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Among functionally complete sets of Boolean functions, sole sufficient operators are of particular interest. They have a
wide range of applicability and are not limited to the two-seat case. In this paper, the conditions, imposed on the Zhegalkin
polynomial coefficients, are formulated. The conditions are necessary and sufficient for the polynomial to correspond to a
sole sufficient operator. The polynomial representation of constant-preserving Boolean functions is considered. It is shown
that the properties of monotone and linearity do not require special consideration in describing a sole sufficient operator.
The concept of a dual remainder polynomial is introduced. The value of it allows one to determine the self-duality of a
Boolean function. It is proved that the preserving 0 and 1 or preserving neither 0 nor 1 Boolean function is self-dual if and
only if the dual remainder of its corresponding Zhegalkin polynomial is equal to 0 for any sets of function variable values.
Based on this fact, a system of leading coefficients is obtained. The solution of the system made it possible to formulate the
criterion for the self-duality of the Boolean function represented by the Zhegalkin polynomial. It imposes necessary and
sufficient conditions on the polynomial coefficients. Thus, it is shown that Zhegalkin polynomials are a rather convenient
tool for studying precomplete classes of Boolean functions.

Keywords: Zhegalkin polynomial; sole sufficient operator; Sheffer function; precomplete classes; constant-preserving
Boolean functions; self-dual Boolean functions; dual remainder polynomial; leading coefficient
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ITommuaom JKeraJkmHa MHOTOMECTHOTO CaMOJO0CTATOUHOIO o1mepaTropa
JI.10. Beictpos!, E. B. Kyspmun! DOI: 10.18255/1818-1015-2023-2-106-127

1ﬂp0CJIaBCKI/II7[ rocynapcrBeHHbIN YHuUBepcuteT uM. [1.T. lemnnosa, yi. CoBerckasd, 14, Ipociasib, 150000, Poccus.
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ITonHBIN TEKCT Ha PYCCKOM fI3BIKE Ilpuusara k my6unkanmm 17 mast 2023 T.

Cpeny HoHBIX cuCcTeM OYIIeBbIX (PyHKIMIT 0COOBI MHTEPeC IPEACTABIISLIOT CAMOJOCTaTOUHbIE olepaTopbl. OHu 061agaroT
LIVPOKOIT 06JIACTHIO0 IIPMMEHMMOCTY Y He OTPaHIUMBAIOTCS BYXMECTHBIM ciIydaeM. B nannoi1 pabore popmynnpyrorcs
YCIIOBUs, HaKJIAAbIBaeMble Ha K03 QuimeHTsl noianHoMa JKerankuHa, HeoOXOAMMbIE U JTOCTATOYHBIE IS TOTO, UTO-
ObI IIOJIMHOM COOTBETCTBOBAJ CAMOJOCTATOUHOMY OIIEPATOpPy. PaccMOTpeHO MoIMHOMMAIBHOE IIpeCTaBIeHe GyIIeBbIX
(GYHKLMIT, COXpaHAIOLX KOHCTAHTY. [J0Ka3aHo, YTO CBOICTBA MOHOTOHHOCT ¥ JIMHETHOCTY He TPEOYIOT CIeLUalbHOTO
pPacCMOTpeHUs TIPU ONMMCAHUY CAMOLOCTATOUHOTO OIlepaTropa. BBOAMUTCS MOHATME MOJIMHOMA JABOICTBEHHOIO OCTATKA,
3HaUEeHIe KOTOPOTO I103BOJISIET OIIPENEINTh CAMOABOJICTBEHHOCTD OyeBoit pyHKIuu. lokazaHo, uto coxpaHsomias 0 i 1
WM He coxpaHsomias Hu 0, Hu 1 OysneBa QyHKIVS ABIAETCS CaMOIBOIICTBEHHON TOTA M TOJIBKO TOTA, KOIZA JBOJI-
CTBEHHBIII OCTATOK COOTBETCTBYIOLIEro eit nmonnuoma JKeranknua pased 0 s q100bIx HaGOPOB 3HAUEHUIT IIepeMEHHBIX
¢yuxuu. Ha ocHOBaHuM 31010 haKTra 1osryueHa cucreMa Bexymux ko3¢ guiueHToB. PerieHne 1aHHOII CUCTEMBI I103BO-
JI0 cHOpPMYIMPOBATH KPUTEPUIL CAMOJBONICTBEHHOCTH GYIIE€BOI (PYyHKLUMM, IIPEACTABIEHHOI TonnHOMOM JKerankua,
HaKJIaJbIBAIOIINII HEOOXOMMMbIE U OCTATOUHBIE YCIOBMS Ha K0adduimeHTsI HoanHoMa. Takum oO6pa3oM, mokasaHo,
uTO MOJIMHOMBI JKerankuHa siBJIsSIOTCS JOCTATOYHO YIOOHBIM MHCTPYMEHTOM IIPU MCCIIEOBAHMM TIPEIIIONHBIX KIIACCOB
OyJ1eBBIX QYHKIMIL.

KiroueBpie caoBa: monmuoM JKerankmua; camomoctaTouHslil oneparop; ¢yukiusa Ileddepa; mpenmonHsle Kiacchl;
OyJ1eBbI GYHKIIN; COXPaHIOLe KOHCTAHTY; CAMOIBOIICTBEHHBIE OyJIeBbI (GYHKIVI; IIOJIMHOM JBOJICTBEHHOTO OCTAaTKa;
BeRyLIMIT KO3 PUIMeHT
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Bystrov L. Y., Kuzmin E. V.

Beegenue

HaGop 6yneBsix GyHKIMIL, Uepe3 CYIIEPIIO3ULIIIO KOTOPBIX MOKHO 3aIICaTh IOy OyieBy GyHKIIIO,
HAa3bBIBAETCS IIOJHOI cucreMoitl OyneBbrx ¢pyHkumit [1]. s ompemereHns IOIHOTH CUCTEMBI OYJIEBBIX
¢dyuxumit ncronbdyercss Teopema ITocTa 0 MOIHOTE, ONMPAOIIASICS HA TIOHATIE IIPEIIIONHbIX KIACCOB.

Bynesa ¢ynxkius, cama 1o cebe o6pasyrolas IIOJIHYIO0 CCTeMy OyJIeBBIX (GYHKIIVIL, Ha3bIBAETCS CAMO-
IOCTATOUHBIM oriepatopoM (sole sufficient operator), wnu pyuxkuueit Hleddepa [2]. HanbGomee n3BecrHbIMn
13 CAMOJOCTATOUHBIX OIIEPATOPOB ABIIAIOTCA ABYXMecTHbIe Ppynkium: wtpux [Hleddepa u ctpenka Inpca.
Oyukuun [lepdepa 06magaroT MMPOKOIT 06IACTHIO TPUMEHUMOCTH [3].

Vcrionp30BaHme cCaMOJOCTATOYHBIX OTIEPATOPOB HE OTPAHIUEHO TOJIBKO JIMIIIh JBYXMECTHBIM CIIYUAEM.
Hampumep, caMogocTaTOUHBIM SIBISIETCSA TPEXMECTHBIN (TepHAPHBII) onepatop A. A. Mapxosa [4].

JIro6as OysmeBa QyHKIMA MOKeT ObITh IIpefcTaBileHa B Bupae moimHoMma Keramkmuna. B cratee [5]
C.H. CenesHeBoill ObUIO IIOKa3aHO, YTO I CHCTeM OyJseBbIX QyHKUMIL, 3agaHHbIX monrHoMaMu JKerai-
KITHA, CYLL[ECTBYET aJITOPUTM OIIpeeeHNs IIOJTHOTHI CUCTEMBI C IIOJIMHOMMAIBHOI CJIOXKHOCTHIO.

B manHOI paboTe mcciemyeTcs o601t Bun noanuoma JKerankmHa, peannsymoIero cob0i1 camomocTa-
TOYHBII MHOTOMECTHBII ortepatop. ChopMyIImpoBaH 1 JOKa3aH AL yTBEPKIAEHNII O CBOJICTBAX OyJIeBbIX
GyHKUMIL, IpeCTABIEHHBIX B Bufie monnHoMa JKerankuHa, OTHOCUTENBHO UX IPUHAIIEKHOCTY K IIpe/-
oJHBIM KitaccaM. Ocoboe BHMMaHMe yIeleHO CBOMCTBY caMofBoiicTBeHHOCTH. ChopMyImpoBaH Kpure-
puit caMonxBoOIICTBeHHOCTH OyeBoit ¢pyHKImu, 3agannoi nonuHomom Kerankmua. HakoHern, nonyuex
o061t By mosmHoMa JKeranikyHa MHOTOMECTHOTO CaMOOCTaTOYHOIO OIIepaTopa.

1. OcHOBHBbIE IOHATUA

3amvikanuem [A] HaspIBaeTCsT MHOXKECTBO BCEX OYIEBBIX QYHKLINIL, IIPENCTABMMBIX B BIUIE CYTIEPIIO3M-
1 pyHKLMIT MHOXKecTBa A. MHOKeCTBO A SIBIIsSIeTCS (PYHKYUOHATbHO 3AMKHYMbIM Kiaccom, ecnu [A] = A.
MHoKecTBO Ha3bIBAeTCS NOTHOU cucmemoli 6ynesvix ¢yHKyut, ecnu jobas 6yaeBa GYHKIMA MOXeT ObITh
3amucaHa B BUJE CYIIepIIO3ULNy uepe3 QyHKIM 3TOI cucTeMsl [1].

Knacc R 6yneBbix QpyHKIMIT Ha3bIBAETCA NPeOnosHbiM, €CII OH He II0JIOH, HO MM JH060it GyeBoil
byHkumMn f, He IpPUHAIIIEXKAIIEN 9TOMY KJIacCy, MHOKeCTBO R u {f} aBusgercsa momubim [6]. Immias Ioct
II0KA3aJI, UTO STOMY YCIJIOBUIO YIOBIETBOPSIOT CIeYIOIIVIE KIAcChl [7]: Klacc S caMOABOMCTBEHHBIX QyHK-
Luit, kaacc M MOHOTOHHBIX (QyHKIUIL, Kinacc L auHeltHbIX GyHKImit, kiacc Ty pyHKImi, coxpaHsomux 0,
u knacc 17 QyHKUmit, coxpaHsommx 1.

Bynesa dyukuus f(xi, ..., x,) coxpansem koucmanmy 0, eciu f(0, ..., 0) = 0.

Bynesa dyuxkuus f(xi, ..., x,) coxpausem xoncmanmy 1, ecnn f(1,...,1) = 1.

Oy f(xq, ..., X,) Ha3bIBAETCS JTUHEUHOT, €CIIV OHA IIPeNCTaBUMa ITOJIMHOMOM JKerayikuHa He BBIIIe
IIEPBOII CTETIEHN [8], 1. e. eciut CYILIECTBYIOT TaKle KOHCTaHTHI a; € {0, 1}, i €0,n, uro

flxr, o xp) = ao ® a1x1 @ ... ® ayxy.

s nByx HaOOpPOB 3HAUEHUIT ITEPEMEHHBIX & = (o, ..., ) U f = (Bi, ..., fn) BBIIIOIIHEHO OMHOWEHUE
npedwecmeoganus & < f, ecnn

o < ﬁl,---,an < ﬁn-

Oyuxkums f(xq, ..., X,) HA3bIBAETCI MOHOMOHHOT, €CIIN IS JIIOOBIX ABYX HAGOPOB & U f§, TAKUX UTO & < f3,
UMeeT MeCTO HEPaBEHCTBO

f@) < f(h).

Bynesa dyuxkunms f*, f*(x1,...,x,) = f(x1,...,%,), Ha3pIBaeTcs 06oiicmeeHHol QyHKUMEN K QYHKIUM
f(x1, ..., x,). Oyuxuusa f aBisgercss camoosoticmeennoti, ecin f = f°. Inga caMOOBOMICTBEHHON (PyHKIMU
JIMEET MECTO TOXKIECTBO [1]

&1 %) = fx,oen ).
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ByneBa QyHKUMS HA3BIBAETCS AHMUCAMOOBOUCMEEHHOU, VI CAMOCONPAHEHHOTU, €CIIV BBIIIOIHIETCS
yciosue [9]

Fty ey Xn) = F(RT, .., For):

Teopema 1. (Teopema ITocta o monuore [1]) s mozo umobv cucmema Oynesvix ¢yHKYutl 6biia nOIHOLL,
Heo0x00UMO U 00CMAmouHo, Umobbl OHA YETTUKOM He cooepicanacy Hu 6 00Hom u3 kraccog Ty, Ty, S, M u L.

JIrobas GyneBa pyHKIMS MOKeT OBITH 3ammcaHa B Buae (pOpMyJIbl, IpeACTaBIAIONIel co00i CyMMy
II0 MOAYJIIO 2 CJIaraeMbIX BUAA Xj Xj, - X;, U, OBITH MOXKeT, KOHCTaHTEI 1. 9Ta opMyIsia HOCUT HasBaHIUe
nonunoma Keeankuna [10]. Ilomuaom Kerankuna P 6yneBoit GyHKIMH f OT n IepeMeHHBIX B 00II[eM BUe
BBINIANUT CIEAYIOIINM 00pasoM:

P(x1, ... Xp) = Q9 ® a1X] © ApXp ® ... ® ApXy © A1 2X1X2 ® A13X1X3 ® ... ® 41Xy -+ Xp, THE Qp, ..., d1.. n € {0,1}.

2. CsoricTBa coxpaHeHusa 0 u 1 B moanmHomax JKerajakmHa

Yro6Bl MONYyUUTh CAMOLOCTATOUHBIN OIEPATOP, TO €CTh ITOJHYIO CUCTEMY OYJIEBBIX (PYHKLIMIL, CO-
CTOSIIIIYIO TOJIBKO M3 OJHOM (PYyHKIMM, MBI OyJeM I103TAIIHO IPeobpa3oBhIBATH IIOJIMHOM OOIIEro BMA
P(x1, ..., X), COOTBETCTBYIOLMIT OyieBOMt PyHKIMMA f(x1, ... , Xp), TAK, UTOOBI UCKIIIOUNTH QYHKIIMIO f 113 KaK-
IIOTO U3 MPEIIOIHBIX KJIACCOB.

Jlemma 1. Bynesa ¢pynkyus f coxpansem 0 mozda u monvkKo mozoa, koeda coomeemcmeyouutl eti NOTUHOM
Keeanxuna P umeem Hymeoli c6o600HbLT KOIPPuyuenm:

f€T0<:>a0=O.

Hoxazamenvcmeo. Pyuxiusa f, npencraBieHHas monumHoMoM P, Gymer coxpauaTs 0, eciu Ha HYJIEBOM
Habope IepeMeHHbBIX OHa NpuHuMaeT 3HaueHue 0. CiiefoBaTeIbHO, MIMEIOT MECTO PABEHCTBA

P(0,...,0) = ag = 0.

O6patno. Ecnu B monnaome P cBoboxHbI KoadduiimeHT gy paBeH 0, To Ha HyJIeBoM Habope 3HAUEHUIT
nepeMeHHbIX IoanHoOM P 6yner paBen 0. CiegosarensHo, f(0,...,0) = 0. OJ

Jlemma 2. bynesa gpynkyus f coxpansem 1 mozda u monvko mozoa, K020a 6 COOMEemcmeyujem eti NoTUHoMe
JKeeankuna P uucno eOuHUUHbIX KOIPPHUYUEHMOE HeUémHo:

f S Tl — ap® @ ail’m’ik = 1.

Hoxazamemvcmao. s BoinonHenus yenosus f € Ty Heo6xoammo, uTo0bI Ha e IUHUYHOM BXOAHOM Habope
OyneBa ¢pyuxums f npuHuMaina sHadeHune 1. Paccmorpum piis f monnaom P Ha aToM Habope:

P(1,..,1)=ay©a; ©a;®...0a,9a;204139...90a,._,=1;, = P(,.,1)=1e..01;
[ —
HeUéT. KOJI-BO
ap © @ ail,“_,ik =1.

1<i<...<ix<n
kel,n

O6patHo. CooTBeTCTBYIOLIMIT GYHKUUY [ MOIMHOM P ¢ HEUYETHBIM KOJIMYECTBOM HEHYJIEBBIX K03(-
buIeHTOB Ha eIMHNYHOM Habope 3HaUeHNIT IlepeMeHHBIX OyieT paBeH 1. [leficTBUTEIBHO,

f(1,...,1)=P1,..,1)=ay©a;©a:0...00, 90120 4130 ...90a;_p,= 1®..01 =1
[ —

HEUET. KOJI-BO
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JlemMmsI 1 1 2 ITOKa3bIBAIOT, KaK CBOJICTBA coxpaHeHus 0 1 1 6ysneBoit pyHKIMM f IIepeHOCAaTCsI Ha CO-
OTBETCTBYIOIIMII elf mosmHoM P. CaMOmoCTaTOUHBIN OIlepaTop He o0JamaeT HU OOQHUM U3 3TUX CBOMICTB.

[TonmuoM JKeraJgkmHa, COOTBETCTBYIOIIUII CAMOJOCTATOYHOMY N-MECTHOMY OIIepaTopy 0003HAUMM
uepes 13(x1, e X))

Jemma 3. /s nonunoma P(xy, ..., x,) 6binonHsemcs:
1) ap =1,
2) @ ail)m,,’k =1.

1Sih<...<ik<n
kel,n
Hoxazamenvcmeo. CaMomocTaTOUHBII ontepaTop He coxpanser 0. CiregoBaTenbHo, 1o Jlemme 1 B moImHO-
Me P cBOOOIHBIN KO3 PuLmeHT paBeH 1, T.e. ap = 1.
CamopocraTouHbII ortepaTop He coxpanser 1. CireqoBarenbHo, 1o JlemMme 2 UnciIio e JUHUYHBIX KO3g-
($uIMIeHTOB ITONMHOMA P uérHo:

ay @ @ Aiy,.. iy = 0.

sl
1<i<..<ik<n
kel,n

U3 toro daxkra, uto gy = 1, monyuaem

3. O cBo¥icTBAaX MOHOTOHHOCTH ¥ JIMHEITHOCTI

Jlemma 4. Bynesa gpynkyus f(xq, ..., X,), He coxpausowas Hu 0, HU 1, He AGIAEMCS MOHOMOHHOLL

Hoxazamenvcmeo. IIpenmonoxum mnporusHoe. Ilycts GyneBa ¢yukuus f, He coxpansoomas uu 0, HI 1,
ABJIAETCA MOHOTOHHOI. Torma [ HyJIeBOro M eIUHUYHOTO HAGOPOB 3HAUEHUIT IEPEMEHHBIX X1, ..., Xp
JOJDKHO OBITH cIipaBeuBo HepaBeHCTBO f(0,...,0) < f(1,...,1). Ho mockosnbky pyHKUMS f He coxpaHseT
uu 0, Hu 1, umeem f(0,...,0) = 1 u f(1,...,1) = 0. [oayunmny, uro 1 =< 0. [Ipuuwim Kk TPOTUBOPEUNIO.
CiremoBaresnbHO, paccMaTpuBaeMast QyHKIUS f He SBJISIETCS MOHOTOHHOIA. O

ByseBa ¢pyHKIMS, COOTBETCTBYIOIIASA IIOIMHOMY P, ue coxpangeT Hu 0, Hu 1. U3 JlemMmsr 4 crenyer,
uTo 3Ta QyHKUMUI He 061a1aeT CBOICTBOM MOHOTOHHOCTIL.

Ha panHOM 3Tame HepacCMOTpPEHHBIMU IIPEeAIIOTHBIMHI KIaccaMM OCTAJINCh KJIacc S caMOIBOMICTBEH-
HBIX QYHKUIMI U Ki1acc L IMHeMHBIX QyHKIIIL.

CyuiecTByeT TeopeMa, KOTOpas YTBEPKIAET, UTO JiH06ast 0ynesa PyHKYus, He NPpuHaoexaujas 00Hoepe-
menno knaccam Ty, Ty u S, He sensemces nunetinoti (He MpuHamIeKuT Knaccy L) [11]. Iloatomy HeT Heo6xo0-
IUIMOCTM paccMaTpuBaTh Kiacc L oTgenbHo ot kiacca S. Eciy nekimounTs GyHKIMIO f, COOTBETCTBYIOIIYIO
IIOJIMHOMY P, us xnacca S, T0 910 OyIeT o3HauaTh U MICKIIOUeHMe e€ 13 Kiacca L.

4. CaMoaBOVICTBEHHOCTH B momHomax JKeraakmaa
Ilepeitném K pacCMOTPEHNIO CBOJICTBA CAMOABOIICTBEHHOCTH B IOJIMHOMAaX JKeraakmHa.
4.1. CaMOaBOMCTBEHHOCTDH U IIOJIMHOM ABOVICTBEHHOI'O OCTAaTKa

CamopBoiicTBeHHAss GYHKUMS 10 ONpeqeIeHINI0 JOJDKHA I1n60 OHOBPEeMEHHO coxpaHaTh 0 u 1, 1ubo
He coxpaHATh HI 0, HI 1.
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Omnpepenenne 1. IIycts P — nonuuom Keranknna 6yseBoit pyHkumn f,

P(x1, ... Xp) = Gp ® a1X] © ApXp @ ... ® ApXp ® A1 2X1X2 ® A13X1X3 ® ... ® A1_pXy -+ Xp, THE dp,...,d1..n € {0,1}.

ITonuuaom N Buma

N(x1, .., Xn) = ar2(x1 © x2) @ a13(X1 © X3) @ ... ® A1) n(Xn-1 © Xn) © A123(X1X2 & X1X3 ® X2X3 ® X @ Xz © X3) ©
® ... ® Ay, n(X1X2  Xpo1 @ X1X0 XX @ ... ® X2 X3 X @ ... ® X © X2 ® ... D Xp).

HA30BEM NOJITUHOMOM 080TICMBEHH020 0CMAmMKA nosuHoma P, mnu deoiicmeenHbim ocmamkom P.

Teopema 2. [Iycmb 6ynesa ¢ynxyus f coxpansem 0 u 1 unu He coxpansem Hu 0, Hu 1. ynkyus f semns-
emcst camo080UCMEEHHOT Mo20a U MoIbKo moeda, Kozda 06oticmeeHHbiii ocmamok N coomeemcmeaytoujezo et
nonunoma Xezankuna P pasen 0 0msi 1100bix HAG0PO8 3HAUEHUT NEPEMEHHBIX X1, Xz, ... , Xp.

Hokasamemnvbcmeo. Jl0ka3aTeqbCTBO TeopeMbl pasbmBaeTcs Ha 2 ciaydas: 1) ¢pyHkius f coxpanser 0 u 1,
2) pyuxinsa f He coxpanser uu 0, Hu 1.

1. ®yukuus f coxpauser u 0, u 1. ITo Jlemme 1 B monmuHOMe P cBOGOIHBIN KO3 duIMeHT dy paBeH 0,
a 110 Jlemme 2 cymma K03 PUIMEHTOB IOIMHOMA HEUETHA:

ai,..i = 1. (1)

1< <<k <n
kel,n

ITonnuom P mmeet Bug
P(x1,.,Xp) = A1X1 ® A0 @ ... ® ApXp ® A12X1X2 ® A13X1X3 © ... ® A1 X7 - Xy
YcnoBue caMoaBOIICTBeHHOCTY QYHKIMK [ MOKeT OBITH IIEpeNICcaHo B BUE
f(xl,...,x,,) = f(xq, ..., %) < P(xy, ..., %) = P(x1, ..., %p). (2)

OyHKIUM OTPULIAHKS X COOTBETCTBYET IoJMHOM JKeraskmHa x @ 1, mosTomMy P(1, ..., X;) MOXHO 3a-
MICATh CIERYIOLINM 00pa3oMm:

PGa,....%p)=a(x1el)ea(yel)e...ea,(xmel)eanel)(nel)e

eas(nel)sel)e...ea ,(xel)(npel)(xel).

PaCKpOCM CKOOKI 1 CrpyInmpyeM IOJyU€HHBIE ClaraeMble:
P(XT, ,X7n) =W 0AW®.09a0,9A2090139...901,.n®
S a1X1 ® A X2 @ ... ® ApXy © A1 2X1 X2 ® A13X1X3 D ... D Ay _n X1 Xp

@ apo(x1 ©x2) ® a;3(x1 © X3) @ ... ® A1 p(X1X2 - X1 ® X1 X2 X2 X @ ... D XpX3 X ® ... DX ® X3 ® ... ® Xp).

Msr1 pasgenunn moiauaoM P(xq, ..., %,;) Ha 3 yacTu: cymMa K09 pUIMeHTOB IOIMHOMA, CaM ITOIMHOM
P(xy, ..., x,) u ero gBOVICTBeHHBIIT OCcTaTOK N (X1, ..., X,). Bocrmonsayemcs cBoiictBoM (1) mosmHOMA P, UTOOBI
3aMEeHUThb CYyMMY K09 UIeHTOB IoIMHOMA Ha 1:

P(xT,,fo =4 09A...9a0,9A290139...941,. n®

1
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O a1X1 ® A Xy @ ... ApXy © A1 2X1 X2 ® A13X1X3 @ ... D Ay, _n X1 Xp ®

N

P(x1,...%n)

®a2(x ©x2) @ a13(x1 ©X3) @ ... @Ay, n(X1X2  Xpo1 @ XX X2 X @ ... OX] @ X © ... ® Xp).
N

-

N(x1,0.0%n)

B pesynbrare nonxmuom P(X, ..., X,,) npuoGpeTéT B

PG, ..., %) =18 P(xq,...,x,) ® N(x1, ..., %) = P(x1, ..., x5) © N(x1, ..., x).

IIpm N = 0 BBIIIOJIHEHO YCIOBUE CAMOABOMCTBEHHOCTH (2):

P(x1, %3, ..., X5) = P(xy, ..., xn).

Taxum o6pasom, ecinu GpyHKuMs f SBISETCS CAMOMBOJICTBEHHOI, TO JABOJICTBEHHBIN OCTaTOK N cO-
OTBETCTBYIOIIIETO eil oJnHOMa P mosmkeH ObITh paBeH 0 I JTI00BIX HAOOPOB ITEPEMEHHBIX X, X2, ... , Xp,
7 Hao0OPOT: ecy JBOVICTBEHHBIN ocTaToK N paBeH 0 s JIOOBIX HAOOPOB II€PEMEHHBIX Xi, X2, ..., Xp,
TO BBIIIOJIHEHO YCJIOBUE CAMOABOVICTBEHHOCTIL.

2. dyuxumsd f He coxpausier Hu 0, Hu 1. [To Jlemme 1 B monmuOMe P cBOGOAHBI KO3 PuLiMeHT ay paBeH 1,
a o Jlemme 2 cymma KoadduimeHToB rmonuHoma uétHa. CieqoBareIbHO, CyMMa BcexX K03 uUIlMeHTOB
noamHoMa 6e3 dy HeuéTHa:

aj,,..i = 1. (3)

1< <<k <n
kel,n

ITonmuuom P uMeer BUL

P(xy, ... Xp) = 1@ a1x) ® agxp & ... dpXp ® A1 2X1X ® A13X1X3 © ... ® dy__pX| - Xp.
P(x1, ..., X,;) MOXXHO 3aIlicaTh Kak

PG, ... %) =1loag(xol)ea(nel)e..oax,ol)eanel)(nel)e

eas(rel)mel)e..ea (xqel)(nel) (xel).

PaCKpOEM CKO6KM n CI‘pYHI'II/IPYEM IIOJIYyY€HHbIE CJlara€MbI€:
P(Xf,.... %)= 219020 ...90,© 0120 0139...0 41, ®

®1ea1X1® WX ®...0 apx, ® A12X1X2 ® A13X1X3 © ... ® A1 _pnX1 " Xp
®a;2(x ®x2) @ a;s(x ®x3) @ ... ® ay,_p(X1X2 - Xn_1 ® X1X2  Xp2Xn @ ... @ XpX3 X @ ... O X1 © X2 @ ... ® Xp).

AHanormuaHo CIIy4daro 1 MBI pasnenamian IIoJIMHOM Ha 3 yacTu. I/ICHOJII)BYH CBOIICTBO (3), IIOJIyYIM

P(.XT, ,Tn) SA19@Wm®...00,9a01290139...941, 4, ®

1

®lea1 X1 ® WX, ®...0 ayx, ® A12X1X2 ® A13X1X3 @ ... ® Ay _n X1 Xp ©®

J

P(x1,...%n)

@ a1a(x1 @x2) @ ar3(x @ x3)@...@ay, (XX Ky O XN XX @ ... OX O X D ... D Xp).

N(x1,...%n)
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B pesynbrare P(Xy, ..., X,) IpuoOpeTéT BT
P(X1,...,%n) = 1@ P(xy, ..., X3) ® N(x1,..., xn) = P(x1, ..., %) ® N(x1, ..., Xpn).

IIpu N = 0 BBIIIOJIHEHO YCIOBUE CAMOABOMCTBEHHOCTH (2):

P(x1, %3, ..., %) = P(xq, ..., xp).
O

W3 Teopemsl 2 ciemyeT, UTO caMOABOMICTBEHHOCTh B IOJIMHOMax JKerajikmHa ompenesseTca OBOII-
CTBEHHBIM OCTaTKOM. Ecii IBOJICTBEHHBINT OCTaTOK paBeH 0 Iy J00BIX HAOOPOB 3HAUEHMIT IIepeMeHHBIX
X1, X2, ..., X, TO MO’KHO TOBOPUTb O CAMOJABOJICTBeHHOCTM GyHKUMN. [IpoBepKa JaHHOTO YCJIOBUS ITyTEM
IT0CJIeJOBATEIFHOTO PACCMOTPEHNS JBOMICTBEHHOTO OCTAaTKa Ha KaKIOM 13 HaGOPOB BBITIIAINUT TPYXOEM-
Koi1 3agaueit. [losromy pesymnbsraT TeopeMsl 2 cKopee TeopeTHUUecK!it, 4eM IIpaKTueckuir. Pemernnto stoit
npo06JIeMbl ITOCBSIIEH CIIeTyIOIIIT pa3met.

4.2. Cucrema Begymux Ko3¢ppuumneHToB

O6o3uaunm uepes P; _; momuaoMm Kerankusa P/(x;,,..., X;, ), B KOTOPOM Bce KO3 ILUMEHTHI, KpoMe
cTapiiero u cBOGOIHOrO, eIMHIUHbIE:
/
Pi1 =P (X,’l) = 0,
/
Pil,-~~,ik =P (xil, cees xik) =X ® X, ©...0 X, © X Xj, O Xy Xy ... X, Xyt Xji_ D Xy Xjy Xy, Xy @ ... D X, Xy Xy

IIpumep 1. IlocTpoum noamHoM P 53.

IMonuuom Kerankuna P(xq, X2, X3) B 00II[EM BUIE UMeEET CIEAYIOLIEE IIPEACTABIEHIE:
P(xl,xz, X3) =0qy® a1 X1 © AxXy ® d3X3 © a;2X1X2 [S7] a1,3x1x3 (5] az3X2X3 (57] 01’2,3X1X2X3.

B monmHOMe P 53 110 OIIpeiesIeHIIo CTapIInii 1 cBOOOMHBIN KoadduumenTs! paBHEI 0: gy = a;23 = 0. Bece
ocranpHble KoapduimenTs! pasusl 1. [lonuuoM P 23 = P/(x1, X2, X3) 3aIMChIBAETCS CIIAYIOLIUM 00pa3oM:

P1)2)3 = X1 D X2 D X3P X1 X2 ® X1X3 D XoX3.

IBoiicTBeHHBIN ocTaToK N monmHoMa P MoxHO nepenmcarh yepes IMOJIMHOMBL Py,

N(Xt, . %0) = a12(x1 @ x2) @ a1 3(x1 @ X3) @ ... @ A1, n(X1X0 X1 ® XIX = Xy 2Xn @ ... O X1 © X2 @ ... © Xp) &=
~ N(xl, cees xn) = 01,2P1’2 (5] (11’3P1’3 d...0 al,m,nPl,._,,n.

Jlemma 5. Yucrno cnazaemvix nonunoma Py ; uémno.

N %

ﬂOKaBameﬂbcm60. Yo ciaraeMbIX MOJIMHOMA Pil,---,ik MOKHO HANTU uepes CyMMy uucia coueTaHUI1, rae
KaXXJOMy COUETaHUIO Cllc COOTBETCTBYET UMCJIO CI10c000B C(l)OpMI/IpOBaTb KOHBIOHKIIMIO i-OJ CTEIIEHI 13 k
II€EPpEMEHHBIX:
1 2 k-1 _ o5k
Ck+Ck+"'+Ck =2"-2.

O

Teopema 3. Pynxyus, coomsemcmeyowas nonunomy Keeankuna P; . ;, , Ha m060m Habope 3HaueHUll nepe-
MeHHbIX, KpOMe HYTe6020 U eOUHUUHO20, PacHa 1.
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[lokazamenvcmeo. Ha HyneBom Habope Bce ciaaraemele moauHoma Py, ;. paBHeI 0. 3HaunT, P’(0,...,0) = 0.
Ha empmamanOoM Habope Bce ciaraemble monmHoMma Pj  ; pasHBI 1. ITo Jlemme 5 umciio Bcex ciraraeMbIX
noiauHoMa Pj  ; uérno. CiemoBarensHo, P'(1,...,1) = 0.

Temnepp paccMOTPUM IPOM3BOJIBHBIN HAOOp 3HAUEHUI IIepeMeHHBIX & = (@, ..., ;. ), AT KOTOPOTO
BBIIIOJIHAETCA YCIoBue, uTo 3t, p € 1Lk t# pr o =1, a, =0.

B momunome Pj, ; KOHBIOHKLIM, COReprKallye IIePEMEHHYIO X;j,, PaBHbI 0 IS BCeX HAWIEHHBIX p.
Paccmorpum monmuOM P, ;, 6€3 3TUX KOHBIOHKIMIT (cumraeM mx paBHbIMH 0). IlonmmHOM comep:kKmt
TOJIBKO KOHBIOHKIIMY C IIepeMEHHBIMN X;, [JIf HAlJeHHBIX {. BygeM cumrarh, UTO TaKuX f OBUIO HallIeHO
m LITYK, Tae m < k:

~ /
Py (@) = Pay, ..., &, ) ® &y, -, =P ® a, - -

bl

Ilo JlemMme 5 umciio ciaraeMbIx Pitl
TeJIbHO, Pitls---,itm =0.

_ uérHo. Bce ciaraembie Pizl ol HA Habope & paBus 1. Ciemgosa-

R W,
Bce uneHbl KOHBIOHKIMM @;, -+ @, PpaBHBI 1. CiiejoBaTeNbHO, caMa KOHBIOHKIMA pasHa 1. Takum
o6pasom, monmHOM P ; Ha Habope & paBeH 1.

O]

Omnpepenenne 2. Koadduiyenr a; ; MOIMHOMA JBOVCTBEHHOro octaTka N(Xi, ..., X,) Ha30BEM 6edy-
wum Ha Habope & = (i, ..., ap), kK < n, eCIM COOTBETCTBYIOLIMIT 3TOMY KO3(QPUIMEHTy IoIMHOM P; _;
Ha Habope ¢ IpMHUMaeT 3HaueHue 1.

k

Teopema 2 yTBepKOaeT, YTO CAMOIBOIICTBEHHOCTh QYHKIMU [ OIpemessieTcss ABOMCTBEHHBIM OCTAT-
koM N coorBercTByiotiero pyukuunu f monmuoma P. Ecim mis Bcex HaGOPOB IepEMEHHBIX Xi, Xy, ..., Xp
IBovicTBeHHBIN ocTaToK N paBer 0, To coxpansomias 0 i 1 uiau He coxpansoras uu 0, Hu 1 pyskums f
ABJIIETCA CAMOMBOCTBEHHON. 3HaueHMe moamHoMa N Ha HEKOTOpOM Habope MepeMeHHBIX (i, ..., Xy)
oIpefeiseTcs BeOyIIUMHU Ha 9ToM Habope kKo3dduumeHTaMu.

PaBeHcTBO HyJII0 ABOTICTBeHHOTO OocTaTKa N 11d 11000r0 Habopa mepeMeHHbIX X1, X3, ..., X, O3HAUAeT,
YTO BEKTOP 3HAUEHMIT KO3PULUMEHTOB d; 2, A1 3, ..., 41, n SIBISIETCI PEIlIeHNEM CUCTEMBI:

N(0,0,0,...,0,0) = 0,
N(1,0,0,...,0,0) = 0,
N(0,1,0,...,0,0) = 0,
N(1,1,0,...,0,0) = 0,

4)

N(1,0,1,...,1,1) = 0,
N(0,1,1,...,1,1) = 0,
N(1,1,1,...,1,1) = 0.

L

[ TOTO UTOGBI OIIPEREINTD, IBIAETCA M KOIGPUIMEHT a;, _; BeIyLIUM Ha Habope o, HEOOXOUMO
BBIUNICTINTH 3HAUeHNUe rmoiamHoma Pj ; Ha atom Habope a. Ciemyromias TeopeMa ITI03BOJISIET HAXOOUTh

BeqyLue Ko3hdUIMeHTsI 63 MCIIOIb30BAHNU ITOJIMHOMOB Py ;.

Teopema 4. Kosgppuyuenm a;_; nomunoma osoticmeennozo ocmamka N(Xi, ..., Xp) A61A€mMca 6e0YUUM
Ha Habope & = (o, ..., ap), ecnud t,pE Lk, t#p: o, =1u ai, = 0.

Koagpgpuyuenm a;, . ;, He a6nsemcs 6edyusum Ha Habope &, ecnu 0na ¥Vt € 1,k évinonneno oy, = 1 unu ecu
onaVp € 1, k évinonneno a;, = 0.
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[okazamenvcmeo. Ecmm Vt € 1, k umeeM a;, = 1, To mu1s monmmHoMa P, ;, Habop & ABIAETCA eIMHIIHBIM.
W3 Teopemsr 3 cnexyer, uro P;,; = 0. Ilo onmpenenenmio a; _; He GBIfeTCA BeIyIINM KoapduimeHTOM.
Ecnu vp € 1, k umeem @, = 0, To [y TOIMHOMA P, i, Habop & aBngerca HyneBpIM. M3 Teopemsr 3
caexyet, uto P; ; = 0. Takum o6pasom, a;, . ; — He BeqyLuit KoapduumenT.
Tenepp mycte 3 t,p € Lk, t # p : a;, = 1m a;, = 0. Hnsa nonmuoma P ;
HM eIMHUYHBIM, HI HyJeBbIM. CienoBaTensHo, o Teopeme 3 monuuom Pj
[Momryunnm, 9To a;, ; — BeXyIIUil KO3pPUIMEeHT.

Habop & He SIBJISETCS
Ha Habope & paBeH 1.

k

O]

Teopema 4 mo3BoJIgeT IepenucaTs cucTeMy (4) uepes Bemyiue KoadduimeHTsl. [lepen TeM Kak 310
CHenaTh, CUCTeMy (4) MOKHO YIIPOCTUTH, MICIIONIb3YSI CIEAYIOIIYIO TEOpEMY:

Teopema 5. [Tonunom dgoticmeeHHozo ocmamka N 1106020 nonunoma JKeeankurna P o6iadaem ceoticmeom an-
mucamoosoticmeennocmu. ITpuuém ecu koagduyuenm a;, ;. O6bLT 6e0YU4UM HA HAOOPe 3HAUEHUTL NepeMeHHbLX
(a1, ... ), MO OH 5LGTISTEMCS 8eOYULUM U HA NPOTMUBONOTIOHHOM Habope (A, ..., Ap).

Hoxazamemnvcmgo. Pacemorpum N(X, ..., Xp):
N, ... %) = a12P' (37, %) © a1 3P’ (31, %3) @ ... @ ay, o P/ (X7, ..., 5n).

W3 Teopems! 3 ciexyer, 9To monwHoM Pj, ;. , rae k < n, paBeH 0 Ha HyJIeBOM U eIMHIYHOM, TO €CTh
IIPOTMBOIIONIOKHOM K HyJIeBOMY, Habopax repeMeHHBIX. ITo Toit sxe Teopeme sHaueHme nonmaoma Py
Ha JI}000M IpyroM HaGope U IPOTUBOIOIOKHOM K HeMy paBHoO 1. CefoBarensHo, Py ; o61ajgaer cBOi-
CTBOM aHTMCAMOIBOMICTBEHHOCTM:

P/(Tha 9x71k) = P/(le, axik) = Pl'l,...,ik'

[TosmuOM mBOJICTBEHHOTO OcTaTka N Takxe obyiagaer CBOJICTBOM aHTICAMOABOICTBeHHOCTH. [Ipruém
Bce BenyLne K03 puImmeHTsI Ha HEKOTOPOM HabOpe IepeMEHHBIX (¢ OCTAIOTCS BeAYILMMU U Ha IIPOTUBO-
MOJIOKHOM K ¢ Habope:

N, ..., %) = a1pPig @ a13Pis @ .. @ ay 4P1_n= N(xi, ..., xp).
O

U3 Teopemsl 5 ciremyer, 4To cucteMa (4) cCOnep KT ONMHAKOBbIe ypaBHeHMd. Tak kak N Ha JI1000M Ha-
Gope 3HaUEHNIT IepeMEHHBIX (* IMeeT TaKoJI )Ke BU KaK Ha IIPOTUBOIIOJIOKHOM K & Habope, B cucteMe (4)
IOCTATOYHO PacCMOTPETh TOJBKO IIOJOBMHY BCEX BXOMHBIX HabopoB. Cirenymolasd TeopeMa IIOKa3bIBAeT,
YTO BBIOOP TAKOBOI IIOJIOBMHBI MOKHO IIPOBOJMTE OTHOCUTEIBHO JII000I IIepeMeHHOM X, X2, ... , Xp.

Jlemma 6.
Viaj E 15 n: V(ala a23 e ai—l) ai+1s cer aﬂ) 3 (ﬂlaﬁZ: e 5ﬁj—l)ﬁj+ls e sﬁn):
N(al, aZ’ v ai*ls 09 ai+1’ AR a}’l) = N(ﬂls ﬁ23 AR 3ﬁj*la 05 ﬁj+1, AR sﬁn)'
Hoxazamenvcmeo. Ecnu i = j, TO paBEHCTBO BBIMONHAETCI P By = &y, ..., Pii1 = A1, Pis1 = Xirts - - -5
Bn = an:

N(ala A2y ens ai—190a (04 PR an) = N(alﬁ az, ..., oi-1, Oa (04 PR an)-

ITycTs i # j. He orpanmumBas oOIIHOCTY pacCyKAeHMIL, OTOKUM, uTo i < j. Ecim @ = 0, To paBeHCTBO
BBITIONHSIETCI OpU By = oy, fo = 0y ..., Pic1 = i1, fi = 0, Bi1 = Qists oo, P = O

N(als a25 cer ai—la 03 ai+1s cer aj—ls 05 aj+13 e an) = N(ala a23 ceey ai—ls Oa ai+1) e aj—l)os aj+15 cer aﬂ)'
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Ecnmu o = 1, To @ = 0. I3 Teopemel 5 momryuaem
N(aly a23 e ai—l,()’ ai+l: AR aj—l: 19 aj+1’ AR an) = N(a715 a725 AR ai—l: 19 ai+1s AR aj—ls 07 aj+13 e 9771)'

Y1Bepsxnenue JleMMbI BBIIIOJHAETCS, €CIIM B KauecTBe § BBIOpATh ciemyroiye uncia: f; = oy, o = 0, . . .,

,Bllfl = @3ﬁi = 13ﬁi+1 = m9"'7ﬁn = 7}’[ D

Brnaromaps Jlemme 6 s MCKIIOUEHNS ITOBTOPSIOIIMXCS ypaBHEHMII B cucTeMe (4) TOCTATOUHO pac-
cMoTpeTh HabOPBL, rme oqHa nepeMeHHas paBHa 0. ITyctp 97071 epeMeHHOI Oyner x,. CoenaeM emé ogHo
yIpoIl[eHIe: TaK KaK Ha HyJeBOM Habope 3HaueHUII IIepeMeHHbIX HUKaKOil K03 @UIMeHT He IBIIeTCa
BeIyILVM, MCKJIIOUMM 3TOT Habop u3 cucreMsl (4). [Tonyunm cucremy Buaa:

(N(1,0,0,...,0,0) = 0,
N(0,1,0,...,0,0) = 0,
N(1,1,0,...,0,0) = 0,
(5)
N(0,1,1,...,1,0) = 0,
(N(1,1,1,...,1,0) = 0.

Teneps, ucnone3ysa Teopemy 4, Kaxxmoe ypaBHeHIE cricTeMBI (5) MOYKHO IIEPEINICATE UepPe3 CYMMY By LUK
K03 HUIMEeHTOB:

a2 53] a3 d .. ain ®..0 ai34,.n 53] a1 23,.n = 0,
AG29a238..00,®...90a234. n®a123..0n=0,
A390149..901,9A3D0249...0A,®...09d234.. . n® A123,..n = 0,

(6)

A12®A13®...9 A1 (n-1)® A2n ® A3n ® A(n-1)n @ ... ® A234, .0 ® A123..n =0,

A n®dopn ®...® A1) n @ ... ® Ap34,..n ® A123,..n = 0.

4.3. Kpurepuii caMogBOIICTBEHHOCTH

Cucrema (6) mpencraBisier co6oil CUCTEMY JIMHENHBIX OyJIeBbIX ypaBHeHUIT. UTOOBI pelnTh MMOy-
YEHHYIO CUCTEMY, IIPUBENEM €€ K CTYIIeHUaTOMY BMIY, MICIIOJIb3Ysl MeTOH, OJVM3KMUII K KJIACCUYECKOMY
merony l'aycca s pelreHns cucteM JIMHETHBIX anrebpandeckux ypapHenuit [12]. CHauama muist KaKgoro

DR 1,110 —
yPaBHEHNS CUCTEMBI (6) OCTPOUM MPAMBIE CyMMBI S/, a 3aTeM o6parHbIe CyMMBI 5,2 "%, k € 1,n - 1.

3ameuarue. C 3TOro MOMeHTa B MHIOEKCax KOB(bq)I/H_H/IeHTOB, Ha60p0B II€EPEMEHHBIX I CYMM MOTYT MICITOJIb-
30BaThCA oIl€panyy Hagx MHOKECTBaMU, YTOOBI IIOKa3aTh, UTO paClIMPEHNIE€ MTHAEKCA MOKET ITPOMCXOANUTDH
I[O6aBJIeHI/I€M HE€ TOJIBKO IIOCJI€OOBATEJIIbHO MAYIINX YNCEJI, HO JII00BIX quyce, OTCYyTCTBYIOIIUX B MICXOO-
HOM MHOEKCE.

O6o3HaunM uepes a''» ' HabOp 3HAUEHNII IIEPEMEHHBIX X1, X2, . . ., Xp, BKOTOPOM X;, = 1, X3, = 1,...,

x; = 1, a Bce ocTaNbHbBIe IIepeMeHHbIe B Habope paBHEI 0.

Yepes ;"% oGosHaunmm cymmy

N((x"l) ® N(aiz) ®..0 N(aik) ® N(ail’iz) ® N((x"l’i3) ®..0 N(aik‘l’ik) ®..0 N(ail’iz""’ik‘l) ®

® N(ail”'z""”-kfz”"‘) .0 N(aiz’i3""’ik) ® N(ail’iz"“’i"),

rae N — IIOJIMMHOM ABOJMCTBEHHOI'O OcTaTKa, k € 1,n — 1.
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i1, g,
r

Yepes S "i", k €1,n-1, obosnauum cymmy

3

Si,Z,...,(n—l) _ S;,z,...,(n—l)

i1,02,50.01 i150250001 i1,i0,.00 et 5ok EE—
Sl = Sdl 2l g @ Sr{h,lz, ik fuiesr, Jk+l}’ kel,n-2.
1< <Bgs2<e-.<fpeSN-1
{iketsikezsooiier J0{ 502,00 ik } =@
lel,n-1-k

i1,02,5000 0k S 6
r qu/ITI)IBa}OTCH CyMMI)I r O0JIb-

[Tocnenmss sanuch 03HaUaeT, UTO IPY POPMUPOBAHNY CyMMBI S
LIEeTO IOpdaKa, CTeleHb KOTOPBIX 06pa3yeTc51 u3 uucen iy, Iy, ..., i M uucein 1, 2, ..., n, He BOIIEOIINX

B MHOKECTRBO {ii, Iy, ..., ik }

IIpumep 2. Pemum cucreMy (6) 4uis n, paBHOTO 4, MCIIONB3Ys IIPSAMBIe 1 0OpaTHBIE CYMMBI Sy 1 S;.

-

N(1,0,0,0) =0, A2 ® a13 ® Ayq © A123 ® A124 ® A134 ® 1234 = 0,
N(0,1,0,0) = 0, A12© A3 @ A2 ® A123 D A124 D d234 © d1234 = 0,
N(1,1,0,0) = 0, 13 ® A14© A3 ® Ay © A123 © 124 A134 © G234 © 1234 = 0,
a123 ® A134 ® dp34 ® A1234 = 0,

N(0,1,1,0) = 0, A12 ® A4 ® 13

®
®

N(1,0,1,0) = 0, A12 ® A1q ® Ap3 ® A34 ® A123 ® G124 D A134 D A234 ® d1234 = 0,
©a34 ® d123® d124 9 A134 9 d234 9 d1234 = 0,
®

(
(
(
N(0,0,1,0) = 0, = 14139 a23 9 asy
(
(
(

N(1,1,1,0) = 0. (1,4 © A2,4 © A34 © G124 ® A134 ® 234 ® A1234 = 0.

O6pasyem npsiMble CYMMBI Sy:

Sy =N(a"),
S7 = N(a?),

S;* = N(a') @ N(a®) @ N(a"?),
Sj = N(@),

SY3 = N(a') @ N(a®) @ N(a'?),
53’3 = N(a?) @ N(a®) @ N(a*?),
S;%? = N(a') ® N(a*) @ N(a®) @ N(a"?) ® N(a'?) @ N(a*?) ® N(a'*?).

IIpeo6pasyem cucreMy depes CyMMMpPOBaHIME CTPOK CHCTEMBI II0 IPaBUIaM IPIMBIX CYMM Sy, OIN-
CaHHBIM BBIIIIE:

g -
1_ _
S; =0, A12 ® A13 © A14 ® A123 @ A124 ® A134 ® A1234 = 0,
2 _ _
S3=0, A12® 23 ® Ap 4 © Q123 ® A124 ® Ap34 ® d1234 = 0,

1,2 _ _
S;°=0, a123 ® 124 ® ai234 = 0,
3 _ _
S;=0, S 1139 A3 d34©A123 @ A134 9 d234 9 a1234 =0,
1,3 _ _
S;” =0, A123 @ A134 ® A1234 = 0,
2,3 _ —
S =0, a123 ® az34 ® ar234 =0,
123
S =0 a =0
¥ : 1234 = 0.
|

Teneps 06pasyem oOpaTHbIE CYMMBI S,

123 _ o123 _
S0 =877 = ar234,
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23 _ 23 . ol23 _ -
S0 =877 @577 = a1230 Ap34 @ A1234 9 A1234 = A123 © A234,

13 _ ol3 1,23
S =8;"eS,

a123 9 A134® A1234 9 d1234 = 4123 D A134,

3 3. cl3 . @23 . cl23 _
S;=85;05705" 0S5, =a130a,3003490123001349 02349 A1234D 0123901349 0123DA234® A1234
=a139d23®d34 ® 4123,

1,2 _ ol2 1,23 _ _
S = Sd ®57 = a123® A124 ® A1234 ® A1234 = A123 ® A12,4,

2 2 1,2 2,3 1,2,3 _
S =505 057057 =a1,00a,39a0,4901239 1249234901234 012390124123 0234901234
=129 a230 d24 9 ay23,
Sl _ Sl 51,2 51,3 81,2,3 _ _
= 0g®0,.7 @5, 80, =012901390149012390124901349012349012390124901239013490d1234 =
=a129ad1394d14 9 d123.

Ha mecTe KayKmoit IpsIMoil CYMMBI Sy B cucTeMe chopMUpyeM CYMMY S, IIO IIpaBUiaM, YKasaHHBIM

BBILIIE: }

sy =0, Sh23 = o, a1234 = 0,

52’3 =0, $23 =0, a123 ® az34 = 0,

sk =o, Sk3 =, a123 ® 4134 = 0,

$3 =0, = 1s=0, = 14130 a3 a34® djp3 =0,
5611’2 =0, Skz =0, a123 ® ai24 = 0,

Sazi =0, Sf =0, a2 ® a3 ® dzq @ arp3 = 0,
\Sé -0 St=o. 129 a13® A14® a3 = 0.

B xauecTBe CBOGOIHBIX IIEPEMEHHBIX B BEKTOpPE PeLLIeHNs BO3BMEM dj 2, A1 3, A3, A12,3. 10T pelIeHne
CHCTEMBI MOKHO BBINICATH CJIEAYIOIINM 00pa3oM:

aj34 =0,

234 = 4134 = A124 = 4123,

as4 = a13 9 dz3 ® ady 23,
a4 = Q12 ® 423 @ 4123,
ajqa = 12 ® 413 @ 4y 3.

Omnpepenenne 3. Koadpdunment aj j, .

.. i1,02,..
30BEM 6e0yWUM Ha cyMme S

Jm» M < N, IOJMHOMA ABOVICTBEHHOTO OCTAaTKA N(xy,..., x,) Ha-

e (gt k€ 1,n - 1, ecum OH ABNAETCS BeMyIUM Ko3dpUImeHToOM

Ha HEYETHOM YICIIe HaGOPOB COOTBETCTBYIOILMX CIaraeMbIX CyMMBI S

il,iz,...,ik)
r .

) .
* (Ha HeuéTHOM UmCIIe ciara-
€MBIX CYMMBI S

Hcrionp3oBaHMe YETHOCTM B OIIpefieJIeHNN BeIyIIlero Ha cyMMe Ko UIMeHTa eCTeCTBeHHO BO3HI-
KaeT M3 TOro ¢akra, 4YTo UYETHOe KOJIMUECTBO PAaBHBIX ClIaraeMbIX B cyMMe II0 Momyio 2 maér 0. Coot-
BETCTBEHHO, YTOOBI KO3 PUUIMEHT NPUCYTCTBOBAI B CYMMe, HEOOXOIMO, UTOOBI OH BXOAMJI B HEUETHOE
YIICIIO CJIaTaeMBIX.

i1,02,500 00k

Uncno ciaaraeMbpIX CyMMBI S d MOKeT OBITh MOBOJIBHO GosbiumM. IIpu onpepmeneHnn BeqyLIero

Ha cyMMe Ko3¢dduimenra mepebop Bcex cilaraeMbIX CYMMBI BBITJIIOUT TPyZOoE€MKoit 3amaueit. Cokpa-

TiM 310T nepe6op. [l aroro cymmy S

'* pasobbém Ha 2 wactu. [lepBas uacTb S; GymeT comepsKaTh
ciaraeMble, COOTBETCTBYOIVE HabopaMm, Tie IlepeMeHHas X;, paBHa 0, a BTopas S, — ciaraeMble, COOTBET-
cTByoILMe HabopaM, Ie epeMeHHas x;, paBHa 1. [lono6HOe pasbueHre MOXKHO IPOBOJUTH OTHOCUTEIHHO

7106011 IepeMeHHOI X;,, Xj,, ... , Xj,, HO JUIF OIIpe/IeIEHHOCTY ObliIa BRIOpAaHA ITepeMeHHas Xj, .
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Omnpepenenne 4. Ha6op ,B~ = (B1, P, .-, Pn) HA30BEM napubiM K HAbOPY & = (o, Xz, ..., Ap) OMHOCUMETLHO

nepemeHHol xi, k € 1, n, ecnu  oTnuyaeTcs OT & TOJIBKO 3HAUEHUEM IIEPEMEHHOI X

/31 = 0!1,/32 = 0!2,---,,Bk—1 = Ofk—hﬁk = OTk,ﬁku = 0!k+1,---,ﬁn = Qy.

Hanee, 6ynemM paccMaTpuBaTh IapHbIe HaGOPBI OTHOCUTEIBHO TOJBKO IIepeMEeHHON X; BBUAY TOTO,
uT0 pasCuenve cymmsl S;° "% Ha S 1 S, GBIIO NPOBEEHO OTHOCUTEIIHLHO STON TIepeMeHHOIL.

Jlemma 7. [ns evibpannoeo uucna iy € {ji,jo,....Jjm} Kosppuyuenm aj j, ., m < n, A6711emcs 6e0YUjUM

i1, i3ue. ] )
Ha cymme S;"*""" moz0a u monvko mozda, K0z20a OH AGNAEMCA 6e0YUWUM HA HeUEMHOM Hucie Habopos,

07t KOMOPbIX
=L,x,=1,...,x,=0,...,x, =1 (7)

unu
=0,x,=0,...,x;, =1,...,x;, =0 (8)

U 3HAUEHUA NPOUUX NepeMEHHbLX nObO6paHbl maxKum 06p6130M, ymobwl nosryueHHole Ha60pbl coomeemcmeosaniu

i1,0950 s Ik
cirazaemuim CyMMb[ Sd .

Hokasamenvcmeo. Tlokaxkem, uto n3 HeuéTHOCTI Yncia HabopoB Bupa (7) u (8), COOTBETCTBYIOLIMX ClIara-

i,0g5m s Bk . i1,0g5e s Ik
€MBIM CyMMBI S , cefyer, uTo KoabduuueHT a;, j, j,, ABILETCS BeAyIUM Ha CyMMe S :

Ecnmu mexkoTopslit KoabpuumenT aj, j, .,
MBI S; 1 Ha TAPHOM K HEMY Habope ClIaraeMoro CyMMBI Sy, TO OH SIBJISIE€TCS BEAYLMM Ha ABYX Habopax

cymmsr S 7. COOTBETCTBEHHO, UICIIO BCEX IapHBIX HaGOPOB ClIaraeMbIX CyMM S; 1 Sp, Ha KOTOPBIX

K03bPUIMEHT aj, j, ., OymeT Bemymmm, apisgerca YETHBIM. [loaTOMy [JIg IpOBEpKM YETHOCTH YMCIIA BO-

oG11ie Bcex HAGOPOB B cyMMe S, Ha KOTOPBIX paccMaTpyUBaeMblil KO3(QGUIIEHT SBISETCS BEXY LM,

SBJIAJICA BEOYILVM Ha KaKOM-TO Ha60pe cjlaraémMoro cym-

OyIeT JOCTaTOYHO PACCMOTPETh TOJIBKO HaGOPHI CIIeIMATBHOTO BIJa, TO €CTh TaK/e Habopbl, Ha KOTOPBIX
HEKOTOPBI KO3 PULUIMEHT ABIISIETCSI BeyIMIM TOJIBKO B OJTHOI M3 CyMM Sy MIJIU Sp U He SIBJISI€TCS BEOYILIUM
Ha ITapHBIX K HMM Habopax B Apyroil cymMMe. Tak Kak 4MCIIO IApHBIX HAOOpOB Bcerga 4éTHoOe, HeoOXo-
IVIMO OIIpeJeJINTh UETHOCTD UMCIa HaOOPOB CIIeIMATbHOrO Buaa. Ecim nx KommuecTBO OyeT HeUETHBIM,
TO CyMMa HeUéTHOTO I UéTHOTO YMCeNl JacT HeuéTHoe umcio u Koaddunuenr a;, j, . OyaeT Bexymmm
Ha CyMMe S(i;’iz"“’ik. 1 Hao6opoT: ecIy KOJIMYEeCTBO CIeNaJIbHbIX HAO0POB OyeT YETHBIM, TO BMeCTe C UéT-
HBIM YJCJIOM ITapHBIX HAOOPOB OHM MAafyT B CyMMe UYETHOe umcio, u KoapduumenT a; j, ;. He Oymer
BeyIIVM Ha CYMMe.

ITo Teopeme 4 xkoadbuimenr aj, j, . ., m < n, GBIAeTCA BeAyIIMM Ha Habope a, ecm 3t, p € Lnt#p:
@, = 1u @, = 0. To ecTs OH sABIAETCA BedylUuM Ha HabOpe &, eciM Cpeiy 3HAYeHMII IepeMeHHBIX
Xj,, Xjy, ... » Xj,, B HabOpe eCThb XOTs OBI OJVH HOJIb 1 XOTS ObI oiHa equHMIA. COOTBETCTBEHHO, KO3dpuumeHT
Qj, j,...j, HE ABIAETCS BeTyIIIM Ha Habope &, KOT/a Bce 3HAUeHN IIEPeMEeHHBIX Xj;, Xj,, ..., Xj, B 9TOM Habope
paBHbI 1 yun pasHe! 0. Takme HabophI OyAyT IMapHBIMU OTHOCUTEJIBHO IIEpEMEHHOI X; M HabOpoB

COOTBETCTBYIOLIUX CJaraeMbIX S BUja xj, = 1,x;, = 1,...,x; = 0,...,Xj, = 1 1 HAGOPOB COOTBETCTBYIOIINX

cilaraeMbIx S; Bupa xj, = 0,x;, = 0,...,x; = 1,...,x;, = 0. Kakx moxHO Bumers, koadpduiuesr aj j, ;.
no Teopeme 4 siBisiercs BeqymuMm Ha HaOopax Buma (7) m (8). Ecnm Takux HaBOpOB HEUETHOE YIICIIO,
TO KO3pPuUuMeHT aj, j, . ABIAETCS BEAYIIMM Ha CyMMe S;l’iz""’i", B IIPOTUBHOM CJIyuae — He SBIISETCS
BeIYLLIMM.

Hokaxem yrBepxneHue Jlemmer B o6paTHyIo cTopoHy. IlycTs koabdunuenr a; j, ;. ABIgeTCA Be-
OyIIUM Ha CyMMe S{?’iz""’ik . Ilo ompenenennio aTo 03HauaeT, uTo KO3QDUIMEHT aj, j, . j, ABIAETCT BeIy-
LM Ha HEYETHOM UIciie HaGOPOB COOTBETCTBYIOIMX CJIATA€MbIX CYMMBI S:;’iz’“"ik. Cpenu aTux HaboOpoB

IIPUCYTCTBYIOT ITapHbIe HAaOOPBI CTaraeMbIX CyMM Sy M S, Ha KOTOPBIX KO3GOUINEHT aj, j, . j, ABIAETCH
BenywuM. Takux HaGOpoOB Bcerma uétHoe ymcio. [109TOMy, MCKIIOUNMB MX 13 0OIIero HEUéTHOTO UmCia
HabOPOB, IIT KOTOPBIX KO3GDUIMEHT a;, j, . j, BEAYIINIA, IOTyIMM HEUETHOE UNCIIO OCTABIIMXCI HAOOPOB.
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Takumu Habopamu GyayT HaGOPBI, Ha KOTOPBIX KOIGMUIMEHT aj, j, . j, ABIAETCA BeAyIIMM TOJIBKO B OJ-
HOJI U3 CYMM S1 U S, U He SIBJIIETCSA BEAYIMM Ha Habopax, MapHbIX K qaHHbIM. Kak GpUI0 IMOKa3aHo paHee
(B mepBOIT UaCTM HOKA3aTeNbCTBA), TaKue HaOOphl MMeroT crenuanbHbil Bun (7) u (8). CiaemoBareisHO,
uncso Habopos Buaa (7) u (8) B cymMMe HEUETHO. O

Vcnonb3ys JleMMy 7, OKa)KeM CIIEAYIOLIYIO TEOPEMY.
Teopema 6. Ha cymme S} % momnvko kosduyuenmor 6uda ay
6e0YUUMU.

i gk W0l ikepnic ) V1 € 1, =k, g67810MCS

[lokazamenbemeo. 3aUCh A j, i Yoliporiksgnir.;} O3HAUAET, UTO B MHIEKCALUI KoapduLmeHTa ag,
MBI mobasigeM uucia 1,2, ..., n, OTJIMUHbIE OT i, iy, ..., Ik, B KOJIMUYecTBe OT 1 mo [.

Paccmotpum ciyuait mpu k = 1: S(’; = N(ah). Cymma Ss COCTOMUT TOJBKO M3 OMHOIO CJIaraeMoro.
Ha nabGope, COOTBETCTBYIOII[EM 3TOMY CJIaraeMoOMYy, X;, = 1 n Vj € 2,n: Xi; = 0. ITo Teopeme 4 BemymmMu
Ha Habope " GyIyT TONBKO Te K09 dUIIMEHTBI, KOTOPBIE COMEPHKAT ii, T. €. A }u{i,.. viel,n-1.

IIpu k > 1 TpebGyeTrcst paccMOTpeTh 4 cayuas:

1) Koaddumuent a;,

i,k }

4] } ’

Jip,...i, HE SBISETCS BeAyILMM Ha cymme S %,
— R
2) KoaddbuumeHTs! BURA Ay, iy i ofip.ikepicy)> Y1 € 1, 1 = k, ABJIAIOTCA BeyIIMMU Ha CyMMe S .
3) KoadbduumeHTsl, moay4eHHbIE U3 a4, j, ., VICKTIOYeHNEeM 13 MHIeKca KoaddUIMeHTa 0THOTO 1y 60-
.. . i1,12,005
JIee umcen iy, iy, ..., i, He IBJIAIOTCA BeTyIIMMI Ha cyMMe S,

4) KoaddunmenTs!, monydeHHbIE U3 A, j, i ]

itoisaniz ) V1 € 1,0 — k, MCKITIOUEHMEM U3 MHMIEKca
ko3 dprumenra ogHOro My Gosiee Uncen iy, iy, ... , iy, He SBJSIOTCS BeAYLUIMI HA CyMMe Ss’iz""’i".

B Ka)XIOM KOHKDETHOM Cllyuae HeOOXOAMMO IIOCUMTATH KOJMUeCTBO Habopos Buma (7) u (8) Jlem-
Mmbl 7. Eciu mostyueHHOe unciio 6yaeT HeuéTHBIM, TO KOIQQUIMEHT IBIIseTCI BeyIIIUM Ha CyMMe, Haue
K03 uIMeHT He OyaeT IBIATHCI BeLyIIVIM.

1. Paccmorpum koapduimentT a;, ;.. ;.. Takoit koapduimenT aBiusgercsa BeIyLUMM Ha eJHCTBEHHOM

Habope Buma (8) — HaGope a't. dToT HaGOp cooTBeTCTBYeT caraeMomy N(a'') cymMmbI Sf;’iz’“"i":
S(?’iz""’i" = N(a") e N(a?) e ...e N(a*) ® N(a2) e N(a™*) @ ... @ N(a*"*) @ ...® N(aV21) @

® N(ail,iz,...,ik,z,ik) ®..0 N(aiz,i3,...,ik) ) N(ail,iz,...,ik)'

Ha6opom criermanbroro Busa (7) B 3TOM ClIydae SBJISETCS eMHCTBEHHbI Habop a'»+k Omn coot-
BeTCTByeT crnaraemomy N (o'25-1k),

Takum o6pasom, koapduumeHT a; ;, _; ABIAETCI BeAyIIMM Ha ABYX Habopax CIIeIMaJbHOIO BIUAA.
CiemoBaTenbHoO, 1o JleMMe 7 koadduumeHT a; ;, . ; He ABIAETCI BeTyIIMM Ha CyMMe Ss’iz"“’i".

2. Temepnb paccMOTPUM KOIPOUIMEHTEI BUMA Afi, iy it bolics viksarits )
i1,02,500050k

MBI Sd COOTBETCTBYIOT Ha60pbl, B KOTOPBIX TOJIBKO II€PEMEHHBIE X, Xj), ..., Xj, MOTYT IIpUHUMATh

vl € 1,n - k. CraraeMbIM cyM-

equHNYHble 3HaueHNs. CleoBaTeNbHO, 3HAUEHMs IIEPEMEHHBIX X, Xj,,,,..-,Xj,, Ha JIOObIX Habopax
B CyMMe S;l’iZ""’i" paBusI 0. Tak kak [ > 0, To B 11060M Habope ciraraeMbIX CyMMbI S(ij’iz"”’i" BCerja Hamércst
XOTs OBI ONVMH HOJIb CPEeJV 3HAUEHUII IIePeMEeHHBIX X, , Xi,,,, ---» Xj,,;- HO B HabOpax CIIeI[aJbHOTO BU-
na (7) cpeu IepeMeHHBIX X;;, Xj,, ..., Xj,,, TOJIBKO IIepeMeHHas X;, JOJDKHA ObITh paBHa 0. CireoBaTeNbHO,
HabopoB Buaa (7) AId paccMaTpuBaeMbIX K03 (PULIMEHTOB He Oymer.

K mabopam Buma (8) 6yJieT OTHOCUTBCS TOMBKO OfMH Habop a'l. CemoBaTeTbHO, OCKOILKY Habop

CIIeI[MaJIFHOTO BIJA BCETO OMMH, TO KOI(QUIIEHTBI, MMEIOIIVE BUL A(j, iy _i}olivy it ici}> VL € 10— K,
110 JleMMe 7 SBIAIOTCS BeXYLMMHU Ha cymme S %,
3. B koapduimente a;, ;, . ;, MCKIOUNM U3 NHAEKCA HEKOTOPOE KOJIMIECTBO UUCEN i, Iy, ..., ik. By/eM

CUNTaTb, UTO UMCJIIO il He OBLIO MCKJIIOUEHO. B IIPOTUMBHOM CiIydae paB6M€HI/Ie Ha 51 n 52 I'IpOBeIIéM

OTHOCHUTEJIFHO JII000IL APYToil TepeMeHHO Xj;, T1ie [j — OJTHO U3 OCTABINUXCSA B MHAEKCE UMCE Iy, I3, ..., ik.
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U3 ungexkca Moxker ObITh UCKIIOUEHO He Goiee (k — 2) umcesn. TolbKO OHO UMCIIO OCTATHCS B MHJIEKCE
He MOXXET, TaK KaK Ko3¢GUUMEeHTH! BUAA ;, He SBJIAITCA K03hdULUMEeHTaMy ITONIHOMA JIBOJICTBEHHOT'O
octatka N.

ITycts B mHOEKCE Kos(b(bmumeHTa Cpenu 4mcen iy, Iy, ..., iy OCTAJIOCh M-0€ KOJIMYECTBO UNICEJl, BKIIIO-
yad i;. K HabGopam crienmanpHOro Buaa (7) 6y1yT OTHOCUTBCA TaKye HabOpHI, Tie 3HaUeHIe ITepeMeHHOI X;,
paBHO 0 ¥ 3HaUeHNs BceX Mpounx (m — 1) mepeMeHHBIX paBHBI 1, a K HaGopaM Brja (8) — HaGopEL, Iie 3Ha-
yeHe IIepeMeHHOII X;, paBHO 1 U 3HaUeHUs Bcex Ipounx (m — 1) mepeMeHHBIX paBHbI 0. Ynciro HaGopos
Kaxmoro n3 BumoB (7) u (8) paBHO KOIMUECTBY CII0COOOB BBIOpaTh 3HaueHUs (k — m) mepeMeHHbIX, HOMepa
KOTOPBIX OBLIN MCKIIIOUEHBI U3 MHAEKca K09 ULUMEHTa, TO €CTh PABHO YETHOMY UMCITY

ok-m.
ITo Jlemme 7 koadduimeHTsI IuIst Cayuas 3 He SABISIOTCSA BeIyIIIMI Ha CyMMe S;l”z""’”‘.

. UILIMEeHTaX BUJT ; , N — k, UCKIIIOUIM U3 MHI H
4. B ko3 eHTa a ag, vl € 1,n - k, uckio 3 eKca HEeKOTOpoe

PSR 1N VLG TRIR /NPT ) )
KOJIMTUECTBO YMCeN Iy, Iy, ..., ix. Kak u B ciyuae 3, 6y[ieM CUUTATD, UTO UMCIIO i; He OBLIO UCKIIOUeHo. Ecan
OBLIV MCKJIIOUEHBI BCE UNCIA Iy, Ip, ..., ig, TO IOJIYUEHHBIN KO3 PUIMeHT He OyOeT ABIATHCSI BeXYyLIUM
HUM Ha OJHOM Habope CllaraeMbIX CyMMBbI S;l’iz""’i" . CiemoBarenpHO, OH He OyfmeT BeOyIUMM U Ha CaMoit
cyMMe.

IIycTs B mHAEKCe KO3 dUIMIeHTa CPEeIM UUCE iy, iz, ..., it OCTAIIOCH M-0€ KOJIMYECTBO YNMCe, BKIYAT ij.
B mannoM ciyuae x HaGopaM cIrel(MaJbHOro Bupaa tumna (8) 6yayT OTHOCUTHCS TaKie Habophl, B KOTOPBIX
3HaueHNe ITepeMEeHHOI X; paBHO 1 U 3HaUeHUs Bcex Ipounx (m — 1) mepeMeHHbIX paBHbI 0. Vx umcito
PABHO KOJIMUECTBY CIIOCOO0B BIOpaTh 3HaueHMs (k— m) mepeMeHHBIX, HOMepa KOTOPBIX ObLIN UCKITIOUEHBI

13 MHAeKca K03 duumeHTa, TO €CTh PABHO UETHOMY UMCILY

ok-m

Ha6opoB crrerinanpHoro Buaa (7) B faHHOM ciiydae He Oy/eT, TaK KaK 3HaUeHUS X, , , Xj,,,, Xi,,, Ha TIOOOM
HaGope cyMMsI S;”*"* paBHbI 0, a Ha HaGopax Bupa (7) OHY JOJKHBI ObITh PABHBI 1.

Taxum 06pazom, K0abHUIMEHTHI, ITIOTyUeHHbIE U3 ag;, b vl € 0, n - k, nckaoueHEM

PSR 1% VL § RIS 0T () T
.. . 150250000
OMTHOTO MM GOJIee UMCeN iy, Iz, ..., ik 10 JleMMe 7 He ABJIAIOTCA BETyIIMMIU Ha CyMMe S k. O

HUcnonssys Teopemy 6, mpeobpasyem cucreMmy BeXyIux Ko3dduimeHToB (6) Caexyoimm obpa3om:
K K&KIOMYy 2JieMeHTy cucteMbl N(a'*2>) Mpl ipubaBuM (CI0KeHMEM 10 MOAYIIIO 2) 9JIeMEHTBI, BXOS-

11,0000
mue B CyMMmy S;°*""*, ICKIIOUas TOT 3JIEMEHT, K KOTOPOMY OCYIIeCTBIeTCA MpubaBleHne, TaK KaK OH
y>Ke IPUHAMJIeKUT CyMMe 53’12""’”‘. Takum 06pasom, MOJTYyUUM CUCTEMY BUAA
1
Sd = 0, a2 & as ®..0 ain (3] a1 2,3 ® .. ai34,..n & a1 2,...n = O,
2
Sd = 0, a2 ® azs ®...0 Q2.n (2] a; 23 d...0 azs,...n @ ai2,..n = 0,
1,2 _ _
S;° =0, 1239 01249 ...© A12,® A1234®...9 d1245 n® A2 n=0,
= 9)
2,3,...,(n-1)
Sy =0, a12,.(n-1)® a23,..n ® d12,..n =0,
1,2,...,(n-1)
\Sd =0. al)z’m)n = 0.

i1,02,0 0k
.

Teopema 7. Ha cymme S 6e0YWUMU A6TIANMCSL MOIbKO Koddduyuenmot 6uda ajy;,

Il € 1,n-k,e0enpul >10onavje€ k+1,k+ I evnonueno i; # n.

sl JUL Bes 1oee B 1 12

[lokazamenvcmeo. 3amuce «l > 1 qna Vj € k + 1, k + [ BBIIONIHEHO i # n» 03HAYaeT, UTO YMCIIO 1 MOKET
cofep KaTbcs B MHAEKce KoadduimenTa TonpKo mpu [ = 1.
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JlokasaTeIbCcTBO IPOBeAéM MHAyKIMeir mo k. B xauecrBe 6asel MHAyKumMm paccMorpum k = n — 1.
Cymma S} »'-1 B 3TOM ciIydae MMeeT BUJ

Gitdeniner — gL2Z.n-1 _ 5011,2,..‘,n—1
r r ‘

Klozaq)(bi/ﬂ_U/IEHT BUJQ (i, iy i1 }0lin,.sini.} BCETO OMUH: a1 n, ipu | = 1. Ilo Teopeme 6 Ha cym-
Me S;7"""" T0IBKO 3TOT K0 PIUIMEHT ABIAETCA BETYIIIIM.
10250051 S . .
Ilycte mna m > k Ha cymme Sf ™ TOMBKO KO3DOUUMEHTBI BUIA Qi iy i }ulimsrsipes} ABITIOTCT
Beqymumy, [ € 1,n - m,rae npm [ > 1 qna Vj € m + 1, m + [ BeImosnHeHo i # n.
N
Paccmotpum cymmy S, tm-1:

Szl’iz""’im’l _ S;l,iz,n-,imfl ® Siil,iz,---,im—l}U{im,---,im—ul}‘ (10)

1< im<ime1<...<Ip-141<n-1
{imsimetsenim-101 301, 8200 im-1 } =0
lel,n-m

i150250 s Im-1
ITo Teopeme 6 Ha cymme S, ™! TONbKO KOI(DPUUMEHTBI BUIA Ay, jy. . iny Yol imimers.
Benyiqumu, aius VI € 1,n - m+ 1. Ha cymmax S; Gosblirero mopsigka Beayiuue KoaghdUImeHThl TakKe
IIOJDKHBI YIOBJIETBOPATH TAKOMY BUIY, II09TOMY HET HEOOXOAMMOCTY OTHEIBHO pacCcMaTpuBaTh Ko3ddu-

wip_1s} SIBJISTEOTCST

LMEHTHI, He COOTBETCTBYIOIINIE ONMICAHHOMY B TeopeMe 6 BUTY.

Koadduumenrsl, comepsxaiiye uncio n B CBOEM MHIEKCE, dj N RN A e e O l €1,n- m, o npen-
TOJIOKEHMIO MHAYKUMN SABISIOTCA BEOYIIMMU TOJBKO Ha CyMMax BuOa Si lgnim-ter} npu GUKCUPOBaH-
HOM [, npnuém KakqoMy TakoMy K0o3(@UIMeHTy COOTBETCTBYeT TOJIbKO OfHa S, cymMma. Taxke mo Teo-
peme 6 K09(pOUUMEHTHI TAKOro BMAA SABJIAIOTCS BeAyIUMMHU Ha cymMe S 7™ Wrak, cpemm cymMMm

dbopmyier (10) paccmatrpuBaeMble K03 duimeHTs OyAyT BEAYILUMI TOJBKO HA ABYX CyMMax Sci;’iz"“’i'"’l

n S}{ ilgenim-te} (uéTHOE UMCII0), TO eCTh He OYAyT BeyIIUMU Ha CyMMe S im-1,

KoaddpurmeHTsl, He comepKalie GICIO N B CBOEM UHAEKCE, A(j, i, iy 1...in}s L € LN - mmpu l > 1:
ij # n,j € mym—-1+1, no Teopeme 6 ABIAIOTCA BeAyMMHU Ha cymme S "' Tlo mpemIoIOKeHMIO
MHIYKUMY JaHHBIE K03 GULUMEHTHI Ipy GUKCUPOBAHHOM [ TaKKe SBISIOTCI BeIYILIMMU Ha CYMMax BIa

R S
Sfl 2reotmcielop) npu 3HaveHMAX p ot 1 mo (m — 2 + I), TO ecTh HA CyMMax, TOTyUeHHBIX U3 Stk in-ii}
UCKJIIOYEHNEM p UMCel U3 CTeNeHN CyMMBL UMciIo Takmx cyMM S, paBHO UYMCITY CIIOCOOOB VICKIIIOUNTD
p umcen u3 crerenu cymmpr Stivin11} Haitném aTo umeno, mcronsays GopmyIty umeia codeTaHumit:

m-2+1 _ 2m—1+l —9.

1 2
Cm—1+l + Cm—1+l .ot Cm—1+l -

Taxum ob6pasom, obiee umcno KoapOUIMEHTOB BUAA Ay i, i 1. im1)> | € L,n—m, Tme npu [ > 1
I j € m, m - 1 + | BBITIONHEHO i; # n, paBHO HeuéTHOMY umcry 2™ 1*! - 1. CnegosarensHo, ToNBKO TaKME

k03 duIMenTs 6yTyT BeAyIIUMHU Ha cymMMe Si-2+im-1 [[Tar MHAYKIUY JOKA3aH. O

C momowupo Teopemser 7 mpeobpasyem cuctemy (9), 3aMeHUB KOKAYIO CYMMY Ss’iz’“"i", ke1ln-1,

COOTBETCTBYIOILEl cyMMmoit S :
e
(1 — 0 An®a12®a13...0 a1 (p-1) © 123 ® ... ® A134, (n-1) ® d12. (n-1) = 0,
r = )
2 Ao ® A12© A23@ ... Ay (1) ® Q1239 ... ® Ap3  (n-1)® d12,. (n-1) = 0,
§? =0,
sl2 g 20 ® 1239 A1249...0 A12(n-1) ® A1,234 @ ... ® A1245  (n-1) @
r 5
= ®aip. (n-1) =0, (11)
2.3,...(n-1
Sr ( ) = 03
1.2,(n-1) a23...,n ® a1, (n-1) = 0,
S, =0.
- =0
aie,..n = L.
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Uncro Becex BeOymux KoapUIMEeHTOB PaBHO UMCIY CIIOCO00B (pOpMUpPOBaHMs KOHBIOHKIIMI U3 ITe-
PEMEHHDBIX X1, X2, ..., Xp:
2 3 n _ on 1 0 _on _
C,+C,+..+C,=2"-C,-C,=2"-n-1.

Uncrno ypaBHeHnMit cucreMsl (11) paBHO IIOJIOBMHE BCeX BO3MOXXKHBIX HAG0POB 3HAUEHUII IIepeMeHHBIX

X1, X2, ..., X, 0€3 HyJIeBOrO Habopa:
n

45—1:2*1—1 (12)

Takum obpasom, perrerne cuctembl (11) nomxHO uMeTh 2" — 1 3aBUCHMMBIX TepeMeHHBIX. UMcio
CBOOOIHBIX IIepeMEHHBIX PABHO
2" —n-1-2"14s1=2""1_pn (13)

ITIpu mpeoGpaszoBaHuu cucteMsl (4) B (5) MbI BBIOpann II0JOBUHY HaGOPOB ITEPEMEHHBIX Xi, X2, ..., Xp,
IIOJIOKUB IIePEeMEHHYIO X, PABHOIN HYJI0. TO OBLIO CHEJIaHO JJIS TOTO, UTOOBI B pelIeHny cucTeMsl (11)
3aBMCUMBIMI BeIyIUMMU K03 UIIeHTaMy, BBIpa)KeHHBIMI Uepe3 CBOOOMHBIE KOI(hIUIMEHTH, ObLIN
Te, KOTOpBIe B CBOEM MHJEKce cofepKar umcio n. [TocunraeMm koiamdecTBo Takux KoadpduumeHToB B c1-
creme (11). OHO paBHO KOJIMUECTBY CIIOCOO0OB BBIOpPATH UNICIIA, COMEPIKAIIecs B MHIEKCE BeAyIIero Koad-
duIeHTa MOMIMO 1

Clo+C: +..+Cl=2""1-1

IMonyumny umcIo, paBHOE KOJIUUECTBY 3aBUCUMBIX ITepeMeHHBIX (12). CiremoBaTenbHo, cuctema (11)
y’Ke IpUBEIeHA K BUAY, TIe B KAKIOI €€ CTPOKe 3alMCAHO BhIpasKeHIe 3aBUCHMBIX BeOYIIUX KO3 duum-
eHTOB uepe3 cBoboHbIe. [loyueHHsble YCI0BMS Ha Beqyye K03¢nUumeHTs! ABIAI0TCS He0OX0XMMBIMU
M TOCTaTOUHBIMM JJISI TOTO, UTOOBI ITOJIMHOM ABOJICTBEHHOTO ocTaTka N ObLI paBeH 0 Ha J0ObIX Habopax
3HAUEHUIT IEPEMEHHBIX Xi, X2, ... , Xp.

Teopema 8. (Kpurepmii camogBorictBeuHoctn) bynesa gpynxyus f(xy, X, ..., x,) f6nsemcs camoosoii-
CMEeHHOT M020a U MOIbKO mozda, Kozda Koddduyuenmu coomeememeyowezo eti nonuvoma Keeankuna P
Y008TeMEOPSIOM YCIIOGUIM:

aj,..i = 1,
1Si<..<ik<n
kel,n
al 2 N = Oa

keln-2.

Qiyly,....ign = Ay iy, it Yol st ol }2

1<y <2 <e- < Sn-1
{ikstsbrzseiket 0 { i B2y i } =0
lel,n-1-k

Hoxazamenvcmeo. Ilo Teopeme 2 coxpansroras 0 u 1 miau He coxpansiomasg uu 0, uu 1 pyHkus f aB-
JIgeTcs CaMOABOJICTBEHHOM TOTAA M TOJBKO TOIMA, KOTJa JBOMCTBEHHBIN OCTaTOK N COOTBETCTBYIOILETO
eit monmuoMma P paBeH 0 qyist 100bIX HAGOPOB EPEMEHHBIX X1, X2, ..., Xp. ITO YCIOBUE BBIMOJIHSIETCSI TOTAA
M TOJIBKO TOT[a, Korga Koag¢uumeHTs! moanHoMa P ynosiaerBopsior cucreme (11). Beipaxkas ms cucre-
MmbI (11) k03 pumeHTHI, COepsKALIIEe YNCIIO N B CBOEM MH/IEKCE, TIOJIyUYaeM Bce yCaIoBus TeopeMbl, KpoMe
IIE€pBOTO.

IlepBoe ycnoBme Teopems! akTuuecKu o3HaUaeT HEYETHOCTh CYMMBbI eMHNYHBIX KO3(QPULIMEHTOB
B mosimHoMe JKeranknua P. [Ipu aTom cBoGOIHBIIT K09 PUITIEHT d) MOKHO He yUUTHIBaTh. [JoKaskeM 9To.

CaMoaBoOJICTBEHHAA (byHKuI/m coxpaHar 0 u 1 unm He coxpangeT Hu 0, Hu 1. Ilo Jlemme 2, YTOOBI
byukuus f coxpanana 1, cymma koadduimenTos nmonuHoma P qoypxkHa GbITH HEUETHOIL:
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Ecnm ay = 0, TO
ai,..i, = 1.

1<ir<.. <ig<n
kel,n

Ecnu ay = 1, To dyukuus f me coxpanser 0 mo Jlemme 1. CiaemoBaTensHO, cyMMa KO3 UIIMEHTOB
nojauHoMma P noskHa OBITH UETHOI:
dyg ® @ aiy,. i = 0.

1<i<...<ik<n
k€l,n

W3 toro uro gy = 1, nosyyaem
ai,...i. = 1.
1< <<k <n
kel,n

IIpumep 3. Ilycts Gynesa dyHkuus f(xq, X, X3, X4) IpeJcTaBIeHa B Bue nmonnHoma Kerankuna P:
P(x1,%0,%3,%4) = 1@ X2 & X1 X3 ® X1 X4 ® XpX3 © XoXg.

Omnpenennm, sBisgeTcsa Iy QyHKIUA f caMOIBOVICTBEHHOIL.
CBob6onubIit K03 duimeHT g paBer 1. KonmuectBo enmHMYHbBIX K09 uieHTOB B P, 32 MCKIOUEHN-
eM CBOBOIHOTO K03 duumenTa, paBHo 5 (HeuérHoe uncio). [lepoe yciaoBue TeopeMsbl 8 BBIIIOIHEHO:

ajy,..i, = 1.

1<i<..<ik<n
kel,n

ITo Teopeme 8 K0adPuULMEHTHI TTOMMHOMA P TakKe JOJKHBI YIOBIETBOPATD CIENYOIINM YCIOBUAAM
a1234 =0,

az34 = 4134 = A124 = 4123,

az4 = 413 ®© A3 @ 4123,

az24 = A12 ® Az3 ® dy 23,
aj4 = 1294139 adp23.

B nmosnmaOMe P K09 dunmeHThI paBHbI
1234 = G234 = Q134 = Q124 = G123 = 12 = A34 = 0,

a13 = arq = a3 = dgq = 1.

Kax MoxHO BueTs, yciaoBus Teopemer 8 BeimonHs0TCA. CiiefoBaTeIbHO, OyseBa QyHKIMA f ABIIAETCS

CaMOIBOJICTBEHHOII.
Ipumep 4. Omnpenenum, ABIAETCA I CAMOIBOMICTBEHHOI cireayoras GyHKuums f(xy, X2, X3, X4, X5 ), IPE-
cTaBJIeHHad B Buae nojmHoMa sKerankuna P:

P(x1, X0,...,%5) =10 X1 © X2 ® X5 © XoX5 & X1 X2X5 © X3X4X5 © X1X2X3X4 © X XpX3X5 © X1X2X3X4Xs.

Crapumit KoappuIneHT d; 345 B monuHome P pasen 1. CiremoBatenbHo, o Teopeme 8 dyHKIMs
f He sBIsIETCA CAMOABOVICTBEHHOII.
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IIpumep 5. Hcnonssys TeopeMy 8, BBIYMCINM KOJIMYECTBO BCEX CAMOIABOVICTBEHHBIX OyJIeBBIX (YHKIIVIIL
OT N IIepeMeHHBIX.

B Teopeme 8 unmciio cBOGOIHBIX KO3 PUIIMEHTOB, Yepe3 KOTOPhIe BHIPAXKAIOTCS 3aBUCUMBIe K0addu-
1eHTH B cucteme (9), pasHo 2" ! - n (cM. dopmymny (13)). KomurdecTBo crioco60B BHIGOpa PasiMUHBIX
Ha0OpOB 3HAUEHUII 3TUX K03(P(PULIMEHTOB paBHIETCS

22"’1—n

Kpome onpenenenns cBo6oaubIx K03 PuimeHTOB 011 POpMMUPOBAHMI CAMOIBOICTBEHHON QYHKIIIN
B Buje noimHoMa JKerankmna, HeOOXOAMMO ONpeNeNUTh 3HAUEHMsT KOIPPUIMEHTOB dy, di, G2, ..., Gy
ITo Teopeme 8 atn K03 PULIMEHTHI JOJHKHBI MMETh TaKye 3HAUeHMs], YTOOBI oOIiiee KOJIMUECTBO eqUHIY-
HBIX K03 }UIMEeHTOB, 32 UCKIOUeHeM CBOGOTHOTO KoadduiineHnTa, ObII0 HEUETHBIM.

[IycTh KONMMUECTBO €AMHUIL] CPENU HEIMHEHBIX KO3(GUUUEHTOB (MHAEKC COMEPXUT 00Jee OHOTO
uncia) HeuétHo. Torma umcsio e quHnI] cpeiu TUHENHBIX K03PPUIMEHTOB (MHIEKC COMEPKUT OTHO UMCIIO)
IOOJDKHO OBITH YETHBIM. Y1CIIo cr1oco6oB BhIOPATh eAMHULIBI CPEAN JIMHETHBIX K03 (NUMEHTOB PABHO

CO+C2+Cht .+ Ci[g] = 2"

Ecin KonmuecTBO eMHUIL CPeIy HeIMHEMHBIX KO UIMEHTOB YETHO, TO KOJIMYECTBO eIMHII] Cpe-
OV JIMHENHBIX KO03(p(ULMEeHTOB KODKHO OBITHh HEUETHBIM. UNCIO CIIOCOGOB BBHIOpATh €QVHUIBI CPenl
JIMHEIHBIX KO3 PUIMIEHTOB B 3TOM CJIyuae paBHO

CleC+C+.. +Ct 7 =2

B o6oux ciyuasx 4mcio crroco60B BIOpATh eIMHNIIBI CPEIV TMHEeTHBIX K03()(UILIMEHTOB II0IyUIIIOCh
OIHIIM U TEM XKe.

CBoGonHbIIT K09 PUIMEHT gy MOXKHO BHIOpATh ABYMS criocobamu: 0 vt 1.

Ilo mpaBuny yMHOXKeHUs 00Illee UMCIO CII0cO00B BhIOpaTh KoadduumeHTs! nmoxmuoma Kerankmua
TaKMM 06pasoM, UTOOBI COOTBETCTBYIOII[AS ITOMMHOMY (PyHKINA f Obl1a CAaMOLBOVICTBEHHOI, PABHO

n-1_ _ n-1_ n-1
22 n_2.2n1=22 n+n=22 .

5. OO1uit B CaMOZOCTATOUHOTO OIlepaTopa

ITocne ob1IMpHOro pasmesna, MOCBAIIEHHOTO CAMOABOICTBEHHOCTHY B ITosIMHOMax JKerankmHa, MbI MO-
’KeM HaKOHeI[ OIIMCcaTh 001t BuA nojinHoMa JKerajikmnaa MHOTOMECTHOTO CAMOLOCTATOYHOIO OIIEPaTOpa.

Teopema 9. [Tonunom )Kezankuna P sensemcs camo0ocmamouHbiM N-MeCMHbIM 0nepamopom mozoa u mosb-
KO mozda, Koz20a
1) ap = 1,’

2) b a...=1

1<ij<...<ix<n
kel,n

U K020a xoms 6bl 00HO U3 CIeOYUUX YCII08UTL He binoHsemcs (Ycrosue HecamoO60TicmEeHHOCMU)

ail,ig,.”,ik,n = @ a{il,iz,...,ik}u{ik+1,...,ik+1}’ k € 1, n-2.
11 <2 <e. < Sn-1
{ik+1’ik+2w~;ik+l}n{ilxi2w~’ik}:®
lel,n-1-k
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Hoxazamenvcmeo. Yemosus 1 u 2 cnenytor u3 Jlemmsr 3. UToObI caMOIOCTATOUHBIN OIlepaTop He 00Iamast
CBOJICTBOM CaMOJIBOJICTBEHHOCTHU, HE JOJLKHBI BBIIIOJHATHCA ycI0B1UA TeopeMsl 8. O

IIpumep 6. [IpoBepmm, IBITETCS JIU JAaHHBIN MOIMHOM /KeraJKkmHa caMOIOCTATOUHBIM OIIEpPaTOpPOM:
P(Xl, X9,y euny X5) =1®X ®X2® X5 ® XoX5 ® X1 X2X5 © X3X4X5 ® X1 X2X3X4 © X1X2X3X5 ® X1 X2 X3X4X5.

CBob6onHbIit KoadduimeHT ay paBeH 1. Yeaosue 1 TeopeMsbl 9 BBIIIOTIHEHO.

KosmuecTBo Bcex eqMHMYHBIX KO3 PUILIMEHTOB IOINHOMA, 32 UCKIIOUEHUEM dg, PABHO 9 — HeUETHOE
uncio. Yciaosue 2 TeopeMbl 9 BBIITOJHEHO.

Crapumit KoaddULMEHT a; 23 45 paBeH 1. CileToBaTeIbHO, BEIIIOJIHEHO YCIIOBYIE HECAMOIBOICTBEHHO-
ctu Teopemsr 9.

ITo Teopeme 9 mmosnmHOM P COOTBETCTBYET CaMOAOCTATOYHOMY 5-MeCTHOMY OIIepaTopy.
Ipumep 7. Boracuum, 6yner jau caepyroluit monuaoM Kerankmna caMogoCTaTOUHBIM OIIEPATOPOM:

P(x1, %2, %3,%4) = 1® X ® X3 ® X1 X4 © X2X3 © XpXg.

CBoGonHblIIT K0abduiueHT ) paBeH 1. Yerosue 1 TeopeMsl 9 BBIITOIHEHO.

CyMMa equHMYIHBIX K03(GUIIMEHTOB IMONNMHOMa 6e3 gy paBHa 5 — HeuéTHOe umcio. CieoBaTesbHo,
ycinosue 2 TeopeMsbl 9 BBIITOTHEHO.

IIpoBepyM BBITIOIHEHNIE yCIOBUSA HECAMOABOIICTBeHHOCTH. UTOOHI osmHOM P He 061ajja caMoBOIi-
CTBEHHOCTBIO, XOTSI OBI OJJHO U3 CIeAYIOIINX PABEHCTB He TOJKHO BBIIIOTHATHCH:

a1234 =0,

az34 = 4134 = A124 = 4123,

az4 = 413 9 az3 ® dy 23,
a4 = Q12 ® 423 @ 4123,
ajqa = 12 ® 413 @ 4y 23.

B monmuaoMe P crapimit KoadduimeHT a;234 paBeH 0 (B ormune ot moimuoma u3 [Ipmmepa 6).
Jlng mpoBepKku HecaMOABOIICTBEHHOCTY ITOJIMHOMA NPUAETCH pacCMOTPETD OCTAJIbHBIE pABEHCTBA.
B nonuuoMe P He paccMoTpeHHBIe paHee KO3 UIIMEeHThI paBHbI

(234 = Q134 = Q124 = A123 = d12 = 413 = d34 = 0,

ajq = a3 =azq = 1.
PaBeHcTBO, comep:xaitiee K09 PUIMEHT ads 4, He BBIIIOIHEHO:
ass # A13 ® A3 © d123; 0£001e0; O0=+1.
Ycnosue HecaMOOBOMCTBEHHOCTM BBIMOIHeHO. ClleJoBaTeIbHO, IIOJIMHOM P IBiIgeTca caMOmoCTaTou-
HBIM 4-MECTHBIM OIIEPATOPOM.
3akiroueHIe

C nomorpio KoadduimenTos monnHoma KeraakuHa MOryT ObITh ONVCAHBI pasiIMUHbIE CBOJICTBA
OyeBoil PyHKIMM, KOTOPYIO OH 3amaét. Hampumep, MoxeT ObITh pACCMOTPEH P CBOVICTB, KACAIOIIIMXCS
IpUHAIEKHOCT QYHKIMY K IPeIIIONHBIM KiaccaM. B yacTHOCTM, MHTepec IIpefCTaBiseT CBOJICTBO
CaMOIBOVICTBEHHOCTM (PYHKIMM IIPUMEHNTEIHHO K ITOCIEAYIOIEMY OMMCAHNIO O0IIIeT0 BUAA N-MeCTHOTO
€aMOJOCTaTOYHOT'O OIIepaTopa.
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B mannoit cratbe Ouis ompepesieHus, o6Jamaer JIM CBOMCTBOM CaMOIBOJICTBEHHOCTY HeKOTOpas Oy-
seBa QyHKUMS, 3afaHHas B BuAe nojamHoMa syKerarkmHa, BBOAUTCS ITOHATHE ITOJIMHOMA ABOVICTBEHHOTO
octarka. [Toxasano, uto coxpamsmomias 0 u 1 wim He coxpassiomtas Hu 0, Hu 1 ¢yHkuma f gBisgercs
CaMOJABOJMICTBEHHO} TOTJa U TOJBKO TOTAA, KOTa ABOJMICTBEHHBIN 0cTaTOK N COOTBETCTBYIOLLIETO €Il I10-
snHoMa Kerankmuaa P paseH 0 mias qr00bIx HAGOPOB 3HAUEHUIT IIEPEMEHHBIX X1, X2, ..., X, (Teopema 2).
Ha ocuoBanuu s1oro ycioBus OpLIa II0JyueHa CIUCTeMa BeAyInX K03 puimeHTos (6).

Cucrema (6) pertraercs Bapuaieit merona ['aycca ¢ MCIIonb30BaHMEM IIPSMBIX Sy 1 OOPATHBIX Sy CYMM,
oIpefesieHe KOTOPBIX OBLIO HaHO B pasneie 4.3. IlomyueHHOe pellleHye 3TOi CUCTEMBI II03BOJIIIO cdop-
MyJIMPOBATh KPUTEPUIT caMOBOIICTBeHHOCTH Oy neBoit pyukunu (Teopema 8). Kpurepuit camoBoricTBeH-
HOCT) ONMpaeTcs Ha 3HaueHus KoadduimeHnros monuHoMa Kerajkmua paccMaTpuBaeMoil GyHKIINN,
OINICBIBASA I HUX COOTBETCTBYIOLIVIE OTPAHNUEHI.

OCHOBHBIM pe3yJIbTaTOM CTaThy sABisgeTcI Teopema 9, GOpMynMpPOBKa KOTOPOI CONEPIKUT YCIOBMUS
(HakmagpIBaeMble Ha KO3 PULUMEHTHI), KOTOPBIM HOJDKEH YIOBIETBOPSATH nmonuHoM JKerankuua, peanu-
3YIOILUIL N-MECTHBIN CAMOOCTATOUHBIIT onieparop. [lokaszarenscTBo Teopembr 9 6asupyercs Ha KpUTEPUU
CaMOJIBOJICTBEHHOCTI (TeopeMa 8) u Jlemme 3, IOJIyY€HHOJ Ha OCHOBE CBOJICTB COXPaHEHM IOJIMHOMOM
Kerankuua koucraar 0 n 1.

Ormernm, UTO IIpeacTaBieHne OyieBoit GyHKuMY B Bue moanHomMa JKerankuHa sBisgercs JOCTATOYHO
yIOOOHBIM IJIs ONMMCAHUS KPUTEPMEB MPUHANIEKHOCTY GYHKIUM K MPENIIONTHBIM KiaccaM. Kpome oue-
BUIHOIO OIIpelesleHNs INHeTHOCT (YHKIMIL, 10 BUAY monnHoMa JKerajkmua MOXHO CHeJIaTh BBIBOT
0 Hanmuny y QyHKUMIT CBOIICTB CAMOABOJICTBEHHOCTH, a TAK)KE CBOJICTB COXpaHeHMs KOHCTaHT. Kak 6b110
IOKa3aHo, MoINHOM KeraakmuHa IO3BOJISIET OIIpeaeINTh HeOOXOAUMBbIEe 1 JOCTATOUHBIE YCIOBYS MHOTO-
MEeCTHOT'0 CaMOAOCTaTOUHOI0 OIlepaTopa.

Hcxons u3 9T0r0, MOSKHO 3aKIIOUNTH, UTO IIOJIMHOMMAIBHOE IIpefCcTaBIeHue OyIeBoil PyHKIUN IB-
JIIeTCS IIOJIE3HBIM IIPU MCCJENOBAHUM IIPEAIOTIHBIX KJIACCOB, UeM IOTUEPKMBaeTcs ocoboe 3HaueHUe
noamHoMoB JKerankimHa.
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The paper proposes an algorithm for solving the problem of finding the maximum common subgraph. Both the sequential
and the parallel version of the algorithm, their software implementation are described, and an experimental study of their
effectiveness is carried out.

This problem is one of the most famous NP-complete problems. Its solution may be required when solving many practical
problems related to the study of complex structures. We solve it in a statement when we need to find all possible isomor-
phisms of the found common subgraph. Due to the extremely high complexity of the problem, it is natural to want to speed
up its solution by parallelizing the algorithm. To organize parallel computing, the author used the RPM_ParLib library. It
allows to develop effective applications for parallel computing on a local network under the control of the runtime environ-
ment NET Framework.The library supports a recursive-parallel programming style and provides effective work distribution
and dynamic load balancing of computational modules during program execution. It can be used for applications written in
any programming language supported by the .NET Framework. The purpose of the numerical experiment was to study the
acceleration achieved due to the recursive-parallel organization of calculations. For the experiment, the author developed a
special application in the C# language designed to generate various sets of initial data with specified parameters. The paper
describes the features of the generated initial pairs of graphs, as well as the results obtained during the experiment.
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PexypcuBHO-IIapaJIeJIBHBIN AJITOPUTM IIOMCKA MAaKCHMAJIBHOTO O0IIIero

noarpada
B. B. Bacunpunkos! DOI: 10.18255/1818-1015-2023-2-128-139

1Hpocnch1<m71 rocynapcrBeHHbIN yHUBepcutetT uM. IL I'. [lemunosa, yin. Coerckas, 14, fIpocnasis, 150000, Pocens.

YK 519.688: 519.85 ITonyuena 22 mapTta 2023 r.
Hayunas cratbes ITocne mopaborku 16 mast 2023 r.
ITonHBIN TEKCT HA PYCCKOM fI3BIKE Ilpuusara k my6ankanmm 17 mast 2023 T.

B paGoTe mpensoskeH aIropuTM pellleHNs 3aaull HaXOKAeHUM MaKCUMAaIbHOro ob1ero noarpada. OmucaHsl mocaeno-
BaTeJIBHBIIL U MapajjIeIbHbI BAPMAHT aJTOPUTMa, X IPOrpaMMHAas pealnsalysd I IIPOM3BeAeHO SKCIIepIMEeHTaIbHOe
McciegoBaHme UX 9 GeKTUBHOCTIL.

Mannas 3aaua ABIAETCA OJHOI U3 caMbIX M3BecTHBIX NP-moHbIx 3agau. Ee perreHne MosxeT morpe6oBaThcs Py pelire-
HIM MHOTMX IIPAaKTUYECKUX 3a/1a4, CBI3aHHBIX C MICCIIeJOBAHMEM CIIOKHBIX CTPYKTYp. MBI pelliaeM ee B IIOCTaHOBKE, B KO-
TOpPOIJI TpeOyeTcs HAIITU Bce BO3SMOXKHBIE M30MOp(M3MBI HallIeHHOTo ob1ero moAarpada. Beuay upesBbruaifHo BBICOKOIL
TPYJOEMKOCTM 3a/[aull KeJaHle YCKOPUTD ee PellleHle 3a CYET pacIapalle/IMBaHNs alrOpUTMa ABJIAEeTCSA BIIOJHE ecTe-
CTBeHHBIM. [ OpraHM3aliy apalIeIbHBIX BHIUMCICHIIT aBTOPOM MCIIOIb30BaIach 6ubanoreka RPM_ParLib, koTopas
II03BOJIAET CO3aBaTh IlapaJlleNIbHbIe IPUIIOKEeH A, pabOTaOIIIVe B JIOKATBHO BEIUMCINTEILHO CETH ITOJ] YIIpaBIeHIeM
cpensr ucnionHenus NET Framework. BuGnmoreka moamepxuBaer peKypCuBHO-IIapaUIeIbHBII CTIIIb IIPOrPaMMIpPOBa-
Hua u obecreunsaeT 3¢GeKTUBHOE pacIpeeseHe paboTel ¥ IMHAMUYECKYI0 GaTaHCUPOBKY 3arpy3KM BBIUMCIIITEIb-
HBIX MOZYJIeli B IIpoliecce YICIIOJTHEeHN mporpaMMbl. OHa MOXKeT OBITh MCIIOIb30BaHa I IIPIIIOKEHIII, HAIICAHHBIX Ha
J1060M s3bIKe IIporpaMmmupoBanws, mopaepxusaemoM NET Framework. ITenbio uncieHHOTO 9KCIiepyMeHTa ObLIO0 Ucciie-
JOBaHME yCKOPEHN, JOCTUTAaeMOr0 33 CUeT PeKyPCUBHO-IapalIeIbHON OpraHM3alyy BIYMCIIeHn L. [ sKcIepuMeHTa
aBTOpPOM OBLIO pa3paboTaHO CIeLMaNbHOe NMpUJIoKeHMe Ha f3bike C#, IpeqHasHaYeHHOE I TeHepaluy PasIfuHBIX
HabOpOB MICXOIHBIX JAaHHBIX C 3aJaHHBIMIU I1apaMeTpaMu. B paGoTe ommcaHbl XapaKTepUCTUKM CT€HEPUPOBAHHBIX JC-
XOJHBIX IIap rpad)oB, a TaKXKe pe3yJIbTaThl, IOJIyUeHHBIE B XOMIe 9KCIePUMEHTA.

KiroueBrble croBa: MaKCHMMAaNIBbHBIN O6IIMII TOATpad; 130Mopd13M; MapauIebHbII aropuT™; pekypens; NET
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Beegenue

3amaua 0 HaxOXKIeHUY MaKCUMaIbHoro obuero moarpagda (MCS — maximum common subgraph) sBns-
eTcs OJHOIT U3 Kiaccudecknx NP-1mosHbIx 3agau guckperHoit onrumusanuiu [1]. Ilorpe6HoCTS B peltieHUn
3TOf 3afauy BO3HUKAET B CAMBIX PasHbIX NpPeIMETHBIX 00JacTax, Ihe TpebyeTcs yCcTaHOBIIEHME MOEH-
TUYHOCTU CTPYKTYP TeX MJIV MHBIX CIOKHBIX CHCTeM. B KauecTBe IpMMepoB MOXKHO Ha3BaTh TPAHCIIOPT-
HbIe, SHepTeTIYeCKIe CUCTEMBI, CICTEMBbI CBS3M, 3JIEKTPOHHBIE CXEeMBI, 3aaul CPAaBHEHNST MOJIEKYJIAPHBIX
CTPYKTYP, CHCTeMBI pacIlo3HaBaHUs 00pa3oB, a TAKKe 3aJaull MaTeMaTIUeCKOI XMMU, MCCIIeTOBaHIE CO-
IMAJbHBIX CeTell Y1 MHOTME ApYyTHe.

MHorouncieHHbIEe aBTOPHI, 3aHMMABIINECS UCCIeAOBaHIEeM NAHHOI IpoOJeMBbl, pellany ee B ca-
MBIX pas3HBIX ITOCTaHOBKax. Hampumep, 3amaua pelangach A HEOPMEHTUPOBAHHBIX [2] M OpMeHTUPO-
BaHHBIX [3] rpados. Mckompbrit moarpad moxeT 6pITh MHAYLMPOBaHHEBIM noarpadgom (MCIS — maximum
common induced subgraph), mosyueHHBIM ITyTeM yaaneHns y3II0B, WM YacTUUHBIM nmoarpadom (MCPS —
maximum common partial subgraph), monyueHHBIM IIyTeM yOaneHus OyT U y3i0B [3]. B mepBom ciyuae
MaKCHMYM OIIpe/IeJIsIeTCs TI0 YMCIy BepIINH, BO BTOPOM — II0 uncity pebep. 1 BTOporo BapuaHTa Takxe
IIPUHATO UCIIONB30BaTh ab6peBuaTypy MCES — maximum common edge subgraph. Hanmpumep B [4] 3anma-
Yya pacCMaTpUBaeTCs B 00eVX 9TUX IIOCTAHOBKAX IPUMEHNUTEIBHO K HeOpMeHTPOBaHHBIM rpadam. Taxxe
B IIOCTAaHOBKeE 3afauy MOTYT (pUIypMpoBaTh HOIIONHUTEIbHbIE aTpUOyTHl (METKM, Beca) B 3aBUCUMOCTI
oT crienpuKy 06JIaCTI IPUMEHEHU.

MeTo/bI peliieHNs 3a1aUn TakKe IpeIIaraloTcsi camble pasHble. Hanpumep, B [5] npeparaeMsiit airo-
purMm moxox Ha VF2 [6], a B [7] pelieHne ocHOBaHO Ha IIOCTPOEHNIY TaK Ha3bIBaeMOro rpada accoumariyii
U CBeJleHVs K 3aaue o kinke [8]. TaM jke B TOM Y¥ICIIe IIPeAIIOKEeHBI ITOAXO0bI K CO3JaHNIIO IIapajlyIeIbHbIX
AJITOPUTMOB, IIpeHAa3HAUEHHBIX MJIs peaans3ali Ha CIICTeMaX CaMOoil pasHOIl apXUTeKTypsI [9].

CrexyeT OTMETUTDH Upe3BbIUAIHO BBHICOKYIO BBIUNMCIUTEIBHYIO CJIOXHOCTh JaHHOI 3amaun. OHa Ha-
MHOTO BBIIIIe, UeM Y APYIUX TPYZOEMKUX 3amad 00 nM30MopduaMax, KOTOPbIMI aBTOpP 3aHMMAJICI paHb-
ure [10, 11].

B mepBoit uacTu aBTOp mpeIaraet alropmuTM, IPUTONHbI Nd perrenus obenx 3agau (MCIS u MCES)
B CJIyuae KaK OPMEHTUPOBAHHBIX, TaK ¥ HEOPMEHTUPOBAHHBIX IpadoB. AJITOPUTM IIOCTPOEH B CTUIMCTIKE
MeTona BeTBell u rpauuil. [Ipy pelreHNy MbI OTPaHMUYMIINACEH IIOCTPOEHMEM TOJIBKO CBSI3HOIO moarpada,
MaKCHMAaJIBHOTO II0 YMCIy BepIUNH 6o pebep, a 6ojee TOYHO: BceX BO3MOKHBIX N30MOP(HU3MOB TaKUX
noxarpagos. OTCYyTCTBME YIIOMSHYTOT'O OIpaHMUYEHMs MOIJIO ObI MHOTOKPATHO IIOBBICUTH TPYXOEMKOCTD
peleHus.

Manee mpenmaraeTcs MapajleIbHBIN BapMaHT 3TOr0 aJrOPMUTMa, OCHOBAHHBII Ha IapagurMe peKkyp-
CUBHOTO pacmapajieanBanus [12], a Taxxe 06CyKIaroTcs pe3yabTaThl ero MCCIeTOBaHUA B BULE CEPUN
9KCIIEPUMEHTOB C €r0 IIPOrPaMMHOJ pean3anyen.

1. IlocTraHOBKAa 3amaumn

B ymomsauyToit monorpaduu M. I'spu u [I. [ixoHcoHa [1] IpMBOAUTCS ITOCTAHOBKA 3aaUll B CIIEYIO-
et popmynuposke. I[Tycts ects nBa rpada, 3aJaHHBIX CBOMMY MHOKecTBamMu BepinH u ayr: Gy = (Vy, Ey)
u G; = (Vy, E), m monoxurenbHoe 1esoe uncio K. CymecTByror nu Takue nogmuoxectsa E; ¢ Ey n E; < Ey,
uro |Ej| = |E;| = K, arpadsr G; = (V1, E})) u G; = (Va, E;) usomopdusi? B aroit popmMyinpoBke MakCUMyM
oIpefeiseTcs 110 YNMCIy AYT, W, KpOMe TOro, OTCYTCTBYeT TpeboBaHye CBI3HOCTM MCKOMOTO moarpada.
Brpouem, Takas II0OCTaHOBKA 3aJjaulMl OTHIOAB He SBIJISETCS eIMHCTBEHHO BO3MOXXHOIA.

Mpc1 6ynem ee pertiats B mocranoBke MCIS, kotopyto chopmynupyem cirenyrormm oopazom. [lycts ects
nBarpada, 3agaHHbIX CBOMMY MHOXecTBaMu BepinH u ayr: Gy = (V, Ey) u G; = (Va, E,), M TONOKUTETIFHOE
renoe unciao K. CymecTByroT au Takme nmogMmHoxectBa Vi ¢ Vi m Vy < V,, uro |V]| = |V;| = K,
arpadr! Gj = (V],E}) u G, = (V;, E;) usomopdusr? 3aecs uepes E] u E; MbI 0603HAUMIN MHOXeCTBA OYT,
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CBSISBIBABIINX B MICXOMHBIX rpadax BepIUMHBI U3 MHOXecTB Vi u V; cOOTBeTCTBEHHO. [[OMIOIHUTENIBHO
MBI oTpebyeM cBsi3HOCTU rpados Gy u G;.

2. HOCJICIIOB&TCJII:HI)II?'I AJITOPUTM PELICHIA 3aadN

OcHoBHas cxeMa IpefjlaraeMoro ajaropmMrma ogmuHakosa ayng BapuaHToB MCIS m MCES, nna opu-
€HTMPOBAaHHBIX U HEOPMEHTMPOBAHHBIX rpadoB. Ee OCHOBHBIM MeTOOM SBJISETCI PEKYPCUBHBIN METOL
RecursiveMatch(), ocyuectBasomuit mepeGop BO3MOKHBIX map (1, m), e BepIiiunHa h 6epeTcs 13 IepBoro
rpada, a BepmmHa m — u3 Broporo. I[loka TpyaHO IpPeIIOKUTh MHOI IOIXOM AJIS IIOJyUeHUs TOUHOTO
pelleHus 3T 3aKaun, KpoMe ITOJIHOro Iepebopa. B To ske BpeMsa MOKHO IIPUAYMATS LeNIbIiT Psif IIPOBEPOK
U onrTMMuBanuu 3Toro nepedopa. Co6CTBEHHO, B 3TOM U 3aKJIIOUAETCS OCHOBHAS Mesl MEeTOIa BeTBell
Y TPaHNILI.

7151 BO3MOKHO GoJjiee OBICTPOTO pelIeHMs 3aJady HaIll aITOPUTM HOJDKEH 00IagaTh CleXyoIMm
XapaKTepUCTUKAMIL:

+ YIOPAXOUEHHBII IIOPINOK paCCMOTPEHM IIap, TAPAaHTUPYIOIINII OTCYTCTBIE IIOBTOPOB;

+ MaKCUMAJBHO OBICTpOE OTCeUeHMe HerOTHbIX BAPMAHTOB;

+ MUHIMAJIBHO BO3MOKHYIO TPYZOE€MKOCTb BBIUMCIIEHNIT IIPY BbIOOpEe OuepemHOI Iaphl B KauecTBe

KaHOMgaTa Ha BKJIIOUEHME B CTPOSIIYIOCT IIOICTAHOBKY.

71 [OCTIDKEHMS 9TOM Ieny OYeHb Ba)KeH BBIOOp CTPYKTYp HAHHBIX [JI XpaHeHMsI MHPOpMaIun
0 TEKYILEM COCTOSHUN OOBEKTOB M OIIEPALMIL C ITUMMI CTPYKTypaMu. MbI 3aBesn i1 KaxXaoro us rpados
00BeKT Kiacca GraphState, B KOTOpOM MMEIOTCS CJleIyIolIye KII0UeBble MaCCHUBHI:

+ CoreByOrder — comep>XuT HoMepa BepILH B IIOPSIAKe X PACCMOTPEHNsI, OHM He 0053aTeIbHO NIy T
noapsia (mis mepBoro rpada), MocKoJbKy mpu mocrpoerun siapa (Core) Ham TpeGyeTcs: CBI3HOCTD
cTposIIerocs noarpada;

+ RecNodeStates — comep>XUT COCTOSIHMS BEpILINH, KOTOpOe 3ajaeT jJmub0o HOMep IIapHOI BEpIIVHBI
u3 ppyroro rpada, 1160 CrenuaIbHbII IPU3HAK, YKa3bIBAIOIIMIT Ha BO3MOXXHOCTH MCIIOIb30BAHIT
BEPIUNHbBI HAa JaHHOJ BETBY BBIUMCIICHII.

Biok-cxema metoma RecursiveMatch() nsobpaxena Ha puc. 1. Metox numeer nBa mapamerpa: CoreSize —
pasMep IIOCTPOEHHOI YacTy IMOACTAaHOBKU U Depth — riyOmHa BiIoKeHHOCTU peKypcnu. OOmas cxema:
METOJ IIOPOKAaeT JIBe BEeTBY: C BKIIOUEHMEM BEPILINHEI 11 B CTPOAINYIOCT ITOJCTAHOBKY U MCKIIOUEHUEM
ee 113 TaKoBoIL. [lajilee MBI IPUBOAUIM HEOOXOMVIMbIE KOMMEHTAPUN K OTHEIHHBIM YYACTKAM BbIUMCIIEHIIL.

1. ITposepka mekyweti 6emsu guiuucIeHUli Ha GecnepcneKkmueHOCMb. ITO OCHOBHOI 3JIEeMEHT MeTOna

BeTBeJl ¥ TPaHMUI], ITO3BOJAIOIINII Cpa3y MCKIIOUNUTHh U3 PaCCMOTPEHMs BETBMU, KOTOpbIe HE MO-
I'yT YIYUYLINTB y>Ke NOCTUTHYTBIN pe3yJIbTaT. B Halleil 3agade KpMUTepMil IS IIPOBEPKM IIOUTH
oueBnmeH. s samaun MCIS MbI cunraeM BeTBb 0eCIIEpCIIEKTMBHON IIPY BBITIOJTHEHUN YCIOBYIST
CoreSize + N — Depth < BestResult, rme N — KoImuecTBO BepiuH B epBoM rpade, BestResult — yxe
OOCTUTHYTHIN pedyibrat. s 3amaun MCES Mbr Moruin GbI CUMTATH BETBb OeCIIepCIIEKTUBHOIL, ec-
JIM OCTaBIIMXCSA pebep He XBaTaeT I YJIYUILIeHNs pesyibrara. Kak mokasany sKCIIepUMEHTSHI, 9TO
OueHb CI1a0bIil KPUTEPUIL, KOTOPBIV OOBIUHO He IT03BOJIAET YCKOPUTD pellleHe 3a0aulL, OQHAKO aBTOP
II0Ka HIUEro APYroro IpeaioKUTh He MoXKeT. [IoaTroMy majnee MbI B OCHOBHOM OymeM oOCYy’XKaaTh
3aJ1auy ToJbKO B roctaHoBke MCIS.

2. ITouck n_ind — undekca nepsoti nooxodsueil eepuiutvl 6 maccuse CoreByOrder onst nepsozo epagpa. Ilon-

XOJAIIel BepIfHa CUMTAETC, €CIM OHA He BKJIIoYeHa ere B Core, He ICKIIOUeHA M3 PACCMOTPEHU
Ha TaHHOJ BeTBM U MIMeEET CBSI3b C TEKYILUM SApOM. [lajiee IIPOMCXOAUT IIepecTaHOBKAa HOMEPOB Bep-
e B MaccuBe CoreByOrder, KoTopas II03BOJISIET BCE PACCMOTPEHHbIE BEpIIMHBI JeP>KaTh B MaCCHBE
roapsan. IlycTs 910 BepiumHa n. 3mech e [T KaKIO BepIIMHEI rtepBoro rpada sae Core mpouc-
XOOUT IlepecyeT Ba)KHOJ UMCIOBOJ XapaKTEPUCTUKI, JICIIOJIb3yeMOI B IIYHKTe 3a I ObICTpOIl
0TOpPAKOBKM HEIIOOXOMAIINX I Hee map. TpymoeMKkocTs aT0oro mepecuera coctasiuser O(N — Depth).
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Tekymas noacTaHoBKa
OecniepcrieKTUBHA?

[Mouck n_ind — uHICKCA MEPBOI MOAXOIAIICH BEPIIUHBI B MACCUBE
CoreByOrder mis nepsoro rpada. JJanee n = CoreByOrder[n_ind].
Caonunr 3nauenunit CoreByOrder[n_ind] u CoreByOrder[Depth].
CoxpaHeHHe COCTOSIHUSI TIepBOro rpada

Y

[{uxt mo m — BepmmaaM B MaccuBe CoreByOrder ms
BTOpOro rpada, HaunHas ¢ uHaekca CoreSize |

ITapa (n, m) mporwia Her | TIpogomxkenne

[IPEIBAPUTENIbHYIO IIPOBEPKY? UKJIa
[Tapa (n, m) nporuwia [Tponomxenue

HOJIHYIO TIPOBEPKY? IMKJIa

CoxpaHeHHe COCTOSHHS BTOPOro rpada u 3anoMuHanue napsi (N, m)
B maccuBax RecNodeStates ast o6oux rpagos
. 3anomMuHaHue
OT0 ny4iuii pe3ynprat?
pe3ynprara

Her
=
| Pexypcusnbiii Bei3oB RecursiveMatch(CoreSize+1, Depth+1) |

Y

BoccraHoBiieHne coCTOsSIHUS BTOPOTo Tpada 10 BKIIOUEHHS BEPIIMHBI M

Y

Koner mukia mo m

BoccranoBneHune cocTosiHUS epBOro rpada 10 BKIIOYESHUS BEPIIUHBI N.
OGpaTtHbIii cBoNUHT 3HaueHui B Maccue CoreByOrder mis nepsoro rpada.
[ToaroToBka BTOPOil BETBH BBIYMCICHUH C HCKIIIOYEHHEM U3 TIOICTAHOBKU
BepuinHbl N. CoXpaHEeHHe COCTOSIHUS BEPIINH MEPBOTo rpada

Y

| Pexypcusnwiii Be13oB RecursiveMatch(CoreSize, Depth+1) |

Y

| BoccTraHoBieHre COCTOSHUS IEPBOTO rpada J0 UCKITFOUEHUS BEPIIHHBI N |

Y

Figeil BloghdiagramrbseriabapgitRsinod  Prc. 1. baek1cxeMa NASGAERATE HSIHRYMET@AR HOrO
RegeesivabatetrceredSize pPsmsh) RecuksiveMateblkavesiaenRepdiize, Depth)
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3. Hauano yuxna no m — eepwunam 6 maccuse CoreByOrder 0ms eémopoezo epaga, HauuHas ¢ uHoekca
CoreSize. BepIIHBI ¢ MEHBIINMUI MHAEKCAMI K JaHHOMY MOMEHTY yKe BKitoueHbI B Core. B Ha-
yaJie UTeparuy IPOMCXOAUT BBIUMCIIEHIIE UNCIOBOI XapaKTePUCTUKIA, MCIIOIb3yeMOII B ITyHKTE 3a.
Jlns BepLIMH BTOpOTro rpada TpymxoeMKocTs 3Toro Borunciaenus cocrasiser O(N — |Corel).

(a) ITpedsapumenvras nposepka napvi (n, m). YIIOMsIHyTast 4MCIOBas XapaKTePUCTIKa IIpeaHa3Ha-
YeHa [JISI BO3MOXXHO OBICTPOIT OTOPAKOBKM IIap, B KOTOPBIX BEpIUVHBI 1 U M He TOMATCS
IUISL BKJIIOUEHNSI B TeKyllee sSApo. MbI IOnpo6oBaiy OKOJIO [JecsTKa PasHbIX BapMaHTOB Ta-
KOJI XapaKTEePUCTUKY U B UTOTe OCTAHOBMJINCH Ha CIEAYIOILEM. B ciiyuae HeopmeHTMpOBaH-
HBIX TPpa)0B MBI BBIUNCIISIEM CYMMY MHIEKCOB BepiunH u3 Core, ¢ KOTOPBIMY CBsI3aHa JaHHAas
BeplInHA (n WM m B 3aBUCKMOCTU OT rpada). 3nech mHmekc B Core COOTBETCTBYET YPOBHIO
BJIO>KEHHOCTYI PEKyPCHI, Ha KOTOPOM BeplinHa Obl1a qo6aBiieHa. B ciyuae opreHTHpOBaHHBIX
rpadoB Takas XapaKTepPUCTUKA BBIUMCISETCS OTHENIbHO IS BXOMSILIMX U BBIXOASIUUX pebep
(MBI 7151 OBIIIHOCTI M3IIOKEHS HE MCIIONb3yeM 3[IeCh TEPMIH «Ayrax»). Takas mpoBepKa 31ech
tpebyer O(1) oneparuii, a BEIUMCIIEHME ee (qeaeTcs Ha BeTKe OMH pa3) NMeeT TPYL0EMKOCTh
O(|Core]).

(b) Ilonnas nposepxa napui (n, m). CBOQUTCA K LUKy IPOBEPKU COOTBETCTBUA pebep AByx rpados
mpu 706aBIeHNN Mapkl B AAPO, uMeeT TpygoeMKocTs O(|Corel)). IIpu oI0KUTEIBHOM pe3yJib-
TaTe cOXpaHsieM COCTOSIHIIE BTOPOro rpada u 3arroMnHaeM mnapy (n, m) B Maccusax RecNodeStates
miist o6oux rpados.

(c) Ecru pesymvmam myuwiuti (Wiu 3mo nogmopeHue Iyuuiezo pe3ynbmama), 3anOMUHaeM ezo.

(d) denaem pexypcueruiii 6v1306 RecursiveMatch(CoreSize+1, Depth+1). BeTBb «+».

(e) Boccmanasnusaem cocmosinue 6mopozo epaga. Tpym0eMKOCTb 3TOr0 BOCCTAHOBIICHNS COCTABIISET
O(N - |Core).

4. Koneuy yukna no m.

5. Boccmanasnueaem cocmosinue nepeoeo epaga. TpymoeMkocTs BoccraHOBiIeHUs cocrasiuser O(N -
Depth). IloprorasinBaeM BTOPYIO BETBb BBIUNMCIICHNI, Ha KOTOPOII BepIIIMHA N He BKJIIOUEHA B IIOA-
CTaHOBKY. IlepecunTsiBaeM COCTOSIHIE IIepBOTo rpada repe; HauanroM BbIUMCIEHNIT Ha 9TOI BETBI,
yUMTBIBas 3aIlpeT Ha BKJIIOUEHIe BePIUIHBI N B IIOACTAHOBKY. TPyJ0eMKOCTh IlepecyeTa COCTaBIISIeT
O(N - Depth).

6. Bwinonnsem pexypcusHuviii 6vi306 RecursiveMatch(CoreSize, Depth+1). BeTBb «—».

7. Boccmanasnueaem cocmosiHue nepeoeo epaga. TpyaoeMKoCTh BOCCTAHOBIEHMS MOXKHO OLIEHUTh Kak
O(N - Depth).

8. Buixooum uz memooda.

Kak MOXXHO BMIeTh U3 CHeJaHHBIX 3aMeYaHUI, Ha KaKIOM dTalle BHIUVCIEHIII MBI CBEJIM TPYXOeM-
KOCTb BBIUMCJIEHUIT K MUHIMAJIBHO BO3MOXKHOIT. KpoMme TOro ciieiyeT oTMeTUTh, UTO B IIOC/Ie0BATEIBHOM
peKuMe BBIUMCIIEHNUS Ha BETBI «+» BBITOJIHEE BBIIIOIHATDH PaHbIIle, UeM Ha BETBU «—». Tak MbI ObICTpee
IDOCTUTHEM JIyYILIero pe3ysbTaTa U CJIe0BAaTeJbHO paHbIlle 0OTOPOCKM HellepCIIeKTUBHbIE BETBU BBIUNIC-
JIEHUIL.

3. IIporpamMMHas peaJM3anusA IOCJIeTOBATEJIBHOIO AJITOPUTMA

I OTJIADKM M OLEHKM KauecTBa IPEIOKEHHOro aaropurMa Ha s3blke C# ObUIM HAIVICAHBI [IBe
IIPOTPaMMBI.

IlepBast mpegHasHauayach AJISI TeHepaIMM MCXOMHBIX AaHHBIX 3amgaum MCS, a mMeHHO: ABYX CIIy-
4yaitHbIX rpadoB ¢ 3aHaHHBIMU XapakTepucrtukamu. OHa M03BOJISLIA BBICTPOUTH APy OPUEHTUPOBAHHBIX
160 HeOPMEHTUPOBAHHBIX Irpad)0B 3aMaHHOTO pa3Mepa C 3aAaHHOI BEPOITHOCTHIO AYTU Miau pebpa co-
OTBETCTBEHHO, a TaK)Ke I1apy peryJspHbIX rpadoB 3aMaHHOTO pa3Mepa C 3aJaHHOI CTEIeHbI0 BEPIINHEI.
B ciyuae opueHTHPOBaHHBIX IpadOB IO «PETYIIAPHOCTHI0» MBI MTOHMMANN (UKCUPOBAHHYIO CYMMY KO-
JMYEeCTBA BXOIAIIUX ¥ MCXOmammx ayr. Kpome Toro, mis oTiagky Ha HayaJbHOM 3Talle IIporpaMMa
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IIO3BOJIAIA 3AJI0KUTH B 9TU rpadsl moarpad sagaHHOTO pasMepa, KOHEYHO, C TOUHOCTBIO O M30MOPPU3-
Ma. BipoueM, 0OBIYHO IIporpaMMa, peayin3yrolas peaIo>KeHHBII BhIIIe aJITOPUTM, HaXOQJIa pelleHue
JIydiiee, 4eM CIIEOMaJIbHO 3ajokeHHoe. Ha sTame mpoBeneHMs 9KCIIEpMMEHTOB BO3MOXXKHOCTD 3aJaHNSA
TaKOTO «TapaHTMPOBAHHOIO» PEILIeHNS YKe He UCII0JIb30Baach.

Bropas nporpamma mpejcrasisia co6oil COGCTBEHHO pealr3alnio IpeioskeHHoro anroputma. OHa
II03BOJIAET pelllaTh 3ajgauy Kak B nocraHoBke MCIS, tak u B mocranoBke MCES. Ilporpamma Haxogut
BCe JIydIllle pellleHus B 3aJaHHOI IIOCTaHOBKe. B psAfe cIydasx TaKuX pelleHN OKa3bIBaeTCS HOBOJIb-
HO MHOTO, II03TOMY IIpU BBIBOJ€ B IIPOTOKOJI MX KOJIMUECTBO MOKHO OTPaHNYNUTE. Tarke IporpamMma
coOMpaeT 1 BBIBOANT B IIPOTOKOJ PasHOOOPa3sHYIO CTATUCTMKY O XOJe pelleHMs 3ajaun. MBI JOIOIHM-
TEJIBHO 3aJIOKIJINM B Hee BO3MO>KHOCTB CBOIIMHTA rpadoB ellle 4O Hauala BhIYmciIeHuil. [Ipyuunna B TOM,
YTO B CIy4ae, eI pacCMaTpyuBaeMble Tpadbl MMEIOT pasHOe KOJIMYECTBO BEpIIINH, aJITOPUTM, KaK ITOKa-
3aJIM 9KCIIePUMEHTBI, 3aMeTHO ObICTpee paboTaeT, eclIi B KauecTBe IIePBOTO BBICTyIIaeT Ipad MeHBIIIEIO
pasMepa. BripoueM, B Xome SKCIIEpMMEHTOB B KadeCTBe JICXOAHBIX NAHHBIX MBI MCIIOTIB30BaJM TOJBKO
rpadbl ONMHAKOBOTO pa3Mepa M C OIVHAKOBBIMI XapaKTepUCTMKaMU (BepOATHOCTb pebpa M CTelleHb
BEPLLUVHEI).

Kax u ciremoBaso oXuaaTs, TpyI0eMKOCTb JAHHOM 3afauy 0Kasajach HaMHOTO BBIIIIE, JaXKe II0 CpaB-
HEHUIO ¢ 3amaueil 06 uzomopdusme rpad-noarpad [11]. Ipuumna B ToM, uro perras 3agauy MCS, mbl
He MO>KeM 3apaHee 3HaTh pa3Mep MCKOMOTro n30Mopdu3Ma, a 3HAUNT, BEIHYKIEHBI IIepedpaTh BCe IO/~
MHO’KeCTBa MICKOMBIX Iap BeplInH. KoJmdecTBo HeOOXOMMMBIX BBIYNCICHNUII B HAIlleM ClIydae pacTeT
C yBeJIMYeHNeM pa3Mepa 3afaull HAMHOTO OBICTpee, IIpIYeM I10-pPa3HOMY I YIIOMSIHYTBIX BBIIIIE KaTe-
TOpUII MICXOOHBIX JAHHBIX.

B mpomecce TecTMpOBaHNA MCIIONIB30BATIICH KOMIIBIOTEPHI Ha 6ase AByXbsamepHOro mpoieccopa Intel
Core i3-7100 ¢ TakToBOI1 uacroroit 3.90 GHz u 8 GB omeparnsHoit mamsaTy, paboTaroliie oA yIIpaBieHeM
64-paspsguoit OC Windows 10. B xoze skcriepumMeHTa MbI OTPAHUUIIINCH TEMU UCXOHBIMY JaHHBIMU, KO-
TOpBIE ITI03BOJISIIN Ha KOMIIBIOTepe YKAa3aHHON KOHMUIYpaLMM ITOJMyUNTh pellleHe 3aaull B IIOCTAaHOBKe
MCIS 3a mpuemiiemoe BpeMms (He Goiee 40 MuHyT). [IoaToMy IIpeeIpHBIMU pasMepaMu 3aad I HAIIIX
9KCIIEPMMEHTOB M KaK B IIOCJIeJOBATeIbHOM, TaK I B IIapaJljIeIbHOM BapMaHTe OBLIN CIIeyIoIye:

* IUIS CIIyYaifHBIX OPMEHTMPOBAaHHBIX IpadoB: 40 BepIINH, BEpOITHOCTD AyTu 0.5;

* IS CITyYaifTHBIX HEOPMEHTMPOBAHHBIX I'padoB: 25 BepIIINH, BepOITHOCTD pedpa 0.5;

* UL peryJIIpHBIX OPMEHTMPOBAHHBIX TpadoB: 30 BepIlINH cTeleHN 15;

* IS PeryJIIpHBIX HEOPUEHTUPOBAHHBIX IpadoB: 25 BepiinH crerneHu 10.

V3 npuBeneHHBIX 3HAUEHMIT MOKHO CHeJaTh BBIBOJ, UTO MJI HEOPMEHTUPOBAHHBIX IpadoB BpeMs
paboTBI aITOPUTMA BBIIIE, YeM JJI OPMEHTUPOBAHHBIX, UTO ITOUTY OYEBMJIHO, IIOCKOJBKY Ha 3Tare 3a
(mpemBapmrenpHas MpoBepKa mapsl (1, m)) oTcekaeTcs 6oJIblile BAPMAHTOB.

Taxske OBIJIO OTMEUEHO, UTO KOJMYECTBO OIleparinilf, HeOOXOAMMBIX [JIS pellleHNs 3aaul, I COOTBET-
CTBEHHO BpeMs pellleHNs 3a1a4y I PeTyJIApHBIX IpadoB IPUMEPHO C ONMHAKOBBIMI XapaKTepUCTIKaMI
MMeeT CyIIeCTBEHHO OOJIBIINII pasdpoc, 4eM IS CIydaifHbIX rpadoB. B xome skcnepuMeHTa Mg npm-
eMJIEMBIX pasMepOB 3aJjaull OHO MOTIJIO pasiamdaTbes B 100 u 6osee pas. IIpo ciryuaiinbie rpadbl Takoro
CKasaTh HeJIb3s, IJI HUX pacXoXKaeHue ObLIo He 6ostee 2—3 pa3. MOJKHO Tak:Ke OTMETUTB, UTO pellIeHNe 3a-
Jaun I peTyJIapHBIX TpadoB B cpegHeM TpebyeT 6oIbllIe BpeMeH, UeM IS CIyYaifHbIX, YTO, BIIPOUYEM,
IIO-BUAVIMOMY, OOBSACHIETCS XapaKTepoM CBsi3ell BHyTpH Irpados.

na Merona BeTBell M TPAHMI] KJIIOYEBBIM fABJIAETCA 3TAIl OTCEYEeHMS 3aBeOMO OecIiepCreKTUBHBIX
BeTBell Iepebopa (B HallleM aJTOPUTME 3TO IIEPBBIN IyHKT). DKCIIEPUMEHT IIO3BOJII OLIEHUTDH 3ddek-
TUBHOCTH PaboThI JAHHOTO 3TAla JJIA IIPejIaraeMoro anropurMa B obenx mocranoskax (MCIS u MCES).
Kak 66110 0TMeueHoO BbiiIe, B cxydae MCES mpeioskeHHas oLleHKa OKasajlach CIMIIKOM cJIaboil 1 He T103-
BOJIVLJIA CKOJIBKO-HIMOY b YCKOPUTH BBIUMCIIEHMSI. BMecTe ¢ TeM IIpOroHBI IIPOrpaMMBbI B BApMAHTe MJIS TeX
e maHHBIX, uto 1 aua MCIS, mosBomman oneHuTdh 3¢ GeKTUBHOCTD 3TOTO OTCEYEHMS NI IIOCIeIHero,
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ITOCKOJIBKY B 000MX CJIyuasx MbI IIPOXOAVIM II0 OMHVM M TeM K€ BETBIM ¥ MO)KEM BBIUMCIIUTE, CKOJIBKO
B uTOre ux O0bUIO0 3a6pakoBano anropurmom MCIS. KoneuHo, pasmMepsl pelraeMbIx 3aad B 3TOM CIIyuae
ellle MeHbIIle, IIOCKOJIbKY TpyHgoeMKocTb A1 3agauu MCES maMHOTO BBIIIIE.

IIpuBeneM HEKOTOpBIE PE3yJIBTATHI TAKMX IIPOroHOB. OHM JOCTATOYHO yCJIOBHBI, IIOCKOJIBKY MMEETCS
MSPSAHEBIN pa3dpoc CTATMCTUKIU AJIS PasHbIX MCXOJHBIX JAHHBIX, OJJHAKO IIO3BOJIIIOT CAEJIATh HEKOTOPYIO
Ka4yeCTBEHHYIO olleHKYy. OTMeTIM TaKKe, YTO 3TU SKCIIEPUMEHTHI IIPOBOANIINCH I MEHBIIINX pa3MepoB
3amaun, yeM ObLIO YKa3aHO BHIIIIE, IIOCKOJIBKY IPM OTKIIOUEHHOI 0TOpaKoBKe HeIepPCIIeKTMBHBIX BeTBell
(a B 3amaue MCES Tax dakxtuyecky u ObLIO) pellleHNe CUJIBHO 3aMeIIIIeTCs M 9TO OPAaHMUMBAET PasMep
3aJ1auyl, KOTOPYIO MO>XHO PEIINTD 3a IIPUEeMJIEeMOe BpeMs.

Ans cnyuaiinvix opuenmupogannvix epagos (35 sepuiun, gepossmuocmyp 0yeu 0.5) Ha srare 1 0oT6paKoBbI-
Bas1oCch 45-50 % BeTBell, 13 OCTaBIIMXCA BapMaHTOB Ha 3Talle 3a ocTaBajicd 1 % miu gaxe MeHee. YCKOpeHHe
3a cueT 00eMx IMPOBEPOK COCTABILIO IpuMepHO 200 pas.

[ns cnyuatinvix HeopueHMuUposanuvix epagos (20 eepwiut, seposmuocms pebpa 0.5) Ha arane 1 oTOpa-
KOBBIBAJIOCh ITOUTH 90 % BeTBell, M3 OCTABILIMXCA BapMAaHTOB Ha 3Tale 3a oCTaBajJoch 5-6 %. YCKOpeHUe
3a cueT 06enx IPOBEPOK cocTaBwiio Oosee 150 pas.

[ns peeynsipHvix opuenmupoganHvix epagoe (28 sepuiun, cmenenv éepuiunvl 14) Ha 3ramne 1 oTOpaKoBbI-
BAJIOCh IIPMMEPHO 45 % BETBEI, 13 OCTABLIMXCA BapMAHTOB Ha 3Talle 3a ocTaBajnoch 1.5-2 %. YckopeHue
3a cueT 00eMx MPOBEPOK COCTABIIIO IPUMeEpPHO 135 pas.

Lns pezynsprvix HeopueHmMupoganhvix epagos (20 sepuiun, cmeneHv gepuiunvl 10) Ha sTare 1 oT6paKoBHI-
BaJIOCh IpUMepHO Ooitee 90 % BeTBell, 113 OCTABILIMXCSA BApMAHTOB Ha 3Talle 3a 0CTaBaJIOCh 5—6 %. YCKopeHue
3a cueT 00enx IIPOBEPOK COCTABIIO IpuMepHO 200 pas.

CrenmyeT OTMETUTD, UYTO TaKUe SKCIIEPMMEHTBHI MbI IIPOBOAVUIIN U M APYIUX (MEHBIINX) pasMepoB
3aga4. OHI O3BOJIMIIN CAENATh BBIBOJ, UTO C YBeJIMUEHIEM pa3dMepa 3a7aull pe3yIbTaTUBHOCTD IIpUMe-
HEHHBIX IIPOBEPOK OIIYTUMO BO3pPACTaeT, M 3TOT (aKT HAIIITHO AEMOHCTpUpPYeT 3P PeKTUBHOCTD IpM-
MeHEHNA MeTOJa BeTBEJl M TpaHNI] C IPeIJIOKEHHOI BBIIIE OLEHKON IEPCIeKTUBHOCTI I pelLleHNI
3amaun B rocranoske MCIS.

4. IlapamIe/IbHBIN AJITOPUTM pPellIeHN 3aJaun

MeTon peKypCUBHOTO pacmapayiiennBaHus Haubosee 3¢pPeKTUBHO paboTaeT B TeX CIydasx, KOTma
pelaemMyio 3agauy (WM HOA3a[avy) MOXKHO pasmelnTh Ha JBE MON3a[adyll C PABHBIM WIN XOTS OBI CO-
MOCTaBUMBIM 00BEMOM BBIUMCIIEHUIT. BapuaHT ¢ paBHBIM 06'b€MOM SABIAETCA UAEATHHBIM 1, KaK JIFO0OI
MIeaNbHbIl BADUAHT, B )KU3HI He BCTpeuaercs. [[0aToMy B IIporpaMMHbIe cpefcTBa mognepskku PII mpo-
rpaMmupoBanysa [13] ObUIN 3a10KEHBI BO3MOXXHOCTHU JUHAMMIUECKON OalaHcupoBKu 3arpysku. Ho ecian
00beMBI OBYX IOPOXKAAEeMBIX [1OA3aau Pas3jINyaloTCs OUeHb CUJIBHO, OT IIPOTPaMMICTa TpeOyeTcs BbI-
CTPOUTH MPOLIECC TTOPOKIEHNS MAPAIIENbHBIX BETBEN HECKOJIBKO HAUe, ueM B 6a30BoM anropurme [12].

[IpenyosKeHHBIN BBILLIE IIOCIENOBATEIbHBIN AJITOPUTM PELIEeHNs 3aJaull paclagaercs Ha IBe BETBU
(«+» 1 «—»), 06bEM KOTOPBIX OTIMUAETCS OUeHb CYLIEeCTBEHHO. Bojiee TOro, BETBb «+» MPENCTABIISAET CO-
6011 LMKJI C peKypCUBHBIMM BHI30BaMU Ha OT[ENbHBIX UTeparyax. K Takoil cxeMe HaC IPUBEIO JKelaHe
VICKIIFOUNTH [TIOBTOPHOE BBHIYNMCIIEHNE 3HAUEHUIT, O0OPA3YIOIMX TEKYIIlee COCTOSHIE XapaKTEPUCTUK Iep-
Boro rpada. BeicTpanBas mapasieabHbIil aITOPUTM, TIPEICTABIAETCI PA3YMHBIM PEKYPCUBHBIE BHI3OBBI
BETBU «—» Ha OTHEJbHBIX UTEPALVAX OCTABUTD ISl BHIIIOJHEHMS IIpoLieccopaomy moxyJro (IIM), mopo-
nuBiemMy 91y BeTBb (uepe3 H_Call()). Torga BeImToHE HIe BBIUMCIEHIIT HA BETBI «+» OBLIIO ObI €CTECTBEHHO
odopmuTts nx yepes Be13oB P_Call().

OnHaKO MIPaBUIIBHOI MTOCIIEOBATEIHLHOCTEIO OPOPMIIEHVSI BHI30BOB IMAPAJIIEIbHBIX AKTUBALIVI SBJISI-
ercs takas: P_Call(), H_Call(), Wait(). Iloaromy B oTiinune ot 6a30BOV BEpCUY aJITOPUTMa, TIE II0 YKa3aH-
HBIM BBIILIE IIPUUMHAM BETBB «+» IIUIA IIEPBOIL, MbI U3MEHIUIN MTOPAIOK ClIeOBaHMS BeTBell. B pesynbprare
AITOPUTM IIPUOOPEN BUJ, IIPEICTABIEHHBI HA PUC. 2.
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Texymas mocTaHOBKA
OecriepcrieKTUBHA?

[Touck n_ind — uHAEKCa MIEPBOM MTOXOIAIICH BEPIIHNHBI B MACCHBE
CoreByOrder nns nepBoro rpada. Jlanee n = CoreByOrder([n_ind].
Ceornunr 3HaueHuit CoreByOrder[n_ind] n CoreByOrder[Depth].
CoxpaHeHHE COCTOSHHS TIEpBOTO rpada

Y

[Toxroroska 6y10ka mapamMeTpoB Bpl ¢ HCKIIOYEHHON M3 pACCMOTPEHUS BEPIIIMHOM N
Be1zoB P_Call(Par_MCS_Method, Bp1)

Y

| BoccranoBienne cocTosHUS TIepBOTO Tpada 10 HCKIIOUEHUS BEPITUHBI N |

| Bxutouenune BepLIMHbBI N B CTPOALIYIOCS 110ACTaHOBKY Core |
ukn mo m — BepmmHaMm B MmaccuBe CoreByOrder ais
, BTOpOTrO Tpada, HaunHas ¢ uHaekca CoreSize |

[Mapa (n, m) npomuia Her | TIpomomkenue

MIpeIBAPUTEIIbHYIO TPOBEPKY? TUKIIa
[Tapa (n, m) nponuia [Tponomxkenne
MOJHYIO MMPOBEPKY? HKIa
3anomuHaHMe napkl (n, m) B MaccuBax RecNodeStates nyist o6oux rpadoB |
DTO My4IIHiA Pe3yabTaT?
pe3ysibraTta

Her

V<

[TonroroBka 610ka mapameTpoB Bp2 ¢ BKIIIOUEHHOW BEPIIMHOMN N
BezoB H_Call(Par_MCS_Method, Bp2)

Y

\\KOHeu LUKJIA T10 ry

Boccranosnenne cocTosHUS nepBOro rpad)a J0 BKIIFOYCHHWA BEPIIUHEI 1N

Fig. 2.FiodkRisssrdisgmparihepaiatikbmethod  pyc, z.%@mwmﬁeﬁgﬁ%w&mm
RecurBReeMbEMRELfseetese) MeTONET REZ FSHIEMAYEHeeESHAEe)

136




Recursive-Parallel Algorithm for Solving the Maximum Common Subgraph Problem

Tahignle Therdcseteratian obtheREpalgasititm

TaGasula YCHRREPUARTPANEARKENAa

Source Data Sequently| 1PM 2PM 4 PM 6 PM 8PM | 12PM | 16 PM
Example 1  |Exec. Time (s)| 1827.16 | 1507.80 | 772.53 | 608.41 | 412.29 | 371.10 | 316.54 | 293.55
Branches (mln): | Ratio to Seq 1.21 2.37 3.00 4.43 4.92 5.77 6.22
518.65 Ratio to 1 PM 1.00 195 | 248 | 3.66 | 4.06 | 4.76 | 5.14
Example 2 |Exec. Time (s)| 1647.64 | 1369.98 | 833.04 | 558.49 | 355.37 | 306.41 | 289.03 | 275.55
Branches (mln): |Ratio to Seq 120 | 198 | 295 | 4.64 | 538 | 570 | 5.98
463.26 Ratio to 1 PM 1.00 164 | 245 | 3.86 | 4.47 | 4.74 | 4.97
Example3 |Exec. Time (s)| 1653.02 | 1379.50 | 815.17 | 573.53 | 352.70 | 351.02 | 327.41 | 261.34
Branches (mln): | Ratio to Seq 1.20 2.03 2.88 4.69 4.71 5.05 6.33
462.06 Ratio to 1 PM 1.00 169 | 241 | 391 | 393 | 4.21 | 5.28
Example 4 |Exec. Time (s)| 2399.06 | 1769.01 | 789.57 | 566.08 | 423.37 | 357.85 | 284.71 | 280.72
Branches (mln): |Ratio to Seq 136 | 304 | 424 | 567 | 670 | 843 | 8.55
888.37 Ratio to 1 PM 1.00 224 | 313 | 418 | 494 | 6.21 | 6.30
Example 5 |Exec. Time (s)| 2391.80 | 1763.76 | 787.03 | 632.88 | 425.31 | 357.83 | 327.41 | 322.73
Branches (mln): | Ratio to Seq 1.36 | 304 | 378 | 562 | 6.68 | 731 | 7.41
884.58 Ratio to 1 PM 1.00 224 | 279 | 415 | 493 | 539 | 547
Example 6 |Exec. Time (s)| 1937.06 | 1221.53 | 743.62 | 450.25 | 335.93 | 304.79 | 267.13 | 247.84
Branches (mln): | Ratio to Seq 1.59 2.60 4.30 5.77 6.36 7.25 7.82
712.73 Ratio to 1 PM 1.00 164 | 271 | 3.64 | 4.01 | 457 | 4.93
Example 7 |Exec. Time (s)| 1931.40 | 1463.80 | 661.91 | 416.18 | 373.29 | 293.43 | 221.17 | 212.74
Branches (mln): | Ratio to Seq 1.32 2.92 4.64 5.17 6.58 8.73 9.08
598.41 Ratio to 1 PM 1.00 221 | 352 | 392 | 499 | 6.62 | 6.88
Example 8 |Exec. Time (s)| 2698.58 | 1995.70 | 860.23 | 503.60 | 378.03 | 375.82 | 322.94 | 285.84
Branches(mln): |Ratio to Seq 135 | 314 | 536 | 714 | 718 | 836 | 9.44
818.04 Ratio to 1 PM 1.00 232 | 396 | 528 | 531 | 6.18 | 6.98
Example9 |Exec. Time (s)| 3412.75 | 2668.96 |1090.94 | 598.74 | 475.16 | 423.73 | 398.26 | 350.27
Branches (mln): | Ratio to Seq 1.28 3.13 5.70 7.18 8.05 8.57 9.74
1036.09  |Ratioto 1 PM 1.00 245 | 446 | 562 | 630 | 6.70 | 7.62
Example 10 |Exec. Time (s)| 2298.15 | 1662.66 | 768.89 | 658.51 | 446.11 | 370.32 | 353.07 | 285.87
Branches (mln): | Ratio to Seq 1.38 2.99 3.49 5.15 6.21 6.51 8.04
836.57 Ratio to 1 PM 1.00 216 | 252 | 3.73 | 449 | 471 | 5.82
Example 11 |Exec. Time (s)| 1976.47 | 1480.91 | 667.13 | 470.35 | 355.83 | 289.67 | 226.97 | 222.30
Branches (mln): | Ratio to Seq 133 | 296 | 420| 555 | 682 | 871 | 8.89
702.42  |Ratio to 1 PM 1.00 | 222 | 315| 416 | 511 | 652 | 6.66
Example 12 |Exec. Time (s)| 2026.67 | 1467.65 | 680.11 | 474.15 | 332.51 | 317.74 | 260.46 | 224.02
Branches (mln): | Ratio to Seq 138 | 298| 427 | 609 | 638 | 7.78 | 9.05
724.37  |Ratio to 1 PM 1.00 | 216 | 3.0 | 441 | 462 | 563 | 6.55

Ilepenaua HaKOILIEHHO MHOPMALINI O TEKYIL[eM COCTOSHIY CTPOSILEIICS ITOACTAHOBKIU OCYIIeCTB-
JIsIeTCsl uepes3 CIIeNMaNbHYI0 CTPYKTYPY, Ha3bIBAIOIYIOCSI 0I0KOM IapaMmeTpoB. OHa COmEpP)KUT CIIMICOK
y’Ke BKJIIOUEHHBIX B IIOCTPOEHHYIO UacTh noacTaHoBKy (Core) BEpILIH B IIOPSIAKE MIX BKIIOUEHMS, a TAaKXKe
MHPOPMAIMIO O CBA3IX KaXKIOI TaKoil BepIUIWHEI ¢ BepiiuuHaMmy u3 Core. ITa nHPOpMALIS ICIIOTIB3YETCS
JUIS IIpeqBapUTENIbHON IIPOBEPKM OUepeHOIN Imaphl KaHAUAATOB Ha BKiIoueHne B Core. PerteHue o ToM,
KaKyI0 BEpCUI0 OCHOBHOT'O MeTofa (IIOCIeOoBaTeNbHYI0 VM IIapajUIeIbHYI0) 3allyCcKaTh Ha OuepeIHOM
aTarle BBIUMCIEHNIT, IPUHMMAETCI Ha OCHOBAHIY ABYX IAPaMeTPOB: IIPeNeIbHOI TIIyOMHBI BIOXKEHHOCTI
U IIpefeIbHOTO pa3dMepa IIOCTPOEeHHOI YacTU MOACTAHOBKIA.
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5. HporpaMMHa;{ peaimn3danuia NMapajajaeJIbHOTO AJITOPpUTMA U PE€3YyJIbTaTbl
IKCIIEPVIMEHTOB

[lenpro 9KcIepyMMeHTa ObLIA OLICHKA YCKOPEHMS PelleHN 3aJady, JOCTUTAaeMOro 3a CYeT MCIIOIb30-
BaHMA IIPeJIOKEHHOTO IIapajlIeJIbHOTO aIrOpuTMa. B KauecTBe MCXOMHBIX JAHHBIX MBI Opayii CreHepu-
POBaHHBIE CIIyYaifHBIM 00pa3oM Iaphl rpadoB ¢ PasIMUHBIMU XapakTepucTukamy. OHI IepedrcIeHbl
B pasjielie, IIOCBAILEHHOM OIIMCAaHMIO SKCIIEPMMEHTAIbHOIO MCCIIENOBaHNA IIOCIEN0BATEIbHOIO aJITOPIUT-
Ma. TaM >xe ykasaHbI BEIUMCIUTEIbHbBIE XapaKTePUCTUKI KOMIILIOTEPOB, MCIIOIb30BAHHBIX JJI IMIpOBee-
HUs 9KcIlepuMeHTa. [IpomyckHas criocoOHOCTb ceTu paBHsuIach 100 Mb/s.

Cobpannsle B Tabmmie 1 pesyiabTaTsl JeMOHCTPUPYIOT JOBOJBHO XOpOIIyI0 3((GeKTUBHOCTD Ipef-
JIO)KEHHOTO PeKypCUBHO-IIapaJIIeIbHOTO alropuTMa. Pe3ynbraTel mosjydeHbl Ha 12 mapax ciydaliHBIX
rpadoB ¢ pasTMYHBIMY XapaKTePUCTUKAMI, 3aJI0KEHHBIMIY IIPY MX IIOCTPOEHN, a IMEHHO:

+ IpuMepsl 1-3: crydaitHble OpMeHTUpOBaHHBIe Ipadbl 13 40 BepIUNH, BepOATHOCTb Xyru 0.5;

 IpuMepbI 4—6: cIayuariHble HEOPMEHTUPOBaHHbIE Tpadbl U3 25 BepIINH, BEpOITHOCTb pebpa 0.5;

+ IpUMepsl 7-9: peTyJpHbIe OpMeHTUPOBaHHBIe Tpadbl 13 30 BepIUNH cTeneHn 15;

 mpuMepsl 10-12: peryJsgpHsle HeOPUEHTUPOBaHHEBIE Ipadpl 13 25 BepIInH cTerneHn 10.

OTmeTuM, UTO HaJdMuMe YCKOPEHNs, JOCTUTAaeMOTo ITapajllelIbHOM IIPOrpaMMOll Ha OMHOM KOMIIBIO-
Tepe, 110 CPAaBHEHIIO C IIOCJIe{OBATEIBHOII ee Bepclueil, 00bICHAETCS MCII0Ib30BaHIEM MHOTOIIOTOUHOCT.
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Mixed Boolean-Arithmetic expressions (MBA-expressions) with ¢ integer n-bit variables are often used for program obfusca-
tions. Obfuscation consists of replacing short expressions with longer equivalent expressions that seem to take the analyst
more time to explore. The paper shows that to simplify linear MBA-expressions (reduce the number of terms), a technique
similar to the technique of decoding linear codes by information sets can be applied. Based on this technique, algorithms
for simplifying linear MBA-expressions are constructed: an algorithm for finding an expression of minimum length and an
algorithm for reducing the length of an expression. Based on the length reduction algorithm, an algorithm is constructed
that allows to estimate the resistance of an MBA-expression to simplification. We experimentally estimate the dependence
of the average number of terms in a linear MBA-expression returned by simplification algorithms on n, the number of de-
coding iterations, and the power of the set of Boolean functions, by which a linear combination with a minimum number
of nonzero coefficients is sought. The results of the experiments for all considered ¢ and n show that if before obfuscation
the linear MBA-expression contained r = 1, 2, 3 terms, then the developed simplification algorithms with a probability close
to one allow using the obfuscated version of this expression find an equivalent one with no more than r terms. This is
the main difference between the information set decoding technique and the well-known techniques for simplifying linear
MBA-expressions, where the goal is to reduce the number of terms to no more than 2. We also found that for randomly
generated linear MBA-expressions with increasing n, the average number of terms in the returned expression tends to 2*
and does not differ from the average number of terms in the linear expression returned by known simplification algorithms.
The results obtained, in particular, make it possible to determine ¢ and n for which the number of terms in the simplified
linear MBA-expression on average will not be less than the given one.
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006 ynpouieHNM BbIPa>KEHUIL CO CMEIIAHHOV OMITOBOM M II€JIOUNCIeHHO

apudmMeTUKOIN
10.B. Kocozamos! DOI: 10.18255/1818-1015-2023-2-140-159

O>xHBIIT (denmeparbHBLl yHUBepCUTeT, yiI. Bonsiras Cagosas, 105/42, Pocros-na-domy, 344006, Poccus.

YK 004.056.5 ITonyuena 3 anpens 2023 r.
Hayunas cratbes ITocne mopaborku 17 mast 2023 r.
ITonHBIN TEKCT HA PYCCKOM fI3BIKE Ilpuusara k my6ankanmm 17 mast 2023 T.

BoIpakeHMs: co cMeIIaHHON OyJeBOI ¥ IeJIOUNMCIeHHoN apudmernkoi (manee — MBA-Beipakenus, or anri. Mixed
Boolean-Arithmetic) or ¢ HeIOUMCIEHHBIX N-OMTHBIX ITepeMEHHBIX YaCTO HAXOIAT IpMMeHeHNne npu obdyckanmum (3a-
My THIBAaHNI) IIPOrPAaMMHOI0 KOAa. 3allyThIBaHIe 3aKII0UAETCs B 3aMeHe KOPOTKUX BBIpaKeHUII GoJlee MIMHHBIMU 9K-
BUBAJICHTHBIMM BBIPaKEHMSIMI, Ha JVICCJIeJOBaHME KOTOPBIX, KaK IIPeCTaBIIsLETCsI, aHAIMTUKOM MOKET OBITh 3aTpaueHo
Gosblle BpeMeHM. B pabore IIoKasaHo, YTO AJIS YIPOILEHVs JMHENHbIX MBA-BbIpaykeHUI (COKpaIl[eHVsI KOJIUeCcTBa
cllaraeMbIX) MOJKeT OBITh IPUMEHEHA TEXHIKA, aHAJIOIMYHAS TEXHUKE AeKONVPOBAHMS JIMHENHBIX KOXOB 10 nHpOpMa-
LIMOHHBIM COBOKyIHOCTSIM. Ha OoCHOBe 971071 TeXHMKM B paboTe IOCTPOEHBI alrOpUTMBI yIIPOIIeHNs JNHeHbIX MBA-
BBIP)XEHMIT: aJITOPUTM HaXO0)XX/IEHNS BHIPXKEHSI C MUHMMAIBHBIM UJCIIOM CJIaraeMBbIX I aJITOPUTM COKPALIEHNS UICia
ciaraeMbIx. Ha ocHOBe alropuTMa COKpallleHuUs Yicia cjaraeMbIX IIOCTPOEH alTOPUTM, IIO3BOJISIOIINIL OLIEHNUTD CTO-
KocTb MBA-BbIpasKeHMs K YIIPOLIEHMIO. B paboTe sKCIepUMEHTATIBHO OLleHeHa 3aBMCUMOCTb CPeIHET0 YICIa CllaraeMbIx
B uHeIHOM MBA-BbIpaskeHIN, BO3BpAllaeMOM aJITOPUTMaMII YIIPOLLEHNIs, OT Pa3psAHOCTY N, YVICJIa MTepanii KeKo-
OUPOBaHV M MOIIHOCTY Habopa OyseBbIx QYHKIMIL, II0 KOTOPOMY MII[ETCS JIMHeIIHas KOMOMHAINS ¢ MUHUMAIbHBIM
YIICIIOM HEHYJIEBBIX KO3 duimeHToB. Pe3ynbTaTsl 9KCIEpUMEHTOB MJIS BCEX PACCMOTPEHHBIX ! M N IIOKa3bIBAIOT, UTO
eciau o obdyckarum auHeriHoe MBA-BbIpaxkeHMe comepskaio r = 1,2,3 ciaraeMbIx, TO paspaGoTaHHbIe aJrOPUTMBI
YIPOILEHNs C BEpPOSITHOCTBIO, OJIIM3KOI K eJUHMNIE, TI03BOJAIOT 110 00(yCIMpOBaHHOMY BapMaHTy 3TOTO BBIPKEHIS
HaJITV 9KBUBAJIEHTHOE C YICJIOM CJIaraeMbIX He Gojiee r. B 9ToM 3akiIr0uyaeTcs r1aBHOe OTIMUIE TEXHUKY AeKOTMPOBAHMS
110 MHPOPMAIMOHHBIM COBOKYITHOCTSAM OT M3BECTHBIX TEXHIK YIIPOLUEHMs JMHeHbIXx MBA-BbIpakeHMII, B KOTOPBIX
LEJIBIO SIBJISIETCS COKpALlleHNe UICiIa ClaraeMbIxX [0 He 6oisee ueM 2'. B paGoTe TakKe yCTaHOBIIEHO, UTO IJIS CIIyUailHO
CTeHEPUPOBAHHBIX JIMHETHBIX MBA-BBIpa)XEHIII C POCTOM N CpefHee UMCIIO CIaraeMbIX B BO3BpAIlaeMOM BbIpasKeHII
cTpeMuTCcs K 2' M He OTJIMUAeTcss OT CpeJHEro YICia ClIaraeMbIX B JIMHETHOM BBIP@)KEHNV, BO3BPAILlAeMOM M3BECTHBI-
MM aJropuTMaMu ympoiueHus. IlonyueHHbIe pe3yJabTaThl, B UaCTHOCTI, IIO3BOJISIOT OIpPENeNUTh ¢ M N, IS KOTOPBIX
KOJIMUECTBO CJIaTaeMBbIX B YIIPOILEHHOM JInHelTHOM MBA-BbIpaskeHNM B cpeJHeM OyIeT He MeHee 3aJaHHOTO.
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Beegenue

O6dyckanus (wim 3amyThIBaHIEe) IPOTPAMMHOTO KOJIa — 9TO Ipeobpas3oBaHue, coxpaHsIee QyHK-
I{MIOHAJIBHOCTb IIPOTPaMMBI, C L{eJIbI0 3aTPyAHEHNS MICCIeTOBaHUA KOa aHAIMTUKOM (4eJI0BEKOM /TN
aBTOMaTMUecKuMHU cpeacTBamu). HecMoTps Ha To, UTO He CyII[eCTByeT yHUBEPCAIBLHOTO 00y CLPYIOIIero
IpeoOpa3oBaHNs, CTOMKOIO B paMKaX MOJEN «BUPTYaJIbHOTO YepHOro SIuKa» [1], mcciaeqoBanus B 06-
JIACTM IIOCTPOEHA Y aHAIN3a IIPAKTIUECK CTOMKMX 00 ycHpyoIux Ipeo6pa3oBaHmIl IIPOLOIIKAIOTCH.
OnHMM U3 MCIOJIB3yeMBbIX Ha IIPAKTUKe IIOAXO0M0B SIBIIAETCSI 3aMeHa KOPOTKIUX apu(pMeTIUeCKUX 1 OUTO-
BBIX BBIp@)KEHUII 60JIee MIMHHBIMI BBIPKEHUAMI, COREPKAIMMY KaK OMTOBbIE OIlepalyyl Haf IIeIbIMI
yycnamy (B TOM Uycile, OUTOBBIE OIEPALINI A, V, & HAM LEJIBIMI YUCIaMI), TaK U apudmeTnuecke (oie-
paunu + u x) [2]. Janee takue BeipakeHus Oymem HasbiBaTh MBA-BoIpaskeHussMu (a66peBuarypa or aH-
rinmiickoro HaszBauusa Mixed Boolean-Arithmetic). 9BpucTuueckoe 060cHOBaHMEe 3aIyTHIBAOIINIX CBOJICTB
TaKoro IIOJX0Ma CTPOUTCH, C OAHOI CTOPOHBI, Ha OTCYTCTBUM MaTeMaTHYeCKIX IIpaBu yIpoleHns MBA-
BBIP@KEHUIT, a C OPYToil CTOPOHBI, Ha TOM, UTO OoJjlee AIMHHBIE MPOTPaMMBbl MeHee UMTaOeIbHBI, UeM
KopoTkue [3]. B o6iacti 3aiurel mporpamMm Ot ucciaegoBaHus MBA-BpIpa)keHNUS 4acTO IIPUMEHSIOTCI
IUIS IIOCTPOEHMS Henpo3pauHvix (HesigHbix) npedukamos (opaque predicates) [4]. Hamomuum, uro Hempo-
3payHbIM IpequkatoM P(xq,...,X;) OT I IIepeMeHHBIX HAa3bIBAETCS JIOTMUEeCKas QYHKINS, MoK JecmEeHHO
paBHas HYJIIO VM e JUHUIIe (KOHCTAHTHBII TpeauKaTt). OGBIUHO ITepeMeHHBIE Xi, ... , X IBJIIIOTCS 1{eI0UNIC-
nenHbpIMu. Korna sHaueHMe HeIIpo3pauHOTo IIpeuKaTa M3BeCTHO pa3paboTUMKY, TO 9TOT IIPeAMKAT MOKET
MCIIOJIb30BAThCA M N0OaBIeHMS, HAIIpMMep, YCIOBHOTO OIIepaTopa, B KOTOPOM Beera OymeT BbIIOIHATh-
CsI TOJIBKO OJHA U3 aJIbTEPHATNB, U3BeCTHAA padpaborunky. Hempospaunslil mpeankaTr 06bIUHO CTPOMUTCI
TaK, 4TOOBI I10 €ro BUAY ObLIO BBIUMCINTEIHHO TPYAHO PaclloO3HATh B HEM KOHCTAHTHBIN Ipeankar [5].
B aToM ciyuae aHAMNTHKY ITOTpeOyeTCs 3aTPATUTh PECYPCHI (BBIUMCINTEIbHbIE I BpeMeHHbIe) Ha aHAIN3
00erx albTepHATUB. B KOHCTPYKLMM YCIOBHOTO OIleparopa, M300pa)KeHHOTO Ha pHUC. 1, TOXKIECTBEHHO
MCTUHHBIN HEIIPO3pauHblil mpeankat Pr(xy, ..., X;) NCIIONb3yeTcs NI JoOaBIeHNS HeTOCTIDKIIMOTO KOAa,
Ha aHaIN3 U IIOHUMaHIe KOTOPOrO aHAIMTUKOM, KaK IIpeficTaBisercsd, OyayT 3aTpaueHbl pecypCHl.

if Pr(xy,...,x;) = 1 then

/* Bcerga BBIIOIHAEMBIN KO */
else

/* HemocTv>KMMBIN Kon, */

Fig. 1. Using an identically true opaque predicate Puc. 1. Vicnonb3oBaHve TOXAECTBEHHO NCTUHHOIO
Hernpospa4YHoro npejukaTa

Kak ormeueno B [5], B CBOGOIHO pacIpoCTpaHsIeMbIX I KOMMEPUECKNX CpeacTBax obdyckarum mc-
MOJIb3YETCSl CPABHUTEIHHO HeGOIBINO HABOp HENMpPO3pauHbIX MPEIUKATOB. [[09TOMY OHUM MOTYT OBITH
pACIIO3HAHBI AHAJIIMTIKOM IIyTeM CPAaBHEHMsSI MCCIEAYEMOTO MIpearKaTa U3 IIPOTPAMMBI C IIPeANKATAMU
u3 cnoBapsa. V3BecTHO, HAPUMep, UTO HEKOTOPbIEe ONMTUMM3ATOPBI MOTYT PACIIO3HABATEH HEIIPO3PAUHbIE
[IpeIMKATHI U YOAIATH HeJOCTIYDKUMBIN KoA. B uactHoCTH, B [6] yTBepiKIaeTcs, UTo MHOTHE HEIIPO3paUHbIe
MpeIMKATHI He YCTOMYMBEI K ONITUMM3ALNY, IPUMEHAEMOI B KoMmmuiaTope clang. [[st paciuupenns pas-
HOOOPa3Ws IIPEANKATOB, YCTOMUMBHIX K PACIIO3HABAHIIO 10 CJIOBAPIO U/ VIV OIITYMU3ALUIL, MOTYT MICIIOJIb-
30BaThca MBA-BoIpakeHus. Hanpumep, MCTUHHOCTD npeauKkatoB P(xy, ..., x;) M P(xy, ..., %) + E(xq, ..., Xy)
coBmagaert, ecau E(xi, ..., x;) — To)kgecTBeHHO paBHOe HYJ0 MBA-BoIpakenue. MBA-BrIpaskeHUs 11 camMu
MOTYT UCIIOJIB30BATHCS B POJIN HEIIPO3PAUHBIX MpeauKkaToB. Hanpumep, ecnu Eq(x1, ..., X;) m Ex(xq, ..., x;) —
pasHble TOXXIECTBEHHO paBHbIe HYJ0 MBA-BbIpa)KeHMs, TO ¢ IIOMOIIBI0 HUX, HATIPUMED, CIEeTYIOLIM
00pa3oM MOTyT OBITH ITIOCTPOEHBI TOXKAECTBEHHO PABHBIN HYJIO mpeaukat Pp(xy, ..., X,) M TOXOECTBEHHO
paBHBLI equHMUIE Tpeaukat Pr(xy, ..., X,):
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PF(X],...,xt) = (El(xl,...,xt) * Ez(xl,...,xt)),
Pr(xy, ..., x;) = (Ey(x1, ..., x¢) = Eo(xy, ..., xp)).

C nosBirenneM o6dyckarmyu Ha ocHoBe MBA-BhIpaskeHMiT BO3HUMKJIA M 3amada qeoOdyckaiuu Ta-
kux BoIpakeHmit. Ilexpio meo6dyckanmu MBA-BbIpaskeHNII OOBIYHO SBJISAETCS IOJNIYUYEHNE II0 BBIpaKe-
uuio E(x, ..., x;) skBuBaseHTHOro eMmy MBA-BoIpaxkenus E’(xy, ..., X;), B KOTOPOM KOJIMUECTBO MEPEXOIOB
OT apupMeTUUeCKIX BbIUMCIEHNI K OUTOBBIM (MJIM HA000pOT) KaK MO>KHO MeHblile. Takue mepexonsl B [7]
HasBaHbI uepedosanusmu. CokpalleHue uncia YepegoBannuii B MBA-BbIpaskeHIAX B paMKax 3afauyl qeo0-
dyckauu MOTUBMPOBAHO cileayouM dpakroM. [Ipn qeobdyckanum HepO3paUHBIX IPEAUKATOB YACTO
npumenstiorcss SMT-pernarenu (a66peBuarypa ot aHrIMitckoro repmuHa Satisfiability Modulo Theories),
KOTOpbIe MOTYT IIPOBEPUTH, HAIIPUMeEp, TOXKIECTBEHHYIO VICTMHHOCTH VUIM TOXXIXECTBEHHYIO JIOXKHOCTb
BbIpa)XeHMs. Pe3ypTarsl cpaBHEHMs TpeX U3BecTHbIX SMT-peltraTereit, mpoBexeHHOro B [8], mokasanm,
yTo ueM Goiblire YepenoBaHuii B MBA-BbIpaykeHNM, Ha OCHOBE KOTOPOTO IIOCTPOEH HeIIPO3pauHbIil Ipe-
IouKart, TeM Oousblile BpeMeHU Tpedyercs SMT-perarenio [ mojgyueHns oTBeTa. B wacTHocTH, py me-
CATU UepelOBaHMAX BpeMsd pellleHMd OJHOTO IpeAukaTa Ha ocHoBe MBA-BeIpaskeHUs moctmraio 3 000
CeKyH. OTM pe3yJbTaThl TaKXKe IIOATBEPKAAITCS pe3yJIbTaTaMU JMCCIeNOBaHUA [6], Ie 3aKII0UaeTcs,
uro @i qeobdyckanuu MBA-Beipakennit Hegoctatouno Toiabko SMT-perrareneit. [Ipyrumun cioamu,
nepen npumeHennem SMT-pemiarens ciaenyer ynpowmars MBA-seipakenue E(xi, ..., X;), TaK KaK HaXx0X-
IeHue 9KBUBaJIEHTHOro eMy MBA-Boipaskenms E’(xi,...,X;) ¢ MEHBIUMM UMUCIOM UYepPeTOBAHUII MOKET
cokparuth BpeMms paborsl SMT-pemartens. HambGosplero ycrexa mcciaegoBaTeln JOCTUINIM IPK [e00-
dyckauun nuHeitHbIX MBA-BBIpaKeHMIT (IMHEHas KOMOMHAIMA OUTOBBIX MOMABBIpaskeHmit) [4, 8, 9].
OTMeTnM, UTO 9TU Pe3yJIbTATHI JIEINIM B OCHOBY IIarnaa goo MBA misa nusaccem6iepa IDA Pro.

B nacroseit pabore OymeT ImokasaHo, Kak ymHeliHble MBA-BbIpakeHUsT MOTYT OBITh YIIPOILIEHBI
C MCIIONB30BaHMEM TeXHUKMU, IPUMEHIEeMOI IpU NeKOAMPOBAHUN JIMHEIHBIX KOJOB U AelindpoBaHmu
KOJIOBBIX KPHUIITOCHCTEM. B papme ciaydae aTa TeXHMKa MO3BOJSAET IOJYUNUTDH JMHeliHble MBA-BbIpake-
HMS ¢ MEHBIIVM YMCIOM UepemOoBaHWUIL, UeM IpM JMCIIOJIB30BAHMY M3BECTHBIX TeXHUK meobdyckaunmu
nnHetHbIX MBA-BoIpakeHnit. Pabora, moMumMo BBeIeHNUs ¥ 3aKJIIOUEHNS, CONEPKUT ABa pasfena. B mep-
BOM pasfeie IpUBOIUTCS ompenenenue MBA-BpIpakeHUs 1 KiaccuuKanms TaKMX BbIpaKeHUiT. 31ech
Ke cOpMyIMPOBaH M IJI ITOJHOTHI M3JIOKEHMS [OKa3aH OCHOBHOI pe3ysbTaT M3 [2], IO3BOJISIOIINIL
IIOCTPOUTb MHOKECTBO TOXKIECTBEHHO PaBHBIX HYJIO JMHENHBIX MBA-BeIpakeHUII. B TepMuHax ms in-
HeJHOI ajnreOpsl JaeTcs OIpelesieHNe SKBUBAJIEHTHBIX JUHENHbIX MBA-BbIpaskeHNUIT M CTPOSATCS paH-
JOMUSMPOBAaHHBIE AJITOPUTMBI TeHeparuy JuHeTHOoro MBA-BbIpa)keHN, 9KBUBAJIEHTHOTO 3aJJaHHOMY
nnHeltHoMy MBA-BbIpaskeHMI0. BTOpoTl pases IOoCBSIIeH IOCTPOEHNIO M 9KCIIEpUMEeHTATbHOMY JICCIIe-
IOBaHIIO HOBBIX AJITOPUTMOB YIIPOIeHMS NMHeNHbIXx MBA-BeIpaskeHMIT. B 3TOM pasnese mpuBemeHSI
HeoOXOAMMBble CBeIeHNs O JIMHEHBIX KOgaX 1 II0Ka3aHo, KaK CBA3aHbI 3afaul NeKOOVMPOBaHV JIMHE-
HBIX KOIOB U feobdyckanyy InHeTHbIX MBA-BbIpasKeHMIL.

1. 006 06¢yckanuu MBA-BbIpakeHUSIMU

ITycrs R — unciooe komsio. Hocurenem Bextopa X = (xy, ..., X¢) € RF masoBem muox)ecTBO supp(x) =
{i : x; # 0}, a Becom Xammuura wt(x) aTOr0 BEKTOpa — MOIIIHOCTE €r0 Hocuress: wit(x) = [supp(x)).

1.1. MBA-BbIpa)keHUS

Iyctb n € N,V = Zon. lna B = {0,1} ut € N uepes  : V — B" o6o3HaunM oToOpakeHNe, CTABAIIEE
B COOTBETCTBUE LieJIOMY yuciay u3 V ero QBOMUHYIO 3amuch u3 B", npuuem miug a = (a,-q,...,ap) € B"
obpaTHoe oToGpaxkenue ! ompemenum tax: f1(a) = Y7} 2'a;. ox 6ymnesoit dpyuxkumeit f(a, ..., ;) ot t
nepeMeHHbIX OyleM MOHUMATh MPOU3BOJIbHOe oTobpakeHnme f : B! — B. Torma 6umosbim BBIpaxe-
HUEM OT ! LIeJIOUNCIEHHbIX N-OUTHBIX [IEPEMEHHBIX Xi,..., X;, COOTBETCTBYIOIIUM OyieBoit ¢pyHKumu f,
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HasbIBaeTcs oroGpaxenue ef : V! — V Buga

ef(xl, s Xp) = ,B_l <f(ﬁ(xl)n—1: ceos BOX)n-1)s -5 f(B(x1)0s :ﬂ(xt)0)>

n-1
i
=Y 2'f(Bxr)i o, Bxr)s). (1)
i=0
rae B(x;j); — i-ag xoopamHaTa n-6uTHOTO BeKTOpa f(X;). M3 (1), B uactHOCTH, BbITeKaeT uTO OyJIeBOIT QYHK-
uun f(a, ..., ) = 1 COOTBETCTByeT GUTOBOE BhIpasKeHIIE ef(xl, s Xt) = 20 loi_on_1=_1€V.
0O603HaunM uepe3 F; MHOKECTBO BcexX OVIIeBBIX (DYHKLMIT OT f IIepeMeHHBIX. B cooTBeTcTBUM C [4],
t
nosuHomuanvHvim MBA-BbIpakeHneM HaspiBaeTcs QyHKIms E : V! — V or t 11eJI0unCcIeHHBIX N-OUTHBIX
[epeMeHHBIX Xi, ..., X; € V, uMeroIas BUx

E(x1,..., %) = Z a; H er(X1, ..., Xt), (2)

i€l feli
rmel c N, J; < Fy, a; € V\ {0}, ef(xl, ..., X;) — buroBoe BoipakeHne. Omepaun CI0KeHUSI U YMHOKEHUS
B (2) BeImoNTHAIOTCH B KOJNbIE V = Zyn. [lomumHOMuansH0e MBA-BhIpasKeHIe HA3BIBAETCS TUHEUHbIM, €CIII
il = 1 mns Bcex i € I B (2). [Janee mccnenyroTcs TONbKO tnHeitHble MBA-BbIpa)keHMs, I09TOMY BMECTO
npencTaBieHys (2) IS TAKUX BbIpaKeHUIT OyIeM UCIIONb30BATh IIPeCTaBIEHIIE

E(x,...,x;) = Z agep(xi, ..., Xt), (3)
feJ<F:
rme ap € V\ {0}. MuoxectBo J B (3) OymemM HasbpIBaTh HOCHUTeeM BbIpaxeHus E(x,...,x;) n 0603Ha-
uvatk supp(E). 3aMeTnm, UTO KOJIMUECTBO UePENOBAHUII B JIMHEITHOM MBA-BBIpaKeHUN, B COOTBETCTBUI
c ompenesnenueM u3 [7], pasuo |J|. [ ymobersa || 6ymeM HasbpIBaTh 0uHOU TuHeTHOro MBA-BbIpakeHNMs.
Inan=8ut=3npumepoM noImHOMIaIbHOr0o MBA-BeIpakeHId ABJIgeTCA

E(x1, X2, x3) = 7(x1 A x2)(3x2 v x3) — (31 ® 32 & Xx3) + 120,

rme I = {1,2,3}, a1 = 7, a3 = -1, a3 = -120, J; = {fila, 0, 8) = o1 A o, foo, 00, 03) = oty v a3}, Jo =
{fla, p,08) =ty ® iy ® a3}, 5 = {f(01, o, 3) = 1}. 111 Tex >xe n u t BeIpakeHUe BUAA

E(x1, x2, x3) = 2(x2 v x3) + (%2 @ x3) 4)

aBngerca nuHeitHbIM, rae J = supp(E) = {fi(a1, az, @3) = oz v a3, oo, a2, 03) = o ® o3}, ap, = 2, ap, = 1.

[ycts { by, ...., by} = B' — mpousBoIbHBIM, HO PUKCUPOBAHHBIM 00Pa30M yTIOPATOUEHHOE MHOKECTBO
[IBOMUHBIX BEKTOPOB IuuHbI . Tak kak |F;| = 2%, To MHOKecTBY F; MOXHO [OCTABUTb B COOTBETCTBUIE
2! x 2% -matpuity 7; us HyJIelt i eAMHML, KaKBLiA CTONGEL] (CTOIGeI] MCTHHHOCTIL) KOTOPOIi IpeCTaBIIAeT
co60J1 3HAUEHVsI COOTBETCTBYIOLIEel eMy 6yJeBoit GpyHKIM Ha Bcex Habopax us B'. [lis GymeBoit GyHKUmU
f € F; uepes T;[f] Oymem 0603HAUaTh COOTBETCTBYMOIIMIT cTonbery uctuaHocTH. Ina N > 2! u F =
{¢1,.... on } © F; uepes A o6o3nauum 2! x N-matpuiy Buna

Ap = (Til@ul - [Telon]), )

aJleMeHTBI KoTopoit (0 1 1) paccMaTpMBAIOTCS KaK 3JIeMEHTHI Kosiblia V I Cpefiyt CTOJIOLIOB KOTOPOIL Hall-
nyTea 2! cTonbuos, obpasyomux oopatumyto 2° x 2'-marputy. Ilyctb E(xy, ..., x;) — muHeitnoe MBA-BbI-
paxxenne Buna (3), J = supp(E) c F. s f € ] uepes j(f) o6o3naunm Homep cronbua 7;[f] B marpuue Ar
Bupa (5). Berpaskennio E(xy, ..., x;) mocraBum B coorBerctBue Bektop E(E(xy, ..., x;)) € VY Buna

ar,ecmu | = j(f), f € supp(E),

E(E(x1, ..., x1)) = (e1,...,en) € VN g =
0, mHaue.

Bo BBeneHHBIX 0003HaUEHNSIX CHOPMYIINPYEM I TOKaXKeM pe3ysbTaT, JOKa3saHHBII BIIEpBBIE B [2].
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Teopema 1. IIycmv Ap —mampuya euda (5), E(xi,...,x;) — MBA-¢upaxenue 6uda (3), supp(E) ¢ F
E(x1, ..., %) = 0 moeda u momvko mozoa, kozoay = E(E(xy, ..., X;)) g6I1emcs peuleHueMm cucmembl

AryT =07 = (0,...,0)7 € V¥, (6)

t
Loxaszamenvcmeo. Tak xak matpuna Ar € vZN IpeacTaBuMa B BUJE

»1(0,...,0) ... on(0,...,0)

Ap = (Pl(O,:---,l) (pN(O,:...,l) ’
(P](l, cees 1) (PN(L . 1)
TO N
AFYT = Zj=1 y](p](o’ ceesy 1) .
Yt viei(L 1)
CrnemoBaTesbHO,
AFyT = OT — Va = (0(1, ey OCt) c B Z )/jq)j(ah m’at) =0. (7)

[oaTomy, u3 paseHcTBa Ary! = 07, yunreisas (1) u (7), momyuaem:

n-1
E(oi, s k) = D apep(o, e, x) = ) ap ) 2 (B(x1)is oo, B(x1)0)

feJcFy feJ i=0
n-1

=2 (Z agf (B(x1)is .., Blace)s ))
i=0 feJ
n-1

= (Zy]go] B(x1)i, ..., Bx ))>=0€V.

1.2. O reHepanuu 5KBUBAJIEHTHBIX JINMHeTHbIX MBA-BbIpakeHUI

OrmnniireM MHOK€eCTBO 9KBUBAJIEHTHBIX JIMHEMHBIX MBA-BBIpa)KeHMIT, MCIIONB3YSI IIOHSATUS JIMHEITHOI
anre6psr. [na marpuus (5) onpemeaum rpymmy mo ciaoxenmio Cp = {y € VN : Apy! = 07}, xoropas
sByIseTca Takxke moamonynem V-momyns VN, o kaxmomy Bektopy ¥ = (y1,..., YN) € Cp MOKeT GBITH
IIOCTPOEHO TOXK/IECTBEHHO PaBHOE HYJIIO JuHeiHoe MBA-BbIpakeHUe Buaa

Z Vieg (x1, ..., Z yleq,l(xl,...,xt) =0eV. (8)

i€supp(y

Otcroa, B 4aCTHOCTH, BBITEKAET, UTO eciu i i € supp(y) aieMeHT y; o6patum B KoJble V, TO

e(ﬂi(xla'--axt) = _yi_l Z yie¢i(x1"~-7xt)' (9)
iesupp(y)\{i}

CrepmoBarespHO, jieBasg yacth paBeHcTBa (9) (MBA-BoipakeHue Ge3 uepeqOBaHIII) MOKET OBITH 00-
Pycyuposara ¢ IMOMOLLBIO IIPABOIL UACTY 3TOTO PaBeHCTBA (C IIOMOIIBI0 MBA-BhIpaKeHIS, COTEPIKALIETO
uepeIOBAHUA).
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ITo rpymne Cr moctpouM GaKkToOp-MHOKECTBO
VN/Cr = {C(b)=Cr+a:aeVN Aral =bT e V'), [VN/Cs| = [V,

U3 onpenenenns ¢pakxrop-knaccoB C(b) BeiTekaer, misa mwoboro b € V2 1 mio6s1x y,y’ € C(b) nuneiiabre
MBA-Bbipaxenus £ (y) u £71(y’) aBnsi0TCA SKBUBaTEeHTHBIMM:

8’1(y)= Z Viep (X1, ..., X;) = Z y](e%(xl,...,xt)=€’1(y’). (10)
i€supp(y) Jj€supp(y”)

Taxxe mmomyuaem, uTo AJs 3amaHHOro MBA-BeIpakeHUS B paMKax 3aaHHOM MaTpUIBl Ap CYIeCTByeT
|Cr| axBUBaNeHTHBIX BBIpaskeHUit. OTMeTUM, uTo B [8] BekTOp AFy’ HasBaH noonucvio MBA-BeIpakeHUs
E(x1,..., %), rme y = E(E(xy, ..., X)), 1 BIepBbIe qOKa3aHO, UTO [ABa JnHeHbIX MBA-BBIpaskeHMs 5KBUBa-
JIEHTHBI, €CJIVI PaBHBI UX HOIIICIH.

K mpaBoit u neBoif gactaM paBeHcTBa (10) MOTyT OBITH IIpUOABIEHBI TOKIECTBEHHO PaBHBbIE HYIIIO
MBA-BsIpaskenus (He 003aTeIbLHO OMHAKOBBIE IS JIEBOIL U IIPABOII YACTH), IPU 9TOM PABEHCTBO COXpa-
Hutcs. Aiaroputm LinMBAGen (cm. aaroputm 1) mo3BoJIseT 1o 3aJaHHOMY JuHelTHOMy MBA-BoIpakeHIIO
E(x1, ..., X;) HAlITU 9KBUBAJIEHTHOE eMy JnHeltHoe MBA-BpIpakeHIe 3aJaHHO IIIHBI W.

Algorithm 1. LinMBAGen
Data: E(xy,...,x;), w € [1,...,N]

Result: E'(x1, ..., x;) = E(xq, ..., x1), Wt(E(E (x1, ..., %)) = w

/* CiyuaiiHO BBIOpATh TOKIECTBEHHO paBHOe HYII0 MBA-BBIpaskeHMe */
1 Ciryuaiino BbIOpath y € Cr

/* IIpoBepuTh yCIOBUE Ha BeC BEKTOPa */
2 if wt(E(E(xy, ..., x1)) +y) = w then
3 ‘ return £ Y(E(E(xy, ..., X)) +y)
4 else
5 L gotol

BosBpaiaemoe anroputmoM LinMBAGen BeIpaskeHHe He COOEPKUT CIaraeMbIX C ONMHAKOBBIM On-
TOBBIM BhIpakeHMeM. IloaTomy, misd Toro, 4ToOBI JIMHA BBIpQKeHMS ObLIa KaK MOXHO OOJIbIIIe, MAaTpU-
a Ar JOJDKHA MMeTh KaK MOKHO OOJIbIIIe pasHBIX CTOJOIOB. Tak Kak IuIg ¢ IepeMeHHBIX CYILIeCTBYeT
22" BO3MOKHBIX OyseBBIX QYHKIUII, TO MAaKCUMAaJIbHAasA JUIMHA JIMHelTHOoro MBA-BbIpaKeHNd paBHA 22",
Ecin mckimrounts TpeGoBaHMe Ha HEIOBTOPSIEMOCTb OMTOBBIX BBIPQKEHMII, TO C IIOMOLIBIO aJITOPUTMA
LinMBAGenAnyLen (cM. anroputm 2) MOXKeT OBITh CreHEpUPOBAHO JuHeltHOe MBA-BbIpaKeHIEe T1060iT
IJIVHBL

2. O meoodyckanuu suHeitHbIXx MBA -BbIpake HUIT

B macroginein pa60Te Jin6: neo6(1)y<21<aumm MMHeTHbIX MBA-BBIpa)keHUII IPUMEHSIeTCs TeXHUKA, JIC-
[0JIb3yeMas IIPU EeKOAUPOBAHMY JIMHETHBIX KOOB I AelndpoBaHuM KOZOBbIX KpunrocucreM. [loatomy
CHauaJa IpuBexeM HeoOXOMMMble CBEEHMS O JIMHEHBIX KOLaX.

2.1. JIuHeliHbIE KOOI

HanmomHMM, uTO MMHENHBIM [m, k, d],-kogom C Haj kKoHeuHBIM HosieM I, HaspiBaeTcs mM060e MOATIpo-
crpaucTBo C pasmepHoctn k mpocrpancrsa F', I KOTOpOro MUHMMAIBHBIN BeC X9MMIHTa HEHYJIEBBIX
BekTopoB kKoma C paBeH d. Benuuuna d HaspiBaeTcst k0006biM paccmostuem komaa C. VI3 mo06bIx k TUMHEITHO
He3aBUCUMBIX BEKTOPOB IToAnpocTpancTBa C MOXKeT OBITh IIOCTPOeHa k x m-MaTpuiia, Ha3bIBaeMast nopoxc-
daroweti matpurieit koga C. Ecau G — nopokparorias marpuiia kopa C, To jtiobas (m — k) x m-marpuua H
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Algorithm 2. LinMBAGenAnyLen
Data: E(xy,...,x;), w € N

Result: E'(xy, ..., x;) = E(xq, ..., X;), 9UCIIO CJIaTaeMbIX He MeHee W
1 E'(x1,...,x;) = E(x1, ..., ;)

/* CiyuaifHO BBIOpATh TOKAECTBEHHO paBHOe HYJII0 MBA-BrIpakeHHe */
2 Cryuaitao BeIOpath y € Cr

/* IlpoBepUTH YCIOBYUE HA KOJIMUIECTBO CIIATA€MBIX */
3 if wt(E(E'(xq, ..., x1))) + wi(y) > w then
4 ‘ return E'(xq,..., x;) + £ (y)
5 else
6 E'(x1, .0, %) = E'(x1, .., x0) + E7N(y)
7 goto?2

pamra m- k, Takas, 4To GHT = 0O, naseiBaercs nposepouroti matrpuueit koga C, roe O — Hyiesas k x(m-k)-
marpuua. [l no6oro Bexropa z € Fi' Bekrop s = zH T HaspIBaeTCs CUHOPOMOM BEKTOPA Z OTHOCUTETHHO
marpuiel H. [l 3aganHoI mpoBepounoit Mmatpuust H xoma C, cuappoma s u uncna t = [(d — 1)/2] 3agaua
HaXoIeHus Bektopa z € FYY, Takoro, uto wt(z) < t, HazpIBaeTcA 3aaueii CHHAPOMHOTO AEKOIMPOBAHIA.
V3BecTHO, UTO 3Ta 3a/iavua I CIydaitHo BeIOpanHoro koma C asigercsa NP-mmomHoit [10].

2.2. Auaropurmsl geobdyckaruu JuHeiHbIx MBA-BhIpakeHIIT

IIpepnaraemsre B [8] n [4] cmoco6wr ympomtenus auueitHoro MBA-Beipaxkenus E(xp, ..., X;) OCHO-
BaHbl HAa TOM, UTO Marpuua Ap comepXut 2! NMHEHO He3aBUCUMBIX CTOJOLIOB, IIO3TOMY IOAIMUCH
Ap(E(E(xy, .., %))’ Moxer GbITH IpejicTaBeHa Kak JMHeliHas KoMOuHaus He Gosee uem 2! cTonbuos
marpuiel Ap. ClremoBaTesbHO, JT060e TuHeitHoe MBA-BbIpaykeHIIe MOKeT ObITH YIIPOLIIEHO [0 JMHETHOT0
MBA-BbIpakeHus JIMHBI He 6oiee 2. Bopoc o ToM, MoskeT int ObITh osTyueHo MBA-BbIpaskeHMe cTporo
MeHbILel InHbL, ueM 2, B paborax [8] u [4] He usyuancs. 3aMeTnM, UTO OTIMUNUTENBHON 0COOEHHOCTHIO
pabortsl [4] mo cpaBHeHuUIO ¢ [8] sBiseTCS yIpoleHne BeunciaeHus nogmucu. Vimenno B [4] mokasaHo,
uro misa E(xi, ..., x;) MoskHO Hampsamyto (6e3 pa3bopa Ha COCTABJISOIINE OUTOBBIE MOABBIPAKEHNS) BbI-
MCIUTH BeKTOp Hoamucy s = Ary! Ha 2! HaGopax sHaueHMII ¢ MepeMeHHbIX (HaMMeHee 3HaJale GUTHI
B 9TUX I€pPEeMEeHHbIX IIPMHUMAIOT BCE BO3MOYKHbIE 3HAUEHNS, a BCE OCTAJbHbIE OUTHI UMEIT HYJIEBOE
3HaueHme). B Hacrosimei pabore Oymer MOKasaHO, UTO B PsAfe CIyUaeB MOXKHO IIOJIYUUTH YIIPOIIEHHOE
MBA-BBIpaKeHMe ¢ KOTMUECTBOM CJIaTaeMbIX, CyIleCTBEHHO MeHbIIuM 2 .

3amauy meobdyckanmu gmHelHOro BhIpakeHus E(xj,...,x;) Buma (3), Kak 3agauy IIOMCKa SKBUBA-
JIEHTHOTO BBIPKEHWs C MEHBIUUM YMCIOM YepemOBaHUI (MEHBIIEN IJIVHOI), MOKHO cHOPMYyIUpPO-
BaTh CJIeMYIOINMM 00Opa3oM: HaiTu Takoit Bektop z € VN, utober 1) Ary! = Arpz! u 2) wit(z) < wt(y)
sy = E(E(xy, ..., x;)). [lepBoe ycioBue rapantupyert, uro MBA-BbIpa)KeHUS SIBISIIOTCS 9KBUBAJIEHTHBI-
MIf, 2 BTOPOE 03HAUaeT MeHbIIyIo muHy MBA-Beipakenus £ !(z). Bexrop s = Apy! aBnsgerca anamorom
CHHIPOMAa BEKTOPA Y OTHOCUTEIHHO MaTpUIlbl Ap. OTIiumeM SBISEeTCs TO, YTO SJIEMEHTAMI MATPULIBL Af
SIBJISIIOTCSL 3JIEMEHTHI Koublia V, B 00IlleM Cilyyae He SBISIOIIErocs KOHeuHbIM moisieM. [loaromy BekTOp
s 6yeM Ha3bpIBATH V-CUHOPOMOM BEKTOPA Y OTHOCUTENBHO MATPULBI Ap. 3a1auy yIPOIeHNUs JINHETHOTO
MBA-Boipaskerus E(xy, ..., x;) chopMyanpyem ciieQyroium o6pasom.

3apmaua 1. [Jna 3adannoii 2 x N-mampuyvt Ap u 3adanHozo nuHetinozo MBA-svipaxcenus E(xy, ..., x;) ¢ V-

T
CUHOpoMOM S = Ap x (E(E(xl, s xt))) Hatimu eekmop z € Cp(S) MUHUMATbHOZ0 8eca XIMMUHEA.

Paccmotpnm muHeitnoe MBA-Bripaskenue E(xy, ..., x;) 1 cooTBeTCTBYOIMI BeKTOp ¥ = E(E(x1, ..., X))
TIpeIIIOIOKIIM, UTO CYIIeCTBYET TAKOi BEKTOp Z MUHIMAIBLHOTO Beca wt(z) = r, uto Ary! = Arz!. Tlonck
TAKOro BeKTopa Iepe6opom umeet cioxkuocts O((|V]-1)" (I;])) U naxke 111 HeOOJIBIINX 3HAUEHMIT ' TAKOIL
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nepe6op MOKeT TOTpe6oBaTh 3HAUMTENBHBIX BBIUMCIMTENbHBIX pecypcos. Hampuwmep, mpu [V| = 232
N =15 u r = 3 clIoOKHOCTB TIouCKa 6yer He MeHee 214,

B Hacrosieil paboTe mmpearaeTcs Crocot yIpoIeHns, 3aKaISOIINIICI B IPYMeHeHIN MeToaa Je-
KoOuposanust no uHgopmayuonubvim cogokynnocmsam (Information Set Decoding) [11]. [Jist onmcanust 3T0ro0
MeToJa HaM IOTpeOyeTcs CleAyIoliiee YTBepKIeHIe.

Vreepsknenue 1. [Tyemv N > 2!, S — o6pamumas nad V keadpammas 2! x 2'-mampuya, Q — nepecmaro-
gounas N x N-mampuya, npuuem S - Ap - Q = [Ey|P), 20e Eyt — edunuunas 2' x 2'-mampuya. Tozda L(G) = Cp,
2de

G =[-P"|Ex-21Q", (11)

L(G) — nunetinas obonouka, HamaHymas Ha cmpoku mampuyvl G.

Loxasamemnvcmeo. VI3 paBeHCTBa
SAFGT = SAFQ[-PT|En_5]" = [Ey|P] x [-PT|Ex_p]" = [-P+P] = O

BEITeKaeT, uTo L£(G) comepKuTcs BO MHOXeCTBe perteHmit cucrembl SAry! = 07, koTopoe, B cumy o6pa-
tumoctu S, coBragaer ¢ Cr. CiegoBarensno, £(G) ¢ Cr. Cucrema ypaBHeHUIT [Ezz|P]yT =0T € V% umeer
N - 2! He3aBMCUMBIX HemsBecTHHIX 1 2! 3aBucuMeIx. CleoBaTenbHO 3Ta cucrema umeer [V ‘2t| peLLeHmit.
3amerum, uro matpuiia G IOPOXKIAAET MHOKECTBO TAKIKE U3 yN-2 Bektopos. [Toatomy L(G) = Cp. O

Ist Cr uH@opMAayUOHHOIL CO80KYNHOCMbI0 HA30BEM MHOXeCTBO 7 < {1,..., N}, |r| = N -2, i xoroporo
cronbiel MaTpuusl G, Takoit, uTo L(G) = Cr (Hanmpumep, Buaa (11)) c Homepamu 13 7 06pas3yIoT KBagpaTHYIO
o0paTuMyIo MaTpuIly Haj KoxbiioMm V. Matpuiry, o0pa3oBaHHYIO CTOIOIaMU MATPULIBI G ¢ HOMepaMI U3 T,
Oymem o6osuauats G;. Bexrop y = E(E(xq, ..., X;)) MOXKeT OBITh IPECTABIEH B BUE

y=c+z,wt(z) =1, (12)
rae ¢ = mG € Cp, Tak KaK OUeBUIHO, UTO
AFyT = Ap(c + z)T = ApcT + Apz! = Apz”.

IIyctp 7 — uHbOpMaLIMOHHAS COBOKYIIHOCTD, IIpnueM 7 n supp(z) = &. CregoBarensHo, y, = ¢; = mG;.
Otkymaz =y - ¢;G;'G = y - y,G;'G. Hoatomy 3a7jaua HaXoJeHUs BEKTOpa Z Beca r (3aaua 1) MoKeT
OBITH CBeleHa K HAXOXKAEHNIO MH(OPMALMIOHHON COBOKYITHOCTY, He IIepeceKarollericss ¢ HOCUTeIeM BeK-
Topa z. ITOT MOAXON U ero Moaudukauuu (cM., Hanpumep, [12]) UCIOTB3YIOTCSI B TEOPUM KOXMPOBAHIIST
IUTS MICIIPaBJIeHMsT OIIMOOK IIPYM ITOMOINM KOJOB YMEpEHHON MJIMHBI, eIy He M3BecTHBI Ooiee addex-
TUBHBIE AJITOPUTMBL; & B TEOPUM aCUMMETPUUHBIX KOLOBBIX KPUIITOCUCTEM AEKOQUPOBaHUE 10 MHPOP-
MalMOHHBIM COBOKYIIHOCTSIM SBJIsieTcsd Hanbosee a¢pdeKTIMBHBIM CI1I0c060M aelin@poBaHmsI COOOIIIeHNIT
6e3 3HaHUS CeKpeTHOTO Kitoua [13]. OTnnunTeasHOo 0COOEHHOCTHIO pACCMATPUBAEMOTr0 34eCh AITOPUTMA
AEKOAMPOBAaHMA I10 I/IH(i)OpMaLU/IOHHI)IM COBOKYITHOCTAM SABJIAETCA JINIIDB TO, UYTO MaTpuLa G OIIpeneJieHa
HaJ KOMMYTaTUBHBIM KOJIbIIOM V, a He HaJl KoHeuHbIM 1ojieM Fy. Crioco6 HaxoxneHNus BeKTopa Beca
He GoJiee r 3a 3alaHHOE KOJMYEeCTBO mrepauuii I peannsosad B Bume anxropurma ISD (cM. anroputm 3).
CJO’XHOCTH 3TOTO AJITOPUTMA COCTABISET

-1
N N-r
O mi . It-(N-2Y 13
min (N—zf N—2f> T ) (13)

U COOTBETCTBYET CpeIHEMY KOJIMYECTBY ITOIBITOK HAX0KAEHUs NH(POPMAIIVIOHHOI COBOKYIITHOCTH, He IIe-
pecekarolieiicsi ¢ HocuTeneM BeKTopa z B mpeficraBnenuu (12), ymaoxennomy Ha (N - 2)* — cinoxHOCTD
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Algorithm 3. ISD

Data:y € VN, Ge V(N"zt)xN, r,] €N

Result: (z € VN, y -z € L(G), wt(z) < r) mmu L
1i=0
2 i=10i+1

/* IPOBEPUTD CUETUNK MAKCUMATIHHOTO UMCIIA UTEPALIL AITOPUTMA; CUETUMK UCIIOJIb3YeTCs

IUISL IpeIOTBpAIleHNS 3al[KIMBAHYS */

3 if i = I then
4 L return L

5 BBIOpaTh 7 < {1,...,N}, || = N - 2!
/* IPOBEPUTH, UTO T ABJIAETCS MH(POPMALIMIOHHOI COBOKYITHOCTBIO: T — MH(GOPMALMOHHAS
COBOKYITHOCTB, eciiu 9steMeHT det(G;) obpatum B V */
6 if det(G;) neob6pamum ¢ V then
7 L goto?2
8 HaiiTu BeKTOp Z = y - y,G;!G
/* IpOBEpUTH yCIOBIE Ha BEC HANIJEHHOIO BEKTOpa ¥/
9 if wt(z) < r then
10 ‘ return z
11 else
12 L goto?2

HaxoxmeHust 06paTHoit MaTpuis! G, . Hampumep, mpu [V| = 232, N = 15,7 = 3, = 2 CIOKHOCTb COCTABIISAET
nopska min{3,1} - 113,

3amerumM, uTO B 3amauax KpuITorpadmyu M TeOpUM KOTMPOBAHNS, THe MUCIIONB3yeTCs HEKOTOPBI
[m, k, d]4-xox, BXoaHOI BexTOp y anropurma ISD 06bIYHO TaKoJi, UTO BEKTOP MUHIMAJILHOTO Beca C Ta-
KM JK€ CUHAPOMOM eAMHCTBeHeH. [109TOMy Il KOPPEKTHOIO AEKOMMPOBAHMUSA WIIN paciundpoBaHmsI
coobuenus npumensercs anroputm ISD, roe r = [(d - 1)/2]. Cosxknocts (13) anroputma ISD He aBmsA-
eTcsl ITOJIMHOMMANIBHOM ¥ II0KAa HeT OCHOBAHUIL IIPEIIOIaraTh, 4YTo 3afaua 1 MeHee CIIOXKHA, YeM 3a7aua
CHUHIPOMHOTO A€KOQMPOBAHMS IS JTMHEITHOTo Koaa. OgHAaKo, IpU yIpoleHnn JuHeitHoro MBA-BbIpa-
skeHus E(xy, ..., Xy) YCIIEIIHBIM YIIPOIIEHNEM MOXKHO CUMTATh He TOJBKO CIyJall pelleHus 3afaun 1, Ho u
xorga B C(s) HaiiieH Takoil BEKTOP Z, uto wt(z) < wt(E(E(xy, ..., x;))). Ipyrumnm cioBamu, OL yCIELIHBIM
YIIpOIIeHNeM MOKHO TIOHMMATh COKpAIlleHIe Unciia uepeoBanuit B MBA-Boipaxkenun. [losTomy 3amaua
ympoleHns auHeitHoro MBA-BeIpakeHUs MOKeT OBITH COpMYIMPOBAHA TaK.

3apmaua 2. /Ina 3adannoii 2 x N-mampuypl Ap, 3ad0annozo nuneitnoco MBA-evpancenus E(xi,...,x;) ¢ V-
cundpomom s = E(E(xy, ..., x;)) x AL u sadannozo I € N naiimu 3a I umepayuii maxoti eéexkmop z € Cr(s),
umo wt(z) < wt(E(E(xy, ..., xt))).

Asnropurm ISDMinSearch (cm. anroputm 4), IpeqHasHAUeHHBI I PellIeHNs 3afa4y 2, BO3BpaIllaeT
BEKTOP Z C HaIMeHBIINM BecoM cpeau I orpo6oBanHbIX. Cl10kHOCTB anroputMa ISDMinSearch cocrasiser

O(I-(N-2"%). (14)

Otmerum, uro axroputmsl ISD u ISDMinSearch moryTt GbITh pacmapasjieseHbl, Tak OIpoOoBaHUE pas-
HBIX Ha0OPOB T MO’KET BBIIOIHATECS He3aBucuMo. Aaroputm MBASimplify (cm. anropurm 5) BosBpaiiiaer
o auHeiitHoMy MBA-BeipaskeHuto E(xy, ..., x;) 9KBUBaJeHTHOe eMy JyHeliHoe MBA-BbrIpaskeHIIe MeHb-
Ieit OAIVHBI U Bo3Bpawaer E(xi, ..., x;), ecnu mpy 3agaHHBIX BXOMHBIX IlapaMeTpax He Haunuiock MBA-
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Algorithm 4. ISDMinSearch

Data:y € VN, Ge V(N_zt)xN, IeN

Result: z € VV, y - z € £(G), wt(z) — min
1i=0,mw=wt(y),z=y
2 i=1+1

/* IPOBEPUTH CUETUNK MAKCUMAIHHOTO UMCIIA UTEPAIUIT aJITOPUTMA */
3 if i = [ then
4 L BEPHYTb Z
5 BBIOpath T < {1,...,N}, || = N - 2!

/* IPOBEPUTBH, UTO T ABJISIETCI MHPOPMAIIMOHHON COBOKYITHOCTHIO */
6 if det(G;) neo6pamum ¢ V then

7 L goto?2
8 HaliTu BeKTOp X =y - y.G;'G
9 if wt(x) < mw then

10 ‘ mw = wit(x), z = x
11 else
12 L goto?2

BBIpayKEHUsI MEHBIIIEN JINHBL. 3aMeTuM, UTo ecian B auHeitHoM MBA-Beipaxkenun E(xi, ..., x;) He Gosee
g cmaraeMbIxX Buma agef(Xy, ..., X;), TO IIar 1 anropurMa 5 MMeeT BHIUMCIUTETbHYIO CTIOKHOCTh He Gonee
O(g2"), Tak KaK 0 KaXKIOMy CIaraeMomy dfep(Xy, ..., X;) IPAMBIMIY BHIUMCIEHUAMI GUTOBONO BHIPAXKEHIS
ef(x1,...,x;) Ha Bcex 2' HaGopax us B' Moxer GbITh moctpoeH cronber ucruuuocTy 7;[f]. B anropmrme
MBASimplify mpenmosnaraercs, uro Beipaskenue E(x, ..., X;) He COIEP>KUT CIaraeMbIX C OQUHAKOBBIMI Ou1-
TOBBIMI BBIPAKEHUAMU BUmA ef(Xi, ..., X;). ECIIM e Takme umeroTcs, TO Iepejl BBIITOTHEHIEM ajrOpUTMa
cllelyeT IIPUBECTH IOJ0o0HEIe craraeMble. Tak kak Matpuma Ap CTpOUTCS PaHIOMU3MPOBAHHO, TO AJIT0-
put™M MBASimplify MoxeT GBITH BBIIIOJIHEH HECKOJIBKO Pas, UTO I03BOJIUT BBIOPATh HAIUIyYIllee pellleHIIe.
HpyruM crroco60M IOMCKa HaVUTyUIIIero pelleHs SABJIIeTcd yBeJIndeHye mapaMeTpos [ n R, oqHAKO yBe-
nmdeHne R MoxeT 3aMenuuth pabory anropurma ISDMinSearch, Tak Kak B 9TOM ciIy4ae pacTyT pa3Mepsl
Matpuie!l G;, Iy KOTopoii B anroputMe ISDMinSearch HaxonuTcs oOpaTHas MaTpuLa.

2.3. IkxcmepumeHTaIBHasA omeHka ISD u ISDMinSearch

B paboTe mpoBeieHO IKCIIEpUMEHTANIBHOE McciIeqoBaHye arroputmMos ISD u ISDMinSearch. B coorser-
crBun ¢ (13) n (14), BBIUNCIANUTETHHAS CII0KHOCTD 3TUX AJITOPUTMOB 3aBUCUT OT { — KOJIMUECTBA [TIepEMEH-
HBIX B 1nHeltHOM MBA-BoIpaskenun, N — KoJmdyecTBa CTOIOOB B MaTpuiie Ap, I — KoImuecTBa UTEpaLinit
moncka. CiroskHOCTh ISD TakKe 3aBUCUT OT r — MaKCUMAaJIBHOTO Beca MCKOMOro Bekropa z B (12). [Toatomy
napametpsl N, t, [ i r BBIOpaHbI TaK, YTOOBI 9KCIIEPUMEHTHI MOIIN ObITH IIPOBENEHE! B cpene Sage Math 9.2
Ha KoMmmbioTepe x64 AMD FX(tm)-8350 Eight-Core Processor 4.00 GHz ¢ BocbMusiiepHBIM IIPOIECCOPOM
n 16I'b oneparusHo mamaTu. B xauectBe konbiia V 6buin paccMOTpenst Zy, Zyz, Zys, Zys, Zys M Zose.
3amerum, UTO KosbLa Zys, Zgis U Zy32 cOOTBETCTBYIOT Tumam unsigned char, unsigned short n unsigned int
A3BIKOB IIporpamMmmupoBanus C/C++, I03TOMY pe3ynbTaThl AJIs 9TUX KOJIEell MOTYT OBITh MCIIOJIb30BAHBI,
HarpuMep, npu odbdyckauum wim qeoddyckauy IporpaMM Ha 9TUX A3bIKax. [l ciayuas t = 2 Konuue-
CTBO BcexX OysieBbIX QYHKIMII OT OBYX IlepeMEeHHBIX PaBHO 22" = 16. ITosToMy B KauecTBe MaTPUIbI Afp
B3gTa (4 x 15)-MaTpMLa, COCTOSIAA U3 BCEX HEHYJIEBBIX CTOJIOLIOB MCTUHHOCTY Tabuibl T,, TaK KaK TaKue
pas3Mephbl MATPUIIBI ITO3BOJIIOT IIPOBECTU BBIUMCIUTENBHBIN 9KCIEPUMEHT HA BRIOPAHHOM KOMIIBIOTEpE
3a IIpreMieMoe BpeMs.
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Algorithm 5. MBASimplify
Data: E(xy,...,x;), I, R
Result: E'(xy, ..., x;) = E(xq,..., x;)

/* TlocTpOUTh MHOKECTBO OYJIeBbIX QYyHKINIL f, COOTBETCTBYIOINX ef(Xy, ..., X;) B (3) */
1 Io E(xy, ..., x;) moctpouts F c F,

/* Hoctpouts MaTpuiy A% */
2 for f € Fdo

3 L [Moctpourts crosuber T;[f]

4 U3 cron6uos T;[f], f € F, moctpours marpuiry A%
/* Cryuaiino moctpouts Matpuiy A% o Ap */
5 Boibpath cirywaitao R pasubix (0, 1)-cTos6110B, He cofepxatuxcs B A%, ¥ IpummcaTh ux K
matpuie A%, 06pasosas (2! x N)-matpuny Ar

/* TlonroToBUTH BXoqHbIe maHHbIe 01 ISDMinSearch */
6 Ilo marpuue Ar mocrpouts (N - 2f) x N-marpuity G (cM. yreepsknenue 1)
7y=0eVN
8 for f € Fdo

/* E(ef(x1, ..., X;)) — BeKTOp Beca 1, B KOTOPOM KOOpJIMHATA paBHa 1 B MO3MINUIL,
coorBeTcTBYyIOLIel cTtonbiy 7;[f] B marpuie Ap */
9 y =y +ar€(ef(xy, ..., X))
10 z = ISDMinSearch(y, G, I)
11 return £ 1(z)

2.3.1. MHccaepoBanue aaropurma ISD

B pamkax ananusa ISD olieHeHa BepOATHOCTb HaXOKA€HNA BEKTOpa MUHIMAJIBHOTO Becanipu ¢ = 2, 3,4
u N =» 2”2, a B ciyuae ¢ = 3 3Ta BEpOATHOCTH OlleHeHa B 3aBUcUMOCTU OT N € {16,32,48,64}. Bo Bcex
9KCIIepUMEeHTax A 2Ex N -MaTpuUbl Ap ITOIHOTO paHra Buma (5), CryuaitHo BBIOpAHHOI M3 KOJIbLA Zf;xN ,
UCTIONB3ys yTBepKaeHne 1, cHavana Haxommiack (N — 2') x N-marpuia G TOJHOTO paHTa, IS KOTO-
poit GAl = O. [lanee us nuneitnoit o6omouxu £(G) 66110 BHIGPAHO CIydaitHbIM 06Pa3oM CTO BEKTOPOE,
IUIS K&KIOTO M3 KOTOPBIX CIYUaifHO M HE3aBUCUMO OT APYTUX BEKTOPOB F€HEPUPOBAIICSI U IMIPUOABIISIICS
BeKTOp Beca r € {1,..., 2!}, ®akruuecku, nug cra CJIyualfHO CreHepUpPOBAaHHBIX JMHeITHbIXx MBA-BBIpaske-
HWUII C 7 cJlaraeMbIMu ObLI BeIIIONTHEH asroputm LinMBAGen ¢ mapameTpoM w = 0 (IJ1s KaXKIOT0 BXOTHOTO
MBA-BBIpakeHNS IIar 1 aJrOpUTMa BBIIOJIHSICS TOJIBKO OAUH pas). i KaXXIoro M3 MOJIyUeHHBIX BeK-
TOPOB OBLI BHIITOTHEH anropuTM ISD ¢ 1eJbio IT0MCKa BEKTOpa C TAaKMM Ke CMHIPOMOM I Beca He OoJtee 7.
PeaypraThl 9KCIIEPUMEHTOB ITOKA3aHbI B Tabiuifax 1-6, rae § — HOJIsT BXOAHBIX BEKTOPOB Y, IJIS KOTOPBIX
ObLIT HalIIeH BEKTOP C 3aJaHHBIM OTPaHIYEHIEM Ha Bec, wt(y) — cpeIHuIT BeC BXOLHOTO BEKTOPa, Wt(z) —
CpemHMiT BeC MepPBOTO HaitieHHOro anroputmoM ISD BekTOpa, YIOBIETBOPAIOIIETO YCIOBUIO Ha BeC (B
9KCIIEpMMEHTe, eCIM BEKTOp C 3aJaHHBIM yCJIOBMEM 3a | mTeparuil He ObLI Hall[leH, TO BO3BpAILAJICS
BEKTOp C HAaMMEHBIUINM HallIeHHbIM BecoM). B tabmamiax 1, 3 u 6 mpencraBieHbl pe3yabTaThl IKCIIEPU-
MEHTa, LIeJIbI0 KOTOPOTO OBLIO MCCIeNOBaHNE BEPOSITHOCTY HAXOKOEHUS BEKTOpa MUHUMAJIBHOTO Beca
npu N/2! ~ const u t = 2,3,4, a B Tabnumax 2, 3, 4 u 5 IIpeNCTaBJIEHBI Pe3yJIbTaThl UCCIETOBAHNA 3TOM
BeposiTHOCTH IIpu ¢ = const(t = 3) u N = 16, 32, 48, 64.

U3 tabaur 1, 3 1 6 BULHO, UTO €CIIU BEC I BEKTOPA, COOTBETCTBYI0IIero MBA-Boipaskennio E(xi, ..., x;),
IPpUHAIJIEKUT MHOXECTBY {1,2,3, 2t}, TO ¢ OIM3KOM K emNVHULIEe BEPOATHOCTBIO asiroputMoM ISD, a 3Ha-
yur, u axropurmom ISDMinSearch, o o6¢yciupoBanHomy MBA-Beipakennio LinMBAGen(E(xy, ..., X;), W)
niu LinMBAGenAnyLen(E(xy, ..., X;), w) o1 mo6oro w € IN Gymer HalijeH BEKTOp Beca He GoJiee 1, COOTBET-
crByromuit MBA-Boipakenuto E’'(xi, ..., X;), ToKaectBeHHO paBHOMY E(x1, ..., x;). [l {pyTux 3HaUeHMIt r
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Table 1. Finding the minimum weight vector by the

algorithm ISD for V € {Z,, Zy2, Zys, Zys, Zyrs, Zp2 }

when t =2, N =22 -1 =15, r € {1,...,4}, the number
of experiments for the given weight r — 100.

Ta6nuua 1. MNounck BeKTopa MUHUMAaAbLHOrO Beca

ANropUTMOM ISD ANA YV € {Z,, Zy2, Zps, Zys, Zyis, Ly }

nput =2, N =22 —1=15,r€ {1,...,4}, KONNYECTBO
3KCMeprIMEHTOB NS 3ajlaHHOro Beca r — 100.

Z, Zy Zy
R wi(y) | wt(z) | & | wi(y) | wi(z) | & | wt(y) | wt(z)
1|10 ]| 7.50 0.45 | 1.0 | 11.11 0.72 | 1.0 | 14.16 | 0.90
2110 | 7.16 113 | 1.0 | 11.21 | 1.68 | 1.0 | 1414 | 1.90
3110 7.39 1.71 1.0 | 11.15 | 243 | 1.0 | 14.20 | 2.94
4| 10| 7.65 199 | 1.0 | 11.12 | 3.00 | 1.0 | 14.14 | 3.76
. Z.g8 Z.y16 Z.y3
o | wi(y) | wt(z) | & | wi(y) | wt(z) | & | wi(y) | wt(z)
1| 10| 1494 | 1.00 | 1.0 | 14.99 1.00 | 1.0 15.0 1.00
2110|1494 | 2.00 | 1.0 | 1499 | 2.00 | 1.0 | 15.0 2.00
3110 | 1496 | 296 | 1.0 | 1499 | 297 | 1.0 15.0 3.00
4110 | 1493 | 388 | 1.0 | 1499 | 394 | 1.0 15.0 3.94

Table 2. Finding the minimum weight vector by the

algorithm ISD for V € {Z,, Zy2, Zps, Zy3, Z s, Z 2 }
whent=3,N =16, r € {1,...,8}, the number of

experiments for the given weight r — 100.

Ta6nuua 2. MNownck BeKkTopa MUHMMaNbLHOro Beca
ANropnUTMOM ISD ANaV € {Z,, Z 2, Zys, Zys, Zyis, Zys2 }
nput=3, N=16,re{l,..,8}, KOJINYECTBO
3KCMeprIMEHTOB A1 3aJaHHOro seca r — 100.

. Z, Zy2 754
6 | wt(y) | wt(z) | & | wt(y) | wi(z) | & | wt(y) | wt(z)

11| 10| 8.07 049 | 1.0 | 1198 | 0.81 | 1.00 | 14.94 | 0.86

2110 801 1.03 | 1.0 | 11.88 | 1.58 | 1.00 | 15.04 | 1.76

3110 817 1.63 | 1.0 | 12.12 | 2.43 | 1.00 | 14.96 | 2.71

4110 | 7.82 2.44 | 1.0 | 11.81 3.35 | 0.99 | 14.96 | 3.64

5| 10| 8.01 3.08 | 1.0 | 11.99 | 4.12 | 0.94 | 1494 | 4.76

6 | 1.0 | 825 337 | 1.0 | 12.19 | 5.00 | 1.00 | 14.91 5.55

7| 1.0 | 8.09 3.87 | 1.0 | 11.74 | 5.66 | 1.00 | 14.81 6.56

8| 1.0 | 8.00 3.72 | 1.0 | 12.02 | 5.82 | 1.00 | 14.95 | 7.39
r ZZS Zzlé ZZSZ

6 | wt(y) | wt(z) | & | wt(y) | wt(z) | & | wt(y) | wt(z)

1| 1.00 | 15.93 1.00 | 1.00 16.0 1.00 | 1.00 | 16.0 1.00
2 | 1.00 | 15.93 1.98 | 1.00 16.0 2.00 | 1.00 | 16.0 2.00
3| 1.00 | 1595 | 296 | 1.00 16.0 3.00 | 0.99 | 16.0 3.04
4 ] 1.00 | 1593 | 3.96 | 0.97 16.0 4.07 | 0.96 16.0 4.14
5| 1.00 | 1594 | 497 | 0.93 16.0 5.19 | 0.93 16.0 5.21
6 | 097 | 1593 | 595 | 0.80 16.0 6.32 | 0.77 16.0 6.45
7 | 1.00 | 15.98 | 6.98 | 0.87 16.0 7.10 | 0.73 | 16.0 7.25
81 1.00 | 1594 | 791 | 1.00 | 16.0 7.92 | 1.00 | 16.0 7.99

BEPOATHOCTD yCIleXa 3HAUMTEJIbHO 3aBUCHUT OT Koublla. Hanmpumep, npu t = 2 u V = Z, anropurm ISD
IOYTHM BCerAa HaXOINUT BEKTOP C 3aJJaHHBIM OrpaHMUeHyeM Ha Bec. Ho yxe nusg konbua V = Zyp ipur = 5

ur==6 AJITOPUITM HE€ HaXOOVT BEKTOPBI Be€Ca C 3aJaHHBIM OTpaHUNUYEHVIEM Ha BE€C C BEPOATHOCTAMU CO-

orBercTBeHHO 0.21 1 0.31. [Ina xosern, HaumHAas ¢ Zy4, MMEIOTCI 3HAUEHUS ¥, IS KOTOPBIX AJITOPUTM

HY IJIsI OMHOTO BXOOHOT'O BEKTOpa (HpI/I 3aJaHHbIX OI'PaHNYEHUAX Ha KOJINYECTBO I/ITepaLU/If;I) HE HallleJl

BEKTOp Beca He OoJiee 7. Taxxe BUAHO, UTO I KQXKAOTO ¥ C POCTOM MOIITHOCTM KOJIbLA PACTET M CPeTHUII
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Table 3. Finding the minimum weight vector by the Ta6nuua 3. Monck BeKTopa MUHUMaNbLHOMo Beca
algorithm ISD for V € {Z,, Z.y2, Z.p1, Z.p3, Z.y16, Zy32 } anNropnTMOM ISD ANV € {Z,, Zy2, Zys, Zys, Zyis, Zy32 }
when ¢ =3, N =32, r € {1,...,8}, the number of nput=3,N =32 r¢€{l,..,8}, KONMYeCTBO
experiments for the given weight r — 100. 3KCNEepPUMEHTOB A/ 3a4aHHOro Beca r — 100.
Z, Z.y2 Z.ys
"1 wi(y) | wt(z) | 6 | wt(y) | wt(z) | O | wt(y) | wi(z)
1| 1.0 | 1630 | 0.51 | 1.00 | 24.11 | 0.82 | 1.00 | 29.93 | 0.93
2110 | 16.16 | 1.06 | 1.00 | 24.09 | 1.56 | 1.00 | 29.85 | 1.88
3110 16.14 | 197 | 0.99 | 23.97 | 249 | 098 | 29.92 | 2.87
4110 | 16.28 | 2.69 | 1.00 | 24.06 | 3.54 | 0.93 | 29.89 | 4.04
5(10| 1640 | 3.31 | 1.00 | 23.90 | 4.53 | 0.99 | 29.90 | 4.77
6 | 1.0 | 16.02 | 4.03 | 1.00 | 23.75 | 5.31 | 1.00 | 29.93 | 5.80
7110 | 1638 | 3.85 | 1.00 | 23.84 | 5.84 | 1.00 | 29.78 | 6.64
8|10 | 16.40 | 3.79 | 1.00 | 24.29 | 6.16 | 1.00 | 29.93 | 7.52
r Z28 ZZIG 2232
o | wtly) | wt(z) | & | wt(y) | wt(z) | & | wt(y) | wt(z)
1] 1.00 | 31.80 | 1.00 | 1.00 | 32.0 1.00 | 1.00 | 32.0 1.00
2 11.00 | 31.80 | 2.00 | 1.00 | 32.0 1.99 | 1.00 | 32.0 1.98
31099 | 31.78 | 3.02 | 0.97 | 32.0 3.11 | 097 | 32.0 3.15
41 0.67 | 31.79 | 5.20 | 0.70 | 32.0 512 | 0.63 | 32.0 5.39
51036 | 31.81 | 686 | 0.42 | 32.0 6.69 | 0.18 | 32.0 7.42
6| 052 | 31.84 | 691 | 045 | 32.0 7.05 | 0.28 | 32.0 7.39
71099 | 31.86 | 699 | 0.63 | 32.0 7.35 | 0.61 | 32.0 7.37
8 | 1.00 | 31.82 | 7.95 | 1.00 | 32.0 7.98 | 1.00 | 32.0 7.99
Table 4. Finding the minimum weight vector by the Ta6nuua 4. lNMonck BeKTopa MUHNUMaNbLHOMo Beca
algorithm 1SD for Ve {Zy, 202,204, L5, Zyis, Zy32 } anropUTMOM ISD ANAV € {Zy, Zy2, Zys, Zys, Zopss, Zy32 }
whent=3,N =48, re{1,...,8}, the number of nput=3,N =48, re€{l,..,8}, KOIN4YeCTBO
experiments for the given weight r — 100. 3KCNepuMeHTOB ANA 3aJaHHOro Beca r — 100.
- Z, Z.y2 Zys
O | wi(y) | wt(z) | & | wi(y) | wi(z) | & | wi(y) | wt(z)
1] 10| 2452 | 0.51 | 1.00 | 36.20 | 0.79 | 1.00 | 45.08 | 0.91
2110 | 2448 | 1.19 | 1.00 | 36.37 | 1.58 | 0.99 | 45.03 | 1.91
3110 | 2429 | 2.04 | 0.98 | 36.37 | 2.58 | 0.91 | 45.12 | 3.28
4| 1.0 | 2419 | 2.68 | 1.00 | 36.07 | 3.58 | 0.72 | 45.00 | 4.77
5110 | 2431 | 3.23 | 1.00 | 36.41 | 449 | 0.94 | 45.15 | 5.09
6| 1.0| 2439 | 3.71 | 1.00 | 36.18 | 4.96 | 1.00 | 45.06 | 5.88
7| 1.0 | 24.21 | 3.64 | 1.00 | 36.34 | 5.79 | 1.00 | 45.00 | 6.76
81 1.0 | 2445 | 423 | 1.00 | 36.27 | 6.05 | 1.00 | 45.08 | 7.53
r ZZB 2216 Z232
0 | wtly) | wt(z) | & | wi(y) | wt(z) | & | wi(y) | wt(z)
1] 1.00 | 47.87 | 1.00 | 1.00 | 48.0 0.98 | 1.00 | 48.0 1.00
21099 | 47.86 | 2.03 | 1.00 | 48.0 1.94 | 1.00 | 48.0 2.00
31073 | 4786 | 4.26 | 0.75 | 48.0 4.10 | 0.79 | 48.0 3.93
41030 | 4784 | 6.63 | 0.31 | 48.0 6.58 | 0.36 | 48.0 6.39
51026 | 4785 | 7.15 | 0.20 | 48.0 7.32 | 0.14 | 48.0 7.47
6| 039 | 47.89 | 7.21 | 0.24 | 48.0 7.48 | 0.26 | 48.0 7.46
7 11.00 | 47.84 | 7.00 | 0.63 | 48.0 7.36 | 0.57 | 48.0 7.42
8 | 1.00 | 47.82 | 7.94 | 1.00 | 48.0 7.99 | 1.00 | 48.0 7.99
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Table 5. Finding the minimum weight vector by the Ta6nuua 5. MNMounck BeKTopa MUHUMAaAbLHOro Beca
algorithm ISD for V € {Z,, Zy2, Zys, Zys, Zy1s, Zp2 } ANropnUTMOM ISD ANA YV € {Z,, Zy2, Zps, Zys, Zyis, Zys2 }
when t =3, N =64, r € {1,...,8}, the number of nput=3,N =64, re{l,..,8}, KONMYeECTBO
experiments for the given weight r — 100. 3KCNepUMEHTOB ANs 3aZaHHOro Beca r — 100.
Z, L.y Zos
TS wi(y) | wt(z) | & | wt(y) | wt(z) | & | wi(y) | wt(z)
1|10 | 3162 | 044 | 1.0 | 48.06 | 0.75 | 1.00 | 60.05 | 0.95
2110 | 31.68 | 1.09 | 1.0 | 48.00 | 1.63 | 0.99 | 60.00 | 1.97
3110|3179 | 1.80 | 1.0 | 47.98 | 2,53 | 0.75 | 60.01 | 3.97
4110 | 31.69 | 280 | 1.0 | 47.85 | 3.57 | 0.66 | 59.99 | 4.98
5110 | 3144 | 3.43 | 1.0 | 48.14 | 4.58 | 0.95 | 60.04 | 5.04
6 10| 3179 | 385 | 1.0 | 48.29 | 5.19 | 1.00 | 59.79 | 5.87
7110 | 3142 | 3.77 | 1.0 | 48.07 | 5.75 | 1.00 | 59.95 | 6.75
8110 | 31.74 | 3.81 | 1.0 | 48.09 | 595 | 1.00 | 59.97 | 7.49
r ZZS Zzlﬁ 2232
6 | wt(y) | wt(z) | & | wt(y) | wt(z) | & | wt(y) | wt(z)
1] 1.00 | 63.77 | 0.99 | 1.00 | 64.0 1.00 | 1.00 | 64.0 1.00
21100 | 63.74 | 198 | 0.99 | 64.0 2.04 | 099 | 64.0 2.06
31058 | 63.74 | 496 | 055 | 64.0 5.09 | 0.65 | 64.0 4.58
41015 | 63.76 | 7.29 | 0.26 | 64.0 6.80 | 0.24 | 64.0 6.86
51012 | 63.77 | 7.57 | 0.14 | 64.0 7.49 | 0.13 | 64.0 7.51
6033|6376 | 7.29 | 0.23 | 64.0 7.05 | 0.20 | 64.0 7.58
7 1 1.00 | 63.76 | 6.99 | 0.62 | 64.0 738 | 0.64 | 64.0 7.34
8 1 1.00 | 63.76 | 7.96 | 1.00 | 64.0 7.99 | 1.00 | 64.0 7.99

BeC BO3BPAI[aeMOT0 BEKTOpa. OTO CBUAETEIBCTBYET O TOM, UTO UeM OOJIbIlle KOJBI[O, TeM MeHee Bepo-
ATHO IT0 JuHeliHoMy MBA-BoIpaskeHuo E(xy, ..., X;) IPOM3BOIBHOIN MIMHBI HAITK 9KBUBaJIeHTHOe MBA-
BBIpa)KEHIe IJIMHBI He Oojee r. [ mpuMepa B BBIeJIEHHOI B Tabiuile 1 CTpoke IpM r = 2 CpeTHUII BeC
HallfleHHOTo BeKTopa ana V = Z, paseH 1.13, Ho yke, HaunHas ¢ V = Z,s, cpeTHUI BeC paBeH OBYM.

Pesynprarhl B Tabnmiiax 2—5 IOKasbIBAOT, UTO ¢ pocToM N mond é mpu ¢ = 3 He BO3pacTaer, a I 60JIb-
LIMHCTBA KOJIeIl TOJIBKO YOBIBaeT, IIPY 3TOM CpeIHUII BeC BO3BpAIllaeMOro BeKTopa ¢ poctoM N MeHseTcs
HeCYII[eCTBEHHO (KaK B OOJIBIIIYIO, TaK ¥ B MEHBIIYI0 CTOPOHEI). [IoaToMy IpescTaBisgercs, YTO 3HaUCHIe
N nopsanxa O(2'*?) MoxeT SIBIATHCA JOCTATOUHBIM sl anroputma ISD.

2.3.2. MHccaepoBanue anropurma ISDMinSearch

g anroputma ISDMinSearch ripu ¢ = 2,...,5u I = 1000 orjeHeH cpeHMI BeC BO3BpaIllaeMOI'o BEeKTopa
Z, KOTJ1a BXOIHOI BEKTOP y BBIOpAH CIYUailHO M PABHOBEPOSTHO U3 vV, PesynbTaThl OLleHKN CpegHETO
Beca IpejCcTaBIeHbl B Tabnuile 7. Taxke mpu Tex ke { MCCIeOBaHA 3aBICIMOCTD CPEIHETO BECA BEKTOPA,
Bo3BpalaemMoro anropurmom ISDMinSearch, ot kosmuectBa nrepaunii I € {10,100, 1000, 10000}. imernno
IUIST CIIyuaifHO BbIOpaHHOTrO BekTopa Beca N amroputm ISDMinSearch BBI3BIBAJICSA C UMCIOM MTEPALIMIL
10000, B X0fie BBIIIOJIHEHNUSI KOTOPOTO (PUKCUPOBAJICI MIUHMMAIbHEIN Bec mocie i € {10,100, 1000, 10000}
nrepainii. Becero mis xaxxmoro ¢ 66110 city4aitHo BeiOpaHo 1o 10 BekTopoB Beca N. Pe3ypTars! mokasaHbl
B Tabiuue 8. Kpome aToro oreHeHa 3aBIUCUMOCTD CpeHErO Beca BEKTOpA, BO3BPAILIA€MOTO aJITOPUTMOM
ISDMinSearch, oT mapamerpa N. SxcriepuMeHTHI IpoBeReHbl s ¢ = 3 mpu N = 16, 32, 48, 64, a pe3ynbpTaThl
IIpefcTaBieHbl B Tabnniie 9.

Pesysprarhl 3 TaGIuMIbl 7 ITOKa3bIBAIOT, UTO IS CIyYAllHO BHIODAHHOTO BEKTOpa U3 VN ¢ pocToM
MOII[HOCTY KOJIBI[A PACTeT U cpeqHmil Bec wi(z) HatimeHHOTO anroputmoM ISDMinSearch BekTopa nipm Guk-
CUpPOBaHHOM uryciie utepaunit I. B Tabnuite 7 BbIgeNeHbI SUeiKM, B KOTOPBIX KOJMUECTBO CJIaraeMbIX
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Table 6. Finding the minimum weight vector by the Ta6nuua 6. Monck BeKTopa MUHUMaNbLHOMO Beca
algorithm ISD for V € {Z,,Z2, Zps, Zys, Zp1s, Zy2 } anropuTMOoM ISD ANA V € {Z;, Zy2, Zyps, Zys, Zyss, Ly }
whent =4, N =64, re€{1,..,16}, the number of nput=4,N =64, re€{l,..,16}, KOINYECTBO

experiments for the given weight r — 100. 3KCMEepPUMEHTOB A/ 3a4aHHOro Beca r — 100.
Z, Ly Z.ys

’ § | wtly) | wi(z) | & | wi(y) | wit(z) | & | wi(y) | wi(z)
1 | 1.00 | 31.53 | 0.50 | 1.00 | 48.32 | 0.77 | 1.00 | 60.08 | 0.92
2 | 1.00 | 3149 | 1.04 | 1.00 | 48.35 | 1.46 | 1.00 | 60.05 | 1.83
3 1099 | 3131 | 156 | 0.99 | 4848 | 2.23 | 0.99 | 60.10 | 2.91
4 | 1.00 | 31.60 | 246 | 092 | 4834 | 3.45 | 0.72 | 59.91 | 6.84
5 | 1.00 | 3144 | 3.80 | 0.79 | 48.43 | 5.26 | 0.29 | 60.07 | 11.75
6 | 1.00 | 31.38 | 4.60 | 0.69 | 48.28 | 7.06 | 0.04 | 60.10 | 14.56
7 | 1.00 | 31.89 | 586 | 0.94 | 48.35 | 6.69 | 0.01 | 60.19 | 14.79
8 | 1.00 | 31.84 | 6.61 | 1.00 | 4830 | 7.71 | 0.01 | 59.77 | 14.82
9 | 1.00 | 31.35 | 6.99 | 1.00 | 48.14 | 8.62 | 0.00 | 59.94 | 14.88
10 | 1.00 | 31.81 | 7.43 | 1.00 | 4842 | 9.42 | 0.12 | 59.72 | 14.40
11 | 1.00 | 32.37 | 7.77 | 1.00 | 48.44 | 10.32 | 0.54 | 59.74 | 12.82
12 | 1.00 | 31.51 | 7.88 | 1.00 | 48.55 | 11.02 | 1.00 | 60.02 | 11.80
13 | 1.00 | 3195 | 7.87 | 1.00 | 48.28 | 11.46 | 1.00 | 59.69 | 12.80
14 | 1.00 | 31.34 | 7.93 | 1.00 | 48.76 | 11.76 | 1.00 | 59.82 | 13.61
15 | 1.00 | 31.57 | 7.86 | 1.00 | 4833 | 11.98 | 1.00 | 59.95 | 14.31
16 | 1.00 | 31.57 | 844 | 1.00 | 47.89 | 11.87 | 1.00 | 59.92 | 14.92
r ZZS 2216 2232

§ | wtly) | wit(z) | & | wi(y) | wit(z) | & | wi(y) | wi(z)
1 | 1.00 | 63.66 | 1.00 | 1.00 | 63.99 | 1.00 | 1.00 | 64.0 1.00
2 | 1.00 | 63.67 | 2.00 | 1.00 | 63.99 | 2.00 | 1.00 | 64.0 2.00
3 1098 | 63.66 | 3.26 | 0.99 | 63.99 | 3.13 | 0.98 | 64.0 3.26
4 | 054 | 63.67 | 944 | 0.64 | 63.99 | 832 | 0.57 | 64.0 9.15
5 | 0.10 | 63.67 | 14.81 | 0.14 | 63.99 | 1446 | 0.12 | 64.0 | 14.67
6 | 0.04 | 63.68 | 15.54 | 0.06 | 63.99 | 1540 | 0.03 | 64.0 | 15.70
7 | 0.00 | 63.68 | 15.92 | 0.00 | 63.99 | 1599 | 0.00 | 64.0 | 16.00
8 | 0.00 | 63.76 | 1597 | 0.00 | 64.00 | 16.00 | 0.01 | 64.0 | 15.92
9 | 0.00 | 63.71 | 15.97 | 0.00 | 64.00 | 16.00 | 0.00 | 64.0 | 16.00
10 | 0.00 | 63.71 | 15.94 | 0.00 | 64.00 | 16.00 | 0.00 | 64.0 | 16.00
11 | 0.00 | 63.74 | 15.96 | 0.00 | 64.00 | 16.00 | 0.00 | 64.0 | 16.00
12 | 0.00 | 63.73 | 15.90 | 0.00 | 63.99 | 16.00 | 0.00 | 64.0 | 16.00
13 | 0.00 | 63.76 | 1594 | 0.00 | 63.99 | 16.00 | 0.00 | 64.0 | 16.00
14 | 0.41 | 63.78 | 15.13 | 0.00 | 63.99 | 16.00 | 0.00 | 64.0 | 16.00
15 | 1.00 | 63.75 | 14.95 | 0.08 | 63.99 | 15.92 | 0.02 | 64.0 | 15.98
16 | 1.00 | 63.80 | 15.95 | 1.00 | 64.00 | 16.00 | 1.00 | 64.0 | 16.00

B ynpomeHHOM MBA-BbIpaskeHun Goisbire 10. 9ToT mopor BeIOpaH Ha OCHOBAHMM Pe3yJIBTaTOB pado-
TBI (8], Tle 9KCIepUMEHTAIBHO YCTAHOBJIEHO, UTO IIPY UMCiIe YepeqoBaHmii 10 u Gojee BpeMs paboOThI
SMT-pemareneii npespiaer 3 000 cexysn. CiaemoBaTenabHO, 110 BBIJEIEHHBIM S4elIKaM MOKHO OIIpejie-
JIUTHh pasMep Koibla V M KOJIMUECTBO IepeMeHHBIX f, M1 KOTOPBIX BpeMd aHanm3a SMT-pemiatenem
cirydaitHoro anHeitHoro MBA-BrIpaskeHNs (C 3aaHHBIM CMHAPOMOM) OymeT B cpefHeM He MeHee 3 000
cexyHn. Hanpumep, ecnu 0714 ToXAeCTBEHHO MCTMHHOTO Ipeankara Pr Ha puc. 1 HenuHeliHble MBA-BBI-
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Table 7. Finding the low weight vector Ta6nuua 7. Mownck BekTOpa Manoro Beca
forVe{Z, 2y, 7,25, 2,y6,Z,:} Wwhen t € {2,3,4,5}, INAV €{Z,y,Zy2,Zy1,Zps, Zyss, Zy2} PN t € {2,3,4,5},
N =4-2',re{1,..,2'}, number of iterations 1000 of N=4-2',re{1,..,2'}, KOINYECTBO UTEPaLMIA 1000

the algorithm ISDMinSearch, number of randomly anroputMa ISDMinSearch, KONMYECTBO CyYaliHO
chosen vectors — 100. BblbVpaeMbix BEKTOPOB — 100.
¢ Zz ZzZ 224 Zzs Zzw 2232
wt(y) | wi(z) | wi(y) | wi(z) | wi(y) | wt(z) | wt(y) | wt(z) | wt(y) | wt(z) | wt(y) | wt(z)
21 7.39 0.93 | 11.29 | 1.79 14.18 291 14.92 3.84 15.0 4.00 15.0 4.0
311641 | 199 | 2416 | 3.23 30.00 5.24 | 31.86 6.91 32.0 7.98 32.0 8.0
4| 31.81 | 347 | 47.99 | 6.74 | 60.01 | 1144 | 63.74 | 1459 | 64.0 | 15.94 | 64.0 16.0
51 6130 | 11.00 | 94.20 | 19.50 | 120.10 | 26.70 | 127.70 | 30.80 | 128.0 | 32.00 | 128.0 | 32.0
Table 8. Dependence of the average weight of the Ta6nuua 8. 3aBUCNMOCTL CpesHero Beca
vector returned by the algorithm ISDMinSearch on BO3BpPAaLLLaeMOro anropuTMom ISDMinSearch
the number of iterations for 10 randomly chosen BeKTOpa OT KOAMYecTBa utepaunin 4nsa 10
vectors v of the weight N. CNy4aiHO BbIBpaHHbIX BEKTOPOB v Beca N.
v I(t=2) I(t=3) I(t=4) I(t=5)

10 102103 10*] 10 [ 102103 ] 10*] 10 | 10® | 10° | 10* | 10 | 10% | 10° | 10%

Z, {1110 | 10| 10| 34 | 1.8 | 1.8 | 1.8 | 64 | 4.0 3.6 36 | 156 | 11.2 | 74 | 6.4

Zy | 21|17 | 1.7 | 1.7 | 6.0 | 35| 31| 31| 11.0 | 84 6.8 5.8 | 21.6 | 17.6 | 15.8 | 15.0

Zoyo | 343029 |29 | 71 |58 |53 |48 | 145|127 | 114 | 10.3 | 29.2 | 26.4 | 246 | 234

Zy | 40| 39|38 |38 | 79 |74 |69 | 67| 156 | 151 | 14.6 | 14.0 | 31.8 | 31.0 | 30.0 | 29.6

Zys | 40 | 40 | 40 | 40 | 104 | 80 | 80 | 7.8 | 20.8 | 16.0 | 16.0 | 15.5 | 32.0 | 32.0 | 32.0 | 32.0

Zoys | 40 | 40 | 40 | 40 | 128 | 8.0 | 8.0 | 8.0 | 16.0 | 16.0 | 16.0 | 16.0 | 32.0 | 32.0 | 32.0 | 32.0

Table 9. Dependence of the average weight of the Ta6bnuua 9. 3aBUCNMOCTb CpefHero Beca
vector returned by the algorithm ISDMinSearch on N BO3BPaLLLaeMOro anropnutMom ISDMinSearch
for 10 randomly chosen vectors v of the weight N. BekTOopa OT N A5 10 C1y4ainHO BbIOPaHHbIX
BEKTOPOB v Beca N.
I (N =16) I (N =32) I (N =48) I (N =64)

10 [ 102 [ 103 [ 10* | 10 | 10% [ 103 [ 10* | 10 | 10* | 10® | 10* | 10 | 10% | 10° | 10*
Z, (4029 129[29| 34 |18 |18 |18 |35 |19|18 |18 36 |19 19 19
Zy | 54|40 [39[39] 60 | 353131 48 [36 31|31 46 |33 ]|3.0] 3.0
Zy | 65|58 [ 56 | 56| 71 |58 |53|48 11259 |50 47 |128 | 58 | 50 | 44
Zy | 88|77 70|69 79 | 7469|6779 |76|68]|67 |79 |74]70]65
Zys | 80 [ 79 | 7979|104 |80 |80 |78 | 80 |80 |80/ 79 (19280 | 80 | 80
Zy2 | 80| 80 | 80|80 |128 |80 |80 |80 | 80 |80/]80 |80/ 80 |80/80] 80

paxennst Ei(xy, ..., x;) n Ey(xy, ..., X;) comepxat auHeriHpie MBA-moiBpIpakeHs, BRIOpaHHbBIE CIyUallHO
¥ PaBHOBEPOSITHO M3 HEKOTOphIX dakrop-kmaccoB VV/Cr, To ipu t > 4 u V € {Zys, Zyi6, Zy» } MOKHO
OKIATh, uTo BpeMms perennss SMT-monynem npenukara Pr 6ynger He menee 3000 cexkyup. [Toquepkuem,
uT0 BeIpaKeHus Eq(xq, ..., x;) u Ey(xq, ..., X;) Clleqyer BBIOMpPATh HENMHETHBIMM, MHAYE, COTJIACHO [4], TOX-
IeCTBEHHYIO VICTMHHOCTD MJIM JIOXKHOCTH IIpeIMKATOB Ha OCHOBE STUX BBIPAKEHUI MOKHO YCTAaHOBUTD
MeHee, UeM 3a CEKyHIY, CpaBHUBAA COOTBeTCTBYomme M ronnucu (V-cMHAPOMBI).

PesysbraThl 9KCIEPUMEHTA, 1IEJIBI0 KOTOPOTO ObLIa OLlEHKA 3aBMCIMOCTI CPeJHEro Beca BO3Bpallla-
€MOro BeKTOpa OT uycia mrepauuii I, mokasaHbsl B Tabnuile 8. AHAIM3 9TUX Pe3yJIbTATOB IIOKA3bIBAET,
uro ans Konen Z,, Zo: n Zo,s npu I = 1000 HabarogaeTcss 3aMeyieHNe B TaleHNN CPeHEro Beca BO3Bpa-
1aeMoro Bekropa. iMeHHO, B 3TOM cilyuae pasHuiia B cpegHeM Bece g I = 1000 u I = 10000 mpu Bcex
paccMOTpeHHBIX 3HaUeHMsX ¢ He npessiiaet 1.2. [Ipexcrasisgercs, uro sHauenus [ 6onbure 10000 moryT
C HECYIIIECTBEHHOV BEPOSATHOCTHIO YMEHBIIIUTDh BEC BO3BPAI[AEMOTO BEKTOPA I[EHOI CYIIECTBEHHO 60JIb-
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II1el BBIUVICIUTENIBHO CIOXKHOCTU. {1 Kosery Zys, Zgis U Zos2 3aMe[JieHNe B IafeHNV CpeJHero Beca
BO3BpaIllaeMOT0 BeKTOpa HabmonaeTcs yxxe npu I = 100.

W3 rabmuier 9 BugHo, uro npu [ = 10* mis xoumery Zo, Zoz, Zys M1 Zys CpeTHUI BeC BO3BpaIlaeMOTO
BEKTOpa HECYILIeCTBEHHO yMeHbIlIaeTcd ¢ poctoM N, Korga BXOAHOI BeKTop aiaropurma ISDMinSearch
BBIOUpaeTC CIyuaitHo U paBHOBeposaTHO u3 VV; s konert Zyie m Zys ¢ poctoM I cpemnmit Bec s Beex
paccmotpenHbIX N KoJe6iercss 0kosio 2! = 8. MOKHO MPeAIoI0KUTb, UTO U Ae00dyCKALMI CITydaiiHbIX
nnHeHpIXx MBA-BbIpakeHNII (He TOJIBKO ITpH ¢t = 3) [y HeOOJIbIINX KoJell 3HaueHue N cieyeT BBIOMpaTh
ro6oJIblire, YTOOBI YMEHBIIUTD YMCIO c1araeMbix B MBA-BoIpakeHnn. OgHAKO B 9TOM ClIydae BO3pacTaer
BBIUJICIUTEIbHAS CIOKHOCTD aliroputMa ISDMinSearch, Tak Kak B HeM IPUXOJUTCS HAXOOAUTh 0OpaTHBIE
(N - 2" x (N - 2")-marpumet, uto Tpebyet nopsimka O((N - 2')*) onepartmit.

Jl71s Bcex pacCMOTpPeHHBIX ¢ IpH + = 1 [JIg KoJiel MaJIoil MOLITHOCTY CpeTHUI BeC BeKTOpa, BO3Bpalljae-
Moro ajaropurmoM ISD, MeHbIIIe eqMHMITEL. TO 03HAYAET, UTO B pAJe CIydyaeB BeC BO3BpAIllaeMOro BEKTOpa
paBeH HyJ0. OTKya clieqyeT, YTO HEKOTOpble 00¢ycuupyeMble B SKCIEPUMEHTAX C IIOMOILBIO aJITOPUT-
moB LinMBAGen u LinMBAGenAnyLen MBA-Bsipaxkenns npunamiaexanu Cr. [Tostomy, mepen o6dyckarueit
MBA-BbIpakenns E(xy, ..., X;) (HampuMep, Ipy reHepaluyi MHO>KECTBA HEIIPO3pauHbIX IIPEeJUKATOB) Clle-
nyer mpoBeputb, uto E(E(xy,...,x:)) € Cp. Bonee o0uieil pekoMeHaanmell MOKET SBISIThCS CpPaBHEHIIE
Beca BEeKTOpa, Bo3BpalaemMoro anroputmom ISDMinSearch ¢ 3agaHHBIM BecOM. ITa IPOBEPKaA MOXKET OBITH
BBINIOJIHEHA ¢ TOMo1IbI0 anroputma CheckMBAComplexity (cM. anroputm 6).

Algorithm 6. CheckMBAComplexity
Data: E(xq,...,x;), 1, b, r, R

Result: T € {0,1}, T = 0 — Bec BekTOpa, Bo3Bpamaemoro ISDMinSearch, mensite r, T = 1 — Bec
He MEHBIIE 1

11i=0,T=1
2 i=1i+1
3 if i < I, then
/* THomerTarhest ypoctutb MBA-BhIpaskeHUe 3a [} MTEpaIii ¢ MCIIOIH30BaHUEM R CIIyUaitHO
BBIOpAaHHBIX JOOABOUHBIX CTOJIOI[OB */
4 z = E(MBASimplify(E(xy, ..., x;), 1, R))
/* IIpoBepuTH YCIOBIME Ha BeC BEKTOpa */

5 if wt(z) > r then
/* [l ouepeJHOI IIPOBEPKY BeC BO3BPAIL[EHHOI'O BEKTOpa He MeHee 1'; IepeiTi
K CJIeyIOLLIelt IIpoBepKe (IIpoBepKa ¢ APYroil JOCTPOEHHO MaTpuleil Ar) */
6 goto?2
7 else
/* Cpenu I, ciiy4aifHO DOCTPOEHHBIX MaTpULl Ap HallLIach, 110 KpailHell Mepe, OJ{Ha,
g Kotopoii anroputM ISDMinSearch Bepryst MBA-BrIpakeHIE ¢ MeHee UeM

cJlaraeMbIMU */
8 T=0

9 return T

3akiarouenue

[pu Beex paccmorpennbix t u N = O(2'*%) mpennaraemslit crioco6 ymporienus iuHeinbrx MBA-
BBIP@KEHMIT Ha OCHOBE TEXHMKY AeKOAMPOBAHNUA 110 MHPOPMAIMOHHBIM COBOKYIITHOCTSIM II03BOJISET CY-
ILI[eCTBEHHO COKPATUTD JUIMHY BBIPOKEHIMS B ClIyuae, KOrja Bec BeKTopa z B (12) He npessliaet 3. B ciyuae
wit(z) > 3 muist Kosewy Zys, Zgis u Zys2 CpeIHUI BeC BO3BPAIIAEMOT0 BEKTOPa IIPAKTIIECKN BCeraa paseH 2°.
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B aTom e ciayuae KOIMUECTBO MTEPALNIL IIOMCKA MOXKeT ObITh rmopsaaka I = 100, Tak Kak pasyMHOe yBe-
JIMYeHVe YMCIia UTepaluii IpaKTIMUecKy He YBEJIMUYNMBAET BEPOSTHOCTb HAWMTY BEKTOP MEHBILIETO Beca.
s mespmx xoserf npu I 2> 1000 ¢ GONBIIION BEpOITHOCTHIO MOXKET OBITH IIOJyUeH BEKTOp Beca MeHb-
ure 2. 3aMeTuM, UTO LENbI0 U3BECTHBIX AITOPUTMOB yrpoueHus (cm. [8] u [4]) sBnserca monyuenue
MBA-BbIpakenus mumHoi nopsagka 2. Takum o6pasom, B paMKax 3amaun peobdyckauuyu MBA-BbIpa-
JKeHUT (He TOJBKO JIMHEIHBIX), IpeiaraeMblil criocob MoXeT ObITh NMPUMeHeH KaK IIpegBapUTeNbHbII
IIar Iepej IpUMeHeHreM MeTofa 13 [9], B KOTOpOM 5KBMBaJeHTHOCTs MBA-BbIpaskeHMIT IIPOBEPSIeTCS
¢ momo1eio SMT-perraresneii. A Tak Kak BpeMs pellleHNs 3aBUCUT OT KOJIMUecTBa YepeqoBaHmii B MBA-
BBIPKEHNN, TO IIpejjlaraeMblil CIIOCO0 IT03BOIUT COKPATUTh 3T0 BpeMs. Crioco6 yIpolieHns JIMHETHbIX
MBA-BBIpa’keHUII Ha OCHOBE AEeKOQMPOBAHMS 10 MHPOPMAIIMOHHBIM COBOKYIIHOCTSIM, KaK IIPeACTaBIIs-
eTCsI, MOKHO JICIIOJIB30BaTh He TOJIBKO IpM HeoOdyckalmy Koxa, HO U Ipu ero onmumusayuu. Kpome
TOTO, TaKas ONTMMM3ALNI MOXeT OBbITh IT0JIe3HOI B cpene cumBoipHoro ucnonuenus KLEE, roe Taxke
aKTyaJIbHA 3a/jadya COKpAII[eHN BpeMeH BBIITOJHEHMS 3aIIpocoB K SMT-pemaTeno.
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AJII‘OPI/ITMI)I ACIMIITOTUYECKOTO 11 UNCIIEHHOI'O IIOCTPOE€HMA
KoJie0aTeIbHbIX PE€KIIMOB B IIpOCTCf/iIIICM KOJIbII€ TEHEPATOPOB C

HEeCMMMETPUYHON HEeJINHENHOCTHIO
C. . Tnesun’, E. A. Mapymkusa' DOI: 10.18255/1818-1015-2023-2-160-169

1HpocnaBCKm7[ rocygapcTBeHHBIN yHUBepcuter uM. ILT. [lemnnosa, yin. CoBerckag, 14, Apocnasns, 150003, Poccus.

YK 517.9 ITonyueHa 12 ceHTa6ps 2022 T.
Hayunas crares ITocne mopabotku 14 HOsOps 2022 T.
TlosHBIN TEKCT HA PYCCKOM SI3BIKE IIpuHsTa K nyoiaukanuu 16 HosOpst 2022 r.

PaccmaTpuBaercs cucteMa M3 TpeX CBA3aHHBIX B KOJIBLIO T'eHEPATOPOB ¢ HECHMMETPUUHON HeJIMHEIIHOCTBIO U CIeL-
aJBHOJI HeJIMHeIHOII cBs3bio. Mccaenyemas cucreMa MOREIMPYeT 3JIeKTPUUECKYIO IIellb, B KOTOPOIT KaXIBIN U3 Tpex
MICHTUYHBIX TeHEPAaTOPOB IIPeCTaBIIAET COO0II KOJIeOaTeIbHBII KOHTYD C HEIMHEIHBIM 3JIeMeHTOM. Bosbpr-aMmmepHas
XapaKTepICTIKA 9TOTO 3JleMeHTa UMeeT S-o6pa3Hblil xapakTep. HesmnHeltHas cBsI3b MeXAy reHepaTopaMI OpraH30BaHa
TaK, UTO MMeeT OJIM3KUIT K eIMHUYHOMY K03(dUUMEHT Nepefauy B IPSIMOM HalpaBlIeHUN U ONM3KUIL K HYJIEBOMY
B 00paTHOM. ACHMMIITOTHMYECKMMM METOJAMM CHauaja M3ydaeTcsd 3aaua O PELICHMSX, BEeTBAILUKXCI OT COCTOSHUI paB-
HOBECU, a 3aTeM UMCJIEHHBIMI MEeTOAaMIU JMCCIIeLyeTcsl MCXOMHas cucTeMa. M3yueHa 3aBUCHMOCTh JUHAMUKI CUCTEMBI
OT CTeIIeHM HeCMMMETPMUHOCTY KyOM4ecKoil HeIMHeTHOCTY, OIMCBIBAIOIIIel XapaKTepUCTUKY HeJIMHeTHOTO 3JIeMeHTa.
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Beegenue

Pa3paboTKa HENMHENHBIX CUCTEM 3JIEKTPUUECKUX TEHEPATOPOB UACTO CBA3aHA C HEOOXOMUMOCTHIO
BBISBJIEHUS Y 9TOV CHCTEMBI 3HAUEHMII IapaMeTPOB, IPM KOTOPBIX OHA HOIYCKAeT XaOTUUECKMe KOJie-
Ganus. OQHUM U3 MPOCTENMIINX OOBEKTOB TAKOTO POJia ABJILETCA CUCTEMA U3 TPEX TeHEPATOPOB, COeMI-
HEHHBIX B KOJIbLIO. B HacrosIeil paboTe paccMOTpeHa CUCTeMa HENVHENHBIX aBTOI€HEePATOPOB, HeJN-
HEITHOCTh KaKIOTO 13 3JIEMEHTOB KOTOPOI 00YCIIOBIeHa HAMMUMEM TaK HA3bIBAEMOTO TYHHEIBHOTO -
oma. [lns BOJIbT-aMIIEpPHON XapaKTEePUCTUKIL 3TOTO SJIeMeHTa BBIOMpaeTcss HeCMMMeTpuUuHas S-o0pasHas
byukums. B kauecTBe XapaKTepUCTUKN HECUMMETPUUHOCTY 3TOM QYHKIIMY UCIIONb3YeTCsI KBapaTUUHASL
HeJIMHEIHOCTh B ee mpencrapieHun. [Ipeamnonaraercs, 4To CBI3b MEXIY 3JeMEHTaMU KOJbIA SBIISETCI
O[IHOHAIIPABJIEHHOI1. B paboTe mpoBeieH UMCIeHHBIN 9KCIIEPUMEHT, KOTOPBIN II03BOJIAET YCTAHOBUTD rPa-
HILBI M3MEHEHNS ITapaMeTpa HECUMMETPUUHOCTH, IIPU KOTOPBIX CUCTEMA FeHepUpyeT IIePUOIIecKue
1 XaOTUUECKNe KoJIeOaHm .

1. MopgeapHad cucTeMa

PaccmaTtpuBaeTcd HeIMHeIHad CUCTeMa, COCTOSINAsA U3 TpeX MAEHTUYHBIX aBTOTeHEPaTOpPOB C OJHO-
HaIpaBJIeHHoI cBA3bI0 (puc. 1). B aroit cucreme L, C, R — cocpenoToueHHbIE MHAYKTUBHOCTD, EMKOCTh
1 aKTUBHOE COIPOTUBJIEeHNE, a E — HanpshkeHMe MCTOUHMKA MUTAHUSA. BOoIbT-aMIIepHas XapaKTepuCTUKa
HeJIMHEHOro 3j1eMeHTa — TyHHeJIbHoTo auoaa TD — umeer BUA, IpecTaBleHHBIN Ha puc. 2. HO)Z[pO6HbII7I
BBIBOJ] MOJEIBHBIX YPABHEHMII [IJIST TAKOI SJIEKTPUUECKOII 1€V MOXKHO Haiitu B [1—3]. MaTemaTuueckas
MOJeJNb MapUMaIbHOTO reHepaTopa CTPONTCS Ha OCHOBe 3akoHOB OMa u Knpxroda, oTkyaa monyyaem:

Cii + [%+f’(u)]u+lu— E

L W

rJe u — HallpsbKeHue B KOHType, f(u) — HelmHelIHas XapaKTepUCTUKa TyHHEeJIBHOTO AMOAa (CM. puc. 2).

Fig. 1. A chain of three identical self-oscillators with Puc. 1. Llenb 13 Tpex naeHTUYHbIX
a unidirectional connection aBTOreHepaTopoB C OAHOHAaMNPaBAEHHOV CBA3bIO
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!
U, U, U
Fig. 2. Nonlinear Puc. 2. HennHeinHas
characteristic of the XapakTepucTunka
tunnel diode TYHHE/IbHOTO Anoaa Fig. 3. Graph of the Puc. 3. Tpaduik

function g(u) byHKUMM g(u)

3ameTum, uTo MapUMaIbHbIIN OCHIULIATOP (1) MMeeT COCTOsIHUE PAaBHOBECHS U = Uy, Tie Uy = E, koTopoe
SBJISI€TCS YCTONUMBBIM (HEYCTOMUNBBIM) IIPK

2+ Fli) =0 (<0) @)

Bcrony Hmke mpepnmonaraem, uto pabouas touka A = (i, fo), iy = f(ily) nexur Ha mamaroleM yJdacTke
HeJVHEeIHOI XxapakTepuctuku i = f(u), 1. e. f'(#y) < 0. B aTom ciryuae B cuity (2) MOKHO DOGUTHCS YCTOI-
YIBOCTY JUIM HEYCTOITYMBOCTI ITOJIOXKEHNS PABHOBECHS U = Uy 32 CUET M3MEHEHNUS TOJIBKO COIPOTUBIICHMS
R (ipu puKcupoBaHHBIX IPOUMX IMapaMeTpax). [lepeiineM Tereps K COOTBETCTBYIOIIEMY KOJIBLIEBOMY T'eHe-
paropy, cxeMa KOTOPOTro IokasaHa Ha puc. 1. Bygem cumrars, 4To Bce TpH IMapliiajabHbIe 3JeKTpUUecKIe
LeN MACHTUYHBI ¥ CBSI3YM MEXAy HUMI YCTaHOBJIEHBI C IIOMOIIBI0 TPeX OAMHAKOBBIX OJIOKOB. BaxkHo
OTMETHTb, UTO 3TI GJIOKM HOCAT IPMHLUMIINATBHO HeJIMHETHBII XapaKkTep. A MMeHHO, KayKAbII U3 HUX CO-
CTOUT U3 TPeX JIeMEHTOB: HeJIMHEeITHOTO IIpeo0pasoBaTelIs CUTHANA Uy = §(Uin), THE Uin, Uoyt — BXOJHOE
U BBIXOJHOE HAIPSHKEHUSA COOTBETCTBEHHO, M IBYX OydepHBIX KacKaJoB, pealn30BaHHBIX Ha OIlepalii-
OoHHBIX ycmnurensax. ['papux ¢pynxinu g(u) nsobpaxen Ha puc. 3. OrmeTum, uro 6ydepHble yCTpOiicTBA
TOJDKHBI MMeTh OOJIBIIIOe BXOMHOE M Majloe BBIXOJHOE COIPOTHBIIEHMS, a TaKKe 001aqaTh eJMHUUYHBIM
K09 PULIEHTOM ITepefady B IPIMOM HaIpaBIeHNN 1 OJIM3KUM K HyJIeBoMy B o6paTHOM. [IpakTiueckue
CrI0co0BI peann3anun HeJIMHEITHOTO GJI0Ka, IIPEeICTABIEHHOrO Ha PUC. 3, OMMCaHbI B paboTax [4—7].

[t Toro uToOBl BBIBECTVM MaTeMaTHMUECKYyI MOMENb MHTepPeCyIOIlero Hac KOJbLEBOIO reHeparopa
yureM TOT (akT, UTO B CIMIIy OJHOHAIIPABIEHHOTO XapaKTepa CBS3MU IapUMajbHas CUCTeMa C HOMEpPOM
J HEIIOCPeICTBEHHO BIIMSET TOJBKO HA CUCTEMY C HOMEpPOM j + 1 11, B CBOIO Ouepejb, caMa MCIIbITHIBAET
BJIMISTHUIE TOJIBKO CO CTOPOHBI (j — 1)-01t cucTeMbl. Takum o6pas3om, [ j-0J1 SUelIKM NMeeM paBeHCTBA

_E—Uj

du;
i = R iy = f(w), ip=C—2,

dt
1
i5 = —L/ (E - uj —g(uj_l))dt,
i1=i2+i3, i2=i4+i5,

U3 KOTOPBIX Iocie auddepeHIIMpOoBaHNs 0 ¢ I IMapUMaIbHBIX HANPKEHWA uj, j = 1,2,3 BBIXOTUT
cucremMa
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E
E; _] = 15 2: 3; (3)

Ciij + [% +f'(uj)] uj+ Tl;(uj +g(uj1)) =
rae Uy = us.

[Monyumsiyrocs cucreMy (3) 6yaeM u3ydars Ipy ABYX HOIOTHUTENBHBIX OTPAHNYEHNSX. Bo-TIepBbIX,
HanpskeHMe E MCTOUHMKOB MUTAHMS cunMTaeM TakoBbiM, uto E = u) + 1l tme 10, = g(ud,) (cm. puc. 3).
Bo-BTOpBIX, IPEIIONATAEM, UTO U, < Uy, < U, TT€ U, U.. — IKCTPEMyMBbI HEIMHENHO XapaKTepUCTUKA
TYHHeJIBHOTO ayona (cM. puc. 2). B arom ciyuae cucrema (3) mMeer COCTOSIHIE PABHOBECUS Uy = Up = Us =
to, THE o = U,

ITocremoBaTeIBHOCTh HAJMBHENIINX AeCTBUII TakoBa. CHayaja BBIIIOJIHMM B cucreMe (3) 3aMeHy
uj — iy — uj, j = 1,2, 3, IepeBOAAIIYIO0 YIIOMSIHYTOE BBIIIIE COCTOSHIE PABHOBECH B HyJIeBOe. AIIIIPOKCH-
marust GyHKUMH f(u+ tly) OOBITHO BBIIIOIHSETCS C [IOMOIIBI0 CUMMETPIYHOTO IOJIMHOMA TPEThE CTENEeHI
Bupna f(u+dy) = —spu+s,u’, e sp, 2 > 0 (em. [1]). [IpeacraBnsier MHTepec 3ajiaua o BIMSHUY HA MHAMUKY

MCCIIeyeMOTl CUCTeMBbl KBaqpaTUUHOro ciaraemoro. Hipke cumraem, uto f(u + tg) = —Sou + s u? + spu’.

0
out

bysKknun. B pesynprare mocie HEKOTOPHIX HOPMUPOBOK IIepEMEHHBIX Uj, j = 1,2, 3, ¥ BpeMeHM MHTepecy-
I0IIIas Hac CUCTeMa IIpUMeT BU:

Hennneitnyto GyHKImIO cBs13u g(u+tly)— Uy, OyaeM cauTaTh GI1M3KOI K HEIIPePhIBHOI KyCOUHO-TMHETHOI

iy + —(ew + o + )+ + pg(u) = 0. j= 12,3, (4)

rae Uy = us, {1 > 0, a 3HAK I1apaMeTpoB ¢ U ¢ IpousBosieH. YTo sxe kacaercs QyHKumn cBa3n g(u), To Terepsb
OHa 3aJJaeTCs PaBEHCTBOM

@ = wesp( - ), 5

nbn"
rae b > 0 mpomusBosbHO ¢uKcupoBaHo. IIpu yBennmuenun mapamerpa n GyHkuus (5) npuoirbkaeTcs
K KYCOUHO JIMHETHO! GYyHKIUM, pACCMOTPEHHOIT B paboTte [1].

HeTpyaHo BUaeTsh, UTO P JOCTATOUHO MAJIBIX 3HAUCHUAX BEJIVUNH € U [ = VE (BeJIMUNHY /I, KaK U pa-
Hee, IT0JIaraeM ITOJIOKUTEIBHOII) K crcTeMe (4) IpMMeHMMa JOKaJIbHAsA Teopys, M3JI0KeHHasd B cTaTbe [1]
(cm. Taxoke [8—10]). IIpu p = ¢ = 0 peanuayeTcss KpUTUUECKUII CIydail TpeX Iap YMCTO MHUMBIX KOPHEIL.
B cBA3M ¢ 3TMM 119 HaXOKIEHMS HOPMATBHOI POPMBI CCTeMBI (4) MCIIOIB30BaJIaCh 3aMeHa

uj = Jpu(t, 7) + pup(t, 7) + [lg/zuﬂ(t, ) +.., j=12,3
roe 7 = pt, yHKUMM wjK(t, T) ABIAIOTCA 271~ TIePUOAMUYECKIMIA T10 t, IpUYeM
uj1 = zj(r) exp(it) + zj(r) exp(-it), j=1,2,3.

3aech KOMILIEKCHBIE aMILTUTY bI Zj TIOJJIeKaT OIpe/le]IeHII0 B XO/ie BBIIMOIHEeHNUs anroputma. M3 ycio-
BUIJI PaspelImMOoCTy 3afad s u;3(t, T) B Kilacce 27-TepUOIMYECKMX 10 ¢ GYHKIWIT Ha TpeTheM IIare
BBIIIOJIHEHVIS JITOPUTMa IIOJIyYaeTcsI CIeAyolas HopMalbHasd popma:

zi i
7 =-vZ 4~z +dzjz
2 2

j |2’ ] = 1, 2, 3, (6)
raed=-3+ %i. B craTbe [1] OTBICKMBAIOTCA YCIOBUA CYILLIECTBOBAHNSA I YCTOMUMBOCTY aBTOMO/IEIBHBIX
LUKIOB cucTeMsl (6). s maHHO paGOThI BXKHO OTMETUTb, YTO yKas3aHHBIN pe3ysbTaT II0JydaeTcs
n qug caydad o # 0. Tem caMbIM, IpM JOCTATOUHO MAJbIX 3HAYEHNAX ITAPaMeETPOB € U [ ITOKAa3aHO,
uyrto cucrema (4) ¢ pyHkumen cBsi3u Buga (5) nMeer OpOUTAIBHO ACUMIITOTUUECKM YCTONYMBEIN LIMKII,
BETBAILMIICA OT COCTOSHMS PaBHOBeCHA. ITO IO3BOJIAET IOJIYUYUTH OTIIPABHYIO TOUKY IJIS UMCIEHHOTO
aHayuM3a B 00JIACTH, TAe 9TY 3HAUCHNS He MaJbl, Y JOKAJIbHBIA aCHUMIITOTMYECKIIT aHAIN3 He paboTaer.

IlepeiimeM kK 0630py pe3yJIbTaTOB UMCICHHOTO SKCIIepUMEHTA.
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Fig. 4. Three largest Lyapunov exponents for « = 0 Puc. 4. Tpu cTapLUmx NsSnyHOBCKUX MokasaTtens
and 0.8 < y < 15 nPUa=0n08<pu=<15

2. UmcieHHBIN 3KCIEPUMEHT

BermosHuM uncieHHbIN aHaIu3 cucteMsl (4), (5) ¢ IeIbI0 HAX0KIEHUS €€ HEIOKAJIbHBIX KOJIe0aTelb-
HBIX PEKMIMOB B CUTYyalll, KOTa
£=0.001, b=0.9. (7)

ITapameTtp « BbIOepeM Tpex pa3nMUHbIX BUAOB: & = 0 u @ = +0.5. [lapamerp p cuuraem 6ndypKamoHHBIM
U pacCMOTPMM €ro U3MeHeHMe B Ipenenax ot 0.1 mo 20.
Bmecro cucremsl (4) 6yxeM MHTEIPUPOBATH 9KBUBAJIEHTHYIO CUCTEMY IIEPBOTO MOPAIKA

. 2 3
U =0 — U —XU; — U;,
R B A S I 2 ) (8)

0 = —uj — pg(uj-1),

rae Uy = u3. Berbepem ¢yHkmMIO cBa3u g(u) B coorBeTcTBUM ¢ popmynoii (5) npu n = 6.

Heo6xogumo no6aBuTh, uTo mpu ¢ = 0 mosxy4mBIIascs cucTeMa (8) MHBapMaHTHA OTHOCUTEIBHO 3a-
MEHBI Uj — —Uj, Vj — —j, J =1,2,3, ¥ 1O3TOMY BCE €€ aTTPAKTOPLI B 3TOM CJIydae p3.36I/IBaIOTCH Ha OBa
KJIacca: CMMMeTpUUHbIe IapHble (IIepexonsdIiie APYT B Apyra IpU yKasaHHON 3aMeHe) M CaMOCUMMeT-
puuHbIe (OCTAOIINECS HEM3MEHHBIMI).

Ipu ycnosusx (7), « = 0 u mpu yBeauueHuu [ B cucreme (8) Habmromaoorcs cienyole GparMeHTsI
IMHAMUKIL.

1) pu 0.1 = p < py, voe g = 0.82, eIMHCTBEHHBIM €€ ATTPAKTOPOM SIBJISIETCS YCTOUMBBIN CAMOCHMMET-
pruHBI HUKI. [Jo6aBUM ellfe, UTO IIPYU HOCTATOYHO MAJIOM // CYILeCTBOBAHIIE TAKOTO IIVKJIA TapaHTHUPYeT
M3JI0’KeHHas B cTaTbe [1] okanbHas Teopus. Takum 06pa3oM, JTIOKaIbHBII Xa0C ¢ MaJIOi aMILUIATY /IO KO-
sebaHMII 3eCh 3aBeJOMO HEBO3MOKEH, IIOCKOJIBKY € JMHCTBEHHBIM JIOKAJIIbHBIM aTTPAKTOPOM CUCTEMBI (8)
ABJIIETCA B 9TOM CJIydae YCTONUMBBIN LUKIL.

2) Ilpu mpoxoskmeHNy ImapaMeTrpa [ depe3 KpUTHUeCKoe 3HAUEHMe [ YIIOMIHYTHIN BBIIle LUK IIpe-
TepreBaeT OMQypKalMo TUA BUJIKY, T. €. CTAHOBUTCS HEYCTONUYMBBIM U IOPOXKIAET ABA YCTONUMBBIX
CUMMeTPUYHBbIX Hukia. [locaenHne coxpaHsoOTca Ha uHTEpBane (i, [s), Tae u3 ~ 2.6108, a mpu u = 3
TEPAIOT YCTONUMBOCTD KECTKO.
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3) Ipu p = i, THE iy ~ 2.61, HEJIOKAJIBPHO BO3HMKAIOT JBA CHMMETPUYHBIX XaOTMYECKIX aTTPAKTOpa
W IIPU [ly < [ < [i3 3TU QTTPAKTOPBI COCYILECTBYIOT C YCTOMUMBLIMIL CUMMETPUYHBIMIL IIUKJIAMU, O KOTOPBIX
TOBOPUJIOCH UYTh BBIIIIE.
4) IIpu p = 2.697 CUMMeTpPUYHBIE XaOTHMYECKUE aTTPAKTOPBI O0BEIUHSIOTCSA B OJUH CAMOCHMMETPUY-
HBIIL.

Uy

b)
Fig.5. a = oa)p_26 b) p=28, 14 =0.13 Punc.5.a=0a)p=26;b)u=28 14 =0.13

a)
Fig. 6. =0a) p=38;b) u=46,1, =0.14 Pnc.6.c=0a)p =38, b)u=46, 1 =0.14

[Ipu mocienymoIeM yBelUuueHnN [ He YIaeTcs MOJyUUTh MOCTOBEPHOTO OMMCAHUSA BCEX IPOMUCXO-
oauux GasoBbIX IMEPECTPOEK U3-3a HAIUUMS JOCTATOYHO GOJIBLIOTO (BO3MOXKHO CUETHOTO) UMCIA OKOH
nepuopnunoct. ObIiee TpecTaBleHNe O AMHAMUKE 3[1€Ch JAOT JUIIb rPadUKU TPeX CTapIIUX JISAIy-
HOBCKUX ITOKasareeit Ay(u), A2(1), A3(p) arrpakropa cucremsr (8) (cM. puc. 4), TIOCTPOEHHBIE Ha OTPE3KE

08<p=<15 9)

10 TOUKaM C I1aroM h 1o i, paBHBIM cooTBeTcTBeHHO 0.001. IIpu atom cucrema (8) MHTErpMpoOBaIach Me-
tomoM PyHre-KyTTsI ueTBepTOro mopsagka TOUHOCTH C ITOCTOSHHBIM IrraroM 0.0001 mo Bpemenn (cm. [11—
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Fig. 7.« =0a)u=57 1 =0.12; b) p =95, A, = 0.245 Puc.7.a=0a)up=57, 4 =0.12; b) p = 9.5, 4; = 0.245

13]), a I OLIEHKM JISITyHOBCKIX ITOKa3aTeNell MCIIOIb30BAJICI METOM JMHAMUUECKON IEPEHOPMUPOBKUA
(cm. [11]). OxHa TEPMOAVYHOCT CUCTEMBI 3aKaHUMBAIOTCS KacKagaMu OM@ypKaLmil yABOSHNS I IIepexo-
IOM K Xaocy. [[JIs MJLTIOCTPAUM YCTOMUMBBIX PEKIMMOB, BO3HUKAOIINUX B cucTeMe (8) Ha pucyHKax 5, 6
IIpUBEAEHBI IPOEKIUH €€ IIEPUOANUECKON 1 XA0TUUECKOI TPAEKTOPUII HA IIJIOCKOCTI (u2, u3) B OKpEeCTHO-
CTU IIPaBOJI TPAHUIIBI €€ IEePBBIX ABYX OKOH IEePUOINUHOCTI.

B momosiHeHMe K IpMBENEHHOI Ha puc. 4, 5, 6 BU3yaJIbHON MH(pOpMALMU IEPEeUNnCINM HanuboJiee
3aMeTHbIe OKHA MEePMOAUYHOCTY, KOTOPbIE yAaIoCch oOHapykuTh Ha orpeske 0.1 = p = 15. K TakoBeiM
OTHOCATCA IIPOMEXYTKI

[0.1,2.61), (2.853,2.95), (3.24,4.582), (4.67,5.061),

(6.83,6.96), (12.235,12.38), (13.755,13.84).

OG111ee ke KOIMUECTBO BCEX OKOH, 10 BCeVl BUAMIMOCTH, cueTHO. Ha pucyHke 7 npuBegeHbI IPOEKIUI TPa-
eKTOpUIL crcTeMsl (8) B 06J1aCTI pa3BUTOTO Xa0Ca, B KOTOPOIT OKHA IEPUOTMIHOCTH NENAI0TCS JOCTATOUHO
Y3KUMIU TaK, YTO UX He YJAeTCS PasIMuMUTh C IIOMOIIBIO UMCIEHHBIX METOMOB.

Emre oxHa xapakrepHas 0COOEHHOCTB CUCTEMBI (8) 3aK/II0YAETCS B TOM, UTO IIPU HEKOTOPBIX fI Xa0-
TUYeCKIUe aTTPaKTOPhI M YCTOMUMBBIE LIMKIIBI B Hell cocyliecTByior. Hampumep, mpu p = 4.6 oHa umeer
IBa CUMMETPUUHBIX XaOTMUECKUX aTTPAKTOpPA U TPU YCTOMUMBBIX LIMKJIA — JBA CUMMETPUUHBIX U OIVIH
CaMOCHMMETPUYHBIIL.

PaccmoTpyM Tereps ciryuaiit HeCMMMETPUYHON XapaKTePUCTUKI HEJIMHEIHOTO 3JIeMeHTa CeTH I IIPU-
MeM 3HaueHue o paBHbIM 0.5. Kak u B mpeqpiayiem ciayuae st TOTo, YTOOBI COCTABUTH O0IIlee IIPeCTaB-
JIeHUE O QUHAMIKE CICTEMBI IIPUBOAATCS rpaUKM TpeX CTAPIIUX JISITYHOBCKUX MoKasateieit A; (i), Ao (1),
As(p) arTpakropa cucremsl (8) (cM. puc. 8, 9), BEIUMCIEHHbIE HA OTPE3KaX

36<pu=<46, 8=pu=<15 (10)

B cnyuae a = -0.5 rpaduku crapmmx JIAIYHOBCKUX ITOKa3aTeleil ITOCTPOEHBI Ha oTpeske 2 < u < 15
U IIpefCTaBJIeHbI Ha pUCyHKe 10.

OcHoBHOe oTINUNeE CIydyaeB HECUMMETPUUHONM XapaKTepUCTUKI HEJMHENHOro 3JleMeHTa OT cilydas
a = 0 COCTOUT B TOM, UTO IIPOIIaflaeT MHBAPMAHTHOCTb OTHOCUTEIBHO 3aMeH U; — —Uj, Uj — —vj,j = 1,2,3,
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Fig. 8. Three largest Lyapunov exponents for « = 0.5 Puc. 8. Tpn cTapLumx nsinyHOBCKMX MokasaTtesns
and 3.6 < p< 4.6 npu a =0513.6 < p<4.6
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asymmetric nonlinearity

M, TEM CaMBIM, OTCYTCTBYIOT CMMeTPUYHBIE APYT APYTY VMM CAaMOCUMMeETpUYHBIe arTpakTophl. Cieny-
IoIIlee OTJIMYNe KacaeTcsl pasMepa obsacTu mepuogudeckoit quuaMukiu (8). [lpomMesKyTKM cyIiecTBOBaHMS
M YCTOMUMBOCTM IIMKJIOB 3TON 3afauyl pacIIMpSIOTCS C pOCTOM BenuuuHsl || Kak B ciyuae a = 0.5,
tak u npu @ = -0.5 umeercs obrInpHas 06IacTh 3HAUEHNMIT ITapaMeTpa [, B KOTOpOii cucreMa (8) mmeer
YCTOMUMBBIN IMKIL

3aKarounTeIbHbIE 3aMeUYaHIIA

Ha ocHoBe mpopeaHHOTO UMCIEHHOTO aHAIM3a, MOKHO YTBEpP>KAATh, UTO IIPEJIOKEHHBIN B CTa-
The [1] U pasBUTHI B JaHHOI paboTe CcIIoco6 CO3MaHMI XaOTUUECKUX TeHEepaTOpOB OCTATOUHO YHIBEp-
canen. Takas crucTreMa MOKET COCTOATH M3 TeHepaTopa HMEPMOMMUECKUX KOJIeOaHMII, OMMCHIBAOIIETOCS
omHUM U3 ypaBHeHMI (3). HenmueltHbIN xapakTep CBI3YM MEXKOY HMaplMalIbHBIMI CHCTEMaMU B paMKax
JIOKAJIbHOI TEOPMY HeCylileCTBeHeH (HopMabHas GopMa ocTaeTcs IIpeXKHel 11 B cydae HennHetHocTH (5)
1 B cIy4ae, Koraa B (3) QyHKI CBA3M IMHEIHA, T.€. g(u) = u). UncIeHHbI aHaIN3 HeJIOKaIbHO JUHAMI-
KU [OKAa3aJl CYIeCTBEHHYI0 3aBUCUMOCTh HAIWUMS XaOTUUECKUX KOJIeOaTeIbHbIX PEKMMOB OT CTEIIeHN
HeCUMMETPUYHOCTU XapaKTePUCTUKI HEeJNHEHOTO 3jIeMeHTa (TYHHEJIBHOIO AMOAA), a TAKKe BAKHYIO
pOJIb HeJIMHEHOI CBA3Y MeXy MapUMaIbHbIMU CUCTEMaMIL.
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I'pacd bl cUrHAIBHBIX MIEPEXOXOB AJISI CXEM ACHTHXPOHHOTO TPAKTAa JaHHBIX
A. Kymnepos', C. Boictpos? DOI: 10.18255/1818-1015-2023-2-170-186
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Hayunag cratbs ITocne mopaborku 29 mast 2023 r.
IToTHBI TEKCT HA aHIJIMICKOM S3BIKE [Ipnusra x my6nukanmu 31 mas 2023 r.

B craTpe mpejaraercs MeTOH ITOCTpOeHus rpadoB CUTrHAIBHBIX IepexonoB (STG), KoTopble HAIIPSIMYIO OTOOPaXKAIOTCS
B CX€MBI aCMHXPOHHOIT 06paboTky maHHBIX. [[penmyIriecTBOM IpegiaraeMoro MeToga IBISETCS TO, UTO IT0yUeHHBIE CXe-
MBI He TOJIbKO HeVI3MEHHEI 110 BBIXOAY (output-persistent), Ho n KoHGOpPMHEI BHelIHel cpefie. B qpyrux noaxonax cpena
3aaéTcs HesIBHO I/MJIM HETOYHO, M II09TOMY OHY TapaHTUPYIOT TOJIBKO HEM3MEHHOCTS IT0 BEIXOAY. KoHdopMHOCTS MOX-
HO IIPOBEPUTB, eCII KaK CXeMa, TakK U eé BHellIHAsa cpena 3aganbl STG. B kauecTBe nmpumepa MbI paccMaTpuBaeM MOTY b,
peanusyrommii pyHkiuio 21. 3tor MOogyIs MOKeT MO0 0KMAATH JIOT. 1 Ha 060MX BXOaX, IGO0 BEIUMCINTE (PyHKIIMIO,
KaK TOJIBKO NPUAET XoTs ObI oguH 0. [ KayKmoro ciryuas MbI coctasiisieM oTaenbHbll STG (cieHapnmit) u oTobpaxkaeM
ero B snemeHTsl NCL. Uro0s! obecrieunts Takoe oroOpaxkeHme, Mbl 3amgaém mosemgeHne NCL smemenrtoB STG mpoto-
xoamu. [{1s TpakTta maHHBIX Takoil STG Bcerma copmep KUT ajJbTepHATUBHBIE BETBU C TaK HAa3bIBAEMBIMI MYCOPHBIMI
MepeKIIIoUeHISIMI Ha BXOJaX 3JIeMeHTOB. MycopHbIe IepeKIfoueHus Ha OIpe/feIeHHOM IIPOBOJE 03HAUAIOT, UTO CXeMa
UyBCTBUTEJIbHA K 3aflepKKe B 9TOM IIpoBoe. IrHopmpoBaHye Mycopa MOKeT IIPUBECTU K HapYIIEHNI0 KOHQOPMHOCTIL
vI/MI Hem3MeHHOCTH 110 Beixony. Hanpumep, B kom6uHarmonnoit yactu NCL cxem mycop nosiBisiercst Ha Bxomgax NCL
3JIEMEHTOB, II09TOMY ST CXeMbI UYBCTBUTEIBHEI K 3aePKKaM.
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Introduction

Asynchronous circuits do not use clock to ensure the validity of signals and operate in the mode of
request-acknowledge. Like any digital circuits, they are built from logic gates. An output of a logic gate can
be either in a stable or in an excited state. A stable state corresponds to the value of the Boolean function of
the gate. An excited state is opposite to the value of this function. From an excited state, the gate can either
switch to a new stable state or return to the previous one. The effect of returning to the previous stable state
is called a hazard!. The goal of asynchronous design is hazard-free circuits. Input signals can also be in an
excited state, but they produced by the environment, which is not realized by a circuit. Thus, to model the
environment, it is more natural to use not Boolean functions, but something else. In this paper we use the
event-based model called Signal Transition Graphs (STGs).

In this model, the signals can be input, internal and output. The signal is excited if all the conditions for
its switching to a new state are met. Any signal can stay excited for an arbitrary, but finite time. For non-
input signals, i. e. for the gates obtained from STG, this means that their delay can be unbounded, but finite.
The most important property of STG is output persistence. This property means that non-input signals must
switch from an excited to a new stable state. The excitation can be removed only from input signals and only
by switching of other input signals. Output persistence guarantees that an STG is mapped into a hazard-free
circuit with arbitrary gate delays. In terms of data path design, such circuits are called delay-insensitive
circuits free from gate orphans [1]. If we have one STG for the circuit and another one for the environment,
we can check if the circuit does exactly what the environment expects from it to do. In other words, the
circuit interface must be conformant to the environment and vice versa. The concepts of output-persistence
and conformation are considered in more detail in Section 1.

Traditional approaches to designing an asynchronous data path are algebraic. Often they convert the
initial combinational logic into a hazard-free one using dual-rail encoding (Table 1). Thus, each initial vari-
able and its inversion are considered as two new signals. These signals may switch independently, but must
reset into a spacer (all Os or all 1s). Such a discipline is called a 4-phase protocol and shown in Fig. 1.

Table 1. Dual-rail encoding

a b |al a0 bl boO
0 o0 0 1 0 1
0 1 0 1 1 0
1 0 1 0 0 1
1 1 1 0 1 0
spacer | 0 0 0 O
to spacer
reset
data_IN+ data_IN-
set W
to data

Fig. 1. A 4-phase protocol for input data

STGs are convenient for designing a control path, where the variables are single-rail. This encoding can
be viewed as follows. The only value of a variable (e. g. the command “execute”) is encoded by switching a
signal from 0 to 1. Switching the same signal from 1 to 0 can be interpreted as a spacer. Thus, the control is
just a realization of functions in a unary (1-of-1) encoding. Let this encoding be the first in the sequence, then
the second one is 1-of-2 (dual-rail), and the N-th is 1-of-N. We can use STGs for any of these encodings and
thereby embed control into data. This means that we do not need to split the circuit into the control and data

'Traditionally, hazards are considered in terms of input changes and divided into functional and logic ones.
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M1, A
a0 |—>— a1 M3 Y RN
Aa __|_>_ a0 y1 e y1 M4 data_IN+—~-data_OUT+—~Aab-—-data_IN-—data_OUT-— Aab+
o1 yop—] \ S e Ay+
M2 b1 00 Ay <Ay °
b0 (¥ Aab
Ab Fig. 3. Interface protocol for the module M3 in Fig. 2,
which consists of input (the signals data_IN, Aab) and
Fig. 2. Interface of the module M3 insensitive to delays output (data_OUT, Ay) handshakes
in the wires
alp
b1D C)leo—>Dyt
al D
b0 D> c }—D y0 ;.{\ |
Pt P
+ -
Fig. 5. Behavior of the C-element y7 in Fig. 4.
The transitions r+, r- in the short alternative branch are
pab a a Ay garbage that complicates decomposition
a

Fig. 4. Dual-rail AND circuit with embedded handshake

path. Moreover, the embedded control will allow us to build circuits according to the modular-hierarchical
principle. In some sense, this principle is the opposite of RTL design. In particular, to synthesize an N-bit
adder it is sufficient to construct an STG for a single bit only.

The 4-phase protocol in Fig. 1 is used only to exchange data. Supplementing it with a control signal,
we obtain the handshake protocol, which allows us to organize the interaction between modules. Each
handshake is realized by two variables as follows. The sender module sends a dual-rail variable (data) to the
receiver module, which sends a unary control variable back to the sender. Let us consider the connection of
modules shown in Fig. 22. The module M3 receives the dual-rail variables a and b from the modules M1 and
M2, and sends back an acknowledgement Aab. Theoretically, M1 and M2 may send data sequentially. In this
case, delays in the wires may cause the sequential transitions to occur concurrently. However, the interface
of each module is concurrent i.e. the module waits for input data to arrive in any order. Fig. 3 shows the
interface protocol for the module M3. This is a generalized 4-phase protocol with two handshakes. The signal
data_IN stands for a bus of input signals, which are switching concurrently. The signal Ay is also switching
concurrently with any signal of data_IN. Thus, we have the handshake protocol and the concurrent interface®.
This is what guarantees that the circuit will operate correctly with arbitrary delays of intermodule wires.

A module can realize algorithms to compute multiple functions. The modules can be connected arbitrary.
The only restriction is that any ring must contain at least three modules [5]. Such a system may have some
degree of concurrency and in a particular case, is a one-dimensional pipeline. The control in this system is
entirely local (intermodule). No global control required.

An example of the realization of a simple module is shown in Fig. 4. This is a dual-rail AND circuit with
embedded handshake. Note that the inputs of the 3-input C-element switch only once before the element
fires. However, for the 2-input C-elements, this is not true. Fig. 5 shows the behavior of the C-element y1I,
which contain two alternative branches. The transition r+ in the short branch does not cause yI+. In the
circuit, this r+ causes y0+, which initiates two concurrent processes. One is Aab- and reset of a and b into
spacer, and the other is Ay-. Both of these processes are synchronized by r-. Thus, r+ is eventually reset to
r-. We will refer to such alternative branches and transitions as garbage.

2 At the circuit level, such a structure was proposed first in [2] and formalized at the STG level in [3].
3The method proposed in [4] removes immediate relations between input transitions in an STG and makes them concurrent.

173



Kushnerov A., Bystrov S.

p p

) Do "y

a) b)
Fig. 6. Decompositions of C-element verified under the environment in Fig. 5.
Operating correctly (a) and incorrectly (b)

r D—

Fig. 6 shows two decompositions of the C-element [6], which have been verified under the environment
in Fig. 5. The circuit in Fig. 6a is output-persistent and conformant. However, the circuit in Fig. 6b violates
the conformation being still output-persistent®.

Thus, the environment must be specified formally, otherwise we can get a wrong decomposition. In this
paper, we propose a method that allows one to specify the behavior of an arbitrary module using STG. The
obtained STG can be used for both verification and synthesis. To verify any previously designed circuit, this
STG is used as an environment.

The synthesis is a mapping of STG into a library of logic gates. As shown in [5], the library of NCL gates
is optimal. This was revealed in experiments with STGs, where the best results are obtained by “mirroring”
the data phase into the spacer phase. In this case, for each alternative branch, considered separately, each
signal is realized by a C-element. However, such signals can take place in different alternative branches.
Hence, NCL gates are the simplest and natural mean to realize them.

1. Theoretical Background

a) Signal Transition Graphs (STGs) [8]. These graphs are used to specify the behavior of asynchronous
circuits. An STG is a type of a labeled Petri net, where transitions are associated with the changes in the
values of binary signals. For example, x+ means the switching of a signal x from 0 to 1, and x- means a 1
to 0 switching. Input, internal and output signals are denoted and processed differently. The arcs in an STG
capture the causal relations between the transitions. An STG may contain places with multiple incoming
and outgoing arcs. If all arcs outgoing from a place, enter input transitions, such a place models a free
(non-deterministic) choice made by the environment.

A signal transition is called excited if all entering it arcs, have tokens. An STG is called output-persistent [9]
if the excitation is removed in a strictly defined way. For every non-input signal, the excitation is removed
only by its firing. For every input signal, the excitation is removed either by its firing or by firing other
input signal. The circuit can be converted to the so-called circuit Petri net [10], which itself is a type of
STG. For verification, the circuit Petri net is combined (by parallel composition) with an STG that specifies
the environment. This gives an STG of the closed system: the outputs of the circuit are the inputs for the
environment STG and vice versa.

The circuit is called conformant if two conditions are met [10]. On one hand, the environment STG must
provide only such transitions of the output signals, which the corresponding circuit Petri net can receive
and still remain hazard-free. On the other hand, the circuit Petri net must provide only such transitions of
the output signals, which the environment STG expects.

In this paper, we construct STGs by hand, so we need to make them readable. To this end, we use
dummy transitions (dum) and proxy places. A dummy does not represent any real signal and is just a
placeholder. A proxy place is a label for a regular place, from which an arc goes out and/or where it comes
in. To verify and map STGs into circuits, as well as for verifying the obtained circuits, we use the Workcraft
tool (http://workcraft.org). If an STG with dummies is used as an environment, Workcraft can verify the
circuit for conformation. However, to verify the circuit or STG for output persistence, one needs to contract
dummies.

*The problem of circuits not conformant to the environment was first considered by Izumi Kimura in [7].
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At some point, we sacrifice formalities for readability and use dummies to specify weak (OR) causality.
Namely, we specify a contradictory STG that violates output determinacy [11]. Such an STG cannot be
mapped into a circuit, and if it is used as an environment, even the correct circuit will violate conformation.
We propose a way around this obstacle.

b) NCL gates [12]. These gates are a special case of a generalized C (gC)-element. It is defined by the
self-dependent expression y(x, y) = S(x) v yR(x), where S(x) and R(x) are set and reset functions. These
functions must be orthogonal [9], that is, meet the condition S(x)R(x) = 0. Under this condition, the regular
Boolean function f(x,y) = S(x) v yR(x) is monotone. A function f(z, ..., zp) is called positive unate in
variable z; if f(z; = 1) > f(z; = 0). A function positive unate in all variables, is called monotone. For NCL
gates, the number of variables in x = (xy,..., %) is limited to n < 4. The NCL gates are used under the
4-phase protocol with zero spacer, hence their reset function R(x) = (x; + ... + x,), and the set functions S(x)
are different monotone functions.

2. Protocols for NCL gates

To guarantee output persistence, any logic gate must operate under a certain protocol. For NCL gates,
we consider two types of protocols: with full and incomplete indication. The protocol with full indication
realizes only strong (AND) causality. In this case, each transition is enabled to fire only after all of its im-
mediate causes have fired. As shown in [5] (and outlined in Introduction), the protocols with full indication
are realized best by NCL gates. In the case of weak (joint OR) causality [13] a transition is enabled to fire
if at least one of its immediate causes has fired. Thus, there can be different variants of weak causality. The
protocol with incomplete indication can realize both strong causality and all variants of weak causality.

a) Full indication. In protocols of this type each product term (conjunction) in the set function is given by
an alternative branch, whose signals are synchronized in the set and reset phases. Fig. 7 shows the protocol
with full indication and garbage branches for the NCL gate TH23w2 (the set function is A+BC). To verify
this STG for output persistence, we need to contract the dummy. An equivalent STG without dummies can
be obtained by translating the ProFlo expression [14]:

{B+;B-#C+;C-#A+;F+;A-;F-#(B+|C+);F+;(B-|C-);F-}

where the operators ';', '#'and '|'denote sequential composition, choice and concurrency respectively’.

b) Incomplete indication. We can extend the protocol with full indication in different ways, each of which
gives its own protocol with incomplete indication. For example, in the STG in Fig. 7 each alternative branch
on the right may contain all the three input signals as shown in Fig. 8. This protocol realizes the only variant
of weak causality possible for A+BC. In general case, each variant corresponds to a subset (from at least two
conjunctions) of the set of conjunctions of the set function. For example, the set function A+B+CD contains
four subsets: A+B, A+CD, B+CD, A+B+CD. Each of them represents a variant of weak causality.

A- J
e S
A+»F+»dum»B-’»/F-

A+»F+»A-»F-J B+—~B- dum=-B+———¢ ~C-
\C+’/
O A-
B+ B- B+ — 0 =
dum=_ | “CF+Z7 | "OF- c+Zc. | dum=Zgs-Fr-dum—-B-—ZF-
C+ ¢ <& e W

Fig. 7. Protocol with full indication and

Fig. 8. Protocol with incomplete indication and garbage
garbage branches for TH23w2 (A+BC) g b 5 5

branches for TH23w2. Without timing constraints, the
output determinacy is violated

>Currently, all signals in ProFlo are internal, i. e. we need to assign inputs and outputs. Otherwise, both output persistence and
output determinacy are violated.
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Let us consider the STG in Fig. 8 in more detail. The branches on the right contain the data phase and
the spacer phase. In the data phase there are signals that are not indicated. In the upper branch this is B+
and C+, and in the bottom one this is A+. In the spacer phase A-, B-, C- are indicated in both branches. On
the other hand, in the upper branch F+ is excited by A+, and in the bottom one — by both B+ and C+. So,
we have a contradiction that cannot be realized by the circuit and is a particular case of violation of output
determinacy [11].

However, we presume that in the upper branch A+ occurs earlier than either B+ or C+, and in the bottom
one A+ occurs later than both B+ and C+. These timing constraints are orthogonal and applied only to the
input transitions. Hence, we can model them by interleaving [15]. Thus, the STG in Fig. 8 is converted into
the output-determinate form. An equivalent interleaved STG without dummies is obtained by translating
the ProFlo expression:

{B+;B-#C+;C-#(A+;(F+|(B+;C+))#A+;(F+|(C+;B+))#B+;A+;(F+|C+)#

B+;C+;(F+|A+)#C+;A+;(F+|B+)#C+;B+;(F+|A+));(A-|B-|C-)F-}

To guarantee output determinacy for both types of the protocols, we need to make sure that:

1) No set of immediate causes of the output signal in the data phase can be a strict subset of an-
other set of immediate causes of the same signal in another branch (absorbed conjunction). For example,
A+BC+AB=A+BC and therefore in Fig. 7 and Fig. 8 the branch, where A+ and B+ are the only immediate
causes of F+ is prohibited.

2) No garbage branch contains any set of immediate causes of the output signal in the data phase. In
Fig. 7 and Fig. 8 the sets prohibited for the garbage branches are not only {A+}, {B+|C+}, but also all possible
supplements: {A+|B+}, {A+|C+}, {A+|B+|C+}.

3. Proposed Method

The initial specification for the method is the truth tables of Boolean (or multiple-valued) functions®.
Based on the truth tables, we construct an STG for the module and map this STG into a circuit. The protocols
with full and incomplete indication are used as templates for the mapping. Let us demonstrate the method
on the example of the AND function y=ab. The module realizing this function and its interface are shown
in Fig. 2. According to the truth table, we represent the dual-rail variables taking the value “1”, as shown in
Table 2. Abbreviation “Sc” in this table means scenarios. We will introduce them later.

Table 2. Truth table of the AND function (a) and its dual-rail representation (b)

a by Sc. | as bs | ys

0 0]0 a0 b0 | y0

0 1]0 1.1 | a0 b1]| yo

1 00 al b0 | y0

1 1)1 1.2 | a1l b1 y1
a) b)

The STG construction process consists of 6 steps (no iterations):

1. Analyze the truth table and elaborate a way to get functions. Since data is encoded by “+” transitions,
it is sufficient to draw up an STG for the data phase only. This step largely determines the complexity
of the resulting circuit.

2. Insert (“+”) transitions of the input acknowledgement signals. According to the handshake protocol,
they must precede the (“+) transitions of the functions. Since in the used NCL protocols the spacer
phase is completely determined by the data phase, we can find the set functions. The number of

variables in these functions must not exceed 4, otherwise decomposition is necessary.

$Multiple-valued (symbolic) STGs were introduced in [16]. To map such an STG into a circuit, one needs to take additional steps,
which are not automated yet.
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3. Decomposition. Insert (“+”) transitions of internal signals before the transitions of those signals that
are not realized by NCL gates. The goal is to reduce the amount of immediate causes for both the
output and internal transitions.

4. Complement the STG with the spacer phase and then realize the output handshakes. The data phase
is always mirrored into the spacer phase. In addition, in the protocols with incomplete indication,
the signals non-indicated in the data phase, are indicated in the spacer phase. To realize the output
handshakes, each “+” (“-”) transition of the output signal must be an immediate cause of “-” (“+7)
transition of the corresponding input acknowledgement.

5. Provide the NCL protocols for all non-input signals. To this end, we need to establish new mediate
relations between three sequential events: cause [“+” (“-”) transition of non-input data], midterm event
[“-” (“+7) transition of output acknowledgement] and effect [“-” (“+”) transition of input data]. In
general case, these relations can be realized in several different ways. Finding the minimal realization is
the classical set cover problem [5, 17]. However, there is a universal (but not always optimal) solution:
to combine all the individual output acknowledgements into one, whose transitions are immediate
effects of all output functions.

6. If the number of variables in the set function of the output acknowledgement exceeds 4, decompose
it (as at Step 3).

From the obtained STG we can find the protocol under which any gate x operates. To this end, we need
to convert all signals, except x and its immediate causes, to dummies. Contracting these dummies, we get
the protocol with garbage transitions.

a) Variant 1. Using only strong causality.

Step 1. In the dual-rail representation in Table 2b ys depends on two variables as and bs that arrive
concurrently. Although one of them can arrive earlier, we will not analyze this situation. Thus, ys waits for
both as and bs to arrive, as shown in Fig. 9.

Step 2. The only option to insert the input acknowledgement Ay+ is shown in Fig. 10. From this fig-
ure we find the set function ys=as-bs-Ay. Substituting here the variables from Table 2b, we split ys into
y0=Ay-(a0-b0+a0-b1+a1-b0) and yI=Ay-al-b1. Since y0 depends on 5 variables, a decomposition is needed.

Step 3. Let us introduce Scenario 1.1 for y0 and Scenario 1.2 for y1, as shown in Table 2b. Each scenario de-
scribes the behavior of the module for a certain set of input combinations. For different scenarios these sets do
not overlap. To decompose y0, we insert x+into Scenario 1.1 as shown in Fig. 11. Since the NCL protocols are
symmetric, any decomposition is output persistent. Now, the set functions are: x=as-bs=a0-b0+a0-b1+al-b0
and y0=x-Ay. For Scenario 1.2 the set function is the same y1=Ay-a1-b1.

Step 4. For the protocols with full indication, the spacer phase is a mirror reflection of the data phase.
Thus, to realize the output handshakes, we establish immediate relations between y0+, y1+ (y0-, y1-) and Ay-
(Ay+), as shown in Fig. 12.

as+ al +\
as+ as+ ~a
~ ~ bs+—x+—y0+ b1+—y1+
bs+—~ys+ bs+;ys+ Ay+/ Ay+/
Ay+
Scenario 1.1 Scenario 1.2

Fig. 9. STG obtained at Step 1  Fig. 10. STG obtained at Step 2 . _
Fig. 11. STG obtained at Step 3

as+ as-\ a1+\ a1—\
\
bs+—=X+—y0+ bs-—X-—y0- b1+—y1+ b1-—y1-
P P P
s s O o
Scenario 1.1 Scenario 1.2

Fig. 12. STG obtained at Step 4
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Table 3. All necessary mediate relations for Variant 1

Table 4. Minimal set of relations covering Table 3

Sc. cause effect
ik Sc. | cause | effect
as-
X+ or yO+ as-
1.1 y bs- L] yoe |
yO+ as- or bs- 1
a -
al- 1.2 | yl+
1.2 1+ b1i-
Y bi-
as+ /as-\ al+ _al-
bs+-=X+—y0+—Aab-—bs-~X-—y0-—Aab+ bl1+—y1+—Aab-_ T 1o~ Aab+
e S Sl

Scenario 1.1 Scenario 1.2

Fig. 13. STG obtained at Step 5

Step 5. As at the previous step, to provide the NCL protocols for x, y0, y1, it is sufficient to establish
relations between the data phase and the spacer phase. All the necessary mediate relations are shown Table 3.
Minimizing the relations in Scenario 1.1, we obtain Table 4. Now, in Scenario 1.1 (1.2) the cause of as- (al-)
and bs- (b1-) is the same y0+ (yI1+). Therefore, all the relations for a and b must be realized via the same
midterm transition Aab-.

Fig. 13 shows the obtained STG with mirrored new relations, which allow us to write Aab=!(y0+y1).

Substituting into this STG the variables from Table 2b, we get the specification of strongly indicating
AND circuit shown in Fig. 14.

0+
x+»y0+»Aab- X-—=y0-—Aab+-—~in

VRN
@4 \’ Ay- Ay+—ack

aO-

@—»dum

a0 aO
in»dum\ x+»y0+»Aab- X-—=y0-—Aab+-—~in
AN
\—Ay-J Ay+——ack
a1+
inadum\ x+»y0+»Aab— X-—=y0-—Aab+—in
N
xAy-J Ay+—ack
Scenario 1.1
/a1+\ /a1—\
in»dum\ /y1+»Aab-\ /y1-»Aab+»in
b1+~ \, b1-— 7
ack Ay- Ay+——ack

Scenario 1.2

Fig. 14. STG specification of strongly indicating AND circuit with handshake

It is evident from Fig. 14 that the protocols for x, y0, yI are similar to the one shown in Fig. 7, i.e. are
the protocols with full indication and garbage branches. We have already obtained all the equations of the
gates, so the STG in Fig. 14 is mapped into the circuit shown in Fig. 15. To realize this circuit in the static
CMOS, at least 46 transistors are required [15].

Let us now return to the circuit in Fig. 4 and try to embed the gates p and g into the C-elements y1 and
0. To this end, we modify the STG in Fig. 14 as shown in Fig. 16. Let the signal x in this figure be the
inversion of some signal w. This signal can be realized by the NCL gate TH24comp followed by a C-element.
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Aab a
Fig. 15. AND circuit. Variant 1, obtained from the STG in Fig. 14

/ao+\ _.a0-__
@ —dum”_ X-——y0+——Aab- X+—=y0-—=Aab+—=in
in

" ~ -,
b0+ b0- N
ck \—~ Ay-—/ Ay+——ack al D

Q

b0 D L 4

a0+

a0
in——dum”_ > X-——y0+—Aab-""~
b

TS x+——y0-—=Aab+—~in

1+/ \b'l-/ "
ack/ \—~Ay——/ Ay+—ack
1-

al+ a l
in——dum TSX-——y0+—Aab-_  Sx+——y0-—Aab+—in lu
~ 7 ~ =g
b0+~ / bO- N alp—1—e
ack \—~ Ay-—/ Ay+—ack b1p
al+ al-
in—dum””~ \X-»y1+»Aab-/ T xt——y1-—Aab+—in Aab a
bt/ b N Fig. 17. SR-latch based variant of the circuit in Fig. 15
ack Ay- Ay+ﬂack 8. . atc ased variant o e circuit in rig.

Fig. 16. Modification of the STG in Fig. 14

The set function of TH24comp is S=a0-b0+a0-b1+al-b0+al-b1 or S=(al+a0)-(b1+b0). Hence, the signal w can
be realized by the completion detector from the circuit in Fig. 4. The signals y0, yIin the STG in Fig. 16 are
mapped into the SR-latch on complex gates, as shown in Fig. 177. As compared to the circuit in Fig. 15, this
circuit requires 42 transistors instead of 46.

b) Variant 2. Using both strong and weak causality (early propagation [19] or early evaluation [20]).

Step 1. From the dual-rail representation in Table 2b we can see that for y0 it is sufficient to have either
a0 or b0. To describe this situation, we consider two cases. In the first case a0 arrives earlier than b0 and vice
versa. This is Scenario 1.1. In the second case a0 (b0) switches concurrently with a don’t-care term b1 (al).
This is Scenario 1.2. Let us denote in Scenario 1.1 the variable that arrives earlier by N0, and the variable
that arrives later — by Ms. In Scenario 1.2 they arrive concurrently. For yI we need both al and b1. This
is Scenario 2. The variables encoded in each scenario are given in Table 5. The obtained STG is shown in
Fig. 18.

Table 5. Scenarios and encoding for Variant 2

Sc. | as bs NO Ms | ys
- - a0 b0 | y0

1.1
- - b0 a0 | y0
2] T a0 b1 | yo
- - b0 a1 ] y0
2 |al b1 - - |yl

Step 2. The only option to insert the transition Ay+ of the input acknowledgement into both scenarios
and follow the handshake protocol is shown in Fig. 19.

"Such circuits were first proposed in [18]. The principle of their operation is that data blocks that arm of the latch, which should
remain in zero.
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Ay+\ Ay+\
NO+—y0+ al+—y1+ NO+—y0+ al+—y1+
P e
Ms+ b1+ Ms+ b1+
Scenarios 1.1 & 1.2 Scenario 2 Scenarios 1.1 & 1.2 Scenario 2
Fig. 18. STG obtained at Step 1 Fig. 19. STG obtained at Step 2

A+/m A+/m A+m
"o Y "o Y o YL

NO+—~y0+ NO-—yO0- NO+—~y0+ NO-—yO0- al+—y1+ al-—-y1-
i P d
Ms+ Ms- Ms+ Ms- b1+ b1-
Scenario 1.1 Scenario 1.2 Scenario 2

Fig. 20. STG obtained at Step 4

Substituting into Fig. 19 the variables from Table 5, we can write the set functions: y0=Ay-N0=Ay-(a0+b0)
and yI=Ay-al-b1. The number of variables in these functions does not exceed 4, therefore the decomposition
(Step 3) is not needed.

Step 4. Scenario 1.1 realizes weak causality such that Ms+ is not indicated by y0+ in the data phase. In
the spacer phase both of N0- and Ms- must be indicated by y0-. Scenarios 1.2 and 2 realize strong causality
and therefore, the spacer phase is the mirror reflection of the data phase. To realize the output handshakes,
we establish new immediate relations from y0+ (y1+) to Ay- and from y0- (y1-) to Ay+ as shown in Fig. 20.

Step 5. To provide the NCL protocols for y0 and y1, we establish the mediate relations given in Table 6.

Table 6. All necessary mediate relations for Variant 2
Sc. | Com. cause | effect

R 0 | NO-
11 y Ms-
‘ i Ms+ NO-
Ms-

* y0+ | NO-

12 o Ms+ Ms-
. al-

2 y1l+ bi-

* mirrored for spacer-data; ** only for data-spacer;
*** necessary only for sign alternation, mirrored for spacer-data.

The relations in this table cannot be minimized, so we establish them as is. Note that the effect of some
relations is a nominal transition (NO- or Ms-) decoded as either as- or bs-. Hence, in such a relation, the
midterm transition must be common for a and b. This is transition Aab-. Note also that in Fig. 20, N0+ and
Ms+ can be decoded as the same real transition a0+. Therefore, we need to establish in Scenario 1.1 and 1.2
an additional relation between N0+ and Aab-. The resulting STG is shown in Fig. 21.

From Fig. 21 we find the set function Aab=N0-Ms-y0+a1-b1-y1 and decode NO and Ms using Table 5. As a
result, we obtain Aab=(a0-b0+a0-b1+a1-b0)-y0+al-b1-y1, which is a function of 6 variables and therefore must
be decomposed.

Step 6. To decompose Aab, we insert three new internal signals: a, b, y. In Scenario 1.1 and 1.2 the signals
a and b are encoded by nominal signals N and M as shown in Table 7. Fig. 22 shows the STG obtained at
Step 6.
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Ay+-@=y0+—— Ay-——y0- Ay+-@=y0+—— Ay-——y0- Ay+-@=yl+——mAy-—y1-
N0+ \ No/%\\ Nos \ No” \ ats” ) a1’
+ - + - -
Vs ~
Ms+\Aab-+Ms- Aab+ Ms+\Aab-+Ms-\‘Aab+ b1+ Aab-—b1- Aab+

Scenario 1.1 Scenario 1.2 Scenario 2
Fig. 21. STG obtained at Step 5

Table 7. Extending Table 5 by adding the columns N and M

Sc. |as bs NO Ms N M| ys
- - a0 b0 a b |yo
1.1
- - b0 a0 b a | y0
T a0 b1 a b | y0
' - - b0 a1l b a | yo
2 |al b1 - - - - |yl
Ay+-@=y0+—= Ay-—=y0- Ay+-@=y0+—= Ay-——=y0- Ayt+@=-yl+——Ay-—=y1-
RN FAERN SN T FAERN
N0+\ y- NO-7/\N+ y+\ NO+ y- —~N+ y+ al+ . y-\ al- - y+\

N-— N\ 7 N-— N\ 7~ - s
Mswmm Ms+>>—= M= Aab-—Ms- =M+ SAab+ b1+ =b-—=Aab-=b1-~b+=Aab+
Scenario 1.1 Scenario 1.2 Scenario 2
Fig. 22. STG obtained at Step 6
ack—y0+ Ay- y0-—=Ay+—ack ack—y0+ Ay- y0-— Ay+—ack

. AN P RN N N
in—al+__ v ao- y+ a0+ y- a0- y+
/ a2\ ar_ N\ - NP R
b0+ b-——Aab-—b0-—b+—Aab+—in jn——dum—~b1+—=b-—=Aab-—~b1-—~b+=Aab+ ~ijn
ack—y0+ Ay-———=y0-— Ay+—ack ack—y0+ Ay- y0-— Ay+—=ack
7N P RN 7N 7N
in—>b0+\ y- b()-%b y+ /b0+\b- y-\ /bo—\b+ y+\
- +
S W —3 in—dum—-al+—a—= Aab-—al-—a+_=Aab+——in

a0+—a-—— Aab-—al0-—a+—Aab+—in
Scenario 1.1

ack@—>y1+ Ay- y1-—— Ay+—ack

RN RN
al+ y-\ 1- y+
/ & /7 AT N
in @ﬂdum»b1+»b—\‘:Aab-»b1-»b+\‘:Aab+»in

Scenario 2

Scenario 1.2

Fig. 23. STG specification of weakly indicating AND circuit with handshake

Substituting into this STG the variables from Table 7, we get the set function Aab=a-b-y and a=/(al+a0),
b=!(b1+b0), y=!(y1+y0). In each equation, the number of variables does not exceed 4, so further decomposition
is not needed. The above substitution gives the full STG of weakly indicating AND circuit shown in Fig. 23.

We have already obtained all the equations of the gates, so the STG in Fig. 23 is mapped into the circuit
shown in Fig. 24. To realize this circuit in the static CMOS, at least 50 transistors are required [15].
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Fig. 24. AND circuit. Variant 2, obtained from the STG in Fig. 23
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Fig. 25. Protocol with incomplete indication for y0
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Fig. 26. Non-output-determine STG for Scenario 1.1 in Fig. 25

Let us now make sure that the behavior in Fig. 23 is mapped into the circuit in Fig. 24. To this end, we need
to find a protocol under which every gate operates and compare it with the template for the corresponding
NCL gate. As an example, we consider the signal y0, whose set function y0=Ay-(a0+b0). To find the protocol
for y0, we convert to dummies the transitions of those signals in Fig. 23, which are not causes for y0. Then,
we contract extra dummies and obtain the STG shown in Fig. 25.

Let us consider Scenario 1.1 in Fig. 25. In the upper branch, a0+ arrives earlier than b0+, and the bottom
one — vice versa. Thus, we have timing constraints. Returning to the STG in Fig. 8, we specify Scenario 1.1
by non-output-determinate STG as shown in Fig. 26. The timing constraints make it output-determinate.

Thus, the obtained protocol for y0 (Fig. 26 along with Scenarios 1.1 and 2 in Fig. 25) corresponds to the
template in Fig. 8. In other words, the signal y0 is indeed realized by the NCL gate TH33w2 as shown in the
circuit in Fig. 24.

4. Related Works

Prior to this work, STGs had never been used to synthesize data path circuits at the level of gates. In
terms of indication, early arithmetic circuits used only strong causality. The handshake in these circuits
is realized on registers. We have shown that this is not necessary. In the so-called DIMS circuits [2, 21],
dual-rail data signals are synchronized on multi-input C-elements, whose outputs are then collected by OR
gates. Such circuits are two-level and therefore have large overhead in area. In contrast to DIMS, the so-
called crossed implementation [18, 22] is a multilevel, purely combinational dual-rail circuit. To generate
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a completion signal, all internal dual-rail signals in such a circuit are ORed and then collected by a tree of
C-elements. Thus, the area occupied by the completion detector can be very large.

There is a variant of the crossed implementation [23] obtained by direct mapping of a Binary Decision
Diagram (BDD). Note that transitions to spacer can be detected on the power rails, which in turn, can be used
for attacks. On the other hand, logic layers in dual-rail circuits can have the opposite spacer. In particular,
the corresponding variant of the cross-implementation [19] was designed especially for security purposes.
To simplify the completion detection, one can use the so-called layer-wise optimization [24]. It should be
taken into account that this optimization is based on relative timing, i.e. the circuit becomes sensitive to
gate delays.

To optimize DIMS, it is necessary to find such C-elements that do not have garbage transitions at their
inputs, as well as OR gates to which these C-elements are connected. The inputs without garbage, as well
as all inputs of the corresponding OR gate, are inputs of the equivalent circuit. Its output is connected to
the node where the output of the OR gate was connected. The equivalent circuit is similar to the completion
detector with OR gates. Such an optimization is realized implicitly when a Multi-valued Decision Diagram
(MDD) is mapped into a circuit [25].

Both DIMS and the crossed implementations can be optimized if the input signals of one gate are indi-
cated at the output of some other gate. This principle defines the conditions of the so-called weak indica-
tion [26]. We used the same principle in the protocols with incomplete indication that realize both strong
and weak causality. For these protocols, there are at least two different approaches to DIMS optimization [1,
27]. In the former approach, the optimization is deeper that allows one to convert DIMS into an NCL circuit.
Then, the area or delay of this circuit is minimized. The crossed implementation for the above protocols can
be optimized by a method based on solving Boolean equations [28].

A typical representative of circuits operating under the protocol with incomplete indication is the NCL
full adder [29]. A simpler full adder circuit was realized on transistors [30]. However, in this circuit, the
output carry rails do not return to zero. Instead, the previous data values are kept on the output capacitances.
For these rails, we can either organize a 2-phase protocol or make the assumption that they are updated
earlier than the sum. To design and optimize transistor circuits, similar to the one discussed above, there is
a systematic approach [31].

Ad hoc algebraic techniques to embed the handshake into the NCL modules and thus to get rid of reg-
isters in the NCL pipelines are considered in [32-34]. The way to link these algebraic techniques with the
presented STGs could be as follows. Let an STG is specified by the ProFlo expression and converted to a state
transition diagram (using a finite state transducer). The operators of the ProFlo language on this diagram
can represented by the operators of Tsirlin’s algebra [22, 35].

Conclusion and Discussion

In this paper, the asynchronous data path is considered as a set of communicating dual-rail arithmetic
circuits operating under the 4-phase protocol. We proposed a method for specifying such circuits by STGs.
These STGs are correct by construction and are mapped into output-persistent circuits. To verify previously
designed circuits, the obtained STGs can be used as an environment. The proposed method is based on the
use of the protocols with full and incomplete indication. The latter is more complicated, but gives additional
options for optimization. In both protocols, the data phase is mirrored into the spacer phase. If some signals
are not indicated in the data phase, they are indicated in the spacer phase. This allows us to use the full
potential of NCL gates.

The protocols with full indication use only strong causality. This is the 1st variant, which gives the circuits
in Fig. 15 and in Fig. 17. The protocols with incomplete indication use both strong and weak causality. This
is the 2nd variant, which gives the circuit in Fig. 24. This circuit requires 20 % more transistors (50 vs. 42)
than the SR-latch based circuit (the 1st variant) in Fig. 17, but has a lower latency.
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Note that the function AND2 is a special case of MAJ3 (carry in full adder). Moreover, the dual-rail
MAJ3 is functionally complete, since we can invert the dual-rail signal by swapping the wires. A realization
of MAJ3 on the SR-latch, whose arms are 5-input complex gates !((a-b+c-(a+b))-d-e) was proposed in [36].

Asynchronous circuits are sensitive to delays in some wires. To find such wires, we need to consider each
gate separately and obtain the protocol under which it operates. In this protocol we distinguish between
signals at the inputs and at the output of the gate. If all input transitions are indicated at the gate output,
the corresponding input wires (from the gate to the fork) can have arbitrary delay. For each non-indicated
transition there is a fork with unsafe wire. The same fork may correspond to a non-indicated transition in
another protocol. We distinguish between two types of non-indicated transitions.

A non-indicated transition of the 1st type (for example, x+) precedes the opposite transition of the same
signal (x-), which is followed by the output transition. A non-indicated transition of the 2nd type occurs
concurrently with the output transition. For the considered protocols, this means that garbage transitions are
of the 1st type, and weak causality generates transitions of the 2nd type. A circuit with unsafe wires retains
all the properties (output-persistence, etc.), if the delays in these wires satisfy certain inequalities. Namely,
the delay of each unsafe wire must be shorter than the delay of the corresponding adversary path [37].
Violation of this condition takes us beyond the STG model and leads to hazards. In terms of data path
design, this situation is called wire orphan [1].
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