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The paper discusses a new type of dependency in databases, which is a generalization of inclusion dependencies. Tradition-
ally, such dependencies are used in practice to ensure referential integrity. In this case, the restriction is established only
between a pair of relations, the first of which is called the main, the second is external. In practice, referential integrity often
needs to be established for a larger number of relations, where several main and several external relations participate in the
same constraint. Such a structure corresponds to an ultragraph. The paper provides a rationale for generalized inclusion
dependencies that take into account the presence of null values in external relations. Based on the study of the properties
of typed dependencies, a system of axioms is obtained, for which consistency (soundness) and completeness are proved.
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O606III€HHI)IC TI/[III/ISI/IPOBaHHI)Ie 3aBMCIIMOCTI BKIIFOUCHM A
C HCOIIPCJICJICHHI)IMI/I JHAUCHMAMI B 6a3ax HJAaHHDBIX
C.B. 3pikun! DOI: 10.18255/1818-1015-2023-3-192-201

1I/IHCTI/ITyT martemaruky um. C.JI. Cob6omnea CO PAH, np. ak. Kontora, 4, 630090, r. HoBocu6upck, Poccns.

YK 004.652.4 ITonmyuena 7 wromst 2023 r.
Hayunas crates ITocie mopaboTku 1 aBrycra 2023 r.
ITosHBIN TEKCT HA PYCCKOM fI3BIKE Ipuusra k nmy6aukarun 2 asrycra 2023 r.

B craTse paccMaTpyBaeTCs HOBBIN BUJ 3aBMCMMOCTeI B 6a3aX JaHHBIX, SBJISIOIIMIICS 0606I1IeHIeM 3aBYCYMOCTE BKITIO-
ueHnd. TpaAMLIMOHHO TaKue 3aBMCUMOCTU Ha IIPAKTUKE MCIONB3YIOTCA I 00eCIIeUeHNs CCHIIOUHOI LIETOCTHOCTM.
IIpu TOM, OrpaHNUEeHMe YCTAHABIMBAETCS TOIBKO MEXK/AY [apOil OTHOILIEHMIT, IIepBOe 13 KOTOPBIX Ha3bIBAeTCs INIABHBIM,
BTOpOe — BHeIIHNM. Ha IpakTmke CCHUIOUHYIO I[eJIOCTHOCTh YacTO TpeGyeTcsl yCTaHOBUTH I OOJIBIIETO UICIa OTHO-
LIIEHNIT, Tie B OJHOM OTPAaHMYEHNN YYaCTBYIOT HECKOJIBKO IJIABHBIX M HECKOJBKO ITOJUMHEHHBIX OTHOIIeHuil. Takas
CTPYKTypa COOTBETCTBYyeT yibTparpady. B paboTe mpuBegeHO 000CcHOBaHME 0OOOIIEHHBIX 3aBUCUMOCTENl BKIIOUEHIS,
YUUTBIBAIOIIMX HAIMUMe HeolpeeJIeHHBIX 3HaUeHIIT BO BHEIIIHIX OTHOLIeHMaX. Ha ocHOBe mcciefoOBaHMs CBOMICTB TH-
NM3MPOBAHHBIX 3aBUCUMOCTEN ITOJIyUYeHa CICTeMa aKCUOM, [JIS KOTOPOIl JOKa3aHa HEIPOTHMBOPEUNBOCTD (HAIEeKHOCTD)
I TIOJHOTA.

Kirouessblie ciioBa: 6asa JAHHBIX; 3aBMICYIMOCTY BKJIIOUEHNIA; aKCMIOMAaTMKa; HEOIIPEAEJIECHHbIE 3HAUCHUA
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Zykin S.V.

Beegenue

CcpL1ouHas LIeJIOCTHOCTD B 6a3ax naHHBIX (referential integrity) siBsercsa peanusanmeit GusHec-IIpaBmI
B IPUKJIATHOI 00JaCTV, TO eCTh OTpakKaeT JIOTMKY (PYHKIMOHMPOBAaHUS MHGOPMALMOHHON CUCTEMBbI
C IICIIOJIB30BAHUEM CTPYKTYPHOI LestocTHOCTY 6a3b1 qaHHbIX (B/]). B coBpeMeHHbIX cucTeMax yIIpaBieHNs
6asamu nanasix (CYB/I) rakue orpanuvuenns nogmep;kuBaercs 3a cuet cBsseli (relationship) aa cxeme BII.

B Teopuy ccpIIOYHAs I1eIOCTHOCTD ObLIa (opMa30BaHa B BIE 3aBUCUMOCTell BKiIroueHns. [Ipo6ie-
Ma pa3BUTMS TEOPUY 3aBUCUMOCTEl BKIIOUEHMS O CUX IIOP BBISBIBAET MHTEPEC CO CTOPOHBI MCCIIeT0BA-
TeJleil, IIpeKe BCEro ¢ TOUKM 3peHMs B3aMMOMECTBIUA ¢ OpyruMy Bugamu saBucumocreit B B[ Kpome
TOTO, Ha NPAKTUKe IOSABJIAIOTCA HOBBIE BUBI CCBUIOUHBIX OTPAaHMUEHUIT LIEJIOCTHOCTY, KOTOpBbIe TpeOyIoT
MCCIIeOBAHMS M BCTPAMBAHYIS UX B OOLIYIO Teopuio mpoekTupoBanus B/I.

IIpumep 1. Paccmorpum npumep cxemst B/I, B koTopom Tpedyercst 00 beIMHUTE OTHOI CBI3HI0 HECKOJIBKO
otHouteHuit. [lycTs y HEKOTOpPOIT PUPMBI €CTh Ba TUIIA KIMEHTOB: COOCTBEHHBIE COTPYIHUKMY 11 BHELITHIIE
(cTopoHHMe) KIMEHTHL. DTI [Ba TUIA KIMEHTOB He I1eJecoobpasHo 00beqUHITH B OQVUH KJIacC OObEKTOB,
IIOCKOJIBKY Y HUX pa3IuuHble aTpUOyThI 1 pasanuHble IpaBmia obcayxuaHus. [Jomyctum, uro ¢pupma
[PEOCTABJIAET ABA BUAA YCIYT AJIS CBOMX KIMEHTOB: co3maHume (M COIPOBOXKIEHME) HAKOIIUTEIHHBIX
CUeTOB KJIMEHTOB U perucrpauus (M MCIONHEHNe) 3aKa30B KIMEHTOB. B cienyroem ¢pparmenTte cxeMbl
B/ ¢upmbI ipecTaBIeHbI COOTBETCTBYIOIMI€ OTHOLIIEHIS:

Ry = Buympennue xrnuenmot (Ne kaimeHTa, Ne coTpyIHIKA),

R, = Brewnue knuenmut (Ne kirmenrta, MO kiamenra, Agpec KineHTa),

R3 = Cuema knuenmog (Ne cuera, Ne ximuenTa, OCTaToK CpeacTs),

Ry = 3akasvl knuenmos (Ne 3akasa, Ne kiimenra, ComeprkaHne 3aKasa),

rjie MOJIYKUPHBIM HIPpU(TOM BbIEIEHBI KIIIOUeBbIe aTPUOYThI OTHOLIIEHUIL.

B mpumepe 1 atpubyt «Ne KimeHTa» SIBJISE€TCS MEPBUUYHBIM KJIIOUOM B OTHOIIIeHUSIX Ry 1 R;. B otHO-
mreHusAX R3 u Ry 9TOT aTpuOyT SIBJISETCS BHEIIHUM KIIOUOM. [l IpeiCcTaBJIeHHBIX OTHOIIEHUI JOJIKHBI
OBITH YCTAaHOBJIEHBI CCHIJIOUHbIE OTPAaHNUEHNS LEJOCTHOCTY: B OTHOLIeHUM R; atpmubyr «Ne KimeHTa»
MOJKET IPUHNMATH TOJBKO T€ 3HAUEHUS, KOTOPBIE eCTh 100 B Ry im0 B R,. AHamormuHas CUTyauus
IV OTHOLeHUS Ry, B KoTOpoM aTpubyT «Ne KimeHTa» MOKeT IIPMHUMATE TOJIBKO Te 3HAUeHVsT, KOTOpbIe
ecTb nubo B R; mnbo B R,. B obmem ciyuae coBmapmarolue sHaueHus atpuOyra «Ne KimeHTa» MOIYT
OBITH KaK B OTHOIIEHUAX Ry 1 Ry, Tak 1 B oTHOIIeHUAX Rz u Ry. Takum o6pa3om, Bce UeThIpe OTHOLIEHVIS
IOJDKHBI OBITH 00'be U HEHBI ONHIIM OTpaHMUEHIEM LIEIOCTHOCTH, B KOTOPOM Ry U R, SABISIOTCS TIaBHBIMU
OTHOILIEHMUAMI, a OTHOLIeHus R u Ry — BHenrHuMu. ITo cTpyKType Takoe 00beAMHEHNE IBISETCI peOpoM
ynbrparpada, B KOTOpoM Ry u R, ABIAIOTCS BXOQAIIMMIY Y3JIaMIU, a Ry 1 Ry MCXOQSIIIIMMY Y3IaMIL.

B rexnonorusax B]l sHaueHM BHELIHNUX KII0Ue MOTYT IPMHNMATh HeollpeqeneHHble 3HaueHus (Null),
€CJIM OHU He SABJIAIOTCI KOMIIOHEHTaMI IIepBMYHOro Kioda. [y paccMoTpeHHOro npuMepa 1 3To o3Ha-
YaeT, YTO B OTHOILIIEHNU R3 atpubyTr «Ne KieHTa» MOKET IIPUHATh HeolpeqeleHHOe 3HAaUeHue, Hallpy-
Mep, AJIs OCTaTKa HeBOCTPeOOBaHHBIX cpencTB. B orHomeHN Ry aTpnbyT «No KiIMeHTa» MOKeT IPUHATH
HeoIlpe/ieJIeHHOe 3HaueHVe I Ipeqs3akasa. Eciam mossisercs HEOOXOOMMOCTh 3aMeHbI HeollpefeleH-
HOTO 3HaueHNs, TO COOTBETCTBYIOLIlee OIpeneieHHOe 3HaueHue arpubyTa «Ne KiImeHTa» TOJDKHO OBITh
BbIOpaHO B OTHOLIEHNIX Ry mnu R,. PopmanpHas Teopus OOJDKHA yUUTHIBATh JAHHYIO CUTYAIMIO.

dopmanmsarmeil IpeCcTaBIeHHOr0 BUAA CCHUIOYHBIX OTPAHMYEHUIT LIEIOCTHOCTY OymeM CUUTATh
0000111eHHBIE 3aBUCUMOCTY BKJIIoUeHMs. B manHoit pabore mpennokeHa CucTeMa aKCHOM, COOTBETCTBYIO-
II1ast CBOJICTBAM OOOOILIEHHBIX 3aBYCUMOCTEI BKIIoUeHMs. {71 9TOJ CHCTeMBI JOKa3aHa ITIOJIHOTA Y HEeIIPo-
THUBOPeUNBOCTD. [IpeicTaBieHHas crcTeMa aKCIOM SIBJISIETCS 00001eHIeM TeOPUM TUIINM3UPOBAHHBIX 3a-
BIMCHMOCTE} BKJIIOUEHNA [PV HAIWYNY HeollpedesIeHHbIX 3HaUeHMI].

1. Css3aHHBIe paboOTHI

Kiaccuueckast Teopust IpOEKTUPOBAHMS PEISIMOHHBIX 6a3 JaHHBIX OCHOBBIBAETCS HA UETHIPEX BUIAX
3aBUCUMOCTeIT: QYHKUMOHAIBHBIE 3aBMCUMOCTY, MHOTO3HAUHBIE 3aBUCUMOCTH, 3aBUCUMOCTY COEUHe-
Hus [1, 2], u 3aBucumoctu BriaoueHus [3]. O6osHaunmM Bce MHOKecTBO atpudytoB U = {A1, A,, ..., Ap},
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Ha KOTOPBIX OIIpefeneHbI Bce oTHouneHus (tabmuipl) R; B B, [R;] —cxema orHoirenns R; (atpuby-
TBI, HA KOTOPBIX OIpefeseHo oTHoureHme R;), [R;] € U, 1 < i < k, R = (R,R;,...,R.)—BI, S =
{[R1], [Rz], ..., [Rk]} — cxema B[] Ge3 yueTa orpaHmuIeHNII CCHLIOUHOI 1{eJIOCTHOCTH. B pabote [3] mpuse-
IEHO CIeAyIolee ONpe/eieHIe 3aBUCUMOCTEN BKIIOUEHUS.

Omnpenenenne 1. Ilycts R; u R; — nBa orHomenns Bl (Bo3amoxHO i = j), 3ajaHe! qBa MHOKkecTBa V C [R;]
u W C [R;], mna xoropeix |V| = |W|, Torna coorHoleHne Ha MHOKecTBaxX Koprexeir R;[V] C R;[W]
Ha3bIBAETCA 3aBVUCUMOCTBIO BKIIOUEHII.

B onpepenennu 1 |V|— kapanaansaocts MHOXKecTBa V, R;[V] — mpoekims (CTOGIBI) OTHOIIEHNS
R;, coorBeTcTBYIOmMME aTpubyTaM V. 3aBMCHMOCTD BKIIOUEHNS SBISeTCI TUIIM3MpoBaHHOI (typed), ecian
BBIIIOJIHEHO PaBeHCTBO V = W, mHaue — HETUNM3MPOBAHHOIL.

B pabore [3] mpencraBieHa cucTeMa U3 TpeX aKCHOM 3aBMCUMOCTEN BKIIOUEHUS: pedieKCUBHOCTb,
NpoeLpOBaHIIe U IEPECTAHOBKA, TPAaH3UTUBHOCTh. OTHOCUTENIBHO STHX aKCIIOM OKasaHa II0JIHOTa (HeIpo-
TUBOPEUNBOCTE OueBMIHA). HeOqHOKpATHO MCCIeX0BaTENIMY OCYLIECTBIISIIACE ITIOIBITKY IIOCTPONUTD COB-
MECTHYIO CUCTEMY aKCUOM AJis (YHKIIMOHATHHBIX 3aBMCUMOCTENl ¥ 3aBUCUMOCTEN BKIOUueHMs. B pe-
3yJbpTare OBLIO IOJIYYEHO, YTO IIOJIHAS aKCMOMATM3alMs CYIIEeCTBYeT II0 OTHEIBHOCTM IJIS 9TUX BUIOB
3aBUCUMOCTE, TOTAA KaK COBMECTHAs aKCMOMATU3ALM OTCYTCTBYeT [3—5]. B HEKOTOPBIX YaCTHBIX CIIy-
yasx MoJIHAs akcuomarusauus [6, 7] 6blia mojayueHa.

UccnemoBaHus 3aBUCUMOCTEN BKIIOUEHMSI U UX B3aMMOIENICTBUE ¢ PYHKIMOHAIBHBIMI 3aBUCIIMO-
CTAMU OBLIN IIpOaHANU3NPOBaHbI B paborax [7—9]. B pesynbrare 6b111 cPOpMYIMPOBAHBL YCIOBUA CYIIle-
CTBOBaHMS HOpMaJIbHOII popMel 3aBucuMocTelt BkaodeHus (IDNF), B ocHOBe KOTOPOII JI€KUT HOpMaJIbHas
¢dopma Boitca-Kogma (BKNF), nomonHeHHas yciaoBueM alMKIMUHOCTH. WHTepIipeTanus 3aBUCUMOCTEN
BKJIIOUEHUS B BIE OPMEHTMPOBAHHOTO rpada ¥ MONMHOMMAIBHBIN aITOPUTM II0MCKA M30BITOUHBIX 3a-
BUCUMOCTEI IIpeficTaBleHsl B pabore [10].

B pabore [11] paccmarpuBaercs mpobieMa B3anMONEICTBYA QYHKIMOHATBHBIX 3aBUCUMOCTET I 3aBU-
CUIMOCTeJI BKIIFOUEHNS C YaCTHBIM CJIydaeM MHOTO3HAUHBIX 3aBUCIMOCTEl, KOMIIOHEHTHI 06a31ca KOTOPhIX
Ha3BaHBI B CTAThe HE3aBUCUMBIMY aToMaMu. OCHOBHOIL pe3yJIbTAT 3aKII0UAETCS B TOM, UTO KAK KOHEUHEIE,
TaK 11 HeoTpaHMUEHHbIe 3aauyl BEIBOLMMOCTY AJI KOMOMHUPOBAHHOIO Kacca aTOMOB HE3aBUCUMOCTH,
YHapHBIX QYHKIMOHATIHHBIX 3aBUCUMOCTE M YHAPHBIX 3aBMCUMOCTE} BKIIOUEHNS aKCMOMATA3UPYeMBbI
V1 paspelnMbl 32 IOJIMHOMIAIBLHOE BpeMS.

3ameTuM, UTO MOTHAT AKCMOMATH3aIMsI HeoOX0AMMa AJIS OTIpeesleHIsI BBIBOOVIMOCTH paHee yCTaHOB-
JICHHOJI 3aBUCYMOCTHU. ITO SIBJISIETCA OCHOBOI IJIS IIOCTPOEHNA He M30BITOUHOTO ¥ HEIIPOTMBOPEUBOTO
npoekTta BI.

3HauUTeNbHBI 00BbEM JCCIeTOBAHMIT IIOCBALEH pa3paboTKe aJrOpMTMOB IIOMCKA 3aBUCUMOCTENl
BKJIIOUeHUs B cylecTByloiiell BJl. PasiaumyHble aaropuTMbl ITOMICKA 3aBMCUMOCTEJ BKIIOUEHMUS IIpef-
craBiieHbI B paborax [12—14]. B kauecTBe MCTOUHMKOB MHPOPMALIMY MCIIONIB3YIOTCI CBOJICTBA cxeMbI B/I,
HanpuMep, IePBUYHBII KII0U OJHOTO OTHOIIEHMS MOKET OBITh BHEIIHMM KJIIOUOM B JPYTOM OTHOIIIE-
uun. Kpome Toro, ncnonp3yoTcs TpyqoeMKIE alrOPUTMbI aHAIN3a COXPaHEeHHBIX NaHHbIX B BII, n naske
00paboTKa BXOQAILIMX 3alIpOCcoB. TaKye aJrOpUTMBI JAIOT HETOUHBIE Pe3YJIbTAThl, TPeOyIoliie JOIMOTHY-
TEeJIBHOII IIPOBEPKM OOHAPYKEHHBIX 3aBYICUMOCTE BKJIIOUeHMs. MIX JOCTOMHCTBO B TOM, UTO YAaCTUUHO
aBTOMATM3MPYETCSI IPOLECC TIOMCKA 3aBUCUMOCTE BKIIIOUEH S

[Tonuast aBTOMATM3AIMS II0MCKA 3aBUCUMOCTENl BKIIOUEHNs B 0011IeM CIIyuae HepealndyeMa, II0CKOJIb-
Ky crery¢uka 613Hec-IIpaBIl B IPUKIATHOI 00IacTy TpeOyeT pyuHOI KOPPEKTUPOBKYL. YIIyUIIINTh Kade-
CTBO U IOJTHOTY IIOCTPOEHUS 3aBUCKMOCTE I03BOJISIIOT AJITOPUTMBI, KOTOPBIE MCIIONb3YIOT OIIpeNeIeHIIsT
IIOPOTOBBIX 3HAUEHUIT KauecTBa [15, 16].

3HaunTeNbHBIE YCUINS B HACTOSIIIIEE BpeMS YIEISeTCsl HATIPABIEHIIO IIOMCKA 1 aHAIN3a 3aBUCUMO-
cTeit BKIIOUeHMs. [[JI1 9TOro MCIOIb3YIOTCA AJITOPUTMBI IIPOBEPKI U QUATHOCTUKIY COOIIONEHNS TIPaBILI
OIVICAaHVI CEMAaHTUKM JAaHHBIX Ha OCHOBE TaK HasbIBaeMBbIX OM3HeC-TaHHBIX, B TOM YNCIe IIpu Moaudu-
KalMM CTPYKTYPBI XpaHEHNsI JaHHBIX M HAJIMYUY HETOYHBIX JaHHBIX [17—21].
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Oco6oe HampaBileHMe MCCIETOBAHMI ITOCBSIIIEHO HalNNUNe HeolpeqeneHHbIx 3HaueHuit B BJI. IIpo-
6seMa BBIBOOVMOCTI NIPU HAMWYMM HEOIpPeNeIeHHbIX 3HAUEHUI pacCMaTpuBaeTcs B paborax [22—24].
[Ipu aTOM HeoIpeneeHHbIE 3HAUEHNS YUMTHIBAIOTCSI COBMECTHO M QYHKIIMOHATHHBIX 3aBUCUMOCTENL
u 3aBMCUMOCTel BKIloueHns. [loHas 1 HelIpoTUBOpeunBas CIUCTEMAa aKCMOM ITI0JIyUeHa TOIbKO AJIg UacT-
HOTo ciaydas. [IprunHOI 01 HeBOSMOKHOCTH ITOJIYUeHUS Pe3yJIbTaTOB B OOIEeM Cilyuae SBJAETCS B3au-
MopeiicTBIEe PYHKIMOHATBHBIX 3aBUCUMOCTEN I HETUIIN3MPOBAHHBIX 3aBMCUMOCTEN BKIIOUEHIS.

B mannoit pabore paccMaTpmBaeTcs HOBBIN BII 3aBUCUMOCTeN - 0000I[eHHbIe TUIIN3MPOBaHHEbIE 3a-
BICUMOCTHM BKJIIoueHus. B pabore [25] mokasaHo, UTO pellIeHMe CEMAaHTUYECKUX IIPOOIEM Ha 9Talle IIpo-
extupoBanus B/l mo3BosseT n36aBUTHCSI OT HETUIIM3MPOBAHHBIX 3aBUCUMOCTeN BKIoueHus. C yueTom
OTCYTCTBYSI B3aMIMOMEICTBIA TUNM3VPOBAHHBIX 3aBUCYMOCTENl BKIIOUEHNA ¢ QYHKIMOHAIBHBIMI 3aBMU-
CUMOCTSIMI ITOSIBIISIETCSI BO3MOYKHOCTD IIOCTPOEHNS HEM30BITOUHOTO U HEIIPOTUBOPEUMBOTO IpoekTa BJ]
B 00II[eM CITyUae.

2. IIpepBapuresibHBIE CBeJeHUSA

B mpumepe 1 o6mmit atpubyT «Ne KineHTa» QyOIMpyeTcs B KAUeCcTBE MEPBUUHOTO KJIIOUA B OTHO-
meHnsax R; u Ry, ¥ B KauecTBe BHEIITHETrO KJI0Ua B OTHOIIEHUIX R; n Ry. Takoil pe3yibraT HEBO3MOKHO
IIOJIY YT, VICIIONB3YS KIACCUUECKYI0 Teopuio mpoektupoBanus BJI [1, 2], xoTs HEOOXOOUMOCTH TAKOTO
pesyJibTata HeOJHOKPATHO OTMeuanach padpaborunkamu B/l. 91o, oruacTu, 06yciaBiImBaeT KpUTUIECKOE
OTHOIIIEHNE K KJaccuyeckoir Teopuu npoektuposanus BII. B paGore [26] mpemoskeHO pelireHne ykKa-
3aHHOJ IPOOJIEMBI 3a CUeT BBeJEHUS IMOHATUSA 001acTu onpeneneHns (yHKIVIOHATIBHON 3aBUCUMOCTIA.
J71st T0SIHOTEI POPMANIBHBIX IIOCTPOEHNIT KPATKO PACCMOTPIUM IIOJIyUeHHBIE Pe3yIbTaThl.

B pabore ucnonb3yercs paHee BBeJeHHOe pasfesenne sHaueHns Null Ha nBa sHaueHUs: «He OIIpe[e-
JIEHO» U «OTCYTCTBYeT». [[JI TIOC/IeJHETO SHAUEH S TIPEIJIOKEH CIIEIUATbHBIN MapKep nov.

Omnpenenenne 2. Ilycts R — mpon3BosbHas peanmsais OTHOIIEHNS Ha MHOKecTBe aTpubyToB U u X C
U. MHOxecTBO KopTexKeil t € R GymeM HasbIBaTh 00s1acThio ompefeseHus dom(X) MHOXKecTBa aTpUOyTOB
X, ecim t[Aj] # nov mna Bcex arpubyToB Aj € X.

V3 onpenenenus 2 CIeqyOT OUeBUIHbIE CBOVICTBA.
Csoiicto 1. Ecn X = U X; , Torma dom(X) = N2 dom(X;).
Csoiictio 2. IIycts Y C X, Torma dom(X) C dom(Y).

Onpenenenne 3. Obnacteio onpenenenus dom(X — Y) ¢pyuHkumonansHoi 3aBucumoct X — Y Hasbl-
BaeTCs MHOKECTBO KOpTexeil ¢ € R, mig KOTOpBIX t[Aj] # nov,ecim A; € X UY, n qa 006011 mapel
KopTexeit ty, t; € dom(X — Y), ecnu t1[X] = t,[X], o t1[Y] = t,[Y].

CsoiictBo 3. Eciiu F = {Fy, F,, .. ., Fi.} MHOXeCTBO QYHKIIMOHATBHBIX 3aBUCIMOCTEIL, TO
dom(F) = ﬁ{-‘zldom(F,-).
CsoiicTBo 4. [Ina mo6oit saBucumoct X — Y BommonHeHo dom(X — Y) = dom(X) N dom(Y).
Ha ocHOBe mcciiefoBaHHBIX CBOICTB GBLIA ITOJyU€eHA CIIEAYIOIAA CUCTEMA AKCUOM:
Axcuoma. (Pepnexcusrocts.) Ecmm Y € X C U, 10 X — Y u dom(X — Y) = dom(X).

Axcuoma. (lTormonuenue.) Ecmu X - YuZ C U, 10 XZ — YZ u dom(XZ — YZ) = dom(X) N dom(Y) N
dom(2).

Axcuoma. (Tpausurtmsaocts.) Ecmu X - YuY — Z, 10 X — Z u dom(X — Z) = dom(X) N dom(Z).
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[71s1 IpecTaBIeHHOI CUCTEMBI aKCOM {OKa3aHa II0JIHOTA 1 HeIIPOTMBOPEUNBOCTS (Hamge:KHOCTh). Oc-
HOBHOE€ JOCTOMHCTBO JAHHOJ CHCTEMBI B TOM, UTO OHAa SIBJIETCA MCTMHHBIM 00001IeHIeM KIacCuyecKoll
CHUCTeMBI akcuoM [1]: ecs 061acTh OIpefesieHNs 3aBMCUMOCTel OyeT COBIIafaTh CO BCEVl IMPUKIATHOIL
006J1acThIO (OTCYTCTBYET 3HAUEHNE NOV), TO IIpeJIoKeHHas cucTeMa Oy IeT COBIIafaTh ¢ Kiaccuueckoit. Kpo-
Me TOTO, B [26] pacCMOTpEHBI aITOPUTMBI IIOCTPOEHNS 3aMbIKaHsI MHOKECTBA aTpUOYTOB M IIOCTPOEHNS
MMUHUMAJIBHOTO IOKPBHITHS MHOXeCTBa QYHKIMOHATBHBIX 3aBICIMOCTEN C JOKA3aTeICTBOM X KOPPEKT-
HOCTH.

Hcrnonb3oBaHue obiactell onpeneaeHns QyHKIIMOHAIBHBIX 3aBICHMOCTEI COIIACYeTCs C CMHTeTIYe-
CKIM IIOAX0ROM K popmupoBanuio cxemsl B/I [1] Ha 0CHOBe MUHMMANBHOIO ITOKPBITUS MHOKeECTBA QyHK-
LIMOHAJIBHBIX 3aBUcuMocTell. OTamune 3aKII0YaeTCsI TOJIBKO B TOM, UTO 00BbeAMHAeMble (PYHKIMOHAIbHBIE
3aBUCUMOCTY JOJDKHBI IMETDH He TOJIBKO COBIIAAIOIINIE JIEBbIE UACTH (IeTePMIHAHTEI), HO COBIIANAIOLIIIE
ob6iacTu onpeesieHys. Pe3ynprar mpuMeHeHNs TAKOTO IIOAX0/a IPoaeMOHCTpupoBaH B mpumepe 1. [Tocie
(bopMMpOBaHNI OTHOLICHNII YKa3aHHBIM CIIOCOOOM BO3HMKAeT BOIIPOC 00 YCTAHOBJICHUY MEXAY HUMU
YCJIOBUII CCBIIOUHOI IeOoCTHOCTU. PaccMOTpeHHBIN fajee MaTepuall II03BOJIIEeT JaTh OTBET Ha IIOCTaB-
JIEHHBIN BOIIPOC.

3. OcHoBbI popManBHON TEOPUN 000OIIEHHBIX 3aBUCUMOCTENI BKIIOUEHS

TI/IHI/ISI/IPOBHHHBIC 3aBVICIMOCTH BKJIIOUEHNI, YOOBJIIETBOPAIOIINE OIIpENEIE€HIIO 1, HE YUYUTBIBAIOT
HEOIIpENEJIEHHbIE 3HAUCHIIA. L[JIH COITOCTaBJIEHMISI HEOIIPEAETIEHHDIX 3HAUEHUN paccMOTpUM YCJIIOBIIE CO-
OTBETCTBIUA KOpTe)Keﬂ [25], KOTOpO€ ABJIAECTCA aHAJIOTOM HaCTNYHOTO ITOPAIKA.

Omnpenenenne 4. Koprex t;[X] coomsemcmeyem xoprexy t;[X] Ha mHOXecTBe aTpubyToB X (¢;[X] <
ti[X]), ecnm t;[A;] # Null, rorna t;[A;] = t;[A;] wm t;[A;] = Null; ecnn t;[A;] = Null, rorma t;[A;] = Null
i iboro atpubyra A; € X.

CBOJICTBO COOTBETCTBUS, 3aJaHHOE B ONpEeNeNeHUN 4, SBIAETCS TPAH3UTUBHBIM. A 3TO O3HAUAET,
YTO CIIpaBe[IMBO cledylomlee yrBepxaenue: ecun £ [X] < t;[X] n ;[X] < tp,[X], Torma t;[X] < t,[X].
Ha ocHoBe maHHOTO CBOJICTBA B pa60Te [25] mano oIpeAesieHNMe TUNN3NPOBAHHON 3aBMCUMOCTH BKIIIOYe-
HUS.

Omnpenenenne 5. TunusmpoBaHHas 3aBUCHMOCTb BKmIoueHns o = R;[X] ¢ R;[X] mexny rmaBHBIM

oTHOoweHMeM R;[X] n BHemHuM otHomeHueM R;[X] mo arpmbyram X BBIIONHEHA, eCIM IS JIFOOOTO
koprexa t;[X] € R;[X] umeerca coomeemcmeyouuii koprex t;[X]| B orHOmeHNM R; [X].

PaccmoTprm 0600611eHIIE 3aBUCMOCTEN BKIIIOUEHNS, IIPeCTaBIeHHbIX B puMepe 1. [l aToro 6ynem
MCIob30BaTh 3amuchk W[X]| € V, rme W — MHOKeCTBO BHEIIIHIX OTHOIIIEHWIT 3aBUCUMOCTH, V — MHOKe-
CTBO IJIaBHBIX OTHOIIIEHMIT 3aBUcuMOcT). CIIpaBa 1 cjIeBa 3aBMCYMOCTY ITOAPa3yMeBaeTCsI ONVH I TOT Ke
Habop aTpubyTOB X, 109TOMY IUISI KPaTKOCTU OyIeM yKa3bIBaTh €ro TOJBKO CJIEeBa.

Omnpenenenue 6. O60611eHHAd TUNN3NPOBAaHHAA 3aBVICMOCTD BKIIOUEHUA 0 = WIX]cV MEXIY IJIaB-
HBIMU OTHOILIIeHUSIMU V ¥ BHEUTHNMU OTHOIIIeHUsIMU W 110 arpubytam X BBIIIOJIHEHA, €CIIN JI KaXKIOTO
oTHoIIeHNsA R; € W u Ka)xmoro Koprexa t; € R; cymectsyer orHomenue R; € V u cymecTsyer coomeem-
cmeyuuti KOpTex t; € Rj, To ecTh BBIIIONHEHO ycaosue: £ [ X] < t;[X].

C yueToM BBeIeHHBIX 0003HAUEHUII U OIpeeeHUNl 3aBUCKMOCTD B IpuMepe 1 Gymer UMeTh BUI:
{R3,R4}[X] € {Ry, Rz}, rme X — atpubyt «Ne knmeHrta». OueBMIHO, UTO OOBIUHBIE (OMHAPHBIE) 3aBUCH-
MOCTY BKJIIOUEHVIS SIBJISIOTCS YACTHBIM CIyYaeM 3aBUCUMOCTEN B ONpeNeseHnN 6, KOrga cripaBa I CJieBa
[IPUCYTCTBYET TOJBKO II0 OJHOMY OTHOLIEHUIO.

[TycTh ¥ — MHOKECTBO O0OOIIEHHBIX TUMM3UPOBAHHBIX 3aBUCUMOCTEN BKIIOUEHNS, OMpeqeeHHbIX
Ha cxeMe B]l, a 0 — nponsBospHast 060011IeHHAS TUIIN3UPOBAHHAS 3aBICUMOCTD BKIIOUeHUs (fajee OynemM
VCTI0JIb30BATh KPATKUI TEPMUH «3aBUCUMOCTD»). BO3MOKHO, UTO 0 SIBIAETCSA 3IIeMEHTOM MHOYKECTBA X.
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Ompenesienne 7. 3aBUCUMOCTS 0 SIBJISIETCS JTOTMUECKIM CIIEACTBIEM MHOXXeCTBA 3aBUCUMOCTei o (2 F 0),
ecaM Bce JOIycTUMBble peanmsauum B]l, ymoBieTBoOpsrolye 3aBUCUMOCTIM 2, TaKXe yHOOBJIETBOPIIOT
3aBUICUMOCTH 0. B 3TOM ciryuae 3aBUCHMOCTS 0 OyIeM Ha3bIBATh GbiNOTHUMOLL

SaMeTI/IM, YUTO B COOTBETCTBUM C OIIPENEIEHNIEM 7 BCe 3aBUICIMOCTY B 2. IBJISIFOTCS BBHITIOJIHIMbBIM.
HCCJIGJIOB&HMC CBOJICTB 3aBUCUMOCTEI II03BOJIVIN C(bOpMI/[pOBaTb CJIEOAYIOIIYIO CMCTEMY aKCMIOM:

Axcuoma 1. (Pednekcus.) Eciu W C V, torma W[X] C V.

Axcuoma 2. (IIpoeknus.) Ecnu W[X] C VuY C X, rorma W[Y] C V.

Axcuoma 3. (O6wvemunenne.) Ecau W[X] € Vu S[X] € V, rorma {W U S}[X] ¢ V.

(
(
(
(

Axcuoma 4. (Tpausutussocts.) Ecnir W[X] € Su S[X] € V, rorma W[X] C V.

3mecs V, W, S — mHoxecTBa otHolreHuit (tabani) B/I; X, Y — mHOXecTBa aTpubyTOB.
Axcuomsbl 1-4 MOTyT OBITH MCIIOJIB30BAHBI B KAUeCTBE NPABIJI BBIBOAA. Tak, M3 CUCTEMBI aKCUOM
CIIeZlyeT IIpaBIIIo, KOTOpOe Hajiee Oy4eT MCII0Ib30BaThCs:

ecmm W[X] CVuSCW, rormaS[X] CV. (1)

HertctButensHo, u3 ycaosus S € W mo akcmome 1 cienyer 3aBucumocts S[X] € W. 3arem mo akcuo-
Me TpaH3UTUBHOCTU 4 Oymer moayueHa 3aBucumocts S[X| C V. IlpasBuno (1) manee Oymer Ha3bIBATHCI
MIPaBUIIOM OEKOMITO3UILIUIA.

Omnpenenenne 8. 3aBUCUMOCTh 0 BBIBOAVMA M3 MHOXKECTBA 3aBUCUMOCTEI 2 3a CUeT IIPUMEHEeHN I aKCU-
oM 1-4, ecyi 32 KOHEYHOE UMCIIO 1I1aroB OyeT Mmoy4yeHa 3aBUCHMOCTh o. [lanee Oymem mucats X + 0.

Paccmorpum o6ocHOBaHME HafeXHOCTU (HEIPOTMBOPEUMBOCTI) IIPEACTABIEHHON CUCTEMBI aKCIOM.
7151 9TOTO0 HEOOXOAMMO IIOKA3aTh BBHIITOJIHIMOCTD 3aBUCUMOCTI 0, €CJIM OHA BBIBOIYVMA 113 MHOXKECTBA X
C UCIIOIb30BaHNEM CUCTEMBI aKCUOM: X + 0 = X k 0.

Teopema 1. (Hadexcrocmv.) Cucmema akcuom 1-4 HadesxHa.

Hoxazamenvcmeo. TlokaskeM HaTeKHOCTD KaXKIOI 13 aKCUOM IO OTETHHOCTIA.

Axcuoma 1. PaccMoTpuM IpOM3BOJIBHBIN KOPTEX ¢, NIpUHAAJIEXaAIUI, 110 KpaliHell Mepe, OGHOMY
n3 oTHomeHuIt R; MHOkecTBa W: t € R;. Ilockonmeky W C V, To R; € V. Ilo onpenenenusm 4 u 5 Koprex
t[X] cooTBercTByeT camomy cefe s IPOU3BOIBLHOTO MHOXKecTBa atpubytoB X C [R;], uTto mokasbIBaer
BBIMTOJTHMMOCTD 3aBUCUMOCTY, IIOJIYUEeHHOI 3a cueT pedieKCun.

Axcuoma 2. Ilycts oTHomleHue R; € W u xoprex t; € R;. IlockosbKy BBINOJIHEHA 3aBUCUMOCTD
WI[X] ¢ V, 1o cymecrByer otHomeHue R; € V u xoprex t; € R; raxoir, uro ;[X] < t;[X]. [Tockompky
Y € X, tot;[Y] < t;[Y], uTo mokaserBaer BermorHMMOCTS W [Y] C V. CilemoBarenpHO, akcoMa 2 HaJjeKHa.

Axcuoma 3. Ilycte otHomeHue R; € W u npousBoJbHBIN KOopTex t; € R;. IlocKoJBbKY BBINIOJIHEHA
saBucumocts W[X] € V, 10 cymecrByer oTHomenme R; € V m xoprex t; € R;. Ilycts oTHOIIEHME
R; € S n xoprex t; € R;. Ilockonbky umeer mecto 3aBucuMocts S[X] C V, 1o cyuiecTByeT OTHOIIIEHE
R, € V u xoprex t; € R, [locne o6benuueHns MHOXeCTB W 11 S yCIIOBUA Ha KOPTEKU t; U t; OCTaHyTCA
6e3 n3MeHeHUI U He Oy QYT IpoTHBOpeunTs 3aBucumocty {W U S}HX] € V, uro mokaseiBaeT HafeKHOCTh
aKCHOMEBI 3.

Axcuoma 4. PaccMOTpUM IIPOU3BOIBHEIN KOPTEXK t; € R;, Tie OTHOILIeHUE R; IPUHAIEKUT MHOKECTBY
W. Torma Bo MHOXecTBe S JOJKHO IIPUCYTCTBOBaTh OTHOIIeHNMe R; u Koprex f; € R;j, niaa KoToporo
BeImonHeHo: ¢;[X] < t;[X]. [lockonpKy BBIMONMHEeHA 3aBucuMocTh S[X] C V, To cymiecTByeT oTHOIIeHMe
R;, npuHanexamee MHOXecTBY V, 1 cymiecTByeT Koprex ¢ € Rp: t;[X] < t;[X]. [Tockonpky omeparnus <
YIOBJIETBOPSIET YCIOBUIO TPAH3UTUBHOCTH, TO t;[X] < t;[X] n, ciemoBarensHo, akcnoma 4 HamexxHa. O
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3ameuanue. [Ins 060CHOBaHMS KOPPEKTHOCTY IIOCIEAYIOIINX ITOCTPOEHMIT HEOOXOOIMO O0CYAUTH CBOII-
CTBa, KOTOpBIE HE BBIMOJIHEHBI 11 0000IIEHHBIX 3aBUCIMOCTEN BKIIoUeHms. Tak, o6bequHeHre OBYX (1
GoJiee) MpaBbIX YaCTENl 3aBUCUMOCTENL, JaXke eCIM OHM MMEIOT HEeIYCTOe Ilepeceuene, HO He COBIIANAIOT
IOPYT C OPYTOM, He SBJISIETCS 9KBMBAJIEHTHBIM [1pe0o0pa3oBaHMEM:

WI[X] € SuW[X] € V ue sxkpuBanento W[X] ¢ {SUV},

ecim S € VuV ¢ S. Houyctum, uto R; € Su R; ¢ V. Torga B 3aBucumoctu W[X] € {SU V} orcyr-
CTBYyeT HeOOXOMMMOCTE IIPUHAIJIEKHOCTY KOopTeskeir W OHOMY U3 OTHOILIEHUI V, UTO MpPOTMBOpEUNT
saBucumocty W[X] C V. AHanornuHo JOKa3bIBaeTCs yTBEPIKAEHME:

WI[X] € Sue cnenyer W[X] CV ,ecmnV C S.

U3 3TOr0 MOKHO CHieJIaTh BBIBOL, UTO IpaBas uacTh 0000IIIeHHO 3aBICHMOCTH BKIIOUEHUS He JOIyCKaeT
yOajaeHNs OTHOLIIEHMNI.

JHokaskeM ITOJTHOTY CHCTEMBI aKCoM 1-4 Ha OCHOBe paHee ITIOJIyUYeHHBIX CBOJICTB.
Teopema 2. (ITonnoma.) Cucmema axcuom 1—4 nonna.

Jlokasamenvcmeo. IIpu mOKas3aTenbCTBE TOJTHOTHI TPEOYETCs MTOKA3aTh BEIBOAVIMOCTD 2 + 0 3aBUCUMOCTI
o =W|[X] €V, ecniu 3aBUCUMOCTb ¢ BBIIIOJHUMA: X E 0.

[IpenBapuTenbHO MpeobpasyeM MHOXKECTBO 3aBUCUMOCTEN X K BUAY C Pa3IMUHBIMIL IIPABBIMU UACTSI-
mu: 3aBucumoctu Wi[X] ¢ V; m W;[X] ¢ V; samenum saBucumoctsio {W; U Wi} [X] € V;, ecm V; = V.
U3 npaBuna gekommnoauiuu (1) ciieyer, 4To molyueHHOE MHOKECTBO 3aBUCHMOCTE Oy IeT 9KBUBAJIEHTHO
VICXOIHOMY MHOYECTBY ..

I[Ipesxe yeM paccMaTPUBATh BBIBOAMMOCTD 3aBUCUMOCTY 0, HAJ[0 HAITI HEOOXOMMIMOE I JOCTATOUHOE
YCJIOBUE €€ BBIITOJHMMOCTY. PacCMOTPUM IOC/IEOBATEIHHOCTD 3aBUCUMOCTEI:

WI[Yo] ¢ Vo
wiil €W

Wo[Y,] SV

rme X CY;,i= @, n nns aroboro Vi, rme i = 0, p — 1, BernonHeHo ycaosue V; © Wiy.

[TokaskeM JOCTATOUHOCTh HAIMUMs I1OCIER0BATeNbHOCTH (2) st BhIogHMMOCTH 0. IIycTh KopTex
! IpUHAMIEKUT, IO KpaiiHeil Mepe, OMHOMY U3 OTHOIeHnt MHOXectBa W. 3aBucumocts W[Y] € V
rapaHTUpyeT HalIm4yue KOpTeXxa ty B HEKOTOPOM OTHOIIIEHUN MHO)XecTBa Vj, [T KOTOPOT'O BBIIIOJIHEHO:
t[Yo] < t[Yo]. Y3 ycmoBus X C Yy crmenmyer, uro t[X] < t[X]. Ilockomsky V; € W, TO KOpTex i
NIPUHAJIEKUT HEKOTOPOMY OTHOIIEHMIO MHOXXecTBa W). AHaJIOTMYHBIE PaCCy)KIEHMUS IJIT OCTAJIbHBIX
3aBUCMMOCTEIl TOCTIeN0BATEIbHOCTI FAPAHTUPYIOT Haludye KOpTexa f, B OTHOLIEHMM MHOecTBa V,
I KOTOPOTO, C YUeTOM CBOJCTBA TPAH3UTUBHOCTY OIlepaluy <, BeinonHeHo t[X] < t,[X]. [oryuennoe
COOTHOIIIEHNE NOKa3bIBaeT BBIIIOJIHUMOCTD 3aBUCUMOCTI O.

Hnst o60cHOBaHMSA HEOOXOAMMOCTH (2) IIPEAIIOTI0XKIIM, UTO CYLI{ECTBYeT KOPTeX ¢ € W ¥ He CyII[eCTBYeT
KopTexK u € V, 11 KOTOpBIX ObLIO ObI BBIMTOJIHEHO yestoBue ¢t [ X] < u[X]. Hapyiiennue yactuaHOro nopsaka
MO’KET IIPOM30TM B KaKOJ-IMOO0 3aBMCUMOCTM IIOCJIENOBATENbHOCTHM, J1OO IpY Ilepexome OT OIHOIL
3aBUCUMOCTHY K Opyroit. Paccmorpum Tekyiuyio 3asucumocts W;[Y;] € V;. Ilpu aTroM BO3MOXKHBI OBa
BapMaHTa:

A) X ¢ Y;. B arom ciyuae arpufytst X \ Y; B KOpTeXax OTHOIIEHNT MHOKECTBA V; MOTYT HapyIIUThH
YCJIOBME UACTUYHOIO MOPSIAKa <, KOTOpoe OyIeT IOBTOPATHCI B MOCIEAYIOIINX 3aBMCUMOCTSX I10-
crenoBarenbHOCTH (2). Takum obpasom, Gymer HalimeHa peanusarms B/, B KOTOpOII BBIIIOJIHEHbI
3aBVICMIMOCTH X ¥ He BBIIIOJIHEHA 0.
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B) He Brimonneno ycnosue V; € Wi,. Torma cymectsyer orHomenne R; € V; u R; ¢ Wiyq. OrHore-
Hue R; MOXeT comepKaTh KOPTeX ¢, I KOTOporo BeimonHeHo ¢[X] < t;[X], Ho B mociemyrommx
3aBMCUMOCTSIX JOITYCKAeTCs OTCYTCTBUE KOPTEXKeW fj, YIXOBJIETBOPAMOIINX YACTMIHOMY IIOPIAKY
t[X] < t[X], mockoneky R; ¢ W;,;. CremoBarenpHo, HajimeHa peanusanus B/l, B KoTopoii BBIITON-
HEHBI 3aBUCUMOCTI 2. JI He BBIIIOJIHEHA 0.

PaccmoTpeHnHbIe BApMAaHTHI JOKA3BIBAIOT HEOOXOAMMOCTD HAIMUNS II0CIeOBATEIHOCTH (2).
PaccmoTpmm BEIBOAMIMOCTS 3aBUCUMOCTH 0. [locie 06 bequHeHUsT 3aBUCMOCTEI C COBITaa0IIIel IIpa-
BOJI YaCThIO OyyT IOJyUEHbI BHIBOAUMbBIE 3aBUCUMOCTY, UTO FapaHTUPYETCSI aKCMOMOIT 3. 3aBUCUMOCTD
W;[X] € V; BeiBoguma us saBucumoctu W;[Y;] € V; mo akcmome 2, ecit X C Y;, i = ﬁ ITockonb-
Ky BBIIOJHEHO ycioBue V; C Wiy, i = 0,p — 1, To o akcuome 1 BeimonHeno Vi[X] € Wiy, 3amerum,
YTO BCE OTHOILIEHWS, YUACTBYIOIUE B 3aBMCUMOCTH, OIpeneneHbl Ha arpubyrax X. [lanee, MCIONB3Ys
aKCUOMY TPaH3UTUBHOCTH 4, moxyuaeM BoiBoauMocTs W;[X] ¢ Viyg. Tak xak ato BepHo aust i = 0,p — 1,
TO IIOCJIEIOBATENLHOE IPUMEHEHNE aKCMOMBI 4 maet peayabrar W[X] C V. |

Axcuomsr 1-4 OOHOBPEMEHHO ABJIAIOTCA IIPpABIJIAMVI BbIBOOA HJISL O606H_IeHHbIX 3aBUCIIMOCTEN BKITIO-
yenusd. Vcnonb3oBaHue mx IJIST TIOMCKA BBIBOOVIMBIX 3aBUCHMOCTEN ITO3BOJIUT COKpATUTh KOJINMYECTBO
BBIIIOJTHIIMBIX 3aBUCUIMOCTEI, IJIST IIoagaepXaHMsa KOTOPBIX Ha IIPAKTUKE Tpe6yeTCH JOITOJIHUTEJIbHAA I1a-
MATH U BpeMA.

3axkiroueHue

B pa6ore paccmoTpeHo 06001ieHNe 3aBUCIMOCTEl BKIOUEHI, KOTOpOe II03BOJIsIeT 00beIUHIATH Of-
HIM OTpaHMYeHNEeM LIeJIOCTHOCTH Cpa3y HeCKoIbKo oTHouleHuit B/I. BosMoxHO paciypeHue orpaHnye-
HUI 32 CUeT UCIIOJIb30BAaHNS He TUIIM3UPOBAaHHBIX 3aBMcuMocTell. OgHaKo, aHAIN3 MCIIOIb30BAHMS TAKIX
OoTrpaHMUeHNIT [25] MOKA3bIBAET, UTO OHU SBJISIIOTCS CJIENCTBUEM HEPELIEHHBIX CEMAaHTNUECKUX MpobaemM
Ha 3Tane npoexktupoBaHug B/l. [leficTBUTENbHO, CChITIOYHAS I[€JIOCTHOCTD, YCTAHOBJIEHHASI MEXAYy HeOoM-
HOPOXHBIMU aTpubyraMu, GOpMaIbHO COOTBETCTBYeT HETPUBUAIBHON (PYHKIMIOHAIBHON 3aBUCUMOCTIL.
Takue 3aBMCHMOCTI AOJDKHBI OBITH MCITOJIB30BAHBL IIPU IPOEKTUPOBAHUM CTPYKTYPBI JIOTMUECKUX 3a-
nuceil Ha cxeme B/, a He B Bue CCbUIOUHOM IeJIOCTHOCTU. KpoMe TOro, TMIIM3MpPOBaHHBIE 3aBUCIMO-
CTM BKJIIOUeHUS (OPMAaJIBbHO COOTBETCTBYIOT TPUBMATIHHBIM (QYHKIMOHAIBFHBIM 3aBUCHMOCTSIM, KOTOpbIE
He mcnoibp3yorca npu popmupoBannu cxembl BJl. CiieqoBaTenbHO, He MOSIBISETCS IpobieMa B3amMo-
IeVICTBYA 3aBMCUMOCTEI BKIIOUeHNUS U (YHKIMOHAIBHBIX 3aBYCIMOCTEIA.

PaccmoTpenHas B JaHHOI paboTe cricTeMa aKCOM He OTPaHMUMBAETCS YCIOBMEM alMKIMYHOCTI I KO-
JINUECTBOM aTpnOyTOB, BXOMAAIINX B 3aBUCUMOCTIL. ITO JejlaeT IMIPeaIoKeHHbII I0AX0 YHIBEPCATbHbIM.
Hanee mpenrmosaraeTcs MCCIeqOBaTh IPOOIeMy IIOMCKa N30BITOYHBIX 3aBUCIUMOCTEN 32 CUEeT BHIBOIMMO-
CTIL.
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This paper presents a study of the problem of automatic classification of short coherent texts (essays) in English according
to the levels of the international CEFR scale. Determining the level of text in natural language is an important component
of assessing students knowledge, including checking open tasks in e-learning systems. To solve this problem, vector text
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2019, were chosen for the experiments. The best classification results for six CEFR levels and sublevels from A1 to C2 were
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B mamHOI paGoTe ImpeiCTaBIeHO MCCIeNOBaHNe 3afadyll aBTOMATUUYECKON KiaccuUKaIMY KOPOTKMX CBA3HBIX TEKCTOB
(acce) Ha aHIVIMIICKOM SI3bIKE IO YPOBHAM MexxayHapogHoit mkansl CEFR. OmpeneneHne ypoBHS TeKCTa Ha eCTECTBEH-
HOM fI3BIKE SBJIIETCSA B)KHOI COCTABJIAIOIICI OLIEHKN 3HAHMII YJalUXCs, B TOM YMCJIEe OJII IPOBEPKU OTKPBITBIX 3a/a-
HIIL B CHCTEMAaX 3JIEKTPOHHOTO o0yueHmd. [l pelleHns 3Toi 3ajauy OBLINM PacCMOTPEHBI BEKTOPHBIE MOMENN TEKCTa
Ha OCHOBE CTMJIOMETPUYECKUX UMCIOBBIX XapaKTePUCTUK YPOBHS CHUMBOJIOB, CJIOB, CTPYKTypHI NpenoxeHusa. Kmaccn-
(buKaIg NoTyUYeHHBIX BEKTOPOB OCYIIECTBIIAIACh CTAHAAPTHBIMY KIacCU(PUKATOPaMU MAIIIHHOTO o6yueHns. B crarse
nprBeNeHbI pe3yJbTaThl TPEX Hambosee ycrmeumrHsrx: Support Vector Classifier, Stochastic Gradient Descent Classifier,
LogisticRegression. OreHKoT KauecTBa IOCIYKIUIM TOYHOCTD, IoHOTa U F-Mepa. [l 9KCIIepiMMEHTOB ObLIN BHIOPAHBI
nBa oTKpbIThIX Koprryca TekcToB CEFR Levelled English Texts m BEA-2019. Jlyuriine pe3ynbraThl KIacCU(PUKALMM II0
urectu ypoBHaM u mogypoBHsM CEFR or Al no C2 nokasan Support Vector Classifier ¢ F-mepoit 67 % mns xoprryca CEFR
Levelled English Texts. 9tor moaxo/ cpaBHUBAICS C IpuMeHeHMeM 13b1koBoil Monenu BERT (iects pasinmuHbIX Bapu-
anToB). Jlyurast Mmozens bert-base-cased o6ecnieunia suauenne F-mepsr 69 %. AHanms ommGoK KiraccupIKaLym IIoKasall,
4TO GOJIBIIAS MX YACTh JOIYIIEHa MeXIy COCeJHMMI YPOBHSAMI, UTO BIIOJHE OOBACHMMO C TOUKM 3PEHMA IpeMeT-
Hoit obiacTu. Kpome Toro, KauecTBo KiraccuuKalmy CUIBHO 3aBICETIO OT KOPIIYCa TEKCTOB, YTO IIPOAEMOHCTPIPOBAIIO
CyIIecTBeHHOe pasinune F-Mepbl B Xo[e IpMMeHEHNI OOMHAKOBBIX MOl TeKCTa I PasHBIX KOPIIYCOB. B Iesom,
IIOJTyYeHHBIE Pe3yJIbTaThl TOKa3aIy 3 PeKTUBHOCTh aBTOMATIYECKOTO OIIpe/IeJIeHNs YPOBHS TEKCTa M BO3MOKHOCTD €T0
TIPaKTIUECKOTO MPYMEHEHNS.

KirroueBsble coBa: aBTOMaTHuecKast 00paboTka Tekcra; kiaccudukarus rekcra; CEFR; BERT
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Beegenue

ABToMarusupoBaHHas olleHKa 3cce (automated essay scoring, AES) — 310 crmoco6 MomennpoBaHus pa-
GOTHI UeI0BeKa-9KCIepPTa B 00JIaCT I3bIKO3HAHMS U Heparorukn. OnpeneieHne KauecTBa TEKCTa Ha ecTe-
CTBEHHOM $I3BIKE SIBJIETCS Ba)KHOI COCTABIIAIOLIEN OLIEHKY 3HAHMIL YUAII[MXCA, B TOM YNCIIe IJIS IIPOBep-
KI OTKPBITBIX 3aJaHUII B CCTEMaX 3JeKTPOHHOTO oO0yueHus [1, 2]. Kpome Toro, Texcr sIBIsETCS OTHOI
M3 OCHOB IJIsT KOMMYHMKALIMY JIIOMEN, UTO IIOPOKIaeT HeOOXOAMMOCTD BBISBICHNS CIOKHOCTY TEKCTOB,
MX KauecTBa 1 BO3SMOKHOCTY IIOHMMAaHUS I1eJIeBOIT ayquropueit [3].

PasBurue cucrem AES Hauanocs ¢ 60-x FO0OB IPOIILIOTO BeKa I ONMPAJIOCh B IIEPBYIO OUepenb Ha Ipa-
B1Ia rpaMmaTuki. ITo Mmepe pas3Butis nHPOPMAIVIOHHBIX TEXHOJIOT I B 00JIACTIL KOMITBIOTEPHO IMHTBI-
CTMKU JICCJIEOBATENV JOOABISIIN aHAINS CTYIIS TEKCTA, eT0 CTPYKTYPBI, CBI3HOCTY HA OCHOBE ITAPAMETPOB
TEKCTa PasiIUYHOI CTEIIeHN CJIOXKHOCTY. BOJBIIMHCTBO paGoT B 9TO 00IACTY MCIIONB3YIOT CTATICTIIUE-
CKIe MPU3HAKM, Takue Kak QyHKumm «Melrka cios» (Bag of Words, BoW), koiuuectBo mpemioskeHuin
u T. 1. OHAKO KaueCcTBO TEKCTa BO MHOTOM OIIpeIessieTCs ero CBI3HOCThIO, aHATIM30M CEMaHTIKIA, HO [a-
Ke JICIIOJIb30BaHIEe KOHTEKCTHBIX [TapaMeTpoB TnIa word2vec He pelraer Ty mpobjaeMy 1 He ITOBBIIIAET
kauectBo AES mo mospxHOro ypoBHs [4]. HoBble BO3MOKHOCTHM IIpeOCTaBIIgeT PasBUTIE COBPEMEHHBIX
A3BIKOBBIX Mopeell [5], B uactHoctu momens BERT [6]. O630p coBpemeHHBIX paboT nmokasbiBaet, uto AES
pactyias o0acTh MCCIeJOBaHMIL ¢ GOMbIINM HAaGOPOM ITOTEHUVANBHO IPUMEHNMBIX METOIOB, HO BCe
elrfe He 3peJasi, 0COOeHHO B cdepe MPaKTUUeCKOTro mpuMeHeHus [1].

OtmensHpiM BompocoM AES saBiserca cmoco6 M IIKayia OLIEHKM TeKcToB. VcciemoBaTenu MCIIONB-
3yIOT CUICTEeMBI Ha OCHOBe IToficueTa 6aynoB [7], popMynnpyioT HaGOpHI IIpoBepsieMBIX KpuTepues [8],
MPUMEHSIOT CYIIeCTBYIOILVE CTAHJAPThI, ONMCHIBAOIINE YPOBHY BIaJeHNs I3bIKOM (00IIieeBpOIIeiicKue
KOMITeTeHI[I BIafeHusa MHOCTpaHHbIM s13b1koM CEFR, cTaHmapTs! IpernogaBaHusa MHOCTPAHHBIX I3bIKOB
ACTFL, xaHanckme KpUTepuy OLeHKY ypoBHS s13bIKa CLB, MeXBeTOMCTBEHHBIN KPYTIJIBIN CTOJI IO BOIIPO-
cam s13p1KOBOIT moarotoku ILR). 3HaunrensHas uacty pabor B o6pasoBarensHOI cdepe u obaactu AES
menut acce mo yposusam CEFR [5, 9].

ABTOpBI MaHHOII cTaThy paccMoTpeny 3axauy AES kak 3amauy KinaccuuKany TeKCTOB 110 TPEM YPOB-
uaM CEFR (A — mauanbhslit, B — cpegauit u C — Bbicokmii) u mrectu mogyposusam (Al, A2, B1, B2, C1, C2)
M TIOCTaBVIIN I1eJIb CUCTeMAaTN3MPOBATh I IIPOaHANIU3MPOBATh Pe3yIbTaThl KIACCU(UKAIN C MCIIONb30Ba-
HIeM CTUJIOMETPUUECKUX ITapaMeTPOB TEKCTA M CTAHOAPTHBIX KIACCU(PUKATOPOB MAIIMHHOTO 00yUeHMs
M CPaBHUTD UX C pe3yJbTaTaMy IIpuMeHeHN 93bIK0oBbIX Mopeieil BERT.

1. AHajgormuHsble paGoTHI

MeTopnp! KnaccuUKanMy ¥ aHAIM3a TEKCTOB Ha eCTECTBEHHOM SI3bIKe OYPHO pa3BMBAIOTCS B IIOCIIeTHee
IecATIIeTHIe, TI09TOMY IIPHU BBIOOpE MHCTPYMEHTOB I MICCIeOBAHMSA Y CPABHEHS Pe3yIbTaTOB aBTOPHI
CTaThY COCPEIOTOUNIINCEH Ha JOCTIVDKEHMAX IIOCIETHIX JIeT.

Agtops! pabotsl [10] ucnons3oBanu momens bert-base-uncased mnsa knaccupukanuu KemGpumkckoit
6a3pr gaHHBIX OTKpBITOro A3bika (EFCAMDAT) u KemGpumxckoro yueGHOro KopIyca 10 aHIVIMIICKOMY
a3b1Ky (CLC-FCE) Ha marp yposaeir mkainsl CEFR: or Al mo C1. Tounocts kinaccupuxanum (accuracy)
mocturia 61.7 £ 1.8 %. McciaemoBareay OTMETMIIN, YTO KayeCTBO CVIJIBHO 3aBVICUT OT pasMepa KopIryca
1 0OyUeHMs.

B cratpe [11] yuénsre knaccuduuuposanu mo ypousam CEFR orpgensuble npeqimoxenus. s c6opa
U pa3MeTK COGCTBEHHOro Kopmyca u3 17 000 aHIIIMIICKUX IIpeIIosKeHNIT ObLIN IPUBJIEYeHbI BHICOKOKBA-
InUIPOBaHHBIE IPEIIOaBaTeNN, YTO 06eCIIeUnIIo KaueCcTBO JaHHBIX. KayKIoMy IpeIosKeHMIo CTaBILI-
c B COOTBETCTBIE UMCJIOBOII BEeKTOp Ha ocHOBe uacToT cyioB ypoBHell CEFR, kraccudukarys mo mectu
YPOBHAM OCYIIECTBIIAIIACH C TIOMOIIIBIO KOCITHYCHOT'O CXOJICTBA MEXAY BeKTopamu. [IpemiosxeHHbII og-
xop nmokasai F-mepy co cpenauM 3HaueHmeM 84.5 + 0.7 %. ABTOPBI CPAaBHVIIN STOT Pe3yJIbTaT C MOENIbIO
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BERT, F-mepa oxazanach 82.5 + 0.9 % u MOIeNbi0 «MeEIIOK CJIOB» ¢ Kiaccudukaropom SVM, roe F-mepa
4uyTh OosblIe 52 %.

3aBMCUMOCTD KauecTBa KiIaccumKaIuy OT KauecTBa MCIIOIb3YeMOTO KOPIIyca JaHHBIX OTMeuaeTcs
B pabore [12]. ABTOpBI YKa3bIBAIOT HAa PA3HOPOMHOCTH 11 HeCOATaHCUPOBAHHOCTH TEKCTOB, COOMPAEMBIX
Cpeny M3yyvaroX aHIVINIICKII S3bIK KaK BTOpOIL. I IIpeomoneHNs 3TUX NpobiieM AT MOLeINpPOBaHIIA
TEKCTOB OHU IIPEJIOKVUIIN MCIIOJIb30BaTh HabOp ITapaMeTpPOB, OPMEHTMPOBAHHBIX Ha YPOBEHb BIIaJeHUs
SI3bIKOM, & He Ha TeKCTOBble QyHKLIUM. DKCIEPUMEHTHI ObLIN NMPOBeAeHbI B MeXIyHapOmHOI KOpIIyC-
HOII ceTu a3marcKmx mayuarommx aHriamiicknit 13bik (ICNALE) Ha HaGope maHHBIX, BKIOYAIOIIEM 3CCe
ot 2800 aBropoB. UccieqoBatenn mposeiu kiaccupukanuio mo ypopasm CEFR ¢ momoriiso MHOToCIoun-
HOTO IIepCeNTpoHa M JMHENHOI perpeccun 1 Moyumin cpegHioo F-mepy 63 % u 43 % COOTBETCTBEHHO.
Ananornussi skcrepuMeHT ¢ Kopirycom EFCAMDAT noxasain sHauenne F-mepsr 96 % u 83 %.

[TapameTphl Ha OCHOBE YACTOTHI BCTPEUAEMOCTH PA3INUHBIX I3bIKOBBIX KOHCTPYKLINIL OBLIN MCIIOIB30-
BaHBI I MOJEIMPOBAHMS TEKCTA B MCCIeTOoBaHUM [13]. DTU KOHCTPYKLIMN, IPENIIOKEHHBIE 9KCIIEPTAMU
IpenofaBaTeIIMI U JIMHTBUCTaMM, aBTOPbI Ha3BalIM MMKpocucTeMaMmu. [y 3KCIIepMMEHTOB MUCIIOJb-
soBamuck kopryca EFCAMDAT n CEFR-ASAG. Kiaccuduxanysa IOIMHOMUATIBHOM JIOTUCTUYECKON pe-
rpeccueit Ha 1ects ypoBHeli CEFR mokasana cpemHIo0 TOUHOCTH (accuracy) 75 % u 95 % Ipu OTHeNeHNN
YPOBHS HAUMHAIOIINX A OT IPOABMHYTHIX B, UTO MOXKeT GBITH ITOJIE3HO JI ABTOMATIUECKOTO pa3aeIeHus
yJaluxcsd Ha IPyIIbL

57 UMCIIOBBIX XapaKTEPUCTUK MCIIOJNb30BAINCh B crathe [14]. OHM pasmesreHbI Ha YeThIpe TPYIIIIBL:
Mepbl CMHTAKCUUECKO CIOKHOCTU, Ha OCHOBE aHANN3a CUHTAKCUMYECKNX ePEBbEB; MEPHI JIEKCIIECKOTO
GorarcTBa; n-rpaMMBI CJIOB, AJIS N OT ABYX A0 IISTH; KOJIMOTOPOBCKAs CIOXHOCTh KaK Mepa KOJIMUecTBa
nHpopmaiuu B cTpoke. KitaccudukraTropoM ciayxmia peKyppeHTHas HeJpOHHas CeThb, KOPIIYC HaHHBIX
EFCAMDAT. KauecTBo KnaccudmKaium 0Ka3anoch Bblile I HAUaIbHOIO I CPeIHEro ypOoBHell BIIadeHIIsT
a3pikoM CEFR (ot Al mo B2) ¢ F-mepoit B nuanazone ot 73 % xo 81 % mo cpaBHeHuto ¢ ypoBusamu C1 un C2,
rue F-mepa ynana no 61 % muis yposast C1 u 42 % s C2. Marpuna ommbox 1mokasaja, uTo MX G0JIbIIHCTBO
BO3HUKJIO B OCHOBHOM B CMEKHBIX KaTEeIOPMSIX.

Taxum obpasom, mia kiaccupukarmu yposHeit CEFR nmpumMeHsioTcss pasHOOOpasHble JIEKCUUECKIe
rapaMeTphbl, OTpasKarolye crienuduKy mpegmerHoit obxactu. OnHAaKO, aBTOPHI JAHHOI CTAThI He YBUAEIN
CHUCTEeMHBIX UCCIeNOBaHMII CTMJIOMETPUYECKNX XapaKTepUCTUK TEKCTa OIS 3TOM IeJIN, XOTS OHM BIIOJIHE
ycneurso ucronbdyores g AES B rrenom [15]. Kpome Toro, oueHb I1epCcrneKTBHBIM METOLOM PeIleHIs
3amaum BeIIAANT paboTa ¢ pasuasiMu mogensamu BERT. B osb3y 9T0ro roBopsAT pe3yapTaTsl yCIETHOTO
npumenenns BERT g sagau ouenkn acce [16] u cimoxHocTH Tekcra [17].

2. MeToa aBTOMAaTHYECKOTO ONIpeAesIeHIA YPOBHSA BJIafeHUA A3BIKOM
2.1. Koprmyca TeKcTOB

Jns mccienoBaHus ypoBHS BJIafeHNUS aHIVIMIICKMM SI3BIKOM OBLINM B3ATBI ABAa OTKPBITBIX KOPIIyCa,
TeKCTBI B KOTOPBIX pasMedeHbl 110 MeKayHapogHomy cramapTty CEFR.

Kopmyc CEFR Levelled English Texts comepsxnt 1494 TekcTa M3 OTKpBITBIX McTouHMKOB The British
Council, ESLFast u kopmryca cnn-dailymail. On ony6inkosan Ha Kaggle (https://www.kaggle.com/datasets/
amontgomerie/cefr-levelled-english-texts).

Bropoit kopmyc mosiBuiics B paMmkax copeBHoBaHuA BEA-2019 [18], mMOCBAEHHOTO MTOMCKY IPaMMATH-
yecKux ommbok. OTKphITasa YacTh KOpITyca comepskut 3 350 TekcToB, 3 300 113 KOTOPBIX pa3MeUeHbI I10 LIIKa-
se CEFR. Texctsl 6pu1n arperuposassl n3 kopmycoB Cambridge English Write & Improve u LOCNESS.

JIOTIOTHNTENIBHO IS KCIIePMMEHTOB KOpITyca 00'be IMHAINCE B ONVMH Ha60p TeKcToB. CTaTHCTIYecKue
JaHHBIE 0 KaTeropuAX TeKCTOB B KOPIIycaX IIpeCTaBJIeHbI B TadauLe 1.

O6a xopmyca MMeEIOT pasHble IPUHIUIIBI ¥ VMCTOUHMKIU COOpPKM, II03TOMY B KadecTBe II€PBIUHOIN
06paboTKN JaHHBIX ObUINM PAacCUMTAHBI 0a30Bble CTATUCTUYECKUE ITapaMeTphl: CpeJHee, MOJAIbHOe, Me-
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Table 1. Number of texts of different CEFR levels Ta6nuua 1. KonnuectBo TeKCTOB pPasnUHbIX
in corpora ypoBHein CEFR B koprycax

Kopnyc Bcero A Al A2 B B1 B2 C C1 cC2
CEFR Levelled English Texts 1494 560 288 272 491 205 286 443 241 202
BEA-2019 3300 1430 585 845 1100 631 469 770 483 287
O6BpequHeHNEe KOPITyCOB 4794 1990 873 1117 1591 836 755 1213 724 439
Table 2. Statistical indicators of the numbers Tabnunua 2. CTaTUCTUYecKmMe nokasaTenm

of words in corpora KONMYeCcTBa CNOB B KOPMycax

Kopmyc Yposenbp Cpennee 3HaueHue Moga Meamana Maxke. Mus.
CEFR Levelled English Texts ~ Bcero 424.82 125 313 2292 37
CEFR Levelled English Texts Al 97.94 123 106 307 37
CEFR Levelled English Texts A2 232.63 107 291 1222 70
CEFR Levelled English Texts B1 415.34 309 310 1628 100
CEFR Levelled English Texts B2 509.83 299 342 2668 97
CEFR Levelled English Texts C1 701.42 610 706 1669 153
CEFR Levelled English Texts C2 708.93 518 678 2292 115
BEA-2019 Bcero 188.09 194 176 1612 31
BEA-2019 Al 85.00 107 78 364 31
BEA-2019 A2 155.76 155 148 686 33
BEA-2019 B1 203.64 202 188 1046 46
BEA-2019 B2 226.58 151 199 1612 73
BEA-2019 C1 262.50 199 228 1407 44
BEA-2019 C2 271.09 209 229 1093 47

IUaHHOe, MaKCUMAaJIbHOE ¥ MUHUMAaJIbHOE KOJIMYecTBa CJIOB (Tabimia 2), M KOIMYeCTBO IIpeIoKeHIIt
B KOpIIycax (tabumuna 3).

Ha ocHoBe BbIIIeyKa3aHHBIX JaHHBIX MOXXHO OTMETUTH, YTO IT0Ka3aTenanu kKopnyca BEA-2019, Bo-niep-
BBIX, B Cpe[{HeM BBIIIIe COOTBETCTBYIoINX rTokasareiel kopiryca CEFR Levelled English Texts, a Bo-BTOpBIX,
XapaKTepU3YIOTCS MEHBIIEN Bapuauyell OqHOMMEHHBIX MHAMKATOPOB. B ganpHerleM 3Ta 3aKOHOMEp-
HOCTb MOIJIa CTaTh PaKTOPOM BIMSIHUS Ha Pe3yIbTaThl KIACCUPUKAIINIL.

2.2. Mopgean Tekcra

TexcThl MOIENMPOBAINCH KaK BEKTOPA UNMCIOBBIX XapaKTePUCTUK Ha OCHOBE HECKOJIBKIX MOJIeJIelt:

» XapaKTE€pPUCTUKI YPOBHS CMBOJIOB;

e XapaKTEPUCTUKIU YPOBH CJIOB;

* XapaKTEePUCTUKI YPOBHS CTPYKTYPHI;

« s3MOennuuru Ha ocHoBe BERT.

IlepBble Tpu MoOOeaV OCHOBAHBI HA CTATMCTUMUECKMX U JIMHTBUCTMYECKIX XapaKTEePUCTUKAX TEKCTOB.
AJITOpUTMBI I UX BBIUMCIEHUS IIpeACTaBIeHbI B IIpedbIAYIIIIX pa60Tax aBTOPOB [19, 20].

B rpynny xapaxkmepucmux ypoéHs cuUME0JI06 BOIILIN CIeAYIOIINe IeCTh CTUJIOMETPIUIECKIUX XapaKTe-
PYCTUK:

Table 3. Number of sentences in texts of different Ta6bnunua 3. Konnyectso npeasioxeHnn B TekcTax
CEFR levels in corpora pa3nunyHbix yposHei CEFR B kopnycax
Kopmyc Bcero Al A2 B1 B2 C1 C2
CEFR Levelled English Texts 36235 4572 6023 5381 7552 7344 5363
BEA-2019 35171 3109 7366 7288 6050 7044 4314
O6penuHeHME KOPIIYCOB 71406 7681 13389 12669 13602 14388 9677
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o011lee KOJIMUECTBO CMBOJIOB B TEKCTE;

YacTOThI OYKB JIATMHCKOTO andaBuTa;

YACTOTHI IOSBJIEHUS CAMBIX UACTO BCTPEUAIOIIUXCSA 3HAKOB IpeHMHAaHMs (TOUKa, 3aHITasI, JBOETO-
Yite, TOUKA C 3aHATOI, BOIIPOCUTENBHBIN 3HAK, BOCKIMLATENBHBIN 3HAK, KABBIUKY, CKOOKY, TUDE);
OTHOIIIEHIE OOIIEro KounuecTBa OyKB JATMHCKOTO axdaBnuTa K 0011eMy KOJIIMYECTBY CMMBOJIOB;
OTHOIIIEHNE OOIIero KOJMUYECTBa 3HAKOB IIpelMHaHus 0e3 yduera TOUKM K OOIIeMY KOJIMUECTBY
CUIMBOJIOB;

OTHOIIIeHNE 00111ero KoamnyecTsa 1udp K 06111eMy UnCIy CMMBOJIOB.

I'pynmna xapakmepucmux ypoeHs crnog 6plia copMupoBaHa 13 17 XxapakTepUCTHK:

KOJITYECTBO CJIOB B TEKCTE;
CpeqHsIs IUIMHA CJIOB B TEKCTE;

JIEKCUeCcKoe pasHooOpasue — OTHOIIIEHE YNCIIa PA3HbIX JIEKCEM K 00LIEeMY YNCIY CIIOB;
ABTOCEMAHTUYHOCTh — OTHOILIIEHNE UNCIIA 3HAYAINX CJIOB (KpOMe CIIy>KeOHBIX CJIIOB M MECTOVME-
HUIT) K 0011IeMY ULCITY CJIOB;

AQHAINTUYHOCTD — OTHOIIIEHME YICIIA CIIY>KeOHBIX CJIOB K O0LLeMY UUCIY CJIOB;

HeraIus — OTHOIIIEHJe CyMMbI OTPULATEIbHBIX YACTUI] K O0IIeMY UMCITy CIIOB;

CyOCTaHTMBHOCTb — OTHOIIIEHIIE UNCIIA CYIIeCTBUTEIBHBIX K OOIIEMY UMCITY CIIOB;

OTHOLIIEHVIE YCJIA CYIIeCTBUTEIBHBIX BO MHOKECTBEHHOM UIICIIe K O0II[eMY UICIY CIIOB;
[JIATOJIBHOCTD — OTHOLIIEHIE UMl BCeX IIaroAbHbIX (OpPM K 00LeMy UMCTY CIIOB;

OTHOILIEHVIE YIICJIa TIIar0JI0B B IIPOIIEAIIIeM BpeMeHN K 00IeMy UMCIIy CIIOB;

OTHOLLIEHVIE YILCJIA TIar0JI0B B HACTOSIIIIEM BpeMEHN K 00LIeMY UICIY CJIOB;

OTHOILIEHNIE YJCJIa MOJAIBHBIX IJIaroJIoB K O0ILeMy UMCITy CIIOB;

MeCTOMMEHHOCTh — OTHOIIIEHE MECTOMMEHHBIX CJIOB K O0IIIEMY UICIy CIIOB;

OTHOIIEHVIE UMCIIA IMYHBIX MECTOMMEHUII K OOLLIEMY UMCIY CIIOB;

albeKTUHHOCTh — OTHOLIIEHNE YNICIIA IPUIaraTeJIbHbIX K 00IIeMy YNCIY CJIOB;

OTHOLLIEHNE YICJIa Hapeunil K 00IeMy UUCIy CJIOB;

OTHOLLIEHVIE YICIa IPIUJIaraTeJIbHbIX M HapeUuuil B CPaBHUTEIBHOI (popMe K 06II[eMy UMCILy CIIOB.

B rpynmy xapaxmepucmuk yposHs cmpyKmypbl TOKYMEHTA BOIILIN €I UeThIpe XapaKTePUCTIKIU:

KOJIMYECTBO IIPEAJIOKEHNI B TEKCTE;

CpenHdsa IUIMHA IIpeaJIoKeHNI;

KOJIMYECTBO a03alleB B TEKCTE;

YaCTOTHI ITOABJIEHUA IIPEAJIOKEHNI, COCTOAIIMX 3 OIIpeNeIéHHOIO UNciia CJIOB (ot 1 mo 39, 40-it
[IPU3HAK BKIOYAeT B ce0s BCE OCTAIBHBIE MIPEIIOKEHIS).

Taxke BEKTOpa XapaKTEPUCTUK MAAHHBIX YPOBHEN KOHKATEHUPOBAINCH, UTOOBI IMOJYUUTH JOIIOIHI-
TeJIbHbIE MOJENN-KOMOMHAIIIN IBYX 1 TPEX YPOBHEIL.

IMmbedduneu Ha ocHose BERT cTpOWMINICH Ha OCHOBE CJIEAYIOLIMX MOJIEJIEell, OTKPBITO OITyOIMKOBAaHHBIX
Ha https://huggingface.co/:

bert-base-cased [21] — k1accuueckas s3pikoBast Moaenb BERT mist aHrImniickoro s3bika, yUUTHIBAIO-
11ast perucTp;

bert-base-uncased — kinaccnueckas si3prkoBast mogens BERT miust aHramiickoro si3pika, He YUUTHIBA-
IoIlast PeTuCTp;

bert-large-cased — yBenmuenHas s3pikoBast mofens BERT mus aHraniickoro si3pIka, yUUTHIBAIOIIAST
perucrp;

distilbert-base-cased [22] — s13p1KOBast Mogenb, 00yueHHas Ha Kiaccuueckoit mogenu BERT u nmero-
I1asi MEHbIINI pa3Mep;

DeepPavlov/bert-base-cased-conversational — s13p1k0Bast MOfeb Ha OCHOBE KJIACCUUECKOI MOIEIN
BERT, qoo6yueHHast Ha TEKCTaxX U3 COLMATIBHBIX ceTell u borax;
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« Intel/bert-base-uncased-mrpc — si3p1KOBast Mogenb Ha ocHOBe Kiaccuueckoit momenu BERT, noo6y-

uenHas Ha Kopiryce GLUE MRPC.

BERT-sm0ennuuru Gbuty BBIOpAHBI, IOCKOJIBKY MMEHHO 3Ta SI3BIKOBAst MOJENb B HACTOSIIlEE BpeMs
DOCTUTAEeT JIyUIINX Pe3yJbTATOB B Pa3jIMUHBIX 3afavax 0OpaGOTKM TEKCTOB HAa €CTECTBEHHOM SI3BIKE.
IlepBble ueThIpe MOMENN 3 CIICKA BBIIIE IIPEACTABISIOT co00it Bapmarun kinaccudeckoro BERT, a maras
n rrecras — BERT, mooOyueHHBI Ha COBpEMEHHBIX AHIVIOS3BIUHBIX HTEPHET-TEKCTAX.

Takum o6pa3oM, B UCCIETOBAHU CPABHUBAIICH HECKOJIBKO BEKTOPHBIX MOJEJIEN TEKCTa: CTIIIOMET-
prueckue TpéX ypOoBHEI BMeCTe ¢ UX KOMOMHAIMAMY U MOZeENN Ha OCHOBE LIeCTV TUIIOB 9MOeqIIHTOB.
Kasx[plil TeKCT IMpeacTaBiIsiICa KaK BEKTOP UMCIIOBBIX XapaKTEPUCTUK, BBIUMCIEHHBIX Ha OCHOBE OIHOII
U3 MoJeJiei.

2.3. Kuaccupmkammsa TeKCTOB II0 YPOBHIO

IToce MomenMpoBaHMA KOPITyC TeKCTOB IIPEICTAaBIIAT COO0I MAaTPUIy BEKTOPOB UMCIOBBIX XapaKTe-
puctuk. Kaxxmomy TekcTy (BEeKTOpY) COIOCTABIIATIACH KATETOPUsl, COOTBETCTBYIOIIAs OHOMY M3 YPOBHeII
BiIafeHNd A3bIKoM. Kitaccndmkanma sTux JaHHBIX IIPOBOJNIIACEH C IIOMOILBI0 00yd4aeMbIX METOIOB ABYX
THUIIOB: KJIACCU(IKATOPBI MAIIMTHHOTO 00yUeHNs M HelpoceTeBble KIacCu(pUKaTOPHI.

ITepen xnaccudmramnmes KOPIyc TeKCTOB OBLIT pa3/IesIéH Ha 00yJaoIIy0, BAIMAAMIOHHYIO I TECTOBYIO
BbI60pKI/I B nponopunu 80 %/10 %/10 %. BanupannonHas BLIGOpKa JICIIOJIb30BaJIach OJIs Hon6opa TUIIEP-
IapaMeTpoB.

Kiaccudukanms BeKTOPOB CTIIIOMETPUUECKUX XapaKTePUCTUK IIPOBOAIIIACH HAa OCHOBe OMOIMOTEKN
mammaHOro obyuenus scikit-learn (https://scikit-learn.org/stable/index.html). BaszoBbre anropurmbr mMa-
LIMHHOTO 00yUeHNs ONMMPAIOTCSA VICKIIOUNUTEIBHO Ha IpeJOoCTaBIeHHbIe TaHHbIe I3 KOPIIYCOB, 13-3a YeTO
MOTYT CHa0XKaTh IPOTMBOPEUNBBIMI ITOKA3aTeIAMI M He JaBaTh CTOIPOLIEHTHOM TOUHOCTH IIpe/IcKa3a-
Huit. BMecTe ¢ TeM HamGoJlee YCIIEIITHBIMY B paboTe CTaJIn:

« SVC (Support Vector Classifier): knaccupurarop, GyHKIMOHNPYIOIINIT HAa OCHOBE METOAA OIIOP-

HBIX BeKTOpoB. Cpeny rumepriapaMeTpoB BBIOpaHBI: IIapaMeTp Peryisauuy — 1, mapameTp faapa —
0.1, yHKUMS gapa AuIs IpeoOpa3oBaHMs IIPOCTPAHCTBA ab3alieB — JIMHEIIHOe IAPO (OCYILeCTBIIeT-
cd JIMHeITHasg KOMOMHANMA IIPU3HAKOB).

+ SGDClassifier (Stochastic Gradient Descent Classifier): kiaccugukaTop, OCHOBaHHBIN Ha CTOXACTU-
UeCKOM TpafMeHTHOM cIrycke. ['umeprnapaMeTphl: HauaJlbHOE COCTOSHIE TeHepaTopa CIydaifHbIX
ynces — 42, mapamerp peryisanun — 0.001, koadduimeHT cMernBaHus peryiasropos L1 n L2 — 0.75,
MaKCHMaJIbHOE UJICJIO UTepaluil rpagueHTHoro ciycka — 10 000.

+ LogisticRegression: kiaccugukaTop, KOTOPBII MCIIOIb3yeT JIOTUCTUUECKYI0 QYHKIIO IS MOMEIN-
pOBaHMA BEPOATHOCTH MPUHAAJIEKHOCTY TOUKH K ONpeeIeHHOMY Kiaccy. basoBeiMu apryMeHTa-
MM CTaJIM: OOpaTHBIN K03hdUumeHT peryaiumuy — 1, MakCuMaJIbHOe KOJIMUecTBO mrepauuii — 100,
bYHKUMA perynsauuu — rpeOHeBast perpeccys, aITOPUTM onTuMusanyu — Metox HeloTona-Kona.

Hna xnaccuduxanym pesyiasratoB BERT-Momesteit 1cIionb3oBaics 0qHOCIONHBIN IepIeNTPOH, 00b-
eIMHEHHBII B O0LLYI0 HEJIPOHHYIO CeTh ¢ TpaHCHOpMepOM IS A3BIKOBOI Mofeu. 'neprapamMerpsl ObI-
T BBIOpaHBI CIeqyrole: GYHKINU aKTUBAIMM B BEIXOJHOM CJIOe — JIMHeHad, onTuMusarop — Adam,
pasmep GaTua — 5.

[Ipenckasanms Kiraccu@UKaTOPOB OLEHMBAIICH TPV IOMOINY OOIIENPMHATBIX METPUK: TOUHOCTH,
NOJHOTHI 1 F-MeprI.

3. JKcmepMMeHTHI

Texcrol K1accnPpUUMPOBATINCH HECKOIbKUMU criocobamu: Ha Bee mrects ypoBHett CEFR (A1, A2, B1, B2,
C1, C2), ua tpu yposus CEFR (A, B u C) u Ha maps! nogyposaeit Al u A2, B1 u B2, C1 u C2. Ilepssie nBa
BapMaHTa MO3BOJIAIOT OLeHNTh 3((HEKTUBHOCTh MOJENeNl B PellleHNN OCHOBHOI 3aqauyl MCCIeqOBaHMS,
a TpeT!it Hy>KeH AJIS TOTO, UTOOBI IIPOaHANM3MPOBATh OCOOEHHOCTY PACIIO3HABAHNS OTHAENbHBIX YPOBHEIL.
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Table 4. Text classification by 6 levels using Ta6nuua 4. Knaccndumkaumsa TeKCToB Ha 6 ypoBHel
machine learning C MOMOLLbI0 MALLMHHOIO 0By4YeHns
Kopnyc Knaccudukarop Tounocts Ilomnora F-mepa
CEFR Levelled English Texts Support Vector Classifier 68 68 67
CEFR Levelled English Texts Stochastic Gradient Descent Classifier 64 66 64
CEFR Levelled English Texts Logistic Regression 68 68 67
BEA-2019 Support Vector Classifier 40 40 39
BEA-2019 Stochastic Gradient Descent Classifier 38 40 37
BEA-2019 Logistic Regression 40 41 39
O6BequHeHNEe KOPITyCOB Support Vector Classifier 47 47 46
ObrpenuueHMe KOPIIyCOB Stochastic Gradient Descent Classifier 42 45 42
O6BenuHeHe KOPITYCOB Logistic Regression 46 46 45
Table 5. Text classification by 6 levels with BERT Ta6bnuua 5. Knaccndumkaumsa TeKCToB Ha 6 ypoBHeli
c BERT
Kopmyc Mopens Tounocts IlomHora F-mepa
CEFR Levelled English Texts bert-base-cased 69 69 69
CEFR Levelled English Texts bert-base-uncased 67 64 64
CEFR Levelled English Texts bert-large-cased 68 66 67
CEFR Levelled English Texts distilbert-base-cased 65 62 62
CEFR Levelled English Texts bert-base-cased-conversational 69 68 68
CEFR Levelled English Texts  Intel/bert-base-uncased-mrpc 63 61 61
BEA-2019 bert-base-cased 47 42 42
BEA-2019 bert-large-cased 51 48 49
BEA-2019 bert-base-cased-conversational 49 47 47
O6benuHeHNe KOPITyCOB bert-base-cased 51 50 50
O6penuHeHME KOPIYCOB bert-base-cased-conversational 46 47 46

Pesymprarh! Kiaccugukanmy TeKCTOB Ha LIECTh YPOBHEN BIaJeHUS A3BIKOM C IIOMOIIIBIO aJITOPUTMOB
MaIIVHHOTO 00yUeH s IOy UIIIICh HeBBICOKMMI. Pe3yipTarhl sKCIIepuMeHTOB IIpNBeeHbI B Tabauie 4.
HamnGoee ycmerrso ¢ pa6oToii cripaBuics kiaccudukarop soructuueckoii perpeccun (LogisticRegression).
IIpu arom knaccmdukamus texkctoB u3 xopmyca CEFR Levelled English Texts mpoxommna Ha mopsmox
yCIIelIHee KIaccupUKaumy CMeXHBIX KOPIycoB: 67 % F-MepsI 1o cpaBHeHMIO ¢ 39 1 45 % y kKoprrycoB BEA-
2019 1 00'beIMHEHHOTO COOTBETCTBEHHO.

Bonburyo pois B ycrexe pabGoThI aIrOpMTMOB UTPAJIN IPUHINIIBI BEKTOPU3ALIYL JAHHBIX: UeM GOJIbIIIe
HIOAQHCOB $I3BIKA M JIMHTBYCTMUECKUX OCOOEHHOCTEI YUMTHIBATIOCH NP pacuéTe UNMCIOBBIX ITAPaMETPOB,
TeM BbIlle ObuIM uTOrM Kinaccudukanuy. [logoOHas 3aKOHOMEPHOCTh YKa3bIBaeT Ha HalMuMe B S3bIKE
HesIBHBIX, HO (POpMan3yeMbIX KPUTEPUEB.

Pacmmmpennas xnaccudukarms rekcros npu oMot BERT naér mokasarenu Ha 1-3 % Bbllile II0Ka3a-
TeJIell I aITOPUTMOB MAaIlIMHHOTO o0ydeHus. Pesyiprarsl skcniepuMmenToB BERT npuBeneHs! B TabIm-
e 5. JIyumre Bcero paspmessaoTcsa Ha Kareropuu tekctsl u3 kopiryca CEFR Levelled English Texts mpu mo-
mou kiaccuueckoir mopeny BERT: 69 % F-mepsl. Vicrionb3oBaHMe Bapyanyii JaHHOI I3bIKOBOM MOJEIIN,
B TOM uyIcJie OOJIBIIIeN] II0 pasMepy U JOOOYUeHHBIX BepCuUil He NaéT yIyUIlleHNs KauecTBa.

Kiaccudukannms tekcroB BEA-2019 Beimonnsercs ¢ F-mepoit He Gosee 49 %, 00beAMHEHHBIT KOPITYC
TaKKe KilaccupuuupyeTcs B JIyUllleM cliydae ¢ MeTpUKaMy okoio 50 %. B tabauue 5 npusenenst BERT-
MOJeJN, Jalolye JyUIlIle pe3yIbTaThbl SKCIIePUMEHTOB.

Ha puc. 1 mpencraBieHbl MaTpUIIbl OIIMOOK A1 KitaccumKamy o00ux KOPIIycoB ¢ ITIOMOIIbI0 bert-
base-cased. Ha puc. 2 mpencraBieHbl COOTBETCTBYIOLIME MATPUI(BI OMIKMOOK AN KiIaccupuKaimu ¢ Io-
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a b)
Fig. 1. Number of errors of the model Puc. 1. KonnyectBo ownbok mogenn bert-base-
bert-base-cased for the corpus a) CEFR Levelled cased ans kopnyca a) CEFR Levelled English Texts,
English Texts, b) BEA-2019 b) BEA-2019

10

Al 4 0 1 0 0 o o

Bl4 0 3 o

B2 o 2 3

Clq o [ o

21 o o ]

Al v] Bl [ Al -v] Bl B2 c1 c2

a) b)
Fig. 2. Number of errors of the classifier Logistic Puc. 2. KonnyectBo owmnbok knaccnurkatopa
Regression for the corpus a) CEFR Levelled English LogisticRegression ansa kopnyca a) CEFR Levelled
Texts, b) BEA-2019 English Texts, b) BEA-2019

MOIIIBI0 METOJa OIIOPHBIX BeKTOpOB. Ilo BepTMKanmym yKa3aHbl KOPpEKTHBIE YPOBHU BIAfEHNUA SA3BIKOM
IS TEKCTOB, a TI0 TOPU30HTAIN — YPOBHI, 32 KOTOpbIE 9TI TEKCTHI ObLIN MPUHATH ommbouHo. Ha rias-
HBIX IMaroHAJIAX YCIOBHO OTMeUeHbI Hynu. BuiHa o0111as 3akOHOMEpPHOCTh: KJIACCU(IKATOP Uallle Ty TaeT
MeXay coboit coceHIe YPOBHI, a TEKCTHI, CUJIBHO OTJIMYAIOLINECS I10 YPOBHIO BIafeHNs I3bIKOM, OTHe-
JIAIOTCA APYT OT APyTa XOPOIIIO.

IIpn pabGore ¢ METOZOM OIIOPHBIX BEKTOPOB MeEHbIIIEe BCEro OMIMOOK 0Kas3anioch NI IOTypoBHI Al.
Yaiiie Bcero ¢ HUM IIyTaercs mogyposeHb A2. B To Bpems kak npu pa6ore ¢ BERT meHblire Bcero omm6ok
okasasiock ang nopyposHa C2. Ilomyposens C1 myTaetcs varie Bcero ¢ C2. CooTBeTCTBYIOIIME MaTPIIIBI
OLIMOOK Y paccMaTpMBaeMbIX KIAcCU(PUKATOPOB OKAa3alINCh 0OpaTHO CUMMETPUYUHBI.

IMoguepkmBaer mociemHee yTBepKeHMe U 3aKOHOMepHOCTh uckiaioueHuit B kopmyce CEFR Levelled
English Texts: misa BERT mogypoBHM A CMeIIMBAIOTCS C COCETHUMIU peske, ueM nonyposuu C; mis Kirac-
cUKATOPOB, OCHOBAHHBIX Ha CTMJIOMETPUUECKIUIX XapaKTepUCTUKAX, IIOAYPOBHI A CMELINBAIOTCSI C CO-
CeHMMM yaile, yeM nopyposuu C.

B kopmryce CEFR Levelled English Texts omrm6xu cocpegoToueHs! B IepBYI0 ouepens B Kiaaccudurarmn
map nonyposHeti. IlogypoBun Al m A2 cMelImMBaroTCSI IIPAaKTUUECKM TOJIBKO Mexny coboit, C1 um C2
Jalre IpMHIMAIOTCI OPYT 3a Apyra, yeM 3a apyrme noxypoBHH. IlomypoBru Bl m B2 Toxke myrarorcs
Mexay co6oit, Ho kak 1 C1, OHU TaKkKe UacTo OIINO0UHO KIACCUPUIUPYIOTC.

B kopnyce BEA-2019 om0k To)Xe KOHLEHTPUPYIOTCA B 00JIACTM IIOAYPOBHEN, OOHAKO Kiaccudu-
KaTOpbI MaIlIMHHOTO 00yUeHNs CIPaBISIOTCS C BbIAeJIeHIEeM YPOBHS B 1 ero momypoBHAMU SBHO XyKe.
daKTMUeCKN OHU He CIIOCOOHBI K KOPPEKTHOMY BBIIEJICHNIO XapaKTepUCTUK CTyIIeHn B.
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Table 6. Text classification by 3 levels using
machine learning

Ta6nuua 6. Knaccndumkaums TeKCTOB Ha 3 ypOBHS
C MOMOLLIbIO MaLLUVHHOMO 0byYeHus

Kopmyc Knaccudukarop Tounocts Ilomnora F-mepa
CEFR Levelled English Texts Support Vector Classifier 920 920 90
BEA-2019 Logistic Regression 63 64 63
O6BennHeHe KOPITYCOB Support Vector Classifier 69 68 68

Table 7. Text classification by 3 levels with BERT

Ta6nuua 7. Knaccndumkaums TeKCTOB Ha 3 ypOBHS

c BERT
Kopmyc Mopens Tounocts IlonHora F-mepa
CEFR Levelled English Texts bert-base-cased 100 100 100
BEA-2019 bert-base-cased 100 100 100
O6rbenuHeHMEe KOPIIYCOB bert-base-cased 100 100 100

Table 8. Text classification by sublevels using
machine learning

Ta6nuua 8. Knaccndukaums TekcTos
Ha NOAYPOBHU C MOMOLLbI MALLMHHOMO 06yYeHus

Kopmyc IlopypoBau Tounocts IlonHotra F-mepa
CEFR Levelled English Texts Al u A2 73 71 70
CEFR Levelled English Texts B1u B2 75 73 72
CEFR Levelled English Texts CiluC2 82 82 82
BEA-2019 Alu A2 74 74 74
BEA-2019 B1 u B2 65 64 59
BEA-2019 CluC2 59 58 59
O6penuHeHMEe KOPIIYCOB Alu A2 81 81 81
O6benyHeHNe KOPITyCOB B1u B2 69 66 63
O6penuueHMEe KOPIIYCOB CluC2 75 71 66

Table 9. Text classification by sublevels with BERT Ta6nuua 9. Knaccndukaums TekcTos

Ha noaypoBHu ¢ BERT

Kopmyc IlopypoBuu Tounocts Ilomnora F-mepa
CEFR Levelled English Texts Al u A2 79 78 78
CEFR Levelled English Texts B1uB2 73 73 72
CEFR Levelled English Texts ClucC2 73 73 73
BEA-2019 Alu A2 76 75 75
BEA-2019 B1 n B2 63 61 60
BEA-2019 CluC2 55 55 49

O6menuHeHMe TaHHBIX Ha Oosee oOIye ypoBHU BiameHus s3bikoM: A, B u C, cuinpHee oTpaskaer
paspsIB B KauecTBe paboTel kiaccugukaropos. [Ipu paGoTe ¢ aJropurMaMy MAIIMHHOTO O0y4eHMS Mak-
CUMAaJBHBIN 1oKasaresns F-mepst mocturaer 90 % mnst kopryca CEFR Levelled English Texts. [{ns xopmyca
BEA-2019 mokasarenu Tak 1 ocTaiorcsa Huskumu: F-mepa 63 %. Ilokasatenn orpaskeHbI B Tabauie 6.

Wnentnunoe 0606111eH1e TOKa3aTeel Ipy uconb3oBanuu 1106071 BERT-mopmenn mosBossier 1octnub
100 % xauecTBa pasnnueHys YpOBHeil. ITo mitocTpupyercs Tadbanueit 7. Takum o6pasom, BERT-momenn
OIIpeeJIAI0T YPOBEeHb A3bIKa A, B mnu C 0lHO3HAUHO, YTO COUeTaeTCsA C Pe3yJIbTaTOM aHAIN3a OLINOOK.

Knaccudukanus Ha mogypoBHM MOAEIIMI MaIlIMHHOTO 00yUeHNs IIpecTaBieHa B Tabnuile 8. B xop-
nyce CEFR Levelled English Texts myuirie Bcero pasgenstorcs ypoBau C1 n C2: 82 % F-mepsl, a B kopmryce
BEA-2019 A1 u A2: 74 % F-mepn1. KauecTBo fmeieHMst TEKCTOB Ha MOAYPOBHM HAUAIBHOIL CTyIE€HU B 060-
X KOpIycax IpakTudecKy uageHTnuHo. CIIbHOe pasinyne B okasareiax F-Mepbl He MaéT KOHKPETHOM
3aBUCUMOCTY KauecTBa paboThI aITOPUTMOB OT 00BEMa JaHHBIX.

211



Lagutina N.S., Lagutina K. V., Brederman A. M., Kasatkina N. N.

Knaccuduranms kaxxgoro us Tpéx ypoBHeit Biragenus 13bIkoM A, B u C Ha mogypoBHU 1 U 2 MOZEJIBIO
bert-base-cased mpencrasnena B tabmmiie 9. Jlyuire Bcero paspmensiorcs ypoBuu Al m A2: 75-77 % F-
mepsbl. Paznmnuenue yposaeit Bl u B2, C1 u C2 mo kauecTBy GaM3KO K pe3ysibrataM KiIacCUDUKALINU
Ha 11ecTh ypoBHetl. Clie1oBaTebHO, OIIMOKY MMEHHO B KIACCU(PUKALIMI NAHHBIX KATETOPUIT IPUBOIIT
K HEBBICOKOMY KaueCTBY MYJIbTMKIIACCOBOI KIacCU(MKAIMN U3 IIEPBBIX SKCIIEPIIMEHTOB.

HomonHuTeIPHO OBLI IpoBenéH aHanms 20 acce, HanmcaHHbIX crygeHTamu SApl'Y um. I1. I'. lemnposa.
Mopens bert-base-cased criporaosuposana ypoBens A mist 19-tu pador u C qis ogHoit pabotst. Bepudu-
Kauys pe3yJIbTaToB 9KCIIepTOM fayia GopManbHyIo olfeHKY F-Mepsl 91.4 %. ITOT 9KCIIEPUMEHT [TI0KA3bIBAET
00HaEKMBAIOIIE IIePCIEKTMUBBI IIPAKTINIECKOTO PUMEHEHNS CICTEMBI aBTOMATIUECKOTO aHaIN3a 3cce
Ha ocHoBe mogenu BERT.

3akiroueHme

B maHHOI cTaThe pacCMOTPEHBI BEKTOPHBIE MOMEIIN TEKCTA HAa OCHOBE UJICJIOBBIX XapaKTePUCTUK YPOB-
HsI CIMBOJIOB, CJIOB, CTPYKTYPBI IIpeaIokeHns, a Tak xe ambennuuros BERT. Cucremarusanus n aHauus
Pe3yJIbTaToB II03BOJIAIOT CAEJIATh HECKOIBKO BBIBOJOB. Bo-IIepBHIX, IEpBEHCTBO 10 KaUeCTBY Kilaccuduka-
uuu tekctos 1o yposHaM CEFR sanumaer mogens BERT. IIpu nporunosuposanuu tpéx yposHeit A, B u C
F-mepa nocturaer 100 %, mpu Knaccmbmxaumm Ha 11ecthb oT Al no C2 Taxxe HaOI0maeTcs IIPENMYILIECTBO
Iepej CTAaHTAPTHBIMY METOAaMIM MAIIMHHOTO o0yueHUs. Bo-BTOphIX, OCHOBHBIE OMIMOKY Kiaccuduka-
LN JOIIyCKAIOTCSA MEXAY COCeIHMMI YPOBHSMI, UTO BIIOJIHE OOBICHMMO C TOUKM 3PEHVS IIpeIMeTHOI
obmacTu. B-TpeThux, KauecTBO Ki1acCUMUKAIMIM CUIBHO 3aBMCUT OT KOPIIyca TEKCTOB, UTO IIOKA3BIBAET
CyILIecTBeHHOe pasimune F-Mepbl 1 0MHAKOBBIX MOJeJIel TeKCTa, HallpuMep, Mofelb bert-base-cased
obecneunBaer 69 % mist kopuyca CEFR Levelled English Texts u Bcero 49 % o BEA-2019.

PaccmoTpeHHBIe UKCIIOBBIE XapaKTEPUCTUKI He JICUepIIbIBAIOT BCe COBpeMeHHEBIe JOCTYIIHbIE CpefCcTBa
MOJeJIMPOBaHMS TeKCTa. B kauecTBe IEPCIIEKTUBBI MCCIENOBAHNII aBTOPhI X0Tean ObI 00paTUTh BHUMA-
HIfe Ha pa3paboTKy QOIIOTHUTENBHBIX IAPAMETPOB, OTPAXKAIOIINIX CJIOKHbIE IMHTBUCTIUECKIIE TApaMeTPhI
CTPYKTYPBI TEKCTa 11 €T0 CEMaHTMKU. JTa 3afava TpeOyeT IMpMBIeUeHNA SKCIEPTOB B 00JIACTI A3BIKO3HA-
HUS M IIefaroruky. Tak jke MHTepeCHO MOIYUYUTEH pe3yIbTaT KiacCUPUKAIMY AT KOMOWHAIMN TaKUX
XapaKTepUCTUK ¢ 6oJIee IPOCTHIMIY, B TOM UMCJIE C PA3IMUHBIMY MO IHTaMIL.
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Kiraccuueckast meyKTuBHas BepuuKanys He OpMEHTIPOBAaHA Ha NOKa3aTeJbCTBO HEKOPPEKTHOCTM IporpaMm. [oka-
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uyu. C qpyTroit CTOPOHBL, NCIIOIb30BAHNE KIACCUUECKOT0 IOAX0a TpebyeT B 0011eM cilyuae 3aJaHusI MHBAPUAHTOB LMK~
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pexypcuBHbIX (yHKIumit. Hamra jornka ocHOBaHa Ha CIELMAJbHBIX IIPaBIJIaX BBIBOAA MJIS (PMHUTHBIX UTepaL(mil. ITu
IpaBmiIa II03BOJISIOT BBHIBOANUTH (GOPMYIIBI C IIPUMEHEHUIMI PEKYypPCUBHBIX (PYHKINIL, COOTBETCTBYIOIINX UHUTHBIM
nreparysM. VcTHHOCTD 3TUX (opMyJI MOXKET O3HA4YaTh Hauuuue OUIMOOK B (MHUTHBIX UTeparusax. [JaHHas JIOTUKa
ObLTa peajn3oBaHa B HOBOI Bepcuyu Iporpammuoit cucrembl C-lightVer mius menykrtmBHOM BepuduKaium IIporpaMm
Ha sa3bike C.

KiroueBble ciroBa: JefyKTUBHas BepuQUKaIsg; JIOTMKa Xoapa; JIOKAIM3alus OILIMO0K; HEKOPPEKTHOCT IIPOrPaMM;
VHBapMaHT LuKIa; puauTHas nrepauus; C-lightVer; ACL2
MHPOPMAIIMA Ob ABTOPAX

IOmurpuit Anexcanaposuu | orcid.org/0000-0002-9387-6735. E-mail: apple-66@mail.ru
KoHppaTheB | HayuHBIN COTPYAHMK, KAHAMOAT (p113.-MaT. HAYK.
aBTOP [UIs KOPPECTIOHIEHIIUN

s muruposanus: D. A. Kondratyev, “Logic for reasoning about bugs in loops over data sequences (IFIL)”, Modeling and analysis
of information systems, vol. 30, no. 3, pp. 214-233, 2023.

© Konpgpartses [1. A., 2023
Jra crarks oTKphITOro pocrymna nox jurensueir CC BY license (https://creativecommons.org/licenses/by/4.0/).

215


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2023-3-214-233
https://orcid.org/0000-0002-9387-6735
mailto:apple-66@mail.ru
https://creativecommons.org/licenses/by/4.0/

Kondratyev D. A.

Introduction

Deductive verification allows reasoning about program correctness [1]. Classic deductive verification
is based on Hoare Logic (HL) [2-4]. Hoare Logic for a particular programming language contains a set of
correct inference rules and axioms for all programming constructs. This set is referred to as the axiomatic
semantics of programming language. Verification conditions (VC) are the result of the application of infer-
ence rules to an annotated program. The validity of the verification conditions means the correctness of the
annotated program.

Classic deductive verification is not focused on reasoning about program incorrectness. Reasoning about
incorrectness using formal methods is an important task nowadays [5, 6]. Special logics such as Incorrect-
ness Logic (IL) [6-8], Adversarial Logic (AL) [9], Local Completeness Logic (LCL) [10, 11], Exact Separa-
tion Logic (ESL) [12], Outcome Logic (OL) [13] and Hyper Hoare Logic (HHL) [14] have recently been
proposed to address it. However, these logics have two disadvantages. One is that they are based on the
under-approximation approach, while classic deductive verification is based on the over-approximation ap-
proach [12]. The disadvantage of the under-approximation approach is the following inference method: for
correctness reasoning, you have to forget information as you go along a path, but you must remember all the
paths; for incorrectness reasoning, you must remember information as you go along a path, but you have
to forget some of the paths [7]. One the other hand, the use of the classic approach requires defining loop
invariants in a general case. Let us note that loop invariant problem can be solved in the cases of certain
kinds of loops [15-17]. The second disadvantage is that the use of generalized inference rules from these
logics results in having to prove too complex formulas in simple cases [6].

We have proposed a new logic to address these problems in the case of loops over data sequences. The
development and implementation of our logic is based on the use of the following existing methods and
tools:

« The core of Hoare logic [2-4]. The inference rules in our logic correspond to the classic form of
inference rules proposed in Hoare logic. Our logic may be considered as a special version of Hoare
logic for reasoning about the incorrectness of finite iterations.

« The symbolic method of verification of finite iterations [17]. This method is applied to a special
kind of loop, finite iterations. The core of this method is a symbolic replacement of finite iterations
with special recursive functions. This method allows us to avoid defining invariants in the case of
finite iterations.

+ The memory model of two subsets of C programming language, C-light and C-kernel [18,
19]. This semantics uses the memory model based on the MeM and MD functions. MeM maps an
object’s name to its address, and MD maps an object’s address to its value. This memory model is
insufficient for reasoning about low-level memory operations, but allows proving properties of simple
programs with pointers. However, the other part of C-light and C-kernel semantics is excessive for
us; for example, so are special functions for modelling types or the inference rule for goto statement.

+ The mixed axiomatic semantics method [20]. The goal of this method is to simplify verification
conditions. This method is based on context-based inference rules. For example, many C variables are
Pascal-like variables, i. e., the address-of and dereference operators are not applied to them. For the
“Pascal” context, semantics based on a simpler schema including only one map of variable names to
values is used.

+ The C-lightVer tool [21, 22]. This is a system for C program deductive verification. The main advan-
tage of this system is the implementation of the symbolic method of verification of finite iterations.

« The ACL2 theorem prover [23]. The ACL2 tool is used as a theorem prover in the C-lightVer system.
Applicative Common Lisp (ACL) is the input language of the ACL2 system. Thus, C-lightVer system
generates verification conditions written in ACL. The advantage of ACL2 system is a special logic based
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on computable recursive functions. It allows ACL2 to automatize proving verification conditions with
the use of recursive functions corresponding to finite iterations.

+ The algorithm of the generation of recursive functions corresponding to loops [21, 22, 24].
This algorithm is based on a translation of the loop body to the definition of a recursive function
written in the Applicative Common Lisp language. This algorithm was implemented in the C-lightVer
system.

« Strategies for proving properties that may indicate possible errors [21, 22]. Our logic has been
inspired by these strategies. These strategies are checking the validity of certain properties of finite
iterations. The validity of these properties may indicate the presence of bugs in the input annotated
program. The properties of the loops are generated as formulas with recursive functions corresponding
to finite iterations. The proven formulas are added to the underlying theory as lemmas about the loops.
Some lemmas may indicate the presence of bugs in the loops. These lemmas may be considered as
unsafe properties of loops. The following strategies have been suggested:

1. Try to prove property that checks whether break is always executed at the first loop iteration.
2. Try to prove the property that checks whether assignments to array elements in the loop body
exist and array elements after the loop execution are identical to the array elements before the
loop execution. These assignment statements may be never be used in this case.
These strategies generate implications where the premises are the loop preconditions and the conclu-
sions are the properties of the recursive functions corresponding to finite iterations. However, this
approach has two disadvantages:
1. The user of the verification system should define a loop precondition such that it is sufficient to
prove the properties of the finite iterations.
2. Only two loop properties are checked using these strategies.
Our logic is focused on the solution of these problems. First, our logic allows us to obtain loop pre-
conditions using inference rules. Second, our logic allows us to define more general properties of the
loops.

+ Strongest postcondition calculus [2]. This approach is used to transform precondition of a given
program to generate the strongest postcondition of this program. This approach allows us to obtain
the loop precondition in our logic.

Our contribution is a logic for reasoning about bugs in loops over data sequences. This logic was imple-

mented in the new version of the C-lightVer system.

This paper has the following structure. Preliminary information is provided in Section 1. The contribu-

tion of this paper is described in Section 2. The experiment demonstrating the application of our logic is
described in Section 3.

Related works. The idea of Partial Incorrectness Logic (PIL) has been presented in the paper [25]. Let us
note that Partial Incorrectness Logic is based on the same inference method (strongest postcondition cal-
culus) as our logic. However, Partial Incorrectness Logic is applied to nondeterministic programs whereas
our logic is applied to deterministic programs. Besides the aforementioned Incorrectness Logic (IL) [6-8],
Adversarial Logic (AL) [9], Local Completeness Logic (LCL) [10, 11], Exact Separation Logic (ESL) [12], Out-
come Logic (OL) [13] and Hyper Hoare Logic (HHL) [14], there are more practical approach to finding bugs
using formal methods. The use of a counterexample generated by an SMT solver for error localization was
described in [26]. However, analysis of the counterexample can be fairly complicated, which was demon-
strated in [27]. Constrained Horn Clauses (CHCs) [28] allow reasoning about program properties; however,
this approach requires defining special proving strategies in the case of real-world programs. Bounded ver-
ification described in [29] is based on loop unrolling without using loop invariants. But efficiency of this
strategy depends on how many iterations are chosen to be unrolled. The approach [30] based on the deduc-
tive verification of the program with a mutation in the conditions of the if statements and while loops was

217



Kondratyev D. A.

implemented in the Frama-C tool [31]. However, this approach requires that loop invariants to be defined.
Model checking based on k-induction has been implemented in the ESBMC tool [32]. However, the efficiency
of this approach depends on finding inductive invariants. Model checking based on counterexample-guided
abstraction refinement (CEGAR) has been implemented in the CPAchecker tool [33]. However, the efficiency
of this approach depends on the efficiency of a reachability analysis. The approach based on symbolic execu-
tion has been implemented, for example, in the CPA-SymExec tool [34] and in the KLEE tool [35]. However,
this approach depends on the efficiency of constraint solvers in reasoning about path feasibility.

1. Existing methods and tools that we use to develop and implement our logic

To develop and implement our logic, we used the following methods and tools: the core of Hoare logic [2-
4], the symbolic method of verification of finite iterations [17], the memory model of two subsets of C
programming language (C-light and C-kernel) [18, 19], the mixed axiomatic semantics method [20], the
C-lightVer tool [21, 22], the ACL2 theorem prover [23], the algorithm of generation of recursive functions
corresponding to loops [21, 22], strategies for proving properties that may indicate possible errors [21, 22]
and the strongest postcondition calculus [2].

1.1. The core of Hoare logic

Deductive program verification is applied to the Hoare triple. The Hoare triple has the following form:

{P} S {0},

where

« P is the precondition (logical formula);

« S is the program (sequence of program statements);

« Q is the postcondition (logical formula).

Deductive program verification is an automatic derivation of valid (partially correct) Hoare triples. The
partial correctness [2-4] of the Hoare triple means that if the precondition is true before the execution of a
program fragment and if its execution terminates, then the postcondition is true upon its completion.

The inference rule has the following structure:

P
where
« U1,...,, are premises (Hoare triples and logical formulas);
« ¢ is the conclusion (Hoare triple).
This notation means that ¢ is derived from ¢y,...,,,. As an example, let us consider the classic inference rule
for the while loop:

(P} prog; {I}, {IAB}S{I}, [A~B — 0
{P} prog; while BinvIdoS {Q}

where [ is the loop invariant.

It is necessary to use induction to derive the Hoare triple for the while loop. The induction statement in
this case is called the loop invariant: this statement is true before the loop execution, true after each loop
iteration, and ensures the correctness of loop exit. If the loop has a general form, it is necessary to define
the loop invariant.

The syntax-driven axiomatic system (i. e. the one that contains inference rules for all syntax constructs
of the programming language) is called Hoare logic or axiomatic semantics.
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1.2. The symbolic method of verification of finite iterations

Given that memb(S) denotes the multiset of elements of a data sequence S and empty(S) = true if
|memb(S)| = 0, let us define two functions:

1. choo(S) returns an arbitrary element of memb(S), if —~empty(S).

2. rest(S) = S’, where memb(S’) = memb(S) \ {choo(S)}, if —empty(S).

A finite iteration corresponds to the form:

for x in S do v := body(v, x) end,

where
« S is the data sequence;
« x is the variable of type “element of S”;
« o is the tuple of the loop variables excluding x;
« body represents the loop body which does not alter x and terminates for every x € S.
Let vy denote the initial values of variables from ov. Let us define replacement operation rep(v, S, body) for
this loop:
1. if empty(S), then rep(vy, S, body) = vy.
2. if mempty(S), then

rep(vy, S, body) = body(rep(vy, rest(S), body), choo(S)).

The following inference rule has been suggested for a finite iteration:

{P} prog; {Q(v < rep(v, S, body))}
{P} prog; for x in S do v := body(v, x) end {Q}’
where < denotes a simultaneous substitution.

This method allows us to avoid defining invariants in the case of loops corresponding to finite itera-
tions [17].

1.3. The memory model of two subsets of C programming language, C-light and C-kernel

The C-light language [18] is a representative subset of C. The operational semantics was developed for
the C-light language. The memory model based on the MeM and MD functions is used in this semantics.
MeM maps an object’s name to its address, and MD maps an object’s address to its value.

The upd operation allows us to create a new MD map when the memory state changes. Let us define the
value of the expression upd(MD, addr, val), where MD is an address — value map, addr is an address and val
is a value. If MD contains an (adr val’) pair, where val’ is some value, then upd(MD, addr, val) differs from
MD in that ih has (adr val) instead of (adr val’). If addr is not in the range of MD, then upd(MD, addr, val)
differs from MD in that an (adr val) pair is added to it.

Let us consider axioms about MeM and MD:

1) MD(NULL) = void;

2) MeM(obj) # NULL;
3) upd(MD, NULL, val) = MD;
4) upd(MeM, obj, NULL) = MeM;
5) delete(MD, NULL) = MD;
6) (upd(MD, addr, val))(addr) = val,
7) (upd(MD, adry, val))(adr,) = MD(adr,)
if adry # adrs;
8) upd(MD, MeM(obj), MD(MeM(obj))) = MD;
9) upd(MeM, obj MeM(obj)) = MeM,
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10) (upd(MeM, obj, addr))(obj) = addr;
11) (upd(MeM, obj,, adr))(obj,) = MeM(obj,)
if obj, # objy;
12) (delete(MD, addr))(addr) = void,
13) (delete(MD, adry))(adry) = MD(adrs)
if adry # adry;
14) (delete(MeM, obj))(obj) = void;
15) (delete(MeM, obj,))(obj,) = MeM(obj,)
if objy # objy;
16) delete(upd(MD, addr, val), addr) = MD;
17) delete(upd(MeM, obj, addr), obj) = MeM.
Incidentally, because the operational semantics of C-light has an unstructured memory model, this lan-
guage does not support machine word level operations.
Since the C-kernel language [19] is a subset of the C-light language, its operational semantics is the
same as the C-light semantics. Thus, the memory model of C-kernel language is equal to memory of C-light
language.

1.4. The C-lightVer tool

The C-lightVer system is based on the classic deductive verification method [21, 22]. C-light is an in-
put language of this system. C-kernel is an intermediate verification language of this tool. The axiomatic
semantics has been defined for the C-kernel language.

At the first stage, C-light is translated into an intermediate language, C-kernel. This stage is necessary
for elimination of constructs that are complicated for axiomatic semantics. A set of formal rules is used for
this translation. For example, increment operators are eliminated by translation into pieces of code with
assignments and addition.

At the second stage, verification conditions are generated for the intermediate C-kernel program. This
process is based on the axiomatic semantics of C-kernel. Once generated, the verification conditions are
passed to the theorem prover.

1.5. The ACL2 theorem prover

ACL2 [23] is used in the C-lightVer system for proving verification conditions with the use of recursive
functions corresponding to finite iterations. There are two main advantages of the ACL2 theorem prover:
o If the formula to be proved contains a recursive function, ACL2 can automatically run proving by
induction using the definition of this function as the induction schema.
« If the underlying theory contains a theorem that can be considered as a rewriting rule, then ACL2 can
automatically apply this rule for rewriting the formula to be proved.
These features allows automatizing proving formulas with rep functions in a lot of cases.

1.6. The mixed axiomatic semantics method

The method of mixed axiomatic semantics allows using particular versions of inference rules for par-
ticular versions of program constructs [20]. Let us note that there are variables in C programs that are
used without referencing and dereferencing operators. A large number of such variables may be used in C
programs. A simpler memory model may be used for such variables than the one based on MeM and MD.
Therefore, simpler inference rules may be applied to program constructs with such variables. This allows
verification conditions to be simplified.

1.7. The algorithm of the generation of recursive functions corresponding to loops
Let us consider a finite iteration over one-dimensional array:

for (i=1p; i < m; i++) v :=body(v,i) end,
220



Logic for reasoning about bugs in loops over data sequences (IFIL)

where

» o is the tuple of modifiable variables;

« Sia an one-dimensional array of n elements;

e Sev;

« body is the admissible construct.

The admissible construct is one of the following C-kernel operators:

1. An empty operator, including an empty block.

2. The break; operator ending the loop.

3. The assignment operator a = b;, where a is a simple type variable or a variable S[i], and b is an

expression in C-kernel.

4. The conditional statement if (a) b, where a is an expression in C-kernel and b is an admissible con-

struct.

5. The conditional statement if (a) b else ¢, where a is an expression in C-kernel, and b and ¢ are admis-

sible constructs.

6. The block {a; a; ... ax_q ax}, where a, is the admissible construct for each r: 1 < r < k.

7. The nested finite iteration

for G = jo; j < m; j++) u:=body(u, j) end.

Since n is not constant in the general case, we can not apply full loop unrolling in this case. We apply
the symbolic method of verification of finite iterations in this case. The tuple v includes S and simple type
variables that may be changed in the loop body. Let vy denote the initial values of variables from v. Let us
consider the rep definition in this case:

« rep(vg, S, body, 0) = vy,

« rep(vo, S, body, i) = body(rep(vy, S, body,i — 1), S;_1)

foreachi=1,2,...,n.

If a finite iteration has a break statement, we suggest the following solution: when the execution of the
loop is terminated by this statement, we assume that the loop iterations continue, but the v values remain
unchanged. If break was executed at iteration i (0 < i < n), then for each j (i < j < n):

rep(vo, S, body, j) = rep(v, S, body, i),
The inference rule in this case has the following form:

{P} prog; {Q(v < rep(v, S, body,n))}
{P} prog; for (i = ip; i < n; i++) v:=body(v, i) end {Q}’

The method for generating the rep function body is based on the algorithm that translates loop body
constructs to Applicative Common Lisp (the ACL2 language). Let us consider this algorithm [21, 22, 24].

The structure type frame is generated. The fields of such structure correspond to loop variables, the
rep function returns object of type frame. All objects of the type frame are referred to as fr. Each loop
instruction can be represented as a creation of new fr object with the fields in it appearing as the updated
fields of previous fr object.

The sequential execution of the statements is translated to b construct:

(b (...(var expr)...) result),

where (var expr) means binding var to the value of expr which may depend on previously bound variables.
We use fr as such var and we use the updates of the fr fields as expr. To simulate the loop exit, we use the
Boolean field loop-break of the frame object. This field is true only after break has been executed.

The following definition of gen_rep is the implementation of translation of admissible constructs to Ap-
plicative Common Lisp:
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« gen_rep(empty statement) = (fr fr)
. gen,rep(break ) = ((whent) fr)
« gen_rep(c = (fr (change-frame fr :c b))
« gen_rep(ali] = b;) = (fr (change-frame fr :a (update-nthi b fr.a)))
« gen_rep(if (c) b else d) =
(fr (if c
(b (gen_rep(b)) fr) (b (gen_rep(d)) fr)))
((when fr.loop-break) fr)
. genrep({aj az ... ax_1 ax}) =
(fr (b*(gen_rep(ay) ... gen_rep(ay)) fr))
((when fr.loop-break) fr)

The replacement operation obtained returns not only the tuple v, but also a structure with the Boolean
field (loop-break). The default value of loop-break is false. The rep function obtained contains the break
condition. Once the break statement has been executed, this rep will return a structure with the true value
of the loop-break field. Additionally, this rep checks the value of the loop-break field from the result of the
recursive call. If this value is true, than this rep returns the same result as this recursive call. Thus, the values
of the loop variables do not change after the execution of the break statement in this implementation.

1.8. Strategies for proving properties that may indicate possible errors

Given the user-defined precondition P of the loop, two strategies for proving properties that may indicate
possible errors have been suggested [21, 22].

1.8.1. A strategy for finding loops with unused assignments to array elements

Let a loop implementing a finite iteration over an array contain assignments to elements of this array,
and let the values of the array elements after the loop execution be equal to the values of these elements
before the loop execution.

The strategy for finding such loops checks each loop over the array containing assignments to the array
elements [21]. Let this loop be the i-th in the program code. The strategy is based on generating the lemma
P — (a = rep,(a, args).a), where

« P is the precondition;

« ais the array over which the finite iteration is performed;

« rep; is the replacement operation for the finite iteration;

+ args are the arguments of rep;;

« rep;(a, args).a is the array a after the loop execution,
and checking the validity of this lemma.

If this lemma was proved, than these assignments can appear to be unused statements, which may indi-
cate the presence of an error.

1.8.2. A strategy for checking the execution of the break statement at the first loop iteration

Suppose that the loop implementing a finite iteration over an array contains a break statement that is
always executed at the first loop iteration.

The strategy checks each loop over an array containing a break statement [21]. Let the loop be the i-th
in the program code. The strategy is based on generating the lemma

P — ((jo = rep;(a, args).j) A (rep;(a, args).loop-break)),

where
« P is the precondition;
+ a is the array over which the finite iteration is performed;
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« j is the counter of the for loop which implements the finite iteration;

« args are the arguments of rep;; the value j; of the loop variable j before the loop execution;

« rep;(a, args).j is the value of j after the loop execution;

« loop-break is a special field in the returned data structure; its value is true if and only if the break

statement was executed during the loop execution,
and checking the validity of this lemma.

Thus, the first clause in the lemma conclusion is the assertion that the loop execution did not change the
value of the loop counter. The second clause in the conclusion is the assertion that the break statement in
the loop was executed.

If this lemma was proved, then this case may indicate the presence of an error.

Both strategies have been integrated in our logic.

1.9. Strongest postcondition calculus

The strongest postcondition [2] inference is applied to a program and its precondition. The formula
sp(S, P) is the strongest postcondition of a program S with a precondition P iff
« the triple {P} S {sp(S, P)} is correct and
« if Q is a formula then validity of the formula sp(S,P) — Q implies the correctness of the triple
{P}S{0Q}.
This calculus allows defining axiomatic semantics using the following approach: if stmt is a program
statement, then the inference rule for this statement may be defined as

{sp(stmt, P)} prog; {Q}
{P} stmt; prog {Q}
This approach can be considered as forward tracking: moving from the beginning of the program to its

end and eliminating the leftmost statement (at the top level) by applying the corresponding inference rule.
Our logic was developed using this inference style.

2. Logic for reasoning about bugs in loops over data sequences

The set of inference rules from our logic can be partitioned into the following two subsets: base inference
rules and main inference rules. The goal of the base inference rules is to obtain the loop precondition. The
goal of the main inference rules is to obtain the properties that may indicate the presence of bugs in the
loops.

2.1. Base of logic for reasoning about bugs in loops over data sequences

Let us consider the inference rules for the kernel of the C-kernel-like subset of C language.
The inference rule for an empty program is:
P—-Q
{P} emptyProgram {Q}"

The strongest postcondition of the empty program has the following form:

sp(emptyProgram, P) = P.
The inference rule for the variable declaration is:

{3IMeM’'P(MeM «— MeM’) A MeM = upd(MeM’, var, addr)} prog; {Q}
{P} type var; prog {Q}
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where addr is the new address (addr ¢ Dom(MD)). The strongest postcondition of variable declaration has
the following form:

sp(type var, P) =
AMeM'P(MeM «— MeM') A MeM = upd(MeM’, var, addr).

The inference rule for variable assignment is:

{3IMD’P(MD « MD’) A MD = upd(MD’, MeM(var), rval)} prog; {Q}
{P} var = rval; prog {Q} '

The strongest postcondition of variable assignment is:

®3)

sp(var =rval, P) =
AMD’P(MD «— MD’) A MD = upd(MD’, MeM(var), rval).

The mixed axiomatic semantics method allows us to define the following version of this inference rule when
neither referencing nor dereferencing operators are used on var:
{3var'P(var « var’) A var = rval(var < var’)} prog; {Q}

{P} var = rval; prog {Q}

The strongest postcondition of variable assignment in this case is:

4)

sp(var = rval, P) =
Avar’P(var « var’) A var = rval(var < var’).

The inference rule for assignment to an array element has the following form:

{IMD’'P(MD «— MD’) A MD = upd(MD’, MeM(a, i), rval)} prog; {Q}
{P} a[i] = rval; prog {Q} '

Strongest postcondition of assignment to an array element has the following form:

®)

sp(a[i] =rval, P) =
AMD’P(MD «— MD') A MD = upd(MD’, MeM(a, i), rval).

The mixed axiomatic semantics method allows us to define the following version of this inference rule when
neither referencing nor dereferencing operators are used on the array element:

{3a’P(a « a’) A a = update(a’, i, rval)} prog; {Q}
{P} a[i] = rval; prog {Q}

where update is the array update operation with the following axioms:

1) (update(a, i, val))[i] = val;

2) (update(a, iy, val))[iz] = a(iz)

if iy # iy

3) update(a, i, a[i]) = a.

The strongest postcondition of assignment to an array element has the following form in this case:

: (6)

sp(ali] =rval, P) =
Ja’P(a « a’) A a = update(a’, i, rval).
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The inference rule for the if statement has the following form:

{P A B} S; prog {Q}, {P A —B} Sp; prog {Q}
{P} if B then S else Sz; prog {Q} '

The strongest postcondition of the if statement has the following form:

sp(if B then S, else Sy, P) =
sp(S1, P A B) V sp(Sa, P A —B).

These inference rules allow obtaining the finite iteration precondition that is used in the main inference
rules.

2.2. Main inference rules of the logic for reasoning about bugs in loops over data sequences

Let us consider inference rules for the inference of formulas whose validity may indicate the presence
of bugs.

The following inference rule corresponds to the strategy for finding loops with unused assignments to
array elements:

P — (S =rep(v,S,n).S)
{P}for (i = ip; i < m; i++) v:=body(v, i) end; prog {Q}’

(8)

where

« P is the precondition;

« S is the array over which the finite iteration is performed;

« rep is the replacement operation for the finite iteration;

« rep(v, S, n).S is the array S after the loop execution.

The following inference rule corresponds to the strategy for checking the execution of the break state-
ment at the first loop iteration:

P — ((ip = rep(v, S, n).i) A (rep(v, S, n).loop—break))
{P} for (i = ip; i <mn;i++)v:=body(v, i) end; prog {Q}’

©)

where

« P is the precondition;

+ S is the array over which the finite iteration is performed;

« rep is the replacement operation for the finite iteration;

« rep(v, S, n).i is the value of the loop counter i after the loop execution;

. rep(v, S, n).S is the array a after the loop execution.

The next inference rules are based on modifying the definition of the rep function. Let us note that the
next inference rules are not strategies from [21, 22] encoded in our logic, they represent a completely new
approach. If the rep function contains an if statement, than we add to two new fields to the frame structure:
if —truey and if —false,, where k is the number of if statement in the finite iteration.

The if —truey field contains a conjunction of the values of the condition of the k-th if statement on each
iteration. Thus, the true value of this field means that the condition of the k-th if statement is true on each
iteration. This information may be indicative of an error.

The if —false,. field contain a conjunction of negations of the values of the condition of the k-th if state-
ment on each iteration. Thus, the true value of this field means that the condition of the k-th if statement
is false on each iteration. This information may be indicative of an error.
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For each k (for each if statement in the finite iteration) the following inference rules are applied:

P — rep(v, S, n).if —truey

> 10
{P}for (i = ip; i < n; i++) v:=body(v, i) end; prog {Q} (10)
where

« P is the precondition;

« S is the array over which the finite iteration is performed;

« rep is the replacement operation for the finite iteration;

« rep(v, S, n).if —truey. is the value of the if —truey field after the loop execution,
and

P — rep(v, S, n).if —false
p(0, S, n).if —false, (11)

{P}for (i = ip; i < n; i++)v:=body(v, i) end; prog {Q}

where

« P is the precondition;

« S is the array over which the finite iteration is performed;

« rep is the replacement operation for the finite iteration;

« rep(v, S, n).if —false,. is the value of the if —false, field after the loop execution.

We can modify the definition of the rep function to calculate the values of arbitrary formulas over finite
iteration variables. It allows reasoning about the properties of finite iterations. It is possible to extend our
logic with new inference rules for error localization.

Let us note that we may apply several inference rules to a particular finite iteration to reason about
several types of bugs. We call the proposed logic the Incorrectness Finite Iteration Logic (IFIL).

2.3. Termination of inference based on the proposed logic

Let us consider the following theorem:

Theorem 1. Ifthe inference rules from IFIL are applied to an annotated sequence of program statements that can
contain only variable declarations, assignments to variables, assignments to elements of arrays, ©f statements
and finite iterations then this inference will be terminated.

Proof. Given

« statements is the name of the sequence of the program statements considered in the statement of the
theorem,

« count_of_statements is the function that returns the count of statements in the sequence of the program
statements (including nested statements, for example, statements from branches of if statements),

« count_of _statements(statements) = n,

o top_level_head is the function that returns the first element at the top level of the sequence of the
program statements (for example, we consider each if statement as one statement at the top level of
the sequence of the program statements),

« top_level_tail is the function that returns the sequence of the program statements without the first
element at the top level of the sequence of the program statements (for example, we consider each if
statement as one statement at the top level of the sequence of the program statements),

let us prove this theorem by induction on n. Thus, the proof consists of two cases:
1. Induction base. This case corresponds to n = 0. The statements has the following form

emptyProgram
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in this case. Thus, top_level_head(statements) is equal to

emptyProgram

and top_level_tail(statements) is equal to emptyProgram. Let us note that

Thus,

count_of _statements(top_level_head(statements)) = count_of _statements(emptyProgram) = 0

count_of _statements(top_level_tail(statements)) =
n — count_of _statements(top_level_head(statements)) = 0

We should apply inference rule 1 from Section 2.1 in this case. Since the application of inference rule 1
from Section 2.1 will be terminated, the inference process will be terminated, too.
2. Induction step. Let us consider all possible values of top_level_head(statements):

(@)

Variable declaration. The statements has the following form
type var; prog
in this case. Thus, top_level_head(statements) is equal to
type var
and top_level_tail(statements) is equal to prog. Let us note that
count_of _statements(top_level_head(statements)) = count_of _statements(type var) = 1
Thus,

count_of _statements(top_level_tail(statements)) =
n — count_of _statements(top_level_head(statements)) = n — 1

We should apply inference rule 2 from Section 2.1 in this case. Since the application of inference
rule 2 will be terminated and

count_of _statements(prog) = count_of _statements(top_level_tail(statements)) = n — 1

in this case, we can apply the induction hypothesis. The induction hypothesis means that the
application of the inference process to annotated program code prog will be terminated in this
case. Thus, the inference process will be terminated.

Variable assignment. The statements has the following form

var = rval; prog
in this case. Thus, top_level_head(statements) is equal to
var = rval
and top_level_tail(statements) is equal to prog. Let us note that
count_of _statements(top_level_head(statements)) = count_of _statements(var = rval) = 1
Thus,

count_of _statements(top_level_tail(statements)) =
n — count_of _statements(top_level_head(statements)) = n — 1

We should apply either inference rule 3 from Section 2.1 or inference rule 4 from Section 2.1 in
this case. Since the application of either of the inference rules will be terminated and

count_of _statements(prog) = count_of _statements(top_level_tail(statements)) = n — 1
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in both cases, we can apply the induction hypothesis. The induction hypothesis means that
application of inference process to annotated program code prog will be terminated in this case.
Thus, the inference process will be terminated.

Assignment to an array element. The statements has the following form

ali] = rval; prog
in this case. Thus, top_level_head(statements) is equal to
ali] = rval
and top_level_tail(statements) is equal to prog. Let us note that
count_of _statements(top_level_head(statements)) = count_of _statements(a[i] = rval) = 1
Thus,

count_of _statements(top_level_tail(statements)) =
n — count_of _statements(top_level_head(statements)) = n — 1

We should apply either inference rule 5 from Section 2.1 or inference rule 6 from Section 2.1 in
this case. Since the application of either of the inference rules will be terminated and

count_of _statements(prog) = count_of _statements(top_level_tail(statements)) = n — 1

in both cases, we can apply the induction hypothesis. The induction hypothesis means that the
application of the inference process to annotated program code prog will be terminated in this
case. Thus, the inference process will be terminated.
if statement. The statements has the following form

if B then S, else Sy; prog
in this case. Thus, top_level_head(statements) is equal to
if B thenS; else S,
and top_level_tail(statements) is equal to prog. Let us note that

count_of _statements(top_level_head(statements)) =
count_of _statements(if B then S; else S;) =
1+ count_of _statements(Sy) + count_of _statements(S,)

Thus,

count_of _statements(top_level_tail(statements)) =
n — count_of _statements(top_level_head(statements)) =
n — 1 — count_of _statements(S;) — count_of _statements(S;)

Let us note that

count_of _statements(prog) = count_of _statements(top_level_tail(statements)) =
n — 1 — count_of _statements(S;) — count_of _statements(S;)

Consequently,

count_of _statements(Sy; prog) = count_of _statements(S1) + count_of _statements(prog) =
count_of _statements(S;) + n — 1 — count_of _statements(S;) — count_of _statements(S,) =
n — 1 — count_of _statements(S;)

and

count_of _statements(Sy; prog) = count_of _statements(S,) + count_of _statements(prog) =
count_of _statements(S;) + n — 1 — count_of _statements(S;) — count_of _statements(S,) =
n — 1 — count_of _statements(Sy)
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Let us
infer only
Proving other properties of our logic is a difficult problem due to the heuristic nature of our logic. In any
case, we are planning to discovery and to prove other properties of our logic in a future work.

void

Since count_of _statements(S;) > 0,

count_of _statements(Sy; prog) = n — 1 — count_of _statements(S;) < n—1
Since count_of _statements(S;) > 0,

count_of _statements(S,; prog) = n — 1 — count_of _statements(S;) < n—1

We should apply inference rule 7 from Section 2.1 in this case. Since the application of inference
rule 7 will be terminated and

count_of _statements(S1; prog) < n-—1
and
count_of _statements(S2; prog) <n-—1

we can apply the induction hypothesis. The induction hypothesis means that the application of
the inference process to annotated program code S;; prog will be terminated and the applica-
tion of the inference process to annotated program code S,; prog will be terminated. Thus, the
inference process will be terminated.

Finite iteration. The statements has the following form

for (i = ip; i < n; i++)v:=body(v, i) end; prog
in this case. Thus, top_level_head(statements) is equal to
for (i = ip; i < n; i++)v:=body(v, i) end

and top_level_tail(statements) is equal to prog. We should apply one the following rule:

« inference rule 8 from Section 2.2,

- inference rule 9 from Section 2.2,

. inference rule 10 from Section 2.2,

« inference rule 11 from Section 2.2
in this case. Since the application of all mentioned inference rules from Section 2.2 will be ter-
minated, the inference process will be terminated.

O

note that if the input sequence of the program statements does not contain finite iteration, we
the strongest postcondition instead of the formula describing the property of a finite iteration.

Experiment

Our logic was implemented in the C-lighVer system as an alternative semantics for the C-kernel lan-
guage. We performed a bug localization experiment on the negate first program from the well-known
verification challenge [36]:

negate_first(int n, int* a) {
int i;
for (i = 0; i < n; i++) {
if (ali]l < 0) {alil = -al[il; break;}}}

The precondition of this program is

(ap =a) A (0 <n) A (n < length(ay))
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The postcondition of this program is

(—found_negative(n, ag) —
a = aop)
A
(found_negative(n, ag) —
a = update(ay, count_index(n, ay), —ag[count_index(n, aop)]))

where
« found-negative predicate checks if there is a negative element in the array;
« count-index function calculates the index of the first negative element of the array if the array contains
such an element. The value of this function is undefined in other cases.
The main problem of reasoning about this program is the break statement in the loop.
Let us consider the negate_first program with an introduced error:

1. /*@ requires (a0 = a) && (0 < n) && (n <= length(a0));

2. ensures (!found_negative(n, a0) ==> a == a0) &&
3. (found_negative(n, a0) ==>
a == update(a0, count_index(n, a0), -aO[count_index(n, a0)]))
4. */
5. void negate_first(int n, int* a) {
6. int i;
7. for (i = 0; 1 < n; i++) \{
8. if (ali] < a[il]) {alil = -alil]; break;}}}

The specifications of this function were defined using the ACSL language. The error is using a[i] instead
of 0 in the if condition at line 8.
The following formulas obtained have been proved automatically using the ACL2 system:

(implies
(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0)))

(equal
a
(rep
(frame-init
0
a
nil
)
(envir-init
n
)
).a
)
)
and
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(implies
(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0)))

(equal
t
(rep
(frame-init
0
a
nil
)
(envir-init
n
)
).iffalsel
)
)
where

« frame-init is the constructor of the frame structure;
» envir-init is the constructor of the envir structure which stores values that have not been modified
by the finite iteration.

The mixed axiomatic semantics method allows using simple inference rules without MeM or MD to obtain
these formulas.

The validity of these formulas means the following:

« assignment in the loop body is never used;

+ the condition of if statement is always false.

Thus, our logic can help localize bug without using loop invariants.

Conclusion

The new result presented in this paper is a logic for reasoning about bugs in loops over data sequences.
This logic is based on special inference rules for finite iterations. These rules allow generating properties that
may indicate errors in finite iterations. These properties are generated as formulas with recursive functions
corresponding to finite iterations. This logic has been implemented in a new version of the C-lightVer system
for a deductive verification of C programs. We have performed reasoning about the incorrectness of an
illustrative example to demonstrate how our logic works.

There are three advantages of our approach:

1. Our logic does not require defining invariants of finite iterations.

2. Our logic is based on an over-approximation approach similar to classic deductive verification. It

simplifies the development of a unified approach to reasoning about correctness and incorrectness.

3. Our logic is based on the use of special inference rules for finite iterations. These rules allow generating

simple formulas to be proved in the case of finite iterations.

We believe that our approach has promise, because we can extend our logic with new special inference
rules for finite iterations. Thus, we are planning to extend our logic with new inference rules to handle more
types of bugs. For example, we will soon be applying our approach to finite iterations over lists, trees and
other dynamic data structures.
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Pacnpenenenue BoaprMaHa B mpo6JieMe panimioHaJIBHOTO BBIOOpa

MOMYJISIIINEN YYacTKa P HENMOJHONM MH(POPMAIIIN O eTo pecypcax

2

A.H. Kmpmmor;l, H.B. Janunosa DOI: 10.18255/1818-1015-2023-3-234-245

lKapeanKmZ HayuHbII HeHTp Poccuiickoit akamemun Hayk, yi. Ilymkmackas, n.11, r. IlerposaBonck, 185910, Pocenms.
2HeTp03aBO,E[CKI/H71 rocyIapCTBEHHI1 YHUBepcuTeT, IpocIl. Jleanna, a. 33, r. IlerposaBoack, 185910, Poccms.

YK 517.977 ITonyuena 30 urons 2023 r.
Hayunas craTps TTocie mopaborku 25 mionst 2023 .
TlonHBIN TEKCT HA aHTJIUIICKOM S3bIKE Ipuusra k nmy6aukanun 2 aBrycra 2023 r.

PaccmaTpuBaeTcs 3agada parimoHaIbHOTO BEIGOpa IOIyIISLMel! yIacTKa, COgepIKalllero sHepreTuyecke (InIeBble) pe-
cypcebl. PaccmarprBaeMas 3aiaua OTHOCUTCS K TEOPUM ONITUMAIBHOTO GypakMpoBaHus, KOTOPasi B CBOIO OUepeb U3ydaeT
BOIIPOCEI, Kacalolyecs IOBeeHN IOy AN, KOTJa OHa IOKMAAeT Y4aCTOK MJIM BbIOMpaeT Hambosee ITOIXOMAIIINIL.
Jlnst onpeneneHns ONTUMAJIBHOTO IS IOIYJIAIY BBIOOPA yuacTKa IIpe/jiaraeTcs BapMaIIOHHBII TOJX0, OCHOBAaHHBII
Ha upee pacnpepenenns Bospiimana. [[ns mocTpoeHns pacnpepeieHns BoipliiMaHa BBOAATCS (GyHKLMM IIOJIE3HOCTH,
KOTOpbIe YUMTBIBAIOT (aKTOPBI, CIIOCOOHBIE IIOBJIMATH Ha BBIOOp IMONYJIALVIN: MMeIoladcsa MHPOpMaUMa O KauecTBe
YYacTKOB, 9HepreTIUecKas I0JIe3HOCTh YJAaCTKOB, 3aTPaThl Ha IlepeMellleHle K YYacTKy, CTOMMOCTb MHGOpMAIII O Ka-
yecTBe yuacTKoB. OCHOBHAA IieJIb CTaThM — MCCJIENOBATh BIVSIHIE MMeoLelicss MHGOPMAII O KOJIMUeCTBE PECYypPCOB,
coflepKaIMXCcs B y4acTKax, Ha IIPOIiecc MPUHATUA PelIeHNUI, TeHepUPYeMBbIX IIOIyJIALMell IPU BbIOOpe IIOAXOIAIIEr0
ydactka. OnTUMaIbHAasA PAIIOHAIBHOCTD OIPEEeNAeTCa C yUeTOM CTOMMOCTY MH(OpMAaIuy, cpeiHell SHepreTuIecKol
LIEHHOCTM BCEX yUaCTKOB, pPallOHATLHOCTI, 3aBUCAIIEN OT KayecTBa ydyacTKa. [lomyueHs! ycioBus, IpM KOTOPBIX IIOIYy-
JIAIVA OpU HeZoCTaTKe MHpOpManmy BhIOMpaeT «OeqHBI» yJacTOK B CMBICIE SHEPreTMUecKOll LIeHHOCTH (pecypcoB).
ITocnegHee naeT TeopeTmyeckoe 060CHOBaHNE IKCIIEPYMEHTAILHBIM HaOTIOAEHIAM, COTJIACHO KOTOPBIM, ITOITYJIAIVIS MO-
JKeT BBIOpATh YUACTOK Xy/IIero Kauectsa. [loJiyueHHbIE pe3yIbTaThl HOCIT OOIMIT XapaKTep M MOTYT OBITh MCIIOJIb30BaHbI
He TOJIBKO B ITOBEI€HYECKOI 9KOIOTUH, HO U IIPY ITOCTPOEHMI JIIOOBIX IIPOLIECCOB IIPMHATAA PeIIeHNIL.
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Introduction

The open problem of rationality and rational choice is one of the crucial challenges in artificial intelli-
gence, reinforcement learning, computational neuroscience, behavioral ecology of animals, economics. It
is important to understand the mechanisms of decision-making process under bounded resource, in partic-
ular, available information. R. Aumann, who received the nobel prize (2005) for investigations of conflict
and cooperation, wrote [1] that the problem of rationality “...is perhaps the most challenging conceptual
problem in the area today: to develop a meaningful formal definition of rationality in a situation in which
calculation and analysis themselves are costly and/or limited”. Moreover, the problem of bounded rationality
becomes especially acute in connection with applications mentioned above (see, for example, [2], [3] and
the references therein).

One of the applications of the rational choice theory is in the optimal foraging theory, which studies, in
particular, the patch selection by population, that is most suitable for consumption of the resources contained
in it. As it is generally accepted, the behavior of population aimed at maximizing the amount of consumed
energy [4-8].

Within the framework of this theory, the concept of ideal free distribution (IFD) was proposed [9, 10].
According to the IFD, a population has perfect information about patches quality and is distributed between
patches so as to maximize an energy consumption rate. But empirical observations show that the IFD model
is not adequate to real patch selection processes. A population, under the lack of information about patch
resources, may choose poor patches (see, for example, [11] and the references therein).

In order to overcome the disadvantages of the IFD concept, U. Dieckmann proposed an approach [11],
based on the Boltzmann distribution and utility functions of patches. If p; is the probability for a population

to select the i-th patch, i = 1,.. ., n, then, according to the Boltzmann distribution
eqUi
pi = n P (1)
equ

Jj=1

where U; is the utility function corresponding to the i-th patch, g is non-negative constant, n is the number
of patches.

It is worth to note that the Boltzmann distribution is one of the main notions of statistical physics [12].
Namely, consider a physical system which may be in one of the states 1,...,n with energies Ey,..., E,,
respectively. Then the probability p; for the system to be in the i—th state is given by (1), where U; = Ej,

q = ——, T is the temperature of the “large” external heat source, k > 0 is the constant.

The methods of statistical physics have become ubiquitous in mathematics and mathematical modeling.
Such notions as the entropy, the Gibbs and the Boltzmann distributions, the thermodynamic potential, to
name a few, play a significant role in ergodic theory [13], [14], machine learning (particularly, reinforcement
learning) [15], [16], decision-making theory [17], information theory [18], etc.

This paper deals with a problem of decision making processes, on the basis of the Boltzmann distribution,
in the foraging theory. Asitis noted above, the foraging theory, originally, appeared as a branch of behavioral
ecology. Its goal is to develop a theoretical base for description and explanation of animal behavior while food
searching. Later on, the ideas of optimal foraging theory were used to formalize the processes of choice in
different areas.For example, nowadays, we observe the appearance of such fields as information foraging [19]
and robot foraging [20]. The latter permits us to use, in this paper, an abstract language without binding to
the optimal foraging connected with the behavioral ecology. But, in order to make the presentation more
pictorial, describing the decision-making process, along with the term “agent” we use the term “population”.

In the paper, the authors continue their researches dealing with mathematical modeling in optimal for-
aging theory, namely, [21], [22], [23].
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The main goal of the paper is to investigate the influence of available information about the amount of
resources, contained in patches, on a decision-making process generated by the population while a suitable
patch choosing. As one might expect, when decision makers have a limited amount of information, the
rationality of their behavior is bounded [2, 17]. On the basis of the Boltzmann distribution, we investigate
this problem in optimal foraging, namely, in the selection of suitable patch by population.

The paper is organized as follows. In the Introduction the main applications of the theory of optimal
foraging and methods for studying its problems are presented. Section 1 describes the proposed variational
principle for determination of the optimal choice. In Section 2 the influence of the imperfect information on
the rationality of choice is analyzed. Section 3 deals with the case when the rationality g is not constant but
depends on information. In the Conclusion the results of the study are summarized.

1. Optimal rationality

According to [11], the parameter q in (1) has the sense of “controlling the degree of optimality” in choos-
ing a patch. In other words, q is the rationality of decision-making process, assuming g > 0. In what follows,
we call the parameter g the rationality of patch selecting, or, more simply - the rationality. Such sense of g
is justified by the following proposition.

Proposition 1. Denote U;, = max; {U;, i=1,...,n},s=1,..., k. Then:
1
pi, — — asq — oo;

pi—0asq—> ooifie{l,...,n}\{is, s=1,....,k};
1.
pi=—ifg=0.

n

Proof. We have the following presentation of p; from (1)
1

jh = s (2)

n-1
1+ Y Uil
J=1, j#i

which implies the proof. O

Remark 1. The special case of Proposition 1, namely for i = 1, was formulated in [11].

The sense of Proposition 1 is as follows. The probability of choosing by an agent (population) the patch
with the largest utility tends to its maximum value as g tends to infinity. If k = 1 (k is the number of
maximum utilities, equal each other) then the maximum probability equals 1 and corresponds to the largest
utility. Zero rationality, ¢ = 0, means equiprobability of patch selection, or absolutely random choice. These
facts confirm the sense of g as a measure of rationality.

Denote by V; the amount of resources (energy) in the i-th patch, V* = max {V;, j = 1,...,n}. Obviously,
the patch with the maximum utility U;, may not contain the maximum resource, i. e. V;, # V*, that depends
on the form of the utility function.

Let us consider V;, i = 1,...,n, as the values of a random variable V, and p; = P(V = V;), determined
by (1), is the probability for a population to choose the i—th patch. Denote by E = E(V) and D = D(V) the
mathematical expectation and dispersion, respectively, of V. Let us consider p; as the functions of g : p; =
pi(q), i. e. other parameters in p; are supposed to be fixed. Then

E=E(V,q) = Y Vipilg) = o 3 vietth
i=1

edUj i=1

M

1

J

In what follows, for convenience, E(V, q) will be denoted as E(q).
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Remark 2. In what follows we write E(co) = lim E(q). Moreover, if E(q) < E(co) for all ¢ > 0, we write
q—)OO
that max E(q) = E(c0).
It is easy to show that

k
1

lim E(q) =~ > Vi,

Jim E(q) = 2 ) Vi
s=1

where i is determined in Proposition 1.
IfU; =Viand V; #V},i,j=1,...,n,then lim E(q) = V". In such case
q—)DO

max E(q) = V*.
q

The latter argument and Proposition 1 motivate the following definition.

Definition 1. The rationality g* is called optimal if
E(q") = m;le(q)-
Definition 2. The choice under g = g; is more rational than that under q = g, if

E(q1) > E(q2).

Remark 3. Usually, E(q) is considered as an average income when selecting corresponds to some distribution
pi, i = 1,...,n. The latter justifies Definition 1 and provides one more confirmation of the interpretation of
q as the value of patch selection rationality, given in [11].

Proposition 2.
dE n n n
% = Z ViUipi — Z Vipi - Z Uipi, ®3)
i=1 i=1 i=1

where p; are given by (1).
Proof. We have

n

n n
UieqUi . Z equ _ eqUi . Z Ujequ = Uipi — pi . Z Ujpj’
i=1

Jj=1 Jj=1

dpi(q) _ 1
dq ( n 2

Z equ
j=1

hence

dE(q)  ~dpi(q),,  w - C

i=1

Corollary 1. SupposeU; =V;,i=1,...,n. Then

dE(q)
g D(q),

where D(q) is a dispersion of V.

Hence, if U; = V;, i = 1,.. ., n, then E(q) is monotonically increasing with respect to g, and max, E(q) =
lim E(q) = E(c0) = V*. But if there exists k such that Uy # Vi then the monotone increasing of E(q) cannot
q—)oo

be guaranteed, and g = co may not be the optimal rationality.
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2. Bounded rationality

Let us consider the influence of imperfect information or the lack of it on the rationality of choice. Such
case may be classified as the choice under bounded rationality. In [11] the following utility function Uj,
characterizing the i-th patch from the point of view of population, was proposed

Ui = LVi+ (1 - L)V - T(dy), (4)

where I; is the population measure of the patch i awareness, I; € [0, 1], V; is the amount of food (energy)
resource containing in the i-th patch, V = y; Vi +. . .+y,V, is the average utility of the patches for a population,
Yi+...+yn =17y >0, T(d;) is the cost of moving to the i-th as a function of the distance d; to it.

As it was noted in Introduction, we consider the general problem of rational choice. Therefore, we do not
use the distance parameter d;. The aim of this paper is to give an approach to modeling the optimal rational
choice. Thus we consider the following form of U;

U =LV;+ (1 - L)V - Ci(q), (5)

where C;(q) is the cost of information about the patch i. It is worth to note the dependence of the cost on
rational parameter g, that models the influence of rational behavior on the cost. Detailed description of C;
will be given below. In what follows, we, on the basis of (5), find the optimal rationality ¢* in the sense
of proposed approach ¢* = argmax, E(q) and investigate the influence of the imperfect information on
rationality of choice.

2.1. Free information

Let us consider the following utility functions:
Ui =LV, I € [0;1].

Such form of U; underlines the fact that the utility of the i—th patch depends on available information about
its resources. The latter implies the possibility of the situation when V; > V; but U; < Uj. The following
proposition refines this reasoning for two patches.

Proposition 3. Assumen=2,U; =LV;,i=1,2,V, > V.
If,V, > IVy then maxg E(q) = E(o0) = V5.
Vi+V;
Iflzvz < LV; then manE(q) =E(0) = ¥'
IfL,V, = Vi then E(q) = E(0) for anyq > 0.

The proof directly follows from (2) and (3). The Proposition 3 shows that the optimal rationality depends

on the available information. The lack of information implies that the average income is not the largest:
Vi+V,

< V5 in the second case.

1
Remark 4. 1t is worth to note that in the second case the choice of any patch is equally probable: p; = p, = 3

This result gives an explanation of the fact that in practice a population makes a choice which is not agreeable
with IFD conception. Really, the IFD asserts that the choice of population is optimal if g = co which implies

Vi+V.
that E(o0) = V; < ——2

random choice confirmed by practice [11].

. But our variational approach gives the value E(0) > E(oo) for the absolutely

Remark 5. The result, analogous to Proposition 3, for n > 2, may be easily obtained though without such
clarity as for n = 2.
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2.2. Average utility

Let us consider the utility function taking into account the average utility of the patches V = y; Vi +...+
YnVy about patches

Ui IIiVYi'l‘(l—Ii)(yl‘/] +...+ynVn), (6)

where y; +...+y, = 1, y1 > 0. It follows from (6) that if I; = 1, i.e. an agent (population) has the perfect
(full) information about the resources V; of i-th patch, then the average utility is being removed because of
it uselessness. And vice-versa, if I; = 0, i. e. an agent has no information about V;, utility U; is being replaced
by average utility of patches.

Proposition 4. Assumen =2, V, > Vi, U;,i = 1,2, is determined by (6). Then

dE
ﬁ > 0.

dq
Proof. Consider U, — Uy = (LV; + (1 = L)V) = (IVi(1 = I)V) = (V, = V)L + (V = V))I; > 0. Then, taking
into account that V5 > V; and (2), we finish the proof. m|

Corollary 2. Under the assumptions of Proposition 4, maxy E(q) = E(q") = E(c0) = V5.

Remark 6. 1t is interesting to compare the conclusions of Propositions 3 and 4. The addition of average
income, V, (Proposition 4), strengthens the population in its solution to choice a “rich” patch (V, > V;): it
is chosen always. If U; = I,V; then the rich patch is being chosen only under the condition IV, > LV}
(Proposition 3).

2.3. Information cost

Assume that the utility function of the i-th patch, without information cost, is U; = V;I;, where I; € [0, 1]
is an agent measure of the awareness of the patch i. Suppose an agent has to pay some cost for information
about the amount of resources V; in patches. Denote by ; € [0, V;] the price of the unit of information I;
about V;. Hence, f;I; is the cost of information I;.

Let us assume that an agent’s rational behavior diminishes the information cost to the value §;I; f;(q),
where f;(q) € [0,1] for g > 0.

Therefore, the utility function of the i-th patch has the form

Ui = LV, = Bilifi(q).

Then we can easily obtain that

dE(9) _ x N N ,
d—qq = Z Vipi(Ui + qU;) — Z Vipi - Zpi(Ui +qU;),
i=1 i=1 i=1
du; : L . .
where U/ = i —pilif/ (q). To make an analysis of E(q) more pictorial, let us introduce the following
q

assumptions on f;(q) and consider the case n = 2. Assume that
fi = f2 = f, which means the equality of agent’s possibilities to diminish information cost for all
patches;
f(0) = 1, which means the absence of influence of an “irrational” (¢ = 0) agent on the information
cost;

f(q) € [0,1] for g > 0.
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It is easy to show that

‘/1 - V2
Eq) = 1 + e9(U2-U1) + V2, (7)
and, hence (
dE(q) (V5 — V;)ed(U=Un) o
dg  (1+ed@Uny2 (Uz = Ur = q(U; = UY)).
Denote

A=LV,—LVi, B=DLf—-5Lp.

Then,Uy-Us-(U}~U) = A=Bf (0)+aBf (@) = 5 = (F(0) - of (@) . Denoteg ) = (@)@
Then

dE(q) _ (Vy = Vy)ed Wt (A ) ®

dg = (rentiiy BlpT9@

Hence, we can formulate the following obvious proposition.

Proposition 5. AssumeV, > Vi, f € C'[0, ). Then
A A A
maxy E(q) = E(q") 1f§ > 1 and there exists the unique q* > 0 such that g(q*) = 3’ g9(q) < 3 for
q € (q",);

may E(g) = E() if % ~g(q) > 0 forq > 0;

w+v, A
12 2 ifE—g(q)<0forq>0.

maxg E(q) = E(0) =

The proof directly follows from (8). Proposition 4 shows the influence of f(g), which may be considered
as the rational cost behavior, on the optimal rationality.

Example 1. fi(q) = , a; 2 0, where ¢; is the measure of influence of g on the cost of information I;.

1+ aiq
We have
dE(q) _ (Vg = Vy)ed(Ue=t) A Polo P\ [ el N oy ]y )
dq (1+ eq(UZ_Ul))z l+aq 1+aq (1+a9)? (1+axq)?))

Ty . 1 . .
Assume, for simplicity of transformations, that a; = a, = 1. Denote x = Ta" From the equality above, it
q

is easy to obtain
dE(q) _ (Vo= Wy)et©-t)

A—-B-x%). 9
dgq (1 +eq<Uz—U1>)2 *) ©)

Thus, we can obtain the following result, a special case of Proposition 4.

Proposition 6. AssumeV; > V;. Then

dE B I, - B I
1 % =0forq=q" ifandonlyifz > 1, and with this q" = 1/% -1
2. IfA>0, B>0, A< B, then E(q") = ming E(q), lim E(q) = V%.
q—

3. IfA<0, B<0, B<A,thenE(q") = maxq E(q), lim E(q) = V;.
q—
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B
The proof easily follows from (9), (7) and U, — U; = A — Tia
q

Figures 1 and 2 illustrate cases 2 and 3 of the Proposition 6 respectively. Figures 3 and 4 illustrate be-

haviour of function h(q) = A — > depending on the parameters V, I, fi, i = 1, 2.

B 1
(1+q)
At the same time, figures 1 and 3, as well as 2 and 4, reflect the influence of the function k(q) on the sign

of the derivative (9) and, accordingly, it’s influence on the optimal value of the mathematical expectation (7).

E & E A
401 257
E(q)=V2 201
30H — —
E(q) 154
20
E(q)=V
o LE@=Va >~
10-
>* 4
q=q 3 .
q9=q
[} T T T T T > 0 T T T >
1 2 3 4 5 g 1 2 3 q

Fig. 1. Expected value E(q) with V; =10, V, =30, I; = 0,4,  Fig. 2. Expected value E(q) with V; =10, V, =30, I; = 0,2,

Iz=0,7,ﬂ1=25,ﬁ1=5. Iz=0,8,ﬂ1=20,ﬂ1=8.
h A h A
51 1
h
" . (C)) i R
=9 1 2 3 4 5
3 q
-1
24 h(q)
1 -2
*
q9=q
0 . >
1 2 3 4 5 -3
q
_1_
_4_
_2_
_3J -51

Fig.3. h(q), V1 =10,V, =30, = 0,4, 1, = 0,7, f; = 25, 1 = 5. Fig. 4. h(q), V1 =10,V, =30, =0,2, 1, = 0,8, §; = 20, f; = 8.

3. Variable rationality

1. It is naturally to suppose that rationality of selection is the function of information, available to
population, about patches. Hence, in what follows, we set ¢ = q(I1, ..., I).

In order not to complicate transformations below, let us consider the case of two patches, ¢ = q(I;, L)
and Ui = IiVi, i=1,2.
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We have
ed(.I2) Ui
pi= )
3 eqUnI)U;
j=1
and E = E(Il, Iz)
o . . 9q 9 .
Suppose, q is a differentiable function. Denote g = g(I1, ) = q(LV> — [[V1), ¢; = PAlalie ki 1,2.
Then 5E g l l
€°9gi
—=N-V)—,
ol; Vi -V2) (1+ e9)2
where
g1=q(LV2 = I1Vi) —=qV1, g2 = @2(LV2 — 1V1) + qVa.
If (I, Ip) is the stationary point of E(I;, I;) then
{ g1l L) = qi(LV2 —LiVi)) —qVi = 0,
92(I. I2) = q2(LV2 = LiVi) +qV2 = 0.
The necessary condition for solvability of this system with respect to Iy, I, is the following equality
0 0
Vl—q + Vz—q =0.
ol, ol
99  9q : . . L .

Therefore, if — - — > 0 then E(I},I;) has no points of extremum. It is impossible to obtain interesting

2 1
results about optimality of E without specification of ¢ = q(I3, ).

2. Now, consider the following case
equi

pi=— ;
Z equj
J=1

i.e. the rationality of choice depends on the patch. For example, an agent uses different methods of acqui-
sition of information about patch resources. To illustrate the influence of the lack of information on the
rationality of choice, let us consider a special case: n = 2, ¢; = q(I), g2 = q(al), I € [0,1], @ € [0,1),
U =LV, =1V}, Uy =11V5 = alV,. Hence

ed(DIV; ed(aDIVy

P1L= D 4 gatanat P2 i 4 pqlanatv;

We consider E as the function of I : E = E(I). Let us assume that ¢(0) = 0. Really, the rationality of choice,
obviously, equals zero if an agent has no information about a patch. Moreover, if ¢ = 0 then it is equally
probable to choose any patch, as it was noted above.

From (7)
E()= (Vi = V2) - T3 o0® +Va,
where g(I) = q(al)alV; — q(I)IV;. Then
, ed(D) ,
E(I) = (V2 -W1)- -g'(I),

(1+e9(D)2

dq(u)

where ¢'(I) = ——|y=q1@*VoI + q(al)aV; — (¢’ (I)V1I + q(I)V;). We have an obvious proposition.
u
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Proposition 7. AssumeV, > V.
Ifg’(I) > 0, foranyI € (0;1), then max; E(I) = E(1).
Ifg’(I) <0, foranyI € (0;1), then maxy E(I) = E(0).

Let us discuss this result. We see that the maximum of available information, I = 1, does not guarantee
the maximum value of E(I). In particular, an additional, sufficient, condition is required, namely g’(I) > 0.
The second case, g’(I) < 0, provides the sufficient condition of absolutely irrational behavior. An agent is
unable to dispose of available information.

Conclusion

In this paper the problem of rational for population patch choice was considered. The approach based
on the idea of the Boltzmann distribution was proposed to define the optimal patch choice. Utility functions
were used to construct the Boltzmann distribution. The methods for analysis of the rationality of the patch
choice were proposed: analysis of the mathematical expectation as a function depending on the parameter g
(Optimal rationality, Bounded rationality) and as a function depending on the measure of the patch aware-
ness I (Variable rationality). The influence of available information about the amount of resources contained
in the patch on the decision-making process of patch choice was investigated.
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Suppose Q is a closed bounded subset of R", S is an n-dimensional non-degenerate simplex, &(Q;S) :=
min{o > 1: Q C 0S}. Here 08 is the result of homothety of S with respect to the center of gravity with coefficient o. Let
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by equalities Pf (x(j>) =f (x(j)) . Denote by ||P||q the norm of P as an operator from C(Q) to C(Q) . Consider the
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polynomial interpolation of functions continuous on a segment. Some results of numerical analysis are presented.
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O reomeTpmuecKoM OAXOAe K OIleHUBAHIIO THTEPIIOIAIMMOHHBIX
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Ilycts Q — 3aMKHYTOE OrpaHMYEHHOE IIOAMHOXeCTBO R”, S — n-MepHBII HEBBIPOXKAEHHBI cuMIUIEKC, £(Q;S) :=
min{oc > 1: Q C 0S}. 3mecb oS ecTb pe3ynbrar rOMOTETHMM S OTHOCUTENBHO LEHTpA TSHKECTU € K03(PuumeHTOM
o. llycte d > n+ 1, ¢1(x),..., 9 (x) — IMHEITHO He3aBUCUMBblE MOHOMBI OT N IIepeMeHHBIX, IpUuéM @1(x) = 1,
@2(x) = x1, ..., Pn+1(x) = xp. Honoxxum I1 := lin(¢y, . . ., ¢g). MHTEpIOIsumonnsli npoekrop P : C(Q) — II mo HaGopy

y3JI0B M x@Deq OIIpeieNsieTCsl ¢ IIOMOIIBIO paBeHCTB Pf (x(j)) =f (x(j)) . O6osnaunm uepes ||P||q Hopmy P
kak omeparopa us C(Q) B C(Q) . Paccmorpum orobpakenue T : R" — R91, umerornee Bup T(x) = (p2(x), ..., 04(x)).
CripaBeiyIMBbI HEPABEHCTBA % (1 + ﬁ) (JIPla —1) +1 < E(T(Q);S) < % (lIPllg = 1) + 1, rme S — (d — 1)-MepHBIT CUM-
iekc ¢ BepiuHamu T (x(j )) . B craTbe 910 1 ipyTHE COOTHOLIEHNS O6CYKAAKOTCS IS TIOIMHOMUAIBHON MHTEPITOIISLINAI
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1. OcHoBHBIE onpeneIeHmusa 1 COOTHOIIECHIIA

IIyctp Q — 3aMKHyTOe orpaHnueHHOe moaMuokecTBo R”. TTo C(Q) moHMMaeTcsa MpOCTPAaHCTBO HEIpe-
peIBHBIX GyHKIMIL f : Q — R ¢ paBHOMepHOI HOPMOII

Iflleca) = max|f (o).

[ HeBBIpOXKIEHHOTO cuMInlekca S C R” yepe3 oS 0003HAUMM pe3ysbTaT FOMOTETUN S OTHOCUTEIBHO
eHTpa TsoKecTu ¢ kKosppuuuentom o. [onoxkum £(Q;S) := min{o > 1: Q C ¢S}. Bruouenne Q C S
9KBUBAJIEHTHO paBeHCTBY £(Q;S) = 1. [To Hareil TepMuHOIorny BenunHa &£(Q; S) HasbIBaeTcs K0agdu-
yuenmom noznouleHust Muoxecmea Q cumniexcom S. Hike ver(S) ecTb COBOKYIIHOCTH BEPIINUH S.

Ilyctb d € N, d > n+1; ¢1(x),...,p4(x) —mnHetHO He3aBUCUMbIe QYHKUNY, IIPEACTABIIIOLINE
€060 MOHOMBI OT N IIepEMEHHBIX Buaa x& = xf“ Coxy" 3mech x = (xq,...,%,) €ER" a = (ay,...,an)
€ Z7. llpepmonaraercs, 410 @1(x) = 1, 2(x) = X1, ..., @n+1(x) = xp. lHox d-MepHBIM IIPOCTPAHCTBOM
MHOTOWIEHOB OT N IepeMeHHbIX OyJeM IMOHMMATh COBOKYIHOCTD IT := lin(¢y, . . ., ¢4). OTMeTnM BakHBIE
BapuauThl I1 = I (R") — mpocrparcTBo MHOTOWIEeHOB oO1eit crerenu < k (k € N) u II = II, (R") —
IIPOCTPAHCTBO MHOTOUJIEHOB cTelleHM < «; 1o x; (a € N™).

Cosoxymrocts Touek xV, ..., x(? € Q massrBaerca donycmumpim HAGOPOM Y3706 IS MHTEPIIOMAIIAN
¢yuxumit u3 C(Q) ¢ nomoirsio muorouwnenoB u3 I1, eciu A := det(A) # 0. 3xecs u HiKe A ecThb (d X d)-
MaTpuIa

1 g (xM) .o g (x®)
A=
1 ¢ (x(d)) /¥ (x(d))
Wurepnonsumonssi npoekrop P : C(Q) — II mo sromy HaGOpy y3JIOB ONpeNeNsercs ¢ IOMOIIBIO
paBeHcTB Pf (x(j)) =f (x(j)) , j=1,...,d. AHamorom nHTeprOAAUMOHHOI popmyinsl Jlarpamxka sBiseTcs
[IpeCTaBIIeHIE
x
Pf(x)-Zf( D)y, 25000 = ’() M
rzie A;(x) — onpeennTesNb, KOTOPBIII IIOTyUaeTcs U3 A 3aMeHOIt j-it CTPOKM Ha cTPOKy (@1 (X), ..., p4(x)).
Mnorounensr A; € IT o6mamaroT cBOMCTBOM A; (x(k)) = 5}‘. Vx xoaurmenTs! B 6asuce ¢y, .. ., ¢g COCTaB-

JAI0T cTONOLBI MaTpuibl A~'. Mbl HasbiBaeM A; 6asuchbimu mHozourenamu Jlazpamsica mpoexropa P.

B cnyuae I =TI (R?), d = n+1m ¢j(x) = xj—1 (j = 2,...,d) MHOTOUJIeHBI A; TakKe Ha3BIBAIOTCH
6a3ucHbIMU MHOzoUTeHamu Jlazparnica cumniiekca S ¢ BepIIMHAMU B y3JIaX MHTEPIOJSAIN. B aToit cutyarumn,
ecoin Q ¢ S,

E(;S)=(n+1) max max( A(x)) + 1. (2)
1<k<n+1 x€

s Beimykioro Q paBeHCTBO (2) mokasbpiBaeTcsd B [1]; B o0uieM ciydyae QOKasaTeNbCTBO IIPOBOMUTCI
1o Toi1 ke cxeMe. 3amerum, uto £(conv(Q); S) = £(Q;S).

Hioke paccMarpuBarOTCs U JOIYCTUMBbIE HAGOPHI Y3JI0B 11 Te MHOXeCTBA (), K&KI0€e U3 KOTOPhIX
COIEP>KUT TaKoit Habop.

O6o3Haunm uepes ||P||q Hopmy P kak onepatopa n3 C(Q) B C(Q) . 13 (1) cnenyert, uro

d

1Pllo = maxZ 14 (x)1. (3)
Jj=
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Aj(x)

Papencrna A;(x) = 9KBUBAJIEHTHBI MATPMUHOMY COOTHOLIEHUIO

1 1 1 3 1
02 (xV) 02 (x?) g (@) |[ ) | ee0) @)
0a (X)) pa(x®) ... pg(x®) |\ pa(x)

B manmbHeilIeM BaXXHYIO POJIb GyeT urpats orobpaxkenme T : R" — R, ompenensemoe paBeHCTBOM

y=T(x) = (p2(x), ..., 0a(x)) = (X1, .., X, Pra1(X), . . ., @a(x)).

Msr 6ymem paccMaTpuBaTh 1T Ha MHOXecTBe 2. OTMeueHHSBIN BbIIe BBIOOP IIEPBBIX MOHOMOB ¢;(x)
oGecreunsaer obparumocts T. OGosuaunm y) := T (x(f)). CoorHotureHnne (4) paBHOCUIJIBHO

d
Aly(l) +... +)Ldy(d) =y, Z)Lj =1.
j=1

9r0 03HayaeT, uTo umcna A;(x) ABIAIOTCA GApUIEHTPUUECKMMI KOOPAWHATAMY TOUKM Yy = T(x) oTHOCK-
TenbHO (d — 1)-MepHOTO cuMILTeKca ¢ Bepummaamu y'/) . Iloatomy

d d d d
IPllo = max Y 14, (x)] = max{z Bl Y Bi=1y=> gy e T(Q)}. (5)
j=1 Jj=1 Jj=1

Jj=1

IIpaBoe paBeHCTBO B (5) BBIpa)KaeT HOpPMY IpoeKTopa P uepe3 GapuileHTpUUecKMe KOOPAMHATBI TOUEK
mHOxecTBa T () OTHOCUTENTHHO HeBHIPOKIeHHOTO (d — 1)-MepHOTo cuMILTeKca ¢ Beprmaamu y'/).

Yepes O(II; Q) 0603HaUMM MUHIMAIBHYIO BeJIMUNHY HOpMBI rpoektopa P : C(Q) — II npu ycmosuu,
UTO COOTBETCTBYIOIINE P y3JIbl MHTEPIIONAIN IIpMHATIexaT € :

6(I1: Q) == min ||P]lo.
xUeq
[IpoexTop, HOpMa KoToporo pasHa O(I1;Q2), OymeM HasbIBaTh MUHUMATbHbIM. BBEIEM B paccMOTpeHUe
CIIeYIOIIYTO0 UMCIOBYIO XapaKTePUCTUKY MHOKeCTBa (2, TPeJICTABIIAIONTYI0 COB0T MUHUMATbHbLIL KOIPPU-
yueHm nocsiouseHus 3Toro MHOKeCTBa HEBBIPOKACHHBIMY CIMIIIEKCAMU C BEPIIVMTHAMU B Q:

E(Q) :=min {£(Q;S) : S— n-mepHsbIT cuMILTeKC, ver(S) C Q, vol(S) # 0}.

Iycrs Y, ..., x(@ — monmycrumenit HaGop yamos uutepronarmu byuximit u3 C(Q) ¢ IOMOIIBI MHO-
rowrenoB u3 II, P : C(Q) — II — coorBercrByIoIuit mpoekTop. Torma Toukm y(f) =T (x(j)) COCTaBJIIOT
JIOTIy CTUMBIiT Ha6Op Y3108 uHTepriosamuy dyuxmmit us C(T(Q)) ¢ momontsio Muorowrenos us IT; (R471) .
PaccMOTpUM MHTepIOIMOHHE ipoexTop P : C(T(Q)) — II; (RY"!) 1o cucreme yamos y, ..., y@.
Ecmu f € C(Q), g € C(T(Q)) ug(y) = f(x) mpu y = T(x), To paBerctBam Pf (x(j)) = fj COOTBETCTBYIOT
pasenctsa Pg (y) = g; :== g (y") . Hoaromy nnrepnonsammonnsle Mmuorowrens: p € [T u q € IT; (R971)
TaKKe CBA3aHBI cooTHOIIeHMeM p(x) = q(y). [Tycts A; € II — GasucHble MHOrOUNeHH! Jlarpamxa Ipoex-
Topa P, j1; — 6asucrbre MHorounens! Jlarpamka mpoexropa P (wm cummnexca S = conv (yY, ...,y @) c
R4, 10 pu(y) = p(T(x)) = A;(x). CeposarensHo,

IPll7(q) = IPlla-
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B cBsasm ¢ atum npu ouneHUBaHUK HOPMBI ||P||g OKa3pIBaeTCs BO3MOKHBIM IIPMMEHNUTH FeOMeTpUUecKie
HepaBeHCTBA [T HOPMbI TIPOeKTopa P mpu muHeitHo# nuTepronaumu Ha (d — 1)-MepHOM MHOKeCTBe
T(Q). 3tor mogxon 6611 npeosked M. B. HeBckuM; mosryueHHbIE UM Pe3yIBbTAThI COMEPKATCA B CTATHIX
(2], [3] u monorpaduu [1]. [IpuBeném HyKHBIe HaM yTBEP>KICHIS.
Iins mpoextopa P : C(Q) — II ¢ yamamu x/) cripaseanBo HepaBeHCTBO
1 1 d
5@+;;ﬁamm—n+1<aNQ»9<Eumm—n+n ©

rae S — (d — 1)-MepHBIiT cUMILIEKC ¢ BepiunHamu T (x(j )) . CripaBeqIMBBI COOTHOIIEHS

2 d-1
Ecnu ||P||q # 1, To (6) MOXHO 3amucaTh B BUE

L <§(T(Q);S)—1<§.
2 d-1 IPlla — 1 2

1 (1 + L) (O Q) — 1) +1 < £, (T(Q)) < g O Q) —1) + 1. 7

)
Ipu O(11; Q) # 1 coorHOLIEHME (7) PABHOCUIBHO
1@+d1)<ngm»—1<g

©)

2 -1 0(I; Q) -1 2
Touxy y = T(x) € T(Q) HazoséM 1-Toukoit orHOoCHTeNBHO cumITekca S = conv (yV, ..., y@), ecin
d
1Pllo = > 12;(x)]

j=1
u cpequ umcen A;(x) MMeeTcs pOBHO OJHO OTpuIaTesqpHOe. Ecam Takas TOYKa CyILIecTBYeT, TO IIpaBoe
HEpaBeHCTBO B (6) CTAHOBUTCH paBeHCTBOM. IlociieiHee yTBEpKIeHME NOKA3aHO B [2] B 9KBMBAJIEHTHOM
Bupe. [ToHsgTUA 1-BepIIMHBI KyOa 1 1-TOUKU MPOU3BOIBHOTO MHOXKECTBA ObLIN BBEIEHBI COOTBETCTBEHHO
B [3] u [4].

Ecnu 1-rouka mHOkecTBa T(€2) CyILleCTBYeT I CUMILIEKCA S = conv (T (x(l)) oo T (x(d))) TakKoro,
uro E(T(Q);S) = £€4-1(T(Q)), To mpaBoe cooTHOLIEHNE B (7) ABIIAETCA paBeHCTBOM 1 IIpoektop P : C(Q) —
I1 ¢ ysmamu x/) gpnserca MUHNMATBHBIM.

Cayuait IT = IT; (R™) mompo6HO ycciegoBacs B [{KiIe paboT aBTOpOB (cM., Harpumep, [3], [1], [5], [4]
u 6ubiamorpaduio B sTux paborax). B aroit curyanun d = dim Iy (R") = n + 1; orobpaxenue T sBisercs
ToXecTBeHHbIM. Hamboiree mHTEpECHbBIE Pe3YJIbTAThI OBLUIN IIOJIYYEHBI B CiIyuae, Korga { — n-MepHbIt
Ky0 TN n-MepPHBI €BKIMIOB I1ap.

B Hacrostimeit crarbe cootHoueHns (6)—(9) 00CyKIarTcs A1 MOAMHOMUAIBHO MHTEPIIOJISLIY Ha OT-
peske. Beropy manee n = 1, I1 =T (RY), k > 1,d = dimIIx (R!) = k+ 1, ¢;(x) = x/ (1 < j < k). Bosbmém
Q =[-1,1], Torma

T(Q) =T([-1,1]) = {(x,....x*) e RF: -1 < x < 1}.

B nyukrax 2—-4 paccMarpuBaroTcsa cyuan k = 2, 3, 4. B myHkre 5 coGpaHbI UnCIeHHbIe OI[eHKI BEINYUNH
6 (g (RY);[-1,1]) m & (T([-1.1])) mpu 1 < k < 10. HakoHew, B myHKTax 6—7 IPMBORUTCI MaTepual,
KaCaloIIICSI paBHOMEPHBIX Y3JI0B 1 y3J0B YeObIiéBa. B crarhe oTMeuarTCsi Bce HallleHHbIE CIIyyal,
Korpga cripasa B (6)—(9) BBIIIOJIHAIOTCS PABEHCTBA.

YnucnenHsle pe3ynbrarsl moxyueHs! A. JO. YxanoBeiM, mogpoGHble BEIUNMCINTEIbHBIE JaHHBIE pa3Me-
ureHsl B 6a3ze Mendeley Data [6]. Ilpu mpoBemeHun BEIUMCIEHNIT IPUMEHSIIACH CIICTEMA KOMITBIOTEPHOI
marematuku Wolfram Mathematica (cm., Hanpumep, [7], [8], [9]). Ucmonbp3oBanucey Takxke CHEMATIbHO
HalMCaHHbIe IIporpaMMsbl Ha sg3bike C++. [ oOpalleHus MaTpUIl 1 pelleHus dKCTPEeMAIbHbIX 3a1au
MCIIONBb30BaINCh pyHKuMu 6ndanoreku DLIB (cm. [10]).
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2. KBanpaquHaﬂ MHTEPIOJIALINA Ha OTPE3KE

Ipocretimmit cayyalt MHTEPIIONAIUN MHOTOWIEHAMY CTeIleH! BBIIIIE IEePBOil — KBapaTUUHAas WH-
TEPIIOJISIIUS Ha OTpe3Ke. AHATUTUUECKOE PELleHNE 3a0aull O MUHUMAIBHOM IIPOEKTOPE IIPU YKAa3aHHOM
reOMeTPIUECKOM ITOAXOME MAHO B [2], KOMIIBIOTEPHBIE METOABI IpUMeHsINCch B [11]. PaccmoTpum aror
clIyuail B KauecTBe VMJUTIOCTPALIVIL.

UssectHO (cM., HarpuMep, [12]), YTO MUHMMANbHAA BEMTUUMHA HOPMBI MHTEPIIOJSIIMOHHOTO IIPOEK-
TOpa B 9TOJ CUTyauuy paBHaA 5/4 u 9Ta BeIMUMHA pealymsyerTcs AN paBHOMEPHBIX y3JoB. [lokaxem,
KaK OTMEUEHHBII Pe3yJIbTaT MOJMyUaeTcsa ¢ TOMOIIBI0 (6)—(7). [JOTOIHNTENBHO MOMYyUAeTCs, UTO MUHI-
MAaJIbHBIX IIPOEKTOPOB 3/1€Ch OECKOHEUHO MHOTO.

IMycts I = IT, (R'). Torma d = dimI1 = 3, 1.e. k = d — 1 = 2. Oto6pakenue T umeer Bug x — (x, x%),
u muoxectBo T(Q) = T([-1,1]) = {(x,x*) € R* : -1 < x < 1} ecTb uactb mapabonsl. [I1g y3nos
uHTepnonaauuu —1 < r < s <t < 1 umeem

~ O N

CUMILIEKC S IpefcTaBisgeT coboil TPeyroNbHUK C BepluyHammn (7, r?), (s,s%), (t,t?), PaCIIOJIOKEeHHBIMU
Ha 9TOi1 yacTu rmapabosst. [Ipoiecc MOTIOMIeHNS TAKMM TPEYTOAbHUKOM IapaboinuecKoro ceKTopa mu3oo-
paxxéH Ha puc. 1.
_ 2
W3 Bemykiaoctn ¢yHKuuM ¥(x) = x° ciegyer, uro 1-rouka mMHOectBa T([—1,1]) oTHOCUTEIBHO
CUMILTIEKCa S CYILEeCTBYeT IJIsd JIF0OBIX Y3JI0B. 3HAUNT, cIipaBa B (6) MMeeT MECTO PABEHCTBO:

3][Pllo — 1

. (10)

ET(0):5) == (IPlla - 1) +1 =

[ockonbKy (10) cnpaBemmeo A moboro npoektopa P : C[—1, 1] — I»(R'), To uMeeT mecTo 1 paBeHCTBO
crpasa B (7):

br(@) = LD L

Taxum 06pa3oM, B KBAPaTUIHOM CiIydae HaXOKAeHNe MITHIMAIbHOI HOpMbI IIpoekTopa 0 (IT; Q) ak-

BUBaJIeHTHO Bbrumciennio &(T(Q)), T.e. MUHNMAIBHOTO KO dULMeHTa IOIIOIIEeHNs TPEYTOIbHIKOM

yKasaHHOJ 4acTy mapaboisl. B kauecTBe y3/I0B MMHMMAJIBHOTO IIPOEKTOpA HAMO B3STh II€PBbIE KOOP-

OMHATBI BEPUINH OOHAPY>KEHHOTO B MTOTe TPEyrojabHMKA. TeXHMUeCKMM ITyTEM 3afada peqyLupyeTcs

K Tpeyronbuuky S ¢ Bepumnamu (—r,r%), (0,0), (r,7%), 0 < r < 1. [l11 Hero sKCTpeMaJTbHBIMU TOUKAMMU

rr
y € T(Q) moryr ObITE JUIIb (£1,1), iE’ ik IIBe mocieqHMe TOUKM OIIPENeNsIioTCcd TeM, YTO B KaKIOI

13 HUX KacaTeJIbHas K rmapaboiie mapaieibHa 60KOBO CTOpoHe S. BerumcieHus gamor
11 3 5 2
ET(Q);S) =max|—,— —2|, ||Pllog=max|-,—= —1].
8 rl 4’ r?

WuTepecHo, uto npn

22

T20.942809...<r<1

9TU BEJIMUMHEI He 3aBICST OT ' M PABHBI COOTBETCTBEHHO 11/8 1 5/4, mpuuéM 9T0 MIHMMATBHBIE BO3MOXK-

HbI€ 3HAUCHII. 3Han/IT,
11 5
&H(T(Q)) = R 0 (I5;Q) = T
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. prI‘I/IX MIUIHVMAJIBHBIX

2V2
MUHUMAIPHBIM ABJIAETCS JII000T IIPOEKTOp C y3iaMu —71, 0, r Ipu r € [T, 1

IIPOEKTOPOB B 3TOM CJIydae HET. BaMeTI/IM, UTO COOTHOILIEHUA (7) n (9) 3aIIVIChIBAOTCA COOTBETCTBEHHO

KaK
11 11 11 3 3 3
—<—=—, -<=-=-,
16 8 8 4 2 2
y

Fig. 1. The absorption of the parabolic sector Puc. 1. MNMornoweHne napaboanyeckoro cektopa
by a triangle TpPeyrosbHNKOM

3. KyOmueckas MHTepHOISAINA HA OTPe3Ke

B cayuae IT =115 (Rl) BepHOo d = dimII = 4, k = d — 1 = 3. Orobpaxenne T nmeer BUX x —> (X, x?, x3),
nmoatomy MuoxkectBo T(Q) = T([-1,1]) = {(x,x%4x*) € R® : -1 < x < 1}. 910 TpéxMepHas TMHUA
¢ KoHamu B Toukax (—1,1,-1) m (1,1, 1), IIPOEKLNY KOTOPOJI Ha KOOpAMHATHBIE INIOCKOCTY KOHI'PY3HTHBI
kpuBbIM Y = X2, Y = X3 u X(t) = 1, Y(t) = t3; mocnennss umeer HyseBoit yron B Touke X = Y = 0.

HnaysnoB-1<r<s<t<u<xl

1 r r2 o3

A 1 s s 3
A A A

1 u v

CUMILIEKC S IIpeacTaBiseT co00If TeTpasap ¢ BepIIMHaAMU
(r,r2 %), (5557, (LE5F0), (wudud), (11)

npuHamaexamumu T (Q). ITornomenne muoxectsa T(Q) TeTpasgpom S WILIIOCTPUPYETCS Ha PUC. 2.
Munumansuble sHaueHus ||Pllq u E(T(Q);S) 6puin HaliieHBI C TOMOLIBI0 KOMIbIOTEpa. MuHNMYM
|IP|lq, paBEbIit 1.422919 .. ., mOocTUTAETCSI HA CUMMETPUUHBIX Y3JIaX

-1, —-0.417791..., 0.417791..., 1. (12)
Munaumym E(T(Q); S), paBublit 1.635778 . . ., IOCTABIAET TETPAIP, BEPIIUHBI KOTOPOTO MOJIYUAIOTCS TOCTIE
mpuMeHeHMs npeobpasoBanus T k Toukam —1, —0.481618..., 0.481618..., 1.
Urax, komnsiotepHble Berunciaenus pawot 0 (I1; Q) = 1.422919..., &(T(Q)) = 1.635778.... . [Ipu ra-
KX 3HaueHUAX 00a HepaBeHCTBa B (7) ABISIOTCA CTPOTMMM M MMelOT Bupm 1.28194... < 1.63577... <
1.84583... . CoorHouIeHue (9) 3amMchIBaeTCI Kak % < 1.503307... < 2.
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Kak ormeuaiocs B myHKTe 2, Ipy KBaAPATUUHON MHTEPIIOALmY 1-Touka MHOXecTBa T (Q) cyiectByer
IU1s TI0boro mpoekTopa. B paccmarpmnBaemom ciyuae 3to He Tak. Hanpumep, nycts

r:_m_mt_m V2+2
2 > T T o Ty MR T

OTM TOUKM ABJIAIOTCA KOPHAMM MHOToulIeHa UeObIéBa ueTBéproir crernenn 8x* — 8x% + 1, mostomy Ha-
sp1BatoTca yanamu Yebviwésa. Torma ||Pllg = V2 + V2 = 1.847759..., £(T(Q);S) = 2.496605... , u Hepa-
BeHCTBO (6) mMeer Bupg 1.5651727... < 2.496605... < 2.695518... . IlocKOJIBKY IpaBOe COOTHOIIIEHIIE
B (6) paBeHCTBOM He BJIgeTCS, 1-TOUuKM MHOXecTBa T((2) OTHOCUTEIBHO cCUMILIEKca S ¢ BeprumHamu (11)
B JAHHOM CJIyuae He CYILeCTBYeT.

Fig. 2. The absorption of the set T([-1,1]) Puc. 2. MNornoweHne mHoxecTBa T([-1,1])
by a tetrahedron TeTpasapom

TeM He MeHee, KaK IIOKa3bIBAIOT HALIN BBIUMCIIEHNS, JISI HEKOTOPBIX HAGOPOB Y3JI0B IIPaBOE€ COOTHO-
nrenue B (6) obpalaeTcs B paBeHCTBO (C TOUHOCTbIO He MeHee 107!1). YkasaHHBIM CBOMCTBOM 06MafgaoT
paBHOMEpHBIE y3JIbl, & TaKKe y3JIbl (12) MUHUMAIBHOIO IIPOEKTOPA.

[ns paBHOMepHBIX y310B umeeM ||P|lq = 1.63113030..., &(T(Q);S) = 2.26226061..., cooTHOLIe-
uue (6) npmHuUMaer Bupm 1.420753... < 2.262260... = 2.262260... Ormerum, uro Berumcierue ||P|lq
n £(T(Q);S) mpousBOAMIOCH C IIOMOIIBIO ABYX PasiIMUHbIX IporpamM. OQHAKO IOCIeqHee paBEHCTBO
BBITIONTHAETCA C TOYHOCTBIO He MeHee dem 10718,
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s ysnos (12) HopMma npoekropa MuHuManbHa: ||P|lq = 0 (I1; Q) = 1.422919.. ., xoadduimeHT mo-
riowtenus E(T(Q);S) = 1.845839. . ., a cooTHoIeHMe (6) 3amuchiBaeTcs Kak 1.281946... < 1.845839... =
1.845839. ..

Pasymeercs, mpubIypKEHHBIE BHIUMCIEHNS Ja)ke ¢ GOJBIION TOUHOCTHIO HE TapaHTUPYIOT HAINUNS
crpaBa B (6) paBeHcTBa. CTPOTO€E TOKA3aTENBCTBO ITOTO PABEHCTBA MAET UCIIOIB30BAHUE MTOIXOMA C TIPIU-
MeHeHMeM OHATKA 1-Toukny (cMm. myHKT 1). [I[puBeném maHHbIe LI IBYX PACCMATPUBAEMBIX CIIyUaEB.

[T pABHOMEPHBIX Y3II0B

1 1
0oy oL el ey
3 3
u TOUKM X = —0.699055 . . . BBIIONHAIOTCA paBeHCTBA ||Pllo = 1.631130... = 3 |4; (x¥) |, mpuuém
A (x*) =0.890801..., Ay (x*) =—-0.315565..., As(x*)=0.360848..., A4(x*)=0.063915....

CrenoBarensHo, y* = T (x*) aBisgercs 1-roukoit MHOecTBa T () OTHOCKUTENIBHO TeTpasfpa ¢ BepIUIMHAMI
T (x)). B cooTBeTCTBIY CO CKA3AHHBIM B MyHKTe 1 IpaBOe COOTHOIIEHNE B (6) 0GpAIIIAeTCs B PABEHCTBO.
3amerum, uro det(A) = 1.053497 .. ..

g y3nos
W =—1, x®=—0417791..., x® =0417791..., W =1
npu x** = —0.733172 ... umeeM ||P||q = 1.422919... = 3} |A; (™) |. Tak Kak
A () = —0.211459. .., Ay (x™) = 0.771708 ..., A3 (x™*) = 0.381082..., A4 (x**) = 0.058668.. ..,

to y** = T (x**) asngerca 1-Toukoit MHOXecTBa T({)) OTHOCUTENBHO TeTpasapa ¢ BepiumHamu T (x(j)).
Hannune 1-Touxky o3HauaeT, YTO U B ITOM CJIydae CIIpaBa B (6) MMeeT MeCTO paBeHCTBO. 31ech det(A) =
—1.138679....

4. HHTepnoaanua MHorouwieHamu us [1, (RI)

Ipu I =114 (R') umeem d = dimIT = 5,k = d — 1 = 4. Oro6pakerme T umeer BUx x —> (x, x2, x°, x*),
muOxkectBo T(Q) = T([-1,1]) = {(x,x%, x>, x) e R*: -1 <x < 1}.[maysmoB-1<r<s<t<u<ov<l1

1 r2 ot

e
QS & =~ »n =N
~
1
~
w
~
NS

KoopamuaTsl BepIIMH cuMIuiekca S C R* 3ammcansr B MaTpuny A IIOCTPOYHO, HaUMHAA CO BTOPOTO
cronbna.
V37p1 YeOnII1€Ba, T. €. KOpHU MHOTrO4JIeHa YebpIéBa mIIT0I cTermenn 16x° — 20x3 + 5x, MMeIoT BUL

V5+1/5 V5 -1/5 5-15 . 5+45

r=—-————, s=——, =0, u=—-v-—,
2V2

w2 22 22
1+4V5
5

IIpuBeném pesysIpTaThl KOMIIBIOTEPHBIX BhIUNMCIeHNII. MuHUMYM ||P||q, paBHBIL 1.559490. . ., mocTn-
raercs Ha CUMMETPUUHBIX y3max —1, —0.620911..., 0, 0.620911..., 1. Munumym &(T(Q2);S), paBHBII1
1.981193. .., mocTaBiIsgeT CUMILIEKC, BEpIIMHBI KOTOPOTO IOJIyYaroTCsA ITOcie NMpUMeHeHus omneparopa I’
K Toukam —1, —0.650738..., 0, 0.650738..., 1.

Takum obpasom, kommbiorep gaér 0 (I1; Q) = 1.559490. .., &(T(Q)) = 1.981193... . C arumu 3HaUe-
HUSIMU HepaBeHCTBA (7) SIBJISIOTCS CTPOTMMU U MMeloT Bup 1.349681 ... < 1.981193... < 2.398725. .. .

B arom ciiyuae ||P||q = = 1.988854 ..., HO 9TO He HAMeHbIIIEe BO3MOKHOE 3HAUEHIIE.
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5. Onenxu Besmruud 0 (I (RY);[-1,1]) m & (T([-1,1])) mpu 1 < k < 10

B arom myHKTe IpMBOAATCA IONyUYeHHbIE UNCIEHHBIM IIyTEM OLIEHKM MMHMMAIbHBIX HOPM MHTEp-
MIOJIALIMOHHBIX IIPOEKTOPOB, AelicTByromux m3 C[—1,1] mHa mpoctpancTsa IIj (Rl) mpu 1 < k < 10,
Y MUHVMAJIBHBIX KO3(QQUIINEHTOB IOITIOMIEHN B TeX Xe ciydadx. [[1d KpaTKOCTM MBI 0603HauMiIn

O =0 (I (RY) s [-1,1]), &k = & (T([-1.1])).

Table 1. Minimal norms of projectors Ta6nuua 1. MMHMManbHbIE HOPMbI MPOEKTOPOB
and corresponding absorption coefficients 1 cooTBeTCTBYOLLME KO3GPULIMEHTLI NOMNOLLEHNS
k| 6 < 8
1 1 1
2 1.25 1.375
3 | 1.422919... | 1.8458309...
4 | 1.559490... | 2.224196...
5 | 1.672210... | 2.574785. ..
6 | 1.768134... | 2.911143...
7 | 1.851599... | 3.239031...
8 | 1.925457... | 3.561425. ..
9 | 1.991685... | 3.880036...
10 | 2.051705... | 4.195926...

Table 2. Minimal absorption coefficients Ta6nuua 2. MH1UManbHble KO3GPULMEHTHI
and corresponding norms of projectors MOrNOLLEHNS 1 COOTBETCTBYOLLIME HOPMBbI
NpoeKTopoB

k] &< 1P|

1 1 1

2 | 1.375000... | 1.250000...

3 | 1.635778... | 1.604018...

4 | 1.981193... | 1.6260067...

5 | 2.210535... | 1.782786...

6 | 2.455130... | 1.858521...

7 | 2.678509... | 1.962845. ..

8 | 2.907301... | 2.029565...

9 | 3.128316... | 2.108072...

10 | 3.351866... | 2.164915...

B rabauue 1 maroorca sHaueHns k (CTelleHb MHTEPIOJSLMOHHOIO MHOTOUJIEHA), BEPXHSIA OoleHKa Oy
n BemnunHa £(S) = E(T([-1,1]);S) xoadduimenra normomenus maoxectsa T([—1,1]) cummiexcom
C BepIIMHAMIU B TOUuKax T (x(j)), e x/) — yaIIbI MHTepIOIAIIOHHOTO IPOEKTOPa, Ha KOTOPOM MOJTydeHa
IpuBeAEHHAsA OLIEHKa Or. Baauenug 0; = 1 u 6, = 1.25 9BAAIOTCA TOUHBIMI. PaBEeHCTBO cIpaBa B (6)
BBINOJIHAETCI IIPU k=1,2,3.

B tabaniie 2 mpuBOAITCS BepXHUE OLEHKM MMHUMAIbHBIX KO3QGUUMEHTOB MOIIOeHNs & ¥ HOp-
Mel ||P|| == ||P||[-1,1] T€X IPOEKTOPOB, y3JIbl KOTOPEIX BOCCTAHABIMBAIOTCA U3 BEPIINH KCTPEMAbHBIX
cumitekcoB. 3Hauenus & = 1 u & = 1.375 aBisgiorcs TouHbIMU. [IpaBoe paBeHCTBO B (6) MMeeT MeCTO
npu k = 1,2.
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HaiineHHble UMCIEHHO y3JIbI MIHUMAJIBHBIX IIPOEKTOPOB U MapaMeTpuyecKyie KOOPAMHATBI BEPIINH
9KCTPEMATBHBIX CUMILIEKCOB MpUBeNeHbI B [6]. TaMm ke MOXKHO HAMTM 3HAUEHUs OLEHOK mis O m &
¢ OOJIBILIIM UJICJIOM 3HAKOB IIOCJIE 3aIIATOI.

6. PaBHOMepHBIe y3JIbI

KommbprorepHble BbIUMCIEHUsT KO3(Q(UIIMEHTOB MOIVIOIIEHNS X HOPM IIPOEKTOPOB [JII paBHOMeEp-
HBIX Y3JI0B (CM. TaOnuIly 3) OCIIOKHSIIOTCSA OBICTPBIM YMEHBIIEHEM MOMIYJIS OMPENEeIUTEN MATPUIBL A.
Hampuwmep, misa k = 11 umeem det(A) = 3.63581 - 107, Iaiee, ¢ poctoMm k, abCcoNIOTHOE 3HaUEHVE OIIpe-
menurens ObIcTpo yObiBaeT. [Ipu BhIUMCIEHMSIX HAa CUCTEMAX CO CTAHAAPTHBIM IIPEACTABIEHMEM UUCEI
C IUTABAIOLIIEll TOUKOV TPYMHO rapaHTMPOBATH TOUHOCTH PE3yJIbTaToB. 110 3TOI IpuUMHe MbI IIPUBOLUM
3HAUEHMS PAcCMATPMBAEMbIX BeMUUMH TONbKO Mt 1 < k < 10. 3ameTum, uTO IIpaBoe PaBeHCTBO B (6)
BBIIIOJIHAETCS IIpU k=1,23.

Table 3. Absorption coefficients and norms Ta6bnuua 3. KosppuLmeHTbl NornoLeHms
of projectors for regular nodes 1N HOPMbI MPOEKTOPOB A5 PaBHOMEPHbIX Y3/10B
k £(S) 1P|
1 1 1
2 1.375 1.25
3 | 2.262260... 1.631130...
4 | 3.812500... 2.207824. ..
5 | 6.167317... 3.106301. ..
6 | 9.461457... 4.549341. ..
7 | 13.824447... | 6.929739...
8 | 21.876588... | 10.945645. ..
9 | 41.283675... | 17.848612...
10 | 72.576233... | 29.899955. ..
Table 4. Absorption coefficients and norms Ta6bnuua 4. KosppuLMeHTbl NornoLeHms
of projectors for Chebyshev nodes 1N HOPMbI MPOEKTOPOB A5 YebbILLEBCKNX Y3/10B
k £(S) |1
1 | 1.414213... | 1.414213...
2 | 2.000000... | 1.666666...
3 | 2.496605... | 1.847759...
4 | 2.962610... | 1.988854...
5 | 3.414213... | 2.104397...
6 | 3.857835... | 2.202214...
7 | 4.296558... | 2.287016. ..
8 | 4.732050... | 2.361856...
9 | 5.165299... | 2.428829...
10 | 5.596925... | 2.489430...
11 | 6.027339... | 2.544766. ..
12 | 6.456823... | 2.595678...
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7. Y3uab1 YeObprmiésa

B ra6nnue 4 npuBoaATCS pe3yIbTAaThI BEIUMCIEHNU KO3 UIMEHTOB IIOTJIOEHNS ¥ HOPM IIPOEKTOPOB
1u1st y3710B UeOBIIIIEBa, TO €CTh Y3JI0B, COBIIANAOIIX C HYJISMM MHOrOWIeHa YeObIIéBa HYKHOII CTETIEHA.
[IpaBoe paBeHCTBO B (6) BhIMONHSIETCS Ipu k = 1, 2.

Kaxk 1 B cityuae paBHOMEPHBIX Y3JI0B, 32 TOUHOCTD BBIUMCIIEHIT KO3 PULUIEHTOB IOTJIOIeHS Ha KOM-
IIBIOTEPE MOKHO PY4aThCs TOJIBKO Ipy HeGobIux k. MbI puBoauM 3HaueHms TOIbKO Mt 1 < k < 12.
Ve mos k = 12 umeem det(A) = 3.68529- 10~ 1. Tlpu BospacTanuu k onpeieINTeNM CTAHOBSTCS e1lle MeHb-
1IIe TI0 MOJYJIF0, UTO MOKET IPMBOANTE K CHVDKEHIIO TOUHOCTH IIPY MICIIOIb30BAHMM IIEpEMEHHBIX THIIA
double s3p1ka C++. HopMbI poekTopa st 4eObIIIEBCKIUX Y3JI0B BEIUMCIISLINCH HAMY 110 TOUHON hopmyJre
(cm., HanmpuMep, [12]), moaTOMy Ha 3HaUeHNUS HOPM JaHHOE 3aMeyYaHIe He pacIIpoCTPaHsIeTCs.

OrMeTuM, YTO MCIIOJIb3yeMasi HaMI Ui BBIUMCIEHUS HOPM IIPOEKTOpoB Iporpamma Ha C++ maér
YIOBJIETBOPUTENBHOE COBIIaieHIIe 3HAUEHMII C TOUHOIT popMyIioit 1o KpaitHe mepe npu k < 30.
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Tikhonov V. B., Plaksa Y. A., Kurochkina S. A., Prusova N. A.

OOGBIYHO B TEOPUM HAXEKHOCTHU Ipadbl NCIOTB3YIOTCS IS VULIIOCTPALN aITOPUTMOB BOCCTAHOBIIE-
HIUS TeXHMdecKnx crucreM [1]. OmHako ecTs psi 3afad, MCIOIB3YIOIMX Ipadbl MIs OIpeneeHNs ONTH-
MAaJIBHOTO MJIV PAllIOHAJIBHOTO pa3MeIeHN IIeHTPOB TeXHIUECKOT0 00CTy KIBaHN, pellleHe KOTOPhIX
II03BOJIZET 00eCIeUNTh 6osiee BBICOKYIO HAJeKHOCTb 3TUX CUCTEM.

B mpakTMuecKMx NPIIOKEHUAX YaCTO BO3HMKAET HEOOXOMMMOCTD pellleHNs 3aJaull IIaHMPOBAHMI
U pacIloIOKeH!s IeHTPOB 00CyKBaHMs. BriepBrle 3agaua o pasMerieHny 0o6beKTOB ObL1a cHopMyIIn-
posana B XVII Beke, mosryunBIiIas BIIOCIeNCTBIY Ha3dBaHMe 3afgaun Bebepa [2]. eomerpuueckoe pertreHne
OAHHON 3afaulM JIsl TPeyroJbHUKa ObUIo mpexncraBiero J. Toppuuemmn [3]. Bo Bropoit momoBune XX
BeKa 3ajlaua pellleHa YMCJIeHHO MeTOJOM HaMMeHBIINX KBaapaToB [3]. B Hacrodiee Bpems mpoGiema
IIOVICKA OIITMMAJIBPHOIO MECTa pasMeIlleHMs OOBEKTOB OCTAeTCS aKTyaJlbHOIL: JJIS OIpedeeHNsI MecTa
pacrioyioxkeHns 6a3 cHabKeHMsI, KOMMYTAaTOPOB B TeJIe()OHHOI CeTH, IIOACTAHLUMII B 3JIEKTPOCETAX U T. .
CoBpeMeHHBIe 3aaull ONTMMAJIBHOIO pa3MeEIleHNsI MOXKHO pasfeNNUTh Ha JBa THUIIA: 3afaul O pasMe-
IIIeHNI B3aMIMOCBSI3aHHBIX 00BEKTOB [4—6] 1 3aaun pasmelleHus-pacupeneinennsa. Ko Bropomy ciryuaro
OTHOCATCS, B YACTHOCTY, 3ala4UlL O p-MeMaHe U pasMelleHNs C IPeIIOUTeHUIMI KIeHToB. [y onmca-
HIS MOJeJIell 3aa4 pasMellleHNs JCIIOIb3yeTCsl pa3iIMUHbI MaTeMaTIUecKIIl anmapar, MeTOIbl pellle-
HIS OTIPeeNIIIOTCS XapaKTepUCTIKaMy Moaenn. Tak [uIs IOMCKa pellleHys 3a1ayun o p-Meauane B [7—9]
IPUMeHSIeTCI MEeTO LIeJIOUNCIIEHHOTO JIMHEITHOTO IIPOrpaMMIpPOBaHNUs, GOpMyIMpPOBKA CBOTUTCS K 3a/1a-
ue 0 Iape MaTpuIl pacupeseneHys. Takoil IOaX0 I K pellleHMI0 3a]Jaull pa3MeIlleHNs pacIIpOCTpaHeHHBII,
HO IIpeJIIoyaraeT MaTeMaTIYecKyo OIpefeIeHHOCTb IIepeMEeHHbIX BeIMYNH I X OTPaHIYeHHOEe KoJIde-
crBo. Kak n B ciryuae qpyrux NP-1mosHBIX 3a7ad, IIpy ONITMMAIBHOM ITOVICKE ITPUOETaloT K IMPUOIVKEeHHBIM
MHCTPYMEeHTaM, HanpuMep, B [10] paccMarpuBaeTcs alrOPUTM HAUCKOPEIIIIeTo CITycKa IS HaXOXKIeHMI
JIOKaJIpHOTO onTNMyMa. Ho mpmbmiKkeHHBIE MeTOBI MIMEIOT PAJ] HeTOCTATKOB, OJVH X HIX — OTCYTCTBIE
a¢deKTUBHOI TOUHOII IpoLeAYpPHI pelreHns. IlonmHOMMaIpHBIE TPUOIVKEHHbIE AJITOPUTMBI PellleHNI
IpefcTaBIeHbl U B [11], B paboTe NMpoBeJeH TakKe BePOSTHOCTHBIN aHAIN3 3aaull pa3MeIlleHNs, a pac-
CTOSTHMS MKy BepIIMHAaMU IpadoB oIlpeaeaioTcsa KaK cIydaliHble BeJIMUIHBI C OMHAKOBOIN QyHKIMe
pacrpenenenns. IlapameTprI 3ajauy MOTYT OBITH OIIVICAHBI HE TOJBKO KOJIMYEeCTBEHHBIMI XapaKTePUCTI-
KaMI, HO 1 KaueCTBeHHBIMIL. B [12] paccMoTpeHa omHOKpUTepMaIbHas MIHICYMMHAs 3aaua pasMelrle-
HIA IIEHTPa OOCIYKMBaHNUA B CETV HOPOT, Te IepeMeHHasd ABJIFeTCS JIMHTBUCTIYECKOI, TO eCTh MOXKeT
MMeTh KaK KOJIMUYEeCTBEeHHYIO OLICHKY, TaK M OINCHIBATh KauecTBEHHBIE IIOHATNA. B ToM umcie pasmnmd-
HYIO0 CMBICJIOBYIO Harpy3Ky MOJKET HECTU U TepMUH «00BeKT». Takum obpa3oM, 3afava 0 pasMeleHUn
ITyHKTOB OOCJTY’KMBaHIS, B KOTOPBIX TpeOyeTcsl pacIIOIOKUTD ITyHKT 00CTy KMBaHMS Ha rpade Tak, 4ToObI
CyMMa KpaTUaIInX pacCTOSHUIL OT 3TOTO ITyHKTA 0 BepIINH rpada 6pi1a 661 MITHIMAIBHO BO3MOKHOI,
nMeeT OOLIMPHYIO chepy IMPaKTMUECKOTro MPUMeHeHNs, B TOM YICJIe ¥ BOGHHO-TIPUKIIaHYIO.

C TouKM 3peHus SKCILTyaTally M3eNNiT, Kak QyHKIMOHAIBHO, TAaK M TEXHITUECKOI, TI00YI0 CII0KHYIO0
TeXHIUECKYIO CICTEMY II0 CBOel CTPYKType MOKHO pacCMaTpPUBaTh KaK paclpeesIeHHYI0 epapXITuecKyro
cHucTeMy, KOTopas COCTOUT M3 ITPOCTPAHCTBEHHO-PAa3HECEHHBIX MEXy c000J 3JIeMEeHTOB, pa3MelleHue
Ha MECTHOCTI! U PyHKUMOHUPOBaHNe KOTOPBIX IIOAUIHEHO JOCTVLKEHIIO OHOI OOIIIel! IeJI.

KoMIIIeKCHBIM ITOKa3areseM HaJeKHOCTY TeXHYECKNX CUCTeM ABIgeTcd K03 UIMeHT rOTOBHOCTH,
KOTOPBIII II0Ka3bIBAaeT BEPOATHOCTD TOTO, YTO OOBEKT OKasKeTCsI B pabOTOCIIOCOOHOM COCTOSTHIU B IIPOM3-
BOJILHBII MOMEHT BpeMeH!, KpoMe IIJIaHMPYEMBIX IIepMOMI0B, B TeUeHIe KOTOPBIX 3KCILTyaTalys CYCTeMBbI
He npenycMoTpeHa [13]. OH ompenensercs 1o popmyie:

T

=—2 1
T, + T W

Kr
roe TO — CpeHHee BpeMH Hapa60TKI/I MC)K,HY OTKa3aMl CUCTE€MBI, TB _CpeﬂHee BpeMSI BOCCTAHOBJICHIA
CICTEMBI.

dopmya (1) mokassIBaeT, YTO TpebyeMoe 3HAUeHME KO3 PUIMIEHTa TOTOBHOCTI HATIPAMYIO 3aBUCUT
oT pa6OTOCHOCO6HOCTM I/I3]1€JII/H7L L[JI;[ ee 06eCHequI/IH MOFYT 6I)ITI) VMICIIOJIB30BAHBI I_[eHTpI:I TeXHU4Ue-
CKOro 06CHY}KMB&HM${, paSMeH_IeHMe KOTOprX CYH_ICCTBCHHO BJINAET Ha CpeIIHee BpeMH BOCCTAHOBJICHMA.
CHI/I)KeH]/Ie BpeMeHI/I JOCTaBKIU HeMCHpaBHbIX 9JIEMEHTOB B peMOHTHbIIZ OpI‘aH n O6paTHO IV BbBIE3Oa
CepBI/ICHOﬁ 6pI/II‘a,IIbI K OTKa3aBIHeMY :—)JIeMeHTy TEeXHUUECKOV CUCTEMBI IIO3BOJIIET IIOBBICUTH 3HAUEHUIE
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Ty, L ("‘-: ,.\‘!) Tls,
Fig. 1. Loading scheme of vertices and edges Puc. 1. Cxema HarpyxxeHus BepLinH 1 pebep rpada
of a graph

koadduimenTa roroBHOCTH. I109TOMY aKTyayIbHOII SIBIIETCS 3afaua pasMeleHns [IeHTpa TeXHIUECKOro
006CITy>KMBaHUS TAaKUM 00pa3oM, uToObI 00ecIeunTh MaKkCuMaabHOe 3HaueHe Ko3dduiimeHTa rOoTOBHOCTHI
TeXHIUECKOI CUCTEMBI, I, CJIeLOBATEIbHO, MAKCUMAIBHYIO 3¢ (eKTUBHOCTD ee IPUMeHEH.

Brllre ObUI0 OTMEUEHO, YTO AJIS pPelIeHMs 3ajad IOJ00HOI0 pofa MOKeT OBITh MCIIOJIb30BaHA TEO-
pus rpados [14]. Hanboiee 6IM3KMM K IIpefiaraeMoOMy peLIeHNIO SIBJISeTCS MUHUCYMMHBI alTOPUTM
pasMeleHns, 06eCIeUNBaIOIIIL IIOMCK MeqUaHbl rpada — BEpILIMHBI, CYMMa B3BEIlIeHHBIX PAaCCTOSHUII
OT KOTOPOII 10 OCTAThHBIX BepIINH MUHMMaIbHa. CyTh MeTOa 3aKI0UaeTcs B cleqyiomtem [14].

IIycrp nan meopumentupoBanusiil rpad G = (X, R), rme X — MHOXXeCTBO BEPILUNMH, a R — MHOECTBO
pebep. s kaxmoit i-i1 BepIlnHbI rpada BBOSUTCS IOHATIE IIepeJaTOYHOTO YIICIIa:

ox) = ), vidlxix) = ) vy dlxx), (2)

X'jEX XjEX

rae V; — Bec j-it BepImHeL, d(x;, X;) — KpaTualilllee pacCTOSHIE MEXIy i-J1 M j-if BepIumHaMu. Beprmaa
X0, I KOTOPOIt 0(xp) = min[o(x;)], rme x; € X, ABnsgerca MequaHoit rpada.

Ecnu paccmaTpuBaTh TeppUTOPUAIIBHO pacIpefeleHHYI0 TeXHUUECKYI0 CUCTeMY B KauecTBe MHOKe-
CTBa 3JIEMEHTOB, HEIENMMbBIX Ha TaHHOM ypOBHE MepapXMM, TO TAKOe MHOXXECTBO MOKHO IIPEJCTaBUTh
B BUJie HEOPMEHTMPOBAHHOTO B3BellleHHOTO rpada. Torma B kauecTBe MHOKECTBA BEPILINH OyIeT BBICTY-
IaTh MHOKECTBO 3JIEMEHTOB TEXHMUECKON CUCTEMBI, pasMEIIeHHBIX Ha MECTHOCTH, a B KaueCTBe MHO-
JKecTBa pebep MOKHO pacCMaTPMBATH MapLUIPYThI TPAHCIIOPTHOI CeTU IS IepeMelieHMs HeOOX0aMMBbIX
pecypcoB (371eMeHTOB 3aMeHbI, CepPBUCHBIX Opmraj) A BOCCTAHOBIIEHMS M3RENNII MEXAY ITyHKTaMI
nx pasmereHnus. Bec pebep Oymer ompenenaTbcsi MUHMMAIBHBIM BpeMeHEM HOCTABKM 9TUX PECYpPCOB
10 JTaHHOMY MapIIpyTy t;(xj, X;).

Ha npakrtuxe, yaiife Bcero, 3JieMEHTHI TEXHIUECKOI CHICTEMBI HEPaBHO3HAUHBI, 00'be IMHEHbI B ITOCH-
CTEeMBI VI BHOCST PasiIMUHBIN BKIaA B GOpMUpPOBaHME ee HAaJeKHOCTI. DTOT BKIAJ OIpeHeNseTcs KpuTe-
pUAMU OTKa3a, KaK CAMIUX 3JIEMEHTOB 1 ITOJCUCTEM, TaK M TEXHIUECKOI CUCTeMBI B I1eJioM. IIpu aToMm, B co-
OTBETCTBMMU C BbIpakeHMeM (1), HaXe)KHOCTb KaKIOTO JIeMeHTa TEXHIUECKOII CUCTEMBI XapaKTepU3yeTcst
nByms BenmunHamun: T, u T;. IlloaTomy Kaskgas BepiunHa rpaga JaHHO CICTeMBL, BOOOIIle TOBOPSI, JOJDKHA
65ITh B3BelteHa AByMs Becamu — T, u T;. Ho T, He 3aBMCHT OT BpeMeH TPAHCIIOPTUPOBKY 3JIEMEHTA 3a-
MeHBI MeXXIy BepiunHamu rpada, a T; 3aBucurt. CieqoBaTeIbHO, IPU PeLIeHNY 3a0auyl 06 ONITIMAIbHOM
pasMelleHNN IeHTpa TeXHINYECKOT0 00CIy>KMBAaHNS BEpIINHBI JOCTATOUHO HATPYy3UTh BeCaMy, paBHBIMI
T;. CxeMa HarpyskeHus BepIiuH u pebep rpada mpencrasiena Ha puc. 1.

Bemnunmna T, 1 KaXOoJ BepIIMHBI CKJIAgbIBaeTCAd U3 fy — BpeMEHU BBLINOJHEHNS MepONpUATHIL
BOCCTAHOBJIEHIS 3JIeMEHTa CUCTEeMBI, HaXOAAIIerocs B j-11 BeplINHe, KOTOpOe He 3aBUCUT OT MeCTa pacIio-
JIO)KEeHMS [[eHTpa TEXHIYECKOro 00CTyKIBaHys (BpeMsI AVarHOCTIPOBAHISI, BpeMsI 3aMeHbI 0JIOKa U T.IL.);
t; — BpeMeHU JOCTaBKM OTKa3aBIIIEro 3JIeMeHTa 3aMEeHBI U3 j-11 BepIINHBI B i-10 BEpIINHY, KOTOpOe OIIpe-
IeJseTcs MeCTOIIOJIOKeHIEM BEPILNH, ¥ PABHOT'O €My BpeMeHM JOCTaBKI OTPEMOHTMPOBAHHOT'O 3JIEMEHTA
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3aMeHBI 13 i-J1 BepIIMHEI B j-I0 BePLINHY (BpeMs 0OpaTHOTO IMyTu); t, — BpeMEeHM PeMOHTa OTKa3aBILIEero
aJIeMeHTa 3aMEHBI j-TO U3AENs B IeHTPe TEXHIMYECKOro 00CIyKuBaHus. B pesynprare moxydmm:

TBj = tBj + ZtH(xj, x;) + tpj: (3)

ITocKONbKY 1 tg, M t, MHBAPMAHTHBI K Pa3MEILEHNIO ITyHKTa 00CITyKMBAHNA, TO BRIpaXkeHNe (3) MOKeT
OBITH 3aIIMICAHO KaK:

Ty; = f(tn(x), %)), (4)

rae f(t;(xj,x;)) — HexoTopas QyHKIMS MMHMMAIBHOTO BPeMEHM JOCTaBKM, ONpefeseMas yCIOBUAMU
KOHKPETHOJT 3a1auil.

B pesyipraTe KpUTEpuUil ONTUMATBHOCTI Pa3MellleHNs LIeHTPa TEXHUUECKOTo 00CTyKIBAHIS MOXXHO
IIPeCTaBUTh, KaK HEKOTOPYI0 (QyHKUNIO MeCTOIIOJNIOKeHMs BepInH. Torga o6001eHHOe IIepefaTouHoe
YMCIIO JJISL i-J1 BepIUMHEI rpada MOKHO IPEICTABUTD B CIeAyIOIIEeM BUE:

o(xi) = ) Fltalxjx)]. (5)

XjGX

B ¢opmyie (5) mpenmonaraercs, YTo KaKAbIL 9JIEMEHT CyMMBI, 0Opa3yIoILeil [IepegaTouHoe UMCIIo,
B COOTBETCTBUM C popMyJ1oit (2) paBHBIIT IPOU3BEAEHNUIO BECOB BepIunH T ¥ BpeMeH JOCTaBKU PeCypCOB
ta(xj, x;) OymeT B KOHEUHOM CueTe OIpelesIATCS MIHMMATBHBIM BpeMEeHEM JOCTABKM ty(Xj, x;) 1 dakTm-
UeCKU SIBJIATHCSI HEKOTOPOV pyHKLMelt F 9TOi BEJIMUMHBI.

Taxkum 00pa3oM, IS pelIeHs 3a1auy HeoOX0AMMO HAITY TaKyl0 BepIIMHY Ha rpade, I KOTOPOi
0060011IeHHOe IIepeJaTOUHOe YMCIIO IPUMeT MUHIMAaJIbHOe 3HaueHme: o(Xo) = min[o(x;)], rme x; € X.
Kak nmokasaHo B MeTO/ie BHeIIIHeTl MequaHbl rpada [14] takas Touka OyxeT HaXOAUTHCS B OJJHOI 13 BEPIINH
rpada.

[TycTs MMeeM TEXHUUECKYIO CUCTeMY, cocrosinyio u3 N anemenrtos. Eciin mpu otkase 1106010 0qHOTO
aneMeHTa 13 N IPOMCXOMNT OTKA3 CUCTEMBI, TO CCTEMY MOYKHO IIPEACTABUTD B BUJIE CUCTEMbI C OCHOBHBIM
coequHeHreM [15]. B HEKOTOPBIX cucTeMax QOIyCKAaeTcs OTKa3 m aneMeHToB u3 N, roge m > 1. B atom
cJIyyae MOYXHO TOBOPUTBH O CUICTEMe C Harpy>KeHHBIM pe3epBOM ¥ HeOTpaHMYEHHBIM BOCCTAHOBJIEHMEM.
IToxasareny HafmeKHOCTYU TaKUX CUCTEM PACCUMTHIBAIOTCSA 110 popmyram [15]:

m ij TB].
1+ 2 Il 7 Il 7
k=1 |B|:k]EB J |B|:m+1_]€B J
To = T ) 5 TB = T ; s (6)
2 I = X 7 2 I = 2 7
|Bl=m jeB "%/ leA "% |Bl=m jeB "% leA %I

rJe m — KOJMYECTBO M30BITOUHBIX 9JIEMEHTOB B CUCTEME;
B — MHO>XeCTBO HOMEPOB OTKa3aBIINX (BOCCTAaHABINBAEMBIX) 3JIEMEHTOB CUCTEMBI;
A — MHO)XeCTBO HOMEPOB paBGOTOCIIOCOOHBIX 3JIEMEHTOB CUCTEMBI;
| B| — momHOCTS (Urciio anemMeHTOB) MHOKeCTBa B, |B| + |A] = N;
i, — CyMMa, BKJIIoJaroInas k-e ypoBHHU rpada COCTOSHMIT CUCTEMBI, kK = 1Lm;
2|Bl=k> 24|Bl=m> 2|B|=m+1 — CYMMa, BKJIIOUAIOLIAs BCE COCTOsHUA k-ro, m-ro, (m + 1)-ro yposHs rpada
COCTOSTHMII CYICTEMBI COOTBETCTBEHHO.
C yuerom BelpaskeHuit (1) u (6) moryumum dopmyiy mis pacuera koadduumenra roropaoctu m/N
CUCTEMBI:

m T,
1+% 3 I 2
K = k=1|B|=k jeB "% )
a U T Tﬂj.
1+ Y M2+ 3 1

: T,.
k=1|B|=k jeB "%/ |Bl=m+1 jeB %/
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OG6o3HauMM 3J1eMEHTHI B BhIpakeHNH (7) CIeRAYIOLM 00pa3om:

u T, T,,
A1:1+ZZH—’, Ay = Z ]_[—’. (8)
k=1 |B|=k jeB T, |B|=m+1 jeB Io,
Torma Kr = A1/ (A1 + Ay).

Ucxonst M3 BBIIIEN3TIOKEHHOT0, MOKHO CKa3aTh, YTO KO3(D(UIMEHT TOTOBHOCTY TEXHUYECKOIL CICTe-
MBI OGPATHO MPOIOPIMOHAEH BhIpasKeHUI0 A,. BoipaxkeHue s A, (cMm. BbpakeHue (8)) IpeCTABIAET
COGOf;I CyMMY HpOI/ISBeJIeHI/HZ B3BCILIEHHBIX CpCI[HI/IX BpeMCH BOCCTAHOBJIECHU I 3JIEMEHTOB CIICTEMBI, KOTO-
pble onpeensioTcs Becamu pebep rpada (MUHUMATBHBIMY BpEMEHAMI TOCTABKIA).

CremoBaTeIbHO, B 3TOM Ciiyuae KO3()(QUUMEHT FOTOBHOCTY TEXHUUECKOI CUCTEMBI OymeT 0OpaTHO
[IPOIIOPLIMOHAJIEH CyMMe B3BeIlIeHHbBIX BpeMeH JOCTABKI U3 i-T0 3JIeMEHTA B LIEHTP TeXHIUECKOTO 06CIy-
JKUBaHUSA U MenaHa rpada OyxeT HaXOAUThCS B OJ{HOI 13 er0 BepILunH. Takum 00pasoM, [JIs OIpeaesIeHus
MECTOIOJIOKEHNSI [IEHTPA TeXHIUUECKOTO OOCIYKMBAHUSA MOYKHO IPUMEHUTh MUHVICYMMHBII aJITOPUTM
Ha rpadax, 3aMeHUB [epeJaTOYHOoe Yncio (2) Ha 06001eHHOoe epenaTouHoe uucio (5).

JlaHHBII MeTOx ObLI UCIOIB30BAH IS OIPEIeIeHNUS MECTOIIONOKEHNS LIEHTPA TEXHUUECKOTO 06CIIy-
JKUBAHUS TPYIIIMPOBKA CPEACTB IPOTUBOBO3AYLIHOM 000POHBIL.

References

[1] A.Oleinik, E. A. Lukashev, S. P. Poserenin, and M. E. Stavrovskiy, “Graph method in reliability theory
and practice of technical service”, Izvestiya MGTU MAMI, vol. 4, no. 2, pp. 236-247, 2010, in Russian.

[2] H.]J. Miser, Handbook of Operations Research: foundations and fundamentals. Van Nostrand Reinhold,
1978, 622 pp.

[3] M. Aoki, Introduction to optimization techniques. Fundamentals and applications of nonlinear
programming. Macmillan, 1971, 335 pp.

[4] G.G.Zabudsky and N. S. Veremchuk, “Reshenie zadachi vebera na ploskosti s minimaksnym kriteriem
i zapreshchennymi zonami”, Izvestiya Irkutskogo gosudarstvennogo universiteta. Seriya: Matematika,
vol. 9, pp. 10-25, 2014, in Russian.

[5] V.Beresnevand A. Mel’nikov, “Approximate algorithms for the competitive facility location problem”,
pPp g Y y p
Journal of Applied and Industrial Mathematics, vol. 5, pp. 180-190, 2011.

[6] V.Demidenko, “Generalizing strong feasibility conditions for the quadratic assignment problem with
anti-Monge and Toeplitz matrices”, in Doklady Natsionalnoi Akademii Nauk Belarusi, vol. 47, 2003,
pp- 15-18.

[7] A. A. Kolokolov, T. V. Levanova, and M. A. Loresh, “Algoritmy murav’inoj kolonii dlja zadach

optimal’nogo razmeshhenija predprijatij”, Omskij nauchnyj vestnik, vol. 38, no. 4, pp. 62-67, 2006,
in Russian.

[8] I L. Vasiliev, K. B. Klimentova, and Y. A. Kochetov, “Novye nizhnie otsenki dlya zadachi
razmeshcheniya s predpochteniyami klientov”, Zhurnal vychislitel’noi matematiki i matematicheskoi
fiziki, vol. 49, no. 6, pp. 1055-1066, 2009, in Russian.

[9] E. V. Alekseeva and Y. A. Kochetov, “Geneticheskii lokal’nyi poisk dlya zadachi o p-mediane s
predpochteniyami klientov”, Diskretnyi analiz i issledovanie operatsii, vol. 14, no. 1, pp. 3-31, 2007,
in Russian.

[10] Y. A. Kochetov, M. G. Pashchenko, and A. Plyasunov, “O slozhnosti lokal’'nogo poiska v zadache o
p-mediane”, Diskretnyi analiz i issledovanie operatsii, vol. 12, no. 2, pp. 44-71, 2005, in Russian.

[11] E.K. Gimadi, “O veroyatnostnom analize priblizhennogo algoritma resheniya zadachi o p-mediane”,
Diskretnyi analiz i issledovanie operatsii, vol. 17, no. 3, pp. 19-31, 2010, in Russian.

[12] L N.Rosenberg, “Odnokriterial naya minisummnaya zadacha razmeshcheniya tsentra obsluzhivaniya
s lingvisticheskimi peremennymi”, Izvestiya Yuzhnogo federal’nogo universiteta. Tekhnicheskie nauki,
vol. 31, no. 2, pp. 56-63, 2003, in Russian.

[13] GOST 27.002-2015: Dependability in technics. terms and definitions, in Russian, 2015.
[14] N. Christofides, Graph theory: An algorithmic approach. Academic Press, Inc., 1975, 400 pp.
[15] A.Polovko and S. V. Gurov, Osnovy teorii nadezhnosti. BHV, 2006, 704 pp., in Russian.

263



MODELING AND ANALYSIS OF INFORMATION SYSTEMS, VOL. 30, NO. 3, 2023

,7? r journal homepage: www.mais-journal.ru
LR

Hietn ard s ALGORITHMS

The algorithms for the Eulerian cycle and Eulerian trail problems
for a multiple graph

1

A.V. Smirnov DOI: 10.18255/1818-1015-2023-3-264-282

1P G. Demidov Yaroslavl State University, Sovetskaya str., 14, Yaroslavl, 150003, Russia.

MSC2020: 05C45, 05C65 Received August 13, 2023
Research article After revision August 26, 2023
Full text in Russian Accepted August 30, 2023

In this paper, we study undirected multiple graphs of any natural multiplicity k > 1. There are edges of three types: ordinary
edges, multiple edges and multi-edges. Each edge of the last two types is a union of k linked edges, which connect 2 or
(k + 1) vertices, correspondingly. The linked edges should be used simultaneously. If a vertex is incident to a multiple edge,
it can be also incident to other multiple edges and it can be the common end of k linked edges of some multi-edge. If a
vertex is the common end of some multi-edge, it cannot be the common end of another multi-edge.

We set the problem of finding the eulerian walk (the cycle or the trail) in a multiple graph, which generalizes the classical
problem for an ordinary graph. We formulate the necessary conditions for existence of an eulerian walk in a multiple graph
and show that these conditions are not sufficient. Besides that, we show that the necessary conditions of existence of an
eulerian cycle and eulerian trail are not mutually exclusive for an arbitrary multiple graph, that is why it is possible to
construct a multiple graph where two types of eulerian walks exist simultaneously. Any multiple graph can be juxtaposed
to the ordinary graph with quasi-vertices, which represents the structure of the initial graph in a simpler form. In particular,
each eulerian walk in the multiple graph corresponds to the eulerian walk in the graph with quasi-vertices. The algorithm
for getting such a graph is formulated. Also, the auxiliary problem of finding the covering trails with given endpoints in an
ordinary graph is studied. Two algorithms are obtained for this problem. We elaborate the algorithm for finding the eulerian
walk in a multiple graph, which has the exponential complexity. We suggest the polynomial algorithm for the special case
of a multiple graph and show that the necessary conditions are sufficient for existence of an eulerian walk in this special
case.

Keywords: multiple graph; multiple path; divisible graph; reachability set; covering trails; eulerian trail; eulerian cycle;

graph with quasi-vertices
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AnropuTMBI IUISI 3a/5aU 00 317IEpOBOM IMKJIE U SIIJIEPOBOM LI
B KpaTHOM rpade
A.B. CMupnOB! DOI: 10.18255/1818-1015-2023-3-264-282

lﬂpocnchxmﬁ rocynapcTBeHHbIN yHUBepcuteT uM. ILT. lemnnosa, yi1. CoBerckas, 14, Apocinasis, 150003, Poccns.

YK 519.17 TTomyuena 13 aBrycra 2023 r.
Hayunag cratbs TTocie mopaGotkm 26 aBrycra 2023 r.
IToTHBIA TEKCT Ha PYCCKOM SI3BIKE IIpuusra x my6nukarmu 30 aBrycra 2023 r.

B craThe pacCMaTpUBAIOTCI HEOPUEHTNPOBAHHBIE KpaTHbIE rpadbl IPOM3BOJIBHOI HATYpaIbHOI KpaTHOCTH k > 1. Kpar-
HBII1 rpad comepKuT pedpa Tpex TUIIOB: 0ObIYHbIE, KpaTHBIE U My IbTHpebpa. Pebpa mocie JHNX ABYX TUIIOB IPENCTABISIIOT
co6oit o0benHeHNe k CBSI3aHHBIX pebep, KoTopble coequHsoT 2 i (k + 1) BepiumHy coorBeTcTBeHHO. CBsA3aHHBIE pel-
pa MOTYT MCIIOJIB30BAThCS TOJNBKO COIVIACOBAHHO. Eciy BepiumHa MHUMEHTHA KPAaTHOMY peGpy, TO OHA MOKeET OBITH
VHIMOEHTHA IPYTUM KpaTHBIM peOpaM, a Takke OHa MOKeT ObITh OOIIMM KOHIIOM k CBSI3aHHBIX pebep MynbTupebpa.
Ecnm Bepumua siBistercst oOLMM KOHI[OM MyJIbTHpeOpa, TO OHa He MO)KET OBITh OOLIMM KOHI[OM HMKAKOrO APYroro
MysbTHpedpa.

CraBuTcs 3agaua o6 s7u1epoBOM MapIupyTe (LIKJIe MM 1{eIIN) B KpaTHOM rpade, KoTopast 000011[aeT KJIacCyecKyo 3a1ady
1utst 06eruHOro rpada. ChopmynnpoBaHsl HEOOXOAMMBIE YCIOBIUS CYIIIECTBOBAHMA 3iJIepoOBa MapIIpyTa B KpaTHOM rpade,
[IOKa3aHO, UTO 3T YCIOBUS He SBJISIOTCI JOCTATOUHBIMUL. KpoMe TOro, I0KasaHo, YTo st IPOU3BOJIBHOTO KPaTHOIO Ipa-
(a HeoOXOAMMBIE YCIOBMS CYLIIECTBOBAHNS 9IJIEPOBA LVIKJIA ¥ SITIEPOBOIL LeNN He SIBIIIIOTCS B3aMMOVCKIIOUAIOIIIMIL,
II09TOMY MOYKHO IIOCTPOUTH KPATHBINL rpad, B KOTOPOM OJHOBPEMEHHO CYILECTBYIOT [Ba BIA 3IJIEPOBBIX MapIIPyTOB.
KparHomy rpady cormocrasisiercss 0ObIUHBIA rpad ¢ KBa3MBEPIUINHAMI, B YIIPOLEHHOM BUJE IIPENCTABISIIOLINI CTPYK-
TYpy MICXOQHOTrO rpada. B uacTHOCTI, K&)XIOMY 5JUIEpOBY MapLIPyTy B KpaTHOM rpade COOTBETCTBYET 9iJIEPOB MapILpPYT
B rpade ¢ kBazuBepuImHaMu. CopMyIIMpyeTCcs aITOPUTM IIOCTPOeHMs TaKoro rpada. Takke paccMOTpeHa BCIIOMOTATeIb-
Has 3a/jaua O MOKPBIBAIOLIVX LIEMIX C 3aJaHHBIMI KOHIIAMI B OOBIUHOM rpade, IIOJIyUYeHbl IBa AITOPUTMA €€ PELIeHN.
Paspa6oTaH alxropmuT™ IOMCKa 3I1I€poBa MapIIpyTa B KPATHOM rpade sKCIIOHEHIMATIbHOI TPyXOeMKOCTH. [IJIsf 4acTHOro
cirydast KpaTHOTo rpada IIpeIoxKeH MOJIMHOMUAIBHBII aJITOPUTM, II0Ka3aHO, YTO B 9TOM YaCTHOM ClIydae HeoOXOaMMbIe
YCIIOBUSL CYILLIECTBOBAHNS SIJIEPOBA MAPIIPYTa SBJISIOTCS JOCTATOYHBIMIL.

KiroueBrple ciioBa: KpaTHbI rpad; KPATHBII Iy Th; AeNMMBbIIL rpad; MHOXECTBO JOCTVKUMOCTI; ITOKPBIBAIOIIYIE LIEIIN;
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Smirnov A. V.

Beegenue

B maHHOIT cTaThe MBI pacCMOTPUM 3amauy o0 3irepogom mapuipyme (UUKIe WK LEIN) B KPAaTHOM
rpage. Kparusle rpadsr comepxat Tpu tumna pebep (0ObIUHBIE, KPATHBIE U MYJbTHPEOPA) U SBIISIOTCI
0600111eHIeM OOBIUHBIX TPadoOB — IT0 CyTHU, OOBIUHEIN rpad mMeer KpatHOCTh k = 1. OnpeneneHus Kpat-
Horo rpada KparHoctu k > 1 u gexmmMoro KpaTHoro rpada 6suiu copMyIMpOBaHHI B cTaThe [1].

Cpenn mpyrux ms3BecTHBIX 000011eHNiT rpadoB Hambomee GIM3KMMY HaM KOHIEIIIVMSIMHU SBIITIOTCS
MyJabTUrpadsl, runeprpadsl (cM., HanpuMmep, [2, 3]), a Takxke Merarpadsl (cM. [4, 5]). [JeiicTBUTENBHO,
Kak U B MynbTHUrpadax, B KpaTHbIX Ipadax SOIIycKaeTCs HaJyuye HEeCKOJIbKIX pebep MeXay Iapoil Bep-
uinH (Habop Takux pebep MbI OyqeM B JaTbHEIIIIeM Ha3bIBaTh KPAMHbIM Pe6pom), OTHAKO B CIIyuae Kpart-
HOTro rpada KOIMYECTBO TaKNX pedep MOHKHO OBITH CTPOro paBHBIM k. B KpaTHBIX rpadax IPUCYTCTBYIOT
Mymvmupebpa, coequHsAOLIIE MeXTy coboit (k + 1) Bepiinny. Ho B otinune or runeppebep rumeprpada,
MyJIBTUPEOpO IpeacTaBiIsgeTcs B Buae k CBI3aHHBIX pebep, MMEIOINX OAYH OOIINiT KOHeLl, IIpuyeM Bce
91u k pebep MOIIKHBI MCIIOIB30BaThCA COTIacOBaHHO. ITo cyTu, moHsITHE MyNIbTHpeOpa GIN3KO ITOHITIUIO
pebpa MeKIy BepLINHOIN U MeTaBeplInHOII B MeTarpade. [Ipu aToM B MeTarpade, HAaIlOMHIM, MeTaIyTh
MeXIy ABYMs MeTaBeplIHaMM (paKTUUeCK) MOJEIUPYeT IPUUMHHO-CIeCTBEHHBIE CBI3Y B HEKOTOPOIL
mpeaMeTHOII obsactu. OgHAKO B KpaTHOM rpade MCII0Ib3yeTcs MPUHIUINAIBHO MHOI IIOAX0M K OIIpesie-
JICHUIO ITyTH: KPAMHbLL NYMb TOJKEH COCTOSITh POBHO U3 kK OOBIYHBIX IIyTell, IPOXONAIINX 110 OOBIYHBIM
pebpam, a TakKe I10 CBA3aHHBIM peGpaM KpaTHBIX U MYJIbTHpebep; TP 9TOM IIyTH JOJDKHBI ObITH COTJIa-
coBaHbI (ONVHAKOBBI) Ha KPaTHBIX 1 MyJbTupebpax. IlosToMy KpaTHBIN rpad HeJIb3s CUMTATh YaCTHBIM
ciyuaeM Merarpada.

OTMeTuM TaxKe, YTO YACTHBIM CIy4aeM KpaTHOro rpada sBiseTcs KpaTHas ceTb (cM. [6, 7]). 3amaua
0 HambOoJIbIIIEM ITOTOKe B KPAaTHOII ceTu 06001I1aeT KIaccuueckyo 3agauy (cMm. [8]) u umeer pan mpuioxe-
HIiT B cpepe SKOHOMUKM, yIIpaBieHNs, GUHAHCOB. B yacTHOCTM, KpaTHbIE CETH U IIOTOKY JMCIIOJIB3YIOTCSI
IU1s TIomcKa perteHns NP-TpymHOI 3amaun 1{e10UMCIeHHOTO cOaIaHCPOBaHMs TPeX- U YeThIpeXMepHOIt
MaTtpuns! (M., Harpumep, [9, 10]).

Panee MbI 0000IMIIN Ui CIIydyast KpaTHBIX TpadoB 3amauy 0 KpaTyailieM IIyTH MeXAY AByMs Bep-
LIMHAMIY ¥ O MUHIMAJIBHOM OCTOBHOM fepese (cM., Hanpumep, [1, 11]). IIpu sTom 3agaua o Kparuariiinem
KpaTHOM IIyTM NOJMHOMMAanbHa (cM. [12]), a 3amaya 0 MUHMMAIBHOM OCTOBHOM HepeBe sBisgercs NP-
TPYRHOIL, II0 KpaitHeit Mepe, muis rpados kpaTHOCcTH k > 3 (cM. [13]).

B maHHOII cTaThbe MBI pacCMOTPUM 0000IIeHNe A KPaTHBIX IpadoB ellfe OTHOI KJIacCUUecKoll 3a-
Jaun Teopuu rpados — 3agaun o6 siurepoBoM Mapupyte (cM. [14]). BynyT npuBegeHs! HEOOXOOMMBIE
YCJIOBYS CyIIIeCTBOBAHNS TAKOTO MapIlIpyTa B KpaTHOM rpade. OTMeTumM, uto i1 oObIgHOrO rpada sama-
Yya IOJMHOMMANbHA U pa3paboTaH ps MOMIMHOMMAIBHBIX aJITOPUTMOB (CM., HarpuMmep, [15, 16]), omHaxo
VIS KpaTHOTO rpada MbI IOJIYYMM aITOPUTM HaXOXKAeHMs 9iiJIepoBa MapIIpyTa, KOTOPHII B 001I[eM cIydae
moTpebyeT 5KCIIOHEHI[MAIbHOTO KOJIMYEeCTBa 11aroB. TeM He MeHee, 0COGEHHOCTH IIOCTPOEHMSI KPATHOTO
rpada 1 s7uIepoBa MapLIPyTa B HEM IIO3BOJAIOT IpeRnoloxuTs NP-TpynHOCTh 3agaun. TakxKe MBI pac-
CMOTPUM IIOJKJIACC KPATHBIX IpadoB, AT KOTOPOTO MOXXHO IIOCTPOUTH IIOJIMHOMMUAIBHBIN aJITOPUTM
IIOJICKA 3IJIepOoBa MapLIPyTa.

1. Kpartusle rpadbI u fepeBbsi: HeOOXOQVIMBIE OIIPeIeIeHUS
HamomuunM HeckoJabko OHpeI[eHeHVIﬁ, CBA3aHHBIX C KPaTHBIMU rpa(baMM I IIyTAMI, KOTOpPbIE paHEe

OpuIn cpopMyIMpoOBaHEI B cTaThax [1, 11].

Onpenenenne 1. Kpammuviii epag G IponsBOIBHOI HATYpaJIbHOI KpaTHOCTH k > 1 — 3T0 rpad, BepIINHbI
KOTOPOTO MOTYT COeMHATHCA pedpaMy OJHOTO U3 3 BUOB:
1. O6viunoe pebpo e°; MHOKeCTBO OOBIUHBIX pebep o603HauNM uepes E°.
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2. Kpamnoe pe6po ek Mexmy AByMs BepIIMHAMI, KOTOPOE COCTOMT M3 k ONMHAKOBBIX CBA3AHHBIX
pebep; cBsI3aHHBIE pebpa KpaTHOro pedpa MOT'YT MCIIOIb30BAThCS TOJIBKO COIVIACOBAHHO; MHOXKECTBO
KpaTHBIX peGep 0603HauMM uepes EX.
3. CeésnzanHoe pebpo e MeXAYy OBYMS BepLIMHAMI, MMeIOIee OquH obiuit KoHew ¢ apyrum (k — 1)
pebpom (y m06bIx ABYX M3 k CBSI3aHHBIX pebGep TOIBKO OJUH KOHEI[ SBJISIETCS OOIIMM); MHOXe-
CTBO CBfI3aHHBIX 00Illell BepIuHOI pebep OymeM HaspIBaTh Mynvmupedpom e™; cBsizaHHBIE pebpa
MyJIBTHpeOpa MOTYT MCIIOIb30BAThCSI TOJIBKO COTVIACOBAHHO; MHOXECTBO MYJIbTHpebep 0603HAUMM
uepes E™.
Ecin BepimHa MHIIEHTHA KAKOMY-JI100 KpaTHOMY peGpy, TO OHa MOXKeT OBITh MHIMAEHTHA APYTUM
KpaTHBIM pebpaM, a TakKe OHa MOKET ObITh OOLIIMM KOHIIOM KaKoro-inbo MyJbTupedpa.

Ecu BepiinHa sBiseTcs 0O1IMM KOHI[OM KaKoro-1mbo MynbTupedpa, To OHa He MOXKET ObITh 00LIM
KOHI[OM HIKaKOIO APYToro MyJbTupedpa.

Ecnu BepiumHa ABiIseTCS OTHEIBHBIM KOHIOM MYJIbTHpeOpa WIM MHUUAEHTHA OOBIUHOMY pebpy,
TO OHA He MOXKeT OBITh OOIIM KOHIIOM MYJIbTHpeOpa U He MOXKeT OBbITh MHIMAEHTHA KpaTHOMY pebpy.

MuoskecTBa BepiuH u pebep rpada G o6o3uHaunm uepes V u E coorBeTcTBeHHO. 3ameTum, uTo E = E° U
EF U E™

B maHHOI cTaThe pacCMATPUBAIOTCS TOJIBKO HEOPMEHTUPOBAHHbIE KpaTHbIE rpadbl.

Puc. 1 n 2 nnnroctpupytor onpenenenue 1. B neBoii wactu puc. 1 KpaTHoe peOpo IpencTaBIeHo B BU-
ne obbenuHeHN kK OOUMHAKOBBIX pebep MeKAy OBYMS BepLIMHAMI, UTO [I0Ka3aHo HITpuxaMu. PaBeHCTBO
(MM corTacoBaHHOCTD) CBSI3aHHBIX pebep IpeAIioaraeT, uTo Bce XapaKTepUCTUKM 3TUX pebep (Hanpumep,
IUIMHA) OMMHAKOBEL, ¥ 9TM pebpa MOTYT MCIIOIH30BAThCSI TOJIBKO ONHOBpeMeHHO. Tak, eciy OCyIecTBIIs-
eTcs IPOXOJ B OIIpeIeICHHOM HaIlIpaBJIeHNUM 110 OJHOMY M3 CBSI3aHHBIX pedep, TO OMHOBPEMEHHO C 3TUM
BCe OCTaJbHbIe pebpa IMPOXOIITCS B TOM Ke caMOM HaimpapiieHnu. KpaTHoe peGpo MOKeT BKIIOUAThCS
B Kakye-1100 HOBbIe CTPYKTYPbI TOJIBKO LIeJIMKOM. B manpHerliieM Mb1 6ygeM 0603HaYaTh KpaTHbIE pebpa
JKMPHBIMU JIMHUAMHY, KaK B IIPaBoOIl YacTu puc. 1.

O O

Fig. 1. Multiple edge Puc. 1. KpatHoe pebpo
B neBoit wactu puc. 2 myasTupedpo {xg, {x1, ..., xx}} npencrasieHo B Buge o0bequHEHNSI k OQUHAKO-
BBIX pebep, CBI3BIBAIOIIIX OBIIYI0 BEPILINHY X ¢ k pA3HBIMU BEPIIMHAMIU X1, . . . , Xi. Kak 1 Ha puc. 1, paBeH-

cTBO pebep rmokaszano mTpuxamu. CornacoBaHHOCTH CBSI3AaHHBIX pebep MMeeT TOT XKe CMBICT, UTO U JII Kpart-
HBIX pebep. B manpHeitiiiem MmyapTupe6pa MbI 6yeM 1300pakaTh PV IIOMOIIY PACIIEILISIONINXCS Ha K Ua-
cTell IMHUI, KaK B IIpaBOJ YaCTU PUC. 2.

X X
X : X :
0 X, 0 X,
Fig. 2. Multi-edge Puc. 2. MynbTrpebpo

Omnpenesenne 2. O0viuHOl 6epuitHOTI HA30BEM BepIIIHY, KOTOpas MHUMAEHTHA OOBIYHOMY peOpy M SB-
JeTCs OTHAEeNBHBIM KOHIIOM MYJIbTHpeOpa.

Kpammoii 6epuiunoti Ha3oBeM BepIINHY, KOTOpas MHIMIAEHTHA KPATHOMY peOpy VIIN ABJIAeTCA OOIIM
KOHIIOM MYJIBbTHpe6pa.
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U3 ompenenenns 1 ciaemyer, uTo MHOXeCTBa OOBIUHBIX M KPATHBIX BEPILIH He rTepecekatoTcs. [Ipu atom
KpaTHas BepILINHA MOKeT ObITh COeIMHEeHa C OOBIUHBIMI TOJIBKO IIOCPEICTBOM MYJIbTHUpeOpa.

Omnpenenenne 3. [enumviM KpamHviM epadom Ha30BeM TaKoIl rpad, B KOTOPOM MeKAY ABYMS KOHIIAMU
OJTHOTO MYJIbTMpeOpa He CYILLeCTBYeT IIyTH, IIPOXOISIIIEero TOJIBKO 110 0OBIYHBIM pebpam.

I[Ipu ymaneHun Bcex MysIbTupebep meamMblii rpad pacmafeTcs Ha n KOMIIOHEHT CBI3HOCTM (CBA3HOCTb
3[[eCh IIOHMMAETCs B TOM K€ CMBICJIe, UTO I It OOBIYHBIX IpadoB), Kaxkgast M3 KOTOPBIX COAEPKUT TOIBKO
KpaTHBIe pebpa 1100 TOJIbKO 00bIuHbIe pebpa. IIpu aToM cBI3aHHBIE pebpa KaKI0ro MyJIbTHpeOpa MOKHO
IIPOHYMepoBaTh OT 1 K0 k TakuM 06pa3oM, UTO Ka’KHO¥ KOMIIOHEHTEe CBSI3BHOCTHU, COJEpsKallleil TOJIBKO
00bIuHBIE pebpa, OyyT MHLUMIEHTHBI CBI3aHHbIe pepa MyIbTupebep ¢ OMHAKOBBIMI HOMEPaMIL.

Onpenpenenne 4. Yacmoio G; (i € 1,k) penumoro rpada G(V, E) HazoBeM moxrpad, comepsKaiimii CBs-
3aHHBIE pebpa ¢ HOMEPOM i BCEX KPATHBIX U MyJIbTUPEDED, a TAK¥Ke KOMIIOHEHTHI CBSI3HOCTU, COCTOSIIIIIIE
13 00BIYHBIX pebep U MHUMAEHTHBIE i-bIM CBI3aHHBIM pebpaM Bcex MyJIbTupedep.

Kaxxgast uacts G; siBisieTcst 00bI9HBIM Ipadom. [Ipyr 5T0M BO3MOXKHOCTH BbIAesIeHNs uacTeit G; IBIIseTCs
0COOEHHOCTBIO NeNMMBIX rpadoB. B obmieM caydae moxyuuts yacTu G; He yIacTCA.

IIpumep 1. Paccmorpum mpencraBieHHBI Ha puc. 3 KparHbIil rpad G KpaTHOCTM 2 CO CIeXYIOLIVMU
MHOKeCTBaMU OOBIYHBIX, KPATHBIX M MYJIbTUpPeOep (BepIUMHBI OymeM 0603HAUATh UX HOMEPAMIU):

EF = {{1,3}, {14}, {2,3}, {2,4}, {3,4}, {15,16}};

E™ = {{3,{5,13}}, {4,{8,10}}, {15,{6,14}}, {16,{9,11}} };
E° = {{5, 6}, {5,7}, {5,8}, {6,7}, {6,9}, {7,8}, {7,9}, {8,9}, {10, 11},
{10,12}, {10,13}, {11,12}, {11, 14}, {12,13}, {12,14}, {13,14}}.

Fig. 3. Divisible graph of multiplicity 2 Puc. 3. lennmeliii rpad kKpaTHOCTY 2

I'pad G ssusiercs nenumeim. Yactu Gy u G, atoro rpada rmokasaHbl Ha puc. 4, cBa3aHHbIe peOpa Bcex
KpPATHBIX U MYJIbTUpPeOep M300payKEHbI IIYHKTUPHBIMU JINHUAMIA.

3amernm, uto rpad rmepecraHer ObITH qETMMbBIM, €CIU TO0OABUTH B HETO 0OBIUHOE PeOPO MEKIY 0001
[apoit BeplInH u3 MHOXecTB {5, 6,7, 8,9} m {10, 11,12, 13, 14}.

Omnpenenum Teneps IyTh B KPaTHOM rpade.

Onpepenenne 5. S(x,y) = uj.;lsf(x, ) SABISETCA KPAMHbIM NYMeM U3 6epuUHblL X 8 epuiury y B Tpade
G(V,E), ecnu BBITIOJIHEHBI CJIEAYIOLIE YCIOBUS:
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15
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Fig. 4. Partition of a divisible graph Puc. 4. Yactn gennmoro rpada

1. Si(x,y) = ({x,vi}, {ol,0l},. ..,{U;i_l,vlii}, {Ufi,y}), rae [; > 0, — mocieqoBaTeNbHOCTE pebep, mpem-
CTaBJIAOIAsA cO001 OOBIYHBIN (HEKPATHBIN) IIyTh U3 X B Y, TOe KaKkxoe pebpo {a, b} sBusercsa nubo
06srunbIM pebpom B rpade G(V, E), mubo i-bIM CBSI3aHHBIM PeGpPOM KPATHOTO VIIM MYJIbTUpPeOpa.
3uavenns [; u [; (i # j) He COINIaCOBBIBAIOTCS M MOTYT OBITh KaK PaBHBIMM, TaK M PAa3JIMUHBIMIL
Ecu B myThb S(X, y) He BXOAUT HM OHOTO KPaTHOTO MM MynbTpe6pa, To S%(x,y) = S*(x,y) = ... =
Sk(x,y) = 2.

2. Jlo6as 06BIYHAS BepINIHA MOET BCTPETUTHCA B S'(X,1y) HeCKOJBKO pas, To ecTb S'(x,y) Moxer
COZlepIKaTh LUKJIBL.

3. Huxkakas KpaTHas BepIINMHA He MOXeT BCTPETUThCA B S’ (X, ) IBAK/BL.

4. JTro60e 06bIaHOE pebpo MOKeT BCTpeuathes B S'(X, y) HECKONBKO pas, IIpUUeM HarpaBJIeHus, B KO-
TOPBIX OHO IIPOXOUTCS B PA3HBIX BXOKIAEHUSIX, MOTYT HE COBIIAJATh.

5. O6bruHOE pebpo, Bxoasiee B S’ (X, y), MOKeT TakKe BXOAUTD B 0601 S/ (x,y), j # i.

6. Bce mytu S'(x,y) coriacoBaHBI (OMMHAKOBBI) Ha OOIIell UacTH. DTO yClIOBME O3HAUAET, UTO €C-
JM cBA3aHHOE pebpO KAKOTO-TO KPaTHOTO MJIM MYJIbTHpeGpa BXOAUT B HEKOTOPBIH myTh S'(x,y),
TO OCTaJbHbIE CBI3aHHBIE pebpa MOJKHBI BXOAUTH BO Bee S/ (x,1y), j # i (T0 omHOMY CBA3aHHOMY
pebpy B xaxmerit S/ (x,y)). [Ipyr 3TOM MOPAMOK BXOXMTEHUS BCEX KPATHBIX M MyJbTUpeGep BO Bee
S'(x,y) omuHAKOB.
daKTIUECKN ITO 3HAYUUT, YTO €CIIN €1 U e; — 9TO [ABa pebpa myTu S(x,y), KaKKoe 13 KOTOPBIX JINOO0
KpaTtHoe, 160 MyIbTUpe6po, u B mpoekimu S'(x, y) cBsI3aHHOe pe6po U3 e; TPOXOMUTCS paHbIIIe
CBA3aHHOTO pebpa U3 ey, TO BO BCeX OCTAIBHBIX MpoeKImsax S/ (x, y) cBasaHHbIe peGpa 13 e; MOTYT
IIPOXOJUTHCS TOJIBKO IIOCTIE CBSI3aHHBIX pebep U3 e;.

7. Ecom S(x,y) comepxkur myibTupebpo {xo, {X1,...,Xx}}, IpOXOaMMOe B HAIIPABIEHUNU OT OOIIETO
KOHII4, TO OH He MOXKET COeprKaTh HMKAKOTo Apyroro Myistupebpa {yo, {x1, ..., Xk} }, mpoxomgmmo-
r0 B TOM K€ HallpaBJIe€HNN. AHAJIOTMUHOE yCJIOBUE JOJUKHO BBIMIOJHATHCA U B CIIydae JBVDKEHUS
K 00111eMy KOHIIY.

Onpenesnenne 6. KpatHsiit myTh S(X, y) SIBISETCS KPAMHbIM YUKIIOM, eclit X = y n S(x,y) # @.

Ipumep 2. IIpomutocTpupyeM ompeaesieHre KpaTHOTO Iy TH. 1 3Toro paccMoTpuM rpad, oxasaHHbII
Ha pUC. 3, ¥ TIOCTPOUM B HEM OJVH I3 MHOTOUNCIIEHHBIX BO3MOKHBIX KPATHBIX ITyTeit S(1, 2) M3 BepIINHEI
1 B BepiumHy 2. OH COCTOUT U3 ABYX OOBIUHBIX IIyTell:

$'(1,2) = ({1,3}, (3,5}, {5.6}, {6,9}.{9, 16}, {16, 15}, {15,6}, {6,5}, {5.7}, {7.8}, {8,4}, {4.2});

S%(1,2) = ({1,3}, {3,13}, {13,14}, {14,11}, {11, 16},

{16,15}, {15,14}, {14, 11}, {11,12}, {12,13}, {13,10}, {10,4}, {4, 2}).
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Cesi3aHHbIe peOpa KpaTHBIX U MYJIbTHpebep OTMeUeHbl IOqUepKUBaHeM. [[BOIHBIM IOqUePKIBAaHIEM
B iyt S'(1,2) oTMeueHO 06bIaHOE pebpo {5, 6}, KOTOPOe B 3TOM MyTM MTPOXOJUTCS ABAKMIbL, HO B IIPO-
TUBOIONIOKHBIX HampapIeHnax. CoOTBeTCTBEHHO, B myTu S2(1, 2) MBOIHBEIM MOTUEPKMBAHMEM OTMEUEHO
00braHOE pedpo {14, 11}, KOTOpoe TaKKe IMPOXOMMUTCS ABAXK/IbL, HO B OIHOM I TOM K€ HampapieHuu. Ta-
KuM obpasom, B myTu S'(1,2) comepxutcs o6brUHbI UK (6,9,16,15,6), a B mytu S?(1,2) comepsxarcs
o0brunble UMKIBI (14, 11,16, 15, 14) n (13,14, 11, 16, 15, 14, 11, 12, 13), a BepiuunHsl 5, 6, 11, 13, 14 npoxomsarcs
mBaknbl. OMHAKO KpaTHBI Iy Th S(1, 2) He comepXKUT B ceGe KPaTHBIX IUKIIOB, KaK I {OJDKHO OBITH (HI OfI-
Ha KpaTHas BepIUVMHA He IIPOXOMUTCs ABaXabl). [losyueHHbI KpaTHBI IyTh S(1, 2) mOKasaH Ha puc. 5.
Yactu S'(1,2) u S?(1,2) aTOro mMyTV IpenCcTaBIeHbl Ha PUC. 6.

Fig. 5. Multiple path in the multiple graph Pwuc. 5. KpaTHblli nyTb B gennMoM rpade

S'(1, 2) 5 6 S*(1, 2) o o
3 .- 7 IRRE: Leor Y -
1 /,O' 8 9 Q O ZO\ \\ 10 1 ,', |
- ~ ——N— - - —
0 ZQ //// \\\ : 40_ \\ 12 //’ 016
N - . \ ,
O O 13 14
Fig. 6. Partition of the multiple path Puc. 6. Yactn kpaTtHoro nytu

Otmetnm, uto mpu 3aMeHe B KpatHoM 1yt S(1, 2) pebpa {4, 2} Ha pe6po {4, 1} MBI mOXyYUM KpPaTHBII
LUKJL.

Onpenenenne 7. Kparusiit rpad G(V, E) IBIsS€TCA C8A3HbIM, €CIINL OGHOBPEMEHHO BBIIIOTHEHBI Ba yCIIO-
BIIS:
1. Kparubui nyTts S(x, y) cyuiecTByer AJs JOOBIX BYX KPaTHBIX BepinH x € V,y € V.
2. HeBo3moxHO BbImennth Takoit moarpad G’ C G, KOTOpsbIi 6y IeT COTePKATh TOIBKO OOBIYHEIE pebpa,
un npu stom noarpadsl G’ u G \ G’ He Gyayr coequHeHBI HU OOHUM pebpoM (OOBIUHBIM peOpoM
VTN CBSI3aHHBIM peGpoM MynbTHpe6pa).

B orimume or 0OBIUHBIX TpadoB, CBI3HOCTh KPaTHOTO rpada He Ipeqrioyaraer Haluuye KPaTHBIX
IyTell M3 KaKI0J BEpUIMHBI B KaxAyo. PakTuueckn B CBI3HOM KpaTHOM rpade Mexay KaKOoil mapoit
BEpIINH JOJDKEH CYILeCTBOBATH OOBIUHBIN (HEKPATHBII) ITy Th, MCIIOIb3YIOIINIL CBI3aHHbIe pebpa KpaTHbIX
U MyJIbTUpeOep HeCcOoTIacOBaHHO, a KpaTHBIE IyTY 00s3aTeIbHO NOJDKHBI CYIIIeCTBOBATH TOJBKO JIA Iap
KpaTHBIX BepLINH.
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s menumoro KpatHoro rpada ompeneseHue CBI3HOCTY MOXeT ObITh IIepeIycaHo B 6ojee pocToit
dopme, uTO 0O6YCIOBIEHO CTPYKTYpOII Tpada.

Onpenenenne 8. [enumbni kpatuslit rpad G(V, E) ABISETCS C613HbIM, €CII OTHOBPEMEHHO BBIIIOTHEHBI
IIBa yCJIOBIA:

1. Kpartusii nyts S(x, y) CyIIecTByeT A JIOOBIX IBYX KPATHBIX BepnH x € V, y € V.

2. Kaxxmas us uacteit G; ABIsI€TCS CBI3HBIM (HEKpPaTHBIM) rpadom.

Onpenesenne 9. MHoxecmeom 00CMuUMUMOCMU NO KPAMHbLM PeOpam st HEKOTOPOII KPaTHOI BepLINHBI
X Ha3oBeM MHOKecTBO RN Bcex BepIMH y Takmx, UTO CyINECTBYeT IyTh U3 X B 1, IPOXOMALINIT TOTBKO
10 KpaTHBIM pebpam.

Bymem o6o3HauaTh uepes GX monrpad, oGpasoBaHHsIit Bcemn BepuimHaMy u3 RY i BceMu kpaTHBIME
pebpamu e € EX, kotopsle coeruuaioT BepumHe! u3 RE,

Onpenesnenne 10. Muoxecmeom 00cmuiUMocmu no o0biuHbIM pebpam I HEKOTOPOII OOBIUHOT BepILN-
HBI X Ha30BeM MHOeCTBO RY BceX BEPIUNH Y TAKMX, UTO CYIIeCTBYeT IIyTh U3 X B I, IPOXOMSIIINIL TOTBKO
10 OOBIUHBIM pebpam.

Bynmem o6o3HauaTs uepe3 G¢ moarpad, o0pasoBaHHBIT BceMy BepIiHaMy 13 RY 11 BceMyt O6GBIUHBIMM
pebpamu e € E°, KOTOpbIe COeAMHIIOT BEPILIMHEI U3 RY.

OueBunHo, uto x € R, x € R%. Ecn y € RK, To R’; = RN Ectmy € R%, 10 Ry =RY.

OTMeTIM, UTO BCe MHOXeCTBa TOCTIKUMOCTH RE 1 R2 MOTYT GbITh HAliIEHbI C TIOMOIIBIO GBICTPBIX
ITOJIMHOMUAJIBHBIX AJITOPUTMOB, IIPMBEJeHHBIX B cTaThbe [1]. TaMm ke copMynnpoBaHbI IONMHOMMATIBHBIE
QITOPUTMBI IIPOBEPKI CBA3HOCTY KPAaTHOTO rpada.

Omnpenesenne 11. [lins ar06011 BepnHbL X € V ompefeiieHa ee cmeneHb deg x — KOIMUECTBO OOBIUHBIX
VUM CBSI3aHHBIX pebep MHIMIEeHTHBIX X.

Taxkum o6pasoM, Kakgoe oObIuHOe pebpo Buma {x,y} mobGasiger 1 k degx, Kakgoe KpaTHoe peGpo
Bupa {x,y} mobasiusger k x degx, a kaxkmoe MmynbTupedpo Buna {x, {yy,...,yx}} mobasnser k x degx u 1
K Kakpomy u3 deg y;. OueBMIHO, UTO CTeleHb JIF000T KPaTHOI BepIUMHBI OyxeT KparHa k.

2. TIlocraHOBKa 3amaym 00 31JIEPOBOM MapUIpyTe B KpaTHOM rpade

[Tyctp umeercs cBsi3ubiit kpatHblit rpad G(V, E) kpataoctu k > 1. Tak ke, Kak u A1t 06b1aHOrO rpada,
IUIsSL HErO MOYKHO OIIpeeNIUTh IIOHSTHE 3IJIepOBa MapIIpyTa.

Omnpenenenne 12. ineposvim mapupymom ji B kpatuoM rpade G(V, E) HasoBeM Takoit o6xoxn rpada
G(V,E), B xotopoM Kakgoe pebpo m3 E BcTpeuaeTcss pOBHO OAMH pas, a CBs3aHHBIE pebpa KaXkIOro
KpATHOTO 1 My IbTUpe6pa 13 EX U E™ MCIoNb3yIoTcs TONBKO COTIACOBAHHO (OTHOBPEMEHHO).

Kax u B onpefiesieHuu 5, [ 3iuTepoBa MapIIpyTa BBITONHEHO: y = UK 11;, To ects kaxkabIit aitepos
MapLIpyT j B KpaTHOM rpade mpepacrasiser coboil oObequHenne k oObITHBIX MapLIPYTOB ; (i € 1,k),
B K&)XIOM U3 KOTOPBIX IIPUCYTCTBYeT POBHO OMHO CBSI3aHHOE peOpo KaKIOro KpPaTHOTO M MYyJbTUpeOpa,
[IpUUeM MOPSIIOK 06X0/Ja CBI3aHHBIX peOep OJUHAKOB BO BCEX ;.

Onpenesenne 13. 3aMKHYTBIIT 97UIepOB MapLIPYT B KpaTHOM rpade (HadasbHas BepIlIMHA paBHA KOHeU-
HOJI) Ha3bIBACTCSA JUTEPOSHIM YUKIIOM.

He3aMKHYTBIIT 971JIEpOB MapILIPYT B KPAaTHOM Ipade Ha3bIBAETCS JUTEPOBOLi Uenbio.

Kpatsslit rpad HazoBeM JilTepo6biM, €CIV B HEM CYILEeCTBYeT 3JIepOB MapIIPYT (LMK VIV IIeTIb).

Ecmn CpaBHUTD OIIpEAECJIEHNIE KPATHOTO ITYTI 1 3171J1ep030171 LOENN B KpaTHOM rpa(be, MOKHO 3aMETUTD,
quTo aﬁnepOBa Oerb — 3TO, I10 CYTH, KpaTHbe;I IIyTh, B KOTOPOM OOITYyCKAa€TCA JMCIIOJIb30BaHNIE€ HECKOJIBKIUX
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MyJbTHpebep ¢ ONMHAKOBBIMU MHO)XECTBAMY KOHEUHBIX BEpIINH, IPOXOANMBIX B OJHOM HaIlpaBIeHII,
a TakKe IIOBTOPHOE JICIIOJIb30BaHNMe KPAaTHBIX BEpPIUNH, OMHAKO He JOITyCKaeTCs IIOBTOP BCTPEUaBIINX-
cs1 paHee OOBIUHBIX pebep. TOUHO Te ’ke MOMYILEHMs OTHOCATCI K 3IIEpPOBY LMKIY B KpaTHOM rpade
B CPAaBHEHMM C KPATHBIM IIKJIOM.

ITocTpoeHme sityepoBa LKA BCeTAa MOKHO HAUMHATH C KPATHOI BePIINHBL. JILIePOBY Liellb B 60JIb-
LIMHCTBE CJIy4aeB TaK)Ke MOXKHO HauMHATh CTPOMUTDH C KPAaTHOJ BepIIMHBI, OMHAKO ecyay rpad He Oymer
JeJIMMBIM, 57JIepOBa Lellb MOXKeT HAuMHATBCSI U B OOBIYHOI BepliyHe. [[1s 5TOro HeoOXOAMMO, UTOORI
B rpade 6pu10 MynbTHpe6pO €™ = {xo, {X1,..., Xk }}, Bce KOHLIBI KOTOPOTO IPMHAIEKAT OJHOMY MHOXe-
CTBY JOCTVDKUMOCTIL: X; € R;l (i € 1,k).

ITIpumep 3. CHOBa paccMOTpMM KpaTHBIT rpad u3 mpumepa 1 (puc. 3). HerpyaHo y6equThes, YTO B 9TOM
rpade cymrecTByet s7urepoB Mk C, IIpeICcTaBIeHHEBIN HA puC. 7.

On040,0,0,0
10 13 12 10 11 12 14 11

Fig. 7. Eulerian cycle in the multiple graph Puc. 7. 3linepos LnKA B KpaTHOM rpade

CnemyeT OoTMeTUTBh, UTO B 3iyiepoBoM Iukjie C OBe KpaTHbIe BepIIMHBI 3 U 4 MPOXOAATCA ABAXKIBI
(Ha puUCyHKe OTMEYEHBI CepPBIM), M03TOMY HUKI C SBISETCA IIIEPOBBIM MAPIIPYTOM, HO HE SIBJISETCS
KpaTHBIM LUKJIOM COIVIACHO OIIpeeJIeHNIO 6.

3agaua 1 (9iutepoB MapuIpyT B KpaTHOM rpade). /s dannozo kpamuozo epaga G(V,E) ycmanogumey,
cyujecmeyem Jiu 6 Hem Jiliepos Mapuipym (YUK Wit yenv), U Haimu 3mom Mapupym.

3. Heob0xomumbIe yCJIIOBUA CYIIleCTBOBAHNA 3IJIepOBa MapIIPyTa B KpaTHOM rpade

CdopmynupyeM HeoOXOAMMBIE YCIOBUS CyIIeCTBOBAHNS 9iIepoBa MapIIpyTa B KpaTHOM rpade, Ko-
TOphble OyAyT BO MHOTOM IIOXOKM Ha aQHAJOTMUHBbIe yCIOBUA A OOBIYHBIX IpadoB (HO C IOIIPABKOIL
Ha 0COOEHHOCTM IIOCTPOEH NS KPaTHBIX rpadoB). OMHAKO, B OTINYME OT IIOCIEAHNX, 9TU yCIOBUS He Oy RyT
nJocraToyHbIMU. HarmoMHuM, 4To B 06BIMHOM rpade 3iIepoB IUKII CYIIeCTByeT TOrja M TOJIBKO TOTJA,
KOT'/Ia BCe BepIUMHBI rpada MMeI0T YeTHYIO CTeIIeHb, a SJIepoBa Lellb CYIeCTByeT TOrga I TOJIbKO TOT/a,
Korja B rpade eCTb pOBHO [(Be BEPIUNHBI HEUETHOII CTelleHN (CM., Hampumep, [17]).

Teopema 1. Ecnu 6 kpamuom epage G(V,E) cywecmseyem 3ilziepos yukii, mo ece ezo 00bluHble GePpUIUHDL
UMem uemHyH cmeneHb, a CeneHb Kaxcooll KPamHoU 6epuitHbl v Moxcem 6bimy npedcmasnena kaxk degov =
k - a,, 20e k —amo kpamnocmv epaga, a, — uemmoe uuc’o.

CripaBeiyIMBOCTD YTBEPKOEHUSI TEOPEMBI CIEQYeET M3 TOTO, UTO, OOXOMS 3IIEPOB IIMKII, MBI 3aliieM
B K&KAYI0O BEpIIMHY CTOJBKO >Ke pas, CKOJIBKO ¥ BBINIEM, IIPY 3TOM IJIf KpPaTHBIX BepIINH Kakaad
oImeparus 3aX0[a WM BBIXOHA OydeT BBIIOJHATHCS OQHOBPEMEHHO M k CBI3aHHBIX pebep KpaTHOro
I MyJabTUpedpa.

Teopema 2. Ecnu 6 denumom kpamuom epage G(V,E) cyujecmeyem 3ilieposa yenv, mo 00HOGPEMEHHO Gbl-
NOJIHEHbL CTTe0YUjUE YCTIOBUSL:
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« 6ce 00bLUHbLE GEPULUHBL UMEIOM HEMHYI0 CeneHy;

« cmeneHb 08YX KDAMHUIX 6epuUt X, Y npedcmagnsemcs 6 gude degx = k - a, degy = k - b, 20e k —amo
Kpamuocmb 2paga, a u b — Heuemmbvle uucna;

* CmeneHb 6cex OCMATbHLIX KPAMHbIX epuun v npedcmasnsemcs 6 eude dego = k - ¢,, 20e k —amo
Kpamuocmb 2paga, ¢, — UemHoe Hucio.

Teopema 3. Ecnu 6 nedenumom kpamuom epage G(V, E) cywecmeyem 3iiepoda yenb, mo Haildymcs 06e
BEPULUHDL X, Y, OTIST KOMOPHIX BLINOIHAEMCS 00HO U3 YCIOGULL

1. x,y — kpamHoie epuiunv,; degx = k-a,degy = k- b, 20e k — smo kpamuocmo epaga, a ub — HeuemHuole
yucra.

2. X — Kpamuas gepuiuna, y — 00bluHAS GePUUHA U Hatidemcst Mymbmupepo {yo, {y1, - .., yx}} € E™ ma-
Koe, umo y; € RZ (ielk)degx =k-a degy =k +b, ede k —amo kpamnocmo epaga, a — HeuemHoe
yucrno, b — uemnoe HeompuyamenvHoe HUCIO.

3. x, y — oOviuHble Gepwiunbl U Hatdymes 06a mymvmupebpa {xo, {x1, ..., Xk}, {yos {y1,---,yx}} € E™
makue, umo x; € R, y; € R‘; (i€ I,_k); degx =k +a,degy = k + b, 2de k —amo kpamuocmv epaga,
a ub — uemnvle HeompuYyaMeTLHLIE YUCTA.

CmeneHb 6cex 0CManbHblX 00bIUHbLX GEPULUH UeMHA, d CMeneHb 6CeX 0CMATbHbIX KPAMHbLX GePULUH U npeo-
cmasnsemcs 6 ude degv = k - ¢y, 20e k — 3mo kpamuocmy epaga, ¢, — UemHoe UUCTIO.

CyMMapHOe KOJIMUeCTBO OIlepalruii 3axofa M BBIXOAA IS HAYAIBHOM M KOHEYHOJ BEpIIVHBI 3Ii-
JIepoBOIT Ilenu Ipu ee obxome OymeT HeEUETHO, M OCTATBHBIX )K€ BEpIINMH 3TO 3HaueHIUe YeTHO (Kak
B TeopeMe 1), OTCIOZIA CJIEAYET CIIPABEIINBOCTb TEOpeM 2 1 3.

Bonee cnoxHOe yCcoBue TeOpeMbI 3 00YCIOBIEHO TEM, UTO B AeJIMMOM rpade KpaTHas Lellb 00s3aTelb-
HO HAUYMHAETCS U 3aKaHUMBAETCSA B KPATHOI BEPIIIIHE, & BOT IJIST HELEIMMOro rpada BO3MOXKHA CUTYALINS,
KOTJa KpaTHas Lellb HauyHaeTCs JIIM 3aKaHYMBaeTCs B OOBIUHOI BepIIMHE, IIpMYeM B TaKOJ CUTyalun
MBI JOJDKHBI B3ITh OMHOBpPEMEHHO k pebep MHIMTEHTHBIX 9TO BepIIIHE.

CuencrBue 1. Ecnu denumuiti kpamuwiii epag G(V, E) sensiemes 31iepovim, mo 3ineposoti A6siemcst U Kax-
oas ezo uacmv G; (i € 1,k).

Csenem kparubiii rpad G(V, E) k o6sruromy rpady Gord(Vord, Eord), CTPYKTypa KOoTOpOro 6ymeT otTpa-
KaTh CTPYKTypy McxomHoro rpada. YacTtp BepImH GyAyT COOTBETCTBOBATH MHOKecTBaM IoAarpagos G2.
Takne BeprunHb MBI 6yieM Ha3bIBATh kKgasusepuunamu, a rpad Gyrg — 2pagom ¢ K8azugepuuHamu.

AnroputMm 1 (moctpoeHne rpada ¢ KBasuBepIINHAMIA).

1. It Ka)KX071 KPATHO BepIINHBI X € V co31aquM OObIYHYIO BEPIINHY X € Vi, q.

2. [Ina Kaxmoro kpaTHOro pedpa {x, y} € EF cosmanmm o6srunoe pe6po {x,y} € Egrq.

3. Haitrem Bce MHOXeCTBa TOCTIDKMMOCTI RY, B KauecTBe X Oy/eM yKa3bpIBaTh MIHIMAJIbHBII HOMED
BEPLUVHBI Y3 9TOI0 MHOKECTBA.

4. PaccMoTpuM moouepeqHo Bce MyabTupedpa e = {xq, {x1,...,xx}} € E™. [Ins Kaxxmoit o6bIUHOI
BepIIMHBL x; (i € 1, k) OIpeIeTIM MHOXeCTBO HOCTIDKIMOCTI RY,, KOTOpOMY OHa IPUHAMNEKNUT: X; € Ry .
Cospanum K6asusepwuny qy,....y.} € Vora (€cm TakoBas He 6bLTa CO3/1aHa PaHBbIIle) U J06aBUM OOBITHOE

pe6po {.X'o, q{yl,...,yk}} € Eord-

CnepcrBue 2. Ecnu kpamnuuiii zpap G(V, E) sgnsiemces IileposbiM, Mo IUIeposbiM AGIAEMCS U 2pad ¢ Keazu-
sepuunamu Gorg(Vord, Eord), npuuem Kaxoomy sineposy mapuipymy 6 ucxooHom KpamHom epage coomeem-
cmeyem 3iinepos Mapuwpym 6 epage ¢ K6asusePUUHAMU.
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O6paTHOe, BOOOI1Ie FTOBOPS, HeBepHO: Tpad ¢ KBa3MBEPILIMTHAMY MOKeT OBITh 3JIEPOBBIM, TOTHA KaK JIC-
XOMHBIII rpad He 3111epoB (CM. IpUMep 5 HIKe); TakKe B Ipade ¢ KBa3UBEPIINHAMI MOXKET CyIleCTBOBATb
9IJIEPOB LVKJI MJIN LIeTIb, KOTOPBIM He COOTBETCTBYET 3JJIEPOB LIMKJI JUIM LIeIlb B KpaTHOM rpade.

OTMeTuM, UTO CJIeACTBYUA 1 U 2 OCTAHYTCS BEPHBIMI, €CJIM B UX YCJIOBUSIX MbI 3aMEeHMM TpeGoBaHIe
sitepoBocTy KparHoro rpada G(V, E) Ha TpeGoBaHNe BBIIIOJIHEHNSI HEOOXOAMMBIX YCIOBUII €r0 3iiIepo-
BOCTIL.

IIpumep 4. PaccmoTpum npumep moctpoeHns rpacda ¢ KBasMBepIIHaMY coryIacHo axropurmy 1. Ha puc. 8
cJleBa IIpeJCTaBIeH KpaTHBIN HenmMsblit rpad G kpatHocTM 2. 3aMeHMM KpaTHbIe BEpLUIMHBI U pebpa
Ha oOpruHbIe. [lajiee oIpeaesM MHOKeCTBa JOCTVKIMOCTI 110 OOBIUHBIM pebpaM:

2 =1{7,8,9,10}, R}, = {11}, T, = {12,13}.

HerpynHo 3ameTuts, 4To B KpaTHOM Irpade G ecTh ueThIpe MyIbTHpebpa c KoHIaMu B RS 1 R, a Takxe 1Ba
MynbTUpebpa ¢ KoHlamu B RY; u RY,. [foaToMy HYHO cO3/1aThb JIB€ KBa3MBEPILMHBI — 7,11 U q11,12. OcTa-
€TCsI COeNVHUTH TV KBa3MBEPIUNMHBI ¢ OOBIYHBIMU BepumHamu pebpamu {1,q711}, {2, 9711}, {14, 97.11},
{15, 9711}, {5. 911,12} n {6,q11,12}. B urore momyunum rpad c xBasmsepmmHamMu G,,q, NpPeACTABICHHBIN

Ha puc. 8 crpasBa.

Fig. 8. Multiple graph G and the corresponding Puc. 8. KpaTtHblii rpad G 1 COOTBETCTBYHOLLNA eMy
ordinary graph G,,4 with quasi-vertices 06bI4HbIN TPad G,,q C KBa3UBEPLUMHAMU

3amMernm, uUTO BCe CTeHeHN OOBIUHBIX BepIlnH rpada G UeTHBI, a CTEeIleHN KPATHBIX BEPIIH KPATHBHI 4.
ITockonpKy rpad MMeeT KpaTHOCTH 2, MBI BUOMM, UTO IJIsI HETO BBIIOJHEHBI HEOOXOOUMBIE YCIOBUS
CyIlllecTBOBaHMUA diiIepoBa HuKiIa. bojee Toro, sinepoB nuki C snerko Haitu. C = C'UC? rme C'u C? —
OOBIUHBIE IIUKIII CIIEAYIOIIEN CTPYKTYPBIL:

C!= (1,7,8,14,15,9,10,8,9,2,3,4,5,12,13,6,4,2, 1), C*= (1,11,14,15,11,2,3,4,5,11,6,4,2,1).
ITOMYy LIMKIY COOTBETCTBYeET 371epoB HuKI C,rg B rpade ¢ kBasuBepmHaMu Go,q:
Cord = (19 q7,117 147 15’ q7,113 2’ 3; 4) 55 q11,12’ 6, 4) 25 1)-

IIpumep 5. ITokaxkeM Terepp, UTO HEOOXOAMMBIE YCIOBYS CYILIECTBOBAHMS 3JIEPOBOTO MApIIIPyTa B KpaT-
HOM rpade He Bceraa SBJISIOTCS JOCTATOYHBIMY Jaske B ClIyuae JeJIMMOTo rpada.

Paccmotpum menmmslit rpad G, mpencTaBiIeHHBI B yeBoil yactu puc. 9. Kparnocts rpada pas-
Ha 2, CTelleHb BCeX OOBIUHBIX BEpPIINH UEeTHA, a CTelleHb BCeX KpaTHbIX BepuumH paBHa 4. Cieno-
BaTEJIHO, JJIA 3TOTr0 rpada BBINOIHAETCS HEOOXOQUMOe YCJIOBME CYIIEeCTBOBAHMS 3iepoBa LIMKIIA.
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Herpynuo y6emurbes, uto B Kaxmoil u3 mpoekuuit G; u Gz 3T0ro rpada CyIecTByeT SVIEpOB IIMKII
(weHTpasbHAs UM IpaBasg YacTh PUC. 9), OMHAKO 3TU IMKJIBI HEBO3MO)XHO COIJIACOBAThH HA CBfA3aH-
HBIX pebpax KpaTHbIX U MyJbTupebep. [eitctBurensHo, uactb G; IpeacTaBiseT co0OI IMPOCTON IUKII
C!' = (1,7,2,3,8,4,5,9,6,1), 3HAUUT, COOTBETCTBYIOIIMIT LMK B yacTu G, JONKEeH OBITh MpeCTaBlIeH
B dopme C? = (1,10,...,13,2,3,11,...,14,4,5,12,...,15,6,1), HO 3TO HEBO3MOKHO CHeNIaTh, HE Ipouas
TPIYDKABI 110 pebpy {16, 17}, UTO IPOTMBOPEUNT OIIpeIesIeHIIO 3JJIepoBa IIUKJIA.

G 10 G1 G2 10

1 1 1 --—"
16 O- O--- 11 16
: 2 S ~o ~o 7 : 2 //
! Q@----- O ! Q\\ A g
1 LA
I | N /
: 30 TS ~. 8 : 3(> R /
I -0 I N
: 4 -~ - : 4 I/ \\
I Q 1 Q\ / \
! ! Y] I ! //\\\ * 13
1 1
! SO_ T :'—O I SO \\\
7 ! .- ! 14 N\ A17
15 15
Fig. 9. Non-eulerian divisible multiple graph Puc. 9. lennmblii KpaTHbIN rpad, He ABASOLLMIACS

3linepoBbIM

Ormernm, uto rpad ¢ kBasusepiinHamu G,,q, IOCTPOEHHBIN IJI paccMaTpuBaeMoro rpaga G, Takxe
6YI[€T IpeaCcTaBIATh coboit npoctoit TUKI Cyrg = (1, 97,105 2, 3, 98,10, 4, 5, 99,10, 6, 1).

IIpumep 6. Paccmorpum elre oqHYy 0COGEHHOCTh KpaTHBIX rpadoB: eciau rpad He SBISETCS TEIUMBIM,
B HEM MOJKET OJJHOBPEMEHHO CYILIECTBOBATH I 3JIEPOB LIMKJI, U 97JIEPOBA L{eIlb 61arogapsi TOMy, UTo He00-
XOAMMBI€E YCJIOBUA CYIIIECTBOBAHUA SﬁﬂepOBa IUIKJIA M1 OEeIIN HE ABJIAI0OTCA B3aVMMOVICKIIIOUAKINIVIMI OJIA Ta-
Kkux rpagos. [leficTBuTENBHO, IycTh uMeeTcs rpad G, mokasaHHbI Ha puc. 10.

Fig. 10. Non-divisible multiple graph Puc. 10. Hegennmblii kpaTHbI rpad

275



Smirnov A. V.

9ror rpad MMeeT KpaTHOCTD 2 U He SIBJILeTCs qeanMbIM. [Ipy 9ToM Bce 0ObIUHBIE BEPIINHEI IMEIOT YeT-
HYIO CTEIleHb, a CTEeNleHb KPATHBIX BepIINH paBHa 4. CJie{0BaTeNbHO, BHIIIOJIHEHBI HEOOXOUMBIE YCIOBUSL
CYIIIeCTBOBAHMS diyIepoBa ukia. [Ipumep Takoro rukna C mokasa Ha puc. 11 ciesa.

B 10 Xe Bpems1, 1uis rpada BBIIOJIHEHO ¥ HEOOXOAMMOE YCIOBUE CYLIECTBOBAHUS STLIEPOBON LIETIN:
deg5 =k +2,deg7 = k + 2 u ecTb nBa mynbTHpeOpa {1, {3,4}} m {2, {8,9}} Takmx, ut0 3,4 € R¢ m 8,9 € RY.
CiremoBaTeIbHO, MOXKHO IOIBITATHCSA MTOCTPOUTD 3itepoBy uenb T(5,7). ITa 1ens cyuecTsyer (crpasa
Ha puc. 11).

3 8 7 65
5 1 2
4 9 7
Fig. 11. Eulerian cycle and eulerian trail Puc. 11. DinepoB LKA 1 3inepoBa Luernb
in the multiple graph G B KpaTHOM rpade G

OtmerumMm erle ABa JTI000NBITHRIX (akTa. Bo-mepBrix, o6oum sinepoBbiM Mapupytam C u T Oymer
COOTBETCTBOBATH OJMH ¥ TOT e 37u1epoB LUKI Corg = (¢33, 1,2,q33) B rpade ¢ xBazupepimHamMu G, q.
Bo-BTOpPBIX, BMECTO BEPIUNHBI 5 MJIM 7 MBI MOTJIV ObI B3Th B KauecTBe KOHIIA 3JJIEPOBOII I{eIIN BEPIUNHY 6
(deg 6 = k + 0), 1 B 9TOM CiIyuae IOCTpOeHNE SVIEPOBOII LIeIN ToKe ObLIO GBI BO3MOXKHO.

4. TlokpbpIBaroinue enyu B oObIaHOM rpade

PaccmoTpeHHBIe B IpeAbIAYIIEM pasjiese MpIMephl IPUBOAAT K CIeyIOIIell Mfiee alrOpUTMa ITOCTPO-
eHs 9iJIepoBa MapLIpyTa B KpaTHOM rpade G:

1. Haxoguwm sitnepos mapiipyt C,rq B rpade ¢ kBasuBepiunHamu Gorq.

2. B xaxxpom nmoarpade G2 HaXOAMM MHOKECTBO U3 § TIOKPBIBAIOIINIX LIeTIelt, /e UMCIIO S, a TaKKe Ha-
yasbHas ¥ KOHeUHas BepIlHa KaKI0J1 eI OIIpeieIieTcs 110 MyJIbTupeOpaM, COOTBETCTBYIOIIIM
pebpam nukia Copg.

IToxx nokpuiearwumu yensmu B OObITHOM rpade MbI IOHUMaeM MHOKeCTBO LielIel], He ITepeceKaroIuXcs
mo pe6GpaM M He COHepKAaIMX ITOBTOPSIONIUXCH pebep; IIPY 3TOM MHOKECTBO ITOKDPBIBAIOLIMX IeIell
COZepKUT Bce pedpa rpada.

HM3BecTHO, UTO eciy Havyasa ¥ KOHIIBI TAaKMX Lielell He (GMKCUPOBAaHBI, I HAIMYMS S IIOKPBIBAIOIIINIX
I[eIlell JOCTaTOUHO, UTOOBI POBHO 25 BepIINH rpada MMey HeueTHYI0 CTelleHb. UTOOBI HAMTH 3TI LeIIH,
HY>KHO COeIVMHUTD K KIYI0 U3 25 BepIINH HEeUeTHOI CTeIIeHN C JOIOIHUTEIBbHOI BePIIHON 0*, a 3aTeM
HAJITY 9JJIepOB LUKJI B ITOJyunBIIeMcs rpade (cM., Hampumep, [17]).

B Hamrem ciryuae Mo;KeT IIOTpeOOBaThCA HAYaTh VI 3aKOHUYNUTH CPa3y HECKOIBKO M3 ITOKPBIBAIOIIIIX
IleTlell B OJHOI U TOII >ke BepiunHe. OTMeUeHHBIN BbIIIe pe3yJbTaT OCTAHeTCS CIIPABeIJIMBBIM: IS I10-
CTPOEHNS TIOKPBIBAIOIINX Ilelleil HaM JOCTaTOYHO OyHeT COeIVHMUTDH KaKAYI0 TaKyl0 BepIINHY Cpasy
HEeCKOJIBKMMIY peOpaMM ¢ JOIMOJIHUTEIBHOI BEPIIIHON 0* ¥ IIOCTPOUTD 3TIEPOB LMK B IIOJIyUMBIIEMCS
MynbTHrpade.

Taxum o6pasoM, ecnt JuIg KpaTHOTO Tpada BBIIIOIHEHBI HeOOXOAMMBbIe YCJIOBMS CYLIeCTBOBAHMS 3ii-
JlepoBa MapIlIpyTa, B KaskAoM noarpade G2 CyIIecTByeT S IOKPBIBAIOIIVX LIeIIell, TIe 25 — 9TO KOJIMUECTBO
KOHIIOB MyJbTrpebep B RY. Ecim kakasg-To BepIIMHA ABJIAETCS KOHI[OM HECKOJIBKUX MYJIbTHpeOep, OHa
yUNTBIBaeTCS HeCKOJIBbKO pas. Ecim rpad HemeImMMbIli U A1 9I11€pOBOIL LeNM HavalbHAs MU KOHeUHas
BepIIINHA Y HAXOAUTCA B RY, 9Ta BepIInHA kK pa3 yUMTEIBAETCA B MHOKECTBE YKa3aHHBIX 25 BepIIINH.

OpnHako QI IIOCTPOeHNs 3IlepoBa MapIIpyTa B KpaTHOM rpade HeJOCTATOUHO IIPOCTO CYILIeCTBOBA-
HIA § TIOKPBIBAIOIINX Iereit B Gy — 3TU IeNN JOJLKHBI COeIVHATD OIpefieJIeHHbIe ITaphl BePILIH, UTOObI
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00eCIIeunTh COTIACOBAHHBIN ITOPANOK IIPOXOMa CBI3aHHBIX pebep KaKHOro MyJbTupebpa B 91IepOBOM
MapuipyTe. YKa3aHHOe 00CTOSTEIBCTBO IIPUBOIUT K CIIeTyIOIIEll 3a1aue.

3apmaua 2 (IOKpBIBAIOIINIE LMY C 3aAaHHBIMI KOHIIaMH B 00buHOM Trpade). B o6viunom epage G2 (R2, E?)
s > 1 6epuwunxy, . .., Xs OMMeUeHbl KaK HAUAIbHble US 6EPULUH Y, . . ., Ys OMMeUeHbl KaK KOHeuHble (MHO#ecmesa
6ePULUH X; U Jj MOZYM CO0ePHAMb NOSMOPIIOUSUECT BePULUHBL U MOZYM NepeceKambesi Mexdy cobotl).

Tpebyemcs Hatimu s nokpviearwux yenetl f11(x1, Y1), . . ., fls(Xs, Ys) ¢ 3a0aHHbIMU HAUATTLHLIMU U KOHEU-
HbIMU BePUUHAMU.

Ormernm, yto pu s = 1 3amaya 2 CBOOUTCA K IIOCTPOEHMIO ¥JIepOBoIL Ienu B rpade G u paspelnma,
eciM A MCXOMHOTO KpaTHOTO rpada BBIIOJHEHBI HEOOXOMMMBbIE YCIOBUS CYIIeCTBOBAHNI 3iJIEpOBa
mapupyra. Ecim sxe s > 1, pelieHns MokeT He OBITB, JaXKe €CJIM YCJIOBMS CYIIeCTBOBAHUSA 3iJIepOBa
MapIIpyTa BBIIOJTHEHBI B MICXOHOM KpaTHOM rpade.

IIpumep 7. Paccmorpum rpad, mpencTaBieHHbIT Ha puc. 12. B atoM rpade 10 BepIINH HeUeTHOI CTeIIeHI
M 2 — 4eTHOIA, CJIeJ0BaTeJIbHO, B HEM MOKHO IIOCTPOUTDL MHOKECTBO 13 5 IMOKPHIBAIOILNX I[€IIe.

1 2 3 1 2 3
4. Sz 6i 7: ;8 :9 4. 5? 6§ 7: %8 :9
10 11 12 10 11 12

Fig. 12. The problem of finding the covering trails Puc. 12. MNpobnema nonyyeHms NoKpbIBaroLLMX
with given endpoints Lienew ¢ 3alaHHbIMM KOHLLAMK

Opnnaxo mpu puKcaryy KOHI[OB 9TUX Iellell Mbl He BCera CMOXXeM MX IONIyUUTh. Takas CUTyarus
IoKa3aHa cJjieBa Ha pucC. 12 (HauaJgpHbIe BEpIINHBI 3aKpallleHbl CEPhIM, KOHEUHbIE BEPILIMHBI 3aIITPUXO-
Baubl). [Ipy 9TOM He Ba)KHO, KaKye MMEHHO IIapbl BepIUWH U3 MHOXeCTB {3,4,7,11,12} u {1, 2,6,10,12}
HY’KHO COEIMHUTE MEKIY 00011, B II000M ciryuae peGpo {6, 7} IpmmeTcs UCIoIb30BaTh HECKOIBKO Pas.

CmpaBa Ha puc. 12 mokasaHa CUTyauus, Korga BepiinnmHa 10 CTAHOBMTCS HayalbHOM AJIS KaKO¥-TO
LI, a BepIINHA 3 — KOHEUHOIL. B 9TOM ciIyuae MOKHO IOCTPOUTH, HAIIPUMED, TAKOE MHOKECTBO U3 5
MOKPBIBAKOINUX Hetnedt: (4, 1), p2(10,6), p3(11,2), 114(7,9), p5(12, 3).

TeMm He MeHee, IpU APYTOI PUKCALMN KOHIIOB ITOKPBIBAIOII[IIE [[EI [IOCTPONUTD He YIACTCS, HATIPUMeEP:
}11(4, 1)’ }12(10, 6)’ }13(11, 3)’ /14(7> 9)’ /15(12’ 2)

Paccmotpum mBa anropurma peutenus 3amaun 2. O6a oHu OyAyT B XyOIIEM Ciydae BBIIIOJIHSITHCS
3a 9KCIIOHEHI[MAJIbHOE UMCIIO IIIAr0B, OMHAKO MOXKHO IIPEQIIONIOKIUTh, YTO pacCMaTpuBaeMas 3aava siB-
ngercsa NP-tpynHoiL.

Wpes IepBOTO alrOpMTMa COCTOUT B TOM, UTO MbI COCIMHUM KKIYI0 M3 BepHIMH x;, y; (i € 1,5)
C OOITONHUTENBHON BepIINHON v* pebpoM (ecnm Kakas-TO BepIHA BCTpeuaeTcs B HaOOpe HECKOIBKO
pas, st Hee OyIeT CO3MAHO HECKOIBKO pedep). B monyuusiemcs myaprurpade 6ymeM MCKATh SIIEPOB
LIMKJ, B KOTOpOM pebpa MHIMAEHTHbIE 0° OYIYT IIPOXOOUTHECS B 3aMaHHOM IIOpSIAKE M B HY)KHOM HaM
HaInpapJIeHUN (TaKOM, YTOOBI IIPY yHIAIEHNY BEPIUNHBI 0° U3 HMKJIA Y HAC OCTAIUCH ICKOMBIE S LIETIeit).

OTmeTuM, UTO 3a/1aua MOCTPOEHUS 3IepOBa LUKJIA, B KOTOPOM HEKOTOPBIE peGpa IMPOXOATCI B 3a-
OAHHOM IIOpSMKe ¥ B 3aJaHHOM HAaIIPaBJIEHUI pacCMaTpuBanach B crarbax [18, 19]. B [18] mokasaHo,
B YACTHOCTH, UTO eCJin TpedyeTcs mpoitT m pebep 1 B 3aJJaHHOM IOPSAIKE, U B 3aJJaHHOM HAIlpaBJIEHN,
3amaya OymeT rapaHTUPOBAHHO UMETH pellleHue, ey rpad 2m-CBsi3eH, U B 9TOM CJIydae pelleHye MOKHO
HANTU C IOMOIIBIO MOJIMHOMUAIBHOTO aIropuTMa, onucanuoro B [19]. Onnako B Hatrem rpade m = 2s
u rpad B JyullleM CIyuyae Mm-CBSI3€H, II03TOMY BOCIIOJNIb30BATHCI yKA3aHHBIM aJTOPUTMOM He YIACTCS
(Gonee Toro, B IpuMepe 7 MBI PACCMOTPEIN CUTYAIUIO, KOTJA PEIIEHIsI MOKET He OBITh BOBCE).
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B mamem anropmrme MbI OymeM MCIIOJNB30BaTh OMMCAHHYIO B pabore [20] omepaiuio kanha-mparc-
popmayuu (x-mpancgopmayuu) siteposa 1ukiIa. [JaHHasS olepalysi COCTOUT B M3MEHEHNNU Ha IPOTH-
BOIIOJIOXKHOEe HaIlpaBjieHNs obxoma pebep Ha BbIOpaHHOM ydacTKe 3JepoBa MapIIpyTa, 3aKII0UEeHHOM
MEKIY ABYMS BXOKIEHMSIMIU OJHOI BepIINHBI (PaKTHUecKu MeHseTcs HallpaBjeHMe 06Xoga KaKoro-To
IofuMKia). B ykasaHHOI cTaThe DOKa3aHO, UTO € IIOMOIIIBIO ITOCIIeI0BATEIBHOTO IIPMMEHEHNS OIlepariil
»-TpaHCPOpPMaLMM MOKHO ITepe6paTh Bce BO3MOKHBIE JUIS JAHHOTO rpada 3iepoBbl MapIIPYThI.

AnroputM 2 (IIOMCK ITOKPBIBAIOIINX IIeTIell ¢ 3afaHHBIMM KOHIIAMI IIepe6OpOM 3JJIePOBBIX I[MKJIOB).

1. CoeaMHMM KaXyIo M3 BepLIMH X;, y; (i € 1,5) C JOTONHUTENBHOI BepIIMHON v* peGpoM (eciu
KaKasi-TO BepILUIHA BCTpeyaeTcs B Habope HEeCKOIBbKO pas, Il Hee Oy[eT CO3MaHO HEeCKOJIBKO pebep).

2. C oMOILIbI0 TOIMHOMNUAIBHOTO anroputMa Xuproisiiepa (cM. [15]) Haitnem sitepoB uuki C B 11o-
Jy4MBLIEMCS MyJIbTUrpade.

3. Ecin ymanuts u3 mukia C BepIINHEL 0° BMeCTe ¢ MHIMACHTHBIMY pebpaMi, y HaC OCTAHeTCs POBHO
S MOKPBIBAOINNX Lerelt. Eciau mpu 9ToM ykasaHHBIe ey OyayT nMeTb BUL: [y (X1, Y1), - - -, s (X5, Ys), 9TH
L[eN) SBJISIOTCS MICKOMBIMI, BbIXOM. VHaue ImepexonyuM Ha Iiar 4.

4. PexypcuBHO IepectpamBaeM LK1 C, UCIIOIB3Ys BCe BO3SMOXHBIE x-TpaHchopmarmu. Ilocie npu-
MeHeHMs Ka)XJOJl OTAeIBHOI OIlepaliuy IIepeXoaMM Ha IIar 3 [y npoBepKu. Eciiu BapmaHTOB x-TpaHC-
dopmaru He OCTAIOCh, 3aJavua 2 A JAHHOTOo rpada He MMeeT PellleHNsI, BBIXOL.

AJIbTEpHATUBHBIN IIOAXOMN K PELIEHNIO 3aaYi 2 COCTOMUT B TOM, UTO MBI OyJeM IIOCIENOBATEIHHO
HaXOAUTh Henu ;(x;, y;), BKIIOYas B HUX peOpa, He ABJISIOLec nepeuetikamu (Mocmamu) U UCKII0OYast
91U pebpa u3 rpada. IToxoxum o6pasom paboraer anropurm Prépu moncka sireposa mapipyTa (cm. [16]),
OIIHAKO HaM HY’KHO Oy[eT IIpelyCMOTPETh BO3MOKHOCTb BO3BpATa 13-3a TOT0, UTO TpeOyeTcst HailTu cpasy
$ 1[eTIel1, KOTOpbIe He JOJDKHBI [TepeceKaThCs 0 pedpaM.

[ToHsTHE IepellIeliKa TakKe IPIAETCS TPAKTOBATh MHAYe, YeM B KJIACCUUECKOM alTOPUTME.

Onpenenenme 14. IycTs Ha TeKyleM Iuare BHITIONHsAETCA moctpoenue meru (X, y;) (i € 1,5), u yxe
IOJTyUeHa LIeIlb OT X; 10 0. PeGpo {v, W} sBisieTcs nepeutetikom, eci IOCIIe €To yaleHus 6y AeT BBIIIOTHEHO
OIHO U3 YCIIOBUIL:
« He cyurecTByer menu f(w, y;) (Ilepellieek nepgozo muna);
« He cymiecTByer menu f(xj, y;) (j > i) (mepelreek 6mopoezo munay;
+ B rpade mosABIgeTCa KOMIOHEHTA CBI3HOCTH, He COepyKaIas Hi X, Hu y; (j > i), Hu y; (meperieex
mpemuveeo muna).

OTMeTNM, YTO OJHO U TO 5Ke peOpo MOKeT OXHOBpPEMEHHO OBITh ITepeLIeIKOM I IIepBOTO, ¥ BTOPOTO TH-
I1a, HO IIepellleeK TPEThEero THUIIA He MOKeT OJHOBPEMEHHO MIMETh IIePBBIN WJIM BTOpOI Tull. Ecim kakoe-to
pebpo {v, w} — mmeperieek TpeThero THUIA, OCTAIbHbIE peOpa MHIVAEHTHbIE U He SIBJISIOTCS ITepeLeikaMu
(v OymeT YacThi0 KOMITOHEHTHI CBI3HOCTH, «OTCEKAEMOII» ITUM IIEPELIEIKOM).

AnroputM 3 (IIOMCK ¢ BO3BpaTaMy IIOKPBIBAIOILNX LIETIEN C 3aJaHHBIMI KOHI{AMII).

1.i=1

2.Ecimni < s,nepexonum Ha mar 3. UHaue i = s, uiieM 371JIepOBY LIeIIb [ (xs, ys) C IOMOIIBIO AJITOPUTMA
dnépn, BBIXON.

3.0 =x;j.

4. Ecnn v = y;, monaraeM i = i + 1 u nnepexoquM Ha Iar 2. MlHaue repexoqmuM Ha Iiar 5.

5. Eciu kakoe-To pe6po {v, w} aBiIsfeTcs ImepeleifikoM TpeTbero TUIIA, OIIpefessieM KOMIIOHEHTY CBSI3-
HOCTH, «OTCEKaeMylo» 3TUM IIepelleliKoM, I HaXOAUM B Hell 3MJIepoB LUK C IOMOILIBI0 aJIropurMa
Onépn. [IpucoenuHseM HaEHHBIN MUK K [;(X;, y;) U yxaiasgeM ero us rpada. Bxiaouaem pebpo {ov, w}
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B i (X, y;) ¥ yaaiseM ero us rpada BMecTe ¢ BeplunHoi 0. ITonaraem v = w u mepexoauM Ha miar 4. Muaue
IepexoauM Ha 1ar 6.

6. IToouepento paccmarpuBaeM Bce pebpa {v, w} (BepIumHBI w IlepebupaeM B IOpPsAAKe BO3pacTaHUSA
HOMEDOB).

Eciu pebpo {v, w} He aBiIseTcs mepeleiikoM IIepBOrO MIM BTOPOTO TUIIA, BKIOUAeM ero B (X, y;)
n ygansgeM u3 rpada (ecam IS BepLIMHBI 0 3TO pebpo IOCieqHee, OHA TaKKe ymajsercsa u3 rpada).
ITonaraem v = w 1 mepexoauM Ha 1ar 4.

Ecin Bce pebpa MHIIMOEHTHBIE 0 SBISIOTCA IepellelfkaMy, IIepeXoauM Ha Iiar 7.

7 (Bo3Bpar). OTMeHseM AeliCTBUS IpeAbIAYINMX IIaroB MO TeX IIop, II0Ka He JOaeM MmO Iara 6, rue
IUISL KaKOJI-TO BEPILINMHBI U OCTAJIOCh HEPACCMOTPEHHBIM XOTs ObI 0HO pebpo {v, w}. Ilocie aToro Bo306-
HOBJIIEM IIIaT 6 C paCCMOTpPeHMeM yKa3aHHOro pedpa. Ecim B mpomecce BosBpara MBI JOIUIN IO BEPIINHBI
X1 U O Hee He OCTAJIOCh HEPACCMOTPEHHBIX pelep, 3aiaya 2 He MMeeT pelleHNs AJII JaHHOoro rpada,
BBIXO[I.

Ipumep 8. IIpomsutrocTpupyeM paboTy aJropnTMoB 2 11 3 Ha IpuMepe rpada, IpeacTaBIeHHOTo Ha puc. 13.
3mech TpebyeTcs HATY MOKPBIBAIOIINE LMY ¢ PUKCUPOBAHHBIMU KOHIIaMu Buma: i1 (1, 6), t12(2, 5), pi3(3, 4).

10~11 12

Fig. 13. Search for the covering trails with given Puc. 13. NMounck nokpbIBaroLLMX Lienei
endpoints C 33/,aHHBIMUN KOHL,AMW

CHauasna npuMeHnM anroputm 2. [Jo6aBum B rpad HOMOTHUTEIBHYIO BEPIINHY 0* U pedpa, CoeamHs-
IoIIIe ee ¢ BepuunHamn 1, 2, 3,4, 5, 6 (roxasaHsI Ha puc. 13 rIyHKTMpOM). Harinem sitnepos uuki C B rpa(be:

C=(v"1,7,20%,3,7,84,0"5,8,9,11,7,10,11,12,9,6,0").

ITOT LMKII He YOOBIETBOPSET YCIOBUIO 3aaulL, II09TOMY OyaeM peKypCUBHO BBIITONHATH »-TpaHchopMa-
uuio MK (TpaHcopMupyemMble TOALMKIBI OTMEUEHBI TO{UEPKIBAHIEM):

C=(0v%2710%3,7,84,0"5,89,11,7,10,11,12,9,6,0"),
C=(0%27730"172384,0",58911,7,10,11,12,9,6,0%), ...,
II0Ka He IIPUAEM K MICKOMOMY LIUKIIY:
C=(v,2,7238570"1,7,11,9,6,0%,3,7,10,11,12,9,8,4,0%).

Teneps nmpogeMoHCTpUpyeM paboTy alropurma 3 mjs Toro ke rpada (Ho 6e3 TOIOTHUTEIBHOI Bep-
IIVHBIL 0*).

Bymem crpouts uens py(1,6). CHauana BkiaounMm B Hee pebpo {1,7}. Ha cinemyromem miare peGpa
{7,2} u {7,3} 6ynyr nepereitkamu 0JHOBPEMEHHO ¥ IIEPBOTO U BTOPOTO TUIIA, [I09TOMY JOOABMM B II€Ib
crenympolee 110 HoMmepy pebpo {7, 8}. Hanblire Bce Tpu pebpa oKasbIBalTCs Ieperreiikamu: {8, 9} — Bro-
poro Tuma, a {8,4} un {8,5} — OMHOBpeMEeHHO U IIePBOrO 1 BTOPOro Tuia. II09T0My BBIIIOJIHSIEM BO3BpAT,
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VICKJIIOUas U3 [ pe6po {7, 8} u noGasnsaa cIenyrolee 1o HoMepy pe6p0 {7,10}. IIpogomkas geitcTBOBATH
moo6HBIM 06pa3oM, MbI monyuuM uemns p(1,6) = (1,7,10,11,9,6), a 3arem uenu p2(2,5) = (2,7,8,5)
u p3(3,4) =(3,7,11,12,9,8,4).

B 3akiroueHye MaHHOTO pasgesa OTMETUM, YTO 33aJauy 2 MOKHO pacCMOTpeTb M I IoArpados
G)IE kpatHoro rpada G(V,E), ecnmu KpaTHble pebpa 3aMEHUTH Ha OOBIUHBIE, & B KAUECTBE HAUAIBHBIX
Y KOHEUHBIX BEPIINH IOKPHIBAIOIIUX LEIIell pacCMaTPUBATh KpaTHBIE BEPILNHBI, ABJIAIOLINIECT HadaIaMI
MyJIbTHpEGED.

5. AJropuTM IOMCKA 3IlJIEpOBa MapIIpyTa B KpaTHOM rpacde

CdopmynupyeM Tellephb aJITOPUTM IIOVCKA dIIepoBa MaplIpyTa B qeanmoM KpatHoM rpade G(V, E),
KOTOPBIII OyeT MCII0Ib30BATh AITOPUTMBI 1-3 Ha OTENbHBIX CBOMX IIIarax.

AsroputM 4 (IONCK 3711epoBa MapIlIpyTa B AeIMMOM KpaTHOM rpade).

1. IIpoBepsieM BBIMOJHEHNE HEOOXOMUMBIX YCIOBUIT CYLIECTBOBAHMS STIEPOBOTO LIMKJIA VUJIM (€N
(reopemsr 1-2). Ecniu oHU He BBIIIOJIHEHBI, 317IepOBa MapIIpyTa He CYILEeCTBYeT, BBIXOL,.

2. Haxogum Bce RS, ¢ moMoIbio anroputMa 1 crpoum rpad ¢ kasusepimHamMu Goq.

3. Haxomgum sitnepoB Mapuipyt C,,q B rpade Goypg € IIOMOIIBIO AITOpUTMa XUPTOJIbLIEPA.

4. Tlo ouepeXHOCTM 1 HANIPABJIEHUIO IPOXOKAeHs B MappyTte C,,g pebep MHUMAEHTHBIX KBa3NBepP-
LINHAM OIpenesseM M KaXaoro G MHOXKeCTBa HaUaIbHBIX ¥ KOHEUHBIX BEPIINH U UX MHIEKCHL.

5. B kasxgoM u3 G ¢ IIOMOIIBIO AJIrOPMTMA 2 JUIM AITOPUTMa 3 MIeM ITOKpPBIBAOIIe LI C 3a-
maHHBIMM KoHIamu. Eciam mns Bcex G ara 3amaua pellleHa YCIIEITHO, IIepPeXOAMM Ha ILiar 6, MHaue —
Ha Iar 7.

6. Haxomum mcxomsiin aitnepos mapupyt C B kparHoMm rpade G(V, E), mepeHocss B KpaTHBIIL rpad
MapiipyT Corq ¥ OOBEUHSA €r0 CO BCeMM HallIeHHBIMU IIOKPBIBAIOIIVIMIL LIETIIMI B HY>KHOM ITOpPSITKeE.
Brixon.

7. PexypcusHo mepectpauBaeM HUKI C,.g, MICIIOJB3YSI BCe BO3MOXKHBIEe x-TpaHchopmarmu. Ilocte
IIpMMeHEHNI KaXI0J OTHAEeJIbHON onepanuy mepexoauM Ha mar 4. Ecin BapmanToB »-Tpancopmanynu
He 0CTaJIOCh, 3a/aya 1 g JaHHOTO rpada He MMeeT pelleHNs, BbIXOI.

OrMeTuM, uTO AJIrOpUTM 4 BBIIIOJIHUTCS B XYIIIEM CJIyUae 32 9KCIIOHEHIVAIbHOE KOJIMUECTBO IIAroB,
OJJHAKO MO>KHO IIPeATIONIOKITE, UTO 3afaua 1 ssisercs NP-TpyaHoii (113-32 HEOOXOXMMOCT COTVIACOBAHIS
BCEX UaCTeil MapLIPyTa Ha CBA3aHHBIX pedpax KpPaTHBIX 1 MyJIbTUpeGep).

Aunroputm 4 chopmMyupoBaH s AeTUMbIX rpadoB. OMHAKO €ro MOKHO IIEPEHECTI U Ha CITyuail Hefle-
aumoro rpada ¢ HeKOTOPBIMU JOIIONHEeHMAMH (B 00LIIEeM ciIydae yBeamuuBammmu mnepedop). IlIpu stom
Ha Iare 1 MbI OyieM IPOBEPATH yCIOBUA TeopeM 1 u 3.

Taxk, 1u1s KBa3MBEPIINH, y KOTOPBIX COBIIAAIOT qBa U OoJiee MHAEKCOB, HabOp HauaJIbHBIX ¥ KOHEUHBIX
BEpILNH IIPU ITOMCKe IIOKPHIBAIOIMX Iereil B G2 MOXeT OIpeNessaThCs HeOTHO3HauHo. Torga B Xya-
IIeM Cllyuae IIPIAeTCs IepeGuparh Bce BO3SMOXKHBIE BApMAHTHI cornocrasieHns. K mpumepy, B aitsiepoBomM
MapIIpyTe CHauasIa MPOXOAUTCI MyIbTIpeOpo {xo, {x1, X2} } B HanpaBiIeHUM OT OGIIETO KOHIIA, 3 IOTOM —
MyabTupe6po {yo, {y1,y2}} B HampaBieHuUn kK obIeMy KOHITy, M BCe BEpLIMHBI X1, X2, Y1, Y2 € RY. Torma
IIPU IIOMCKE ITOKPHIBAIOILMX LIeTIell Hao CHayaia OyAeT pacCMOTPeTh BapUaHT iy (X1, Y1), fa (X2, Y2), @ ecu
TAKMX LIeTell HAITU He yHACTCA, TO BapUAHT f1 (X1, Y2), Ha (X2, Y1)-

JlomoTHUTeIbHASL CII0KHOCTD IOSBJISIETCS, €CIIV Ui rpada BBIIIOIHSAETCS yCIOBUE 2 WM 3 U3 Teope-
MBI 3. B aTOM Citydae y Hac MOKeT BOSHMKHYTb HECKOJIBKO BApMAHTOB BHIOOPA HAUAIBHOI MJIM KOHEYHOII
OOBIYHOII BEPIINHBI 9JIEPOBOII Ienu (Kak B IpuMepe 6), M B XyILIEM ClIyuae IPUIETCSI IPOCMOTPETh
ux Bce. KpoMe TOro, mpu mocTpoeHnn MOKPhIBAIOIINX LIeTIell Hy>KHO OymeT k pas BKIIOUUTH BHIOPAHHYIO
OOBIYHYIO BEPIUVHY B MHO)XECTBO HaYaIbHBIX VIV KOHEUHBIX BEPILIVH IS Kakoro-to Go.
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6. IloammHOMMAIIBHBIN AJITOPUTM JIsA HACTHOTO CiIydast

Iycto teneps G(V, E) — menumpiit kpatusiit rpad. IIycrs B rpade ¢ kBasusepiiuuamu G,,q CTEIIEHD
Bcex KBasusepnH deg q(;,  , } = 2 U HUKaKye JBa MHOKeCTBA MH/I€KCOB KBa3MBEPIIIH He ITePeceKaroTCs.
ITo cyTu, 910 0O3HaUaeT, UTO KaXAblit moarpad GJ MHUMAEHTEH POBHO ABYM CB3aHHBIM pebpaM pasHbIX
MyabTIpebEp.

Torna sitylepoB MapLUIPYT B 3TOM Ipade MOKHO HAJITH C IIOMOIIBIO CJIEAYIOIIEro aJrOpUTMA.

AsroputMm 5 (IIONCK 971epoBa MapIIpyTa, YaCTHBIN CIydall AeJIMOro KpaTHOTo rpada).

1. IIpoBepsieM BBINMONTHEHME HEOOXOOVIMBIX YCJIOBUII CYLLECTBOBAHMS 3JJIEPOBOTO LIVIKJIA VIV I(EIN
(reopemsr 1-2). Ecii oHU He BBIIOTHEHBI, 97IepOBa MapIlIpyTa He CYII[eCTBYeT, BHIXO.

2. Haxogum Bce RY, ¢ moMomsio anroputMa 1 crpoum rpad ¢ kBasusepiunHaMu Gopg.

3. Haxoguwm svinepos mapiapyt C,rq B Tpade G, g ¢ IOMOIIBIO aIropuTMa XUproyibiepa.

4. B xaxxpom GY HaXoAuM 3JUIEpPOBY LieIlb C IIOMOINBI0 aJIrOpUTMa XMUprojislepa. B ciiry Bbllecka-
3aHHOTO, 9Ta Ielb OyIeT COeqMHATH [Ba KOHIA CBI3aHHBIX pebep MyJIbpTUpedep (CTereHb BCeX OOBIUHBIX
BEpILNH KpaTHOTO rpada uerHa; youpas qBa MyJIbTUpeOpa, MBI IIOTyUaeM OBE BEPLIVHBI HEUETHOI CTe-
IleH! B cOOTBeTCTBYyMoIIEM G2).

5. Haxommum mckomsiit sitnepoB mapuipyt C B kpatHoM rpade G(V, E), nmepeHocs B KpaTHBII rpad
MapipyT Copg ¥ OOBEIUHSSL €T0 CO BCeMU HalileHHbIMHU B noparpadax G sityiepoBbIMU IiensMu (mpu
Heo0XOaMMOCTH ofpalitas 3T I(eIn).

Teopema 4. B denumom Kpamuom epage ¢ YKa3aHHbIMU 6bluie 0ZPAHUUEHUAMU HA K6A3UBEPULUHBL He0OX00U-
Mble YCII0US CYWeCME06aHUS IUTTEPO6A MAPULPYMA AETAOMCSI 00CMAMOUHBIMU; IUTEPOS MAPULDYM MOJHCEM
6bimb HatideH ¢ NOMOWbI0 ANOPUMMA 5 3a NOTUHOMUATTLHOE EPEMS.

Hoxazamemrvcmao. [1oCTaTOYHOCTD YCIOBUI U IIPMMEHMMOCTD AJITOPUTMA 5 CIeTyIOT U3 BBILIEN3IIOKEH-
HBIX PACCYXKIEHUI.

OGocHyeM MOIMHOMMAIBHOCTD AJITOPUTMA 5:

« IIpPOBepKa YCJIOBUI Ha I1are 1 IpeficTaBiser coboil MPOCTYIO MIPOBEPKY CTEIEHEl BEPIIIH;

+ MHOXeCTBa R Ha II1are 2 MIIyTCS ¢ IOMOIIBIO ITOJIMHOMMAIBHBIX AJITOPUTMOB U3 cTaThu [1]; mocTpo-
eHne rpada ¢ KBa3uBePIIMHAMMY JIMHENHO OTHOCUTENLHO KOJIMUECTBA BEPIINH U peGep B MCXOTHOM
KpaTHOM rpade;

« HA I1are 3 NPUMEHSIETCS MOIMHOMMAIBHBIN AITOPUTM XUPTOJIbLEPA;

+ Ha II1are 4 3TOT ’Ke aJITOPUTM 3amyckaercs |E™|/2 pas;

+ BOCCTAHOBJIEHNE MICKOMOTO MapIIPyTa Ha LIare 5 JMHEITHO OTHOCUTEIBHO KOIMUeCcTBa pebep Kpat-
Horo rpada.

O

OTMeTyM, 4TO ecIM MBI OCJIA0MM YCJIOBUE U HOITyCTUM IlepeceueHIe MHOKEeCTB MHIeKCOB KBasuBep-
IIIITH, TO HeOOXOAVIMBbIe YCIOBMUS CyIIIeCTBOBAHI diJIepoBa MaplIpyTa B KpaTHOM rpade rmepecTaHyT ObITh
OOCTaTOUHBIMY (TAKOMY OCJIabJIEHHOMY yCJIOBUIO COOTBETCTBYET rpad 13 nmpumepa 5).
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