bika C-light. 910 mo3BOIMIIO MOKA3aTh, UTO IIPABUIIA TPAHC-
JIALUM COXPAHSIOT 9KBUBaleHTHOCTh. YK monyuennoit C-kernel mporpamMmbl reHepupyroTCcs Ha BTOPOM
sTare ucronHeHns cucremsl C-lightVer.

1.2. MeTareHepaTop ycCJIOBIIL KOPPEKTHOCTI

Mertareneparop YK saBisgercsa BasKHbIM MonyiseM cucteMel C-lightVer. BxogueiMu jaHHBIMUI MeTare-
HepaTopa SBIJISIOTCS IpaBua BbIBoja YK 1 aHHOTUpOBaHHAsA IporpamMMa. 3akIIoueHNs IpaBil BIBOJA
MpeCTAaBIAIOT LIa0I0HBL, COITOCTaBIgeMble ¢ KogoM Ha sa3bike C. [loaTomy, 6bL1 paspaboTaH A3BIK 11al-
JIOHOB [2] 71 3aKaHMs IIPaBIII BEIBOAA. DTOT SI3bIK OCHOBAH Ha JIOTVIKE IIEPBOTO IIOPSAKA U IpaMMaTHKe
a3bika C.

[IpaBuia BBIBOJa MOTYT COREpKaTh HeTepMIHAIbHbBIE CUMBOJIBI, TaKle KaK HeMHTePIIPeTUPOBAH-
Hble TIpeVKaTHbIE CUMBOJIBI WIN (PparMeHTHbIE IlepeMeHHble”, 0003Hauarmme GpparmeHTsl Koma [13].
HeTepMuUHaIBHBII CUMBOJI 3aiaeT MeTaJaHHbIe 00 OIpeeeHHOI KOHCTPYKLNY, COOTBETCTBYIOIIE 9TO-
My cuMBoiry. CiiefoBaTeIbHO, B I3BIKe I1a0JIOHOB eCTh CIleNyalbHble KOHCTPYKIAY AJIS IIpeCTaBICHIA
9TMX MeTafgaHHbIX. HanpuMep, koHcTpyKIus any_code (S) MoskeT OBITh COIIOCTABJIEHA C JIF000II ITOCIe0-
BATEJIbHOCTHIO (BKJIIOUAs IYCTYI0) MHCTpyKumit Ha s3bike C. CrienmaapHbIi aIropuTM [2] muist comocTas-
JIeHUsT 9TUX KOHCTPYKLUMII C aHHOTUPOBAHHBIM MCXOOHBIM KOZOM OBLT peany3oBaH B MeTareHeparope.
YK nif aHHOTMPOBAHHOI NPOrpaMMBbl I'eHEPUPYIOTCS MeTareHepaTopoM € IIOMOIIBIO MCIIOJIb30BAHNIA
BXOIHBIX IIPABILI BHIBOJA.

1.3. CumMBoamueckuii MeTof BepudyuKkanmyu GUHNTHBIX UTEPALINII

IIycte memb(S) o603HauUaeT MyIBTIMHOKECTBO 3JIEMEHTOB CTPYKTYphI S 11 empty(S) = true Torma un
TOJBKO TOrHa, Korga |memb(S)| = 0. Onpenenum

1. choo(S) Bo3Bparaer HekoTOpbIit 3eMeHT 13 memb(S), ecau ~empty(S);

2. rest(S) = 5, rme memb(S’) = memb(S) \ {choo(S)}, ecmu ~empty(S).

dunnrHas urepauusa coorsercrByer Buay: for x in S do v : = body(v, x), roe S sBAsETCH CTPYKTYpOIT
IOAHHBIX, X SBJISETCS [IEPEMEHHOI TUIA “9JeMeHT S”, U SBJISeTCS BEKTOPOM IlepeMEHHBIX LKA 6e3 X,
body npencrasiser Teno HMKIa, KOTOPOe He M3MEHSIET X U 3aBeplIaeTcs st Kaxgoro x € S. Ilycrs vy
0003HayaeT HavaJIbHbIe 3HAUEHNS [TepeMeHHbIX 13 v. Onpenenum onepaunio sameHsl rep(v, S, body) s
LMKJIa:

1. Ecnn empty(S), rorma rep(vy, S, body) = vy;

2. Eciu mempty(S), rorma rep(uvy, S, body) = body(rep(uvo, rest(S), body), choo(S)).

B cnyuae Hanmuums mHCTpyKumMu break B GMHUTHON MTeparuy IPeIJIOKEHO ClIeqyoliee pelleHe:
KOT[a IIPOMCXOAMUT BBIXOM U3 LMKJIA U3-32 MCIIOJHEHUS TOV MHCTPYKLMM, MBI II0JIaraeM, YTO MTepa-
LM [MKJIA TIPOJOJDKAIOTCSI, HO 3HAuUeHue v ocraercs Hem3MeHHBIM. [losyueHHas orepanms 3aMeHBI
BO3BpAll[aeT He TOJIBKO BEKTOP U, HO TaKXe CTPYKTYpy ¢ OymneBcknum noneM (loop-break). 3nauennem mo
yMoruaHuio noiist loop-break asnsiercs false. [lonyuennas QyHKUMS rep COOEPIKUT YCIOBME UCITOTHEHS
9TO MHCTPYKImu break. Eciiu manHas MHCTPYKImsS break MCHONTHIETCS, TOrAa 9Ta (GyHKUMS rep BO3-
BpalllaeT CTPYKTypy co 3HaueHueM true momus loop-break. Taxke ara QpyHKUMs rep mpoBepsieT 3HaAUEHE
rouist loop-break u3 pesynbraTa peKypCUBHOTO BbI30Ba. Eciiyu 3HauUeHMeM sIBIIeTCS [rue, TOTAa 3Ta PyHK-
LSl rep BO3BpAIlaeT TOT K€ Pe3yJIbTAT, UTO ¥ PEKYPCUBHBII BBI30B. 3HAUEHNUs IIepeMEeHHBIX I[UKJIa He
VM3MEHSIOTCS [10CJIe MCIIOJIHEHNS MHCTPYKIMM break B 3TOI peannsarun.
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9TOT MeTOx IT03BoJIseT 130eKaTh 3a0aHNsI MHBAPMAHTOB B CJIyUae LIMKJIOB, COOTBETCTBYIOIINX QUHNIT-
HbIM nrteparusaMm [12]. Hanpumep, rukiser si3sika Cloud-Sisal-kernel cooTBeTcTBYIOT GUMHNUTHBIM MTepaIin-
M [22]. Jpyrum mpumepoM SBJISETCS CIELVaNbHBIN Kinacec UMKIOB for B a3bike C. OTM LMUKIBI MOTYT
comepyKaTh MHCTPYKUMU break. ITOT KIacc Ha3bIBAETCSA AOMTyCTUMBIMY LUUKIamu [4]. Anropurm nposep-
KM, IIPMHATJIEKIUT JIY OIlpeeIeHHbII MK 9TOMY Kiaccy, peanusoBaH B cucteMe C-lightVer. Ho, koneuHo,
9TOT KJIAcC He ITOKPHIBAeT BCe BO3MOKHBIe puHMTHBIE uTepannu B s13b1ke C. [eHeparms oreparm 3aMeHbl
IUTS MOTTYCTUMBIX IIMKIIOB st3bIKa C-kernel ocHoBana Ha tpanciaTope c2acl2 [5] us C-kernel 8 ACL [14].

1.4. MeTOx CMEIIAaHHONM aKCMOMAaTUUYECKOII CEMaHTUKI

MeTox cMeIIaHHOI aKCOMATIUECKOI CEMaHTMKI [ 1] ITO3BOJISET MCIIOIB30BATH CIIELMaTIbHbIE BEPCUI
IpaBUJI BBIBOJAA JJIS OIpeesIeHHBIX IIPOrpaMMHBIX KOHCTPYKImil. OTMeTM, uto B C-iporpaMmax ecTb
IepeMeHHbIe, KOTOphIe VICIIONIb3YIOTCA 0e3 IpMMeHEeHMIT olepalyil B3dTHUI agpeca UM pasbIMEHOBaHN
ykasaress. KonnuectBo Takmx nepemeHHbIX B C-IIporpaMmax Mo)KeT ObITh 3HAUMTENbHBIM. [l Takux
[epeMeHHBIX MOXKeT OBbITh MCIIOJIb30BaHa GoJiee MpocTast MOMENb HaMITU, YeM MOIENb, OCHOBAaHHAsA Ha
MeM u MD. CienoBatensHo, 60Jee IPOCThIe IIpaBuiia BBIBOAA MOTYT OBITh IIPMMEHEHbI K MHCTPYKLIMAM
HaJ TaKMMMU IIepeMEeHHBIMU. ITO IT03BOJIAET YIIPOCTUTE YK.

1.5. CrpaTteruu aBToOMaTH3anNy KfokKasaTeiabcTBa YK

PaccmoTtpuMm cTpaTeruio aBToMaTU3anuy qoKasaTeabcTBa YK mporpaMM, ImoCcTycIoBueM KOTOPBIX SB-
JsieTcst pasbop caydaes [4]. Drta cTpaTerus NpuMeHsIeTcs Ui Coep Kalux (pUHITHBIE UTepaIy aHHOTH-
POBAHHBIX IIPOTPAMM, IIOCTYCIOBIE KOTOPBIX MMeET BU/{ KOHBIOHKIIMY MMILIMKALMIL. [[JIs KaXKX0i TaKoIt
VMILIVKAIAN II0JIE3HO PAcCMOTPETh, SKBMBAJICHTEH JIU OIVICAHHBIN ee ITOCBUIKOJ CIIyualil MCIIOJHEHIIO
ornepanuy break.

PaccmaTpuBaemast cTparermsi reHepUpyeT JeMMBI, Iie B IOChUIKY YK mobGaBisercs CenyaibHbIN
KOHBIOHKT. TaKoil KOHBIOHKT F€HEPUPYETCs IS KaKIO0 MMIUIMKALIY ITOCTYCIOBYSI B IBYX BUIAX: [JIS
sHaueHus rep(...).loop-break n mnga orpunanus suauenus rep(...).loop-break. [JaHHBIT KOHBIOHKT SIBJISIET-
Cs1 IIPOBEPKOIT 9KBUBAIEHTHOCTI IIOCBHLIKY MMILTMKALUY [TOCTYCJIOBYS VI 3HAUEH NS/ OTPULIaHsI 3HAUEHIS
rep(...).loop-break. Eciu cucrema ACL2 aBTOMaTHUeCKN HOKa3bIBaeT KaKyl0-JInOO0 U3 CreHepUPOBAHHBIX
JIeMM, TO 3Ta JileMMa 00aBJsieTcsi B Teopuio npeamerHoit obmactu. Cucrema ACL2 MOKeT UCIT0JIb30BaTh
JIeMMBI, [0OaBJIeHHbIE B TEOPUIO IIpeAMEeTHOI 00IacT, JII JOKas3aTelbCTBa APYrux TeopeM un YK.

Tak xak 3Hauenue 1ons rep(...).loop-break asnsercs mudopmanmeit o cpabaTbIBaHNUN MHCTPYKLIUK
break, To JaHHas cTparerus paspaboTaHa MJI TaKOIl aHHOTUPOBAHHOM IIPOTPAaMMBI, Ie B IIOCTYCIOBUI
OIMCAHBI CiIyuan cpabaThIBaHNSA/OTCYTCTBIUS cpabaThIBaHNI MHCTPYKIMK break.

2. Kparkoe onucanne si3pika Cloud-Sisal-kernel

A3k Cloud Sisal ocHOBaH Ha creLMaIbHBIX BUAAX IMUKIIOB [15, 17, 18]. 9Tu BUIBI LMKIIOB II03BOJILIOT
YIPOCTUTH paciiapayljieliBaHue ¥ BEKTOPU3aLIIo olleparinit Hax MmaccuBamu [ 15, 16, 21]. S3pik Cloud-Sisal-
kernel 6511 paspaboraH Kak IIPOMeKyTOUHBII I3bIK BepuduKanmu s qeqyKTuBHoit Bepudukaimu Cloud
Sisal mporpamm [22]. [Ins s3bika Cloud-Sisal-kernel 6p11a ipenioskeHa akcromMaTuueckas ceMaHTIKa. ITOT
A3bIK BKJIIOuaeT 0asoBble kKoHcTpykimu Cloud Sisal, Takme Kak TpUILIETHI, IUKINYECKUE BBIPAKEHMS,
LMKINYeCcKIe BhIPaKeHIS C YCIOBUIMM 3aBepIIIeHNs 1 BHIpKEHMs 3aMelleHNsT 9IeMeHTOB MacCUBOB.

Tpumterom siBiseTcs crpykrypa Buna [lower boundary .. upper boundary .. step]. Ona 3amaer apudpme-
TUYECKYIO IIPOIPECCUI0 MEXTY 3aaHHBIMI IPaHNIIAMY ¢ GUKCHPOBAHHBIM I1aroM. [{namna3oHoM SBJsgeTCsa
CTPYKTypa, OCHOBaHHas Ha AeKapTOBOM IIPOM3BeIEeHUN TPUILIETOB.
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2.1. Iuxanueckue BbIPpa>KeHUS

PaccMoTpuM 1uKIMdeckoe BEIpKEHNUE, YIIPaBIAeMoe Q1ala30HoM:
for vary in triplet; cross ... vary in triplet, do returns reduction expr end for

rae var; u triplet; IBIAIOTCA MepeMeHHBIMM ¥ TPUIIETAMI COOTBETCTBEHHO, eXpr ABJSAETCS pPelyLupy-
eMBIM BBIp&KeHIEeM, KOTOpOe MOXKET 3aBMCeTh OT 3TUX IlepeMeHHBIX, reduction SBISeTCA peayKIue,
IeKapTOBO IIPOM3BeieHIe 0003HaUaeTCs KIIIOUEBBIM CJIOBOM Cross. 9TOT LUMKJI COBEpIIIaeT UTepaLi Hal
IeKapTOBBIM IIPOM3BeJeHNeM TPUILIETOB. 3HAUeHMeM IMKJIA II0CJe OIpe/ieIeHHON MTepallu SBIgeTCsS
3HaueHNe peqyKIVN, IPUMeHeHHOe K 3HAUeHUIO expr Ha 9TON UTepalMy U K 3HAUEHUIO LIMKJIA II0CIIe
IIpepIyIIeil uTeparuu. PaccMoTpuM riaaBHBIE peyKIINIL:

« array (value) of Bo3Bparaer Maccus (IIOcIeHee 3HAUEHIE) PeAYLIPYEeMOT0 BBIPAKEHII;

« sum (product) of BeIYMCIIAET CyMMY (IIpOM3BeeHIe) 3HAUCHMIT PeXyLIUPYeMBbIX BBIPaXKEeHIIT;

« greatest (least) of Beiuncisger HauGonbllee (HayMeHblIlee) 3HaAUEHE PeAYLIUPYEeMOro BhIPasKeHMS.

O6o3HaunM Kak [00p_e Takoe IMKINYECKOe BBIPAKEHE C TAKMMI ITOBbIPAKEHUIMIL

Paccmotpum mimroctparnsusiii mpumep Cloud Sisal mporpammsr:

function f (a: array of (array of integer), n,m: integer returns integer)
for i in 0..n-1..1 cross j in 0..m-1..1 do
returns sum of if (ali, j] > 0) then ali, jlxali, jl*ali, j] else O
end if end for end function

rmoe

« 0..n-1..1 gBusgeTcsa KOHEYHOI apupMeTIUecKoll porpeccueil, rae O sBIgeTCsS HaYaJIbHBIM 3Ha-
4eHueM, 1 ABJIAEeTCA IIaroM Iporpeccuyt U n-1 ABjageTca BEpXHEN TpaHNIIEN;

« 0..m-1..1 gaBugeTca MogoOHOI IIOCIEIOBATEIbHOCTBIO, INe m-1 aBiIgercs BEpXHEI TpaHULIel];

« sum of gBifgeTcda peayKLMel, KOTOpas BBIUMCISAET CYMMY PeAyLUMpPYyEeMbIX BEIP KEHUIT;

« if (ali,j] > O) then ali,jl*ali,jl*ali,j] else O end if sBugerca peXyLUPYyeMbIM BbI-
pakeHMeM, KOTOpPOe BBIUNMCIISIET 3HAUeHNE Ky0a ITOI0KITENIHHOTO 3JIeMEeHTa MaTPULIBL.

ITa QyHKUMS BRIUKCIIET CYMMY 3HaUeHUII Ky0OB ITOJI0KUTEIHHBIX JIEMEHTOB MaTPUI(bI.

2.2. IuxanuecKkue BbIPAKEHUS € YCIOBUSIMHU 3aBepIIeHNS
PaccMoTpuM nukiImyeckoe BeIpaskeHMe ¢ KOHCTpyKIumeit while:

for vary in triplety cross ... vary in triplet,
while condition do returns reduction expr end for

rfie KOHCTPYKIUs while COOTBETCTBYET CIIENYIOIIEN MHCTPYKIINY, 3aIUCAHHON Ha A3BIKE IPOTPAMMIUPO-
Bauui C: if (Icondition) {break; }. 9ta KOHCTpyKUMI He 3a7aeT BIOKEHHBIN LIMKIL.

2.3. Bmpamenlxm 3aMeIIICHMA 3JICMEHTOB MAaCCIIBOB

BrrpaskeHne 3aMelieHUs 3JIEMEHTOB MacCBa MIMeeT CJIeYIOLII BU:

source_array[var] in triplet; cross ... cross var, in triplet, := expr]

TIe source_array ABJigeTcd MMeHEM JICXOJHOT'0 MacCuBa, vary, ..., Var, ABIAI0TCI IIepeMeHHBIMI, TPUILIe-
TaMI IBISIOTCS triplety, ..., triplet,, expr SBAgeTCS 3aMEIAIOIINM BRIpaKeHIEM (BO3MOXKHO 3aBIICSIIIM
OT v1.). BeIpaxkeHIe 3aMelieHIe 2JIEMEHTOB MACCIBA BHIMIOIHSIET HESBHBIE UTEPALIMY HAM TUAITa30HOM,
IoJIydaeMbIM B pe3yJbTaTe AeKapTOBOTO IIpOoM3BedeHNd TPUILIeTOB. Pe3yabTaToM 3TOr0 BEIpyKEHUS SIB-
JIgeTCs HOBBIMI MacCUB, KOTOPBINI COBIIANAE€T C SOUrce_array, 3a MCKIIOUeHNEeM 3JIeMEHTOB C MHIeKCaMI
13 AuanasoHa, UblM 3HaUeHM 3aMeHII0TCA Ha 3HaueHle 3aMeIl[alollero BhIpasKeHI .

OGo3HauUUM Kak array_rep_expr TaKoe BHIpa)KEHIE 3aMeI[eHNs 9JIEMEHTOB MacCuBa C TAKUMH 10 -
BBIpaKE€HUSIMIL.
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3. Cemanrtuka saspika Cloud-Sisal-kernel

Bxonuoi1 1361k cucteMbl ACL2 [14] gBiseTcst alllIMKATUBHBIM U CTPOro QyHKIMOHAIBHBIM qUAJIEK-
tom si3bika Common Lisp. Tak kak Cloud Sisal Taxxe siBistercst GyHKIIMOHATBHBIM SI3BIKOM, TO B pabore [22]
npenoxkeHa tpaHciasuus Beipakenuit Cloud Sisal B Beipaxenus ACL2. ®yukiusa sisal2acl2 peanusyer
3Ty TpaHciaaumo. OnpeneneHne 3Toi QYHKIMM OMMCAHO B padoTe [22]. PaccMoTpuM KpaTkoe ommcaHue
9TOI TPAHCIALNIL.

3.1. Tpaucasanus 6a3oBbIx KoHcTpyKuuii sa3bika Cloud-Sisal-kernel na s3p1xk ACL

dyuxkuus sisal2acl2 kouseprupyet Maccussl a3b1ka Cloud-Sisal-kernel B cimckn ACL2. [[Be onepanym
MCIIOIB3YIOTC Ay 00paboTKM MHOEKCUPYeMBbIX ITocieqoBaTenbHOCTell. Paccmorpum dyukumu nth u
update-nth, xoTopble pealnsyoT 31y onepauuy. Eciau i aBnsercs nHeKcoM 1 [ IBIseTCs CIIMCKOM, TOTAa
(nth i l) aBnsieTca 3HaUeHMEM i-TO aJeMeHTa U3 crucka [. Eciin BIpakeHMe expr sBIIsSETCS BhIpasKeHIEM
ACL2, torma (update-nth i expr l) saBiseTcs HOBBIM CIIVICKOM, KOTOPBII COBIafaeT CO CIMCKOM [ 3a
VCKJIIOUEHNEM [-TO 3JIEMEHTa, YUbIIM 3HAUEHUEM SIBIIETCS expr.

dyuxkuus sisal2acl2 Tpancnupyer Tpumiers Cloud-Sisal-kernel B npumenenne gyukiun triplet. Ita
GYHKUMS IPUHMMAET B KAUeCTBE apIyMeHTOB HIDKHIOK rpaHniy [ow, BepXHIO rpaHuny high u mar step
U BO3BpalllaeT CIIMCOK 3HAUEeHMII apu(MeTHUecKOIl IIPOTrpeccut, 3aaHHOI TPUILTIETOM.

Oyukuus sisal2acl2 ucnonssyer TpaHcasTop range2acl2. OH TpaHCIMPYET DeKapTOBO IPOU3BENEHIIE
TPUILIETOB B IIpUMeHeHMe QyHKIumn cartesian_product B obiem ciaydae. PyHkimsa cartesian_product
BO3BpalllaeT CIIMCOK KopTexert. OTMETUM, UTO TaKKe MCIOIb3yeTcs GyHKIMS partition IS MOTEINPOBa-
HMS 3arojIOBKa I[UKJIA B cIy4yae OOMHOUHOro tpuiiera. PyHKImM range2acl2 TpaHCIupyeT OOMHOUYHBIN
TPUILTIET B IpuMeHeHMe QYHKUMN partition.

MbI uCIoNB3yeM CrelyalbHble KOHCTPYKIN, IIPEeNOCTaBIsseMble OubnmoTekoit 1y B cucreme ACL2,
IV 3afaHus HOBBIX TUIIOB. Eciu e — MM HOBoro Tmma, Torga reHepupyercs Makpoc make-e ¢ IIOMOIIBIO
O6ubnmorexu fty. ITOT MAKPOC ABJIAETCS KOHCTPYKTOPOM IS TUIIA e. MBI MCIIOIb3yeM 9TOT IIOOXON IS
CO3[aHNI CTPYKTYpHI [oop-expr B riase 4.

Tax)ke 9TU KOHCTPYKLIMU [TO3BOJISIOT 33IaTh CIIELMAIbHBIE CTPYKTYPHI AJI MOAEINPOBAHMS KOHTEKCTA
1ukina. TUm cTpyKTypsel environment_id reHepupyercs IS MOAeIMpPOBaHMs KOHTeKcTa. [Tons aToit cTpyk-
TYpBI COOTBETCTBYIOT IlepeMeHHBIM KOHTeKCTa. MbI reHepupyem QyHKUMIO create_environment_id pis
YIPOIIEHNs CO3TaHMI 00BEKTOB THUIIA environment_id. (DyHKuMM context_variables, context2vector n
context2string MO3BONAIOT IOIYYaTh MHPOPMALILIO O ITepeMeHHBIX KOHTeKCTa 0T Kommuiatopa CPPS [15,
16, 21] 1 KOHBEPTMPOBATD CIIMCOK TAKUX ITEPEMEHHBIX B CTPOKOBOE IIPENCTABIEHIIE.

3.2. Tpaucaanusa nukiaoB Cloud-Sisal-kernel Ha si3p1x ACL

AxcuomMarnueckas cCeMaHTIKa IuKiInmueckux BeipaskeHnii Cloud-Sisal-kernel ocHoBana Ha cuMBoIMUe-
ckoM Metojie Bepudukauuu prHUTHBIX utepanuuii [12]. CaegoBarensHo, GyHkius sisal2acl2 tpanciaupyer
LMKJI B IpMeHeHue QyHKuMM rep_id, rae id ABifeTcd yHUKaJIBHBIM UAECHTU(QUKATOPOM.

OrMmeTuMm, 4TO B pabore [22] He ObLia 3aaHa aKCMOMAaTIYeCKas CEMAHTUKA JJIA IIUKINYIECKIX BBIPA-
’KEHUII C yCJIOBUSIMU 3aBEepILICHII.

uxuer aseika Cloud-Sisal-kernel 3agaror nrepanym Hag KopTexaMy 3HAUEHMIT ITepeMeHHBIX 113 3aT0-
JIOBKA LUKJIA. OTU KOPTEKM IIOJIYIAIOTCS JEeKapTOBBIM IIPOM3BeIeHEM TPUILIETOB 13 3ar0JI0BKa LIMKJIOB.
CiemoBaTeIbHO, TPAHCIAINSA OIIpe/iesieHa ¢ IIOMOIIBIO CIeYIoIero npuMeHeHna GyHKIuN range2acl?2:

sisal2acl2(loop_e) = (rep_id
(reverse range2acl2(triplet; cross ... tripletn_1 cross triplety))
(create_environment_id context2string context2uvector(
context_variables(expr) \ {vary, vary, ... var,_1, vary})))),
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rae id sBiseTCs YHUKAIbHBIM upeHTHukaropom. Ilpumenenne QyHKIuUM reverse TapaHTUPYeT KOp-
PEKTHBIN MOPANOK HMpuMeHeHus penykunu. Omepanus pasHOCTY MHOXECTB yHAJsIeT 13 KOHTEKCTa IIe-
pemenHble quarnazoHa. CTPOKOBbIE IIPeNCTABIEHMs IT€PEMEHHBIX CTAHOBSITCA apryMeHTaMy (QyHKIIN
create_environment_id.

T'enepaums onpenenenns QyHKunu rep_id Takxke onucaHa B pabore [22]. dyuxums sisal2acl2 peannsy-
€T 9Ty reHepaIIIo KaK TPAHCIIAIIIO TeJla [IUKIIA B IpUMeHeHe KOHCTpyKuuu b « s3pika ACL2. Paccmorpum
ob6uryto popmy aroit koucTpyKumu: (b « (... (var expr)...) result_expr), rioe Beipaxkenue (var expr) 0603Ha-
YyaeT CBA3bIBaHIMe IIepEMEHHOII var co 3HaUeHNMeM BBIPAKEHUS exXpr, KOTOPOe MOKET 3aBUCETH OT paHee
CBSI3aHHBIX IIepeMEeHHBIX. 3HaueHueM OJIOKa b » sIBJIseTcs 3HaueHMe BBIpKeHUS result_expr, KoTopoe
TaK)Ke MOKET 3aBIMCETh OT CBSI3bIBAa€MbIX IepeMeHHBIX. OTMeTUM, UTO 3HaUeHVe [IepEMEHHBIX 13 3aro-
JIOBKa LIMKJIA 33{aHO B TOM KOpTesKe M3 eKapTOBOTO IPOM3BeAe s, HaJ KOTOPBIM MCITOJIHSETCS TeKy1as
nrepanys. PaccMoTpeHHBIE KOHCTPYKLMM IIO3BOJISIIOT CO3[aTh B OJIOKe b * IepeMeHHbIe, COOTBETCTBYIO-
LMl TIepEMEHHBIM U3 3aT0JI0BKA IIUKJIA, U CBSI3aTh X 3HAUEHUS C COOTBETCTBYIOIIVMI 3HAUEHMAMY 13
KOpTerKa, HaJl KOTOPBIM JICIIOJIHSIETCS TeKy1Iast ureparys. VIcroaHeHte KOHCTPYKIVIA, 3aBepPIIAIOIINX JIC-
ITOJIHEHIe, MOEIMPYeTCs MCTUHHOCTBIO yCIOBUSA When, KOToOpoe MOXeT ObITh MCITOJIb30BAHO KaK yCIOBIE
CBA3BIBaHUIA.

OrMmeTuM, UTO IlepeMeHHbIe 3arojoBKa Iukia s3pika Cloud-Sisal-kernel me 3aBucsaT mpyr or mpyra.
[TosToMy, MBI He UCIIOIb3yeM TaKyl0 BO3MO)XHOCTb OJIOKA b *, KaK 3aBMCUMOCTH IIepEMEHHBIX OT paHee
OIlpefesIeHHBIX ITepeMeHHbIX. MBI 1CIT0b3yeM OJIOK b *, uTOGBI 3a0aTh IepeMeHHbIe, COOTBETCTBYIOLIIIE
IlepeMeHHbIM KOHTEKCTa, VI IlepeMeHHbIe, COOTBETCTBYIOII[ME [IepeMEHHbIM 3arojloBKa IMKIa. JTU IIe-
peMeHHbIE He 3aBUCAT OPYT OoT Apyra. Tak Kak B s3bike crcTeMbl ACL2 OTCYTCTBYIOT 3aMBIKAHUS, TO
3ajaHue B GJIOKe b » TaKMX ITlepeMeHHBIX I103BOJIIeT MOAENIMPOBATh BO3SMOKHOCTY 3aMbIKaHUs. BBeqeHne
TaKUX IepeMEHHBIX [T03BOJIET 3aINcaTh BHYTpU O10Ka b * penyrpyeMoe BbIpa)KeHIe, 3aBUCSIIEE OT
repeMeHHBIX KOHTEKCTA IIUKJIA M OT IIepEMEHHBIX 3aT0JIOBKA IIVKJIIA.

Oyuxius sisal2acl2 ucrionsayer tpancuarop reduct2acl2 nys reHepauuy IprMeHEHNs pexyLUpyo-
ieit GyHKUMYM Kak result_expr xoHctpykuuu b = dyukius reduct2acl? peanusyer TpaHCIALNIO PEAYK-
1uit. 91a QYHKIWS IPMHUMAeT TPU apTyMeHTa: MMs peAyKLNN, peAyLIpyeMoe BhIpa)kKeHIe Ha TeKy e
UTepalu expr; ¥ 3HaAUEHMe LMKIIA I10CIIe IIpeabIay1eit utTepaunu (exprz). MbI TakKe MCIIOIb3yeM BCIIO-
MoraTelbHyI0 (pyHKUMO reduction_init, KOTopas IPUHMMAET B KaueCTBe apryMeHTa MMs PeIyKIu I
BO3Bpall[aeT 3HaUeHNe PeqyKLMM [10 yMOTUaHU0. DT1 QYHKIIMY IIO3BOJIIIOT PeaIn30BaTh PELyKLUNIO B
Tesie PyHKUMM rep. PacCMOTPUM CIMCOK HEKOTOPBIX PeAYLMPYIONNX (YHKIVIL, IOJyUYeHHbBIX B PE3YIb-
Tare IpUMEHEHUs TpaHcasITopa reduct2acl2:

« reduct2acl2(array of, expri, expry) = (cons expry expr,)

« reduct2acl2(sum of , expry, expry) = (+ expr; exprs)

« reduct2acl2(product of, expry, expry) = (+ expry exprs)

Penyrupyromas ¢pyHkums B Tese QyHKIuM rep_id npuMeHseTcs K pegyLpyeMOMY BBIPaXEHUIO U
pe3ysIbpTaTy peKypCUBHOIO BbI30Ba PYHKIUMU rep_id.

3.3. TpaHcagumusa BeIpa>keHUI 3aMelleHIs 3JIeMeHTOB MacCUBOB Ha 361K ACL

CeMaHTMKa BBIpOKEHUII 3aMell[eHIIS 9JIeMEeHTOB MacCHBOB TaK)Ke OCHOBAaHa Ha CIMBOJIIYECKOM MeTO-
ne BepubuKanuy GMHUTHBIX UTepalyil. OTU BBIPOKEHMS TPAHCIUPYIOTCI B IPMMeHEHMe PeKYPCUBHBIX
byuxuuit update_elements_id, rie id ABIsgeTCS YHUKAIBHBIM UAeHTUPUKATOpOM. PaccMoTpuM TpaHCcisa-
LIMIO 9TUX BBIPA)KEHUIT ¢ HOMOLIbio pyHKImY sisal2acl2:
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sisal2acl2(array_rep_expr) =
(update_elements_id
(reverse range2acl2(triplet; cross ... cross ... triplet,_1 cross triplety))

(create_environment_id

context2string(
context2vector(
context_variables(expr) \ {vary, vary, ... var,_1, vary})))
source_array),

Otmernm, uTo mpuMeHenue pyukiun update_elements_id moxoxxe Ha npuMeHeHue QyHKUMY rep_id B
cilydae IUKINYecKux BoipaxeHuit. Onpenenenne pyukimm update_elements_id Takxe cX0e ¢ oIpene-
nenueM QYHKIMN rep_id 3a MICKIIOUEHNEM Pe3yIbTUPYIOLIEro BEIpaskeHs B OJI0Ke b » ¢ IpuMeHeHIsIMU
BBIpaKeHUIT update-nth BMecTo pexyuupyiouteit QyHKIIIN.

3.4. AxcumoMmaTmueckas cemaHTuka aspika Cloud-Sisal-kernel

st 3amaHms akcmomMaTyeckoit cemManTuku s3bika Cloud-Sisal-kernel mconsayercs meron ciaberiirre-
ro npexycioBusd [7]. [JaHHBIN MeTOR, KaK 1 CUMBOJIMYECKIIT MeTO BepuduKarmy GUHUTHBIX UTEPaLiIL,
OCHOBaH Ha 3aMeHe IIepeMeHHBIX UX 3HAUeHVIMH, BBIUMCIeHHbIMU cuMBoanuecku. Ecnu wp(S, Q) 18-
JfeTcs ciaabeiilmMM IIpeayciIoBMeM IIporpaMMbl S ¢ moctycnoBueM Q m P aBuagercsa ¢gopmyroir, Torna
tpoitka {wp(S, Q)} S {Q} uacTuuno KOppekTHA U U3 MCTUHHOCTU PopMyasl P — wp(S, Q) ciaenyer ua-
cTUUHAasE KOppeKTHOCTH Tpoitku { P} S { Q}. [laHHOE CBOIICTBO ITO3BOJIAET MCITOIBb30BATh METO] CIIAbeIIero
npenycioBus Ais reHepanun YK.

AxcromaTnuecKkass CeMaHTHKa BBIpaKeHUII sg3bIka Sisal ommcana B pabore [22]. s 3amanus
AKCIOMATHMYUeCKOJ CeMaHTMKI SI3bIK CIelmduKaImit O paciiupeH TepMoM result. [JaHHBIN TepM MOX-
HO JUCIIOJIb30BATh B IIOCTYCIIOBUY Sisal-BbIparkeHus [ist 0603HaUEHNsI 3HAUEHMSI 9TOT0 BhIpakeHus. IycTh
R(y < expr) obosHauaeT OOHOBpEeMEHHYIO 3aMeHY B R Bcex CBOOOIHBIX BXOKIECHNII IlepeMeHHOI y Ha
Ha expr. Eciin expr siBseTcst BeIpakeHueM s3bika Sisal, Torma

wp(expr, Q) = Q(result «— sisal2acl2(expr))

Tax xak ciabeiiiee npexyciaoBue Sisal-BbIpakeHMIT OCHOBAaHO Ha IIPMMeHEHNY TpaHciaATopa sisal2acl2,
TO aKcmoMarmyeckass ceMaHTmka s3bika Cloud-Sisal-kernel ocHoBaHa Ha TPaHCJISLMOHHON CeMaHTHKE.
OrmeTnm, 4TO B pabore [22] He ObLIa 3ajaHa aKCMOMaTIUeCKas CeMaHTVKa IS IIUKINYeCKIX BRIPKEHII
C YCIIOBUSMM 3aBepIICHIS.

4. Pacummpenne sa3pika C-kernel nukiamuecknmn BbIpakKeHUAMM A3bIKA
Cloud-Sisal-kernel

4.1. CHHTaKCUC TPUILUIETOB, HUKINMYECKNX BRIPAKEHUI, IMKINYECKNX BHIPAYKEHMII C
) )
YCJIIOBMAMM 3aBePLIEHNS U BhIPa)KeHUIT 3aMelleHIS 3JIEMEHTOB MACCHBOB B SI3bIKaX
C-light n C-kernel

sIspik C-light 6bL1 pacimpeH TakMM HOBBIM BUAOM BBIP@)KEHNIL, Kak TpUIUTeT. TpuIuier mmeer cie-
Oyl cuHTakcuc: lower boundary .. upper boundary .. step, rme lower boundary, upper boundary
U Step — LeJIOUNCIICHHBIE BBIDAKEHMA. PaccMOTpUM pasHUIy MEXIY OIEepalMOHHON CeMaHTMKOM 3THX
BbIpakeHUit B s13b1Ke C-light 1 cemantnxoit tpumieros Cloud-Sisal-kernel.

Tpumaersi, nob6asnenusle B 131K C-light, Bo3Bpatator ctpykrypy tuna tripl:

typedef struct tripl{int scalar; int + vector; }tripl;
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Tak Kak TPUIIIET MOJENMPYeT II0CJIeNOBATeIbHOCTD YMCeJI, TO II0JIe Vector 3TOV CTPYKTYPHI SBIIAETCS
yKasaTeJieM Ha OVMHaMIUYEeCKII MACCUB, 3aII0JIHEHHBIN 3TOJ I10CJIEN0BATEIbHOCTBIO (BBImENIEHHAS ITAMATH
IOJKHA OBITH OCBOOOKIEHA IIPOrPaMMIICTOM IIOCJIe VMCIIOIB30BAHMA), ITOJIe scalar XpaHNUT IUIMHY IIOJTy-
yeHHOro Maccusa. IIycToil TPUIIZIET COOTBETCTBYET CTPYKTYype, Ie Ioie scalar paBHo 0 u mose vector
pasao NULL.

Taxoke a3p1k C-light 6511 paciInper IMKINUECKMMY BBIPAKEHUSAMI C CHHTAKCIICOM, CXOJHBIM C CIH-
takcycoM loop_e. OnuirreM pasHHUITy MeX/y CeMaHTVKO 3TUX BeIpaskeHuii B a3bIke C-light 1 cemanTMKOIT
uukioB Cloud-Sisal-kernel. [fuxkindeckne BeipaxkeHus, qooasiaeHHbIe B A13bIK C-light, Bo3Bparmaror cTpyk-
Typy Tumna loop_expr:

typedef struct loop_expr{int scalar; int » vector; }loop_expr;

Ecnu 1iukinnueckoe BhIpaskeHIe BO3BpAaIljaeT LeJIOUNCIeHHOe 3HAaUeHIe, TOTAa Pe3yIbTaT COXpaHIeTCs B
noJje scalar cooTBeTCTBYyIOLIEN CTPYKTYpHI 1 1toste vector xpauut N ULL. Ecnu nukinueckoe BoIpaKeHe
BO3Bpall[aeT I[eJIOUNCIEeHHbII MacCUB, TO IIOJe vector pacCMaTpUBAEMOI CTPYKTYpHI SBISETCS yKasa-
TeJeM Ha AMHAMMIYECKUII MacCUB, COOTBETCTBYIOLIMIT pe3yJsbTaTy (BBIAeJIEHHAs IaMATh HOJDKHA OBITH
0CBOOOXKIeHA IIPOIPAaMMMCTOM ITOCJIEe JICIIONBb30BAHMN), IVIMHA IIOIYUYeHHOTO MacCUBa XPaHUTCA B IIOJIe
scalar.

OrMeTnM, UTO OIpefesieHNe CTPYKTYpBI [0op_expr coBIajaeT ¢ OIpefesieHNeM CTPYKTYphI tripl.
IToaToMy, BO3MOKHO MCIIOJIb30BATh €UHYI0 CTPYKTYPY AJIS XpaHeHN TPUIUIETOB M Pe3yJIbTaTOB LIVIKIIN-
yecKux BeIpaxeHMII. Ho 6b110 IpUHATO pellleHNe MCIIONb30BATh AJII XpaHEHs TPUIUIETOB I pe3yJIbTaTOB
LIMKJINYIECKUX BBIPAKEHNII CTPYKTYPBI C pa3HbIMIU HaIMEHOBAaHUAMM. ITO pellleHye SIBISIeTCS IIIaroM Ha
MyTU K YIYYIIEHWIO TUIN3auu B pacumpernu g3beika C-light u B paciupennn sspika C-kernel. Taxoke
3TO pellleHre MOXKET YIPOCTUTD HallMCaHMe KOfa Ha JaHHBIX I3bIKaX.

Taxke a3bIk C-light 6bI1 paciuMpeH HUKINUECKUMMM BBIPOKEHMUSIMY C YCJIOBUSAMM 3aBeplleHus. B
KauecTBe YCJIOBMII 3aBepIIIeHs MCIIOIb3YIOTCA BhIpakeHus 13biKka C-light.

Taxoke g3b1k C-light 6B pacIIupeH BhIpaKeHUAMIY 3aMelleHIS 3JIEMEHTOB MAaCCUBOB C CIHTAKCUCOM,
CXOIHBIM C CUHTaKCUCcOM array_rep_expr. Ho aTu BbIpakeHUs 3aMellleHNs II€MEHTOB MacCUBOB ObLIN
peayn3oBaHbI Kak MHCTpyKIuu s3bika C-light. IloaTomy, 6ymeM Ha3bIBaTh UX MHCTPYKLIMSIMY 3aMeLI[eHIS
3JIEeMEHTOB MacCUBOB.

sI3BIK, IMONTy4eHHsBIT paciuyperueM sa3bika C-light koncTpykumsamu aseika Cloud-Sisal-kernel, Hassi-
Baercs C-Sisal-light. fIspik C-kernel Taxxe 6pu1 pacimmpen koucrpykuusamu s3bika Cloud-Sisal-kernel, B
KOTOpBIE U TPAHCIUPYIOTCSI COOTBETCTBYIOIIMe KOHCTpYKIun C-Sisal-light. Ho mogBsipakeHns aTnx KoH-
CTPYKIMIL, HAIIpUMeEDP, peAyLMpPyeMble BRIpaKeHUS IMKI0B, MOTYT M3MEHITHCS B Pe3yJIbTaTe TPAHCIIALIML.

Tax Kax TPUILIETHI, IIMKINUECKIe BhIPAKEHNS U BRIPA)KEHMS 3aMellleHIS 3JIeMEHTOB MacCUBOB MOTYT
comepskaTh Mo6ouHbIe 3¢(deKTh! (HanpuMep, BbIAeNEeHNEe TMHAMUYECKON IIaMITH), TO IIPaBIIa TPAHCIIS-
LMY, KOTOpBIe JIOKAIU3YIOT IT060uHble 3¢ dexTs! (Hanpumep, npasuiao Ops), ObLIM MOAMPULIIMPOBAHEL
Tpumersl, TUKINUECKIe BBIPA)KEHNUS Y BEIPQKEHMS 3aMell[eHIs 9JIeMeHTOB MacCUBOB OBLIN J00aBICHbI
B 00J1aCTh [EMCTBUA STUX NPaBUI. B pesynprare pemyiipyeMble MOABBIPAKEHNSI HYKIIOB TPAHCIUPYIOTCS
n3 C-Sisal-light 8 C-kernel. Taxxe Tpanciasarop c2acl2 [5] ns C-kernel B ACL 6pu1 MoguduiupoBas mis
TPAHCIIALMY TPUILJIETOB Y HMKJIMYECKIX BBIPaXKEHIIL.

AA3pIK, monyueHHBIN paciiupenneM s3bika C-kernel korcrpykumsamu s3pika Cloud-Sisal-kernel, Hassr-
Baetcs C-Sisal-kernel.

4.2. CeMaHTHKa TPUILUIETOB, IVK/INYECKIX BHIPAKEHUIT, IIMKINYECKUX BHIPaYKEHMII C
YCJIOBUAMM 3aBEPUIEHNA U BbIPAXKEHNI 3aME[€HIA 3JIEMEHTOB MACCUBOB B AI3bIKE
C-Sisal-kernel

Axcmomaruueckas cemMaHTuka a3bsika C-kernel 6b11a paciMpeHa IIpaBmjiaMM BbIBOAA OJI TPUILIETOB,
OMUKINMYECKUX BI:Ipa)KeHI/If/I n I/IHCTPYKLH/Iﬁ 3aMEIIeHMA 3JIEMEHTOB MAaCCIBOB. Bce VHCTPYKLIUM, COOEP-
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Kallye TPUIUIETHI, MMEIOT BUJ CJIEYIOLIEro IIPUCBAMBAHNS M3-3a IPUMEHEHVS [IPABIJI TPAHCIISILIUI,
JIOKaNU3yIoImx mnobounsie apdextsr: var = low .high .step; , rue var saBiseTcs MepeMeHHOI TUIA
tripl, low, high u step SBJSIIOTCS LEJIOUNMCIEHHBIMY IIepEMEHHBIMI VMJIM KOHCTAHTaMM. DTa MHCTPYKIS
ABJISIETCS IIPUCBAMBAHMEM TPUILIETA IIepeMEeHHOI. PaccMOTpMM mpaBmito BEIBOJA [JIS 9TOV MHCTPYKI{MI:

{P} A; {Q(var « c2acl2(low ..hight ..step),
MD «— upd(MD, var.vector, c2acl2(low ..high ..step).vector))}

{P} A;var = low .high ..step; {Q}

rae A SBJISIOTCS MHCTPYKUMSMIY IIPOrPaMMBI IO pacCMaTpPMBaeMOro IIpUCcBanBaHMs. MbI CIIOTIB3yeM 00-
paTHOe IpociexyBaHue (MeTox caaberiiero mpeyciaoBys [7]): MbI ABIMIKeMCS OT KOHIIA IIPOTPaMMBI K ee
Hayaly ¥ IMMUHMIPYEeM CaMbIil IIPaBbIil onepaTop (Ha BepXHEM ypOBHE), IPUMEHIS COOTBETCTBYIOLIIEE
IIPaBIMJIO BBIBOMA CMEILIAHHOJN akcmoMmarmyeckoil cemaHTuku [1] s3pika C-kernel. OTmernm, 4TO HOBOE
IIOCTYCJIOBMeE ITOJTyYaeTcs U3 UCXOAHOT0  OMHOBpEeMEHHOII 3aMeHOIl var Ha 3HaueH1e TPUILIeTa I 3aMe-
Holt MD Ha HOBoe coctosiHue namsatu. CTpykrypa tripl Opi1a 3agana B ACL2, ucmons3yst KOHCTPYKLIMHU
onbnuorexu fty cucremsr ACL2. Tpaucnsarop c2acl2 reHepupyer npuMeHeHe KOHCTPYKTOpPaA CTPYKTYPhI
tripl, KOTOpBIiT ycTaHABIMBAET B KaUeCTBe 3HAUEHS IO vector 3HaueHme QyHKIuu triplet.

Bce mHCTpyKUMHM, comepskalye HMKINUIECKNe BbIpaKeH!s, UMEIOT BU CIeAYIOI[ero pycBauBaHN
13-3a IPUMeHeHVs IIPaBIII TPAHCIALNU, KOTOPBIE JIOKAJINU3YIOT IT000ouHble ahdeKTsl: var = loop_e;. Ita
MHCTPYKLMSA fABJIgeTcd IIpMCBalBaHIeM IIUKJINUECKOTO BBIpKeHUd IepeMeHHOoIl. PaccMoTpum cienyto-
1lee MPABMJIO BBIBOJA AJI 9TOM MHCTPYKLIMAL:

{P} A; {Q(var « c2acl2(loop_e),
MD «— upd(MD, var.vector, c2acl2(loop_e).vector))}

{P} A; var = loop_e {Q}

roe A ompepmensercs IO aHAJOTMY C IIPaBIIIOM g TpuiieToB. OTMeTmM, UTO CTPYKTypa loop_expr
ObL1a 3amana Ha g3bike ACL, ucnonb3ys KoHCTpyKumu 6ubnmoreku fty cucremsr ACL2. Sta cTpykTypa
aHaJOrMYHa CTpyKType loop_expr, 3amanHoi Ha s3bike C-light. Onpenenenue tpancnsaropa c2acl2 mis
3TOTO BBIpA)KEHNSI OCHOBAHO Ha MOAMQUKAIIN TPaHCIATOpa sisal2acl2 muis MUKINYecKuX BbIpaskeHIIL:

c2acl2(loop_e) = (make-loop_expr
: scalar (rep_id
(reverse range2acl2(triplet; cross ... cross triplety))
(create_environment_id context2string(context2vector(
context_variables(expr) \ {vary, vary, ... var,_1, vary}))))
: vector nil)

rfe id IBIfeTCs YHUKATIbHBIM UAEHTU(PUKATOPOM. DTO pe3yIbTaT TPAHCIALVIN B CIIydae LeJOUNCIeHHOTO
3HaueHNs peyKuuu. Ecam peqyKums BosBpalaeT LeJ0UVCIAeHHbII MAaCCUB, TO Pe3yJIbTaT PeAyKIIAN CBsI-
3bIBA€TCH C [I0JIEM vector BMeCTO 1ot scalar, mose scalar cBI3pIBaeTCs C AIMHOI pe3ysIbTara pefyKIIL.
PesyspTaToM TpaHCIISLIIN ABJISETCS MICIIOIb30BaHIEe KOHCTPYKTOpa CTPYKTYpPEI [0op_expr, KOTOPBII 3aa-
eT 3HaUeHMs [T0JIelt, MICIIOJIb3YsI 3HaueH1e GYHKLUMM rep. PaccMOTpUM aliropiT™ reHepaIiiuy orpeeIeHns
byukuun rep_id:

(defun rep_id (range_tuples environment)
(b« ((when (endp range_tuples)) reduction_init(reduction))
(tuple (car range_tuples))
(vary (car tuple))
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(varp (car (cdr (cdr ... (cdr tuple) ...))))
(previous_iter_result (rep_id (cdr range_tuples) environment)))
reduct2aci2(reduction, c2acl2(expr), previous_iter_result)))

rae range_tuples sIBIsieTCs CIIVICKOM, COOTBETCTBYIOIIMM Pe3YyJIbTAaTy HeKapTOBOIO IIPOM3BENEHMs TPU-
meToB. Kakaplil 9jleMeHT 3TOro CIMCKa SBJISETCS KOPTEXOM 3HAUEHUII ITepeMeHHBIX 3aroJIOBKa I[UK-
na. Pemykius peanmsoBaHa, MCIIONB3ys pe3yibrar TpaHcasropa reduct2acl2. Ilpumenenus car u cdr
K range_tuples cOOTBEeTCTBYIOT IIpMMeHeHMIM choo 1 rest K S B OIpefeJIeHUN CUMBOJINYECKOTO METO-
na Bepupmkanuy GUHUTHBIX UTEpaIMil. ITO JEMOHCTPUPYET, UTO LMUKINUECKIEe BBIPAKEHNUS SBISIOTCS
GUHUTHBIMY UTepalUAMI HaX AeKapTOBBIM IIPOM3BedeHIeM TPUILIETOB. [ TaBHBIM M3MeHEHIEM 3TOTO
aJIrOpMTMa OTHOCUTENBHO reHepauuu rep_id mnsa unknos Cloud-Sisal-kernel [22] aBnsercs npumeneHme
TpaHciasgTopa c2acl2 [5] Bmecro dyukunu sisal2acl2.

MeTtox cMelIaHHOM aKCMOMAaTIYEeCKOM CEMaHTUKM IT03BOJISET 3aJaTh BEPCHIO IIpaBUJIa BBIBOJA IS
LIMKJINMYECKUX BBIPOKEHUI B Cllyuae CKaJISPHOIO pe3ysibTaTa M OTCYTCTBUS BBIIEJEHVS JMHAMMIUECKO
maMsATH. 3aluilleM 9Ty BepCUIO IIpaBUjIa BBIBOAA Ha sI3bIKe LIAOTIOHOB [2] IS MCIIONB30OBAaHMUS 3TOTO
IpaBujIa B KauecTBe BXoa MeTareHeparopa YK:

{P} A {substitution(Q, var, c2acl2(
for int_var(var_element_1) in triplet_val(triplet_element_1)
repeat(cross int_var(var_element_2) in triplet_val(triplet_element_2))
returns reduction int_val(expr) end for)}

|- {any_predicate(P)} any_code(A)

var = for int_var(var_element_1) in triplet_val(triplet_element_1)
repeat(cross int_var(var_element_2) in triplet_val(triplet_element_2))
returns reduction int_val(expr) end for {any_predicate(Q)}

I'ie repeat SBISeTCI KOHCTPYKLMEN, KOTOpas IT03BOJISIET 3a1aBaTh I11a0I0HbI, OCHOBAHHbIE Ha ITIOBTOPAX,
elements c uHgeKcamu [5] ABIIAeTCI KOHCTPYKIME, KOTOPAs ITO3BOJIAET 3a0aBaTh BEKTOPHI IT€PEMEHHBIX
1 BBIp@KEHUI oAMHaKoBoro Tumna. KoHcTpyknug int_var comocrasisgeTcsd ¢ LeJOYNCIEHHON ITepeMeH-
HOI, KOHCTPYKUMA int_val coocrasigercd ¢ LeJIOYNCIeHHBIM 3HaUeHIeM M KOHCTpyKuud triplet_val
comocTasisgeTcs ¢ TpumieToM. [Ipasuiio BeIBoAA A4 IIpMICBaBaHNA TPUILIETY B CIyUae IIyCTOT'O TPUILIETa
M OTCYTCTBUA BBIJAEJIEHNS IMHAMIUECKOIT IaMATU ABJIAETCI CXOKIM C PAaCCMOTPEHHBIM IIPaBUIOM.

ITpasmiio BeIBOAA I UMKINYECKOTO BBIPAKEHMUS C YCIOBMEM 3aBEpILICHMS IBIAETCA TaKUM e, KaK
MIPaBUJIO BBIBOJA JJI LHUKJINMUECKOTO BBIpKeHUd. [JIaBHBIM OTINYMEM SIBJISETCS aJITOPUTM TeHepaluu
omnpeneneHns GyHKIMM rep_id, pacliMpeHHBI TeHepanyell IPOBEPKM yCIOBUS 3aBepIIeHNs 11 reHepa-
Lueil IpoBepKM pesysbTaTa IpedbIayliieir urepaunu. OTMeTUM, UTO TaKOl aJITOPUTM OTCYTCTBYeT OIS
LIMKJIOB C ycioBusMu 3aBepieHus B s3bike Cloud-Sisal-kernel. Paccmorpum Takyro reHepariuio omnpee-
nmeHns QyHKUMu rep_id:

(defun rep_id (range_tuples environment)
(b~
(when (endp range_tuples))(update : loop-break nil reduction_init(reduction)))
(tuple (car range_tuples))
(vary (car tuple))

(vary (car (cdr (cdr ... (cdr tuple) ...))))

(previous_iter_result (rep_id (cdr range_tuples) environment))

((when (not previous_iter_result.loop-break)) previous_iter_result)

((when (not c2acl2(condition))) (update : loop-break t previous_iter_result)))
(update : loop-break nil

reduct2acl2(reduction, c2acl2(expr), previous_iter_result))))
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re MbI CBI3bIBaeM previous_iter_result ¢ pe3yapTaToM IpenbIayLIeil uTepanyy. Eciau crmcok Kopre-
JKell IuamasoHa paBeH nil, Torma sHaueHMeM (QYHKIUM SBISETCI CTPYKTypa CO 3HAUEHMEM pPeRyKLIMI
II0 YMOJYAHUIO M CO 3HaueHmeM Iois loop-break, xoTopoe paBHO false. Ecnu 3nauenme moinsa loop-
break w3 pesynbrara IpegbIAYIEN MTEPALIVY PABHO {rue, TOrAa 3HAUEHMEM 3TON (QYHKUWUM SBILETCS
previous_iter_result. Ecnu ycnoBue 3aBepliieHMs BBINIOJHEHO, TO 3HAUeHUEM (QYHKIUM SIBISETCA pe-
3yJIBTAT IIPeIbIAYILEel NTePALNY 3a MCKIIIOUeHeM 3HaueHus mois loop-break, xotopoe paBHO true. ITu
MIPOBEPKI PEAIM30BAHBI B IIEPBOIL, BO BTOPOI U B TPeThell KOHCTPYKIUAX when coorBeTcTBeHHO. CTPYK-
Typa C pe3yibTaToOM IIpMMeHeHUsI peIyKLIIUN ¥ O 3HaueHueM 1ois loop-break, paBusiMm false, siBisercs
Pe3yIbTaTOM 3TOi QYHKIUU B APYTUX CIyUasX.
PaccMoTpyM IpaBuIIo BBIBOAA [Tl MHCTPYKIIMY 3aMeEIeHNsI 3JIEMEHTOB MacCUBa:

{P} A; {Q(source_array <«— c2acl2(array_rep_expr),
MD «— upd(MD, source_array, c2acl2(array_rep_expr)))}

{P} A; array_rep_expr; {Q}

rae A ompepessieTcs 0 aHAJOTUY C IpaBIUIoM st TpuiuieToB. OmpeneseHue TpaHcisTopa c2acl2 mis
9TOI MHCTPYKIMI CXOKe C OTIpefieIeHIeM TPAHCIATOpa sisal2acl2 s BeIpaskeHUIiT 3aMeleHNs 3JIeMeH-
TOB MaccUBOB. PaccMoTpuM anroputm reHepauuu onpeneiaenns pyHkunu update_elements_id B ciryuae
a3pika C-Sisal-kernel:

(defun update_elements_id (range_tuples environment source_array)
(b« ((when (endp range_tuples)) source_array)
(tuple (car range_tuples))
(vary (car tuple))
(vary (car (cdr (cdr ... (cdr tuple) ...)))))
(update-nth van
(update-nth varp_q
(update-nth vary c2acl2(expr)
(nth vary-1

(nth var
(update_elements_id(cdr range_tuples) environment
source_array)))...))))

TJIe SOUrce_array sBISeTCs CIIVICKOM BJIO’KEHHBIX CIIIICKOB B CIy4ae MHOTOMEPHOTO MaccyBa. MBI MICIIONIb-
3yeM BIIO)KEHHbIe IpuMeHeHnst QyHKIuit nth u update-nth niust OGHOBIIEHNUS 3JIeMeHTa B MHOTOMEPHOM
MaccuBe. [JIaBHBIM M3MeHEHIEM 3TOr0 AITOPUTMa OTHOCUTEIBHO reHepauu update_elements_id B ciy-
yae Cloud-Sisal-kernel siBiseTcs nmpumenenme tpaucnsTopa c2acl2 Bmecro dyukunu sisal2acl2. Kpome
TOrO, MBI 3aaJIi 9TO IIPABIIIO BBHIBOAA Ha A3bIKe MIAGJIOHOB [2] IS MCIIONB30BaHMS 9TOTO IIPABIIIA B
KauecTBe BX0fa MeTareHeparopa YK:

{P} A {simultaneous_substitution(Q, source_array, c2acl2(
source_array[int_var(var_element_1) in triplet_val(triplet_element_1)
repeat(cross int_var(var_element_2) in triplet_val(triplet_element_2))
:= int_val(expr)]),

MD, (upd MD source_array c2acl2(

source_array[int_var(var_element_1) in triplet_val(triplet_element_1)
repeat(cross int_var(var_element_2) in triplet_val(triplet_element_2))
:= int_val(expr)])))}
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|- {any_predicate(P)} any_code(A)

source_array[int_var(var_element_1) in triplet_val(triplet_element_1)
repeat(cross int_var(var_element_2) in triplet_val(triplet_element_1))
:= int_val(expr)] {any_predicate(Q)}

rae simultaneous_substitution aBigeTcd KOHCTpyKIuel, KOTOpasd II03BOJIAET BBIIOJHATH OJHOBpE-
MeHHYIo 3aMeHy. Haira peanusanms Tpancnaropa c2acl2 u koHCTpyKIuu triplet_val B MeTareHeparope
II03BOJIET 3aJaBaTh HOBBIE IIPABIIA BBIBOJA KaK BXOAHbIe TaHHbIe cucTeMbl C-lightVer. [laHHbI Toaxon
YIIPOCTIUI paciiupeHne cucreMsl Bepudukanun C-lightVer paccMoTpeHHBIMY IpaBMIaMy BEIBOZA.

5. 9KcmepuUMeHTHI

OmnuiireM 9KCIIEPUMEHTHI, [eMOHCTPUPYIOLIIe IpUMeHEHEe IPENCTABIEHHOM CeMAHTUKI [JIS aBTO-
MaTuueckoit qeqyKruBHoi Bepudukauu C-Sisal-kernel mporpamm.

5.1. IIpousBegeHUe 3JIeMEeHTOB MAaTPUIIbI

ABTOMaTMUecKas Je[yKTUBHas BepuuKaums CyMMUPOBAHUS 9JIeMEHTOB MaTPUIIBI OINICAaHA B pa-
6ore [22]. anuas oporpamma Obu1a 3amgaHa Ha sa3bike Cloud-Sisal-kernel. Paccmorpum aBToMaTuueckyro
BepMPUKALIIO CXOXKell IIPOorpaMMBbl, 3aJaHHOII Ha a3bike C-Sisal-kernel. 9Ta mporpaMma BeIUMCIIAET IIPO-
M3BefeHIe SJIEMEHTOB 1{eJI0UNCIEHHO MaTPUIIBL:

int product_matrix_elements (int** a, int n, int m){
loop_expr prod = for i in 0..n-1..1 cross j in 0..m-1..1 do
returns product of al[i][j] end for;
return prod.scalar;}

BxogHBIMM JAaHHBIMIY 9TOV QPYHKIMN SBIIAETCS LEeJOUMCIeHHAsI MaTpuLa d ¢ N CTPOKaMM! 1 m CTOJO-
namu. Paccmorpum npenycioBue aToit GyHKIMY, 3agaHHOe Ha s3bike ACL:

(and (integerp n) (integerp m) (< 0 n) (< 0 m) (integer-matrixp n m a))

[Ipequkar integerp NpoBepsieT, IBISETCS IV 3HAUEHIIEe ero apTyMeHTa IieJbIM uncioM. LlemouncieHHas
Marpua 3agana Hamu B cucreme ACL2 Kak CIIMCOK LeJIOUMCIeHHBIX CIIMCKOB. [UIMHBI BCeX BIOXKEHHBIX
CIIVICKOB paBHBL. IIpenukar integer-matrixp mpoBepsieT, COOTBETCTBYET JIN €r0 apryMeHT 3TOJ CTPYKTYpe.

IocrycnoBuem sBnsgercs popmyia (= prod (product-matrix n m a)). Pyuxuus product-matrix
3amana HaMmy Ha a3b1ike ACL. Lluxnrgeckoe BbIpaskeHIE TPAHCINPYETCA B CIEAYIOIIYIO CTPYKTYPY, OCHO-
BaHHYIO Ha IpuMeHeHun GyHKUmUu rep_1:

(make-loop_expr
:scalar
(rep_1
(reverse
(cartesian_product (triplet O (- n 1) 1) (triplet 0 (- m 1) 1)))
(create_environment_1 a))
:vector nil
) .scalar

Paccmotpum onpenenenne pyHkuuu create_environment_1 u oupenenenne GyHkuuu rep_1:
(defun create_environment_1(a) (make-environment_1 :a a))

(defun rep_1 (range_tuples environment)
(b* (((when (endp range_tuples)) 1)
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(tuple (car range_tuples))

(i (car tuple))

(j (car (cdr tuple)))

(a environment.a)

(previous_iter_result (rep_1 (cdr range_tuples) environment)))
(x (nth j (nth i a)) previous_iter_result)))

Meroq CMeIIaHHOM aKCMOMATIUECKOil ceMaHTKu [1] u meron merarenepanuu YK [2] mosBonmin
MPUMEHUTD MPaBIIIO BeIBofIa 6e3 MeM u MD. IlonyuenHoe ciaberiiiiee mpeaycioBue OCHOBAHO Ha 3aMeHe
[epeMeHHOI prod B IIOCTYCIIOBUU HA PE3YIIbTAT TPAHCILSIII LIMKIA. PACCMOTPIM pe3yIbTar 9TOM 3aMeHBbI:

(=
(make-loop_expr
:scalar
(rep_1 (reverse
(cartesian_product (triplet O (- n 1) 1) (triplet 0 (- m 1) 1)))
(create_environment_1 a))
:vector nil
) .scalar
(product-matrix n m a))

Paccmorpum nomyuenHoe YK:

(implies
(and (integerp n) (integerp m) (< 0 n) (< 0 m) (integer-matrixp n m a))
(=
(make-loop_expr
:scalar
(rep_1 (reverse
(cartesian_product (triplet O (- n 1) 1) (triplet 0 (- m 1) 1)))
(create_environment_1 a))
:vector nil
) .scalar
(product-matrix n m a)))

Cucrema ACL2 aBTOMaTMUecKy mokasana 1o YK, MCIIOnb3ys MHAYKIMIO II0 1 M M. TO JOKa3aTeJIbCTBO
OCHOBAHO Ha MCIIONBb30BAHNU JeMM O QyHKuusIx integer-matrixp u product-matrix. CiemoBaTeapHO,
¢yHukiusa product_matrix_elements cOOTBETCTBYeT CIeLMPUKAIASIM.

5.2. W3meHeHMe 3HaKa IIEPBOTO OTPUIATEJIBPHOIO 3JIEMEHTA MaCCHBAa HA IIpOT]/IBOIIOJ’IO)KHI)II‘/‘I

Paccmorpum nmporpammy negate_first ns Habopa 3agau o Bepudukanumu [26]. 9ta mporpamma us-
MeHSeT 3HaK IIepBOr0 OTPULATEIBHOTO 3JIEMEHTa MacClBa Ha IIPOTUBOIIOIOKHBII. [J1aBHOII ITpo6iieMoit
BepuUKaIMy porpaMMel negate_first aBigeTcs MCIIoIb30BaHNE B TeJle IMKIA KOHCTPYKIUN, IT000-
HOII KOHCTpyKLuu break. Paccmorpum dynxkiuio negate_first, sanmcannyto Ha s3bike C-Sisal-kernel:

void negate_first(int n, int* a){
loop_expr index = for i in 0..n-1..1 while a[i] >= 0 do
returns value of i end for;
if (alindex.scalar] < 0) {al[index.scalar] = -alindex.scalar];}}

[IpenycmoBue arott pyHKIMK 3amaHo Ha s13bike ACL:

(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0)))
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PaccmoTpmm nocrycitoBue 3roit GpyHKIMN, 3aganHHoe Ha 13bike ACL:

(and (implies (not (found-negative n a_0)) (equal a a_0))
(implies (found-negative n a_0)
(equal a (update-nth (count-index n a_0)
(- (nth (count-index n a_0) a_0)) a_0)))))

B mocTycioBun MCHosb3yeTcs Npenukar found-negative, 3aJaHHBI HAMHU. JTOT IIpeIUKAT IIpOBepsIeT
HaJIu4Me OTPUIIATEIFHOTO 3JIeMeHTa B MaccuBe. Taxke B IIOCTYCIOBUM MCIIONb3yeTcs QYHKUMSI count-
index, 3amaHHasg HaMu. OTa PYHKIUSA BEIYNMCIAET MHEKC IIEpBOTO OTPULIATENIBHOTO 3JIeMEHTa MacCuBa B
cIlydae HAIMYMS B MAcCUBe TAKOTO JIeMeHTa. 3HaueHe 9ToM GYHKIMK He OIIpeieIeHO B IPYIUX CIyUasx.

HaHHOE IIOCTYyCJIOBUE ABIAETCA KOHBIOHKLMEN MMIIMKanuii. IlepBad MMIIMKanMsA COOTBETCTBYET
CIy4daro OTCYTCTBMS OTPULIATENIbHBIX 3JIEMEHTOB B MaccuBe. IlomyueHHBIIT MacCUB COBIANAET C MCXOTHBIM
MacCBOM B JAaHHOM cCiIydae. Bropasd MMINIMKaLIUs COOTBETCTBYET CIydal HaJW4MA OTPULIATEIBHOIO
ajleMeHTa B MaccuBe. B aToM cirydae MoJlydeHHBII MacCUB COOTBETCTBYET MICXOHOMY 3a MCKIIOUEeHMEM
IIEpBOr0O OTPMUIIATEILHOIO 3JIEMEHTA.

[uknnueckoe BhIpakeHIUeE TPAHCIMPYeTCd B HpuMeHeHUe GyHKUmM rep_l K mpuMmeHeHMIM (pyHK-
uuit partition n create_environment_1. PaccmoTpum onpenenenne GpyHKIun create_environment_1 u
onpeneseHne GyHKUMA rep_1:

(defun create_environment_1(a) (make-environment_1 :a a))
(defun rep_1 (range_tuples environment)
(b* (((when (endp range_tuples)) (update :loop-break nil 0))
(tuple (car range_tuples))
(i (car tuple))
(a environment.a)
(previous_iter_result (rep_1 (cdr range_tuples) environment))
((when previous_iter_result.loop-break) previous_iter_result)
((when (not (>= (nth i a) 0))) (update :loop-break t
previous_iter_result)))

i))

rpe noste loop-break siBiseTCs MCTMHHBIM TOTAA U TOJIBKO TOTAA, KOTAa KOHCTPYKLus while 3aBepiaer
JICIIOJTHEHYE [IUKINYECKOTO BhIPasKEHUIA.

Meron CMeUIaHHO aKCMOMAaTIUeCcKoil ceMaHTUKM [1] u Meron merarenepanuu YK [2] mosBommin
NIPUMEHUTH NpaBuiIo BeiBofaa 6e3 MeM n MD. Hannune nuctpykuum if npuseso kK reHeparun a8yx YK.
PaccmoTpmm ogHO U3 HUX:

(implies
(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0))

(>=
(nth
(make-loop_expr :scalar
(rep_1
(reverse (partition (triplet O (- n 1) 1)))
(create_environment_1 a))
:vector nil).scalar
a)
0)

(and
(implies (not (found-negative n a_0))
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(equal
(update-nth
(make-loop_expr :scalar
(rep_1
(reverse (partition (triplet O (- n 1) 1)))
(create_environment_1 a))
:vector nil).scalar
(- (nth (make-loop_expr :scalar
(rep_1
(reverse (partition (triplet 0 (- n 1) 1)))
(create_environment_1 a))
:vector nil).scalar

a))
a)
a_0))
(implies (found-negative n a_0)
(equal

(update-nth
(make-loop_expr :scalar
(rep_1
(reverse (partition (triplet O (- n 1) 1)))
(create_environment_1 a))
:vector nil).scalar
(- (nth (make-loop_expr :scalar
(rep_1
(reverse (partition (triplet O (- n 1) 1)))
(create_environment_1 a))
:vector nil).scalar

a))
a)
(update-nth (count-index n a_0)
(- (nth (count-index n a_0) a_0)) a_0)))))

Bropoe YK cxoxe ¢ paccmoTperHBIM. CTpyKkTypa YK coOTBeTCTByeT MMILIUKAUNUY U3 IIPENyCIOBUS B
IIOCTYCJIOBME C 3aMEHOJ BXOXKIEHUIT a Ha BbIpaKeHUs update-nth, roe BMeCTO MHAEKCA VICIIOJIb3YeTCs
3HaueHue QyHKuMU rep_1.

CrpaTerus aBTOMaTH3aluM JOKa3aTeJbCcTBa YK IIporpaMM, IIOCTyCIIOBMEM KOTOPBIX SBJISETCS pas3dop
ciyuaeB [4], mosBoamia cucteme ACL2 mokasaTs JIeMMBI O TOM, UTO IlepBas MMILIMKALMS B IIOCTYCJIOBUM
SKBMBAJIEHTHA CJIYYal0 OTCYTCTBMS 3aBeplleHUS I[MKJIA KOHCTpyKImell while m BTOpas MMILIMKAIUS
B IIOCTYCJIOBMM SKBUBAJIEHTHA CJIYYal0 3aBepLIEHNs LKA KOHCTpyKiueit while. 9Tu seMMbl ObLIN
mobaBiieHbI B Teopuio IpeameTrHoi obmactu. Cucrema ACL2 aBromaruueckn gokasana oba YK, ucnonssys
MHAYKIMIO 110 1 1 9Ti ieMMbl. CiiemoBarenbHo, yHKIMs negate_first coorBeTcTByeT crierudukanmsam.

3axkiroueHue

B maHHOII cTaThe peaCTaBIeHbI CIeAYIOLie OCHOBHBIE PE3yIbTATHI:
« Hossit 1361k mporpammupoBanus C-Sisal-kernel:
— cuHrakcuc g3b1ka C-Sisal-kernel;
— ceMmaHTuka sa3bika C-Sisal-kernel.
+ JKcIepuMeHTHI IO aBToMaTmueckoit Bepudnkanyu C-Sisal-kernel mporpamm:
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— IpOM3BeEHIE IEMEHTOB MaTPIILIBL;
— M3MeHEeHMe 3HAKa [IEPBOro OTPULIATEIHFHOTO 3JIEMEHTA MACCHBA HA IIPOTUBOIIOIOKHEIIL.

B naHHOII cTaThe Tak)Ke IIpeCTaBIeH KOMILIEKCHBIN IIOX0/] K aBTOMAaTU3ALUN [e Iy KTUBHOI Bepudu-
Kaluu B ciaydyae GMHUTHBIX MTepaUuil Hax CTPYKTYpaMy JAaHHBIX. [JaHHBIN IIOAXOM IIpeACTaBiIsIeT co00lt
KOMITO3MIMIO CUMBOJIMYECKOTO MeTOa BepuuKamy GUHATHBIX MTepalinii, MeTofa MeTareHeparmu YK
7 METOJA CMEIIAaHHOM aKCMOMATNUECKO ceMaHTUKY. CUMBOINYECKIIT MeTOX BepuuKarmy GUHUTHBIX
UTepaIyil TO3BOJISET PElINTh IIPo0eMy MHBAPMAHTOB IS LMKJIOB OIpeJeIeHHOTO Buaa. MeTox Me-
tareHepauyyu YK mosBosser ynpoctuth gobaBieHe HOBBIX IIPaBIII BBIBOJAA B CUCTEMY Bepu(pUKAI[ML.
MeTo/ cMeIIaHHOI aKCMOMATIUECKOI CeMaHTIKY II03BOJISIET ITONyUnTh Oostee mpocTbie YK B HEKOTOPBIX
CIryyasx.

Mb! mutaHupyem pacinputb 1361k C-Sisal-kernel rakumn nukimamu Cloud Sisal, kak BeipakeHNs KOH-
CTpyMpOBaHus MaccuBa. [[Jis pelreHus 310 3a1auy Mbl IUIAHUPYEM IPUMEHNUTD IIPeCTaBIEeHHbIT KOM-
IIEKCHBIN ITOAXO0/ K aBTOMAaTMU3aluI JeAYKTUBHOI BepuduKammn.

Taxke MBI IUTaHMPYEM M3MEHUTH Peann3alyio CMHTaKCUYeCKOrO aHAIN3a BhIpaKeHMiT upd 13 mpa-
BILI BBIBOJIA. ITOT aHAIN3 SBIIAETCS YaCThI0 MeTareHeparopa. [[prMeHeHue aHATN3a K BHIPOKEHNIO Upd
73 IpaBIUIa BBIBOAA He 3aBVICUT OT BBIpa)KeHMI upd B APyrux mpaBmiax BbiBoga. CiiefoBaTesNbHO, MBI
MOKEM pean30BaTh TAKOI aHAJN3, MCIOIb3Ys Sisal-ureparum Hag CTpOKaMM, COOTBETCTBYIOLLIMIMIL IIpa-
BIJIAM BBIBOZA. ABTOMATMUYECKOe pacliapayjiesIBaHIe 3TOI YacTy MeTareHeparopa 0yxeT OCHOBaHO Ha
ncronb3oBanuy a3bika C-Sisal-kernel. Takas peanmsanys MoKeT HO3BOJUTDH BBIITOJHUTH SKCIIEPUMEH-
TBI 110 IPMMEHEHNIO CUCTEMBI BepU(UKAIIM K 3TOI YacTy COOCTBEHHOTrO MCXOMHOro koma. Ormermm,
yro popmanbHas Bepudmkauys reHepatopoB YK sBisercs akTyanpHOU 3amaueit [2, 43]. Ilnanupyemoe
camonpumenenne cucrembl C-lightVer 6ymer mrarom Ha yTu K pelieHno 3To 3aJaun.
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1. BsepmeHnue

IlapannemxbHble MPpOrpaMMBbI — 3TO IIPOrpaMMbI, IpeHAa3HaUeHHbIE I MCIIOTHEHNI Ha MHOTIO-
IIPOIIECCOPHBIX BRIUMCINTENbHbIX cructeMax (MIIBC). IIpo6iema paspaGoTKM KOPPEKTHBIX U Ge30IIacHbIX
NapajuleJIbHBIX IIPOIpaMM IIpe/ICTaBiAeT B HACTOsIlee BpeMs JCKIIOUMUTEIbLHO BBICOKYIO aKTYaJIbHOCTD.
dopmanbHOEe 060CHOBAHIE CBOJICTB KOPPEKTHOCTU M 6e30I1aCHOCTY IapajUIesIbHBIX IIPorpaMM (HasbIBa-
eMoe TaKke BepM@IKAIMell apaIeIbHbIX IIPOrpaMM) ABJIAETC CJIOXKHOI MaTeMaTIUecKoN 3aJadert.
CymecTByrolne MeTOIbI pellleHus NJaHHO 3aJauy NPUTOHBI JMIIb OIS JOCTATOYHO OIPaHIYEHHOI0
KJIacca MapajjelbHbIX IPOTPAMM.

OxHyM u3 Hamubojee IIMPOKO UCIONIB3YEeMbIX CPeACTB MJIA OIVMCAHNA IapajUIeNIbHBIX IIPOIPaMM fIB-
ssercst mporpamMmHubLl nHTepdeiic MPI (Message Passing Interface). B Hacrosiieir pabote BBogurcs HoBast
MaTeMaTH4ecKasd MOJMeNb ITapajuleJIbHBIX IIPOrpaMM, Ha OCHOBE KOTOPOJI MOXXKHO pelllaTh 3aaull Bepu-
¢bUKaIIM MmapaIebHBIX IPOTpaMM, IIpeJCTaBIeHHBIX Ha HeKOTopoM noamMHoxkecTBe MPL. Beenennas
MOJIeJIb JULTIOCTPUpPYeTCs NPUMeHeHIeM K pellleHuIo 3agaun Bepudukanuy MPI-nporpaMMbl yMHOXe-
Hug Matpui. HambGostee 6IM3KMM M3 CYIIECTBYIOIIUX B HACTOSIIee BpeMs IIOJXOX0B K MOJENMPOBAHIIO
IapaJuleJIbHBIX IIPOTPAMM K TOMY ITOJXOY, KOTODBIIT M3JIaraeTcs B HACTOAILell paboTe, SBigeTCa popmMa-
JIM3M pacIInpeHHbIX KoHeuHbIx aBToMaToB (Extended Finite State Machine — EFSM) [1].

Hawn6oee BayKHOI 0COOEHHOCTBIO IIPeIaraeMoro IOAX0a ABJIAeTCI BO3MOKHOCTD €T0 IIPIMeHeHNI
IUI BepU(pUKALMU ITapalIeIbHBIX IIPOTPaMM, KOTOpbIe MOTYT IIOPOXKAATh HeollpeeJIeHHOe UICIIO IPo-
1ieccoB. Cpequ IpyTUX IIOAXO0M0B K MOAETMPOBAHNIO ¥ BepIUKAIIMI TAKMX IIPOTPAMM CJIeyeT OTMETUTh
moaxon B [2]. B aToi pabote npencrasieH nHCTpyMeHT ParTypes mius MomenupoBaHus U Bepudukanmm
IapajuleJIbHBIX IPOrpaMM, IIOPOKAAIOIINX HeoIpeleleHHOe UNciIo npoueccos. K coxanennio, maHHBIN
MHCTPYMEHT He paboTaeT UId NMapalIeJIbHBIX IIporpaMM co cBoiictBoM wildcard receives, koTopoe umeer
CIEeNYIOLIMII CMBICI: B MapaJUIeJIbHOIN IpOrpaMMe OOIIYyCKAaeTCSd JCIIOJIb30BaHME OEVICTBUII IpUeMa CO-
00ILIeHMIT OT IIPOM3BOJILHOTO IIpoliecca (T.e. IIPY BBIIOJIHEHNN NeJICTBUA TAaKOTO TUIIA HOMep IIpollecca,
OT KOPOTOTO IPUHMMAETCS COOOIIeHIIe, MOXKHO OIIPeeNINTh JIMILIb II0CJIe BBIIIOTHEHNS 9TOTO JeVICTBIS).
B wacTtHOCTH, IpU IIOMOIIM IOAXOHa, JIe)KAI[ero B OCHOBE JaHHOTO MHCTPYMEHTA, HEBO3MOKXHO BEpU-
¢durmpoBars MPI-nporpaMmy [ yMHOKEHMS MAaTpULI, paCCMaTpMBAaeMYI0 B HACTOsIIIell ctatbe. Cpenu
pabort, mocaAIeHHbIX Bepudukauyy MPI-mporpamm, ciremyer Takke OTMeTUTh paboTy [3], B KoTopoii pac-
cMarpuBaeTcs nmpuMep Bepudukanuu MPI-mporpaMMsl, 0OCHOBaHHBIII Ha IPMMEHEHNIN allliapaTa MalllfH
abcrpakTHBIX cocTosHuUit (ASM) [4]. CyIecTByOT U Apyrue IMOAXOMABI C MCIIOIb30BAHMEM CUMBOJIBHOTO
UCIIOTHEHVS U IIPOBEPKI MOJEIIN, CM. HanpuMmep [5—12], omHaKo Bce 9TU ITOAXOABI IIPUTOXHBI JIMIIb I
aHaJIM3a MapaJulelIbHBIX IIPOrPaMM, MOPOKAAIOIINX 3apaHee 3aJaHHOE KOJIMUECTBO IPOIECCOB.

B Hacrod1eit paGoTe paccMaTpuBaeTCs pellieHe 3afgaun Bepudukanmuy KoHKkpetHoit MPI-porpaMmel,
BBIUVICJITIONIEI IIpoM3BefeHNe OBYX Marpull. OTMeTMM, UTO BepUPUIMPYETCS JIUIIb MOJENb HAaHHOI
IIPOTpaMMBI, B KOTOPOII YMHOKeHIe JIcel IpeaIioyaraeTcs He MpUOIILDKeHHBIM, a TOUHBIM. [logxon k
BepuUKaLNY, IpeACTaBICHHBI B paboTe, CBI3aH ¢ IpeodpasoBanueM MPI-iporpaMMsl B paclpesesieH-
HBII Iponecc. B paboTe He omycreIBaeTcs OOLIMIT MeTO BepMUKAIIM, IIPUTOIHBIN A1 BepuduKammm
IOCTATOYHO MIMpOKoro kiacca MPI-mporpaMm, 1 HeT onmcaHMs IepCIeKTUB ero aBToMaTu3anun. Tem
He MeHee, IIPEVMYIIeCTBOM JaHHOI paGoThI ABJIAETCI IpUMep pellleHNd 3amauy BepudUKamMy TaKoi
MPI-nnporpaMMBI, KOTOPYI0 HEBO3MOXKHO BepM(UUMPOBATh Ha OCHOBE MCIIOJIB30BAHNSA APYTUX U3BECT-
HBIX MOJieJIell ITapaJleJIbHbBIX IIPOTPaMM.

2. Heoo6xogumsle cBemenus nmo MPI
2.1. MPI-nporpamMmmsbI

MPI (Message Passing Interface) npencrasiser co6oit HaGop QYHKIVIL, TUIIOB M KOHCTAHT, [T03BO-
JIAIOINVIX CO30aBaTh IIPOTPaMMbl (HaspIBaeMbIe MPI-nporpamaMn) g MIIBC.
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Brinonuerne MPI-porpammsbl Ha MIIBC 3akiiouaercs B TOM, UTO Ha KaXIOM U3 Y3JI0B, BXOASIIINX
B 3Ty CUCTEMY, IOPOKOAETCA BBIYMCINUTENBHBIN MPOIlecc, COOTBETCTBYIoNIel 3Toit MPI-nporpamme. Bee
npoiteccel, nmopoxkaeHusie MPI-mporpammoit Ha yanax MIIBC, pyHKUMOHUPYIOT HapayIeIbHO, M MOTYT
00MeHMBATHCA MHPOPMALIEIL APYT C APYTOM IIOCPEACTBOM mepexaun coodureHnit. COBOKYIIHOCTH BCEX
npo1eccos, mopoxaeHHbrx MPI-mporpammorii, o6o3Hauaercs 3anucso MPI_COMM_WORLD.
Kasxp1it us mporteccos, mopoxkaeHHbx MPI-iporpammoii, nmeer HoMep (Ha3bIBaeMbIil pAHIOM), SIB-
JSTIOINUIICS UMCIOM U3 MHOXecTBa {0,...,m — 1}, r/te m — KOJIMYECTBO IIPOI[ECCOB, IOPOKAeHHBIX MPI-
IIPOTPaMMOIL.
MPI copepxut (byHKuMM MPI_Comm_rank u MPI_Comm_size, IO3BOJAIOIINE KOKIOMY U3 IIPOLIECCOB,
noposxnaembix MPI-niporpamMMoit, y3HaTh CBOII paHT U KOJIMYECTBO 3aITYII[EHHBIX IIPOLIECCOB, IIOPOXKAEH-
HbBIX 9T0I1 MPI-nIporpamMmoit, cooTBeTCTBEHHO. ITU QYHKIUM UMEIOT CIeAyIomuit Gopmar.
« int rank;
MPI_Comm_rank (MPI_COMM_WORLD, &rank) ;
IToce BBIIOIHEHMS JaHHOM QYHKIIMY 3HAUEHMe ITIepeMeHHOII rank 6yqeT paBHO paHIy IIpolecca,
BBI3BAaBIIIETO 3Ty QYHKLINIO.

e int nprocs;
MPI_Comm_size (MPI_COMM_WORLD, &nprocs);
ITocne BeIIONHEHMS [aHHON (QYyHKUNMM 3HAUEHME IIepeMeHHOI nprocs OyIeT paBHO KOJMYECTBY
IpoleccoB, MopoxaeHHbsrx MPI-mporpammori.

Iporteccol, mopokaeHHbIe Kakoii-nmubo MPI-mporpamMmoii, MOTyT BBIOJHATHCS I10-PA3HOMY W3-3a
TOTO, YTO pe3ybTaThl BbI30Ba MPI_Comm_rank B 9TMX Ipolieccax OyOyT pasimuHbIMIU.

2.2. MPI-pyHKIUN Iepegauy cooOIIIeHMIT

ITox coo6menmem B MPI moHMMaeTcs MacCB JaHHBIX OIIpeIeJIEHHOTO THUIIA, a IO Iepexavell co00-
menus (IIC) — meiicTBue, B pe3yJIpTaTe KOTOPOTO COOOIIIEHE OJHOTO IIpoliecca IIepechlIaeTcs ApyroMy
mporteccy. B HacrodmeM TekcTe MBI OyaeM pacCMaTpPMBAaTh JIMIIb ACMHXPOHHBIN pexxuM IIC, KoTopsblit
3aKJIFOUaeTCs B TOM, UTO IIPOLECC, IIOCJIABIIINIL COOOLIeHNe, ITOCIIe IIOCBIIKI COOOLIeHNS He IIPUOCTaHaBIIN-
BaeT CBOIO PaboTy (Iepexonsd B PeKMM OKUIAHNA JOCTABKY 3TOTO COOOIIeHM), a IOCTAHHOe COO0IIeHIe
IIOMEILaeTCs B Ouepeb, 13 KOTOPOIL OHO 3aTeM OYyHeT B3ATO IIPOI[eCCOM-TIOIyUaTesIeM.

Mot 6ynem paccmarpusath MPI-¢yuxkimu IIC crenyromux qByx BIIOB.

+ ®ynkuuu momapsoii IIC (ITIIC).

B IITIC yuacTBYIOT TOJMBKO ABa IPOLlECCa, OOUH M3 HUX SIBISETCI OTIIPABUTENIEM COOOIIleHUS, a
APYTOIL — MOJIydaTeseM 3TOIO COOOIIeHMA.

« Oyukuns kourekrusHoit IIC (KIIC).

B paccmarpusaemoit ¢pyukuuyu KIIC yuacTByroT Bee mpoiteccsl, mopoxaenusie MPI-mporpammoii,
Iporecc ¢ paHroM 0 sIBJISETCSA OTIIPABUTENIEM COOOIIEHNS, & OCTAIBHBIE IIPOLIECCHI ABJISIOTCS IOJTY-
YaTeJAMIL.

Coobenns, moceutaemsre pyrkumsamu KIIC, He moryT 6b1Th nonydens! ¢pyukuusamu IIIC, u Ha-
06opor.

Hmxe MbI nprBoayM onycanysa HekoTopbix MPI-pyrxkmuit IIC. B 06bscHeHMAX CMBICIIA STVX (PYHKIIT
ITocjIe MMeHN KaKJOro apryMeHTa MBI YKasbIBaeM B CKOOKax ero THIL

1. IMoceuika coobienus (IITIC):

MPI_Send (p,n,T,

r,,MPI_COMM_WORLD); @

BrimoHeHMe MaHHON (PYHKIMM 3aKI0YAETCI B TOCBUIKE COOOIIEHMS TIPOLIeCCy ¢ paHroMm r (int).
IToceraemoe coobriteHe IpeacTaBiser coboit Maccus u3 n (int) anemenros tuna 7 (MPI_Datatype),
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HaYaJIo KOTOPOro HaXxoamTes 1o aapecy p (void *). K mocplraemoMy cOOGIIEHUIO IPIICOEAMHIETCS
ter (1.e. MmeTKa) [ (int).
2. Honyuenne coobmenus (IIIIC):

MPI_Recv (p,n, 7,
MPI_ANY SOURCE,MPI ANY TAG, )
MPI_COMM_WORLD, g);

BrinmosHeHNe NaHHON QYHKIVM 3aKJI0YAeTCS B IIOJyYeHNUM COOOIIeHMs, KOTOpoe NOJLKHO OBITh
pasMelleHo B y4acTKe IaMATHU II0 agpecy p. IIpenronaraercs, uro mojgydaeMoe cOOOIIeHMe IpeN-
cTaBiIgeT coboll MaccyB 13 He OoJiee n 3JIeMEHTOB THIIA T.

q (MPI_Status *) — ajfpec CTPyKTypbI, B KOTOPOII JOJDKHA OBITh pasMellleHa MH(popMaIus o Ipu-
HSITOM COOOIIeHNN. ITa CTPyKTypa comepkut moist: MPI_SOURCE (B HeM HoOJDKeH OBITH pa3MelleH
paur ormpasuress), MPI_TAG (B HeM HOJKeH OBITh pasMellleH TeT IIPUHATOTO COOOIEeHN), ! APyTUe
TIOJIA.

3. Paccpuika coo6imeHns n3 mpouecca ¢ paurom 0 ocranpabeiM nporeccam (KIIC):

MPI_Bcast (p,n, 7,

0,MPI_COMM_WORLD); ®)

9Ta QYHKIMA BBITOIHIETCS CIEAYIOLM 00pasoM.

+ B mporrecce ¢ paHrom 0 IMpOMCXOOUT ITOCBUIKA BCEM OCTAJIBHBIM IIPOLIECCAM COOOIEeHMs, KO-
TOpOe TIpefcTaBiseT coboit MaccuB u3 n (int) snementos tuma 7 (MPI_Datatype), Hauano
KOTOPOT0 HaXOMUTCH II0 appecy p (void ).

+ B ocranpHBIX Ipolieccax IpOMCXOJUT IIONyUYeH e OT Ipoliecca ¢ paHrom 0 cooOIeHms, KOTopoe
npepcTaBiseT co00I MacCUB U3 N 3JIeMEHTOB TUIA 7, ¥ JOJDKHO OBITh pa3MellleHO B yuacTKe
naMAaTH II0 ajpecy p.

3. MPI-nporpaMmma yMHO>X€HMUA MaTPUIL

B srom myHkTe MBI M3naraeM npumep MPI-mporpamMMmsel yMHOKeHUS MaTpull. 3ajada YMHOXKEHUS
MaTpUII 3aKTI0UAETCS B TOM, UTOOBI 10 3afaHHBIM MaTpuuaM A u B Berunciants nx npoussenenne C = AB.
[aHHBIT IpUMep UCIIONb3YeTCs HIDKE ML VILIIIOCTPALM IIpIMeHeHNs 13JIaraeMoii B HacTos1ell pabore
MOJeJIN NapaJlIeJIbHBIX IIPOrpaMM IS pellleHns 3amaun Bepudukauyy MPI-nporpamm.

3.1. HedopmanbHoe onucanue MPI-nporpaMmMbl yMHO>KeHIS MATPUIX

Hedopmansao paboTy msmaraemoit B aToM 1myHkre MPI-iporpamMmsl qy1st yMHOKeHus Matpun A u B
MOJKHO OIINICATh CIENYIOIINM 00pasoM. MbI 6yqeM HasbIBaTh IIPOIiecc ¢ paHroM 0 MEHEPKEPOM, a OCTaNIb-
HBbIe IIpolecchl — paboTHMKamMu. PaGota MeHe)Kepa COCTOUT U3 CIeTYIOLINX AeICTBIIL:

* pacchLIKa BTOpoil MaTpuisl (B) Bcem paboTHMKaM,

+ HasHaYeHIUe 3aJau paboTHUKAM, I

+ IIpUeM pe3yJIbTaTOB OT paGOTHMKOB.

Kaxpgas 3amaua paGoOTHUKY 3aKJIIOUAETCS B BBIUMCIEHMM OXHON cTpoku Matpuusl C = AB. Menemxep
HasHayaeT 3Ty 3a/ady IyTeM IIOCBUIKM paOOTHUKY COOOILLEeHN, COAep Kalllero OHY CTPOKY MaTpUIIbI A.
Ter aToro coob1eHNs paBeH HOMEPY IIOChLIAEMOT CTPOKIL.

Kax TosbkO MeHepKep IosIyuaeT OT pabOTHMKA pe3ysabraT (T.e. COOOIIeHMe C BBIYMCIEHHOI CTPOKOIL
IIpOM3BeeHNs, er0 TeT paBeH HOMEePY 3TO CTPOKI), OH IIOCBLIAeT TOMY pabOTHUKY

+ HOBYIO 3a7auy (eciiu ellle eCTh HeHa3HAUEHHBIe 3aJaul), VI

+ coobuieHne ¢ TeroM 0 (ecIy HeHa3HAUEHHBIX 3a7au HET).
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3.2. MPI-nporpaMMa yMHO>XeHISI MAaTPIIY

Wanaraemas ke MPI-mporpaMma miifs yMHOKeHUS MaTPUI] MCIIOJIb3yeT BCIIOMOTATeIbHYI0 QYHK-
LMIo Vvecmat yMHOXKeHuUs cTpoku vector [L] Ha matpuy matrix [L] [M] u 3amucu pesysiprata B Maccus
result [M]. [JanHas QyHKIUA NMeET CIETYOIINIT BUI:

void vecmat (double vector[L],
double matrix[L] [M],
double result[M])
{ int j, k;
for (j = 0; j < M; j++)
for (k = 0, result[j] = 0.0; k < L; k++)
result[j] += vector[k]*matrix[k] [j];

B n3mnaraemoit Hmxe MPI-iporpaMMme 6y1eM MCITONIB30BaTh ClleAyomye o6o3HaueHns: input (a,b) ; u
output (c) ; ABJIAIOTCA COKpAIleHHBIMMY 3aIICIMU OIIEPATOPOB UTeHMS U3 (aiiia MaTpUI-COMHOKIUTeNel
u 3amcy B aita MaTpUITBI-IIPOM3BeIeHN COOTBETCTBEHHO.

MPI-mporpamma yMHOKeHUSI MaTpull A U B mMeer ciemyroiuit BUL (B 9TOI IIporpaMMe CjIeBa OT
Ka&KIOJ CTPOKU MBI YKa3bIBaeM ee HOMep, 3T0 He0OXOAMMO IJIS OIMCAHUS COOTBETCTBISI MEXIY KOMIIO-
HeHTaMIH JAaHHOI IPOrpaMMBbI I KOMIIOHEHTaM¥ MOV, COOTBETCTBYIOLIEII 3TOI IIporpaMme):

01 #define comm MPI_COMM_WORLD

02

03 int main(int argc, char *argv[])
04 { int rank, nprocs, i, j;

05 MPI_Status status;

06

07 MPI_Init(&argc, &argv);

08 MPI_Comm_size(comm, &nprocs);
09 MPI_Comm_rank(comm, &rank);
10

11 if (rank == 0)

12  { int count;

13 double al[N][L], b[L]1[M], c[N][M], tmp[M];
14

15 input(a, b);

16 MPI_Bcast(b, L*M, MPI_DOUBLE,

17 0, comm);

18 for (count = 0;

19 count < nprocs-1 && count < N;

20 count++)

21 MPI_Send(&al[count] [0], L, MPI_DOUBLE,
22 count+1, count+l, comm);

23 for (1 = 0; 1 < N; i++)

24 { MPI_Recv(tmp, M, MPI_DOUBLE,

25 MPI_ANY_SOURCE, MPI_ANY_TAG,
26 comm, &status );

27 for (j = 0; j < M; j++)
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28 c[status.MPI_TAG-11[j] = tmp[j];
29 if (count < N)

30 { MPI_Send(&al[count] [0], L, MPI_DOUBLE,
31 status.MPI_SOURCE, count+1, comm);
32 count++;

33 }

34 }

35 for (i = 1; i < nprocs; i++)

36 MPI_Send(NULL, O, MPI_INT,

37 i, 0, comm);

38 output (c);

39 }

40

41 else

42 { double b[L][M], in[L], out[M];

43

44 MPI_Bcast(b, L*M, MPI_DOUBLE,

45 0, comm);

46 while (1)

47 { MPI_Recv(in, L, MPI_DOUBLE,

48 0, MPI_ANY_TAG,

49 comm, &status);

50 if (status.MPI_TAG == 0) break;

51 vecmat(in, b, out);

52 MPI_Send(out, M, MPI_DOUBLE,

53 0, status.MPI_TAG, comm);
54 }

55 }

56

57 MPI_Finalize();

58 return O;

59 %}

3.3. BcmomorareiabHble 0003HaAUECHUA

Jlns ymo6cTBa MOEIMpOBaHMS Y aHaIN3a JaHHOI IIPOrpaMMBbI MbI BBeleM CIIel[MajbHble 0003Haue-
HISI U1 HEKOTOPBIX MICIIOIB3YeMbIX B Hell 0O'beKTOB:

« maccussl a[N] [L], b[L] [M], c[N] [M] 6ymem o6o3Hauars cumBosamu A, B, C 1 MHTEPIPEeTHPOBATE
MX KaK COOTBETCTBYIOLI{JIE MATPULIBL,

« cooOreHne, nepecsuraemoe pyukumsamu MPI_Send B ctpokax 21, 22 u 30, 31 mporpamMmsl, 6ygeM 1mo-
HIMATh KaK COOTBETCTBYIOIIYIO CTPOKY MaTpUIIBI A, 1 0003HaUAaTh ee 3ammchio A;, rae i = count + 1,

« MaccuB c[status.MPI_TAG-1] [M], B KoTOphIil Komupyercs cooOlLieHMe, IpUHATOE (pyHKIMEI
MPI_Recv B cTpokax 24, 25, 26, OyeM IMOHMMATH KaK COOTBETCTBYIOILYIO CTpOKy marpuust C, u
obo3Hauath ee 3anmckio Cj, rae | =status.MPI_TAG,

+ U3 ompeneseHusa QyHKUMUY vecmat cIefyeT, YTO MacCUB out, BBIUMCIIEMBbII B pe3yJIbTaTe BbIIIOJ-
HeHUs QYHKIMY vecmat B CTPOKe 51, COOTBETCTBYeT IIPON3BENEHNUIO CTPOKM Y, COOTBETCTBYIOLIIENT
MaccuBy in, Ha Marpuiy B, 6ymem o6o3Hauath B Momenyu MPI-mporpaMmel JaHHBI MaccuB out
3anuceio YB.
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3.4. Croemmudukanysa IpPOrpaMMbl YMHOKEHIS MATPIIY

Crreninukarins n3aoxeHHoi Boiite MPI-mporpaMMe! yMHOKeHMsS MaTpIL] IIpeCTaBIIIeT co0O0II cle-
IOyIolliee YTBepKIeHe: II0CJIe 3aBepIIeHNs BbIIIOJIHEHNS 3TOM MPOTPaMMbl JOJDKHO OBITh BEPHO YTBEp-
xkpeHne C = AB, KOTopoe S5KBUBAJICHTHO YTBEPKAEHMIO

Vi=1,..,N Ci=AB. (4)
4. Mopeap mapajljieJIbHbIX IIPOIPaMM

B aTOM IIyHKTE MBI M3JIaTaeM MOJIEIb MAPAIUIENBHBIX IPOrpaMM. [laHHast MOIENb MO3BOJIAET (hopMab-
HO npenctaBiaaTs MPI-iporpaMMsl, B KOTOPBIX UCIIONB3YIOTCS OIIMICAHHBIE BBIIIIE OIIEPATOPHI IT€PECHUIKI
COOOILICHMIL.

OCHOBHBIMI HOHATUSAMI JaHHOV MOJIENIN SIBJISIFOTCS IIOHSATHUS II0CJIE0BATENBHOTO U PACIpeLeIeHHO-
ro mpoteccoB. IlocieqoBaTeIbHBIN MPOLIECC ABILETCI MOIENBI0 BHIUMCIUTEIBLHOTO MIPOLECCa, TOPOXKAA-
€MOro MapaJlIeJIbHOI IPOrpaMMOIl Ha KakoM-ubo yaie MIIBC, a pacripeqeeHHBIN IIPOLIECC SIBIAETCS
MOJIEJIBIO BCEIl IapaJuIeIbHOi IporpaMMel. [IpeioskeHHass MOIENb SBISIETCS TEOPETUUECKO OCHOBOIL
IUISL pellieHus 3a/1au BepupUKAIUY TapajUIeIbHBIX IIPOTPAMM.

4.1. BcmoMorareJbHBbIE IIOHATUA

4.1.1. Twumnsel, nepemMeHHbIe, GYHKINOHAIbHBIE CUMBOJIBI, 3HAUEH, TEPMBI, (POPMYIIHI,
CBSI3bIBAHUA

[Ipepmomnaraem, uro 3agansl MHOKecTBa 7, X u F, 9J1leMEHTHI KOTOPHIX HA3BIBAIOTCS THIIAMM, IIEepe-
MeHHBIMIU, 1 PyHKImOHATBHbIMU cuMBoJiamu (PC), cooTBeTcTBeHHO. KakToMy 371eMEHTY X MHOKECTB
X u F comocrapyieH HeKOTOpbIil Tuml 7 € 7.V f € F 17 umeeT Bun

(t1,...,Ty) > 7, TOET,...,Tn, TET. (5)

V7 € T 3amaHo MHOKecTBO D, 3Hauenmit Tumna 7. CumBos D o603HauaeT MHOKECTBO 3HAUEHIII BCEX
THUIIOB.
T comepsKUT CIIEeQYIOLIME TUIIBL:
« B (6ynesckuit Tun), Dy = {0, 1},
« N (marypanpnsrit Tumn), Dy = {0,1,...},
« C, 3HaUEHNA 3TOTO TUIIA HA3HIBAIOTCA KaHAJIAMIL.
MuoxxecTBO £ TepMOB OIpefesercs MHAYKTUBHO. KaxmoMmy tepmy e comocraBieH Tum 7, € 7.
Omnpenenenne TepMa UMeeT CIIETYIOIIUIT BUT:
« V7 €7 Ka[aoe 3HAUEHNE TUIIA T SBJISETCI TEPMOM THUIIA T,
« Kak[as repeMeHHas x € X ABIIETCA TEPMOM TUIIA Ty,
«ecmuf €F,e,..., e, — TePMBL U Tf = (T, ..., Te,) — T, TO 3aIUCh f(ey, ..., ;) ABIAETCA TEPMOM THUIIA
T.
Vf € F, ecnu 7y umeer Bun (5), To aTomy ®C conocrasnena GpyHknus (0603HauaemMas TeM ke CUMBOJIOM
fysupa D, x...x D, — D,.
Ecmm e € Eu X, = @, T0 ¢ e cBsi3aHO 3HaueHMe value(e) € D, , KOTOpOe OIIpeReIseTcss MHAYKTUBHO:
« ecnt e € D, 10 value(e) = e, n
« ecu e = f(ey, ..., ey), T0 value(e) = f(value(e,), ..., value(e,)).
Hmxe, xax mpaswmio, 6yneM 0003HAuaTh 3HAUEHUS] TEPMOB Ge3 IepeMeHHBIX TEMIU K€ 3aIUCIMIL,
KOTOPBIMU 0603HAUAIOTCA CAMU TU TEPMBL.
Bynem cumurars, uro
«Vn = 1F comgepxur ®C tuple,, MO3BOIIIOMUIT CTPOUTH KOPTEKI: NI KAKIOTO CIVCKA TEPMOB
e1, ..., ey MHOXKeCTBO & comepKut Tepm tupley(ey, ..., e,) € £, KoTOpHIt OymeM 0603HaUaTH (€1, ..., €y)
U MHTEPIIPETUPOBATH KAaK KOPTEK TEPMOB e, ..., €p,
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« F comepxur ®C channel Tuma N — C, Vi = 0 kanan channel(i) 6ynem Ha3pIBaTh i—M KaHAJIOM,
tepMm Bupa channel(e) 6ynem 0603HAUATD 3aIIUCHIO Ce,
o D¢ comepXuT KaHa °, KOTOPBIIT OyJeM Ha3bIBATHh IIMPOKOBEIATEIFHBIM KAHAJIOM, OH OTJINYA-
eTcs OT BCeX KaHAJIOB BUA C;.
Bynmem ucnonb3oBars cienyrole 0603HaAUEHUS:
« B u C o6o3nauaoT MHOXecTBa £ U £c COOTBETCTBEHHO, TEPMBI U3 /3 Ha3bIBalOTCA popMyIaMu,
«Vee& X, ={x€X|xsxonurs e},
VX cX EX)={e€e& | X c X}, B(X)=EX)n B,
« VEcE VreT E,={e€E|1-=r1}
Hike o xaxpmoit paccMatpuBaeMoit pyukiumy suga f : E — E',tne E,E’ c €, 6ynem penIoJarars,
uroVe € E 75 = T.
3anmuce D" o6o3HauaeT COBOKYIIHOCTh BceX Koprexeit Buma (di,...,d,), tme n 2 0 m dy,...,d, € D, B
ciyuae n = 0 COOTBETCTBYIOLLIMI KOPTEX HA3BIBAETCSA IYCTHIM M 0003HAUAETCSA CUMBOJIOM €. DJIeMEHTHI
D 6ymem HasbpIBaTh ouepeasamu. VD = (dy, ..., d,) € D" 3anucs |D| o6o3HauaeT unciIo KOMIIOHEHTOB B D
(r.e. n). Ecnmu D = (dy,...,dy) € D" u 1 < i < n, 7o 3anuck D; 0603HaUaeT i-KOMIIOHEHTY 3TOTO KOPTEKa
(re. dj). VM < D', Vi > 1 3anuce M; o603HauaeT MHOKECTBO i-X KOMIIOHEHTOB KopTtexeit u3 M. Eciau
Kkoprexx D = (dy, ..., d,) € D" menycr, o 3anucu head(D) u tail(D) o6o3uauaror 3HaueHue d; € D u xopTex
(ds, ..., dy) € D" COOTBETCTBEHHO.

4.1.2. CsaspIBaHUA

Casa3pIBaHMEM Ha3bIBaeTCs MPou3BoabHast pyHKIusa 6 : X — &.
BynmeM mcrnonb3oBaTh ciiefyronye 0003HaUeHIS:
« MHOJKECTBO BCEX CBSI3BIBAHUIT 0003HAUAETCS CMMBOJIOM O,
e VXcX OX)={0€O|VxeX\X 0(x)=ux},
« VO € O, Ve € £ saruch e’ o6Gosmauaer TepM, MoTydaeMBIil M3 e 3aMeHON VX € X, KakKIOTo
BXOXKIEHUS X B e Ha TepM O(x),
« V0,0 € O zanuch 60’ o6o3HauaeT CBA3bIBAHIIE, ONPENEIIEMOE CIIEAYIOLIUM 0OPa3OM:
y
Vx€X (06')(x) = (x%).

4.2. TlociemoBaTeJIbHbIE IPOLECCHI

B srom IIYHKTE OIIpE€NesII€TCd IIOHATIE ITOCTIENOBATEIBHOTO IIpOoIecca. HaHHOC IIOHATNIE ABJIACTCA

MOJEJIbIO BBIUMCINTEIBHOTO IIpOLIECCa, IIOPOKAAEMOTO napanneanoﬁ[ HpOI‘paMMOﬁ[ Ha KaKoM-J11160 y3ie
MIIBC.

4.2.1. [emcTBuga
duemeHTapHbIe AeiicTBusA (J/I) — 3TO 3aNCH CIeTYIOLINX BULOB:
cle, c?, e:=¢, [¢], tneceC, e, €&, 1.=1s,0€ B,

KOTOpbI€ Ha3bIBAIOTCS IOCBIJIKOI COOOIIIeHNS e B KaHaI ¢, IPMEMOM COOOIIIeHNs e 13 KaHasa ¢, HPUCcBa-
MIBaHeEM I YCIIOBHBIM II€peXOA0M COOTBETCTBEHHO.

HejicTBUe — 3TO KOHEUHasl II0CIe0BATEIbHOCTE J/I, B KOTOpOIl uMeeTcs He Gojiee OHOI IMOCHLIKA
v puema. [lelicTBMe Ha3bIBAeTCS MOCBUIKON VIV IIPUEMOM, €CIM OQHO M3 BXOIAIMX B Hero I —
IIOCBLIIKA VI IIPMEeM, COOTBETCTBeHHO. [elicTBUe, He ABIII0Ieecs IIOChUIKOM MM IIpMeMOM, Ha3bIBaeTC
BHYTpeHHUM AericTBreM. Kaxxnoe 91 MOXXHO pacCMaTpUBaTh Kak AEVICTBIUE, COCTOSIIIeE M3 OJHOI'O 3TOT0
9.

MHOXeCTBO BceX HeNICTBUIT oOo3HadaeTcs cuMBoOJIOM A. Va € A MHOXECTBO BCeX IIepEMEHHBIX,
BXOIAILNX B o, 0003HAYaeTCd 3alMChI0 Xy.

Ecm 0 € © u a € A, 1o 3armuch o o6osHauaer meiictsue, HoJlydaeMoe M3 ¢ 3aMEHOM Ka)KIOoil

TTepeMeHHOII x B o Ha Tepm X7,
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4.2.2. TloHATHue MOCJIeAOBATEIBLHOTO IIpoOIlecca

Mocneponsarembubrit mpouecc (IIIT) - sto Tpoiika (P, X, ¢), KOMIIOHEHTBI KOTOPOII MUMEIOT CIENYIO-
IIUI CMBICJ:
« P - rpad c BoImenenHoi BepumHoit PO (HasbIBaeMOl HAYATBHON BepIIMHON), KaXI0My pebpy
KOTOPOTO COIIOCTaBJIeHa MeTKa ¢ € A,
+ X ¢ X - MHOXeCTBO BXOZHBIX nNepeMeHHBIX [III P, n
+ ¢ € B - HauanbHOe yciaosue III1 P.
s xkaxmgoro I (P, X, ¢)
« nauusi [1I1 MokeT coxpallleHHO 0003HaUaThCA TEM K€ CIMBOJIOM P, UTO ¥ COOTBETCTBYIOLLINIIL MY
rpad, MHOXecTBO BepiunH rpada P takke 0003HAUaeTCSI CUMBOJIOM P,
« Xp 1 p 0603HAYAIOT BTOPYIO U TPETHIO KOMIIOHEHTY P cOOTBETCTBEHHO, X'p 0603HAUAET MHOKECTBO
BCEX IIepeMEeHHBIX, BXOIIIINX B P,
« Xp 0Go3HauaeT MHOXeCTBO Xp \ Xp BHYTPEHHUX IIepeMeHHBIX,
+ Ap 00603HaUaeT COBOKYIIHOCTb METOK Bcex pebep rpada P,
P*~? 0Go3HauaeT mpou3BoIbHOE pebpo rpada P us v B .
IIIT ssBisteTcst GOpMaIbHBIM ONMCAHMEM ITOBeJeHNUA JUHAMIUECKOI CUCTeMbI, paboTa KOTOPOIT 3aKJII0-

yaeTcd B IIOCJIEN0OBATEIbHOM BBIIIOJIHEHNUI TEeVICTBUI, CBIA3aHHBIX C IIOCBLIKOI COOOIEHIT B KAaHAJIBI WJIN
IpUeMoM CcOOOIIIeH NI 13 KAHAJIOB, a TAKXKe C M3MeHeHIeM 3HaueHII BHYTPEHHNX IepeMeHHbIX.
Bynem npennosnarats, uto aig kaxmgoro IIIT P
 Kakpas BeplumHa rpada P sBifercs 3JeMeHTOM MHOKecTBa D,
« P comepKUT BHYTPEHHIOK MEPEMEHHYIO alp, U I KaXaoro pebpa rpada P, ecnmu v u v/ — Hauano
1 KOHeI] COOTBETCTBEHHO 3TOro pebpa, To mepBoe /] B MeTKe 3TOTO pebpa mmeet Bun [atp = v,
a mocnennee — atp := v’, atu ]I He GyAyT YKa3bIBATHCA ABHO.

4.2.3. CocTosHMeE IIOCIeT0BATEIbHOTO IIpoIiecca

Cocrosuue IIII P - aTo napa
s = (0" {[c]’ | c€ Dc}), (6)

KOMIIOHEHTBI KOTOPOJI MHTEPIIPETUPYIOTCS CIeRYIOIIIM 00pasoMm:

« 0° € ©(Xp) — cBaspIBaHME B S, IprueM Vx € Xp X o = Q,

« Vc€Dc [c]® € D - ouepenp HEIPOUNTAHHBIX 3HAUEHMII B KaHaJe ¢ B cocTossHu s ([c]® HaspiBaercs

COEP>KMMBIM KaHANA C B S).

MmuoxectBo Beex cocrogauii III1 P o6o3HauaeTcsa 3aIICHIO Xp.

JJ1s K&XKIOTOo COCTOSHUS S € Xp M KaKOoro tepma e € £(Xp) OymeM 0603HAUATH 3HAUEHIE e zanu-
ChIO €°.

Cocrosiuue IITT P HasbiBaeTcss HauaabHbIM (1 o603HauaeTcst 0p), eciu ono umeet Bup (6, {€ | ¢ € Dc}),
rae (pg =1luat} = PO

Cocrosune ITI1 P Ha3pIBaeTCsA TepMUHAIBHBIM, €CJIM U3 BEPIINHBI dtj, He BBIXOJUT HIU OJHOTO pebpa.

4.2.4. Ilepexonbl B mociefoBaTeIbHBIX IIpOIIEeccax

B sToM myHKTe MBI onpepeiseM mouHsaTue nepexona B IIII P, COOTBETCTBYIOIIETO0 KAKOMY-IUOO0 Ieli-
CTBUIO @ € Ap. DTOT mepexop IMOHMMAETCS Kak Iapa s,s’ COCTOSHWUIT M3 Yp, CBA3b MEXIy KOTOPBIMM
MO’KHO ITOHMMATh ClleayoommmM obpasom: ecu III1 P B TeKyImit MOMEHT BpeMeHI HaXOOUJICS B COCTOSI-
HUIIU S, TO IIOCJIE MOCJIeT0BATEILHOrO BhIITOTHeHA I, BXOOAIIMX B ¢, HOBBIM coctostiaueM IIII P aBngerca
cocrogHme s’.

Bymem 0603HauUaTh 3aII1CHIO § 58 YTBEpKIEHIE O TOM, UTO Iapa s, s’ ABJISAETCS EPEXOTOM, COOTBET-
CTBYIOIL[IM IEVCTBUIO ¢, U OIIPeNeNNM 3TO yTBEp)KAeHMe CIeqyIoIM 00pa3oM: ecin qeiicTBue o € Ap
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4
SIBJIIETCA TIOCIIE0BATENbHOCTBIO DI BUA @ ... Ay, TO YTBEPKIEHUE S — §' BEPHO, €CIIN
. %] o On /
381,..., -1 €EZp 1S —> S, S —> $2, «ou, Spo1 —> S,

r7ie yTBepKIeHNeE S 2, ¢ BToM ciayuae, Korpa @ — DI, openensieTcst OTAeIbHO IS KasKIO0T0 BO3MOKHOTO
Buna D1 « (mocie GopManbHOTO ONpenesIeHNs JAHHOTO YTBEPKIEHNS I KQXKOT0 KOHKPETHOTO BUA ¢
MbI He()OPMAJbHO MHTEPIIPETUPYEM U3MEHEHIE COCTOSHUS B Pe3yJIbTaTe 3TOTO IePexo/ia):

(a) ecmu a = cle, TO 0¥ = 05, u

[ = ([T, ¢)), v €D\ e} [T = [T,

B JAHHOM ciyuae P moceuiaer B KaHau ¢® 3HaUeHUE e°, I0CJIe Yero
— cBa3bpiBaHNe nepeMeHHBIX 111 P He M3MeHMIIOCH, M COEPKMMOe BCeX KaHaJIOB, KpOMe KaHajla
¢, TakXe He U3MEHUIIOCH,
— comepXXuMoe KaHasa ¢* yBeJIUYIWIOCh IIyTeM HobaBieHus k ouepenu [c’]® sHauenms e’,
(b) ectm a = c?e, 0 [¢° ]+ Qu

30 € O(Xp) : (e)* = head([c*]*), 0% = 00,
(5] = tail([¢*]?), V' € Dc\{c’} [/ =[]

B aHHOM ciyuae P npuanmMaer u3 kaHana ¢’ sHauenue head([c*]®) n nsmeHnser Teky1iee cBA3bIBaHIE
Tak, YTOOBI 3HAUEHNE TepPMa € IIPY HOBOM CBSI3BIBAHUY COBIIANAIIO C IPUHATHIM 3HAUEHEM, TIOCIIe
uero
— comep:xumoe KaHaina ¢ crano tail([c®]®),
— COIEpXXMMOe OCTAIbHBIX KAaHAJIOB He M3MEHIIIOC,
(c) ectm a = (e :=€’), TO
30 € O(Xp) : () = (¢/), 05 = 66",
veeDe [ =[c],

B MaHHOM Ciiydae P usmenser TEKYIIEE CBA3BIBAHME TaKk, 4TOOBI 3HAaUeHNE T€pMa € IIpM HOBOM

(7)

CBA3BIBAHUN COBIIAIANI0 ObI CO 3HAUEHVEM TepMa €’ TIPY CTApOM CBA3BIBAHNN, COMEPKIMOE KAaHAJIOB
He M3MeHaeTCs,
(d) ecmu a = [¢]], o ¢° = 1, 65 = 6%, u BepHoO (7),
B JaHHOM CJIyJae CBSI3bIBaHIE U COEP>KMMOe KaHaJIOB He M3MeHIeTC.
ITycTeiM nepexomom B ITII P Ha3pIBaeTCs MPONU3BOJIbHAA I1apa COCTOSHUIA S, s’ € ¥p, Takas, uto 0° = [
[ycrele mepexoasl 0603HAUAOTCS 3AMMCAMI BUga s — s .
Ecnn mapa s, s’ aBisgercs nepexongoM B IIII, To s Ha3pIBaeTCd HauaJOM 3TOTO II€peXoja, a s’ — ero
KOHIIOM.

4.2.5. Pepyxnus rpadoB mociieqoBaTeIbHBIX IIPOIECCOB

Ilycre 3amans! I1I1 P u BepmnHaA v € P, He gBigromascsa HadanbHol. Ecay MHOecTBa Beex pebep B P
C KOHLIOM B ¥ ¥ C HA4YaJIOM B U MIMEIOT BUJ

/

. o
(v = v]i=1,..,n} u {v— o |i=1,.,n}

COOTBETCTBEHHO, I/le U OTJINYAETCS OT BCEX BEPIUNH U; U v, ¥ MO0 BCe AEHCTBUS &, ..., (&, BHYTPEHHIE,
7160 Bee eVICTBUS a1, ..., &), BHYTPEHHIe, TO K JaHHOMY rpady MOKHO IIPMMEHNTH OIIEPALIIIO Pey KILIIL,
KOTOpas 3aKJII0YaeTcsd B IpeoOpa3oBaHMM JaHHOTO rpada ImyTeM

* yOaJleHus BepIIVHBI U U CBA3aHHBIX C Helo pebep, u

7/
0(,-0{1.,
« mobasienms pebep Buma v; —> v, tae i = 1,...,n,i = 1,...,n’, n @ja, - KOHKaTeHaIMa TTOCIEO-

BaTeJIbHOCTEN @ U 0‘1'/"
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4.2.6. IlepeumMmeHOBaHIA

IlepenMeHOBaHIEM Ha3bIBaeTCs [IPOM3BOJIbHAA MHBeKTUBHas QyHkuus supa n : X — X', roe
X, X cX.

Jnsa kaxmoro mepemMenoBanus n : X — X/, kaxgoro e € € u kaxnoro Il P zanucu e’ u P”
o6o3HauaT TepM v [1I1 cooTBeTCTBEHHO, ITOJTyUyaeMble U3 e uian P 3aMeHoM V x € X Ka)K[I0T0 BXOXKAEHUS
x Ha 1(x).

Ecau P - IIII, m  — mepenMeHOBaHMe BUAA 1] : Xp — X\ Xp, TO Oymem paccmatpusats IIIT P n P7 xak
paBHBIE.

4.3. PacmpenesieHHBIe IIPOIIECChI

B satom IIyHKTE€ BBOAUTCA IIOHATNE PACIIPENECTIEHHOIO IIpoLecca, KOTOPOE€ MOKHO JICIIOJIb30BAaTh AJIS
MOOENIMPOBaHNA ITapalJIEJIbHBIX IIPOTpaMM.

4.3.1. IlomaTme pacnpeneIeHHOIO IIpoIecca

Pacnpenenennsiii nmpoiecc (PII) — ato cemeitcrso IIIT
P={pP;|i€l}, (8)

rIe KOMIIOHEHTBI CeMeICTBa {Xpi | i € I} QU3BIOHKTHBI U HE TIEPECEKAIOTCI C MHOKECTBOM Xp def Uier Xp,
(ecym 9TO yCIIOBUE He BBIIOJHIETCS, TO 3aMeHuM Kaxaplit [II1 P; Ha paBHBII eMy, B CMBICIIE, YKa3aHHOM B
KOHIIE ITyHKTA 4.2.6, TaK, YTOOBI 3TO YCIOBIE BHIMTOMHIOCH). Huske GyieM cumTarh, UTO JAHHOE YCIOBUE
BCeT/Ia BBIIIOJIHEHO, lasKe ecy BHyTpeHHue nnepeMennsie B [ P; u Py us P, rje i # i’, UMEOT OMHAKOBbIE
0003HaUEH

3amuck Xp 0603HAUAET MHOKECTBO BCEX MTEPEMEHHBIX, BXOASAIIUX B P.

4.3.2. IloHAaTHMe COCTOSTHMSA pacHpefeIeHHOIO IIpoIlecca

Cocrossauem PII P = {P; | i € I} Ha3bIBaeTcs mapa
s=(0°,{c’| c € Dc}), 9)

roe 0° € O(Xp), uviel

s 65, {c | c€ De}) € 3,

e 05 € O(Xp), Vx € Xp, x% = x¥".
MmuoxecTtBo Bcex cocTosgsHuit PIT P o6o3HayaeTcsd 3aliCchio 2p.
Vs€E€Xp,Ve€ e€ E(Xp) Oynem 0003HAUATH 3HAUEHIIE e?
CocrosHuIIE S € X p Ha3bIBAETCS
+ HavaJBHBIM (1 0603Havaercs Op), ecmu Vi€l s; = Op,

N
3aIIChI0 €°.

+ TepMHMHAJBHBIM, ecan Vi € I cocTossHUE S; TEPMUHAIBHO,
+ TYIIMKOBBIM, €CJII OHO HeTepMMHAJBHO, 1 Vi € [ He cymiecTByeT Hemycroro nepexona IIIT P; ¢
HayasoM S;.

4.3.3. Ilepexonbl B pacmpeaeleHHBIX IIpoIeccax

ITycrs samanbl PII P = {P; | i € I}, uapekc i € I u meiictBue o € Ap,.
ITepexomom B PII P, coorBeTcTByItommM AeiictBuio « 111 P;, HaspIBaeTcsl MPOM3BOJIbHAS ITapa COCTOSI-
HUIt s, s’ € Sp, Takad, uTo
si— s, Vi eI\{i} sy — sl (10)

/
Bynem o6o3nauats cBoitctgo (10) 3amuceio PP Y : s — §/, rme v, v/ — HAYANO U KOHEI] COOTBETCTBEHHO

pebpa rpada P; ¢ merkoii a. Ecim mapa s, s” sBisiercst mepexomom B PIT P, To 6yieM 0603HAYATH 9TO 3aIIMCHIO
/
s— s
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CBA3b MEK/Iy COCTOSSHUAMI S, ' € Yp, YIOBIETBOPAIOLIMMIU CBOIICTBY (10), MOKHO MHTEPIIPETUPOBATH
crenyomumm obpasom: ecnu PII P B TeKylumili MOMEHT BpeMEHN HAXOMVJIICI B COCTOSHUU S, W, HAUMHASL
¢ aroro moMeHTa, IIII P; mmociemoBaTenbHO BBITONHSI O]/l, BXomainme B «, a octajabHble IIII m3 P B
TeUeHIe BCEro 3TOr0 BpeMEHM He BBINOIHSIIN HMKAKUX NEVICTBUIL, TO IOCJE 3aBepIIIEHNS BHIIIOJHEHUS
rocyiegoBaTesbHOCTH ]I, BXOOAIIMX B @, HOBBIM cocTtossHueM PII P aBngercd coctosHue s .

MHOKecTBO 2p MOKHO paccMaTpuBarh Kak rpad, B KOTOPOM CYII[eCTBYeT peOpo 13 s B s’ ¢ METKOIL ap,
TOTHA M TOJBKO TOrAa, Korga BepHo (10).

Beimonuenmne PII P npencrasiser coboii TOCIe0BATEIBHOCTS COCTOSIHMIL Sy, Sq, ... TAKOIL, UTO So = Op,
M KaXOas rmapa $j, Si+1 COCETHUX COCTOSTHUI B 9TOV ITOCJIeIOBATEIBHOCTH SIBJISETCS IIepPexXoIoM B P.

Cocrosiaue s PIT P HasbIBaeTCs JOCTUHLKMMBIM, €CIIU CYIecTBYeT yTh n3 Op B s. Huske Xp o6o3HauaeT
MHOKECTBO JOCTVLKIIMBIX COCTOSHUII P.

4.4. Meron nmocrpoennsa mogeau MPI-mporpaMMel B BUfie pacnpeneieHHOro IpoIecca

Bynem paccmaTpuBaTh TonbKO Takue MPI-mporpaMmbl, KOTOphIe cofep:KaT

+ OIlepaTopsl IPUCBAaNBaHNA, YCIOBHOTIO IIepexofa, HMKIIa,

e IIOCBUIKM M IpyieMa COOOILIeHNIT, omnpeneyieHHbIe B IyHKTe 2.2, U

« ciyxebusie MPI-dynkiunu (MPI_Init u 1.11.), yHOMSHYThIE B IIpOrpaMMe 13 IyHKTa 3.2.

Ecnm ¢ MPI-tiporpammoii II cBA3aHBI MHOXeCTBO X1 BXOMHBIX II€pEMEHHBIX U HauaJbHOE YCJIOBUE
¢n € B, To PII Py, aBndromuiica MOJeIbI0 JaHHOI IIPOrPaMMBI, IMeeT BILL

Pan={P|i=0,1,..}, (11)

roe Vi=0,1,.. IIIT P; crpoutcs ciaenyoimmum o6pasom.
+ MHOkecTBO X'p, COCTOUT U3 IIepEeMEHHBIX, BXOIAIINX B X1, ¥ i-X KOIIMII BHYTPEHHUX IIePEMEHHBIX,
Bxogamux B II, Xp, = X1, ¢p, = ¢
» I'pad P; ctpourtcs myrem
— 3ameHbI B nporpamMme I mepeMeHHOIL, SBIAIONIETICA BTOPEIM apryMeHToM ¢pyHKuyy MPI_Comm_rank
(8 MPI-mporpaMme, puBeeHHOI B ITyHKTe 3.2, 3TO ITepeMeHHas rank) Ha KOHCTAHTY i,
— yHajJeH!d HeMCIIOJHAEMBIX YacTell IOJIyYMBIIeTICS IIPOrpaMMBbl, I
— npeoOpa3oBaHMA IIOJTYUMBIIECS IPOrpaMMBI B rpadoByio GopMy, aHAIOTMYHO TOMY, KaK 110
IporpaMme B OIIEPaTOPHOIT popMe CTPOMTCS IpeACTaBIeHIe 3TOM IPOrpaMMBl B BUe OIOK-
cxeMblI (C TeM OTIMYMEM, UTO B OJIOK-CXeMax MeCTBUSA CBSI3aHBI C BepLIMHAMIL, a B HaIlleil
MOJIEJIVL OHU CBSI3AHEI ¢ pebpamn).
IIpucBamBaHMs, YCIOBHBIE OIEpPATOpPHI, OIEpaTOPhl LUKJIA Ipeobpasyiorca B mevicTBus IIIT
P; cranpmapTHBIM 00pas3oM, 9Tu IpeobpasoBaHMst M.0. IIOHATHI M3 PACCMATPUBAEMOTO HIDKE
npumepa nocrpoenns moxpenau MPI-iporpaMMsl 13 ImyHKTa 3.2.
Hcnionbsyemsle B I1 pyHKIUM Iepenaun cooOIeHMIT IpeCTaBISIOTCA B Tpade P; cienyommmn geit-
CTBUAMIU:
« ¢yukung (1) npencrasisercs geiictsueM ¢, !(e, i, [), rme
— e — TepM, 3HaueHNe KOTOPOTO JOJIKHO ObITh PaBHO COIEPKMMOMY y4acTKa IIaMsITH, Iepechl-
JaeMoMy 3Toil pyHKIMel],
— rul- coorBercrByiomue aprymeHTsI pyHKIm (1) (HOMep HOTyUaTEN I TET, COOTBETCTBEHHO),
+ ¢yukung (2) npencrasisgercs B P; mevicteueM ¢;?(e, s, 1), roe
— e — TepM, 3HaueHUe KOTOPOIO II0CJIe BBITOJIHEHNA JAHHOTO AEMCTBYUA JOJDKHO OBITH paBHO
NIPUHATOMY COOOIIeHNIO,
- su | - HOBBIE IIepEeMEHHEIE,
M eCIU IIOCTIeMHUIL apryMeHT B pyHKImu (2) MMeeT M4 ¢, TO BeIpakeHus B P; Buna q.MPI_SOURCE
u q.MPI_TAG 3ameHAIOTCA Ha S U I, COOTBETCTBEHHO,
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« mpepncrasiieHre GyHKIMY (3) 3aBUCUT OT i:
- npu i = 0 ¢yukums (3) mpeacraBiseTcs AelICTBUEM ole, TAe e — TepM, 3HaUeHME KOTOPOTO
TOJDKHO OBITh PAaBHO CONEPKMMOMY yUacTKa IaMsATH, [lepecblIaeMOMY 9Tol QyHKLMeI,
- npu i # 0 pyHKIus (3) mpeaCcTaBIIsIeTCsS AEIICTBIEM o7 e, Tie € — TepM, 3HaueHIe KOTOPOTO ITocyIe
BBINOJIHEHNSI JAHHOTO AEVICTBISA JOKHO OBITh PABHO IIPUHATOMY COOOILIEHIIIO.
K mocrpoennomy rpady P; MOXXHO IPUMEHNTH OIIEPALINI0 PEAYKIIAN, ONIICAHHYIO B IIyHKTe 4.2.5.

4.5. BcmomorareiabHBbIE II€EpEMEHHDBIE

s o6neruenus ananmusa PII Prp moskHO mobaButh K geitctBuaM III1, Bxomsamum B arot PII, mpucsan-
BaHUS BUJAA | := €, B KOTOPBIX

| — HOBai IepeMeHHas (Ha3bIBaeMasi BCIIOMOTATEeJIbHOI ITepeMeHHOI),

« e€ EXp, uT), roe I — MHOKECTBO BCIIOMOTATEeJIbHBIX IIepeMEHHBIX.

[IpucBamBaHMS yKa3aHHOTO BBIIIE BUJA | := e He ABJIAI0TCA PeajlbHO BBIIOJHAEMBIMU [eJICTBUIMIL,
OHIU IIpefHa3HaueHBbl JIMIIb IJId BBIpAKEHMSI 3aBUCUMOCTEN MeXOy 3HAaUeHUAMIU IIepeMeHHBIX BO Bpe-
M4 BeinonHeHNA PII. B HEKOTOPBIX ciiyuasdx MCIIOIb30BaHMe BCIIOMOTATeIbHBIX IIepeMeHHbIX I103BOJIIET
KOMITIaKTHO BBIPA3UTh CBOJICTBA aHaNM3upyemoro PII 1 cylecTBeHHO yIIpOCTUTB IIPOIEAYPY €ro aHaIN3a.

ITocnemoBaTenbHbIe mpoitecchl, moayuaemble n3 Tex 111, koropeie Bxomsar B PII Pp, moGaBneHuem
NpUCBAMBaHUII BUAA | = e, I[le | — BCIIOMOTaTeJIbHAs IIlepeMeHHas1, OyIeM Ha3bIBaTh SOIIOJHEHHBIMMI
TII1.

5. MopenupoBanue u Bepudukanus MPI-mporpaMMeI yMHO>KeHMSI MaTPUIX

B 3TOM ITyHKTE MBI paCCMOTPUM IIpUMep IPMMEHEeHI S ONMCAHHBIX BBIIIIE ITOHITHUI JJIT MOJEIUpPOBa-
Hus u Bepudukanuy MPI-mporpaMMbl YMHOXEHNA MaTpULI, IIpeICTaBICHHOI B IyHKTe 3.1.

5.1. Ilocrpoenmue mopeaun MPI-porpaMMbl yMHO>KEHMSI MAaTPUIL

B stom mynxkre mbr ompenensem PII Py = {P; | i = 0,1,...}, mogenupyrowmwmuit MPI-nporpammy II
YMHOKeHVS MaTpULL B ITyHKTe 3.1. Bxogubimu nepemennbivu 1 sapistrorest A, B (MaTPUIIBI-COMHOKUTENIN),
N (umcio cTpok B A), nprocs.

5.1.1. YmpoiueHus

Vi = 0 mpu nocrpoenun III1 P; mcrionb3yroTcs ciaenyrolne yIIpoLIeHNs:

+ oIlepaTop BBOAA MATPUIl-COMHOXMTeseil input(a, b) B cTpoke 15 BBINIOJNHAETCA OAVMH pa3 B Ha-
YJaJIbHBIM MOMEHT BBINIOJHEHMU Ipollecca ¢ paHrom 0, mostomy B mogmenu III1 Py MOXHO OIIycTUTD
TeJICTBIA, COOTBETCTBYIOIIME 3TOMY OIIE€paTOpy, CUmMTasd, uTo Xp, COOEPKUT IepeMeHHble A u B,
3HAUeHM KOTOPHIX paBHBI MaTPUIAM-COMHOKUTEIAM,

« omneparopsl KIIC B Py B crpokax 16-17 m B P; (Vi = 1) B cTpokax 44-45 BBINOJHAIOTCA OOUH Pas, B
HayvaJIbHBII MOMEHT BhINToTHeHU 3TuX I111, moaToMy MOXHO 3aMeHUTb COOTBETCTBYIOIINE AeICTBIS
BUa ole 1 o?e Ha IIpeIIoIoKeHMe 0 ToM, uto B Bxoaut B Xp, (Vi = 1).

s coxparreHus o6o3HaueHnit B u3naraeMsIx Hyoke 11 BMecTo BXOQHOT ITepeMeHHOII nprocs Oynem

JICIIOJIBb30BaTh BXOJHYIO IIepeMeHHYIO 1, 3HaueHIe KOTOpOoIl paBHO nprocs — 1.

5.1.2. IlociemoBaTeJIbHBIN Iponecc P,

Hna mocrpoenns IIII Py ucrmonb3yeTca Toiabko uacTb MPI-mporpaMmel, pacrosnokeHHas B CTpOKax
12-39.

BIIII Py A u C aBngioTca MMeHaMM MacCUBOB, KOMIIOHEHTBI KOTOPBIX SIBJISIOTCS CTPOKAaMI COOTBET-
CTBYIOIIVX MaTPUII ¥ MHAEKCHPOBAHBI UMCIaMM 1,..., N, i—~e KOMIIOHEHTHI 3TUX MacCUBOB 0003HAYAIOTCSA
A,‘ n C,‘.

Py mmeer cenqytoniue nepeMeHHEBIE:

XPO = {AiBSN’n}s )A(PO = {Cs isj; k) lsp}‘
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HauanpHoe ycinoBue: ¢p, = (N =z21)A(i=1)A(k=0)A(l=1).

IIIT Py umeet BUR [i < min(n, N)]

ci!(A;, 0, 1)

[i> min(n, N)] pi=ird

[k=N]J @ [I=>n] .
Ve — O

c!(+0,0) (az)
[k <N Li=l+1
CO?(C]:sz) [[ i> N]]
kizkel [i<N]
Cp!(A,‘, 0, l)
< 5 /L ii=i+1
B IIIT (12)
. — pebpo Pg_’o COOTBETCTBYET LMKy B CTpOKax 18-22 mporpamMmsel, lepeMeHHas i B METKe 3TOTO

pebpa COOTBETCTBYET BhIpa)KeHNIO count + 1 B mporpaMme,

— coobuieHne, nockutaemoe ¢yHkimeit MPI_Send B cTpokax 21-22 mporpamMmsl, IpeaCTaBIEHO
Tpoiikoit (A;, 0, i), TpeTbsl KOMIIOHEHTa KOTOPOJL — TeT 9TOro COOOIeHNs (T.e. HOMep COOTBeT-
CTBYIOII[EJI CTPOKM B MaTpuiie A),

- pebpo P{! cooTBeTCTBYeET BBIXOMY U3 ITOTO HUKIIA,

. — pébpa P&_’z u Pg_’l COOTBETCTBYIOT LMKIIY B CTpOKax 23-34 mporpaMMBHlI,

— ImepeMeHHas k COOTBETCTBYET ITepeMEeHHOI i B 9TOM LIKIIE,

— omeparop MPI_Recv B cTpokax 24-26 M IIMKJI B CTPOKax 27-28 IporpaMMbl 3aMEHEHbI Ha eIHOE
IEeVICTBIE: IIpIeM COOOIIIEHNS 1 €T0 3aIlJICh B COOTBETCTBYIOLIYIO CTPOKY MaTpuilsl C,

— pebpo P} cooTBeTCTBYeET BBIXOMY U3 3TOTO LIMKIIA,

. — pebpa Pg_’3 u Pg_’4 COOTBETCTBYIOT LIMIKJIY B CTpOKax 35-37,

- cuMBoOT * B MeTKe pebpa P33 usobpaxkaer mycTyro CTpoKy.

5.1.3. IlocixemoBaTeJIbHBIN Ipolecc P; nis i > 0

Hnsa nocrpoenus IIII P;, roe i = 1, ncrnosnbs3yercs Tolrbko yacTb MPI-mporpaMMel, pacronoxeHHad B
CTpoKax 42-55.

P; umeer cienyromme nepemenusie: Xp, = {B},Xp = {Y},ji}, roe sHaueHmeMm B saBisgeTcs BTOpas
MaTpIIa-COMHOKUTEND, I 3HAUEHMAMHI Y; — CTPOKM HelicTBuTenbHbIX uncel. I P; mMeer ciaemyrommii
BU;

ci?(Yi’ O,ji) =0
{ [ji # 0]
Co!(YiB, l,]l)
5.2. Bepuduxanmus pacnpenesreHHOro mpouecca, Mmogeanpyrourero MPI-nporpammy
YMHOY>KEHISI MATPUI]

(13)

5.2.1. BcmomMmorareJbHble IepeMeHHEbIE

g mokasaTesIbCTBA YTBEPKIOEHUSI O TOM, UTO OIpefesIeHHbIN B myHKTe 5.1 PII P, Momenupyrommii
MPI-mporpammy II ymMHOXKeHIS MaTpUI] B IYHKTe 3.1, yIOBIETBOPSIET CBOEI CIIeIM(pMKAI[/, BBIpaXKaeMoIlt
CBOIICTBOM (4), MBI BBE[IEM BCIIOMOTATeJIbHBIE IIepeMEHHBIE &, 3, ¥ (M CBSI3aHHBIE C HUMU JEVICTBUS, HE
BJIMSIOIINe Ha BbInonaHeHue PII), 3HaueHMsa KOTOPBIX OyAyT MMeTh CIIeAYIOIINIT CMBICT: V § € Zp,
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HIUU S,

a® c {1,...,n}, ® cocrout U3 HOMepOB KaHAJIOB 13 {¢y, ..., Cy} C HEIYCTBIM COXEPKMMBIM B COCTOSI-

« fFc{1,...,N}, f° cocrout n3 HOMEPOB CTPOK MaTPULBI A, JIsI KOTOPBIX B COCTOSIHII § BBIUMCIIAETCS

X Ipou3BeeHNe Ha B,
v® < {1,...,N}, y° paBHO MHO)XeCTBY HOMEPOB BCEX CTPOK, KOoTOpble Py 3amucan 8 C mo MOMeHTa

npuxona PII Py B cocTossHIeE S.

Hauanpuble 3HaueHus @, f 1 y paBHBL Q.
Homonnenns [1I1 Py mMmeeT Bum

[ i < min(n, N)]

. Ci!(Ai,O, l)
[i> min(n,N)] a:=aufifi=i+]
[k = N (3 [1>n] @
K [l=<n]
[k<N] ¢/!(+,0,0) (14)
@G pod) | [:=1+1
yo=yu gy 17N
k:=k+1 [i=<N]
\ Cp!(Ai,O, l)
@—/ a:zaU{P}:i:=i+1
i = 1,..., n mononuenuslit III1 P; umeer Bug
¢i?(Y3,0, i)
B = puiji} (15)
a = al\ i Ljs = 0]
o\
0 (1 o 2
© Lisol @)
co!(YiB, i, ji)
B = p\ it

HUcnonrs3osaune B (14) u (15) cuMBoya U s onepanuil 00beMHEHUS MHOKECTB BBHIPAKAET YTBEP-
JKOeHue (BbITeKAIOLIero U3 HiDKecJIeAyIoIell TeopeMbl 1) 0 TOM, UTO BCAKMIL pa3 MPHU BHIITOTHEHNI ITUX
OIlepalMil UX apTyMEHTbBI B AEVICTBUTEILHOCTY ABIAIOTCA AU3BIOHKTHBIMY MHOXECTBAMII.

5.2.2.

TeopeMbl, 000CHOBBIBAIOIMIEe KOPPEKTHOCTD Pry

Teopema 1.
Vse an, ecanu atf;,0 # 3,4, TO BEpHBI CIEeAYIOLIMEe YTBEPXKACHNA:

1.

ISR

a’c{l,.., i’ -1},

-1<N

ly’| = k* < N,

ecin atlio =1luki<N,TokS<i® -1,
[l nea’ =0,

Vi=1,...,n
l,ecmm i € o, u
8| = 5 )
(@) [l { 0 nHaue,
0 aty, =1 = (i€a)nGi ey
atp, =2 = p*¢a’, pPe{l,...i’ -

1},
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8 [allu..ulcaSupfuleliuy®={1,...,i -1},
9. Vpea® [c]° mmeer Bun {(A;,0,0)}, rme i € {1,...,N},
10. KaskOblil aeMeHT [¢o]° umeer Bun (A;B, p, i), tme i € {1,...,N},
11. Vj€ y* C; = AB,
12. ¥*=N = y*={1,...,N}.
JloKa3aTelbCTBO.
HcTUHHOCTE BCEX BBIIIENEPEUNCIEHHBIX YTBEPKIEHNI 000CHOBBIBAETCS MHAYKTUBHO: BCE OHU BEPHBI
B HAYaJIbHOM COCTOAHUM Op,, ¥ COXPAHSAIOT CBOI MCTMHHOCTH II0CIe KaKaoro mepexona s — s PIT P,
raoe atf); +#3.4.1

Teopema 2.
B Xp, HET TYNMKOBBIX COCTOSHUIA.

[ToxasaTeabCTBO.
ITycte Yp, comepXuUT TynmKoBoe cocTosgHue s. HeTpynHo mokasarsb, 4To atf,0 He M.0. paBHO 0, 2, 3, 1
Vi=1,...,n atf;i He M.06. paBHO 1. Taknm o6paszom, aiist atf30 €CTh JBa BO3MOKHBIX 3HauUeHUd: 1 1 4.

1. Hycrs atp = 1. U3 TynukoBocTH s ciemyet, uto k° < N, OTKy/ia ONATH MCIOJB3ys TYIMKOBOCTD
nonyuaem: [¢]° = @.
U3 yrBepxpuenns 4 B reopeme 1 cienyer, uro k° < i* — 1, OTKya Ha OCHOBAHUM YTBEPXKAEHMS 8
TeopeMbl 1 1 paBeHCTBa [¢o]° = @ momyuaem:

[a]Su...ulclsup 0. (16)

Ecnmu 3i € {1,...,n}: [¢;]° # @, TO U3 TYIMKOBOCTH $ CIEMYET, UTO atf;l_ # 0, mo9TOMY atf,l_ = 2, OTKyJa
HeTPYIHO IIOJIYINUTb, UTO atlé0 = 4. OgHAaKO 5TO BO3MOYKHO JIMIIB B cayuae k® = N, UTo IpOTMBOpEUNT
YCTaHOBJIIEHHOMY BbIlIIe HepaBeHCTBY k° < N.
Iostomy Vi € {1,...,n} [¢]° = @, u us (16) cnenyer, uro f # @. Onguako ananmsom IIII P; (i =
0,...,n) HETPYQHO YCTAHOBUTH, YTO 9TO BO3MOKHO TOJBKO ecnu i € {1,..., n}: atf,l_ = 2. Kak 0nu10
YCTaHOBJIEHO B IIpedbIayIeM ab3alie, JTaHHOE PABEHCTBO HEBO3MOIKHO.
2. Ilycrs atp = 4. Torma k* = N, orkyza cnenyer, uro |y®| = k¥ = N.
/
Iycts s’ — mepBoe cocrosiHue Ha myTu 7 u3 Op, B S, Takoe, uto k* = N. HerpynHo Bumers, uto
s _ o ' 4 _
atp = 2. 113 yrBepskaeHMi1 2 n 8 TeopeMsl 1 cienyer, uto i° —1=Nu

(@] =[]’ =..= [a]” = f* =0,

atlf,1 =0,..., atf;n =0.

EnuucTBeHHBI epexof u3 s’ cooTsercTByeT mefictuto [i > N u umeer sun P! @ s/ — s,

eIMHCTBeHHbIT mepexon u3 s coorsercrByer meiictsuio [k = N] u umeer Bun P&—»s s —

s”/. HeTpyiHO BUJETh, UTO BCE COCTOSHUS B XBOCTE IIyTU JT, HAUMHAKIIEMCS ¢ s/, He ABIAOTCA
TYIMKOBBIMIA
B 060ux cityuasx Mbl MOy UMV HPOTUBOpPEUie, KOTOPOE ABJIAETCS CIIEICTBUEM TIPEITOI0kKEHNS O TOM,

4UTO B Xp, COOEPKUT TYIUKOBOe cocTosgHMe. CllefoBaTeNbHO, B Xp, HET TYIIMKOBBIX cocTogHNIL. M

Teopema 3.
JIro60e BhIIIONIHEHNE onpeneaeHHoro Boimle PII P 3aBepiraeTcs mociie KOHEYHOTO YNCIIA IIIAaToB.

JlokazaTeIbCTBO.
ITycTs cyrecTByeT 6eckoHeUHOe BbinosnHeHue 7 PIT P.
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JlokaskeM, UTO UMCIIO TIEPEXOMIOB B 7, COOTBETCTBYIOIMX fetictsusam [T Py, koneuno. Eciu 61 uncio
TaKUX [1epeX0/10B ObIJI0 6eCKOHEUHBIM, TO
« B 7T HET COCTOSHMI $, 0614/ AOIIX CBOMCTBOM atj = 3,
* CYIIECTBYeT COCTOsIHME §; € 7T, TaKOE, uTo atp = 1,
« KaXKABIN TIepexoj B 7, HAUMHASA C S;, COOTBETCTBYIOLIUIT KaKOMy-1u6o meicTuio Py, MMeeT BUS
nubo Pi7% + s — ¢/, mubo Pe! : s — ¢/, m umcino nepexomos Buna P} 2 : s — s’ GeckoneuHo,
YTO HEBO3MOYKHO IO MIPUYMHE TOTO, UTO TIPY KAXXITOM TaKOM Iepexojie YBeTMIMBaeTcs 3HaueHue
HepeMeHHoiT k, KOTOpOe, COTIIACHO YTBEPKIEHIUIO 3 TeOpeMBbI 1, orpaHIueHo cBepXy 3HaueHueM N.
[ycts s’ € 7 — cocToAHUe, HAUMHASA C KOTOPOTO 7T HE COMEPKUT TIePEX00B, COOTBETCTBYIOIINX JIei-
crBusM Py, m 1’ — wacTb myTu 7, HaumHamwomascs ¢ s’. HeTpyaHo BUmeTh, 4To

3i€ {1,...,n}: 7/ comepKuT GECKOHEUHO MHOTO

17
nepexonos Bupa P! (17)

s — s
T.k. 7/ He COIEPKUT TIEPEXOIOB, COOTBETCTBYIOINMX AelicTBuaM Py, To sHauenue |[¢;]°| He Moxer yBennu-
YMBATHCS, U COTIAcHO (17) 0HO GECKOHEUHO yMeHbIIaeTCsl, YT0 HeBo3MOKHO. Hl

V3 noka3aHHBIX TEOpeM CIIeAyeT, uTo Kaxkaoe BolrnorHeHne PII Py sBiisieTcss KOHEUHBIM U 3aBepIIIaeTCst
B HEKOTOPOM TepPMMHAIBHOM cocTosHum s. Us atp = 4 cienyer, uto |y°| = k* = N, oTKyaa coriacHo
yTBepKaeHusM 11 u 12 teopems! 1 cienyer, uro PII P ymoBieTBopsieT crieruuKammm, M3I0KeHHON
B IIyHKTe 3.4.

6. 3axiaroueHue

B Hacrosmieir pabore MBI IpeACTaBIUIN HOBYI0 MaTeMaTNYeCKyI0 MOMeNb IapalyIeIbHbIX IIPOTPaMM,
NPEeUIOKIIIN IOAXON K BepM@UKAIMM TAaKMX IPOrpaMM M paccMOTpein Ipumep Bepudukanuy MPI-
NporpaMMbl YMHOKEHI MaTPIUI] Ha OCHOBE IIPeAIoKeHHO Mofeny. OCHOBHOE IPeMMyIIeCTBO IIpeaJIo-
’K€HHOT'0 IIOJX0Ja — BO3MOXXHOCTb €T0 IIpMMeHeHMs IJII IPorpaMM, TeHepUpPYIOINX HeorpaHUeHHbIN
Ha0bop IT0CIIeI0BATENBHBIX IIPOIIeCCOB.
[IpoGeMbl [ HalXbHENMINNX MCCIeTOBAHUIL, CBI3AHHBIX C IIpeIJIaraeMoOil MOJENbI0, MOTYT OBITH
CIey IO MIL:
* pacIIMpPUTE NPeIJIOKEHHYI0 MOJeNb, BBeId KOHIUENIMN A1 MOIeIPOBaHNsA CMHXPOHHOIL IIepea-
Yy COOOIIEHNII U ApyTUe MeXaHU3MBbI VIS OpTaHM3aIMI [TapaJUIeIbHOTO BBIIIOTHEHIS,

+ BBECTM fA3BIK CITeIM(UKALNY CBOJICTB pacIipe/eIeHHbIX IIPOLIeCCOB, HA KOTOPOM CBOJICTBA Iapal-
JIeJIBHBIX IIPOTPAaMM BBIPa)KAIOTCA B TEPMIHAX HAOJOAeMOll SKBMBAJIEHTHOCTHU, U PaspaboTaTsh
AJITOPUTM I PacIIO3HaBAHMS HAOJI01aeMOl S9KBIBAIEHTHOCTY pacIpe/esIeHHbIX IIPOLIeCCOB.
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PexypcuBHasA nMpoBepKa BKIIOUYEHNIA NI PEKYPCUBHO OIIpeeIeHHbIX

IIOATUIIOB
X. ne Husesure! DOI: 10.18255/1818-1015-2021-4-414-433

Mlkona nuskeHepun 1 uudpoBux Hayk, Hasap6aes Yuusepcurer, yi. Kabau6ait Barsipa, 1. 53, r. Hyp-Cynran, 010000 Kasaxcram.

YK 510.57 TToryuena 15 HosOpst 2021 .
Hayunas cratbes TTocie mopaborkmu 1 nexabpst 2021 .
TonmHBII TEKCT HA AHTIMIICKOM A3BIKE IIpunara k ny6nukanuu 8 nexabps 2021 r.

Ms1 mpefcTaBisieM TabAMUHYIO IIPOLEAYPY, KOTOpas IIPOBepsieT JOrMIecKye OTHOLICHUS MeXAYy PEKYPCUBHO OIpefie-
JICHHBIMY IIOATUIIAMY PEKYPCUBHO OIIpefeJIeHHBIX TUIIOB, U IIPMMEHsAeM 3Ty IpOLEeAypy K IpolGieMe paspelleHMs
HEeOJHO3HAUHBIX VIMEH B SI3bIKe IIPOrPaMMUPOBaHIs. 9Ta paboTa ABISETCI YaCThIO IIPOEKTA 110 paspaboTKe HOBOTO S3bI-
Ka IIpOrpaMMMPOBAHIS, IOAXOAAIIEero A abdeKTuBHON peanusaruy goruku. Jlornueckne GpopMysl IPeACTaBIIOT
c06011 JPeBOBUAHBIE CTPYKTYPBI CO MHOKECTBOM KOHCTPYKTOPOB, MMEIOILMX Pa3IMUHbIe CBOJICTBA M THUIIBI apT'YMEHTOB.
AJITOPUTMBI, UCIIOIB3YIOIINE ITI CTPYKTYPHI, HODKHBI BBIIOJIHATh aHAIN3 BAPMAHTOB [JII KOHCTPYKTOPOB I IIOJIYYaTh
TOCTYII K IIOAAEPEBbSIM, THUII I CYIIIeCTBOBAHIIE KOTOPBIX 3aBIUCAT OT MCIIONB3yeMOTro KOHCTPYKTOpa. Bo MHOTUX A3bIKax
IIpOTpaMMUPOBaHMA aHAIN3 IpelleeHTOB 00pabaThIBaeTCs IyTeM COIOCTaBJIEHMS, HO MBI XOTUM MCIIOJIB30BaTh APY-
rOJT IIOAXOM, OCHOBAHHBIN Ha PEKypPCHBHO OIpefelIeHHBIX IIOATUIIaX. BMecTo comocTaBileHNs OepeBa C pasIMUHBIMIL
KOHCTPYKTOpaMu MeI GyeM KiaccuIUupoBaTh ero ¢ IOMOIIBI0 Habopa HeltepeceKaloluXcs IOATUIIOB.

TTogTumsl ABIAIOTCS G0JIee OOLIMMI, UeM CTPYKTypHBbIe (OpPMBI, OCHOBaHHbIE Ha KOHCTPYKTOPAX, MbI OKIA€M, UTO OHI
MOTYT OBITh peann3oBaHbl 6ojee 3¢p(HheKTUBHO 1, KPOMe TOTO, MOTYT JCIIONb30BAaThCS IIPY CTATUUECKOI IIPOBEPKe TUIIOB.
9TO0 I03BOJNAET MCIIONB30BATh PEKYPCUBHO OIpe ieIeHHbIe IIOATUIIBI B KauecTBe IpeBAPUTEIbHBIX YCIOBUIL VN TIOCTY-
cIIoBUIT GyHKIMIL. MBI OIpenesseM TUIIBI M IOATUIIBI (KOTOpbIe MbI OyeM HasbIBaTh IIpMJIaraTeIbHBIMMU), OIIpeaelieM
MX CeMAHTHUKY U JaeM IIPOBepKy BKIIOUEHNs [IpUaraTeJbHBIX Ha OCHOBe Tabimi. MbI IToKa3bIBaeM, Kak JMCIIOIb30BaTh
3Ty IPOBEPKY BKJIIOUEHMS I paspellleHNsT HeOTHO3HAYHBIX CCHIIOK Ha IT0JIS B 00BABICHMAX IpIIIaraTenbHbIx. Ta xe
Ipoleaypa MOXKeT ObITh MCIIOJIb30BaHa IS paspelleHNs HeOMHO3HAUHBIX BBI30BOB (QYHKIIUIL.
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de Nivelle H.

1. Introduction

Our goal is to develop a programming language for implementation of logic that is convenient to use
on one hand, and efficient on the other hand. Traditionally, functional languages like OCaml ([1]), Haskell
([2]) or Scala ([3]) are considered the most suitable for implementation of logic.

Functional languages have inductive types, and use matching for accessing subtrees. Matching can be
viewed as simultaneously inspecting a tree and extracting subtrees into local variables. In our proposed
language we want to keep inductive types, but add a mechanism for definition of subtypes, which we will
use both as a replacement for matching, and as a basis for static overload resolution. The subtypes make
it possible to replace matching by usual field access as used in imperative languages like Java or C*". We
believe that field access will be more efficient than matching.

We want our language also to support static overloading of function names. In C, defined functions
always must have distinct names. In C** and Java, the same name can be reused for different argument
types. The compiler will select the definition that fits best to the arguments. This process is called overload
resolution. In this paper, we study overload resolution only for field names (which is already present in C).
The same technique is applicable to function calls.

We want some imperative features, because efficient run time handling of containers (also called
collections) is difficult in functional setting. In order to obtain this, data must have efficient low level
representation in memory. We allow a restricted form of assignment, only to top level variables and
substructures at nesting depth one. In this way, side effects due to sharing can be avoided.

We will start by explaining the subtype system. At run time, it is used for inspecting data (formulas) so
that we know which fields exist. The advantage of using subtypes for run time classification is that, once
one has the mechanism for defining and verifying them, they are more general than structure matching,
and can be used at many other points in the programming language, also at compile time.

As an example of our approach, suppose one has a propositional formula f, and one wants to know if it
constructed by and. One can either match it into and(F,, F), or define a subtype ’constructed by and’, and
define two fields fi, f, that can be accessed only on formulas refined by the subtype ’constructed by and’.
The advantage of subtypes is that they can be easily combined by Boolean operators. For example, it is easy
to define the subtype ’constructed by and or or’, or ’atom’ and use this as a condition in case analysis.

We will call the subtypes adjectives. In addition to adjectives that correspond to simple structural
matchings, our adjective system also allows recursively defined subtypes. This makes it possible to define
for example negation normal form or conjunctive normal form as a subtype of formulas. Although such
recursively defined subtypes can be used for run time classification, they are not intended for this purpose,
because evaluating them at run time would be costly. They are intended to be used for overload resolution
at compile time. If one restricts oneself to adjectives of constant depth (like the ones above), they can be
efficiently checked in constant time at run time.

Adjectives are somewhat similar to liquid types ([4]) or refinement types ([5]) but they have a different
aim. Adjectives are not intended for checking operations whose safety depends on arithmetic. Because of
this, adjectives do not need SMT solving. We prefer the term adjective over subtype or refinement type,
because adjectives can overlap, and are frequently created for one time use. We also want to use adjectives
for static type checking and overload resolution. In order to show that this is possible, we define a procedure
that resolves ambiguous field references in the adjectives themselves.

We start by defining the type and adjective system in this section. In Section 2 we give the semantics,
which can be used for evaluating adjectives ondata, so that they can be used as a replacement for matching.
In Section 3, we give a tableaux-based procedure for deciding satisfiability of adjectives. This procedure
can be used for checking exhaustiveness of a given case analysis, for checking exclusiveness of cases, and
for static type checking. In Section 4 we will apply the tableaux procedure on the problem of resolving
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ambiguous field references in the adjective declarations themselves. A similar algorithm could be used for
resolving ambiguous function calls. We define primitive types:

Definition 1.1. The primitive types are bool, char, nat, double, and selector. We assume that all primitive
types, with the exception of selector, have an order < defined on them.

Type selector is a global enumeration type that consists of named constants. It is intended for defining
subtypes (see Definition 1.2 below), or representing logical operators. Actually, these uses are the same
because the logical operator of a formula defines a subtype at the same time. Enumeration types in Rust
([6]) play a similar role. We write elements of selector as identifiers preceded by a question mark, e.g.
7and,7or,7implies, Pequiv, or 7zero, 7succ. We give examples of their use below, after the definition
of the type system.

Next we define non-primitive types, and after that follow adjectives. Strictly seen, the definition of
adjectives should come first, because types contain adjectives while adjectives do not contain types. We
find, however, that this order would be unintuitive, because it would be hard to understand the usefulness
of adjectives, without having seen the definition of types. Because of this, we start by introducing types:

Definition 1.2. Simple types are recursively defined as follows:
« A primitive type is a simple type.
« An identifier is a simple type (assuming that it has been defined as type, see Definition 1.4 below).
« If T is a simple type, A is an adjective, then TA is also a simple type.
We recursively define compound types:
L Ifuvy,..., v, are identifiers, V1, ..., V,, are simple types withn = 0, then (v;: Vi, ..., vy: V,, )" is a compound
type.
2. If C is a compound type, v is an identifier and V is a simple type, then v: V, C is a compound type as
well.
3. IfCy,...,Cpy with m = 1 are compound types, Ay, ..., Ay, are adjectives, s is an identifier, then s?(A; =
Cy, ..., Am = Cp) is a compound type as well.
In case 1, the fields vy, ..., v, are called repeated fields. All other fields defined in cases 2 and 3 are called scalar
fields. In case 3, idenifier s (which must refer to an earlier defined field) is called the pivot field. Case 3 defines
compound types where the existence of later fields depends on the adjective that applies to s.

We distinguish between simple and compound types, because we want every compound type to have a
name, which solves some technical problems. It has no consequences for expressiveness, because one can
always define a compound type, and use the name as simple type. This can be automatically done by the
compiler, if needed. The meaning of T-A is: Type T refined by adjective A.

Compound types have a tree structure, where every path is a possible realization of the type. The tree
branches whenever case 3 is used. In that case, identifier s should refer to a field that occurs before it on the
same path. We cannot impose this in Definition 1.2, because trees are constructed bottom up, and the field
s must be defined above it in an application of case 2. We give a simple example of a compound type:

Example 1.3.
T = s:selectoro(?simp|?vect), s?( ?simp = a: A, b: B, (), ?vect=c¢:C,(d:D, e:E)" )

Example 1.3 is purely technical. Type T is not intended to be meaningful. Also note that Definition 1.2 is
awkward to use when defining types in practice because it is intended as technical representation. It is not
intended as the syntax with which the programmer will define types. The first field s is a selector, which
must be either ?simp or ?vect. In case it is ?simp, there are two more scalar fields a of type A, and b of type B.
In case s equals ?vect, there is one more scalar field c of type C, and an unbounded number of repeated fields
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d of type D and e of type E. They must be accessed with array notation d[i] or e[i]. They are implemented
as vectors in C**, which means that the repeated part can dynamically grow and shrink, and an object of
type T will be reallocated when it runs out of capacity. Because repeated fields are always last, offsets of
scalar fields do not depend on the number of repeated fields present.
For the moment, we assume that different fields of different types have distinct names. This is an unrealistic
restriction for a real programming language, because field names can be reused in different types. In Section 4
we will allow reuse of field names between different options of a type, and between different types. We will
give a procedure that is able to resolve such ambiguous field references into unambiguous references.

Type definitions need to be stored in a mapping. It is convenient to use two distinct mappings, one for
the simple types, and one for the compound types:

Definition 1.4. We define two mappings Xs and Zc. The first mapping maps identifiers to simple types, and
the second mapping maps identifiers to compound types. If Xs contains a value for v, we write Xs(v) for the
value. Similarly, if ¢ contains a value for v, we write 2c(v) for the value. We assume that £s and 2 do not
contain a value for the same variable v. We also assume that g is cycle free.

An example of 35 not being cycle-free would be when Xs(v;) = v20A;, and Xs(v;) = v10A;. Cycles inside
3¢ are unproblematic, see for example the definition of prop below in Example 1.10.
This completes the definition of the types, next we define adjectives:

Definition 1.5. We recursively define adjectives, starting with primitive adjective constructors:
« If ¢ is a constant of one of the primitive types bool, char, nat, double, then ¢ and c¢* are adjectives.
o If c is a constant of type selector, then c is an adjective.
« empty is an adjective.
« If v is an identifier, then v is an adjective.
Next we define recursive adjective constructors:
« Iff is an identifier, and A is an adjective, then f(A) is an adjective.
« If A is an adjective, then first(A) and rest(A) are adjectives.
« If A is an adjective, then VA and 3A are adjectives.
Adjectives of any type can be combined by propositional operators:
« If Ay, ..., A, are adjectives, then Ay v - v A, and A1 A -+ A A, are also adjectives.
« If A is an adjective, —A is also an adjective.

The intuitive meaning of the adjective c is : equal to c¢. The intuitive meaning of ¢* is : greater or equal to c.
The intuitive meaning of f(A) is: whose f-field satisfies A. If f is a repeated field, then A must be equal to
empty or have one of the forms VA, 3A, first(A), or rest(A). The meaning of empty is that no repeated fields
are present. The meaning of f(VA) is that all repetitions of f must satisfy A. Similarly f(3A) means that at
least one repetition of f must satisfy A. The meaning of first(A) is that f[1] must satisfy A. The meaning of
rest(A) is that all repetitions of f, except for possibly the first, must satisfy A.

Definition 1.6. We assume a mapping 3.4 that maps identifiers to pairs of form (T, A), where T is a simple
type, and A is an adjective. If 4 contains a value for v, we write £ (v) for the value.

The intuitive meaning of X 4(v) = (T, A) is: Identifier v is defined on type T as adjective A.

Definition 1.7. We write A[v] for an adjective that contains v somewhere not inside a subformula of form
f(-). We define a cycle as a sequence of identifiers, s.t.

Za(vr) = (T, Ag[vs]), oo, Za(Un-1) = (Tny Aulvn]), Za(vn) = (Th, Ar[o1]).
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Cycles are logically problematic when they involve negation. Because the intended meaning of an
adjective is an inductively defined predicate, an adjective defined through a cycle involving negation, would
be ill-defined. This is similar to the situation in logic programming ([7]). Although it would be possible to
adapt Definitions 2.2 and 3.8 to monotonic cycles, we are not aware of a meaningful use of it. Therefore, we
think it is better to forbid cycles altogether. In the rest of this paper, we will assume that 3, is cycle free. We
give some examples of type and adjective definitions:

Example 1.8. The type of complex numbers can be defined as follows:
complex :=re: double, im: double, ().
Complex numbers have two scalar fields re and im, and no repeated fields.

Example 1.9. Natural numbers can be defined as follows:

?7zero = () )

nat : = sel: selector, sel? .
?succ = pred: nat, ()
Adjectives odd and even can be defined on nat in mutual recursion:

even := (nat, sel(?zero) v ( sel(?succ) A pred(odd) ))
odd (nat, sel(?succ) A pred(even) )

Example 1.10. We define propositional logic:

2var = (c:char)
?not = sub: prop, ()
1= op: ?
prop op: selector, op ?impliesv?equiv = sub;: prop, sub,: prop, ()
?andv?or = (suby: prop )’

There is no need to define T or L separately, because T = /\ @, and L = \/@. A variable consists of
?var combined with a finite number of characters. A negation consists of ?not combined with a single
subformula called sub. A conjunction or disjunction consists of ?and or ?or, followed by an arbitrary number
of subformulas called sub,. We define a few adjectives on prop:

Example 1.11. ’Constructed by ?and’ can be expressed as op(?and). ‘Constructed by ?and or ?or’ can be
expressed as op(?andv?or). The property of being an atom can be expressed by

atom := ( prop, op(var) ).
The property of being a literal can be expressed by
literal := ( prop, atom v (op(?not) A sub(?atom)) ).

Negation normal form (NNF) can be expressed by:

literal
nnf := ( prop, \/{ op(?andv?or) A sub,(Vnnf) )

Conjunctive normal form (CNF) can be defined as follows:
enf := ( prop, op(?or) A sub,(V(op(?and) A suby( Vliteral ))) ).
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Case 3 in Definition 1.2 introduces fields whose existence depends on the adjectives fulfilled by the
pivot s. For type prop, the sub field only exists when the op field equals ?not, which can be expressed by
the adjective op(not). Similarly, field sub; exists only when op(?impliesv?equiv). The following definition
specifies how to obtain preconditions from the definition of the compound type.

Definition 1.12. Let f be a exact identifier that is declared as field in a compound type C. We recursively
define the precondition of f, written as PREC(C, f), as follows:
« if C has form (vy: V..., v,: V)", then PREC(f, C) = T.
« If C has form v: V, C’, and f = v, then PREC(f,C) = T. If f is declared in C’, then PREC(f, C) =
PREC(f, C').
o If C has form s?(A; = Cy,..., Ay, = Cp), and f = s, then PREC(f, C) = Ay v --- v Ap,. Otherwise, f must
be declared in exactly one C;. We define PREC(f, C) = s(A;) A PREC(f, C)).
Since f can occur in X¢ only once, it is possible to write PREC(f) instead of PREC(f, C), where C is the compound
type that contains f.

2. Semantics of Types and Adjectives

We will describe the semantics of adjectives and types using a simplified high level representation
of data. We assume that data are represented by trees whose subtrees are labeled with field names. This
representation is convenient for defining the semantics without having to consider low level details like
memory lay out. In the implementation we use a low level representation, where scalar fields have a fixed
offset, and repeated fields have an offset that can be computed by multiplying the index with the size of the
repeated part, and adding a base offset.

Definition 2.1. We define the set of data trees D, and the set D of finite sequences of data trees, in simultaneous
recursion:

« If d is an element of one of the primitive types T, defined in Definition 1.1, then d € D.

e Ifdy,...,d, (n = 0) is a finite sequence of data trees, then (d,, ..., d,) € D. We will write |D| for the length

n of D.

e Iffi,..., fa are pairwise distinct identifiers, and each d; € D u D, then {(f1, d1), ..., (fu, d)} € D.
Data trees of the third type can be viewed as partial functions mapping each f; to d;, such that d; is either a
data tree or a sequence of data trees. When d is of the third type, we write d.f for the value attached to f when
it exists. If d.f € D, we write d.f[i] for its i-th element, assuming that i < |d.f].

We will define when a data tree has a given type, and when a data tree (or sequence of data trees) satisfies
a given adjective. Types may contain adjectives, but adjectives do not contain types. Therefore, we start by
defining when a data tree (or sequence of data trees) makes an adjective true:

Definition 2.2. We define in simultaneous recursion when a data tree makes an adjective true, and when a
sequence of data trees makes an adjective true. We use the notation d £ A for both cases.
We first consider the cases where d € D :
« Ifcisaconstant, thend k c iffd = ¢, and d F c* if d = c.
« Iff is an identifier, s.t. d.f exists, then
— ifd.f is a single data tree, then d k f(A) iff d.f £ A.
- ifd.f is a sequence of data trees, d k f(A) iff d.f £ A.
The two cases appear to be the same, but d.f have different types, hence we prefer to list them separately.
« If v is an identifier, s.t. X s(v) is defined, and d € D, then d k v iff d F Z4(v).
Next we list the cases where d € D :
* (dy,...,d,) F empty iffn = 0.
 (dy, ..., dy) £ VA iff for every d; we have d; & A.
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o (di, ..., dy) F A iff there exists a d; such that d; k A.
e (di, ..., dy) Efirst(A) iffn = 1 and d; F A.
o (dy,....,dy) Frest(A) iffn = 1 and (dy, ..., dp) F A.
The definitions for the propositional connectives are standard, both ford € D andd € D :
e dEAjv--VvA,ifthereisani(l1<i=<n), st drA,.
e dEA AN NA, foralli(l i< n),onehasdE A;.
« dE-AiffnotdE A

We define when a tree has a certain type:

Definition 2.3. We recursively define when a data tree d has type T. We use notation d: T. We first list the
cases where T is simple:
« For a primitive type T, we defined: T asd € T.
« Ifv is an identifier that is defined in Xg, then d: v iff d: Zs(v).
« If v is an identifier that is defined in ¢, then d: v iff d: Z¢c(v).
o d:(T-A) iffd: T and d F A.
Next we list the cases where T is compound:
o d: (v Vi, ., 0p: Vy ) iff either
- n=0,or
- n>0andd.v,...,d.v, are all defined, are all in D, have the same length L = |d.v| = - = |d.v,|,
and foreveryi(1 < i< n)andj(1=<j=< L), wehaved.v[j]: V;.
d: (v: 'V, C)iffd.v is defined, d.v: V, and d: C.
o d:s?2A) = Cy,..., A, = Cy) iff d.s is defined, in D, and there is exactly onel < i < m, s.t. d.s k A; and
d: C.

Example 2.4. Following up on Example 1.8, we can see that { (re, 1.0), (im, 2.0) } has type complex.

Example 2.5. Using the declaration of prop in Example 1.10, the propositional formula p will be represented
by a data tree d,, with fields

dy.op = ?atom
dpc = (7))
The propositional formula q will be represented by d, with fields
dgop = ?atom
dq-C = (,q,)

Similarly, the propositional formula r will be represented by d, with

dr.op = ?atom
d,.c (’r)

The formula q v r will be represented by d with

dop = 7Yor
dsub = (dg, d,)

Finally, the formula p — (q v r) will be represented by d’ with

dop = ?implies
dsub; = d,
d.Subz = d/
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3. A Tableaux Calculus

In this section we define a calculus for checking satisfiability of adjectives. This is sufficient to answer
all logical questions that are needed for the implementation of our programming language. In order to show
that adjectives Ay, ..., A, cover all possible cases in a switch, it is sufficient to show that A A —A; A+ A A,
is unsatisfiable, where A is the adjective part of the type of the switch expression. In order to show that
a switch has no overlapping cases, it is sufficient to show that A A A; A A; is unsatisfiable for all distinct i
and j. In order to show that a function f; defined on adjective A; is a better fit than function f; defined on
adjective Ay, it is sufficient to show that A; A —A; is unsatisfiable, while A; A —A; is satisfiable.

In order to use our calculus, types need to be decomposed into their adjective part, and the part
that specifies their implementation. The calculus needs the adjective part of a type, but does not use
the implementation. We will define two functions that decompose a simple type into their adjective and
implementation components.

Definition 3.1. An implementation type is either a primitive type, or an identifier defined in X, i.e. the name
of a compound type. For a simple type T, we define ADJ(T) and IMPL(T) as follows:

« If T is primitive then ADJ(T) = T, and IMPL(T) = t.

« If v is an identifier defined in 3¢, then AD](v) = T, and IMPL(v) = v.

. ADJ(T-A) = ADJ(T) A A, and IMPL(T-A) = IMPL(T).

For example, if T = propennfocnf, then ADJ(T) = nnf A cnf, and IMPL(T) = prop.
Theorem 3.2. If T is a simple type, and d is a data tree, then d: T iff d: IMPL(T) and d ¥ AD](T).

The theorem can be easily verified by applying the rules of Definition 2.2.

At this point, we can define a simple interface of our tableaux procedure. Its input is just a single type T.
The procedure establishes that there exists no data term d with type T. The applications that we mentioned
in the introduction, can be obtained as follows:

« Establish that there exists no data term d of type T that satisfies adjective A : Call the procedure with

ToA.
« Establish that every data term d of type T, that satisfies A, must also satisfy B : Call the procedure
with ToA-—B.
The procedure works on the following normal form, which is similar to negation normal form:

Definition 3.3. We recursively define when an adjective is in path normal form (PNF):
« If ¢ is a constant of a primitive type, then ¢, —c, ¢ and —c> are in PNF. In the last two cases, ¢ cannot
have type selector.
« empty and ~empty are in PNF.
« Ifv is an identifier, then v and —v are in PNF.
« If A is in PNF, then f(A), first(A), rest(A), VA, and 3A are in PNF.
o IfAq,...,Ap(n 2 0) are in PNF, then Ay v ---v A, and Ay A -+ A Ay, are in PNF.

Definition 3.4. An adjective A can be brought into PNF by calling PNF(A, pos), where PNF(A, p) is defined by
cases as follows:
If A has form c, ¢, empty, or v, then

PNF(A, pos) = A

PNF(A, neg) = A
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For the remaining cases:

PNF(A; v - v Ay, pos) = PNF(A;, pos) v --- v PNF(A,, pos)
PNF(A; v --- v Ay, neg) = PNF(Ay, neg) A --- A PNF(A,, neg)
PNF(A; A -+ A Ap, pos) = PNF(Ay, pos) A -+ A PNF(A,, pos)
PNF(A; A - A Ap,neg) = PNF(Ay, neg) v --- v PNF(A,, neg)
PNE(f(A), p) = f(PNF(4, p)) for p € {pos, neg}
PNF(first(A), p) = first(PNF(A, p)) for p € {pos, neg}
PNF(rest(A), p) = rest(PNF(A, p) ) for p € {pos, neg}
PNF(3A, pos) = 3PNF(A, pos)
PNF(3A, neg) = VPNF(A, neg)
PNF(VA, pos) = VPNF(A, pos)
(
(
(

e~}

NF(VA, neg) = 3PNF(A, neg)
PNF(—A, pos) = PNF(A, neg)
PNF(—A, neg) = PNF(A, pos)

The following theorem can be straightforwardly proven, using Definition 2.2:

Theorem 3.5. Let A be an adjective. For every data tree d, we have d ¥ A iff d F PNF(A, pos). Similarly, d F = A
iff d £ PNF(A, neg).

The path normal form of —(A v f(rest(v—B))) equals A A f(rest(3B)).

Definition 3.6. We define a path as a finite sequence (fy, ..., f,) with (n = 0), where each f; is either an identifier
(representing a field name), or an element of {3,V, first, rest}. We write € for the empty path, and use notation
n.f for extending path m with f. If path &’ can be obtained from path r by zero or more extensions, we call
a prefix of ©’. We call rr a strict prefix of 7/ if at least one extension was used.

We assume that there exists a total order < on paths with the property that if m is a strict prefix of 7z, then
m < 1. Such an order can be easily obtained by fixing a total order on all possible f;, and using the alphabetic,
lexicographic extension.

Definition 3.7. An adjective stack S is a finite sequence of triples (7;, A;, A;), where each 7; is a path, each A;
is an adjective, and each A\; € N'. We write S[rr] for the set { A |3A s.t. (, A, A) occurs in S } and S;[x] for the
set { A|(m, A, A) occurs in S }.

The attribute A; stores the level of A; on path x;. More precisely, an adjective that was obtained from a
formula on a strict prefix of ; will have level 0. An adjective that was obtained from an adjective with level
A on the same path, receives level A + 1.

We define the tableaux procedure. In order to obtain termination, the procedure uses a blocking rule.
Whenever a new path r is entered, it checks that there is no strict prefix 7’ of 7 containing a set of adjectives
that are included in the formulas on the current path. For example, if path (f) contains A, B, and path (f, g)
contains formulas A, B, C, we can close the branch. This rule is correct, because for every data tree d, the
subtree d.f.g is a subtree of d.f. If it is possible that d.f.g ¥ A B A C, then one can replace d.f by d.f.g and
obtain a smaller data tree, for which d.f k A A B.

The tableaux procedure always tries to extend in deterministic fashion first. If that does not result in a
conflict, it selects a path & and tries all possible non-deterministic choices on this path. It keeps on trying
until it either has explored all choices, or obtained a consistent stack S.

Definition 3.8. We define a procedure that tries to establish that no data term d can have type T. The procedure
starts by creating a stack with one element:

S =((e,ADJ(T),0)).
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After that, it calls b = deterministic(0). If b = L, it returns L. Otherwise, it returns nondeterministic(e).
We list the subprocedures, starting with the procedure deterministic(d). All subprocedures have access to the
stack S. We write |S| for the size of the stack, and write the i-th element in the form S; = (m;, A;, ;).
Procedure deterministic(d) must be called with a natural number 1 < d < ||S|. It returns L or T, with L
indicating contradiction. The implementation is as follows:
1. Setc=d.
2. Ifc = ||, then
+ If A has form v with v an identifier that has no definition in X4, then return L.
« If A has form ~c* with c the minimal element in its type, then return L.
« Foralli < ¢ with m; = 7, check whether A; and A, are in conflict, using the rules listed below. If
they are in conflict, return L. Otherwise try the next ;. The rules are:
— A complementary pair A, A is in conflict.
— A pair c1, c; of any primitive type with ¢; # ¢, is in conflict.
A pair of form —ci, ¢; with ¢; < ¢, is in conflict.
A pair of form ci, ¢, with ¢; > ¢y, is in conflict.
A pair of form ¢, ¢; with ¢; < ¢ is in conflict.
« Assign c = c+ 1 and go back to step 1.
3. If d = ||S|, check if one of the deterministic extension rules in the table below is applicable on A,. If yes,
then for every deterministic consequence A’, push (rrg, A’, Aq + 1) to S.

v = PNF(A, pos) if X4 contains a definition of form v := (T, A)
-v = PNF(A, neg) if X4 contains a definition of form v := (T, A)
VA = empty v (first(A) A rest(VA))

JA = —empty A (first(A) v rest(3A4))

AinNA, = A;foreachl<iszn

4. If Ay has form f(A’), then push (r4.f, A’,0) and (ry.f, ADJ(T),0) to S, where ADJ(T) is the adjective
component of the type T of f.
5. Setd = d + 1. Goto step 1.
Procedure nondeterministic(;r) must be called with a path & that occurs in S. It returns L or T, with L indicating
contradiction. The implementation is as follows:
1. For every strict prefix n’ of , do:
(a) if So[7’] < S[r], then return L. (This is the blocking rule, mentioned above.)
2. Call nondeterministic(r, 1).
Procedure nondeterministic(r, n) must be called with a path & that occurs in S, and with 1 < n < |S|. It returns
1 or T, with L indicating contradiction. The implementation is as follows:
1. Find the smallest n’ = n, such that A,s has form A; v v A, withm = 2.
2. Ifnon’ was found in the previous step, then find the next path =’ > 7 occurring in S, using the alphabetic
lexicographic order >. Call b = nondeterministic(r’) and return b. If no path could be found, return L.
3. Set n = n’. We know that S, has form (7, Ay Vv Vv Am, A), with m = 2. For i from 1 to n, do the following:
« Sets =|S|. Push (r, A;, A + 1) on the stack.
« Call b = deterministic(s). If b # L, call b = nondeterministic(z,n + 1). [f b = T return T.
+ Restore S to length s.
4. Setn = n+ 1. Restart at step 1.

Procedure nondeterministic(r) implements a loop checker which guarantees termination. Its correctness
is based on the fact that, if a satisfying data tree can be found, it can be pruned into a data tree in which the
calculus does not repeat initial states. We state the following without proof:
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Theorem 3.9. The tableaux calculus of Definition 3.8 terminates.

In order to establish correctness of Theorem 3.9, it is sufficient establish that every branch is finite. During
search, the procedure will only introduce subadjectives of the initial type, combined with subadjectives of
identifiers defined in X 4. Therefore, blocking must eventually happen.

Theorem 3.10. The procedure of Definition 3.8 is complete.

Hoxazamemnvcmeo. The proof will be a bit informal. We have to prove that if no data tree d with d: T exists,
then the procedure of Definition 3.8 will reject T. We will prove the converse: If T is not rejected, then
there exists a data tree d, s.t. d: T. Suppose that T is not rejected. This implies that the procedure terminates
with an open branch. Let S = (my, A1, A1), ..., (74, An, An) be the state of the stack with which the tableaux
procedure terminated.

For a path occurring in S, let

S(r) = {A | S contains a tuple (1;, A;, A;), s.t. m; = 7w and A; has form ¢, ¢* or ~c*}.

For an arbitrary constant c, define
I(c) {c}
I(c®) { | =c},
I(=c®) = {|c <c}

It is easily checked that for every x occurring in S, we have (\{I(A) | A € S(r)} # @, because otherwise the
branch would be closed. Hence, we can select a constant ¢, from each such set. Let Ag be the adjective

Ag = /\{n(c,,) | w occurs in S}.

The adjective Ag states that for a given data tree d, selecting field sequence & will result in constant c,. It is
easy to construct a data tree ds, s.t. ds F Ag by starting with the required constants, and combining them as
required by As. We show by backward induction (that is from n towards 1), that

dS E ﬂi(Ai) VANRAAIVAN ﬂn(An).

Assume that we already have established that ds k 7;.1(Aj+1) A -+ A m,(A,). We proceed by case analysis on
the form of A;. We need to consider only the forms of A; that do not close the branch.

« if A; is an identifier v, then we know that v has a definition (T, A’) in 3,4, since otherwise the
branch would have been closed. Hence we know that PNF(A’, pos) occurs among A1, ..., A,. As a
consequence, ds E PNF(A’, pos). By Theorem 3.5, we know that ds £ A”.

« If A;is a negated identifier v, then if v has no definition in ¥ 4, we have ds ¥ m;(v), so that ds F m;(—v).
If v has a definition (T, A”) in X4, then PNF(A’, neg) occurs among Aj,, ..., A,. By induction, ds F
PNF(A’, neg). By Theorem 3.5, we have ds k —A”.

« The other cases can be obtained by inspecting the cases in Definition 2.2.

Theorem 3.11. The procedure of Definition 3.8 is sound.

Hoxazamemvcmeo. In order to prove soundness, one must prove that if the procedure rejects a type T, then
there is no data tree d with d: T. We will prove the converse: If there is a data tree d with d: T, then T will
not be rejected by the procedure.

This would be trivial, if the blocking rule would not exist. It is easy to show that if d: T, there exists a
stack S = (my, A1, A1), .., (7, Ap, An), with (711, A1, 41) = (€, ADJ(T), 0), that represents an open branch of the
tableaux procedure when the blocking rule is not used.
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Now assume that S will be closed when the blocking rule can be used. We will show that there exists a
shorter stack S which also starts with S] = (e, ADJ(T), 0), and which also represents an open branch of the
tableaux procedure when the blocking rule cannot be used. Repeating this process will result in a stack that
does not contain any more applications of the blocking rule.

Let S be a stack with S; = (¢, ADJ(T), 0), taken from an open branch of the tableaux procedure, when
blocking is not used. Suppose that somewhere in S, the blocking rule would be applicable. This means that
there exist 7 and 7/, s.t. 7/ is a strict prefix of , and Sy[7"] ¢ S[r]. We prune S as follows:

« Remove every (m;, A;, A;), s.t. 7’ is a prefix of 7; and 7; is a strict prefix of 7.

« For every (7, A;, A;), s.t. which 7 is a prefix of 7; write 7; as 7 - 7/, and replace it by 7’ - 7.

It can be checked that the resulting S’ is shorter, because there is at least one (7, A;, A;) with m; = 7/
which will be removed. Moreover, S’ still represents an open branch of the tableaux procedure without
blocking. Hence we can continue the procedure and obtain an open branch on which the blocking rule is
not applicable. O

4. Resolving Overloads in Types and Adjectives

Until now we have insisted that field and adjective names are always unique. In Example 1.10, we used
sub, suby, suby, and sub, as different variations of the name sub, dependent on whether we were taking a
subformula of a negated formula, a formula constructed by a binary operator, or a formula constructed by
an n-ary operator.

Similarly, we did not consider reuse of adjective names between different types. In reality, it is perfectly
possible to have different types of formulas, for example modal, first-order and propositional, and define
different nnf adjectives on each of them.

Modern programming languages like C** or Java allow the use of ambiguous names which are made
unambiguous by the compiler. For example, in C**, one can define different print operators << on different
types, and the compiler will pick the right one, when the programmer writes <<. This is called overload
resolution. Without overload resolution, the programmer needs to invent a new name for every type that
needs to be printed. For example, in C one has to include the type in the name of a print function, like
printfol or printmodal.

We want overload resolution in our programming language: it should be possible that the user defines
different nnf adjectives on different types and reuses the same name 'nnf” for them. Similarly, we want that
the user can call all variations sub, suby, sub, and sub,, just ’sub’.

Concretely, we want overload resolution on field names, adjective names, and function names. There
will be no overload on type names, because we think it is unfeasable, and allowing ambiguous type names
would result in ambiguous code.

In order to handle overload resolution, we introduce what we call inexact identifiers. Inexact identifiers
are the identifiers that are used by the programmer in the program. We will call the identifiers that we have
been using until now, exact identifiers. We assume a function v’ that maps exact identifiers v to their inexact
representations. The inexact representations are used in the program. As an example, one can introduce an
inexact name sub and set sub’ = sub’ = sub, = sub’, = sub. Whenever identifier ‘sub’ occurs in the program,
the compiler has to find out which of the exact variations of sub is meant. We define inexact identifiers:

Definition 4.1. We assume an infinite set of inexact identifiers. We assume a map v’ that maps exact identifiers
v to inexact identifiers.

Now we explain how inexact identifiers are used in the program. In order to do that, we modify the
definitions of type and of adjective. In Definition 1.2, in the definition of compound types, we make the
following modifications:

1. the identifiers vy, ..., v,, are inexact.
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2. the identifier v is inexact.

3. identifier s is inexact.

In Definition 1.5, we will allow the identifiers v and f to be inexact. Apart from that, there are no
changes.

Example 4.2. We define propositional and multimodal logic:

ident := (c: char)".

?var = ident, ()’
?not = sub: prop, ()’
:= op: ?
prop op: selector, op ?impliesv?equiv. = sub;: prop, sub;: prop, ()
?andv?or = ('sub: prop )’

Similarly, one can define multimodal logic with inexact identifiers:

?var = ident, ()"
?not = sub: prop, ()
modal := op: selector, op?| ?impliesv?equiv = suby: prop, sub;: prop, ()
?and, ?or = (sub:prop )
?boxv?dia = sub: prop, ()

In Example 4.2, the inexact field name sub occurs both in prop and in modal. In type prop, it occurs one
time as scalar field, and one time as repeated field. If one knows that that f.op = ?var, one can access f.sub.
If one knows that f.op € {?and, ?or}, one can access f.sub[i]. Fieldname sub also occurs three times in type
modal, two times as a scalar field, and one time as a repeated field.

Example 4.3. The adjectives atom and literal can be defined both on prop and on modal:

op(?var)
op(?var)
atom v op(?not) A sub(?atom)
atom v op(?not) A sub(?atom)

atom: prop
atom: modal
literal: prop
literal: modal

Similarly, NNF can be defined both on prop and on modal:

N . \/ literal
nnt: prop := op(?andv?or) A sub(vnnf)

literal
nnf: prop := \/ op(?andv?or) A sub(vnnf)
op(?boxv?dia) A sub(nnf)

In the example, there are different occurrences of sub, and it has to be determined which of the possible
definitions is being referred to. Before we start discussing the treatment of inexact identifiers, note that
defined identifiers in X5, 3¢ and X 4 are always exact. Moreover, we do not allow the use of ambiguous type
names. This means that when a defined or built-in type is used, it must be referred to by its exact name.

Resolving of inexact identifiers starts with a preprocessing step on Xs and X¢. During this step, declared
fields are replaced by unique exact identifiers, and any adjectives used in field declarations are moved to 2 4.
This is done by replacing them with a unique exact identifier, and defining this identifier in ¥4. After the
preprocessing step, all inexact identifiers are in adjectives in > 4.
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Adjectives occurring in the types of function declarations will be dealt with in the same way. They are
replaced with identifiers, defined in X 4, somewhat similar to the way subformulas are replaced in the CNF
transformation ([8]). In our case the goal is not efficiency, but to make overload resolution possible in the
first place.

We allow reuse of the same inexact field name in a compound type, as long as the different occurrences
of the field name are in different states of the type. For example in prop in Example 4.2, it is possible to reuse
fieldname sub between formulas built by ?not and formulas built by ?andv?or, but renaming both fields sub,
and sub, into sub at the same time would be impossible. It would be still possible to rename one of them
into sub.

We first discuss how type definitions in X5 and 3¢ are processed.

Definition 4.4. Let D = (wy: Wy,..., w,: W,,) be a sequence of declarations. Let wy.1: Wyi1 be a single
declaration. We define
D+ (Wps1t What) = (wit Wi, oo, Woirt Waa).

Definition 4.5. We define procedure preprocsimple(T) that preprocesses a simple type T. The result is again
a simple type. It makes additions to X 4 in the process.
The implementation of preprocsimple(T) is as follows:
« Let A = ADJ(T), and let T" = IMPL(T). If A = T, then return T’. If A # T, then create a new exact
identifier a, assign 34(«) := (T, A), and return T a.

Definition 4.6. We define procedure preproccompound(C, D) that preprocesses a compound type C within
declaration context D. The second argument is is used for checking that no inexact identifier is reused on a
possible realization of C.
« IfC has form (v: V..., v5: V), then
if there exist (w: W) € D and 1 < i < n, s.t. W’ = v;, then create an error.
if there exist 1 < i < j < n, s.t. v; = vj, then create an error.
Otherwise, create new, exact identifiers e; for each v;, and set e, = v;.
- Set V! = preprocsimple(V;).
— Return (e V/,...,e,: V) ).
o IfC has form (v: V, C’) then if there is a (w: W) € D, s.t. w’ = v, create an error.
Otherwise, let e be a new, exact identifier for v. Set €’ = v. Set V/ = preprocsimple(V). Return

e: V/, preproccompound(C’, D + (e: V’)).

« If C has form s?(A; = Cy,..., Ay = Cy,), then there must a be unique (w: W) € D, s.t. w’ =s.
— Ifno such w exists, or w is not unique, then create an error.
- Otherwise, create new exact identifiers o, ..., am, and set L () = (W, Aj), for each 1 < j < m.
— Affter that, return

w?( ¢y = preproccompound(Cy, D), ..., &, = preproccompound(C,, D) ).

We now apply procedures preprocsimple and preproccompound as follows:
« For every identifier v in the domain of X, replace Xg(v) by preprocsimple( Xs(v) ).
« For every identifier v in the domain of X, replace X(v) by preproccompound(Zc(v), ()).

Example 4.7. After being replaced by preproccompound, the definition of prop will have the following form
in Zc :

o = ident, ()
o a; = sub:prop, ()
prop := op: selector, 4 — suby: prop, suby: prop, ()
as = (suby:prop)
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selector, ?var)

selector, ?not)

selector, ?impliesv?equiv )
selector, ?andv?or)

ay - selector :=
ay: selector :=
a3 selector :
ay: selector :

A~ N A~ ~

At this moment, we have moved all inexactness into 3. 4. Adjective definitions in X 4 have form ¥ 4(v) = (T, A),
where v is an exact identifier, T is the type on which the defined adjective can be aplied, and A is the adjective.
Unfortunately, T is a simple type, which also may contain inexact adjectives. As an example where this could
occur, one could define adjective cnf (Example 1.10) on propennf instead of prop. The definition would have
form 3 4(cnf) = (propennf, A”), where A’ is an inexact version of the expression given in Example 1.10, and
nnf has a definition of form 3 4(nnf) = (prop, A” ), where A” is the expression of Example 4.3.

In order to solve this, we apply a preprocessing stage on X4, similar to the preprocessing of Xs. We
replace all adjectives occuring in domains by exact identifiers, while adding the definitions to X 4.

« For every identifier v in the domain of X4, write Z4(v) as (T, A). After that, replace X4(v) by

(preprocsimple(T), A).

Note that the call of preprocsimple may implicitly add new identifiers to X 4. These new identifiers need not
be considered because their domain is an implementation type without adjectives. Hence there is no risk
of non-termination. Unfortunately, there potentially exists a circular dependency between preconditions of
adjectives that is hard to detect, as illustrated by the following example:

Example 4.8. Suppose that 34 contains adjective definitions with the following circular structure:

v = (Tyeay,-)
U2 = (Tzoazy"‘)

2
0(1 = (Tl’... '02' )
oy = (Tpyer 0F )

If at some other point an occurrence of v, needs to be resolved, then v, is an overload candidate. In order to
decide if vy should be used, one has to resolve the adjective of X (), which contains vz? . In order to decide if v,
is an overload candidate for this occurrence of v}, one has to resolve the adjective in ¥(c), which again contains
v}, This circular dependency is not solvable. Note that using v} or v} inside the right hand side of vy or v, is
unproblematic.

The circular dependency in Example 4.8 is unsolvable, so the compiler has to reject it. Unfortunately, it
is difficult to detect, because it only exists if the use of v} in %(;) is applied on implementation type Ty, and
the use of v in X(ay) is applied on implementation type T;. If for example the use of v} in 3(;) is not on T,
then v, is not a candidate for overload, and there is no problem.

We solve this problem by starting to resolve an adjective definition, and whenever we encounter a
precondition that has to be resolved first, we recursively try to solve this precondition. If this iteratively
results in returning to the original definition, we reject 4. In order to detect when we returned to the
original definition, we maintain a set E of adjective definitions that we have encountered already. A circular
dependency occurs when we need to resolve the precondition of an identifier that already occurs in E.

At this stage, all inexact identifiers are confined in X4, in the second components A of the definitions
Za(v) = (T, A). We give the procedure:

Definition 4.9. Let 34 be the map of inexact adjective definitions. We define procedure RESOLVE(v) that tries
to resolve the overloads in 3 4(v).

It uses a set E of identifiers that were already encountered. Initially, E = @. The purpose of E is to detect
circular dependencies of the type shown in Example 4.8. The implementation is as follows:
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« If v has no definition in X 4(v), then the result is an error.

« If v € E, then the result is also an error. This means that a circular dependency was detected.

« Otherwise, add v to E.

« Write 3 4(v) in the form (U, A). If U has form (Tow), then call RESOLVE(w).

« Let A = RESOLVET(®, A), and replace 3. 4(v) by A’. Note that this function calls RESOLVEr, that will
be defined in Definition 4.10.

Function RESOLVE(v) possibly calls itself in order to make w exact. This will be detected, because we
will have v € E. There is no way to detect such circularity a priori, because its existence depends on the way
overloads are resolved.

The second procedure RESOLVE (T, A) tries to resolve the fields and adjectives in the non-exact adjective
Ain context I'. Context I' is needed because it may contain preconditions of fields.

In case more than one overload candidate exists, we will take the nearest fit. This approach is used by
C** and Java. For example, if some class A is a subclass of B, which is a subclass of C, and some function f
has definitions f(A) and f(C), then the call f(a) will be resolved as f(A), while the call f(b) will be resolved as
f(C). We have no notion of subclass, but we have implication between adjectives. Using implication between
adjectives, the rule becomes as follows: If an application of some inexact identifier f has different overload
candidates fi, ..., f,, with f{ = - f} = f, s.t. each f; is defined on adjective A;, then we resolve f as follows:
If there is a unique A;, s.t. A; implies all of Ay, ..., Ay, then f will be resolved as f;. In the definition, we will
write I' k A, which means that I', - A is unsatisfiable. It should be noted that this is always in the context of
a fixed X5, 2 ¢, and ¥ 4. We do not want to use the notation Xs, 3¢, 24, F A, because it becomes too long.

Definition 4.10. Let T be an implementation type, let T be a set of exact adjectives applicable on T, and let A
be an inexact adjective. RESOLVE (T, A) tries to resolve the overloads in A when applied on T in contextT. If it
succeeds it returns the exact version of A. We define RESOLVE (I, A) by cases on the form of A.
« If A is an (inexact) identifier v, then let vy, ..., v, be the adjectives defined in 34, that have vi? = v and
for which 3 4(v;) has form (T, A;) or (Tow;, A)).
Set C = @. For each i € {1,..., n}, do the following:

— Ifw; is absent, add i to C.

— Otherwise, call RESOLVE(w;). (This is the first version, defined in Definition 4.9.) If after that,
T Ew;, then add i to C.

At this moment C is a subset of {1, ..., n} containing the candidates that can still be considered as overloads
for v. Fori € C do:

— forj e C\{i} do:

« IfT, w; E wj, then remove j from C.
If|C| # 1, then create an error message. Otherwise, return v; where i is the unique element of C.
« If A is a constant c, then if ¢ has primitive type T, return c. Otherwise create an error.
« If A has form c*, and ¢ has a primitive type that is not selector, then return c¢*. Otherwise, create an error.
« If A has form f(A’), then let f, ..., f, be the fields (scalar or repeated) defined on type T, that have f; = f.
Note that T must be a defined compound type, because primitive types have no fields. Set C = {1, ..., n}.
For each i € C do:

- let PREC(f}) = gi1(Ai1) A - A gik,(Aik,) with k; = 0, be the precondition of field f; as defined in
Definition 1.12. Each A;j is either a implementation type or has form T,jow;; with w;; an exact
identifier defined on implementation type T;;. For every w;; (1 < j < k;) that is present, call
RESOLVE(w; ), defined in Definition 4.9.

- After that, check thatT k gi1(Ai1) A A gik,(Aik,). If not, then remove i from C.
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If|C| # 1, then the result is error. Otherwise, let i be the unique element of C. Assume that the declaration
of f; has form fi: W.If f; is a scalar field, then return

fi{( RESOLVEppr(w)(ADJ(W), A') ).
if f; is a repeated field, then return
fi( RESOLVE ypy () (ADJ(W), A) ).

In the latter case, we called RESOLVE" defined below.
o If A has form Ay v - v A,, then

RESOLVE (T, A) = RESOLVE (T, A;) v - v RESOLVE (T, Ay).

o If A has form Ay A -+ A Ay, then setT'y =T For i = 1 to n do the following:
— Let Al = RESOLVER(T}, A;).
- SetTiy =T u {Al}.

After that, return A7 A -+ A A),.
Next we define RESOLVE" which resolves repeated fields.

« If A has form VA’, then return VRESOLVE (@, A”).

« If A has form 3A’, then return IRESOLVE (@, A’).

« If A = empty, and T is not a compound type, then the result is an error. Otherwise return empty.

In order to make nnf of Example 4.3 exact, one has to start by calling RESOLVE(nnf). Procedure
RESOLVE will insert nnf into E, and call RESOLVE,p(®, A), with A the expanded definition of nnf. Since
Ais a disjunction, RESOLVE,;p(®, A) will process the disjuncts independently.

The first disjunct equals literal. Procedure RESOLVE,,op(®, literal) will establish that literal is the unique
overload and return literal. It will not look at the definition of literal. If one wants to resolve the overloads
in the definition of literal, one must call RESOLVE(literal) separately.

The second disjunct equals op(?andv?or) A sub(vnnf). RESOLVE,q,( @, op(?andv?or) A sub(vnnf) )
will recursively call RESOLVE,,;qp( op(?andv?or) ), which will resolve op (inexact) into op (exact) and call
RESOLVE¢jector(?andv?or), which will return ?andv?or since both are constants. After that, it will call

RESOLVE;0p( op( ?andv?or), sub(vnnf) ).

There are two possible overloads for sub, namely sub for the ?not case, and suby. We have PREC(sub) =
op(?not), and PREC(suby) = op(?andv?or). Since only the latter is provable from the premiss, suby will be
picked. Since suby is a repeated field, the procedure will recursively call RESOLVE],.(?, vnnf), which will
recursively call RESOLVE,;op (2, nnf). This call will return nnf without expanding it, after which the original

call of RESOLVE,, will construct the complete exact overload

\/ literal
op(?andv?or) v sub(vnnf)

5. Conclusions

Our goal is to develop and implement an efficient programming language in which it is convenient to
implement algorithms on trees whose forms are very different.

In order to obtain this, we have defined a flexible type system together with a way of refining these types
by means of adjectives. The adjectives are intended as a replacement for matching in functional languages. In
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order to make this replacement possible, we have given a precise semantics for adjectives, so that adjectives
can be evaluated on concrete data.

We provided a terminating tableaux calculus for deciding propositional relations between adjectives,
and applied this procedure to overload resolution in imprecise formulations of adjectives. The overload
resolution procedure replaces ambiguous field references in adjective definitions by exact field references.
A similar algorithm can be used for resolving ambiguous overloads in function calls.
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The article considers a method for solving a linear programming problem (LPP), which requires finding the minimum or
maximum of a linear functional on a set of non-negative solutions of a system of linear algebraic equations with the same
unknowns. The method is obtained by improving the classical simplex method, which when involving geometric consider-
ations, in fact, generalizes the Gauss complete exclusion method for solving systems of equations. The proposed method,
as well as the method of complete exceptions, proceeds from purely algebraic considerations. It consists of converting the
entire LPP, including the objective function, into an equivalent problem with an obvious answer.

For the convenience of converting the target functional, the equations are written as linear functionals on the left side and
zeros on the right one. From the coefficients of the mentioned functionals, a matrix is formed, which is called the LPP matrix.
The zero row of the matrix is the coefficients of the target functional, ay, is its free member. The algorithms are described
and justified in terms of the transformation of this matrix. In calculations the matrix is a calculation table.

The method under consideration by analogy with the simplex method consists of three stages. At the first stage the LPP
matrix is reduced to a special 1-canonical form. With such matrices one of the basic solutions of the system is obvious, and
the target functional on it is ay, which is very convenient. At the second stage the resulting matrix is transformed into
a similar matrix with non-positive elements of the zero column (except ay), which entails the non-negativity of the basic
solution. At the third stage the matrix is transformed into a matrix that provides non-negativity and optimality of the basic
solution.

For the second stage the analog of which in the simplex method uses an artificial basis and is the most time-consuming, two
variants without artificial variables are given. When describing the first of them, along the way, a very easy-to-understand
and remember analogue of the famous Farkas lemma is obtained. The other option is quite simple to use, but its full
justification is difficult and will be separately published.

Keywords: linear programming; Gauss method; simplex method; LPP matrix; resolving element; choice rule; Farkas lemma;

systems of linear equations; non-negative solution
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Penrenne sagad JJIMHEITHOTO IPOrpaMMMPOBaHNA IIPUBEAEHIIEM K BULY
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B crarpe paccmarpuBaercs Croco6 peleHms 3amgaduu JuHeiHoro nporpammuposanus (3JIII), koropas Tpebyer HaiTn
MUHIMYM VJIM MaKCUMYyM JIMHEITHOTO QYHKI[MOHAIa Ha MHOXKECTBE HEOTPUI[ATEIbHbIX PEIIeHNIT CUCTeMBI JIMHETHBIX
anrebpanvecKux ypaBHEHMII ¢ TeMM Xe HemsBeCTHbIMU. CIIOCOO IIOJIyUeH IIPY YCOBEPILUEHCTBOBAHUM KJIACCHYECKOTO
CHUMILIEKC-MeTOMa, KOTOPBINI, IIPUBJIEKas FeOMeTpUUecKue cooOpaxkeHus (paKkTiaecKu 06001aeT MEeTOX ITOJIHBIX MCKIIIO-
uennii [aycca pemrenus cucteMm ypaBHeHmII. [IpennaraemMplit crioco6, Kak ¥ METOX ITONHBIX MCKIIOUEHNI, NCXOAUT U3
uncro anrebpanuecknx coobpakenmit. OH 3aximouaercss B rpeobpasoBanun Beeit 3JIII, BkiIrouas 1eyeByro (QpyHKIMIO,
B 9KBMBAJIECHTHYIO 331aUy C OYEBUTHBIM OTBETOM.

Pamyu ymo6cTBa mpeobpa3oBaHus 1eieBoro (yHKIMOHATA, YPAaBHEHNS 3allMICHIBAIOTCSA KaK JIMHEVHble (QyHKIMOHAIBI
B JIEBOJ UacTU U HYJIM B IpaBoil. VI3 ko3 PmumeHTOB YIIOMIHYTHIX (PYHKI[MIOHAJIOB COCTABISETCS MaTpUIA, KOTOpast
nassiBaercs matpureit 3JII1. HyseBas ctpoka MaTpuusl — K03 uumeHTs! 1es1eBoro GyHKUMOHAIIA, dy — €r0 CBOOOXHBIIL
uineH. Onucanue 1 060CHOBaHIE AITOPUTMOB BeJETCs B TEpMIHAX IIpeobpa3oBaHms 910 MaTpuubl. [Ipu BerumcaeHnax
MaTpHLa SBISETCSA PAaCUeTHOI TaOIMLIEIt.

PaccmarpuBaeMbIil METOS, 110 aHAJIOTUN C CUMILIIEKC-METOJOM, COCTONT U3 Tpex 3TanoB. Ha mepBom arane maTtpuma 3JII1
NPUBORNUTCA K CIIENMATBHOMY 1-KaHOHMUYeCKOMY BuAy. IIpm Takux maTpmiax OgHO 13 0asMCHBIX PELIeHNI CHCTEMBI
OUEBNHO, U HA HEM LeJIeBOoil (YHKUMOHAI paBeH dy, UTO OueHb ynoOHo. Ha BropoMm srame mosyueHHas MaTpuua
npeobpasyeTcst B aHAIOTMUHYI0 MaTPULY C HETIOIOKUTEIbHBIMY 3JIeMEHTaMI HyJIEBOTO CTOJIOIA (KpoMe dy), YTO BII€UeT
HEOTPULIATENIBHOCTh 0asucHoro peutenus. Ha Tpersem aTame marpuia mpeobpasyercs B MaTpUIly, 0OecIeunBarOLIyI0
HEOTPULIATENEHOCTD Y ONTUMAIBHOCTD 6a3JICHOTO pelleHNsI.

Jl1st BTOpOrO 3rama, aHaJOr KOTOPOrO B CUMILIEKC-METOAE MCIIOIb3yeT MCKYCCTBEHHBIN 6asuc U sBjsgeTcs Hambosee
TPYZXOEMKUM, IIPUBOLITCI ABAa BapMAHTa 0e3 MICKYCCTBEHHBIX I1epeMEeHHBIX. [Ipy ONMMcaHmuy mepBoro 13 HUX, HOMyTHO,
IOJy4YeH OYeHb IIPOCTOM IS IOHMMAHUSA U 3allOMMHAHUSA aHAJIOT 3HaMeHmTON JeMMbl $apkamra. [pyroit BapmaHT
COBCEM IIPOCT B IIPUMEHEHNI, HO €r0 II0JIHOe 060CHOBAHIE CIIOKHO I OyIeT OIyOInKOBaHO OTHEIBHO.

KxroueBrple cioBa: nuHelHOe IIpOrpaMMUpOBaHme; MeTox ['aycca; cumiuiekc-meron; marpuia 3JIII; pasperrarorimit
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Stepanov G.D.

B craTbe maeTcs MeTOR pellleHMs 3afaun JuHeltHoro nporpammuposanus (3JIII), ocHOBaHHBII Ha ITpe-
00pa3oBaHMM UCXOOHOM 3amaun K skBuBantenTHoit 3JIII, I KOTOPOIT OTBET IMpaKTUUeCK! oueBuaeH. Ero
MO’KHO CYMTATh yCOBEPIIEHCTBOBAHHBIM CYMILIEKC-METOIOM ¢ 6oJiee IIPOCTOM I IIOHMMAHMNS, 3aII0MI-
HAaHMA U peajm3alyl BbIYMCINTEIBHON CXeMOJ, KOTopas, B YaCTHOCTM, He MICIIOJIb3yeT MCKYCCTBEHHBIX
IepeMeHHBIX. /{71 IOHMMaHMd MeTOAa MOCTaTOUHO 3HAHMIT MaTepuaia CpeJHel IIKOJIbI, IIOCKOJIbKY IIpI
U3JI0KEHIN JIETKO OOOMTIUCH Jake 6e3 TaKMX 3JIeMeHTapHBIX IIOHSTUI INHEITHO areOpsl, Kak JMHelTHasg
3aBJMICMOCTB U JIMHEITHAs He3aBUCYMOCTB, OIIpe/IeINTeNb, PAHT MaTPUIIBL, a TAKXKe I 6e3 TeOMeTpIIecKo
MHTepIIpeTalniL.

OrMeTyM, 9TO MeTOJ OBLI ITOTydeH B 1996 Toqy CreIanbHO A1 CTYJeHTOB C HeJOCTaTOYHOII MaTeMa-
TIYECKOII IIOATOTOBKOIL, KOTIa B POpC-Ma)KOPHOI CUTYaLMM aBTOPY OBLIO ITOPYUEHO IIPOBECTH 3aHATH IO
MCCIIEeTOBAaHNIO OTIEPALNIL Y CTyA€HTOB, 3aUMCIIEHHBIX,B KAUECTBE SKCIIEPUMEHTA C SKCTEPHATOM, Cpasy Ha
TpeTuil Kypc Boponesxckoro negyrusepcurera. (Ilpu 5ToM aBTOp yUMTBIBAJ OLIyLIleHIe HEOIIPaBIaHHOI
CJIOKHOCTM OOIEIIPUHATOTO M3JI0KEHMS, BOSHUKIIIEe y HETro ellle IIPY IIepBOM 3HAKOMCTBE C IIPpeIMETOM
mo MoHorpadun [1] B mamexom 1962r.) JIume crycts MHOTMe romsl aBTOp oOpaTmi BHUMaHMe Ha TO,
YTO IOJIyUeHHBIII MEeTOJ, Cy[s II0 BCeMY, CIIeLMalIICTaM He3HAKOM: PeryJIIpHO IyOJIMKYyIOTCS yueOHbIe
II0COOMS, B KOTOPBIX M3JIaraeTcs TPAAVIMOHHBI CUMILIEKC-MeTO C yCI0KHEHHOI BBIUMCIINTEIBHOI Tab-
JMIedt, ¢ TPYOHBIMU 71 MOHUMMAaHMA U 3alIOMUHAHUA YCIOBUAMIU ONTHMAJIBHOCTH, C MICIIOJIb30BaHMEM
MCKYCCTBEHHBIX II€pPEMEHHBIX, YBEJIMUNMBAIOIINX pasMephl 3a/ad, a IpernojaBaTeIl COOTBETCTBYIOIINX
IUCUUILUINH YTBEPKIAIOT, UTO "TIPOLLIE HEJb3d".

Hamume camirkoM G0JIBIIIOroO KOTMYECTBA IMyOIMKAIMIL 110 IMHEITHOMY IIPOTPAaMMIPOBAHMIO (TOJb-
Ko B 6ubnuorpadum [2] oxosmo 1500 HamMeHOBAHMIL) He IT03BOJISIET HaM ObITh yBEpPEHHBIMU B HOBU3HE
HAIIIero II0JX0Ja, HO 3aTO HeT COMHEHNII B TOM, UTO OH OBbLI OBbI ITOJIe3€H M BO MHOTUX IIPEXHUX, I B
HOBBIX JCCJIeJJOBAaHMAX IO JAHHOJ TeMaTMKe, a TeM OoJiee B IIPAKTMKe IIpelofaBaHus. B uacTHOCTH, B
IIyHKTe 6 JaeTcd IPOCTO AJId MOHMMAaHMA U 3aIIOMMHAaHIA aHaJoT JeMMbl PapKailia, a B IIyHKTe 7 aHOH-
CHMpyeTCs IIPOCTOI MeTO{ HaX0KAeHNA HeOTPUIATeIbHOTO PellIeHNA CUCTeM JIMHETHBIX aJireGparuecKux
YPaBHEHMIL.

MnnrocTpanys MCIojIb30BaHMA PacCMaTpMBaeMOro B cTaThe Imoaxoja K pemennio 3JII1 nana B ueTsIpex
npumMepax IIyHKTa 8.

1. B 3JIII, oy HemoCpeACTBEHHOTO pellleHNs KOTOPBIX IIpeJHasHaueH CUMILIeKc-MeTon (cM.[1—8]),
peub uaeT 0 MUHMMM3ALNN VIIM MAaKCUMU3AINY JIMHETHON QyHKIMY OT n HeM3BEeCTHBIX Ha MHOXECTBe
HEOTPULATEJIbHBIX PeILIeHNII CUCTeMbI U3 m (m < n) JIMHEIHBIX alreOpandecKNX YpaBHEHMII OT TeX Ke
HEU3BECTHDIX.

B oriuny ot kraccuueckux GopMyJIMpPOBOK OyIeM CUMTATh, UTO ONTUMU3UpyeMasd QYHKIUA MOXKeT
OBITH He TOJIBKO OJHOPOHOI JIMHEHOI GOpMOIL, HO ¥ HEOTHOPOAHBIM JIMHEMHBIM (YHKUMOHAIOM, Y
KOTOPOT'O TOIYCKAeTCs ¥ HepaBHBIN HYJII0 CBOOOMHBII WieH (aHAJIOTMYHBIE LieleBble (QyHKIMOHAIIBI JIC-
oJp3ytorcs u B [9, 10]). YkazaHHOe uncTo opMasbHOE pacllpeHue 3afaun I03BoJIsIeT IpeoOpa3oBbIBATh
BCIO 3a/lauy, a He TOJIbKO CHCTEMY yPaBHEHMUII, KaK 3TO JleJlaeTcad B KJIacCHMUeCKOM cuMILIekc-meTone. Cu-
CTeMy ypaBHeHUII OyeM 3aIllChIBATh B BUJE, IPM KOTOPOM B JIEBOI YACTU YPaBHEHUII CTOAT JIMHETHBIE
byHKIMOHATEL, a B ITpaBoil — Hyau. KoHeuHo, Takoe IIpecTaBIeHNe, ITOJyJalolleecs U3 TPAAUIIVIOHHOTO
IepeHoCcOoM (C M3MeHeHMeM 3HaKa) CBOOOHBIX WIEHOB B JIEBYIO UACTh, HECKOJIBKO HEIIPUBBIYHO, HO 3aTO
ymo6HO npu npeobpa3oBaHMN ONTUMU3UPYEMOTro QyHKI[MOHATA.

Htak, paccMaTpuBaeTcs JMHEIHBIN QyHKIMOHA

doo + o1 X + Ao2aXo + ... + AonXn » (1)
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U CUCTeMa JMHEeITHBIX aﬂre6pa1/mec1<mx ypaBHeHI/If/I

ajo + ay X+ dpX +...+ Xy, =0,
doo + Ao1X1 + ApXp + ...+ aopXxp, =0, @)

Amo + Am1X1 + AmaXo + ... + AmnXy = 0.

B 3JIII(min)/3JIII(max) TpebyeTcs Ha MHOKeCTBE BCEX HEOTPUILATEIHHBIX PEIIEHNMIT CUCTEMBI (2) HATU
MUHUMYM/MakcuMyM ¢yHKImoHama (1) u Kakoe-HMOYAb M3 HEOTPULIATEIbHBIX PEIIeHNII, Ha KOTOPOM
3TOT MUHUMYM/MaKCUMyM Hocturaercs. Eciym HyKHBII 9KCTpeMyM OTCYTCTBYET, TO HAOO YKasaTh IIPU-
YyHY 3TOro: J1bo cucrema (2) HecoBMeCTHa, 1100 Y CUCTEMBI HeT HEOTPUIATEIbHBIX PellleHuit, 1160 Ha
HeITyCTOM MHO>KeCTBe HeOTPHULATeIbHBIX pellleHN T pyHKumoHa (1) He orpanuueH cHu3y (muis 3JIII(min))
i cBepxy (misa 3JMI(max)).

CootBerctByrorryo (1) u (2) maTpuiyy

dpo do1 Qo2 ... Qon
aipp din 412 ... din
ayp G1 Qg ... Ogp (3)
aAmo Am1 Am2 .- Qmn

6ymem HasbiBaTh Matpuiieit 3JII1. B Hammx anropurmMax Takas MaTpuLa, 110 CyIIecTBY, OymeT pacueTHOI
TabIMLEeln.
Martpuust 3JII1, umeroriue B

apo ao1 ap2 ... QAon-m 0 0o ... 0
aio aln a2 ... QAip-m 1 0 ... 0
o azq azp ... @p-m 0 1 .. 0 s (4)
Amo Ami Qmz ... AGmp-m 0 0 ... 1

VUM TIPUBOAMMBIE K TAKOMY BUAY IEPECTAHOBKOI CTOJIOLIOB C HOMepaMy GOJBIIMMU HYyJId, OymeM Ha-
3BIBaTh MaTpUIaMV KAaHOHIMYECKON CTPYKTypBI WIIM Kopode 1-KaHOHWYecknMy. KoHeuHO, ITepecTaHOBOK
CTOJIGIOB, IPUBOMAIINX 1-KAHOHNUECKYIO MATPHULY K BUAY (4), MOKeT ObITh HECKOIBKO. IIpy1 BBIeIeHHOIT
KakuM-11060 06pa3oM OIHOI U3 HUX OyaeM 0003HAUYaTh Uepes Sy, Sy, ... , S, COOTBETCTBYIOIIYIO ITI€PECTAHOB-
Ky MCXOIHBIX HOMEPOB CTONOIOB. [Ipu 9TOM HOMEpA 71 = Sp_m+1s 72 = Sn-m+2s---» ¥'m = Sp, CAMIU CTOJIOIIBI U
IepeMeHHBbIe ¢ STUMY HoMepaMu OyeM HasbIBaTh 0a3MCHBIMI, a HOMePA Sy, Sp, ... , Sp—m, CAMY CTOJIOLIBI I
repeMeHHBbIE C 9TUMY HOMepaMu OyneM Ha3bIBATh BHEOA3MCHBIMIL

OueBUAHO, UTO BEKTOp (X1, Xz, ..., Xp), B KOTOPOM BCe BHeOasMCHBIE IlepeMeHHbIe PaBHBI HYJIIO, a Oa-
3MICHBIe IlepeMeHHBIe X, = —dj (i = 1,2,... m), ABJIgeTCcd pellleHNeM CUCTeMbl JIMHETHBIX OrPaHIYeHMIL.
Taxkoe perreHne HasbiBaeTcs 6a3ucHbIM. ClleyIolas OCHOBHAS JIeMMa JaeT YCIOBUS, M KOTOPBIX OTBET
g 3JII oueBnme.

Jlemma 1. ITycmov mampuya 3JIT1 umeem kaHoHuueckyr cmpykmypy u X — MHO#ECmME0 Heompuyameso-
HbIX peuwteHuti cucmembl oeparnuuerutl. Tozoa

1°. Ha 6asucrom pewenuu yenesoti fyHKYUOHAT paseH dy.

2°. Basuchoe peuienue HeompuyamenbHo mozda u morbko mozoa, kozda

a10<0,a50<0,...,amo < 0. (5)
30, Ecnu éwinonmeno (5) u ycrosue

apy = 0,a92 =0,..., a9, =0, (6)
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mo dgy A6IAEMC MUHUMYMOM UYeJ1e6020 yHKyuonana Ha X.
4%, Ecnu evinonmeno (5) u ycnosue

ap; < 0,a02 <0,..., a0, < 0, (7)

mo g A6NIAEMCT MAKCUMYMOM UYerre6020 PyHkyuonana Ha X.
59, Eciu X nenycmo u cyujecmeyem 6nebasuchbiii Homep q # 0 maxoti, umo

a1g<0,a2¢<0,...,a0mg <0, (8)

mo npu agq < 0 yernesotl pynkyuonan Ha X HeozpaHuueH CHU3Y, A NPU ayg > 0 — HeOZPAHUUEH CEePXY.

MoxasaTenbcTBo. CripaBeusocts cBoiicts 1°, 20 oueuana.

Jlns o6ocHoBanms 3° 3aMeTHM, UTO TIpM BBIMONHEeHUM (6) MUHUMYM 1LieJIeBoro GpyHKIMOHATA Ha MHO-
)KeCTBe BCEX HEOTPUIIATEIbHBIX BEKTOPOB paBeH dgo. Takoe ke 3HaueHMe (QYyHKIMOHAJI IPUHMMAET Ha
0a3MCHOM pellleHNN, KOTopoe, BBUAY (5), ToXKe HeoTpHUIaTeJIbHO. BMecTe 9T0 03HaUaeT cripaBeIMBOCTh
30,

Csoitctso 4° moKasbIBaeTCs aHANOTUMUHO cBoitcTBy 3°.

Jlns o6ocHoBaHMs cBojicTBa 5° o6osHaumm uepes y=(yi, s, ..., Yu) KaKoe-HUOYAb HEOTPUIIATETBHOE
pelleHre CUCTeMBI IMHENHBIX OIPAHMUEHNIT I pACCMOTPUM 3aBUCHIIE OT IapaMerpa t BekTopa z(t) =

(z1(t), z2(2), ..., zn(1)) m x(t) = y + z(t), e

t ,ecam  j=gq,
zi(t)=70 ,ecmum j€{s1,8,....Sm-m} \q
~tajq,ecntm j=r; (i=12,..,m).

IIpn monoxxnTenbHbBIX ¢ BeKTOpa Xx(t) 1 z(t) IBIAIOTCS, COOTBETCTBEHHO, HEOTPULIATEIbHBIMI PEIIEHMSIMI
CHCTEeMBI IMHEHBIX OTPAaHMYeHMIT 1 ee OMHOPoAHOI yacTy. Llenesoit GyHKIMoHaN Ha z(t) paBeH tayy U
C pOCTOM ¢ HEOTpaHMUEHHO yOBIBaeT, €ClU dyy < 0, MM HEOTPaHMUEHHO BO3PACTAET, ecIn dog > 0. ITOT
JIMHETHBI QYHKIMOHAN, BBUAY HE3aBUCUMOCTH ) OT f, C pOCTOM ! BefeT ceOs Ha x(F) Taxke, Kak Ha z(1),
YTO O3HAYAET CIIPaBedINBOCTh 59, Jlemma 1 TOoKa3aHa.

3ameuanmne. 3JII(min) u 3JIII(max) jJerko cBOOITCA APYT K APYTY YMHOXKEHIEM LieJIeBOro GpyHKI-
onana Ha (-1). Tem He MeHee, MbI HaeM (GopMyIMPOBKM M Kaxkpoll m3 Hux. B marpumax 3JIII, mpu
dbopmynnposke nmemmbl 1 u GopmynupoBkax anroputmoB perrenus 3JIII, mpocnexxnBaercs HeKoTOpast
AHAJIOTMA MEXAY CTpoKamu u cronbiamu. Takas aHanorus Opuia Obl erte Gojiee 3aMeTHOIL, ecu B (op-
MyJIUPOBKY JIeMMBI 06aBUTh aHanoru coitcts 2° — 5°, oTHOCAIIMECS K 3a/1aue ONTUMM3AIIIY TMHEITHOTO
GyHKUMOHATIA HA MHOKECTBE HETIOJIOKUTENbHBIX PELIEHNI.

2. YTouHnM ucmosb3yeMoe Hamy IoHsgTue skBuBaneHTHBIX 3JIII. [[Be crcTeMbl NMHEHBIX aireo-
panvecKux ypaBHEHNI Ha3bIBAIOTCS SKBMBAJIEHTHBIMMU, €CJIM MHOKECTBA UX pelIeHUII cOoBIamaior. [Ise
3JII(min) (wnu gee 3JIII(max)) Ha3bIBAIOTCSI SKBUBAIIEHTHBIMIA, €CIIV X CUCTEMBI YPaBHEHNIT SKBUBAIEHT-
HBI 11 Ha K&K/IOM pelIeHNN TAKUX CUCTEM 3HAUeHM I[eIeBhIX (YHKIMOHATIOB 3TUX 3aaU COBIIAaOT.

IIpeo6pasoseiBats 3JII1 B 3KBUBANIEHTHYIO 3a[auy ¢ OUEBMIHBIM OTBETOM OyIeM C IIOMOIIBIO IIIAarOB
MCKJIIOUEHNS ITIepEMEHHBIX, B OCHOBHOM aHAJIOTMUHBIX UCIIOJIb3YEMBIM B MeTofe ['aycca pelreHns cucreM
anxreOpanueckux ypaBHeHmi. KaskIplIil 11ar MCKIOUEHNS BBIIOJHIETCA HECKOJIBKUMMU 3JIEMEHTAPHBIMU
omepanuaMy, K KOTOPbIM OyeM OTHOCUTDH II€PECTAHOBKY YPaBHEHUII B CUCTeMe OTpaHUYEHUIT, YMHO-
JKEHIe YpaBHEHUII CUCTeMbI Ha HEHYyJIeBble MHOKUTEIN, J0OaBIeHE K OMHIUM YPAaBHEHUAM JIMHEHBIX
KOMOMHAINIT APYTUX, BBIUEPKUBAHYE U3 CUCTEMbI OTPAaHIUYECHNII TPUBUAJIBHBIX YpaBHeHM T Buaa 0 = 0 u,
HaKOHell, JoOaBleHNe K I[eJeBOMY (QyHKIMOHATY JMHENHBIX KOMOMHAIMI (PyHKIMOHAIOB, CTOSIINX B
JIEBOVI YaCTM YpaBHEHUII CCTeMBI orpaHnuenuit. B repmunax marpuust 3JII1 a1u mpeobpasoBaHus 03Ha-
Ya0T IePeCTaHOBKY CTPOK C HOMepaMy OOJIBIINMI HYJIS, YMHOKEHIE CTPOK C HOMepaMy OOJIBbIINMU HYJIS
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Ha HeHyJIeBble MHOXUTeNN, fo0aBIeHne K OOHIM CTpOKaM (BKIIIOUAs CTPOKY ¢ HoMepoM 0) JIMHEITHOII
KOMOMHAIUM CTPOK C HOMepaMy OOJIBILIVIMIU HYJIA.

Jlerko IOHATH, UTO IIepeUurCIeHHble 3JleMeHTapHblIe oneparynu npeodpasyioT 3JII1 B sKkBUBaTEHTHEIE.
To, 4To OHM He MEHSIOT MHOKECTBO pEILIeHMI CHCTeMbl JIMHENHBIX OIpaHNYeHMI 3amauyl, OUeBUIHO.
o6aBneHue ke K 1ieeBOMY (YHKIMOHANY yKa3aHHOI JIMHEITHO KOMOMHAIINY MOKET MEHATh 3HaUeHIe
I[eJIeBOro (PYHKIMOHAIA Ha KaKMX-TO BEKTOpax, HO He Ha PELLIeHUAX CUCTeMBbI JIMHEeIIHbIX OTPaHINYeHMIA,
TIOCKOJIPKY Ha 3TUX pelLIeHMIX KobaBisgeMble QyHKIVOHAIBI pAaBHbI HYJIIO.

Henb 1m1ara MCKIOUEHNS C BeTyIIIM 3JIEMEHTOM dpq # 0, e 1 < p < mu 1 < g < n, - mpeo6pa3oBaThb
3JIII B axBuBanentayio 3JIII ¢ MaTpuieit, y KOTopoit apq = 1 u a;g = 0 mpu i € {0,1,..., m} \ p. (Takoi
II1aT epeBOUT HOMEp q B paspsjl 6asyMCHBIX, leJlaeT 7, = q). [ 3Toro p-e ypaBHEHMEe yMHOXaeTcs Ha
1/a,q, 3aTeM IIOTyUeHHOEe ypaBHEHNE IIpU KaxkaoM i € {1,...,m} \ p yMHOKaeTcs Ha d;g M BHIUUTAETCH
13 i-TO ypaBHEHN, a U3 I(eJIeBOro (yHKIMOHAIA BbIUMTAeTCS (QYHKIMOHAT, CTOAIIMUII B JIEBOW UaCTU
MIOJTyYeHHOTO p-TO ypaBHEHMsI YMHOKEHHBII Ha dyg.

Ecnm BpemeHHO 0603HaUMTh uepes aj; sneMeHTbl MaTpuibl 3/ moce mara MCKITI0OUEHNH, TO 31€MEH-
TBI HOBOJI MaTPULBI BRIPKAIOTCS Uepes3 CTapble 3JIEMEHTEI 110 popMyIIaM

@y = ApjlApg (G €{0,1,...,n}),

aj; = a;j — apjaiglapg (1€ {0,1,...,m}\p, j€{0,1,...,n}).

(©)

Ecnu nepen marom mckimoueHyus Matpuua 3JIIT 6p11a 1-KaHOHMYECKOII, TO U ITOCJIe 3TOTO 1Iara oHa Oymer
1-kaHOHMYecKoit. [Ipy aTOM IpexxkHMIT GasMCHBIN HOMEp 7, CTaHeT HOBBIM 3HAUeHMEM BHeGA3MCHOTO
HOMepa Sy, @ HOMep ¢ CTaHeT HOBBIM 3HAUEHMEM T}, T.€. CTaHeT 6a3MCHBIM HOMEPOM.

B sakioueHme MyHKTa OTMETIM, YTO aHAJIOrM JeMMbI 1 1 popmy (9) moskHO 66110 661 chopmynupo-
BaTh U IpM OOIIEIIPMHATOM CIIOCO0e 3aaHMs CUCTeMbI YpaBHEHMII CO CBOOOTHBIMY WIEHAMH B IIPaBOIL
YyacTy ypaBHeHUII. B ieMMe mpuIILIocs ObI 3aMeHNTH 3HaKM HepaBeHCTB (5) Ha IPOTUBOIIOIOKHEIE, UTO He
IIOBJIMSIIO GBI Ha BOCIIPUATIE (POPMYIMPOBKI, a B (9) III aJIeMeHTa dgg YrKe IPUIIIOCH ObI MCIIOJIb30BaTh
dopmyty, OTIMUHYIO OT GOPMYJIBI IUIsT APYTHUX 3JEMEHTOB, UTO YCIIOXKHIUIO ObI JalbHeIIIIIee M3JI0KeHIIe.

3. Ilepetimem k obcyxpenuto anropurma peuterus 3JIII. Iockonpky 3JIII 1 ee MaTpuIla OAHO3HAUHO
OIIpeNeA0T APYT Opyra, Hajiee 0OBIUHO OymeM roBOpuUTH O IpeobpasoBanmsax marpuiisl 3JIII, umes B
BUAY, UTO Ipy 3TOM IIpeoOpasyercs u cama 3JIII. Jlemma 1 mo3BosigeT YBUAETh ¥ peal30BaTh pasHbIE
cTparerum peleHus. KiaccuueckoMy CUMILTIEKC-METONY COOTBETCTBYET CTpaTerysd, COCTOAINas M3 Tpex
sTanoB npeobpasoBanus Marpuie!l 3JIII. (Ha aHamormunsIx sTamax CHMILIEKC-MeTONA IIpeoOpasyercs
paciIMpeHHas MaTpyLa CUCTEeMbl YpaBHEHUI! M BEIYMCIIAIOTCA HeKMe TOIIOJHIUTEeIbHbIE XapaKTePUCTIKY
U OLIEHKIL.)

dran 1. Matpuna 3 npeobpasyercs B 1-KaHOHUUECKYI0 MaTpULLY.

dran 2. [loryuenHas Marpuua mpeobpasyercs B aHAIOTMYHYI0 MaTPUIy, YIAOBIETBOPSIOLIYIO yCIIO-
Buio (5).

dran 3. Ilonyuennas marpuiia, yxoBierBopsmolias (5), mpeobpasyeTcs B aHAJIOTMUHYI0 MaTpuLY,
OOTIOJTHUTENBHO YIOBIETBOPSAIOIYIO yciaoBuio (6), ecnu pemraerca 3JII(min), manm (7), ecan perraercs
3J/III(max).

Ham6onee IIPOCTBIM ABJIAETCA dTaIl 1, OUeHb ITOXO0KUIT Ha OCHOBHYIO 4aCTh M€TOoHa ITOJIHBIX VICKIIIO-
ueHnit ['aycca perreHns cucreMm ypasHeHuit. Ha stom sTane ciegyer nmoodepenHo npu p = 1,..., m HalTu
apq # 0(q = 1), 3aIOMHUTS 7}, = q 1 TpeobpasoBaTh MaTpuily 1o Gopmyam (9). Ecam mpu KasaoM p HeHy-
JIEBOJI paspelIaonnii 3J1eMeHT Oy IeT CYILIeCTBOBATh, TO CUCTeMa OrpaHmnueHn (2) COBMeCTHA I MaTpULia
(3) 6ymet mpeobpazoBaHa B MaTPUILy HYKHOI CTPYKTYpbl. OTHAKO MOXKET CIYUUTHCS, UTO IIPU HEKOTOPOM
p BCe apg = 0 (q = 1,...,n). B Takom ciryuae, ecnu ay # 0, TO cucTeMa orpaHMdeHuit (2) HECOBMeCTHa,
4TO 3aBepInaeT mporecc rnoucka perrerus 3JII1. Ecnu xe nmpu HekoTopoM p Bee apg = 0 (9 = 0,1,..., n), TO
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p-€ ypaBHEHIe TPUBMAIBHO ¥ €r0 CJIeyeT BEIUePKHYTh (YMEHBIINTh Ha eMHNUIYY HOMepa IT0CTIe Y FOLIIX
ypaBHEHUII 11 3HAUEHNE M), & 3aT€M IIPOOJDKUTH BBIIOJIHEHE 3Tana 1 ¢ Toro e HoMepa p. TpymoeMKocTb
srama 1 pasaa O(nm?) apudmeTnuecKux omeparuir.

B cuMIutekc-MeTone Hanboslee TPYXOEMKUIT 3TAIl 2 ¢ IIOMOIIBIO MICKYCCTBEHHOTO 6asuca CBOAUTCI K
JICIIOJIH30BAHMIO 9TaIla 3, UaCTO Ha3bIBAEMOMY OCHOBHOII Ipoueaypoit. ITo aToit mpuumHe MbI TOKe Tall
3 o6cynuM paHblile 3Tamna 2.

K momeHTy Hauana BeImosmHeHwms stama 3 marpuua 3JIII yxe mpuBemeHa K KaHOHWUECKOMY BUAY
u ynosierBopsier yciouio (5). 910 0o3Hauaer, YTo Ga3UCHOE peIlleHMe Y)Ke HEOTPULIATENbHO M Ha HEM
1[eJ1eBOIT PYHKI[MOHAJ paBeH dgg. TAIl IPeACTABIIET COOO0IT MTEePAIMOHHBIN LIMKII, B KOTOPOM II00YepeTHO
IIO OTIpeieJIEHHOMY IIPaBILTY B MaTpPMIle BHIOMPAETCs pa3pelIaloluil 3IEMEHT dyq, @ 3aT€M BBITTOTHACTCS
miar npeobpasoBaHmsa Matpuibl o Gopmynam (9). [luki 3aBepuraercs, Korga npu BeIGOpe OUepeTHOro
paspelaroriero anemenTa obHapyxuBaetcs (¢ yaerom coiicts 3°, 4°, 5° memmsr 1), uto m1M60 TpebyembIit
9KCTPEMYM Y’Ke HalifieH, Tub0 OTCYTCTBYeT. SICHO, YTO HaMOOJBIIEr0o BHUMAHNA B O0CYKIEHNM dTarna 3
3aCITy’K/BaeT MMEHHO IIPABIIIO BHIOOpA paspelarolero sjeMeHTa.

O61ee coobpa)keHMe, KOTOpOe JIEKUT B OCHOBe BBIOOpA paspellalolero 3jeMeHTa, 3aKII0UaeTcs B
CTpeMJIEHVI COXPaHNUTh IIPU Ka)KIOM IIpeoOpa3soBaHMM MaTPUIIbI HEOTPULATEIBHOCTh 0a3MCHOIO pellle-
HISI BMeCTe C VIyUlleHlMeM Ha HeM 3HAaueHUs I1eIeBoro (PYHKI[MOHANA, T.€. C YMEHBIIIEHIEM dy), KOTTa
petraercs 3JII(min), wiau ¢ yBenuueHneM dgyy, Korga peutaercss 3JII(max). JoOUTHCSI TAKOTO YIIyUIIEHNS
B BBIPOXKIEHHOM CiIyuae (Tak Ha3bIBAIOT CIIyuait, Koraa B (5) HEKOTOpble HepaBEHCTBA HECTPOTHE) YOAETCI
He BCETNa, a B HEBBIPOKIAEHHOM CJIydae BOIIPOC PELIAeTCs CIeAYIOIM IPaBIUIOM.

IIpaBmro 1. B kauecmee Homepa paspeuiarujezo cmonbya Haoo 6pamv ¢, npu KOmMopom nu6o dog < 0,
ecnu peuiaemcs 3/II1(min), nu6o ayy > 0, ecnu pewaemcs 3/I[1(max). Ilocre 6vi6opa q 6 Kauecmee HoMepa
paspewarnuieii cmpoku Haoo 6pamb maxoe p, Umo apq > 0 U

apo/pg = Gio/aig npu ajqg >0 (i #0,p). (10)

Ecim BEIOUpPATH apg 110 3TOMY IIpaBUITY, TO ycroBue (10) rapaHTMpyeT BhIIOMHeHNe (5) I II0CIe I1ara
npeobpa3oBaHms MaTpULbl. 3HaueHNe LeNeBOro QyHKI[MOHANTA HAa HOBOM 0asuCHOM pelreHuu Oymer
PaBHO oo — Apo dog/ Apg> @ BHAUMT YIIYUIIUTCSA B HEBBIPOKIEHHOM ClTydae M He yXyIIUTCSA B BBIPOKIEHHOM.

Ecnn mpu BeIGOpe paspelamliero sjieMeHTa He Haitgercs ¢, Tpebyemoro mpaBmioMm 1 (t.e. nm6o
BoIntosiHeHo (6) mpu pernerun 3JI(min), nu6o (7) npu pemwennn 3JIII(max)), To Mo JemMMe 1 MCKOMBLI
9KCTpeMyM HailjieH U 3ajaua pelena. [Ipy yske BHIOPAHHOM ¢ MOXKET He CYILIeCTBOBATh TPeOyeMoro p,
T.e. MOXKET BBIIIOJIHATHCA yenoBue (8). Torma Hy>KHBI 9KCTPEMYM OTCYTCTBYET M3-32 HEOTPAHMYEHHOCTI
dYHKIMOHATA U PellleHNe TOXKe 3aBePIeH0. B 0CTaIBHBIX CIyUyasx MTEPAIMOHHBIIN IUKII IIPOIOJIKAETCA.
EcTecTBEHHO BO3HMKAET BOIIPOC O KOHEYHOCTH 3TOTO LIMKJIIA.

3mech HaO 3aMETUTH, UTO MPABUIOM 1 3HAUEHUSA ¢ U P OMPENENSIOTCI HEOMHO3HAUHO. B HEBBIPOXK-
DEHHOM CJIydae [{MKJI 3aBEePIINTCS TP JIF00OM YTOUHEHNUN IIPaBmia 1, T.K. Ipu KaXIoM Ipeo6pasoBaHmuu
MaTPUIBI 3HAUEHUE dy YIYULIIAETCS, a 3HAUUT 3alMKIVBAHIE VCKIIOUEHO. B BBIPOXKIEHHOM Cllyuae Ipu
HeyIauyHOM YTOUHEHWY 3TOTO IIPaBIIa 3alMKINBaHIe BO3MOXXHO. OIBIT MCIIOIb30BAHMS CUMILIEKC METO-
Ila TIOKA3BbIBAET, UTO TO IPOUCXOINT AOBOJIBHO PENKO, HO €CTh IPUMEPBI, KOTia Hanbojee eCTeCTBEHHbIE
yTOUHEHMsI IpaBuiia 1 B OHMX BBIPOXKAEHHBIX CIyYasX IPUBOIAT K YCIEITHOMY 3aBEPILIEHNIO 9TAIa, a B
OPYTUX — K 3al{MKINBAHUIO (CM. IpuMep 1 myHKTa 8).

4. B nutepaType II0 JIMHEITHOMY IIpOIpaMMIPOBAaHIIO MOXXHO BCTPETUTh HECKOJIBKO IIPMEMOB, II03BO-
JIAIOINX N30€eKaTh 3alIUKINBAHNS CUMILIEKC-METO/a: METOM BO3MYIeHuit miu e-metox (cm. [1, 3, 10, 11]),
sekcukorpadpuueckuit Mmeton (cm. [4—6, 8]), merox Bienna (cm. [7, 12, 13]). Hocnequuit MeTox sIBISETCS
HauboJiee MIPOCTHIM, ¥ UMEHHO €r0 aHAJIOTOM BOCITOIb3YeMCS I MCKIIOUEHS 3allMKIIIBAH .
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Ipasuno 2. ITpu pewenuu 3/II1(min) (3/I[1(max)) 6 kauecmee Homepa paspewarujezo cmonbya ciedyem
6pamb Haumenbliee ¢, npu Komopom agg < 0 (> 0). Ilocre 6vibopa q 6 Kauecmee Homepa paspewiarouyeti
cmpoku criedyem 6pamp p ¢ HAUMEHLULUM T}y, U3 YUCTA YOOETIEMEOPIIOUWUX Apg > 0 u (10).

Jemma 2. ITycmv mampuya 3J/II1 umeem KaHOHUuecKyw cmpykmypy u yoosimemeopsem ycuoguto (5).
Toz0a umepayuoHHbLTL YUKIT, Kai0as umepayusi KOmMopozo 3aKIUaemcs 6 6bi0ope paspeuarnujezo SremeHma
apq N0 npasury 2 u npeobpaszoeanuu mampuuyvt no gopmynam (9), koreuen. B pesynomame nubo 6ydem Hatiden
HYHCHBLT SKCmpeMyM, Tubo 6ydem YCmaHo6IeHo OMCcymcmeue makozo IKCmpemyma u3-3a HeozpanueHHoCmu
yereozo PyHKYUoHaIA.

Hoxa3aTeabcTBO (0T IPOTUBHOTO). [IIs ONIpeiesIeHHOCT Oy IeM CUUTATH, UTO peub et o 3JII(min).
[IpeaIionoKm, UTO CYLECTBYIOT 1-KaHOHMUECKIE MAaTPULIBI, TP KOTOPHIX IMEET MECTO 3al{MKINBAHIIE.
Hanee 6ymeM rOBOPUTSD O LMIKJIE M3 MATPUL] C MMHIMAIBHO BO3SMOXKHBIMIY 3HAUEHUAMM N 1 M. [l Takoro
LMKJIA K&X/IbIV 13 N CTOJIOI[OB M KayKast U3 M CTPOK, HoMepa KOTOPBIX GoJiblile 0, JOJDKHBI IIEPUOIIUECKI
OKa3bIBATHhCA PA3PEUIAOIINIMIY, TaK KaK THAU€ X BbBIYEPKUBAHMIEM MOKHO YMEHBIINTD pa3dMepPbl MaTPpU1L],
He BIMSSA Ha HaJIMYMe [UKJIA. B yacTHOCTH, y OMHMX MaTpUI] LIMKJIAa HOMEp N ABJseTcsS 0asuCHBIM, a y
OPYTUX — HET, HO 3aTO Y BCeX MATPUL Ajg = Az = ... = Amo = 0.

DJleMeHTHI MaTpPUIbl U3 IMKJIA, [IPY IpeoOpa3soBaHUM KOTOPOI VICXOMHBI HOMEP N IEPEXOMNT U3
paspsina BHeOA3MCHBIX B pa3psif 0a3uMCHBIX, OygeM ImoMedars IITpUXOoM. 1o IpaBuity 2 y 9Toi MaTpUI(b
A’ anemenrt aj, < 0 m ag; = 0 mpu j € {1,2,...,n - 1}.

[t MaTpUIIBL M3 UMKIIA, IIPK IIpeoOpasoBaHMI KOTOPOI MCXOTHBI HOMEp N IIEPEXOMUT U3 paspsaa
6a3MCHBIX B pa3psan BHeOA3UCHBIX, COXpaHUM obo3HaueHme A. B paspemraroniem cTosbiie 3T0 MaTPULIBI
TOJIBKO CaM 3JIEMEHT d,q MOKET CTaTh CTPOTO IIOJIOKUTENBHBIM, TaK KaK HAUe IO IPaBITy 2 U3 Gasuca
BBIBOJMIICH OBI HOMeED < n. [loaromy y Bekropa z = (21, 22, ... Z;) C KOOPAMHATAMU

1 , ecIu j=q,
zi=y 0 L,ecmm j€{1,2,....,n}\q\{s1,8,....Sm}
—Qiq , ecun j=si(i=12,..,m),

9JIEMEHT Zp = Zs, =

Jlerkxo IIPOBEPUTDH, UTO BEKTOP Z ABJIAETCA PEILIEHUIEM CUCTEMBI JIUHEMHBIX OI‘paHI/I‘{eHI/HZ 3JIIT ¢ mar-

—Apg < 0, a ocTasibHBIE KOOpAMHAThl HEOTPUIATCIJIbHBI.

puueit A. Ilostomy, B cuiny sxkBuBaieHTHOCTH 3JIII ¢ MaTpuiiamu A u A’, 3HaUEHUS UX 1eJIeBBIX byHKII-
OHAJIOB Ha Z HOJDKHBI OBITH PABHBI, T.€. JOJDKHO BBIIIOTHITHCS PABEHCTBO

n n
7 ’
doo * Z dojzj = Goo * Z ;%)
J=1 J=1

OnHaxo MOCKONBKY dg; = 0 1pm j € {s1,S2,...,Sm}, 2g = 1w zj = 0mpu j € {1,2,...,n} \ g\ {s1,%,..., Sm}, TO
3HAUEHMeE JIE€BOII YacTy PaBHO dgg + dog < doo- 3HaueHNe IPaBOI UaCTU OoJIbLIIE dy, T.K. a(’)j =2 0uz = 0npu
l=<j=sn-1, a(’m <0,z, <0, a60 = ago. IloslyueEHOE IIpOTUBOpeUNe 3aBepllaeT A0Ka3aTeJbCTBO KOHeY-
HOCTM) UTEPAIIOHHOTO LMKIIa, T.e. 1pu peuternu 3JIII(min), uepe3 KOHeUHOe UMCIIO IIIATOB 00SI3aTENHHO
BBITIOTHUTCSA TG0 ycaoBue (6), mubo yciaosue (8).

Cayuait 3JIII(max) MOXHO pacCMOTpPETh aHAJIOTMYHBIM 00pa3oM IIpM MUHMMAIbHBIX U3MEHEHNIX B
3HAKaX HEpPaBeHCTB. B aToM ciryuae 1k 3aBeprunres BoinoxHeHueM (7) win (8). Jlemma 2 moka3aHa.

B 3aBepiuieHme myHKTa OTMETUM, UTO XOTS UTEPALIMIOHHBII I{MKJI C IPABUIIOM 2 KOHEUEH, HO Ha BOIIPOC
0 TPYZOEMKOCTM 3Tama 3, a 3HaUNMT 1 BCErO HAIller0 MeTOMa, KaK J BCErO CUMILIEKC-METOMa, IOIYyUUTh
CTOJIb OMHO3HAUHBIN OTBET He ygaercs. [leio B TOM, UTO UMCIIO BCEBO3MOKHBIX HAOOPOB Ga3MCHBIX HO-
MepoB B o01ieM ciaydae paBHo C,', T.e. Ipy GOJBIINX N X M O4YeHb Belmko. B [7] marorcs crenmaabHO
nogo0paHHble MIPUMeEPHI, KOTAa P BHIOOpE paspeliarolero jieMeHTa 10 aHalIory paBmia 1 urepanmu-
OHHBII LMK ITepe0upaeT MPAaKTUUECKU Bce KOMOMHAIMM O6a3MICHBIX HOMEDPOB, U TaM K€ yTBEep)KIaeTcs,
UTO TaKle IPUMepPhI yAaeTcss IOCTPOUTh [JIS BCEX M3BECTHBIX CIIOCOOOB YTOUHEHMS 3TOTO IpaBumia. ITo
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osHauaet, uto ecTb 3JIII, A1 KOTOPBIX CUMILTEKC-MeTON BecbMa HeaddekruseH. C qpyroit CTOPOHBL, IIPY
peLIeHN IPAKTIYECKUX 3a1aU CUMILIEKC-METO paboTaeT OueHb OBICTPO, OKA3bIBAETCH MICKIIOUNTETHHO
9 PeKTUBHBIM U HET YIOMMHAHNIL, YTO KOr[a-HMOyqb Ha IPaKTUKe BCTPETMIACh 3afaua, TpeOyroras
repe6Gopa TaKoro GOJBLIOTO YMCIa KOMOWHAIIIL.

5. IlepeitmeM K 0OCYKIEHNIO 9TAIa 2, KOTOPBII JOJDKEH 1-KaHOHMUECKYI0 MaTPUIY IIpeobpa3oBhIBAT
B QHAJIOTMYHYI0 MAaTPHUIy, YIOBJIETBOPSIOIIYIO yciaoBuio (5). MBI yke oTMeuamy, YTO IPaKTUUECKN BO
BCeX M3BECTHBIX HaM paborax ([1—8] u ap.), rme majaraeTcs CUMILTIEKC-METOX , 9TAIl 2 CBOAMUTCS K 9TAIy
3 (mau o6BeqUMHSIETCS C 9TAIIOM 3, UYTO MeHee YA0OHO). [IJIs 9TOro MCIIONb3YeTCss METOJ] MCKYCCTBEHHBIX
nepemenHbix Opaena. VckmoueHne cocTaBiIsaoT paboTs! [9, 10], B KOTOPHIX OorpaHMUeHNs 3aJaHbl Hepa-
BeHcTBaMu. g takux crerymunbix 3JIII mobaBieHMe MCKYCCTBEHHBIX IIePEMEHHBIX OTHOBPEMEHHO
IIpeBpalllaeT HepaBeHCTBA B paBEHCTBA U 00ecIleuyBaeT HEOTPUIATeIbHOCTD 6asucHoro perrenus. K uc-
KIIFOUEHNSIM ellle OTHOCUTCS PEeIKO Ie yIoMuHaeMas myonukanus [14], B KOTOPOIT MCIIONb30BAH IIPUEM,
IIpeaIoaraoIyil BO3MOKHOCTh 3alMKINBAHIII, HO Yallle BCEro IPUBOIIIINIL K HY)KHOMY pe3yJIbTary.

Meroxn OppaeHa, afanTUpPOBAHHBIN K HAIINM (GOPMYIMPOBKAM, BBITIISOUT ClleayoommM oopasom. Kax-
o€ ypaBHeHIUe ¢ a; > 0, yMHOXXaeTcs Ha -1 U K HeMy Jo0aBiseTcs MCKYCCTBeHHas IepeMeHHas ([t
Ka)KI0T'0 TAKOTO yPaBHEHISI CBOSI), & OCTAIbHbIE YPAaBHEHNS OCTABJIIIOTCS Oe3 n3ameHenuit. Kpome atoit uc-
KyCCTBEHHOII CUCTeMBI IMHEeIHBIX OTpaHUYeHNII, Telleph y)Ke YIOBIeTBOPIoLIel! ycioBus (5), hopmMupy-
€TCs MICKYCCTBEHHBII LieIeBOiT (YHKIMOHAT, B BIIe CyMMbI CKYCCTBEHHBIX ITepeMeHHBIX, T00aBIeHHbIX
K YpaBHEHMIM. SIcHO, 4TO y mosyueHHOII ucKyccTBeHHOI 3JIIT MUHMMYM Ha HEOTpUIIATEIbHBIX pellIeHN-
X He MO)XeT OBITh MeHbIlle Hys. Ecin 9T0T MMHUMYM paBeH HYJIO, TO Y HEOTPULATEIBHBIX PelIeHIIt
MCKYCCTBEHHOJ CYICTEMBI JIMHEHBIX OTpaHMYEHNII, Ha KOTOPhIX OH JOCTUIAETCs, BCE JMICKYCCTBEHHBIC
IepeMeHHbIe PaBHbI HYJIIO.

IMonyuennas uckyccrsenHas 3JIII(min) mpuBOAUTCSA K 9KBUBAIEHTHOI 3a/1aue ¢ 1-KaHOHUUECKO MaT-
pHuLeit BEIUMTAHMEM N3 ee L{eJeBoro GyHKIMoHaNa PYHKIIMOHAIOB MOAN(UIMPOBAaHHEIX YpaBHeHMit. B
pe3yibrare mosyuaercs skBuBaseHTHas 3JIII, mMeroras MaTpuiy KaHOHIYECKOI CTPYKTYPhI U YIOBJIe-
TBopsomas ycaoBuio (5). ITocme sToro munumym mckyccrBeHHoit 3JIII oTBICKMBAETCS € IIOMOIIBIO OC-
HOBHOJI IIPOLIEAYPHL, T.€. IpoIeaypsl 3rana 3. Ecu HailieHHBIT MUHIUMYM OKa)KeTCS IOJIOXKITEIbHBIM,
to ucxonHas 3JIII He MMeeT HEOTPULIATENBHBIX pPeIIeHNMIT CUCTeMBbl orpaHydyeHnit. Ecian ke MUHUMyM
paBeH HYJO, TO B IIOJIyYeHHOM 0a3MCHOM peIlleHUN BCe MCKYCCTBEHHBIE IlepeMeHHble PaBHBI HYJO U
160 cpasy HU OfHA M3 HUX He BXOANUT B UNCIIO OA3VMCHBIX, IN00 NOMOTHUTENIBHBIMI IIPe00pa3oBaHMIMI,
He HapyIIalomumu (5), OHN JIeTKO MCKI0YAIoTCI U3 uncia 6asucHbIx. Hanpumep, ecian mcKyccTBeHHAs
nepeMeHHass C HOMEPOM I > n ABJsgeTcss 6a3MCHOI, TO I = S, IPU HEKOTOPOM p, M dypo = 0, ITOCKONBKY
VICKYCCTBeHHas TlepeMeHHas paBHa HyJi0. BeIOpas B p-if cTpoKe paspelIaoluii 31eMeHT dpg # 0 ¢ g < n
U BBIITOJIHUB IIpeobpasoBaHme 110 popmyiiam (9), MBI, He MeHsIsI B MATPULE HYJIEBOI CTOIGEL], MCKITIOUNM
MCKYCCTBEHHYIO IIepeMeHHYI0 13 uciia 6a3MCHBIX, 3aMeHIB ee Ha OOBIUHYI0 IIepeMEeHHYIO.

ITocire MCKITIOUEHNS BCEX MCKYCCTBEHHBIX IIEPEMEHHBIX CIIEAYeT BHIUEPKHYTD U3 ITOJIyYEeHHO! MaTpu-
IIbI CTOJIOLIBI, COOTBETCTBYIOII[MIE€ MICKYCCTBEHHBIM IIepeMEHHBIM, a HYJIEeBYI0 CTPOKY 3aMEHUTH CTPOKOIL
K03((PULIMEHTOB IeJIeBOro (pyHKLIMOHAIA MICXOXHOI 3aJaun. BeIroHeHe 9Tama 2 3aBepIIaeTcs MCKIIIo-
YeHMeM U3 3TOJ CTPOKM BCeX JIEMEHTOB C 0a3MCHBIMI HOMEPaMI.

3amMeTuM, UTO MBI U3JIOKIIN AJITOPUTM C MCKYCCTBEHHBIMM II€peMEeHHBIMI, B OCHOBHOM, UTOOBI He
OBITH T'OJIOCIIOBHBIMM, KPUTHKYS OOIIEIIPMHATHIA METOJ, UCIIOJIb3YEMBIil yKe B TeUeHye MHOTUX Hecs-
tuneTuii. OCHOBHBIM HeZOCTaTKOM 3TOTO METOMA SIBJIIETCS YBeIuUeHe pa3dMepoB MaTPUIIBL 3a8aUl, UTO
KpaliHe He)XeJIaTeJIbHO Ipy O0JbIINMX m U n. BeiOpanHsni Hamu crioco6 npencrasienus 3JII1 mosBosser
YBUIETh, UTO HEOOXOIUMOCTD TAKOTO YBEJINUEHUsT OTCYTCTBYET.

Crretmduka crrocoba B TOM, UTO BCE CTPOKM MATPUIIBI, BKIOYAs CTPOKY ¢ HOMepOM 0, COCTABJIEHBI
13 xKo3pdunmentor ¢pyHkimoHamoB. CTpoka K03QPUUUEHTOB 11eIeBOT0 QYHKIMOHANIA OTIMYAETCS OT
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OPYTUX JIUIIE TEM, UTO B Hell He BBIOMPAIOTCS paspelaroliie 3JIeMEHThL. YUNTHIBAS 9TO 00CTOSTEIBCTBO, C
ITOMOII[BI0 OCHOBHOIJI IIPOLIeyPBI MOXKHO ITOCTEIIEHHO yBEJINYMBATH KOJIMUECTBO CTPOK MaTPULBI C djp < 0
(i # 0), B pesysbraTe uero JmbO BBIIOIHUTCA yciaoBue (5), 1mbo B XOofe Ipoliecca IIOSBUTCS CTPOKa, He
MMeIOIIast 3JIeMEHTOB IIPOTUBOIIOJIOKHBIX 3HAKOB, UTO O3HAUaeT OTCYTCTBIE HEOTPULIATEIbHBIX PeIlIe NI
CHCTEMBI OTpaHIYEHUIL.

OnuireM mmogpo6Hee IIpoIecce yBeIMYeHNs KOIMUeCTBa CTPOK € djp < 0 .

Eciu B KaHOHMUECKOI MaTpuIle Bee djp > 0, To BbIOepeM paspellaroInmil 3JIeMeHT dig C aig < 0 (mpn
OTCYTCTBMY TaKOT'O 9JIEMEHTA CUCTeMA JIMHEHbIX OTPaHNUEHNII He IMeeT HeOTPULIATeTbHBIX pelleHit)
n npeobGpasyeM Bcio MaTpuiy o ¢opmynam (9). Ilocie atoro B Marpuiie yske eCTb CTPOKM C djp < 0
1, TIOCKOJIbKY II€pPeCTaHOBKA CTPOK SIBJISIETCS 9KBUBAJIEHTHBIM IPeoOpa3soBaHMEM, MOXKHO CUUTATh, UTO
aip = 0mpu 1l < i< kwnapy>0mupu k < i = m. IlonsiTaemMcs ¢ MOMOIIbI0O OCHOBHOI IIPOLIEAYPHL,
MIHUMI3UPOBATH df) Ha MHOKECTBE HEOTPULIATENbHBIX PEIeHNII [IepBbIX k — 1 ypaBHeHMiL. [[1s 9T0r0
Ha Ka&)KIOM IlIare IpoLeyphl pa3pelaoliye 3JieMeHThbI Haflo BBIOMpaTh B CTpOKax ¢ Homepamn 1, ..., k-1,
a HOMep ¢ pa3pelaolero CToxona Hago BeIONpars 1o k-it crpoke. [Ipu aTom, uto6bI MaTpmIia ocTaBajiach
1-KaHOHMUECKOIA, CJIeyeT IIpeoOpa3oBbIBATh 3JIEMEHTHI BCEIT MATPIIIBL.

ITycTs Ipy TaKOM IIPUMEHEHNUY OCHOBHOI IIPOLeypbl MUHIMYM Oy/IeT Haii/ieH, T.e. OyaeT BhIIOIHEH
anasor (6). Torma 160 HepaBeHCTBO aky > 0 coxpanutcs u y mcxogHoit 3JIII HeT HeoTpUIIATENIBHBIX
peLLeHNIT CUCTeMBI JIMHETHBIX OTPAaHMYEHNIL, T.K. B k-JI CTpOKe HET 3JIeMEHTOB pa3HbIX 3HAKOB, JIN60 k-5
CTpOKa TOJKe IIOIageT B YNMCIIO CTPOK C aj < 0.

Ecny 5xe OCHOBHAA TPOIeTypa YCTAHOBUT HEOTPAHIUEHHOCTD Ak (0O6GHAPY)UTCH arg < 0 U ajq < 0 Ipm
Bcex 1 < i < k- 1), To BBIOPAB Gy Pa3pPEITAIOIINM 3JIEMEHTOM I CAeJIaB IIar MCKITIOUEHNS ONATh IOy UM
axo < 0. Onmmcanne sTamna 2 u Bcero aJIrOpUTMa 3aBepIIEHO.

6. B maHHOM ITyHKTE KOPOTKO 00CYAMM HEKOTOpbIE CIEICTBUS M3JI0KEHHBIX aJITOPUTMOB. ITU CIIEH-
CTBMA KacCalOTCS CUCTEeM JIMHEIHBIX alreOpandyecKux YpaBHEHMII U UTPAIOT BXKHYIO POJIb B TEOPUI JBOI-
CTBEHHOCTIL.

Cnauaya o6paTyM BHIMAaHIe, UTO TepPMIH 0a3JICHOe pellleHyie OTHOCUTCSA MIMEHHO K CIICTeMe ypaBHe-
Huit. HeTpyiHO 3aMeTUTh, UTO K GasSMCHBIM OTHOCSTCS T€ M TOJIBKO Te PELIeHNUs CUCTeMBI, IIPU KOTOPBIX
CTOJIOLIBI MAaTPUIIBI CYCTEMBI, COOTBETCTBYIOIINIE HEHYJIeBBIM KOMIIOHEHTAM peIlIeHNs, IMHEeTHO He3aBM-
CUMBL

AnropuT™ 3Tamna 1, 1o cyIecTBy, COBIIaaeT C OCHOBHOJ YaCThI0 MeTofa I'aycca IMOTHBIX NCKITI0YeHNIA.
9TOT aJropnuT™ 1160 IPUBOAUT MATPUIy CUCTEMBI JIMHEIHBIX OTPAaHMYEHNII K BUAY, U3 KOTOPOTO Cpasy
HaXOJAMTCA OJHO 13 0asVMCHBIX peIleHNI, J1O0 ycTaHaBIMBAeT (HAKT OTCYTCTBUSA PEIIEHMII CUCTEMBI,
KOTOPBI IIPOSBJIAETCS T€M, UTO HEeKOTOpas JMHeIHAsd KOMOMHALMS YPaBHEHMI CUCTeMBbI IIpeICTaBIIsIeT
co00J1 JIMHeIHOe YpaBHEeHe, Y KOTOPOro CBOOOMHBII WIEH OTJIMYEH OT HYJIS, a Bce K03 (UILIMEeHTHI Ipu
HeU3BECTHBIX PABHBI HYJIIO.

Taxum 06pasoM, 13 CyIecTBOBAHNSA PeIIeHNs CUCTeMBI ClIelyeT CyIlleCTBOBaHNe 6a3/CHOTO peIlIeH,
1, BOOOIIIe, CITpaBeNINBa CJIeAyIolasd aIbTepHaTIBA.

Jlemma 3. Bcesakas cucmema JTuHeliHblx ypasHeHuti 1160 umeem (6a3ucHoe) peuieHue, 1ub0 cyuecmsyem
JTUHeUHAS KOMOUHAYUS YPAGHEHUTl CUCeMbl, KOMOPas He umeem peuleHus.

9TOo MIpocToe yTBep KAeHNe MOXKHO IepedopMyINpoBaTh ellle HeCKOJIbKUMHI crioco6amu. Hanpumep,
MO>KHO OIIyCTMTB B3TO€ HaMJ B CKOOKM CJI0BO "6asycHoe "1 chopMyInpoBaTh JEMMY B BUe KPUTEPIA.

JIemma 4. Cucmema nuHetiHbix aneebpauiecKux ypasHeHull umeem peuieHue 6 mom U MorbKo mom ciyuae,
K020a 6cAKAS TUHETHAT KOMOUHAYUSL YPAGHEHUT MOXce umeem peuleHue.

AmnanornuasiM 06pasoM, BTOPOIT BapMaHT pealnsanyy sTamna 2 (¢ yueToM eMM 3,4) maeT KOHCTPYK-
TUBHOE MOOKa3aTEJbCTBO 3KBUBAJIEHTHOCTM CyHIE€CTBOBAHMA HEOTPUIATEIBHBIX 0a3sMCHBIX M OOBIUHBIX
pelLIe NI, a TAKKe JOKa3aTeIbCTBO CIeAyIOIell aTbTepHATUBEI.
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Teopema 1. Cucmema TuHetiHbIX YpasHeHUT TUGO UMeem HeOMPuYyamervbHoe peuleHue, Tubo cyujecmeyem
JIUHEUHAss KOMOUHAYUS YPAGHeHUTi CUCTheMbl, KOMOpas He UMeem HeoMpPUYyamesbHoe0 peuleHus.

9Ty TeopeMy TOKe MOXXHO IepedOopMyIMpOBaTh ellle HeCKOIbKUMHU criocobamu. B popme xpurepns
OHa IPUMeET CJIeNYIOLINIT BUI.

Teopema 2. Cucmema TuHeliHbIX aneebpauuecKux ypagHeHuli umMeem HeompuyamesbHoe peuleHue moeda u
MOJIbKO M020a, K020a 6CAKAs TUHEiHAsA KOMOUHAYUS ee YPABHEHUT MOoJice UMeem HeompuyamenbHoe peuleHue.

9TM JaKOHMYHBIE, MHTYUTUBHO ITOHATHBIE 1 yXOOHBIe VI 3allOMMHAHNI TeOpeMbl Ha CaMOM JeJie
SBJIIOTCSA aHAJIOTaMIU OUeHb M3BECTHOI TeopeMbl, KoTopas 00bIuHO HasbIBaeTcs jremmoll Papkarma (cMm.,
HaIpuMep, [2,4—7, 10, 15, 16]). Teopema 1 gBigeTca aHAJIOTOM 9TOI JIEMMBI B aJIbT€PHATUBHOM Q)opMe, a
TeopeMa 2 — B popme Kputepus. [Ins cpaBHEHMs ¢ TeOpeMOIl 2, IpUBeAeM HOCIOBHO OAHY 13 GOpMYIn-
poBok emmel Papkara us [2] (ctp. 138).

ITycmv A u b coomeemcmeenHo mampuya u eekmop-cmosnbey. Cyujecmeoganie HeOMPUYAMETbHOZO pe-
weHus x = 0 cucmemvl Ax = b sk6usanenmuo momy, umo yb = 0 0151 1106020 6eKMOPa-cMPoxKu y, y0061emeo-
psawoujezo YA = 0.

ScHo, uTo 3mech yenosue “yb > 0 st JTH060r0 BEKTOPA-CTPOKY Y, yAOBIETBOpsOLEro yA > 07 sB-
JIETCS ONHYM U3 CIIOCOO0B BBIPA3UTh, UTO Y KKIOI JIMHEIHOM KOMOMHAIIUY YPaBHEHMIT CUCTEMBI €CTh
HeoTpuLaTeNbHbIe perteHus. KoHeuHo, MOXXHO GBLIO OBl B 3TOM YCIOBMM 3HAKM > IIOMEHATH HA < VN
3aMEeHUTD BCE YCJIOBUA KaKMM-JIMOO APYTMM SKBUBAJICHTOM CYILIECTBOBAHMS Y CKAIIPHBIX YpaBHEHMUII
HeOTPULIATEIFHOT'O pellleHN .

AnanornuasiM 06pa3oM Teopemy 1 MOXXHO ObLIO GBI CPAaBHUTH ¢ TeopeMolt 7.1 us [2], koTopas Tam
Ha3bIBaeTCS OCHOBHOII TeopeMoIl 0 IMHEeHbIX HepaBeHCTBaX U CBA3bIBaeTca ¢ uMeHamu Papkarrra, MuH-
KoBckoro, Kapareogopu u Beiins.

Boobitie, cront orMeTuTh, uTO JeMMa PapKaliia OTINYAETCI UCKIIOUNTEIFHBIM MHOr006pasuem dop-
MyJIMPOBOK M MX AOKa3aTeJbCTB. HekoTopsle m3 atux (GopMynMpoBOK HOBOJIBHO CJIOXKHBI, BBULY WC-
II0JIb3YEeMOJI TEpMUHOIOTNY, 0003HaUeHNTT 1 0COOBbIX akieHTOB. HameeMcs, uto mmpocTsie GopMyIUpPOBKI
teopeM 1 1 2 6yayT CrIoCOGCTBOBATD JIYUIIIEMY ITIOHIMAHIIO GOJIee CIIOKHBIX (GOPMYIUPOBOK.

7. IlpuBeneHHBINI B IIyHKTE 5 BTOPOJ BapMaHT OTBICKAHWSI HEOTPULATEIBHOTO 0a3MCHOTO pelleHus
Goylee 5KOHOMHO JCIIOJIb3YeT BBIUMCIINTENbHBIE PECYPChI, HO OKa3ajoCh, YTO €CTh CYILECTBEHHO Gosee
IIPOCTOIL CII0CO0, IIOTYUEHHBII YKe IIpY HAIIMCAHNI JAHHO CTaThy ¥ aHOHCUPOBAHHBI B [17].

Eute B 1996 rony, skCiepuMeHTHPYS C IIPOTPAMMOIL, KOTOpas IIpu rpeobdpasoBaHuy 1-KaHOHUUECKOIT
matpunnl 3JIII mosBossAIa BRIOMPATh paspellaroliye 3JI€MEeHThI dyq B IMATOTOBOM PEKIIMe, aBTOp 3aMe-
TIJI, YTO HEOTpUILIATEIbHbIe OasUCHbIE PeIlIeHNA OYeHb OBICTPO OTBICKMBAINICH MHTYUTUBHBIM II0X00POM
apq- PaKTMUECKM TIPOIIeCC CBOAMIICS K UTEPALMOHHOMY ITUKITY, Ifie CHavyajla BBIOUPAock p, IpU KOTOPOM
apo > 0, 3aTeM BBIOMPATIOCH g, TIPY KOTOPOM dpg < 0, @ 3aTeM BBHIIIOTHAIOCH IIpeobpa3oBaHe MaTPUIILI IT0
dbopmynam (9). Lukin 3akaHumBascs, Koraa b0 BBIMOIHAIOCH yeiaoBue (5), b0 MOSBISIIACH CTPOKA, B
KOTOpOIf BCE dpj OBLINM HEOTPUIIATENBHBI U dyo > 0, UTO O3HAUAET OTCYTCTBIUE HEOTPUIIATEILHBIX PEIIeHNIL.
OueBMOHO, UTO €CIM KaKMM-TO 00pasoM YTOUHMTDH 3TO IIPABUJIO BBIOOpa (Hampumep, B KauecTBe p U ¢
6paTh HaIMEeHbIIINE I3 HOMEPOB, IIPU KOTOPBIX Gpy > 0 U Gpg < 0), TO LUK MO0 3aKOHUUTCA IO OTHOI
M3 YKas3aHHBIX [ABYX IpUYNUH, 1160 mpousoiifer sanukianBanye. OMHAKO B XONe UMCIEHHBIX 3KCIIEpHU-
MEHTOB 3aI[MKIMBaHUE He BCTPEUATOCH, U aBTOP Ha)ke PEKOMEHIOBAJ CTYOeHTaM MCIIOIb30BaTh TAKOII
9BPUCTMUECKUIT IIPUEM IIPY BBIIIOJIHEHN JIA00paTOPHBIX padoT.

Yxe xorga pabora HaJ JaHHOI CTaThell 3aBepIIaiach, yIaIoCh IONYUNTh U 0O0CHOBATH OUEHb IIPOCTO
dbopMynupyeMoe IpaBuUIIO, KOTOpOe BOOOIIe MCKIIOUAeT 3alMKINBaHIE.

IIpaBuo 3. [ns 1-kaHoHuueckol mampuybl 6 Kauecmee HoMepa paspeuiarujeti Cmpoxu U3 ecex p, npu
Komopuix ayy > 0, HAdo 6pamv HoMep ¢ HauMeHbWUM Tp. ITpu yice vi6panHom p Hado 6pamb HauMeHblLee g,
npu Komopom apq < 0.
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Teopema 3. /[na 1-KaHOHUUeCKUX MAMPUY, UMePAYUOHHDLT YUKIT, MeI0 KOMOPoeo cOCMOUm u3 6v.60pa
paspeuarnujezo sreMenma no npasuny 3 u nocredyrujeeo ulaza UCKIT4eHUs, KOHeUueH.

Eme pas obpaTuM BHMMaHUe, YTO B TeopeMe, IO CYTHU, pe4b MAET O KOHEUHOCTV IIPOCTOTO AJIro-
pUTMa pelLIeHNs BaKHON 3aJauyl OTBICKAHNSA HEOTPULATEIBHOTO 0asMCHOrO pelIeHVs, KOTopas JO CUX
IIOp BO BCeX M3BECTHBIX HaM ITyOJIMKAIMAX pelllajlach MEeTOIOM JMCKYCCTBEHHOTro 6asyca min ere 6oiee
CIIOKHBIMU MeTogamu. HecMoTps Ha MpoCTOTY NpMBEEHHOTO IIpaBIIa BBIOOpA Pa3pelaloNiero 3JeMeH-
Ta, JOKA3aTeJbCTBO TEOPEMBI BeChbMa HEIIPOCTO, CBI3aHO C 000OCHOBaHNEM ellle HeCKOJIBKUX aJITOPUTMOB
peurenns 3JII1 n TpeGyeT HamyMcaHUSA OTHEIBHOIN CTAThIL.

8. B 9aTOM ITyHKTeE IIpUBENEM UeThIpe IIpuMepa, WutocTpupyoux pemenne 3JII1 ¢ ucronb3oBaHmnemM
PacCMOTPEHHOTO B CTaThe moaxona. Hamomumm, uro axropmnrm 3akitouaercs B npusenernu 3JII1 k Buay,
[PV KOTOPOM BBIIIOJIHEHBI YCIIOBISI IEMMBI 1, ¥ COCTOUT U3 TPEX ITAIIOB, HEKOTOPBIE M3 KOTOPBIX MOTYT HE
noHagoouTbest. Kasknpiit atan npencrasisger u3 ce0st UKIL, B Tejle KOTOPOTO COOTBETCTBYIOILNM 00pa3om
BBIOMpAETCs paspellalnil 3JIEMEHT, a 3aTeM MaTpuila mpeobpasyercs o dopmynam (9). Hymeparusa
CTPOK ¥ CTOJIOL[OB HAUMHAETCS C HYJSI. Pasperarommii ajieMeHT GepeTcs 13 CTPOK U CTOJOLIOB ¢ HOMe-
pamu Goblile Hy IS, 3HAUEHMe 1eJIeBOro QYHKIMOHATA Ha TEKYIIeM 0a3MCHOM PellleHNU IIPUCYTCTBYeT
B Tabuuile B SIBHOM BUJie KaK 3JIEMEHT dgy. MbI OyeM Ha KaKIOV MTepalyuy IOMeUaTh pa3peraroiuil
crosbelr 3Be3I0UKOI B HYJIEBOI CTPOKE, PA3PEIIAIONIyI0 CTPOKY — 3BE3[OUYKON B HYJIEBOM CTOJIOLE, a caM
pa3peLIaroIiil 3IEMEHT — AByMs 3BE3qOUKAMIL.

IIpnmep 1.

Tpebyercs pernts 3JI(min) u 3JI(max) ¢ 1-KaHOHNYECKOI MaTPUIIEN

1 0 0 5 12 18 -41
0 0 1 -3 -5 7 16
0 1 0 1 2 -3 7

9Ty 3aKaun BEIPOKEHHBIE, YCIIOBME (5) BBIIIOIHIETCS aBTOMATIUECKN U TPeOyeTCs: BBIIOIHATD JIMIIb
aTan 3. [IocKOIBKY ITpu MCKITIOUeHI IlepeMeHHbBIX CBOOOMHBIN UJIeH 11eJIeBoro pyHKI[MOHANa He MeHsIeTCs,
TO MaKCUMYM U MUHMMYM MOT'YT MMETb JIMIIIb 3HAUEHNIE doy = 1, XOTSI MOTYT U OTCYTCTBOBATh.

Cuauana pemnm 3JI[I(min), BeIGMpas B KauecTBe p 1 ¢ HAMMeEHbIINe HOMepPA, yIOBJIETBOPSIOLIIE
npasumry 1.

1 0 0 5 12 -18* -41
0* 0 1 -3 -5 7 16
0 1 0 1 2 -3 -7
1 0 18/7 | -19/7* -6/7 0 1/7
0 0 1/7 -3/7 -5/7 1 16/7
0 1 3/7 -2/7 -1/7 0 -1/7

YKe Ha BTOPOIl MTepauuy, I1ocie Beibopa ¢ = 3 B cTONOIE ¢ 9TMM HOMEPOM HET ITOJIOKUTETHHBIX
3JIEMEHTOB. ITO O3HAUAET, UTO BHIMOJIHEHO ycaoBue (8) u 1eneBas QyHKIMS HEOTpaHUEHA CHISY.

[IpumMeHsIst aHAOTMYHBII c110co6 yrouHeHMs npaBmia 1 gus pewrenus 3JIII(max), moryuaem cirenyo-
LITYI0 II0CJIeI0BATeIbHOCTD MUTepaIMii.
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1 0 0 5* 12 -18 -41
0 0 1 -3 -5 7 16
0* 1 0 1 2 -3 -7
1 -5 0 0 * -3 -6
0* 3 1 0 1™ -2 -5
0 1 0 1 2 -3 -7
1 -11 -2 0 0 1* 4
0 3 1 0 1 -2 -5
0* -5 -2 1 0 1 3
1 -6 0 -1 0 0 1*
0* -7 -3 2 1 0 1
0 -5 -2 0 1 3
1 1* 3 -3 -1 0 0
0 -7 -3 2 1 0 1
0* 16™ 7 -5 -3 1 0
1 0 41/16* | -43/16 | -13/16 | -1/16 0
0* 0 1/16™ | -3/16 -5/16 7/16 1
0 1 7/16 -5/16 -3/16 1/16 0
1 0 0 5 12 -18 -41
0 0 1 -3 -5 7 16
0 1 0 1 2 -3 -7

ITocte w1ecTolt MTEPALMY MBI IOJIYUVIIN MICXOTHYI0 MAaTPULY, T.€. IPOM3OLLIO 3alKiInBaHne. YToGb!
3TOr0 He CIYUYMIOCh, HAmo OBLIO MCIIOJIB30BaTh NPABMIIO 2, KOTOpOe B JIOOOM Ciyuae JMCKIIOYaeT 3a-
nuknuBaHue. [IpuMeHsasa 9T0 IpaBUIIO K HAIIIEN 3amaue, yOe)XaaeMcs, UTO BILIOTh JO IIIECTOV MTepariui
BBIOMpAIOTCS Te jKe paspeliaolie sJeMeHTsl. Ha IrecToil ureparyn, mocie Bpibopa g = 2, II0 IPaBILILY
2 Hamo BBIOpATH p = 2, T.K. 11 = 6, a 1 = 1. Takum o6pasom, HaUMHAS C LIECTON UTEPALUN, BHIUMCIECHS
OyRyT UMeTbh CIEYIOLNII BUA.

1 0 41/16* | -43/16 | -13/16 | -1/16 0
0 0 1/16 -3/16 | -5/16 7/16 1
0* 1 7/16** | -5/16 | -3/16 1/16 0
1| -41/7 0 -6/7 2/7* -3/7 0
0 -1/7 0 -1/7 -2/7 3/7 1
0 16/7 1 -5/7 -3/7 1/7 0

Ha cexgpMmoit nreparun BoiOupaercs g = 4, a paspelaolero sjieMeHTa BbIOpaTh He YAaeTcs, T. K. B UeT-
BEPTOM CTOJIOIe BHE HYJIEBOII CTPOKM HET IIOJIOKUTENBHBIX JIEMEHTOB. DTO 03HAUAET, YTO BBIIIOJIHEHO
ycnosue (8) nust 3JIII(max) u 1eneBas QyHKUMS CBEPXY TOXe HeorpaHmuyeHa. KoHer mpumepa.

IIpumep 2. Tpebyercs pernts 3J(min) u 3JIM1(max) ¢ maTpuieit

-2 -2 1 -2 -1 0 -1
-2 -1 -1 -2 -1 =2 1

[SSI (SR )
|
Do
|
—_
—
|
[y
=y
|
[y

1 0 -1 -2 -1 -1 =2

Oram 1 COBIIafaeT C OCHOBHOM YAaCThI0 METOIA ITOJIHBIX MCKIIOUEeHUIT Faycca.
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0 -2* -2 1 -2 -1 0 -1

1* -2 -1 -1 -2 -1 -2
2 -2 -1 1 -1 1 -1 0
3 1 0 -1 -2 -1 -1 -2
-1 0 -1 2" 0 0 2 -2
-1/2 1 1/2 1/2 1 1/2 1| -1/2
1* 0 0 27 1 2 1 -1
7/2 0 -1/2 -3/2 -3 | -3/2 -2 | -3/2
-2 0 -1* 0 -1 -2 1 -1
-3/4 1 1/2 0 3/4 0 3/4 | -1/4
1/2 0 0 1 1/2 1 1/2 | -1/2
17/4* 0 | -1/2* 0 | -9/4 0 | -5/4 | -9/4
-21/2 0 0 0 7/2 -2 7/2 | 7/2
7/2 1 0 0 | -3/2 0 | -1/2 | -5/2
1/2 0 0 1 1/2 1 1/2 | -1/2
-17/2 0 1 0 9/2 0 5/2 | 9/2

Temneps matpuita 3JIII aBisercs 1-kaHOHMUECKOI. ITal 2 6yaeM peann3oBIBATh CIIOCOOOM, M3JIOKEH-
HOM B ITYHKTE 7, T. €. UTEPALlMOHHBIM LIKJIOM C IIPaBUIIOM 3.

-21/2 0 0 0 7/2* -2 7/2 7/2
7/2* 1 0 0 | -3/2* 0| -1/2 | -5/2
1/2 0 0 1 1/2 1 1/2 | -1/2

-17/2 0 1 0 9/2 0] 5/2 9/2
-7/3 7/3 0 0 0 -2 | 7/3 | -7/3"
-7/3 | -2/3 0 0 1 0] 1/3 5/3
5/3 1/3 0 1 0 1 1/3 | -4/3

2* 3 1 0 0 0 1 -3**

-35/9 0* | -7/9 0 0 -2 | 14/9 0

-11/9 1 5/9 0 1 0] 8/9 0
7/9* -17" | -4/9 1 0 -1/9 0
-2/3 -1 | -1/3 0 0 0 -1/3 1

-35/9 0 |-7/9 0 0 -2 | 14/9 0
-4/9 0 1/9 1 1 1] 7/9 0
-7/9 1 4/9 -1 0 -1 1/9 0

-13/9 0 1/9 -1 0 -1 -2/9 1

IMonyunnu 1-kanoruueckyio marpuiy 3JIII, ynosiaerBopsiomyo ycnosuio (5). Oran 3 6ymem peanuso-
BBIBATh UTEPAIMOHHBIM LUKIOM ¢ IpasiioM 2. CHauaia pertnym 3JIII(min).
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Yenosue (6) BernomnseHo. [To teMMe 1 MUHNMYM Iies1eBOTO QYHKI[MOHANA HAa HEOTPUIIATENbHBIX pellle-
HUSX paBeH dgy = —6. OH ocTuraeTcs Ha HEOTPULATETHFHOM 0a3MICHOM PELIIEeHU X = (0,11/5,0,0,1/5,0,7/5).

Pertnm 3JITI(max).

-35/9 0 | -7/9* 0 0 -2 | 14/9 0
-4/9 0 1/9 1 1 1 7/9 0
-7/9* 1| 4/9* -1 0 -1 1/9 0
-13/9 0 1/9 -1 0 -1 -2/9 1
-21/4 | 7/4 0 -7/4* 0 |-15/4 | 7/4 0
-1/4* | -1/4 0 5/4** 1 5/4 3/4 0
-7/4 9/4 1 -9/4 0| -9/4 1/4 0
-5/4 | -1/4 0 -3/4 0| -3/4 | -1/4 1
-28/5 | 7/5 0 0 7/5 -2* | 14/5 0
-1/5* | -1/5 0 1 4/5 1 | 3/5 0
-11/5 | 9/5 1 0 9/5 0 8/5 0
-7/5 | -2/5 0 0 3/5 0 1/5 1

-6 1 0 2 3 0 4 0
-1/5 | -1/5 0 1 4/5 1 3/5 0
-11/5 | 9/5 1 0 9/5 0 8/5 0
-7/5 | -2/5 0 0 3/5 0 1/5 1

-35/9 01 -7/9 0 0 -2 | 14/9* 0
-4/9* 0] 1/9 1 1 1| 7/9* 0
-7/9 1| 4/9 -1 0 -1 1/9 0
-13/9 0| 1/9 -1 0 -1 -2/9 1

-3 0 -1 -2 -2 -4 0 0
-4/7* 0| 1/7 | 9/7 | 9/7 | 9/7 1 0
-5/7 11 3/7|-8/7 |-1/7 | -8/7 0 0
-11/7 0| 1/7 | -5/7 | 2/7 | -5/7 0 1

Teneps ycnosue (7) BEITOTHEHO. MaKCUMyM [1€J1€BOTO (PYHKI[MOHAA Ha HEOTPULIATEBHBIX PEIIEHMAX
paBeH ay = —3. OH mocTuraercss Ha HeoTpuUIaTeabHOM GasucHoM perrennu x = (5/7,0,0,0,0,4/7,11/7).
3agaumu mpuMepa 2 pereHsbl.

IIpumep 3. Tpebyercs perrnrs 3JII(min) ¢ maTpurei

-2 1 1 -2 -2 0 -1 0
0 0 -1 1 -2 0o -2 -2
1 1 -2 -1 1 0o -2 -1

-1 -1 1 1 -1 1 0 -2
1 -2 2 3 -4 1 0 -3

9tan 1. OnATh UCHONIB3yeM CXeMy IIOJHBIX MCKI0UeHnI1 ['aycca.
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-2 1 1* -2 -2 0 -1 0
0* 0 -1 1 -2 0 -2 -2
1 -2 -1 1 0 -2 -1
-1 -1 1 -1 1 0 -2
1 -2 2 3 -4 1 0 -3
-2 1* 0 -1 -4 0 -3 -2
0 0 1 -1 2 0 2 2
1* ™ 0 -3 5 0 2 3
-1 -1 0 2 -3 1 -2 -4
1 -2 0 5 -8 1 -4 -7
-3 0 0 2" -9 0 -5 -5
0 0 1 -1 0 2
1 1 0 -3 5 0 2 3
0* 0 0 -1 2 1 0 -1
3 0 0 -1 2 1 0 -1
-3 0 0 0 -5 2 -5 -7
0 0 1 0 0 -1 2 3
1 1 0 0 -1 -3 2 6
0 0 0 1 -2 -1 0 1
3* 0 0 0 0 0 0 0

B mocienHeit cTpoke aJIeMeHT HYJIEBOTO CTOJIOIA IIOJOXKUTENIEH, a OCTAIbHbIE 9JIeMEHTBI PAaBHBI HY-
0. 9TO 03HAYAET, YTO CUCTeMa JIMHEIHBIX OIpaHIYEHNII IIOCTaBICHHON 3ajJayll He MMeeT pelleHMUII.
Konen mpumepa 3.

Ipumep 4. Pernrs 3JMI(min) ¢ 1-KaHOHMYECKOI MATPUIIET

-1/2 0 0 0 372 0 1/2 -5/2
7/8 1 0 0 -7/8 -5/4 -9/8 -3/8
-3/8 0 1 0 11/8 5/4 5/8 -1/8]°
3/8 0 0 1 58 3/4 3/8 1/8

IMockonbky matpuna 3JIII sBngeTcsd 1-KaHOHMYECKOI, pellleHlie HauHaeTcd Cpa3y C 3Tama 2, KOTOpbIil
oIsATh OyIeM pealr30BBIBATh UTEPALIOHHBIM IIUKJIOM C IIPABIIIOM 3.
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-1/2 0 0 0 3/2* 0 1/2 -5/2
7/8* 1 0 0 | -7/8 | -5/4 -9/8 | -3/8
-3/8 0 1 0 11/8 5/4 5/8 -1/8
3/8 0 0 1 5/8 3/4 3/8 1/8
1 12/7 0 0 0 -15/7* | -10/7 | -22/7
-1 -8/7 0 0 1 10/7 9/7 3/7
1* | 11/7 1 0 0 -5/7* | -8/7 | -5/7
1 5/7 0 1 0 -1/7 -3/7 | -1/7
-2 -3 -3* 0 0 0 2 -1
1 2 2 0 1 0 -1 -1
-7/5 | -11/5 | -7/5 0 0 1 8/5 1
4/5* 2/5 1/5** 1 0 0 -1/5 0
-14 -9 0 -15 0 0 5% -1
9* 6 0 10 1 0 -3** -1
-7 -5 0 -7 0 1 3 1
-4 -2 1 -5 0 0 1 0
1 1 0 5/3 5/3 0 0 -8/3
-3 -2 0 -10/3 | -1/3 0 1 1/3
2" 1 0 3 1 1 0 0
-1 0 1 -5/3 1/3 0 0 -1/3

B cTpoke ¢ HOMepoM 2 Bce 3JIeMeHThI HeOTPULIATEeNIbHBI,  3JIEMEHT HYJIEBOTO CTOJIOIa CTPOTO ITOJI0KI-
TeJleH. ITO 03HAYAeT, UTO Y CUCTeMBI JIMHEITHBIX OTPaHIUeHIIT BOOOIIle HeT HeOTPIUIATeIbHBIX PeIIeHNIA.
Konern nmpumepa 4.

B 3akiroueHme oTMeTMM, UTO BBIOOp paspelIaloiero sjieMeHTa Ha 3Tame 1 M Ha Jrame 2, IpU UC-
II0JIb30BAHNI IIpaBuIa 3, He 3aBMUCUT OT LesieBoro (yHkuyoHana. [loaToMy Ha 9TUX 3Tanax MIPU PYUHBIX
BBIUMCIICHUSIX, IJI 9KOHOMUM, HYJIEBYIO CTPOKY MOYKHO He IIpeoOpa30BhIBaTh, a IPe06pa3oBaTh ee TOTAA,
Korja y»ke OymeT BBIIOJIHATHCSI yCiIoBue (5), T.e. HEIIOCPELCTBEHHO IIepe]] 9TaroM 3.
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Research in the field of efficient frequency estimation algorithms is of great interest. The reason for this is the redistribution
of the role of additive and phase noise in many modern radio-engineering applications. An example is the area of mea-
suring radio devices, which usually operate at high signal-to-noise ratios (SNR). The estimation error is largely determined
not by the broadband noise, but by the frequency and phase noise of the local oscillators of the receiving and transmitting
devices. In particular, earlier works [1] proposed an efficient computational algorithm for estimating the frequency of a
quasi-harmonic signal based on the iterative calculation of the autocorrelation sequence (ACS). In [2], this algorithm was
improved and its proximity to the Rao-Cramer boundary was shown (the sources of this noise are master oscillators and
frequency synthesizers). Possibilities of frequency estimation in radio channels make it possible to significantly expand the
functionality of the entire radio network. This can include, for example, the problem of adaptive distribution of informa-
tion flows of a radio network. This also includes the tasks of synchronization and coherent signal processing. For these
reasons, more research is needed on this algorithm, the calculation of theoretical boundaries and their comparison with the
simulation results.
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ANTOpUTM OIleHMBAaHMUS YaCTOTHI CUTHAJIa HAa BBIXO/le KaHaJIa
C yIpasBJiisieMbIM MH(OPMAIMIOHHBIM IIOTOKOM B YCJIOBIAX (pa3oBOro
ryma

JI.H. Kasakos', E.II. Ky6prmukus !, U. B. JlykpsaOB? DOIL: 10.18255/1818-1015-2021-4-452-461
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BourbIoit MHTEpeC BBI3BIBAIOT MCCIENOBAHNMA B 001acTVt 3)(GEKTUBHBIX AITOPUTMOB OLEHMBAHMA YaCTOTHL. IIprumHoIt
3TOMY fBIIIETCA IlepepaclpesiesieHiie BO MHOTUX COBPEMEHHBIX PaAMOTEXHUUECKUX MPUJIOKEHUAX PO afAUTUBHOTO
u ¢a3oBoro 1rymos. [IpyMepoM MOKeT CIIyKUTb 00JIaCTh M3MEPUTETBHBIX PAgUoIpuOopoB, paboTaIINX, KaK IPaBUIIO,
IIpM BBICOKMX OTHOLIeHNAX curHan/irym (OCIH). Omnbka oleHKM B OOJIbLIelT CTeIIeHN OIpeiesAeTcd He IMPOKOIIO0Ioc-
HBIM LIYMOM, 2 YaCTOTHBIMU ¥ (pa30BBIMY 1IIyMaMI TeTePOIHOB IIPYEMHBIX M IepealoliX YCTPOoiicTB. B wacTHOCTH,
B GoJiee paHHUX padorax [1] mpemsosxeH 3¢deKTUBHBIN BHIUMCIUTENbHBIN aITOPUTM OLIEHMBAHMSA YaCTOTHI KBasWUTrap-
MOHIYECKOT0 CUTHAJIA, OCHOBAaHHBII Ha uTepanyonHoM BerauciaeHnn AKIL B [2] stor anroputm gopaboraH u noxasaHa
ero 6:1m3ocTh K rpaHmite Pao-Kpamepa (MCTOUHMKAMM 9TUX IIYMOB SIBIISIOTCS 3afalOlliie TeHepPaTOPhI U CHHTE3aTOPHI
YacTOThI). BO3MOKHOCTH OLIEeHMBAHMS YacTOTBl B pafMOKaHAIaX IIO3BOJIIOT CYILECTBEHHO PACIIMPUTh QYHKLIMOHA
Bceit paguocetn. Croa MOKHO OTHECTH, HaIlpMMep, 3a/auy aIalTUBHOIO paclpeneiaeHns NHHOPMAIMIOHHBIX IIOTOKOB
paguocetu. Croma ke MOKHO OTHECTY 3ala4yMl CUHXPOHM3ALMM M KOTepeHTHOoll o6paborku curHainos. ITo aTum npuun-
HaM HeoOXOIUMBI JOITOJIHNTeIbHbIE JICCIeTOBaHN 3TOTO AJITOPUTMA, PacyeT TeOPeTUUeCKUX TPAHMIII U X CPABHEHNE C
pesyIbTaTaMI MOJEIMPOBAHMA.

Kirrouessle ciroBa: rpanuia Pao-Kpamepa; aBrokoppensaimoHHas GyHKIMS; YaCTOTHAS HECTaGYUIBHOCTD; (ha3oBBIIL LIy M;
nHpopmarus Purepa

NMHPOPMAILIMA OF ABTOPAX

Jeornn Huxonaesuu Kasakos | orcid.org/0000-0002-9348-4440. E-mail: kazakov@uniyar.ac.ru
TOKTOp TeXHMYECKMX HayK, Ipodeccop.

Esrenwuit ITaBnosuu Ky6sruknn | orcid.org/0000-0003-1796-0190. E-mail: kubysh.e@yandex.ru
aBTOP [UIST KOPPECIIOHAEHIMM | HOKTOp (QM3MKO-MaTeMaTIIeCKIX HayK, Ipodeccop.

Unbs Bukroposuu Jlykbsauos | orcid.org/0000-0002-1751-8557. E-mail: il-lukyanov@yandex.ru
HAayUYHBII COTPYTHUK .

dunancuposanne: ccienosanne BLIIOIHEHO B pamKax IIporpammel passutus SpI'Y, mpoexr Ne I12-K-1-T'-4/2021.

Mnsa uurupoBanus: L.N. Kazakov, E.P. Kubyshkin, and 1. V. Lukyanov, “An Algorithm for Estimating the Signal Frequency
at the Output of a Channel with a Controlled Information Flow under Phase Noise Conditions”, Modeling and analysis of information
systems, vol. 28, no. 4, pp. 452-461, 2021.

© Kasaxos JI. H., Ky6srukun E.IL, Jlykesuos 1. B., 2021
Jra crarks oTKpeITOro pocrymna nox jurensueir CC BY license (https://creativecommons.org/licenses/by/4.0/).

453


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2021-4-452-461
https://orcid.org/0000-0002-9348-4440
mailto:kazakov@uniyar.ac.ru
https://orcid.org/0000-0003-1796-0190
mailto:kubysh.e@yandex.ru
https://orcid.org/0000-0002-1751-8557
mailto:il-lukyanov@yandex.ru
https://creativecommons.org/licenses/by/4.0/

Kazakov L. N., Kubyshkin E. P., Lukyanov I. V.

Beegenue

B [1] mpenioskeH 3¢ deKTUBHBIN BEIUMCINTENbHBIN aJITOPUTM OLleHMBaHMS YaCTOTHI KBa3MIapMOHI-
YeCKOro CUTHaJa, OCHOBAaHHBIN Ha uteparmonHoM Beruncienun AKIL B [2] stor anropurm gopa6oran u
rokasaHa ero 6sm3octs K rpanunile Pao-Kpamepa (I'PK). B sTux ny6ankanuusx, Kak u B GOJIBIINHCTBE APYTUX
U3BECTHBIX PabOT, IMOCBAIIEHHBIX AJITOPUTMaM OLeHMBAHNUSA YaCTOTHI, IIPeICTaBIeHbI Pe3yJIbTaThl MOMe-
JIMPOBAaHN B YCJIOBUAX aNOUTUBHOIO Gesoro rayccoBckoro mryma (ABITIH). OnHako B M3MepUTENbHBIX
pammocucTeMax, paboTAOIINX, KaK IIPAaBMIIO, IPY BBICOKMX oTHoIIeHMsax curHan/urym (OCIH), ommbxa
OLICHKU B GOJIBIIIENI CTEIIeHM OINpefesaeTcs He IIMPOKOIIOJOCHBIM IIYMOM, a YAaCTOTHBIMM U (pasoBbI-
MM IITyMaMM T€TePOIUHOB IIPUEMHBIX U IIepeNarolX YCTPOICTB. VICTOUHMKAMM 3TUX IIIYMOB SIBJISIOTCS
3ajjarole TeHepaTophbl M CUHTEe3aTOphI yacToThl [3]. Ilo aTuM mpuumHaM HeOOXOAVIMBI JOIIOIHUTENb-
HBI€ JICCJIEJIOBAHMS 3TOTO aJITOPMTMa, pacyeT TeOPeTMUECKNUX I'PAaHMI[ U UX CpaBHEHNE C pe3yIbTaTaMu
MOMeNVPOBaHM.

1. MOJAEJI ®A30BOI'O IIYMA

Mopenp KOMILIEKCHOTO curHaia Ha Beixone kaHasna ¢ ABITII u ¢a30BpIM 1IyMOM MOKHO 3aINICATh B
BUIE

s(t) = Aexp (j[27fot + (2)]) + w(t),
rme t — BpeMsd; A — aMILINTYAa; fy — HOMMHAIbHAI yacToTta; ¢(t) — dasoBas QyHKIuA curHama; w(t) —
ABI'TI.
IToxx uacTOTHBIM U Pa30BBIM LIyMaMy IOHNMAIOTCI (YHKIIINL:

Af(2) = fo = f(2), Ag(t) = (2) = p(b),
rue f(t), @(t) — pakTIUeCKe MTHOBEHHBIE 3HAUEHNS YaCTOTHI U (asbl CUTHAIIA.
YacroTHble 1 ¢a3oBble IIyMbI TeHEPATOPOB XapaKTePU3YIOTCH CIeAYIOIIMMI QyHKIMAMI [3, 4]:
— CIIeKTpaJIbHAS INIOTHOCTD (ha30BBIX (IIyKTyaLmit

/2 2

2
) = tim_ 2| [ ot exp jenfond
T/2

— CIIEKTpaJIbHad IIJIOTHOCTD YaCTOTHBIX q)HYKTyaI_H/Iﬂ

/2 2

. 2 .

) = lim | [ Afexp (renfode] = 5,00
T/2

- CHeKTpaJIbHaH IIJIOTHOCTDBb OTHOCUTEJIIBHOI'O OTKIIOHEHMA YaCTOThI

2

,Se(f) = !

Sy(f) = 7 Se(f),

fo
rae T — uHTEpBAT HAOIIOOEHS.
K mHTEerpanpHbIM XapaKTepUCTIKAM YaCTOTHOI HECTAOMIIBHOCTY OTHOCSTCS ITapa3uTHbBIE OTKIOHEHUS

dazer ([I0®) n napasurabie oTkI0HeHUs yacToThI ([IOY), onpenenseMblie BhIPAKEHMSIMIL:

i fs
ofir fo) = / S,(P)df. oflfi fi) = / S()df.
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OOG1enrpM3HAHHON MOJEJbBIO IIPeCTABIeHNS CIIEKTPAIBHOI INIOTHOCTY (a30BbIX I YACTOTHBIX QIIyK-
Tyauui IBJISIETCS CTeNleHHas MOfens [3]:

Su(f) = D haf®,

i€ a XapakTepuayeT BU LIyMa; h, XapaKTepusyeT MOLIHOCTD IIIyMa.
B rabiuue 1 mpexncraBieHa KiaccupMKaUUs OCHOBHBIX YACTOTHBIX M (Pa3OBBIX IIIyMOB T'eHEpPATO-
pos [3, 4].

Table 1. Classification of frequency and phase Ta6nuua 1. Knaccndpumkaums 4acToTHOro
noise 1 $a3oBoro wyma
XapaKTepMCTHUKa HaKJIOHa
Tun wryma Sy(f) = haf® | Sp(f) = fehgf?
a p=a-2
YacTOTHBIII IIyM CIyYaifHbIX OIyKIaHMIT -2 -4
YacTOTHBIN QIVKKEp-LIyM -1 -3
Benpiit uacTOTHBIN HIyM 0 -2
dazoBpll GPIMKKEP-LIIYM 1 -1
Besnprit pasossiit mrym 2 0

2. AHAJIN3 TEOPETUYECKUX I'PAHUII AJITOPUTMA

[IpencraBuM OUCKPETHYIO MOJeENb CUTHANA B yCJIOBUIX ¢asoBoro iryma u ABI'TI B Buze

x[n] = Aexp (jo[n]) exp (j[27fon + ¢o]) + w[n], (1)

rmen =0, 1, ..., NA\1 — HOMep orcuera; N — pasmep BbIOOpKU; ¢[n] — orcuers! $pa3oBoro myma; fo —
HOPMIpPOBaHHAs HOMMHAaJIbHASA 4acTOTa; () — HauvaiubHad ¢asa; w[n] — xomurekcHsre orcuers: ABITII
¢ qucnepcuen a‘zv.

Ilpn mccnemoBaHMM aITOPUTMOB OI€HMBAHNS MHTEPEC IpeCTaBlIsgeT CpaBHEHIE CpeJHeKBagpaTiye-
ckoit omm6ku (CKO) onenku ¢ HekoTopoil Teopetmueckoil rpannueit. [Ipu stom CKO onenkn onpemgesns-

€TCA B COOTBETCTBUMU C BbIpA’KEHNEM

rae K — 4mciio sKCIepuMeHTOB; fl ~ OLIeHKa HOPMMPOBAHHOI YacTOTHI.

OG11enpU3HAHHBIM KOJIMUECTBEHHBIM KPUTEPIIEM AJITOPUTMOB OLIEHUBAHNS SIBISETCS CPAaBHEHIE UX
CKO c rpannneit Pao-Kpammepa (I'PK). Ananns nyGuamkaruit mokasaj, YTO Ha CETOTHSIIHUIL AeHb IS
mopenu (1) B ananmutuueckoMm Bume (¢ pagom momytenuit) IPK mosnyueHa ToJbKO Iuis ciryuas, KOTHa
¢[n] sBseTC HOpMaTBHBIM IpoLeccoM [5]. Matemaruyeckne cioxHocTy pu BeiBoge I'PK o6ycioBieHs!
HeCTAlVIOHAPHOCTHIO IIPOIECCOB, KIacCUPUIIMPOBAHHBIX B Tabauiie 1, 1 HEBO3MOKHOCTHIO aHATINTIIUE-
CKOTO IIpe/ICTaBICHMS VX aBTOKOPPEJIALVOHHBIX (PyHKIIVIL.

Paccmotpnm a1y npobiemy mogpobuee. Bynem cumrars, uto ¢[n] B 00111eM ciiyuae SBIsSeTCI HeCTallu-
OHAPHBIM MPOLECCOM C KOBAPMALMOHHOI Matpuuelt Q ,[n] u MareMaTI4eCK1M OXMTaHUEM fy[n], rie n
03HayaeT 3aBYCUMOCTh CTATUCTUUECKIX ITapaMeTPOB OT BpeMeHN HaOIoqeHs.

I'PK B 00111eM cityUae ompeessieTcs 3JieMeHTaMMI TIaBHOI quaroHanyu ooparHoi MmaTpuust Puirepa [6]
C 3JIeMEeHTaM!I
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T
8;1(@)] Ql(g)[au<®>]+;tr [Q 072091229 6

[1(®)]; = [ s S, %,

rge © — BEeKTOp OLEHMBAEMBIX IIApaMeTpOB; U UM © — MaTeMaTHUecKoe OXKUAaHMe VM KOBapMalMOHHAs
Marpuna mpouecca (1).

s HecTalmoHapHBIX IpoleccoB ¢[n] (korma mokasarens ff < 0) aHATUTIUECKUII pacuer 1o (3) HeBO3-
MoskeH. [l aToro Tpebyercs IpencTaBieHNe aBTOKOPPEISIIMOHHON QyHKIMY mpolecca ¢[n] B craumo-
HApHOM IPUOIVDKEHNM, UTO CTABUT ITOJ{ COMHEHVE KOPPEKTHOCTH ITOJIyUeHHOTO KPUTEPISL.

A. ITpubmmkenusni pacuer CKO oneHK o CrieKTpaiabHOI IIIOTHOCTH ($a30BOro mryma

Hpyrum myTeM IOTyUeHN TEOPETIMUECKOTO KPUTeps, ABJIdeTcs MCIOIb30BaHMe BbIpaXKeHIIA, IIpe-
CTaBJIeHHBIX B pabote [7]. Cunras agmquTUBHEBIL IIyM 1 GasoBble QIyKTyalny He3aBUCUMBIMI IIPOLieC-
caMM, a MI3MePUTENbHYIO CUCTeMY JIMHEITHOI, TaKol IoKa3aTelb MOKHO 3aIllicaTh B BUJIe

6f5

g (wr)PRiT (cfy)? -

f Np-

df + (4)

fB
» NI 51n2(7r1'f sin?(Tyzf Nyp)
f f/ S D [1 - N2 sin? (Tyrf)

e IepBoe cilaraeMoe XapaKTepusyeT JVUCIIEPCUI0 YaCTOTHBIX (UIyKTyalil B COOTBETCTBUU C [7]; BTopoe
cnaraemoe xapakrepusyer I'PK orenkn uacrorst B kanase ¢ ABTIII B coorBerctBuu ¢ [6]; 7 — mHTEpBaI
nsMepeHns; Iyp — nepuon nosTopeHnd n3Mepenuir; N — konndectso nusMmepennii; R; — OCIL, BeipaskeHHOE
B eIMHULAX; f; — UaCTOTa AMCKPETU3ALNIL.

B. Pacuer I'PK pns 6emnoro ¢azosBoro mryma

Kaxk 6put0 ormeueno Boitre, IPK mis ciryuas Genoro ¢pazoBoro mryma MoxeT ObITh pacCUMTaHA aHAa-
smutudeckn. ITonosxum B (1) ¢[n] meHTpUpPOBaHHBIM HOPMAJIBHBIM IIPOLIECCOM C AMcIepcreit A = (7;. Hns
MaJIbIX 3HaueHNII (asoBbIX GIIYKTyaluil B COOTBETCTBUM ¢ [5] Momess (1) MOXKHO Ilepenucarh B BUE

x[n] = AQ1 + jo[n]) exp(j[27fon + @o]) + w[n].

Bocnone3oBasiunck pesyiabraramu CBunriepa [6], TPK moxHO 3ammcaTs B Buje

6(2RA + 1
(27)2R,(2RAZ + 1)(N? - N)’

Ormernm, uto oreHKa (5) mpm BbICOKMX ypoBHaX IIOP cTaHOBMTCS 3aHIDKEHHOI. JTO CBSI3aHO C

var(f) = (5)

TeM, UTO MCIIOJIb3yeMble IIpU ee pacuere GOpMyYJIbl MPUOIVLKEHHOTO BBIUNMCIEHNS TPUTOHOMETPUUECKIX
(dyHKIUIT 1af0T GOIBIIYIO0 OIINOKY IPU GOJIBIINX 3HAUEHNSIX apTyMEHTA.

Jpyrum nyrem noxydeHus npudmnkeHHoro BeipaskeHns I'PK aBiseTcsa npeacrapieHne agaiuTIBHOTO
mryma B Buge 6enoro ¢asoBoro iryma. B [8, 9] mokasano, uto npu Beicokux OCII momens (1) MokHO
3amucaTh B BUJE

x[n] = Aexp j[27fon + @o + ¢[n] + nln]],
rae n(n] — LeHTPUPOBAHHBIN HOPMAJIBHBII IIPOLIECC C TUCIIEPCUENT 0,72 = 02 /2A%
Torga orterky I'PK MosxHO mosTyunTs, ipencraBuB ¢pa3oBy0 GYHKIMIO B BUIE IIpoliecca
¢ln] = 27fn+ o + ¢[n] + nn].
[pnusB qonylueHue 0 He3aBUCUMOCTH ¢[n] u n[n], BeIpasum GyHKIMIO IpaBIonogoous u nHpopma-

OVIOHHYIO MaTpuy CIDI/Hnepa:
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1 1 &
L($lf. @o) = 2nod)t exp (‘%2 > (¢ln] - 27fn - fl’o)z);

n=0
&* In L(4|f, 3% In L(4|f, N-1 N-1
_p | L@l ) || 97 In LGS, o) R S
1(0) = of 9f 9o LT e =
9 In L(¢[f, ¢o) FInLGlf, p0) || 02|, N
| _p | SRR 27 Y n  N]
af 9go 99 n=0
N(N-1)(N-2) N(N-2)
T
2
rae o° = o, + 0.
Haiimem ob6parayio matpuiry ®umrepa I71(0), u momyunm I'PK:
. 12 (02 + o2 6 (1 + 2R;c?
var(f) = ( 1 (,,) _ ( ! tp) , (©)
(27)?’N(N? -1) (27r)’RiN(N? - 1)

A2
rme R = — - OCIIL
O-W
B orcyrcTBum ¢azosoro mryma BeipaskeHue (6) Beipoxxaaercs B IPK Ha Brixome xanama ¢ ABITII [6],

a mpu ManoM yposHe IIO® 3T0 BbIpaskeHMe oueHb GIM3KO K pedyabraram CBuHIIEpa (5).
3. PE3YJIbTATbI MOAEJIMPOBAHNM A

Pesynbrarer cpaBuenns CKO anxropmrma (2) ¢ xpureprem (4) mpu BO3HENCTBUM IIPOLIECCOB B COOT-
BeTcTBMU ¢ Tabnuueit 1 mperncraBieHsl Ha pucyHKax 1-5. PasmepHocTs BpIGOpKM N=2048, KonmuuecTBO
sxcnepuMeHTOB K=10000. MomenupoBaHue $pa3oBOro LIyMa BBITOIHAIOCh METOIOM C YUETOM CIEKTPaJIb-
HOIT Macku ¢$a3oBoro iryma, onrncanasim B [10, 11]. [I0P onpenernstocs o ¢popmyie

fa
opfirnfi) = /%m#

H

rae fg — yacrora auckperusauuy; fi = 1/T, T — IOTHBI MHTepBaT HAOIIOAEHNUA.

Ha pmc. 1-3: 1-5 - xpussle CKO uccnenyemoro anropurma misg [109 90°, 45°, 20°, 10°, 5° COOTBETCTBEHHO,
6-10 TeopeTuueckue rpaHuUIbI B cootBeTcTBUM C (4), 11 — kpmBas I'PK B orcyTcrBun dazosoro ryma.

Ha puc. 4, 5: 1-4 - xpussre CKO nccnegyemoro anropurma g I10P 20°, 10°, 5°, 1° cOOTBETCTBEHHO,
5-8 TeopeTHUecKMe rpaHnIbL B cooTBeTCcTBUN C (4), 9 — KkpuBas I'PK B orcyrcTBUM dhazoBoro mryma.
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Fig. 1. The dependence of the standard error on Puc. 1. 3aBucumoctt CKO ot OCLU n NO®.
the OSH and POF. Frequency noise of random YacTOTHbIV LWYM CAyYaiHbIX 61yXaaHW
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Fig. 2. The dependence of the standard error on Puc. 2. 3aBucnmoctrt CKO o1 OCLU 1 MO®.
the OSH and POF. Frequency flicker-noise YacToTHbIN GAnKKep-LUYyM
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Fig. 3. The dependence of the standard error on Puc. 3. 3aBuncmocTt CKO ot OCLU 1 NOD. Benblin
the OSH and POF. White frequency noise YaCTOTHbIN LYM
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ID--i -

OCII, nb

Fig. 4. The dependence of the standard error on Puc. 4. 3asucnmoctt CKO ot OCLU n MNO®.
the OSH and POF. Phase flicker-noise ®az0BbIl ANKKep-LLYM

Fig. 5. The dependence of the standard error on Puc. 5. 3aBucumoctn CKO ot OCLU 1 NO.
the OSH and POF. White phase noise benbii pa3oBsbIl LWyM
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ITo puc. 4-5 MOXHO cHeyaTh caedyIolle BEIBOIBI:

- B KaHaste ¢ uactorHbiMu mrymamu CKO anropurma Gim3ska K sHaueHUsAM 110 (4);

- B KaHaJe ¢ $a30BBIMU IITyMaMu olleHKa (4) sBisercs 3aBbiireHHol kK CKO anropurma. 9to cBsI3aHO
¢ TeM, uTo (4) He ABJIAETCA TeopeTmdeckoll npenenbHoll rpannueii. Ilockonpky I'PK mia xanana c GeJIBIM
($hazoBIM IIyMOM MoOJyueHa aHanutmuecku (BoipaskeHus (5), (6)) merecoo6pasHO MPOBECTU CpaBHEHUE
JITOPUTMA C ITUMIU BBIPAKEHUAMIL.

Pesynprare! cpaBHenns CKO anroputma ¢ BeipaxeHusamu (5) u (6) npencraBieHsl Ha puc. 6, 7.

Ha puc. 6: 1-5 — xpussie CKO ucciegyemoro anropurma miug II0® 15°, 10°, 5°, 2°, 1° COOTBETCTBEHHO,
6-10 TeopeTmueckue rpaHuIbl B coorBeTcTBUH C (5), 11 — kpuBas I'PK B orcyrcrBun dasosoro mryma.

Ha puc. 7: 1-5 — xpussie CKO ucciaegyemoro anropurma miug II0® 15°, 10°, 5°, 2°, 1° COOTBETCTBEHHO,
6-10 TeopeTuueckme rpaHnLBI B cooTBeTcTBUN C (6), 11 — KpuBas I'PK B orcyrcTBun ¢azoBoro mryma.

|0—4 -
107
w
!
10° 2
7
49
510
Iof‘-' I- L : 1 I- L I. ]
-10 -5 0 5 10 15 20 25 30
OCL, 1B
Fig. 6. The dependence of the standard error on Puc. 6. 3aBncmocTtt CKO ot OCLU 1 MNO®. Benbiin
the OSH and POF. White phase noise $azoBbIli LWYM
]0-4 —
]0-5 -
w
1.6
10°F 4
38
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]n.':' I. L i L I- L I. ]
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Fig. 7. The dependence of the standard error on Puc. 7. 3aBucmocTt CKO ot OCLU 1 NMOP. Benblin
the OSH and POF. White phase noise dazoB.blli LWyM
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ITo mpepcraBieHHBIM Ha puUc. 6, 7 KpUBBIM BUIHO, UTO IIpy Mainbix 3HaueHUax [10® CKO arropurma
OueHb O6yM3Ka K paccMoTpeHHBIM npubipkeHnsaM I'PK. OxHako, kak 6bLI10 OTMEUeHO BBILLIE, IIPY BHICOKIX
ypoBHax [I0® rpanuia, nonydyenHas CBUHIJIEPOM CTAaHOBUTCS 3aHIDKEHHOIL. Bripaskenue (6) maet Goiee
TOYHOE NPUOIIVIKEHNE.

BeiBoabl

1. IlpencrasneHs! BolpaskeHMs, npuomyokeHHo onmcbiBaoie CKO anropurma oOLeHKN YacTOTHI, OC-

HOBaHHOro Ha ureparmoHHoM BeruucieHnu AKIIL, B ycimoBuax yactoTHbIX ItymoB u ABITI. Ha
OCHOBAHNM 3TMX BBIPAXEHUII aJTOPUTM MOXKET MCIIOJIB30BaThCA JJIS aHAINM3a MOJITOBPeMEHHON
YACTOTHOJ HEeCTAOVIIBHOCTY KOPOTKMX UMITYJIbCHO-MOAYJIMPOBAHHBIX CUTHAJIOB.

. Ilpennoskena ¢popmyina npubnmkennoro oraucienus ['PK B yciaoBuax Gemoro ¢aszoBoro mryma.

PesynpraThl MomeIMpoBaHNA IIOKA3aJl, YTO NpeoxKeHHasd popmyia TouHee onucbiBaeT CKO an-
ropuTMa Ipu BeICOKMX 3HaueHMax [I0®, uem usBectHas popmyna CBUHTIIepa.

B xanaie ¢ 6enpim ¢azoBbim 1rymom u ABITIT anropurM, OCHOBaHHBIN Ha UTEPAIIOHHOM BBIUVIC-
neuun AKII o6ecrreunBaet orerky ¢ CKO 6im3koii k rpanuiie Pao-Kpamepa.
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