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Methods of Implicit Aspect Detection in Russian Publicism Sentences
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The paper compares performance of various methods of automatic implicit aspect detection in publicism sentences
in Russian. The task of implicit aspect detection is an auxiliary task in the aspect-oriented sentiment analysis. The exper-
iments were conducted on a corpus of sentences extracted from political campaign materials. The best results, with F1-
measure reaching 0.84, were obtained using the Navec embeddings and classifiers based on the support vector machine
method. Fairly high results, with F1-measure reaching 0.77, were obtained using the bag-of-words model and the naive
Bayesian classifier. Other methods showed lower performance. It was also revealed during the experiments that the de-
tection quality can differ significantly between the aspects. The detection quality is the highest for the aspects associated
with characteristic marker words, for example, “health car” and “holding elections”. More general aspects, such as “quality
of governance”, are detected with the worst quality.

Keywords: aspect detection; implicit aspects; sentiment analysis; publicism
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lnormation Sysem: ARTIFICIAL INTELLIGENCE

MeTopapl onnpenesieHNA HEAIBHO YIIOMITHAEMBbIX ACIIEKTOB
B HY6JII/IIII/ICTI/I‘ICCKI/IX IIpCIUIO)KeHI/I}IX Ha pYCCKOM A3DBIKE
A.IO. IToneraes!, 1. B. ITapamonos!, E. M. Konynaes! DOI: 10.18255/1818-1015-2024-3-226-239

lﬂpocnchxmﬁ rocynapcTBeHHbIN YHUBepcuteT uM. ILT. lemunosa, fIpocnasis, Poccnsa

YK 004.912 Tomyuena 1 mrona 2024 r.
Hayunag cratbs IToce mopaborku 25 mronst 2024 .
IToTHBIA TEKCT Ha PYCCKOM SI3BIKE IpunsTa K nyoaukanuu 31 urons 2024 r.

B pabore cpaBHMBaeTcs KauecTBO PabOThI Pa3jIMUYHBIX METOIOB OIIpe[esIeHNsI HESBHO YIOMMIHAEMBIX acIIeKTOB
COLMAIBHO-9KOHOMIYECKOI >KM3HU B ITyOIMLIMCTUYECKUX IIPeNIOKEeHNAX Ha PYCCKOM f3bIKe. 3ajaua OIpeesleHIs
HesIBHO YIIOMJHAEMBIX aCIIEKTOB BJIIETCS BCIIOMOTATeIbHOI 4 3a/la4 aCIIeKTHO-OPMEHTUPOBAHHOTO aHAI/3a TOHAJb-
HOCTI. DKCIEPVMEHTHI IIPOBOAMIINCH Ha KOpIyce IpeIoKeH!IT, N3BIeUEHHBIX U3 ITOJIUTIYeCKOol arntauuim. Jyumme
pe3yabrarsl, ¢ F1-mepoit, mocturarorriest 0.84, 6bLIM [TOIyUeHBI C CIIONb30BaHMeM 3MOeqauHroB Navec 1 Kiaccugukaro-
POB, OCHOBaHHBIX Ha METO/I€ OIIOPHBIX BEKTOPOB. [J0CTaTOUHO BBICOKIIE Pe3ybTaThl, ¢ F1-Mepoii 1o 0.77, 6pLIu 10Ty YeHbI
TPV UICIIOJIb30BAHMI MOJEN «MEIIOK CJIOB» ¥ HAaMBHOIO 6allecOBCKOro kiaccugukaropa. OcTaapHble METOLbI II0Ka3a-
nu GoJlee HU3KMe pe3yIbTaThl. TakKe B XOfe 9KCIEPUMEHTOB GBIJIO BBISBIECHO, UTO KaUeCTBO OIpefeIeHNs Pa3INIHbIX
aCIIEKTOB MOJKET JOCTaTOYHO CWJIBHO OTJIMYAThCs. JIydllle Bcero onpenesssioTcsl aCleKThl, C KOTOPBIMI B peuyl CBSI3aHBI
XapaKTepHbIe CJII0Ba-MapKephl, HAIIPUMeD, «3JpaBOOXpaHeHNe» ¥ «IIpOBefeHIe BbIGOPOB» XyKe BCETrO OINpeNeIsTioTCs
YIIOMMHAHMS JOCTATOUHO OGIINX aCIeKTOB, TAKMX KaK «KaueCTBO YIIPABICHUS».

KiroueBbre ciioBa: OIIpENEITIEHME aCIIEKTOB; HEABHDBIE ACIIEKTDI; aHAJIN3 TOHAJIBHOCTI; Hy6jII/IIII/[CTI/I‘{eCKI/Iﬁ CTUIIb
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© Iloneraes A.IO., Ilapamonos U. B., Korynaes E. M., 2024
Jra crarks oTKphITOro pocrymna nox jaurensueir CC BY license (https://creativecommons.org/licenses/by/4.0/).

227


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2024-3-226-239
https://orcid.org/0000-0003-0116-4739
mailto:anatoliy-poletaev@mail.ru
https://orcid.org/0000-0003-3984-8423
mailto:ilya.paramonov@fruct.org
https://orcid.org/0009-0006-4312-2413
mailto:kolupaew.eg@yandex.ru
https://creativecommons.org/licenses/by/4.0/

Poletaev A.Y., Paramonov I. V., Kolupaev E. M.

Beegenue

AHann3 TOHAJIBHOCTY — HaIlpaBJIeHlJe KOMIIBIOTEPHOII JIMHIBMCTUKY, M3ydJaroljee aBTOMaTIUecKoe
oIIpeiesieHIIe BBIPAKEHHOT'O B TEKCTE aBTOPCKOTO oTHOoLIeHud [1]. B 3aBucuMocTu ot mocraBieHHOI 3a1a-
Yl aHAJIN3 MOXKET IIPOM3BOANTHCS Ha pasHbIX yPOBHAX, HAIlpUMep, Ha YPOBHE TeKCTa, ab3alia U OTAeNb-
HOTO IpemokeHns. Kpome Toro, MoskeT BBIIOTHATHCA KaK aHANU3 OOIIEll TOHATIBHOCTH (OIIpefesieHue
OTHOIIEHNS K TeMe TeKCTa B LIeJIOM), TaK U aCIIeKTHO-OPMEHTMPOBAHHBIN aHaIN3 (ONpefeeHe OTHOLIIe-
HISI K KOHKPETHBIM aclleKTaM TeMbI TeKcTa) [2].

ITockonpKy B OTHENBHO B3STOM IIPeIJIOKeHNM OOBIUHO 3aTparuBaloTCs He BCe acIeKTHI o0cyxmae-
MOIJI TeMBI, a TOJIBKO YacTh M3 HUX, IIPU aCIIEKTHO-OPMEHTNPOBAHHOM aHaJ3e TOHAIBHOCTM BO3HMKAET
BCIIOMOTAaTeJIbHAA 3afada: I10 JAaHHOMY IIpeUIOKeHUIO OIpeNesINTh, KaKyie U3 aclleKTOB B HEM yIOMI-
HarTcs [3]. Ora 3amaua MOKeT pelaThes Kak Ui SBHBIX YIIOMUHAHUIL acrieKToB (explicit aspects), Tak
U U BCeX YIIOMMHAHWIL, BKiIIouas HesBHbIe (implicit aspects). Eciin B IpemioxkeHUM MOKHO BbIfe-
JINTH KOHKPETHYIO I'PYIIIY CJIOB, Ha3bIBAIOIIMX aCIIEKT, TO aclleKT yIloMIHaeTcd ABHO. lHaue peus moér
o HesBHOM yromuHauuu. Hanpumep, B npemnoxenun «Kaugumgar Muxawn ITeTpoB moo6eran KUTeassm
[IpuBomKCKa, UTO K MX TOpOAy OyHeT IIOCTPOEHO COBpeMEHHOe III0CCe» SIBHO YIIOMMHAIOTCS aCIIeKThI
COILMAIbHO-9KOHOMIYecKoil »kmu3Hn «Mmuxani IletpoB» u «IIpmBoinkck» (ciemys [4], aBTopsl maHHOI
CTaThU PacCMaTPUBAIOT BCe MMEHOBAHHBIE CYIIIHOCT) KaK aCIeKThbI) M HESBHO yIIOMMHAIOTCS aCII€KThbI
«IIpOBeeHIe BEIOOPOB» U «COCTOSTHIIE TOPOKHOI CETI».

Jannas pabora IIOCBsIIIeHa CPABHEHIIO METOOB OIIpeiesIeHIsI HeTBHO YIIOMITHAEMBIX aCIIEKTOB B ITy0-
JIMIUACTIYUECKNX MPeJIOKEHNIX Ha PYCCKOM S3BbIKE U BBISBIEHNIO HAMJIYUIIIETO KaueCTBa, KOTOPOI'O MOK-
HO JOOCTMYb C UX IIOMOIIpI0. bosee popMasbHO: McCIe0BANNCh METOABI pellleHNs CIeRyIoell 3axaun:
maHo ImpemioxeHue S u Habop acmekToB Ay, ..., A,; TpebyeTcsa NI KaKOOrO aclekTa A; OIpexesuTs,
yIIOMMHAETCS JIM OH B IpeaIoKeHun S. ITa 3aava MoKeT ObITh epedopMyIMpoBaHa Kak n 3amgau Ou-
HapHOM KiaccuuKauyuy: JaHO NpeayioskeHne S 1 acuekT A;; TpebyeTcs onpenennThb, yIOMIHAETCI I
A; B S wnu Het. B paMKkax mccirieqoBaHMs pacCMATPUBAIINCH IIYOIMINCTIUECKIE TEKCTHI, IIOCBSIIEHHBIE
COLMATBHO-9KOHOMIYECKO KM3HY HEKOTOPOT'O perioHa, IPU 3TOM CIIMICOK pacCMaTPUBAEMBIX aCIIEKTOB
OBLI COCTaBJIEH BpYUHYIO Ha OCHOBe COOpaHHOTO0 KopIryca. HeoGxoamMo OTMETITD, UTO 3aavua BhIAEeTeHIS
acrekToB (aspect extraction), T.e. aBTOMAaTMUECKOTO COCTABJIEHNA CIIVICKA BCEX ACIeKTOB, YIIOMIHAEMBbIX
B TeKCTe, BBIXOJUT 32 PAMKI JaHHOI paGoThl.

BakHast 0COOEHHOCTH JaHHOJ paboThI — IPOBeAeHMEe SKCIIEPUMEHTOB Ha KOPITyce IpeIoKeHIII, 13-
BJIEUEHHBIX Y3 MATepUAJIOB IIPeqBBIOOPHOI arnTaluy KaHINIATOB Ha pasIMuHble JOJDKHOCTY FOCyHap-
CTBEHHOT'O I MyHULIMIIAIBHOTO yIIpaBieHns. [IocKoIbKy B ITOXOOHBIX MaTepualax yIIOMIHAIOTCI MHOTIIE
ACIIEKTHI COLMATIFHO-9KOHOMMUECKOI KU3HN [5], 3T0 KaéT BO3MOXXHOCTH CPABHUTH CJIOKHOCTD OIIpeerie-
HV YIIOMMHAHUI Pa3INYHBIX ACIIEKTOB.

1. 00630p cylIeCTBYIOIINX METOKOB

3apmaua onpeneneHns HeIBHO YIIOMIHAEMBIX acIIEKTOB B TeKCTe (MHOTAA HasbIBaeMas 3aauell ompe-
ZleJIeHN KaTeropuii aclieKToB — aspect category extraction, B mpoTuBOBec 3aiaye onpeaeaeHId TEpPMIUHOB
acrekToB — aspect term extraction, KOTOpble YIIOMMHAIOTCSA B TEKCTe SIBHO [2]) ABIIAETCS He caMoil pac-
MIPOCTPAaHEHHOI pelIaeMoil 3aaueil B 061aCTH aHAIM3a TOHAJIBHOCTH, OJHAKO ISl AHTJIMIICKOTO A3bIKA
CYIIECTBYeT MHOKECTBO YCTOSIBIIINXCS MeTOHOB e€ perteHNs. OCHOBHBIMU 13 HUX SABJIAIOTCA: METOIBI, OC-
HOBaHHBI€ Ha IIpaBMJIax; METOAbI TEMATNYECKOTO MOAEIMPOBAHIIA; METOABI O6Y‘ICHI/IH 663 yuuTeada uimn c
YaCTMUHBIM O00yUyeHNeM, B T. Y. OCHOBaHHBIe Ha KJIACTEPM3ALMI Y COBMECTHOI YacTOTe BCTPEUaeMOCTH;
MeTOIbI MAIIVTHHOTO O0YUYeHNS U HelpoceTeBble KIaccupuKaTophl. PaccMoTpuM ux KpaTko, a 6ojree mmoi-
HyI0 UHPOPMAIMI0 MOKHO HallTu B 0630pax [3, 6, 7].

Unes MeTOROB, OCHOBaHHBIX Ha IIPABIUIAX, 3aKJII0UAETCS B ONIpeeeHU HeKOToporo Habopa 11abiio-
HOB IJIs pparMeHTOB TEKCTa, IIO3BOJISIOILNX (GUKCUPOBATD IOSIBJICHNIE aCTIeKTOB. JIydIile BCero Takoii moyu-
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Xon paboTaeT IUis IBHO YIIOMMHAEMBIX aCIIeKTOB JM0O0 B IIPeIMETHBIX 00JIACTAX CO CTAHAAPTI30BAHHOIL
CTPYKTYpOII IIpeaJIoKeHNII. B 11e10M i1 HesIBHO YIIOMIHAEeMBbIX aCIIeKTOB JaHHBIN ITOAXO0N He IBJIgeTCs
MIOITYJIAPHBIM BBUIY CIOXKHOCTM peatn3aliii.

Taxyke 071 BbIAEJIeHNA HeABHO YIIOMMHAaeMBbIX acIIeKTOB MOTYT JMICIIOJIb30BaThCA METONBI KJIacTepu-
3alyy, OQHAKO MX IpUMeHEeHMe MOoXKeT ObITh 3aTpyQHEHO BBUIY CIOXKHOCTI MHTEpIIpeTaliuyl acleKTOB,
COOTBETCTBYIOIIMX IOCTPOEHHBIM KilacTepaM. Korma BbInesseMble aclleKThbI M3BECTHBI 3apaHee, MOXeT
OBITH IIOJIE3HBIM IIOJXOM C YACTMUHBIM O0yUeHNeM, KOIfla MCIIONb3YeTcs HEeKOTOPOoe KOIMUECTBO CJIOB,
OIIVICHIBAIOIIIMX ACIIEKThI, B KaueCTBe «3aTPaBOUYHBIX», a 3aTe€M VICIIOJB3YIOTCA TEXHMKV, OCHOBaHHBIE
Ha JICTIOJIb30BAHUM COBMECTHOI YaCTOTHI BCTPEUAaEeMOCTH CJIOB B KOpITycCe.

MeToapI TEMATHUECKOTO MOJENMPOBAHNS — 9TO BEPOITHOCTHBIE METOMBI, HalleJleHHbIe Ha MOeHTU(U-
KaILJIO CJIOB, XapaKTEePHBIX IIPEIJIOKEHNSIM C KOHKPETHBIMY HEesIBHO YIIOMMHaeMBbIMI aciiekramu. Vx ag-
(beKTUBHOCTD AJIS paccMaTpUBaeMOli 3aauy 00y CcI0BIeHa GI130CThIO IIOCIeHEN K 3ajaue TeMaTIUeCKOTO
MOJeNMPOBAHMA.

HawubGostee o6uImpHbIit Ki1acC METOLOB BKJIIOUAeT B ce0st METOIBI MAIIMHHOTO 06yueHns (B T. 4. 11y6o-
KOTO0), a TaK)Ke HellpoceTeBble KilaccudukaTopsl. Kak mpaBmiio, JaHHbIe METONBI NAIOT HEIJIOXE Pe3ylb-
TATHI AJI TUIIMYHBIX IPpeIMETHBIX 00JIacTell acIIeKTHO-OPMEHTIPOBAHHOIO aHAIN3a TOHAIBHOCTI, TAKIX
KaK TBUTBI I OT3BIBBI Ha pa3jIMYHble MIPOAYKTEL Tunmunble sHaueHMs F-Mepbl B TaKMUX 3afauax OOBITHO
BapbUpYyIOTCA B AnanazoHe 70-85 %.

HexortopsIM McciemoBarensM ymaércs JOOUTHCI OYeHb BBHICOKUX Pe3yJIbTATOB 3a CUET ITOCTPOCHUS
rUOPMIHBIX KiIaccu(UKaTOPOB, MICIIONB3YIOLX pasinyHble MeToabl. Hampumep, B pa6ore [8] aBTopam
ymaioch qoctTuyb F-Mepsl 0kosio 96 % Ha OTKpHITOM Habope maHHBIX copeBHOoBaHUA SemEval 2015 ABSA
Dataset.

K coxamenuro, oI pyccKOro si3bIKa CYI[eCTBYIOT JIUIIE eqUHWYHBIe paboThl, TOCBAIIIEHHbIE 3a7aue
oIpefeseHNd HEIBHO YIIOMIHAEMBIX acIIeKTOB [IJI aHAJIN3a TOHAIBHOCTIL.

B uactHOCTH, B paboTe [9] mpemioskeH aJrOpmUTM OIIpefeseHNs KaTeropuil aclekToB (1o CyIecTBy
HesIBHO YIIOMIHAaeMBbIX aCIIeKTOB) Ha OCHOBE IIOCTPOEHNS CeMaHTHUeCKoro rpacda I 3afaHHOI IIpel-
MeTHOII 06JIaCTH C MOCJIEAYIOIMM MCIIOIb30BaHMeM 3TOro rpada npy KilacTepusalinyl aHaJIU3MPYeMbIX
tekcToB. Ha kopmyce oT3bIBOB 0 pecTopaHax copeBHoBaHus SemEval-2016 (Task 5) TouHocTh ompene-
JIEHUSI KATETOPUIT «PECTOPAH», «0OCIyKMBaHIE», KMHTEPbEP», «eda» C MpUMeHeHEeM pa3paboTaHHOTO
aJITOpUTMa cocTaBmuua 65-72 %.

B pa6ote [10] paccmarpuBaeTcs HelfpoceTeBast MOZEJNb, IIpeIHa3HAUeHHAs 11 OAHOBPEMEHHOTI0 OIIpe-
IeJeHVsI aCIIEKTOB B IIPeVIOKeHNIX, GPParMeHTOB, K HUM OTHOCSIIMIMCS, U MH(OPMAaLI O TOHATBHOCTL.
Hcnonp3yloTcs abCTpaKTHBIE KOHEUHBIE aBTOMAThI JJIS M3BJICUCHNA CYIIIHOCTEN M peKyppeHTHbIe Hell-
POHHBIE CeTy AJIs UX Kiaaccuduranum. [[1st pyccKoro si3bIka MOZeNb TeCTUPOBATIACh Ha OT3bIBaX Ha TOBApPHI
AliExpress n mossosnia noxyunuts F-mepy, paBHy0 72 %.

BBuny KpaifHell HEZOCTATOYHOCTH JMICCIIEJOBAHMII, IIOCBAIIIEHHBIX PYCCKOMY A3BIKY, IIPECTaBIIeTCA
aKTyaJIbHBIM IIPOBeEHIEe MCCIEeJOBAHMIT IIPAKTUUYECKU C JIFOOBIMM MOMEISIMIU UM METONAMU IS pellle-
HIA 3aauM BBIJEJIEHNI HEeIBHO YIIOMMHAeMBIX aCIIEKTOB. ABTOpPBI HACTOAIIEI CTATb) OCTAHOBJLINCH
Ha IpUMeHeHNN Hanbolee IMOMYJIIPHbIX AJII aHIVIOS3bIUHBIX TEKCTOB TPAANLIMOHHBIX KJIacCU(UKATOPOB
B COBOKYIIHOCTY C HOCTYIIHBIMM JJISI PYCCKOTO SI3bIKa 3MOeXIMHTaMIA.

2. Kopmyca TekcTos

Ileper HauaIOM SKCIIEPUMEHTOB OBLI COOpaH KOPIIYC IpeIOKeHNIT 13 MaTepMajIoB IpeIBbIOOPHOIT
arMTaIU Ha PYCCKOM f3BIKe, M I KQXK0TO IIPeI0’KeHNS 3TOro KopIryca ObIIN yKa3aHbl yIIOMIHAeMbIe
aCIIeKTBI COLMAIbHO-9KOHOMIYECKOI! K13HM. CIICOK acCIIeKTOB OBLI COCTABJICH VICXOIS U3 ABYX IPUHII-
1oB. Bo-TIepBBIX, aCIeKT JOJDKEH YIIOMMHATBCA B JOCTATOYHO OOJIBIIIOM YNICIIE IIpeIoKeHMIT KOpITyca,
nHave OyIeT CJIOXKHO OL[eHUTh KaueCTBO OIpefeIeHNs YyIIOMIHAHNII 9TOTO acleKTa. Bo-BTOPBIX, BKIIIOYA-
eMBbIe B CIIMICOK aCHEeKTHI He JOJLKHBI OBITH CIMIIKOM OOILIVMIA, T. €. JOJLKHBI XapaKTepU30BaTh KaKyIo-TO
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Table 1. The number of sentences containing Ta6nuua 1. Konnuectso NpeanoxeHni,

a particular aspect B KOTOPbIX YNOMUHAOTCSA acnekTbl
Acniext ITlepBoHAUANBHEIN KOPITYC Pacmpennsiit kopiyc
PpasBUTIE IPOMBIIIIEHHOCTI 317 618
KauecTBO M CTOMMOCTb yciryT JKKX 401 611
IIpoBeJieHIe BEIGOPOB 279 581
KauecTBO yIpaBJIeHNs 308 459
KayecTBO 3[IpaBOOXpaHEHIII 215 365
COCTOSIHMIE KIJIbS 198 297
pa3BuUTHE CEIBCKOTO XO35MICTBa 204 294
COCTOSTHYIE IOPOKHOI CETU 214 286
rasuuKanusa 167 275
CTPOMUTENILCTBO ATOMHOIN 141 999
3JIEKTPOCTAHIIVI

KOHKPETHYIO CTOPOHY COLIMATBbHO-3KOHOMIYeCcKo1 )xu3Hu. Hampumep, B mpegBbIOOPHOI aruTaliiny 4acTo
roBopurcs 06 obIirecTBe B 1eJIoM («paboTaro Ha 03y 00IIecTBa», «OOIIeCTBO MEHs ITIOHIMAET» ), HO eC-
JIV BBIIEJINTH «OOIIIECTBO» KaK aCIIeKT, TO IIPUAETCI CUUTATh, UTO OH HESIBHO YIIOMMHAETCS IMIPaKTIUeCKI
BO BCEX IPEVIOKEHNAX ITOJIUTIUYECKON aruTali.

B pesynbTaTe B CIIMCOK ITOIIAMIN CIE€AYIOIINE ACIIEKTHI: pa3BUTYE IIPOMBIIIIEHHOCTY, KAU4eCTBO M CTOM-
moctsb yeayT KKX, npoBeneHne BbIOOPOB, KAUECTBO YIIPaBIEHM, KAUeCTBO 3[paBOOXPAaHEHNIs, COCTOSHIIE
JKILJTBSI, PA3BUTIE CEIbCKOTO X03ATICTBA, COCTOSHIIE JOPOXKHOI CEeTH, ra3u@umKanus, CTPOUTEIHCTBO ATOM-
HOII 3JIEKTPOCTAHLIIL.

[l mepBoOro sTama SKCIepuMeHTOB OBLI COOpaH U pa3MeueH IIepBOHAYATIBHBIN Kopiryc u3 2050 ciy-
YalfHO BBIOpaHHBIX U3 IIPEABHIOOPHOI arnTal(ny npeaiokeHuit. Cpean HUX 0Ka3aanch KaK IIpeIIosKeHI,
B KOTOPBIX YIIOMUHAaeTCs 60Jiee ueM OAMH acIleKT, TaK U PeIoKe s, B KOTOPBIX He YIIOMIHAETCS HI O~
HOTO acIiekTa n3 crucka. [logpo6Has nHdopMaIs 0 TOM, B KAKOM YICIIE IIPEJIOKEeHNIT yIIOMITHAICS TOT
MM MHOM acIeKT, mpuBedeHa B Tabunue 1. Kak MoXHO BuOeTh, B IlepBOHAUAIBHOM KOPIIyCe KasKIOBIi
ACIIEKT YIIOMIHAETCA KaK MUHUMYM B 141 mpemokeHun, a GOIblIas YacTh aCIeKTOB — KaK MUHUMYM
B 200 mpeaIoKeHNAX.

Jli1 BTOpOTO 3Tala 3KCIEPMMEHTOB I U3YUEeHN I TOTO, KaK pa3Mep KopIlyca BiliAeT Ha KaueCTBO OIIpe-
IeJIeHs YIIOMMHAHMI acTIeKTOB, IepBOHAYATIBHBII KOpITyc ObLI paciypeH qo 3400 mpegioxennit. Hosrre
[IpeJIOKEHUsT TOTOMPATIICH TAKUM 00pa3oM, UTOOBI KaXK/AbIil acIleKT YIIOMMUHAJICT XOTs ObI B 200 mpen-
soxxeHnsax. [logpoOHas mHGOpMAIIA O TOM, B KAKOM KOJIMUECTBE IIPeJIOKEHIII PacIIpeHHOT0 KOpITyca
YIIOMMHAETCSI TOT VIV MHO acIIeKT, TakKe IpuBefeHa B Tabuuige 1.

3. IlocTaHOBKa 3KCHEPUMEHTOB

B stom pas3nesie onmcanbl METOODL, HpI/IMCHéHHbIC AaBTOpaMM Ha pa3jINYHBIX 3TallaX pEIIEHNA 3a0a4ll
OIIpeAeJIEHNSI HEABHO YIIOMITHAE€MBbIX B IIPEIJIOKEHNN aCIIEKTOB COIMAIbHO-9KOHOMMYUECKOI KU3HU.

3.1. Ilpemob6paboTka mpenIo>KeHMIt

Ha sTane mpeno6paboTku npeaioskeHns IpeodpasyoTcs Tak, YToObI MeTo ] KilaccuduKanmu Mor 6osee
a¢dexTuBHO UX 00paborars. B maHHOII paboTe MCIONH30BATUCH CIEAYIOIINE TEXHIKN TPefo0paboTKu:

+ TOKeHM3anus — IpeoOpasoBaHye CTPOKM IIPENIOKEHNUS K CIIVICKYy TOKEHOB — €r0 CJIOB;

+ JIeMMaTH3aLs — 3aMeHa Ka)XI0ro TOKeHa Ha HauaJIbHYI0 (JOpMy COOTBETCTBYIOILETO CIOBA;

*+ CTEMMUHT — 3aMeHa Ka)XJ0ro TOKeHa Ha IpaMMaTIYeCcKy OCHOBY COOTBETCTBYIOIIIETO CJIOBA;

+ yOaJeHNe 13 IpeJIOKeHNI BceX TOKEHOB KOpoue TPEX CMBOJIOB.
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ToxkeHM3aus HeobXoqMMa IS PaOOTHI IPAKTUYECKI BCEX METOJOB aBTOMATIYECKOI 00paboTKIL TeK-
CTa, II03TOMY OHA IIPOBOIIIIACH BCETHA.

Ilens meMMaTM3anMu M CTEMMUHTA — abCTPArMPOBATHCI OT KOHKPETHBIX CIOBOQOPM U OGJIEruYmUTh
IUISL KtaccuguKaTopa BbIfeJIeHIe CBsI3€eil TepMIUHOB ¢ acrekTamu [11]. JlemMaTu3anuus mo3BoJseT coxpa-
HATH OoJiblile MHPOPMAIMK O CBSI3AX MEXKIY CIOBAaMM, UM CTEMMMHT, UTO MOYKET MOBIUATH Ha Kaue-
crBO Kiaccudukauyu. [Ipy npoBegeHNN SKCIIEPUMEHTOB MOTJIA IIPUMEHATHCS MO0 JIeMMaTI3anus, 1160
CTEMMUHT, Tu00 HI OfHA U3 3TUX TEXHUK. [[JI TeMMATU3aLUN UCIIONIb30BAICT MOPHOIOTMUECKIUIT aHA-
nmsaTop u3 cocraBa 6ubnamorexn Natasha, a g cremmusra — Snowball Stemmer 13 cocraBa 6nbnnoTexu
NLTK [12].

enp ymaneHus m3 MpeIOKEHUIT CIOB KOPOUE TPEX CUMBOJIOB — M30aBUTHCS OT CIYKEOHBIX CIIOB
U KOPOTKMX MECTOVMMEHMII, a TaK)Ke YUCeN, KOTOPble MOTYT CO3[aBaTh «IIYM» BO BXOQHBIX HAHHBIX
U 3aTPyRHATH Kiuaccudukanuio [13]. Ora TeXHMKA IPUMEHIIACH MU He IIPUMEHIACH BHE 3aBUCHMOCTI
OT TOTO, MCIIOJIb30BAINICE JIV JIEMMATU3ALMI Y CTEMMIHT.

3.2. BexTopmM3anmus IpemIoKeHI

Ha srame Bexropmsanum [ KaKOOTO IPEIVIOKEHVS CTPOMIIOCH €r0 BEKTOPHOE IIpe[CTaBIIEHIIE.
[t 3TOro MCIOIB30BANNCH IBA METOMA C UCIIOJIb30BaHMEM dMOEqIHIOB.

IepBBIiT MeTOX — IOJTyYeHIE€ BEKTOPOB-IMOEIIIMHIOB MJIsI KQXKIOTO CJIOBA IPENJIOXKEHNS C ITOCIENy-
OLUM yCpeqHeHueM 3TuX BeKTopoB [14]. Ucnonb3oBanuck ambenmnuurn: Word2Vec [15, 16] manasr 100,
npeno6yueHHBI Ha PyCCKOSI3bIUHON Brukumenun u 1oo6yUeHHBIN Ha IIPEIIOKEHUAX U3 IIOTIUTIIECKOIT
armranuum; FastText [17] mnmabr 512, 06ytleHHbII71 Ha IpeAjIoKeHNAX U3 IIoJUTHYecKol arntaumuy; Navec
(ocuoBauusbIit Ha GloVe) [18, 19] mmmust 300 u3 coctaBa mpoekTa Natasha, mpuuém ncnonp3oBanncy gsa
BapmaHTa: OOyUeHHBIIT Ha TEKCTaX XyL0KECTBEHHOII INTepaTypbl 1 00yUeHHBIT Ha HOBOCTHBIX TEKCTAX.

B pamkax BTOporo Merona s IOJYUYeHNS BEKTOPOB IpPeIJIOKEHNI MCIIOIb30BAINCh IMOeaIIHIT
Doc2Vec [20], o6yueHHbIE Ha TIPENIOKEHUIX 13 MOJIMTUUECKOI aruTaruu u 2750 ciryuaitHO BHIOpaHHBIX
npepioxenuax n3 CMU.

3.3. Kiaaccudukanusa npeniosxKeHniin

Ha stom arare o6yyannch pasnyuuHble KIaccuPUKATOPBI I pellleHys 3agauy OuHapHoi kinaccudu-
KalMM: JaHO IIpe[JIOKeHMe B BUJE CIINCKA TOKEHOB; TpeOyeTcs OIpedenTh, YIIOMIHAETCS JIU B IIpel-
JIOKEHUM OIpeNesIEHHBIN acIeKT M3 CIMCKA aclleKTOB COLMAIbHO-3KOHOMMYecKoll kmu3Hu. [Ipn sTom
UCIIOIB30BAJTIACH IIATUKPATHAs KPOCC-BaTIMIALNA.

IKCIepMMeHTHI IIPOBOAVIINCH CO CIeRYIOIIVIMI KiIacCU(pIKaTOpaMu:

 HaUBHBIN OattecoBckuit kiaaccugukarop (Naive Bayes Classifier);

« xiraccudmrarop rpebuesoin perpeccun (Ridge Classifier);

« Kiaccu¢mraTop Ha OcHOBe Joructuueckoit perpeccun (Logistic Regression Classifier);

+ KJaccu(UKaTOp Ha OCHOBE CTOXACTUYEeCKOro rpagueHTHOro ciycka (SGD Classifier);

« KiIaccupmKaTOp Ha OCHOBE METOJA OTIOPHBIX BEKTOPOB ¢ uHeHbIM sigpoM (Linear SVC);

+ Kaccu(UKaToOp Ha OCHOBE METOJa OIIOPHBIX BEKTOPOB C SAPOM Ha OCHOBE paaualbHO-0a3MCHOIL

¢dyuxnu (RBF SVC);

« nepeso pewrennii (Decision Tree Classifier);

« cayuartusiil ec (Random Forest Classifier).

HauBHb1i1 6aitecoBcKmil KiaccuUKaTOp UCIOTIH30BAT MOZENIb «MeIlIKa CJIOB», @ BCe OCTAIbHBIE KJIAc-
cupUKaTOPHI — BEKTOPMS3ALNIO IIPEITIOKEHUIT ¢ TIOMOIIBIO 9MOE I IHTOB.

7151 cny4aiiHoTO Jieca 9KCIIEPUMEHTHI IIPOBOAVIINCH C MaKCUMAJIBHOM IIyOMHOI OT 3 m0 7, a TakxKe
6e3 orpaHMUEHNUIT Ha MaKCUMAaIbHYI0 I1yOuHy. Peanusanmu xnaccudukaTopoB 6pu1n B3sSThI U3 61OII10-
teku scikit-learn [21].
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Table 2. Top 5 results with Naive Bayes Ta6nuua 2. 5 nyynx pesynbtatoB ¢ Naive Bayes
with extended corpus C paclpeHHbIM KOPMycoMm
Knaccudukarop | Yucno cIoB B «MellIke cI0B» | F
Bernoulli 200 0.77
Multinomial 200 0.76
Bernoulli 300 0.75
Multinomial 300 0.74
Multinomial 400 0.73
Table 3. Best result with Naive Bayes Ta6nuua 3. Jlyuunin pesynbTaT € 6aieCoBCKUM
with extended corpus KNaccndrkaTopoMm C pacLLMPeHHbIM KOPMYCOM
Acnexrt Tounocts | ITomuora | F;
[poBefieHue BHIOOPOB 0.77 0.83 0.80
KauecTBO yIIpaBJIeHNs 0.74 0.71 0.73
KauecTBO 3paBOOXPaHEHIs 0.83 0.71 0.77
CTPOUTENILCTBO aTOMHO 3JIEKTPOCTAHIINI 0.88 0.89 0.88
pa3BUTHE IPOMBILIIEHHOCTI 0.85 0.91 0.88
pa3BUTHE CEILCKOTO X034ICTBa 0.71 0.76 0.73
COCTOSIHME JKUJIbS 0.64 0.75 0.69
KauecTBO 1 cTouMocTh yeayr AKX 0.86 0.79 0.82
COCTOSTHYIE TOPOKHOM CETH 0.76 0.68 0.72
rasuduKanus 0.71 0.66 0.68

Jlns cpaBHeHMS KauecTBa KIaccupmUKaTopoB MICIIOIb30BaNach ycpequénHas Fi-Mepa kinaccudukaimm
I10 BCeM ITOABBIGOpPKAM KPOCC-BATMOAIIMIL 1 TI0 BceM acrieKTaM. TakKe [JIs KaXKIO0ro acleKTa BHIUMCIISIIICE
yCcpeXHEHHBIE TOYHOCTB, IIOJHOTA U Fij-Mepa. ITO HmeJasoch MJIA TOTO, UTOOBI MOXKHO OBLIO OLICHNTH,
YIIOMIHAHUA KaKUX aCIIeKTOB BBIEJIAIOTCS Jydllle, a KaKIX — XYKe.

4. Pe3synbTaTbhl
4.1. Mopgeap «MelIKa CJIOB»

IIpu skcrepuMeHTaX ¢ HaMBHBIM 0aileCOBCKMM Kiaccu(pUKaTOPOM ObLIN ONPOOGOBAHBI HECKOJIBKO Ba-
puanuit kKnaccuduraropa: Kiaccudeckmii 6aitecoBckmii kiaaccudukartop (Gaussian Naive Bayes), xmac-
cudukaTop I MOJIMHOMUANBHBIX Mogeieir (Multinomial Naive Bayes), xiaccugukarop ¢ anropurMom
mononHenns (Complement Naive Bayes) u kaccudukarop mis maoromepHsix mogesneit (Bernoulli Naive
Bayes). Taxxe BapbMpOBAaJIOCH UMCIO CIOB, POPMUPYIOLINX «MELIOK CI0B» — 0T 200 mo 2000 ¢ 1rarom
100. ITaTh JydIInx pe3ynbTaTOB IpUBeNeHBbI B Tabnuile 2. Bce oHM ObLINM MONYYeHBI C MICIIOIb30BAaHMEM
CTeMMUHTa 1 6e3 yJaleHns CIyKeOHBIX CJIOB.

MeTtpuky 06HapY>KeHNS YIIOMIHAHNI KOHKPETHBIX aCIIEKTOB I HAaVJIYUIIIero pe3yJsIbTara IIpyuBee-
HBI B Tabinue 3. Kak MOXHO BUIeTh, YIIOMIHAHNUA BCEX aCHEKTOB, KPOMe «COCTOSHMS SKUJIbSI» VM «TasM-
dukanun», o6HapyxuBarTcs ¢ Fi-Mepoit He Hipke 0.7, a IUIT MHOTUX OHa Jake IpeBsIiaer 0.8.

4.2. Imbepmuuru Word2Vec

IIpn Bcex sxcnepumenrtax ¢ Word2Vec mcriosnb3oBaiucy sMOeqAMHIY, IpenoOyueHHble Ha PYCCKO-
A3BIYHOI Bukumnenum u qoo6yueHHbIe Ha IpeI0KEeHIIX 13 IOJIMTUYUECKOI arnTalny B TedeHue 5, 10, 20
mnu 30 smox. [I91e ayummx pe3yIsTaToB mpuBeneHbI B Tabunie 4. Bce oHm ObIIM ITONyUeHBI IpU DOOOY-
ueHNM 5MOeIAMHIOB B TeueHMe 10 amox u 6e3 MCIIoJIb30BaHMs cTeMMyHra. Hayryummii pesynbraT 6pL1
mosnyueH 6e3 MCIIOIb30BaHMUs JIEMMATHA3ALMY, OXHAKO 4 OPYIUX Cpequ 5 JyUIlInX — ¢ eé MCII0JIb30BaH!-
em. Jlyurine pe3yabTaThl II0Ka3aia MOJENb C MCIIOIb30BaHMeM JeMMaTu3auy u 10 smoxaMu o0ydeHns.
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Table 4. Top 5 results with Word2Vec embedding Ta6nuua 4. 5 ny4ylinx pesynbTaTos
with extended corpus ¢ ambeganHramm Word2Vec ¢ paclimpeHHbIM
KOpMycoMm
JlemMatusanuus | YoaneHue KOpOTKMX TOKEHOB Knaccuduxarop F

Her Her Logistic Regression | 0.66

Ha Ha RBF SVC 0.65

Ia Ha Linear SVC 0.61

Ha Ha Logistic Regression | 0.61

Ha Ha Ridge Regression | 0.60

Table 5. Best result with Word2Vec embedding Ta6nwnua 5. /lyywinii pesynbTaT C ambesfHraMum
with extended corpus Word2Vec ¢ paclumpeHHbIM KOPyCcoMm
Acmnext Tounocts | IlomHnora | Fy

npoBefieH1e BHIOOPOB 0.78 0.93 0.84
KayecTBO YIIpaBJIeHUI 0.47 0.8 0.59
Ka4ecTBO 3[paBOOXpaHEHIA 0.70 0.85 0.77
CTPOMTEIBCTBO aTOMHOM 3JI€KTPOCTAHIINN 0.41 0.78 0.54
pa3sBuUTIE IPOMBIILIIEHHOCTI 0.66 0.88 0.76
Ppa3BUTIE CEIBCKOTO XO34IICTBA 0.56 0.80 0.66
COCTOSTHME KUJIbsI 0.44 0.81 0.57
Ka4ecTBO M cTomMocTh ycyT KKX 0.51 0.80 0.62
COCTOSTHME TOPOXKHOM CEeTU 0.59 0.83 0.69
rasudurams 0.47 0.83 0.60

C HmaHHON MOXEJBI0O HAVUIYUIINIT pe3ysbTaT Hasl KJIAacCU(IKATOp, OCHOBAHHBIN Ha JIOTUCTIYECKON pe-
rpeccun. ITongpo6GHbIe TaHHBIE O METPMKAX BBIEJIEHN OTAeIbHBIX acIIeKTOB IIPeCTaBIeHbI B TabmuIe 5.
B cpeiHeM pesyibTaT OKasajcs Xy»Ke, 4eM IIPY MICIIOIb30BaHIY HAVBHOTO 6aifeCOBCKOTO KIIacCU(pUKaTOpPa.
Tem He MeHee, CTaIM TOPA3fo JyYIlle OIpeeIThCs YIOMIHAHNA aclleKTa «IIpOBeeHNe BBIOOpOB»: F-
Mepa Bospocia Ha 0.20 u gocturia 0.84.

4.3. Imobenpuuru Doc2Vec

B xope sxcriepumenToB aMOeqauHru Doc2Vec 06yuanich Ha peaIosKeHNAX ITOJINTUUECKOI aruTalin
M CIyuartHO BeIOpaHHBIX 2750 mpemnoskeHusx u3 CMU. B xoxe skcriepuMeHTOB BapbUPOBAJICH CIIEeTyI0-
1111e ITapaMeTphbl:

o IUIMHA 3MOenamHra: 64, 128, 256 umu 512;

« anxroputm obyueHwus: pacrpenenénHas namsaTs (distributed memory, DM) miu pacupenenéHHbIi

merrok cioB (distributed bag of words, DBOW);

« MUHUMAJIBHOE YMCIO BXOXKAEHMI clI0Ba B o6yuaroruit Habop: 0, 5 min 15;

« umcIIo 31ox obyuenus: 10, 30 vm 50.

IIaTe nyyinx pesynbTaToOB, IMOJYUEHHBIX C MCIONb30BaHUeM Doc2Vec, npuBeneHsl B Tabiuiie 6.
Bo Bcex ciydasx MpOBOAWMIOCH OOyUeHNE 10 AJITOPUTMY PACIIpeReN€éHHOTO MEIIKa CJIOB, C MCIIOIb30-
BaHNUEM JeMMaTu3anuyu U Ge3 VMCIOJb30BaHMS CTEMMIHTA, TOJBKO HA CJIOBaX, KOTOPbIE BCTPEUAINCH
B oOyuarorieM HabGope xoTs ObI 5 pas, B TeueHne 50 snox. CpemHNe pe3ynbTaThl MOTYUMINCH HEMHOTO
XyKe, yeM Ipu mcronb3oBaHum Word2Vec, mpu 3ToM ¢ TeMu ke Kiaccu@uKaTopaMm MCIOIb30BAINUCH
BeKTOpa 9MOeAMHIOB TOpa3no OOIbIIIel! IIVHBI.

ITogpo6HbIie MeTPUKY IJIsI BEIAENEHUS pa3IMUHbBIX ACIIEKTOB Y JIYUIIIEr0 pe3yJIbTaTa IIpuBeIeHbI B Ta0-
sune 7. Kak MOXHO BuIeTh, IIpaKTUUECKM Bce OHM TaKKe HEMHOro Xy»Ke, YeM IIpU MCIIOJIb30BaHUU
Word2Vec, oguako, Doc2Vec man ropasmo jgyulllee KauecTBO IJIS OIpelesieHNs YIOMMHAHUI aclieKTa
«CTPOUTEJIBCTBO aTOMHOI 3JI€KTPOCTAHITUII».
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Table 6. Top 5 results with Doc2Vec embedding Ta6nuua 6. 5 nyyLunx pesynbTaTos
with extended corpus c ambeaanHrammn Doc2Vec ¢ paclLpeHHbIM
KOpMycom
PasmepHoCTb BekTOpa | YaajgeHue KOPOTKIX TOKEHOB Knaccuduxarop F

512 Het Linear SVC 0.65

256 Ha Linear SVC 0.63

256 Ha RBF SVC 0.61

512 Het RBF SVC 0.59

256 Her Logistic Regression | 0.59

Table 7. Best result with Doc2Vec embedding Ta6bnwnua 7. /lydwnin pesynbtaT C aMbesanHraMmm
with extended corpus Doc2Vec ¢ pacluMpeHHbIM KOPMyCoMm
AcmnexTt Tounocts | ITomuora | F;

IpoBefieHe BbIOOPOB 0.76 0.86 0.81
KayecTBO YIIPABJIECHNUA 0.53 0.73 0.61
KayecTBO 3IpaBOOXpaHEeHU 0.51 0.77 0.61
CTPOMTEIBCTBO aTOMHOJ 3JI€KTPOCTAHIINNA 0.61 0.80 0.69
pa3BUTIE IIPOMBIIIIEHHOCTI 0.83 0.83 0.83
pasBUTHE CEIBCKOTO X0O3AJICTBA 0.49 0.71 0.58
COCTOSTHME KUJIbS 0.46 0.73 0.56
Ka4ecTBO M CTOMMOCTh yciyT KKX 0.78 0.79 0.78
COCTOSTHME TOPOKHOM CETU 0.43 0.73 0.54
rasuduraIms 0.43 0.77 0.55

4.4. Imo6enmuuru FastText

IIpn poBeeHNY IKCIIEPUMEHTOB ObLIA MCIIOIH30BaHA PeAIN3ALs AITOPUTMA 00yUe s aMOe I H-
roB FastText u3 6ubamorexu gensim. O6yueHre IPON3BOAMIOCH HA KOPITyCe MIPEIOKEHUIT 13 TOTNTIUE-
CKOII aruranuy. KCIepuMeHThI IIPOBOAMINCH KaK Ha IPeIJIOKEHNIX U3 IIepBOHAYAIBHOTO KOPITyca, Tak
u 13 paciuupeHHOoro. [1o maTh JIydImx pe3yIbTaToB AJIs KaXKIOr0 U3 KOPIIYCOB IIpUBeaEHbI B TabmnIe 8.
Bce oHM Gb1TH IOy U€HBI C MCITOJIb30BaHMEM JIEeMMAaTN3aI(M, 6e3 MCITOJIb30BaHNI CTeMMIHTa 11 6e3 ynaje-
HUS KOPOTKMX TOKeHOB. JIyuimit pe3ybTar Ha pacIIpeHHOM KOpIyce ObLI ITOJIyUYeH C UCII0Ih30BaHIEM
KIaccuduKaTopa Ha OCHOBE MeTOHA OIIOPHBIX BEKTOPOB. MeTpuKM KauecTBa OIlpefeseHNs yIIOMIHAHWI
Ka&KJOTO M3 acIeKTOB IIpefcTaBiieHbl B Tabnuite 9. Kak MoskHO BuOeTs, ¢ yBenuueHneM o0béMa KopIyca
KaueCTBO OIpPeeJIeHIs XOPOIIO BBIAENSIBIINXCI ACIEKTOB (HAIpUMeEp, «IIPOBEIEeHIE BBIOOPOB», «pas-
BITIE IPOMBIIIIEHHOCTI») YBEINUIIIOCH JOCTATOYHO €1abo, B Ipefesax 5 %, a KaueCTBO OIpeNeIeHIs
YIIOMMHAHUI acleKTa «CTPoUTeabcTBO AIC» majke CHU3MIOCH. [ IJIOX0 OIpeessIBIINXCA acIIeKTOB,
HaInpuMep, «ra3uUKanms» WIN «COCTOSHUE XKIIbsI» POCT OBLI ropasmo 0ojiee CyIleCTBEHHBIM, BILIOTh
0o 16 %.

4.5. DmoOepgmuuaru Navec

IIpn mpoBemeHNMM KCIEPUMEHTOB OBIIN MCITONBb30BaHBI ABe Moxenu Navec. Ilepsas momens hudlit-
12B-500K-300d-100q, oOy4ueHHas Ha IpeqIOKeHUAX XyTO0KeCTBEHHOI JIMTepPaTypPhl, COXEPKUT BEKTOPEI
st 500 TeIcsu citoB. Bropast momgesns news-1B-250K-300d-100q o6yueHa Ha TeKCTaX HOBOCTEN 1 COMEPKUT
BEKTOPBI A1 250 ThICAY CJIOB. IKCIIEpMMEHTHI IIPOBOAVIINCH KaK Ha IIPEAJIOKEeHNAX U3 IIepBOHAYAIBHOTO
KOpITyca, TaK M U3 pacIIMpeHHOro. IIo ATk TyduIInx pe3yJbTaTOB HAa KaKIOM M3 KOPIIyCOB IPUBEIEHBI
B Tabuie 10. Bce oHM ObUIM IOTYYeHSI C MCIIONb30BaHMEM JeMMATU3alNy, 6e3 MCIIOIb30BaHUA CTeM-
MIHTA ¥ IIpU yJaJeHIM KOPOTKUX TOKeHOB. Kak MOXHO BUIETh, yBeIMUeHNE KOJINYECTBA IIPeNJI0KEeHIIT
IPUBOONUT K CYIIECTBEHHOMY POCTy KadecTBa OIlpejeseHNs YIIOMWHaHMII acieKkToB. [Ipn aToM Heob6xo-
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Table 8. Top 5 results with FastText embedding Ta6nuua 8. 5 ny4yLnx pesynbTaTos
with initial and extended corpora C ambeaanHramm FastText C M3HaYaNbHbIM
1 pacLLMPeHHbIM Koprycamu
IlepBoHAUANBHBII KOPITyC Pacmmmpensslit kopmyc
Mopens Knaccudukarop F, | Mopens Knaccudukarop F

RBF SVC 0.75 RBF SVC 0.79

Linear SVC 0.74 Linear SVC 0.78

FastText | Logistic Regression | 0.72 | FastText | Logistic Regression | 0.76

Ridge Regression | 0.72 Ridge Regression | 0.74

SGD 0.65 SGD 0.71

Table 9. Best results with FastText embedding Ta6nuua 9. Jlyylune pesynbTaThl C SM6eJANHIAMN
with initial and extended corpus FastText ¢ M3HaYaNbHbLIM N pacLUINPEHHbIM
Kopnycamu
IlepBoHAUANBHBIN KOPITYC PacupeHHBIN Kopiyc
Acnext
Tounocts | Ilonmumora | F; | Tounocts | [loxnora | F;
IIpoBeieHIe BEIOOPOB 0.84 0.87 0.86 0.91 0.92 0.91
KauyeCTBO yIIPaBJIeHN 0.66 0.80 0.73 0.69 0.83 0.75
KauyeCTBO 3][paBOOXpPaHEHUs 0.72 0.85 0.78 0.78 0.85 0.81
CTPOUTEIBCTBO aTOMHOM 3JIEKTPO- 0.89 0.84 0.87 0.85 0.82 0.83
CTaHLUN

pa3sBUTHUE IPOMBIIIIEHHOCTI 0.77 0.86 0.82 0.33 0.89 0.86
pasBUTHUE CEIBCKOTO X03AJICTBA 0.63 0.80 0.71 0.62 0.81 0.71
COCTOSTHUE KIJIbS 0.52 0.74 0.61 0.61 0.77 0.68
KadecTBO M cToMMOcThb ycuyr KKX 0.72 0.84 0.78 0.77 0.86 0.81
COCTOSTHUIE TOPOKHOM CETH 0.76 0.76 0.76 0.70 0.80 0.75
rasupukanms 0.60 0.75 0.66 0.79 0.85 0.82

IVIMO OTMETHTb, UTO B O0OMX CIyYasx JIyUIINII pe3yJbTaT ObLI ITOJyUeH C IIOMOIIBI0 JMCIIOJIb30BaHMS
MeTOZa OIIOPHBIX BeKTOPOB ¢ axpoM RBF u aMOGenanHros, oOy4eHHBIX Ha HOBOCTAX. PesyibpTraTer 0OHa-
pyKeHMs YyIIOMMHAHUII OTAEIbHBIX aCIeKTOB IIpeJcTaBieHbl B Tabuie 11. Jlyulire Bcero onpegensoTcs
YIIOMIHAHS aCIIeKTOB «IIpOBeleHIe BhIOOPOB», «KaUeCTBO 3APABOOXPAHEHNA», «CTPOUTENIBCTBO aATOM-
HOI 3JIEKTPOCTAHIIMI» U «Pa3BUTHE IIPOMBILIIIEHHOCTII», & XYK€ BCETO — aCIEKTOB «KaueCTBO yIIpaBJie-
HUA» U «COCTOSHNE KUJIbI».

HyxHo 0c060 OTMETHTB, YTO IPU VCIIOIB30BAHMUM 3MOEIAMHIOB, O0yUeHHBIX Ha TEKCTaX XyOXKe-
CTBEHHOJI JIUTEPATYPHI, CYIIeCTBEHHO CHIDKAETCS KaueCTBO OIIpeJeJIeHMIT aclleKTa «Ta3yUKaIia», TaK
KaK B HIX OTCYTCTBYeT BEeKTOP AJIS CJIOBA «IasMUKAILUA» U €TI0 IIPOU3BOTHBIX.

5. OOcy>kgeHUe pe3yIbTATOB

B Tabmnie 12 mpeacTaBiaeHbl 5 JIYUIINX Pe3yJIbTaTOB, MIONIYUEHHBIX ITOCIE SKCIEPUMEHTOB CO BCEMN
4 ONMCAaHHBIMU MOMEISIMIU.

IMosyueHHBIII € TOMOILBI0 HAMBHOTO 0aileCOBCKOTO Ki1accuduKaropa ypoBeHb KauecTsa co cpeqHeit F -
Mepoii, paBHOI1 0.77 oKasaJics JOCTATOUHO BBICOKMM. Pe3ysbrar cyIiiecTBeHHO BbllIe, ¢ Fj-Mepoil, JocTuUra-
forrgelt 0.84, OB ITOJIYUeH TOJIBKO IPU MCIIONb30BaHNY 3MOeqauuroB Navec u kinaccudukaropa Ha OCHOBE
MeTO[a OIIOPHBIX BEKTOPOB. 13 aTOro ciieqyer, uTo B 3afaue oOHAPYKeHNUs YIIOMIHAHNIL aCIIEKTOB JOCTa-
TOYHO XOPOIIINEe Pe3yJIbTaThl MOT'YT JOCTUTATHCA Ja’Ke C IIOMOIIBI0 JOCTATOYHO IIPYMUTUBHBIX METOJOB
IIPU YCIOBMUU JOCTATOUHO OOJIBIIIOTO KOPITyCa.

Ha srane mpero6paboTKy K ITOBBIIIEHNIO KAUeCTBa CTaOMIIFHO IPUBOLIIIA JIEMMATI3ALS CJIOB; CTEM-
MMVHT 1 yRaJeHue CIyKeOHbIX CJIOB MHOIA IPMBOAMIIN K ITOBBIIICHIIO KauecTBa, a MHOTAa — Hao0opoT.
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Table 10. Top 5 results with Navec embedding
with initial and extended corpora

Ta6nuua 10. 5 ny4yLnx pesynbTaTos
¢ smbeganHramm Navec ¢ n3HayvanbHbIM
1 pacLLVIpeHHbIM KoprycamMm

IlepBoHaUaTBHBIN KOPITYC PacmmpenssIi Kopmyc
Mopens Knaccudukarop F, | Mopens Knaccudukarop F
news RBF SVC 0.69 news RBF SVC 0.84
news Ridge Regression | 0.69 | hudlit RBF SVC 0.81
news Linear SVC 0.69 | news | Logistic Regression | 0.78
news | Logistic Regression | 0.68 | news Linear SVC 0.77
hudlit RBF SVC 0.66 | hudlit | Logistic Regression | 0.75

Table 11. Best Navec results with initial
and extended corpora for every aspect

Ta6nunua 11. flyywne pesynbTaTthl Navec
C NepBOHaYanbHbIM W PacLUVPeHHbIM KOoprycamm
ANS KAXKA0ro acrnekra

ITepBoHAUANBHBIN KOPITYC PacmpesHsIit Kopiyc
Acrmiext
Tounocts | ITomwora | F; Tounoctp | ITomwora | F;
npoBefieH1e BEIOOPOB 0.76 0.81 0.78 0.92 0.95 0.94
KayecTBO YIIpaBJIeHUA 0.56 0.65 0.60 0.73 0.84 0.78
KayecTBO 3[paBOOXpaHEeHIId 0.82 0.72 0.76 0.87 0.90 0.88
CTPOMTEIILCTBO AaTOMHOI 3JIEKTPO- 0.88 0.67 0.76 0.95 0.91 0.93
CTaHLUU
pasBUTHE IIPOMBILIIEHHOCTI 0.73 0.73 0.73 0.87 0.93 0.90
pa3BUTHE CEIBCKOTO XO35IMICTBa 0.68 0.62 0.65 0.72 0.84 0.78
COCTOSIHIMIE KIJIbS 0.62 0.58 0.60 0.66 0.84 0.74
KauecTBO U cTouMocTh yciyr KKX 0.73 0.71 0.72 0.79 0.88 0.83
COCTOSIHIIE TOPOKHOM CeTn 0.86 0.69 0.77 0.79 0.81 0.80
rasuuKanus 0.70 0.52 0.60 0.78 0.82 0.80
Table 12. Best results Ta6bnuua 12. /lydwine pesynbTaThbl
Mopenb Knaccuduxarop F
Navec news RBF SVC 0.84
Navec hudlit RBF SVC 0.81
FastText RBF SVC 0.79
FastText Linear SVC 0.78
Navec news Logistic Regression 0.78

[Ipyu ucnonp30BaHUM SMOENNHIOB BO-IIEPBBIX, Ba’KHO, UTOOBI OHM ObLIM OOYUYEeHBI Ha HOCTATOUHO
GOJIBLIIOM KOpIyce — 9MOeqIMHTY HYKHO 00yJaTh Ha KOPIIYCe CYLLECTBEHHO GOJIBIIEr0 00BEMa, UEM TOT,
Ha KOTOpOoM o0yuaercs KiaaccuuraTop. Bo-BTOpBIX, KauecTBO KIacCUPUKALIUMU TTOBBIIIIAETCS, €CI M-
OenauHry 00yUeHbI Ha KOPIIyCe MEHBIIIEro 00béMa, HO Goiree OIMBKOI IIPeIMETHOI 00JIACTIL: HOBOCTHBIE
TEKCTHI OIVIKE K MOJTUTHUECKON aruTAI[N, YUeM XYOKECTBEHHAs JIUTEPATYPa, U II03TOMY MPU UCIIOb-
3oBaHum Navec, 00yUeHHOTO Ha HOBOCTHBIX TEKCTaX, KaueCTBO OBLIO CYIIIECTBEHHO BBILIIE, HECMOTPS
Ha MEHBIINI 06bEM 00yUaIOIIero KopIyca.

Ha xauectBo KiaccuuKamuy BIUIIOT e111é HeCKOIbKO (akTopoB. Bo-miepBrIx, 3T0 BEIGOp caMOro Kiiac-
cudukaropa. MeToq OIOPHBIX BEKTOPOB U JIOTMCTUYECKAS. Perpeccus HAT CTaGIIIBHO Gojiee BBICOKUE
pes3yJbTaThl, yeM rpeGHeBas perpeccust M Kiaccu(pUKaTOpPbl Ha OCHOBE pELIAIOIINX AepeBbeB. [pyroit
(bakTop — YMCIIO MpeIIoKEHUIT ¢ YIIOMIHAHIEM ACIEeKTa, Ha KOTOPBIX obyuaercsa kiaccudukarop. Ac-
IIEKTHI «Pa3BUTIE [IPOMBIIUIEHHOCT» U «PA3BUTIE CEIHCKOTO XO3SICTBa» CXOXKM, OHM 06a obiamaror
MOCTATOUHO YCTOMYMBBHIM HAOOPOM CJIIOB-MapKepOB, HO M3-3a TOTO, YTO HPEIJIOKEHNUI C YIIOMIHAHUEM
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pasBUTHUA IIPOMBIIIUIEHHOCTH B JBa pasa 0OJIbllle, UeM C YIIOMUHAHMEM Pa3BUTHUA CeJIbCKOTO XO3SIICTBA,
€ro yIOMMHaHUsA OOHapYKMBAIOTCA KaK MUMHMMYM Ha 10 % syumre. TakKe OUeHBb CepbE3HBIN IPUPOCT
KadecTBa OBLI ITOJIyUeH IIPY PACIIMPEHN KOPITyca, IPMUEM STOT IPUPOCT B GOTBIIIHCTBE CIIydaeB IPo-
M30LIEI 32 CYET POCTa IOJTHOTHL, @ He TOYHOCTH, T. €. KIacCU(PUKATOPBI CMOIUIN JIyUIlle OOYUUTHCI TOMY,
B KaKMX MIMEHHO NPEeJJIOKEHNAX MOKET YIIOMIHATBCA TOT VMJIM MHOJ acIeKT.

CI105KHOCTB OOHAPYKEHNS YIIOMIHAHNI Pa3JIMIHBIX ACIIEKTOB MOKeT OUeHb CYJIbHO OTInuarhcs. [Ipo-
IIle BCero 0OHAPYKMBAIOTCA YIIOMIHAHMNSA aCIeKTOB, Y KOTOPBIX €CTh CBOM XapaKTepHBIE CJI0Ba-MapKephl,
HaIpuMep, «CTPoUTeIbcTBO ADC», «3apaBOOXpaHEHNe», «IIPOBefieHIe BEIO0poB». CI0)KHee Bcero o0Ha-
PY’KMBAIOTCA YIIOMMHAHNS aCII€KTOB «KadeCTBO YIIPABIECHMA» M «COCTOSHUE KMIbA», IIOTOMY UTO OHM
IOCTATOYHO OOII[Ne, Y HIX HeT CBOel XapaKTePHOI! JIEKCUKI, I MX JIETKO CITyTaTh C APYTUMMI acIIeKTaMI.

HyxHoO oTMeTnTh, uTO ymauHasd KOMOWHAIMA KiacCMpMKATOpa ¥ TUIIA 3MOEIMHIOB ITOKAa3bIBAET
IIPUMepPHO OIVHAKOBO BBICOKOE KaueCTBO OOHApYKeHNS yIOMIHAHMII BCeX acIeKTOB, a HeydauHasd —
BBICOKOE KaueCTBO IS OTHEJIBHBIX JIETKO OOHAPY’KMBAaEeMBIX aCIIEKTOB, U 3HAUNTEIBHO OoJiee HU3KOE —
I71s BCEX OCTaJIbHBIX.

Hy>xHO 0OpaTuTh BHMMaHNE, UTO BCEX IKCIIEPMMEHTaX, KpoMe akcriepuMeHToB ¢ FastText, momHoTa
IIpeBBIIIaeT TOUHOCTD, TO €CTh KIaccu(MUKaTopel 0OHAPYKMBAIOT YIIOMIHAHMA acIIeKTa Jallle, YeM 9KC-
IepT-pa3MeT4YNK. ITO MOXKET OBITh BBI3BAHO TE€M, UTO IIOUTH BCE ACIIEKTBI COLMATBHO-3KOHOMIUECKOII
’KM3HY TECHO CBS3aHBI MeXAy co00Ji, B OTIMYNe, HAIIPUMeED, OT aCIIeKTOB TOBApOB MJIN YCIYT.

3akiarouenue

B pa6ore 6bL10 IIpOBEIeHO CPaBHEHIE METOJO0B OIIpeIeIeHII HesIBHO YIIOMIHAEMBbIX acCIIeKTOB B IIy0-
JIMIMCTIYIECKNX IPpeIJIoKeHIIX Ha PyCCKOM SI3bIKe. DKCIIEpMMEHTHI IPOBOIVIINICH Ha KOpIIyce IpeJio-
JKEHUII U3 TeKCTOB IpeaBbIOOpHOI armTauuy. OHM IOKasalM, YTO HAVUIy4lllle pe3yJbTaThl ¢ Fi-Mepoil,
paBHoOI1 0.84, mOJTyUaTCA MPM UCIOJIb30BaHNUY 9MOenauHroB Navec, 00yueHHBIX Ha HOBOCTHBIX TeKCTaX,
n KiIaccudukaTopa Ha OCHOBE OIIOPHBIX BEKTOPOB C SIPOM Ha OCHOBE pafMabHO-0a3MCHON (YyHKIMML.
Ilpm 3TOM JOCTATOUHO XOpOIIMe pe3yibTarhl, ¢ Fi-Mepoii, paBHOI 0.77, MOTYT OBITH IIOJIyUEHBI IIPU JIC-
IOJIB30BAHNI HAMBHOTO 6alfeCOBCKOTO KiaccuduKaTopa I IpeqCcTaBIeHNs IIPeIIoKeHNII B BIe «MellIKa
CIIOB».

Taxxe B XOfe 9KCIEPUMEHTOB ObLIO BBISBIEHO, UTO CJIOKHOCTb OIIpemesIeHNsI pasiIMUHBIX acIek-
TOB JOCTAaTOYHO CUJIBHO OTIMuaeTcs. Jlydiie Bcero onpenesaoTcsd YIOMIUHAHNA aclIeKTOB, I KOTOPBIX
XapaKTepHa oIlpefesI€éHHAs JIEKCUKA. TaKUMI aclleKTaMIU FBJISAIOTCA, HaIIpUMep, «CTPOUTENbCTBO AIC»
I «IIpOBefieH1e BEIOOPOB». XysKe BCEro OIpeesIIloTCs yIIOMITHAHYS OOIIMX aCIIeKTOB, TAKUX, KaK «Ka-
4ecTBO yIIpaBieHNI». [Ipy 3ToM Jydiiye MeTOAbI TO3BOJIAIOT JOCTATOUHO XOPOIIIO ONIpeNeaTh yIIOMIHA-
HIS KaK JIeTKOOOHAPYKUMBIX, TaK I TPy XHOOOHAPYKMMBIX aCIIeKTOB, TOIA KaK OCTaJIbHbIE II0Ka3bIBAIOT
XOPpOIIINIe pe3yJIbTaThl AJISI JIETKOOOHAPYKMMBIX U IIOXME — [JIL TPy XHOOOHAPY KMMBIX.
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The article continues the series of publications on the development and verification of control programs based on LTL-
specifications of a special type. Earlier, a declarative LTL-specification was proposed to describe the strictly deterministic
behavior of programs, ways of its verification and translation were worked out: for verification, the model checking tool
nuXmv is used, and the translation is carried out into an imperative programming language ST for programmable logic
controllers. When verifying the declarative LTL-specification of the behavior of programs, there may be a need to simulate
the behavior of its environment. In general, it is required to ensure the possibility of constructing closed-loop systems
“program-environment”. In this work, an LTL-specification of constraintly nondeterministic behavior of a Boolean vari-
able is proposed to describe the behavior of the environment of logical control programs. This specification allows defining
the behavior of Boolean feedback signals, as well as fairness conditions to exclude unrealistic scenarios of behavior. The arti-
cle proposes an approach to the development and verification of logical control programs, within which the behavior model
of the program environment is described in the form of constraints on the behavior of its input signals, what allows avoiding
a separate detailed representation of the processes of the environment operation. As a result, the obtained behavior model
of the closed-loop system “program-environment” provides a number of advantages: simplification of the modeling process,
reduction of the state space of the verified model, and reduction of verification time. If it is impossible to reduce the behavior
of the environment to the behavior of existing input signals, this approach suggests using “imaginary” sensors — additional
Boolean variables that are used as an auxiliary means for describing the behavior of input signals. The purpose of introducing
imaginary sensors is to compensate for missing sensors to track the specific behavior of some elements of the environment
that needs to be taken into account when defining realistic behavior of the inputs of a logical control program. The proposed
approach to the development and verification of programs taking into account the behavior of the environment (a control
object) is demonstrated by the example of an industrial plastic molding plant.

Keywords: control software; PLC program; declarative LTL-specification; LTL-specification of constraintly nondetermin-
istic behavior; fairness conditions; closed-loop systems verification; plant behavior model; imaginary sensor; temporal
properties; model checking; nuXmv verifier; SMV-specification
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LTL-cnenudukanus niisa pa3padboTKku 1 BepuduKammm mporpaMmm
JIOTMYECKOTO YIPaBJIEHNU B CICTEMAaX C OOPATHOI CBA3BIO
M. B. Heit3os!, E. B. KYSI)MI/IH2 DOI: 10.18255/1818-1015-2024-3-240-279

"Wucruryr asromaruku u anexrpomerpuu CO PAH, Hosocu6upck, Pocens
2dpocnaBckmit rocymapcrBeHHblil yausepenter um. ILT. lemumosa, Apocnasis, Poccus

YK 004.424+519.683.8 ITonyuena 6 aBrycra 2024 r.
Hayunad crarpa TToce nopa6oTku 22 aBrycra 2024 T.
TlonHBIN TEKCT Ha PYCCKOM fI3BIKE Ilpunsra k my6ankanumy 28 aBrycra 2024 r.

CraTpst IPOJOIKAET LMK ITyOIMKAIUit IT0 pa3paboTke U BepupUKaIMM YIPaBISIOIIMX IporpaMM Ha ocHoBe LTL-
creruUKanmil ClenMatbHOroO Biaa. PaHee Ui omycaHMsa CTPOrO AETEPMUHUPOBAHHOIO IOBeJeHM IpOrpaMM ObLia
npejiokeHa AexinapatuBHas LTL-crenudukarus, mpopaboransl crrocoObl eé BepupUKALMM M TPAHCISIVIN: IS Bepu-
buxaIuy MCIoIb3yeTcs MHCTPYMEHT IPOBEPKM MOZENM NuXmy, TPaHCIAIMS OCYIIeCTBISeTCS B MMIIEPATUBHBI I3BIK
nporpaMmmupoBauug ST [ IporpaMMupyeMBbIX JIOTMYeCKUX KOHTPOJIepoB. Ilpu Bepudukaunn nexiaaparusHoit LTL-
crrerUKaLMI OBeIEHNs IIPOTPaMM MOYKET BOSHUKHYTh HEOOXOQMMOCTh B MOAEIMPOBAHII [IOBEIEHNS €€ OKpYKe-
Hus. B ob1iem cryuae TpeGyeTcs 06ecIeunTh BO3MOKHOCTD ITOCTPOEHMSA 3aMKHYTBIX CUCTEM «IIPOrPaMMa-OKPYKeHIe».
B Hacrosmieit pabore I ONMMCAHNUA IOBEIECHMA OKPYKEHMS IIPOTPAMM JIOTMYECKOTO yIpaBieHus mpepioxeHa LTL-
crrerUKaLUsg OTPaHIUEHHO HeXeTepMIHIPOBAHHOTO IOBeAeHNs GyIeBoil mepeMeHHOI. [laHHas creruduKanms mos-
BOJIAET 3a/laBaTh IIOBe/leHIME OYJIEBbIX CUTHATIOB OOPATHOI CBA3M, & TAKXKe YCIOBUS CIIPABEIIMBOCTIL IS MCKITIOUCHIST
HepeaJMCTIUHBIX ClieHapHieB ITOBefeHN. B crarbe mpeasaraeTcs Moaxof K paspaboTke 1 BepupUKaLUu IporpaMm Jio-
TMYeCKOro yIIpaBIeH s, B paMKax KOTOPOTO MOMEIb II0BeAeHMsI OKPY KeHIsI IIPOTPaMMBbI OIIMChIBAETCS B BUIE OTPaHIIUe-
HUJ Ha IIOBefleH1e e€é BXOTHBIX CUTHAJIOB, UTO ITO03BOJIZET M36eXKaTh OTAEIBHOTO JETaIBHOrO IpeJCTaBICHI IPOLIECCOB
(GYHKIMOHMPOBaHMS OKPYXKeHHs. B pesyibrare IoJyueHHas MOJeIb ITOBEJEHMS 3aMKHYTOII CHUCTEMBI «IIpOTpaMMa-
OKpy>KeHHe» NaéT psl IPeMMYyIIeCTB: yIpOIleHNe Mpoliecca MOAeIMPOBAHNS, COKpalleHIe IPOCTPAHCTBA COCTOSHMIL
IIpoBepPsIeMOII MOIENMN, CHIDKeHNe BpeMeHN Bepudukary. [Ipy HeBO3MOXKHOCTY CBeJeHMsI II0OBEAE€HNUS OKPY>KEeHUS K II0-
BeJeHII0 MMEIOIIIXCSI BXOXHBIX CUTHAIOB JAHHBII IOAXO0], IIPEeIIOaraeT IPMMeHeHIe « MHIMBIX» JaTUIKOB — TOIIOJ-
HUTEJIBHBIX OyJIeBBIX TepeMEeHHBIX, ICIIONb3YOIINXCSI KaK BCIIOMOTaTeIbHOe CPeCTBO AJIS OIMCAHIS II0BeeHI BXO-
HBIX curHanos. [les1b BBeJeHMsT MHUMBIX JaTYMKOB COCTOMT B KOMIIEHCALIMI HeJOCTAIOLIVIX JaTUMKOB IJIS OTCIIKUBAHMS
crrerIUecKoro NoBeAeHNs OTAeIbHBIX JIEMEHTOB OKPYKEHIISI, KOTOPOe HeOOXOAIIMO YUeCTh IIPY 3aJaHII PealCTIY-
HOTO II0Be[{eHNsI BXOMOB IIPOrPaMMBI JIOTMUECKOTO yIpaBieHs. [IpeIoxKeHHbII IIOAXO0M K paspaboTke 1 Bepudukanmu
IIpOTpaMM € Y4ETOM IIOBeJeHMsI OKpykeHUs (00beKTa yIpaBiIeHNUsI) AeMOHCTPUPYeTCsS Ha IpIMepe IIPOMBIIIIEHHOI
YCTAHOBKM IS JIMThSI IITACTMACC.

KiroueBrple ciroBa: ypasnsmoliee nporpammuoe obecrieuenne; [UIK-nporpamma; nexnaparuszas LTL-cnenudnxkarns;
LTL-cienm¢pmranms orpaHNMYeHHO HeJeTePMIUHIPOBAHHOIO ITOBENEHIS; YCIOBYS CIIPABEIINBOCTY; BepuuKanms 3a-
MKHYTBIX CUCTEM; MOMENb IIOBEAEHMs YCTAHOBKY; MHIMBIII JaTUMK; TEMIIOPAJIbHbIE CBOJICTBA; IIPOBEPKA MOJEIIN; BepH-
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Beegenue

IIpomeinutennsie kubepgusuueckue cucmemvt (KOC) [1—3] ucrnonp3yrorces oyt aBTOMaTU3AIMN IIPOU3-
BoxcTBa [4]. Ynpasnsiouee npoepammuoe obecneuerue (YIIO) saBnserca Heorbemiaemoir uactoio KOC u 3a-
Bucur ot eé HasHaueHnus [5]. KOC ycmoBHo MoxxHO pasgennts Ha YIIO u ero okpyxenue. K okpyxeHnuio
MOTYT OTHOCUTBCS:

+ IporpaMMHbIe KOMIIOHeHTHI, He Bxomauue B YIIO (ciy:x6a BpeMeHM, CTOPOHHIE CEPBICHI);

« anmapaTHble KOMIIOHEHTHI CCTEMBI YIIPaBIeHNs (aTUMKY, UCIIOIHUTENbHbIE YCTPOICTRA);

+ KOMIIOHEHTHI TEXHOJIOTMYECKOT0 000pya0BaHMs (MeXaHM3Mbl, pe3epByaphl, KaMepbl Harpesa).

Oxpyxenne (MIM €ro YacTh) IOABepraercs yipasuenuio co cropoust YIIO. Ypasisgemas uacTs OKpy-
KeHUs sBisieTcss o0vekmom ynpasmenusi (OY). TexHomornueckoe o60pyaoBaHue IPOMBILIIEHHON yCTa-
HOBKI IIpefICTaBJIsIeT co00il mexHomoeuueckuti o6vekm ynpagnenus (TOY). Ilpoepammupyemuiii mocureckui
kowmposrep (IVIK) [6] saBnserca Hamboree pacpoOCTPaHEHHON BEIUMCINTENBHOI Tutatdopmoit mis YIIO
npombiiuieHHbx KOC [4, 7]. K IUIK mogkaoyarTcs JaTUUMKYU U UCIIOTHUTEIBHbBIE YCTPOIICTBA, TTOCPE/-
CTBOM KOTOPBIX OH B3ammopelictyer ¢ TOY.

YVIIO paboTaeT MMKINMUECKN: CUMTHIBAET BXOIHbIE HaHHbIE 13 OKPY)KEeHMs, BBIIIOTHIET BbIUNCIEHN,
OGHOBJISIET BBIXO[HBIE MaHHbIE It OKpy:KeHus. Taknum obpasom, YIIO KOC mpencrasnser coboit peazu-
pyrwyto cucmemy [8], Tak Kak IIOCTOSHHO B3aJIMOMEICTBYET CO CBOUM OKpysKeHueM. COBOKYITHOCTb BCEX
BXOJHBIX I BBIXOAHBIX curHaioB YIIO o6pasyer ero unmepgetic. JIro6oit Berxomroit curaain YIIO spiasgercs
curHanoM npsamoti ces3u (feedforward) ¢ OY. Bxoguoit curaan YIIO, KoTopblit MHPOPMUPYET O peaKLyn
OY Ha HeKoTOpoe yIIpaBIsOllee BO3[eIICTBIE, ABIIEeTC CUrHAIOM obpamHoi ces3u (feedback). Cucrema
C IpSIMOiT M 00paTHOI CBI3AMU 00pasyer zamkuymuiii konmyp (closed-loop), mosTomy Takme cucreMbl
HAa3BIBAIOTCI 3AMKHYMbIMU.

K npomsinutenasiM KOC npexbsaBisioTcs BRICOKME TpeOOBaHN HaeKHOCTH U Oe3omacHoctu [9, 10].
dynxunonuposanne KOC Hanpsamyto 3aBucut ot YIIO, mostomy ero xoppekmnocmov aBIAS€TC KpUTIUe-
CKUM II0Ka3areseM [11, 12]. [Ins mossliteHus ypoBHs goBepus K YIIO u rapaHTmit ero KOppeKTHOCTH JIC-
IIONIB3YIOT opMaTbHbie Memoobl sepugurayuu [13, 14]. IIposepxa modenu (model checking) [15—17] aBnsiet-
cst HanboJree pacpoCTpaHEHHBIM (POPMaTbHBIM METOLOM BepuMKAIII Pearnpyoiux cucreM. [[poBepke
IIOMJIEKAT meMnoparvHbie ceoticmaa [18—20], KOTOpbIe ualile BCero BhIPA)KAOTCA B BuE HGOPMYII TUHELHOT
memnopanvroi moeuku LTL (Linear Temporal Logic) ninn moeuxu depesves svinucnenuii CTL (Computation
Tree Logic) [15]. ®akTuueckoe noBexeHne pearupyroueit cucremsl (YIIO) 3agaércs B Buge KOHEUHOI CU-
CTeMBI IIepexonoB — cmpykmypvt Kpunke [15—17]. Bepudukaumsa ocyIecTBIIeTCsS ¢ IOMOIIBI0 UHCTPY-
MEHTAJIBHBIX CPEJCTB, KOTOPBIE IIPOBEPSIOT COOTBETCTBME MOMEIM (PAKTMUECKOTO ITOBENCHNS 3aJaHHOI
cneyugukayuu — Habopy TpeGyeMbIX CBOMCTB. [T MpOoBepKM HEKOTOPBIX CBOVICTB HEZOCTATOUHO MOZENN
nosenenus YIIO, MoxxeT moTpeGOBaThCS MOIENb ITOBEEeHNS 3aMKHYTOM cucTeMsbl «YIIO-OV» [21].

CornacHo [22] MOXHO BBIIEINTD TpU IToaxona K ¢popmanbuoit Bepudukannu YIIO ITIK:

1. opxon, ocHoganHwviii Ha modenu (model based) moBenenus OY. Bepudmxanum nomiexut Monenb

IOoBeleHMS 3aMKHYTOM cucTeMbl, cocTodiueit n3 YIIO u OY.

2. Ilopxon, He ocHosanHbLil Ha modenu (non model based) mosegerns OY. IlpoBoxutcs Bepudukarms

tosibko momenu nosBenerus YI10. Bxomsr YIIO BenyT ceGst aGCOTIOTHO HeleTEpMUHUPOBAHO.

3. Tlogxon, ocHogaHHbLil Ha ozpanunenusx (constrained based) moBemenns Bxomos YIIO. Ha Bxoxsr YIIO

HAaKJIaJbIBAIOTCS OTPAaHMUEHMS, OCHOBAaHHBIE Ha 3HAHMSAX O HEBO3MOXKHOM IIOBEICHUN OKPY)KeHIU.

Hacrosias pabora nMeeT OTHOLIEHNE K IEPBOMY U TPETbeMY IIOJXOAaM: K IIEPBOMY — TaK KakK JaéT
BO3MOXXHOCTh OIVICAaHMs IToBefdeHMs sineMeHTOB OY, K TpeTbeMy — IIOCKOJIBKY HalleJeHa Ha OIIVICaHle
OrpaHMUeHNIT, HaKIaIbIBaeMbIX Ha IIOBefeHNe BXOOHbIX curaanos YIIO.

Oxpy:xeHue Bo3pneiicTByeT Ha Bxonbl YIIO u onpenernser ux moseaeHne. TakuM oOpasoM, ITOBeeHYE
Bx0m0B YIIO moIHOCTBIO MIIM YACTUUHO OTpakaeT IOBeJeHIe OKPYKeHMs. ITOT GaKT AaéT BO3MOKHOCTD
3alaHMs MOJENN ITI0BeJeHsI OKPYKEeHN B BIie Mofeau oBeneHus BxonoB YIIO ¢ HEKOTOPBIM OIIOJIHE-
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HUeM B ciyuae HeoOxogumoctu. [Ipu onmcanny noBegeHus BXOAHBIX curHanoB YIIO tpyaHOCTs 06BIUHO
BBI3BIBAIOT CUTHAJIBI OOPATHOI CBSA3M, TaK KaK OHU 3aBUCAT OT noBepeHus OY, KOTOpoe, B CBOIO OUYepeNb,
3aBIICUT OT BBIXOMHBIX cUTrHAIOB YIIO — Bce 9T1 0COOEHHOCTY BIMAIOT Ha II0BeeHIe CUTHAIOB 00paTHO
cBg31. [laHHAA MOJEIb IIOBEAEHNS 110 CYTH ABJISIETCI HEKOTOPBIM HeJeTepMUHIPOBAHHBIM IVICKPETHBIM
aHajoroM nepedamounoi gynxyuu (transfer function) OY 13 reopun aBTOMaTMueCKOro yIpaBIeHN.

B ciyuae TpymHOCTH MM HEBO3MOKHOCTM CBEJIEHUS MOJEJNN IOBeNeHNSI OKPYKE€HMS K MOJENN II0-
BegeHMA BxomoB YIIO npemiaraeTca NpuMeHATH ITOAXO0/, OCHOBAHHBIV Ha MOMEJN: MCIIOTb30BaTh HOIIOJ-
HIUTeJNbHBIE IlepeMeHHbIe, OTPaKaIoIIJie COCTOSHIE KOMIIOHEHTOB 13 OKPY>KeHMsA. B 9TOM ciryuae MOXKHO
CUNTATh, UTO JOIIOTHUTENbHA] IlepeMeHHas IIPeICcTaBiIsgeT cO00I MHUMbIL TATUMK, IIOKa3aHUs KOTOPOTO
npefHa3HaueHbI NI onycanus nosefeHus Bxoqos YIIO. [Ipu sTom monydaercs, uTo B 06IIeM ciryyae Mo-
JeJIb IIOBEIeHUSI OKPY>KEeHM IIpeiCTaBIsgeT co00il MOMeNIb oBeReHNs BXonoB YIIO 1 MHMMBIX JaTUMKOB.

B urore mpu Bepudukanmy Mogeny MoBeIeHNI 3aMKHYTOro KoHTypa «YIIO-OY» HeT Heo6xoammo-
CTHU B JeTanbHOM omnmcanun nmosepeHus OY, KoTopoe IPMBOAUT K IOBBILIEHUIO TPYRO3aTpaT U Tpedyer
yuéTa BceX ero BO3MOXKHBIX ClieHapueB MoBefeHNs. [Ipu onmmcaHum orpaHmyeHuit BXOZOB HEOOXOAMMO
JIVIIB yYECTh BCe 3allpelIéHHBIe CIIeHAapMI, UTO II0 HaIlleMy MHEHUIO cHesaTh Ipore. Taxke Hanmyue
Mopenu noBefgeHNsa OY B KOHType yBeJIMUYMBAeT IIPOCTPAHCTBO COCTOSHUII pe3yJIbTUPYIOIIENl MOIeIN
«YIIO-OY » u, Kak ciuencTsue, BpeMs BepudmKaiumn, a BBeieHne orpannyesuit Ha Bxonsl Y110, Hao6opor,
COKpaIl[aeT IIPOCTPAHCTBO SOCTVKMMBIX COCTOSHUII [23].

Takum o6pa3om, pu MOCTPOEHNN MOENIN 3aMKHYTOro KoHTypa «YIIO-OY» momMumo onmcanms mMo-
nemy noBefeHns YIIO ocHOBHOII LesIbI0 TaHHOJ CTAThU ABJIFETCA 3aJjaHVe OTPaHMUEHNIT Ha ITOBedeHIIe
curHaioB obpatHoli cBa3u 6e3 onpenenenus geraneit B noBegenun OY. K neranusarun B noBegenun OY
crenyet mpuberarsb B KpaiHeM cilydae, KOTia IIOBeeHYe CUTHAJIOB 0OpaTHOI CBSI3M CIOKHO MJIM HEBO3-
MO’KHO OITicaTh 6e3 HeKOTOphIX XxapakrepucTuk OY.

YIIO mosker peliaTh 60JIbIION CIIEKTp 3amau. Hacrosias pabora cokycupoBaHa Ha 3aauax jsozute-
ckoeo ynpasnenus (JIY) [24]. [JauubIit Bup yIpaBieHNUs MCIIONb3YeT TONBKO OyJIeBbI BXOMHBIE U BHIXOTHBIE
curHansl. YIIO miu ero gacts ¢ TakuM nHTepdeiicom HazoBéM nporpammoit JIY (IIIY). Ormerum, uto B 06-
11eM ciyuae okpyskeHne IUIY comepsxut B ce6e okpyxenue YIIO, a takxke Ty uacts YIIO, koTopas He BXOOUT
B ILJIY. Takum o6pasom, mpu Boigenernu IUIY us YIIO npoucxogut paciuupenne okpyxeuns/OY. Ilycts,
Hanpumep, YIIO comepsxut cuétumk n Komnaparop. Cuétumk GpuKCupyeT KOJIMUeCTBO HaKATUI KHOIIKI
M BBINAET CUTHAJ, KOT[a MX UMCIIO AOCTUTHET 3aJaHHOro 3HaueHMs. Kommapartop cpabaTeIBaeT, KOrma
daxTHyeckoe 3HaUeHNe TeMIIepaTyphl BBIIIEe YCTaBKM. [JaHHbIe KOMIIOHEHTHI BXOIAT B oKpyskeHue ILTY.
Boznee Toro, eciu cuéTumk uMeeT BXOH A cOpoca, To oH saBisercs u OY mia ITIY.

B Hacrosert pabore mpepasiaraeTcs ONMMUCHIBaTh moBegeHue okpyskeHus IUIY ¢ momorupio LTL-cre-
LQUKAINY CIIENMATBHOTO BIAA, KOTOpas OCHOBaHA Ha Jee 13 IyOIMKAIMil 10 COTIACOBAHHOMY ITOBe-
OeHUo DaTumkoB [25, 26]. Januas LTL-cnenndukaums B o01eM ciayyae 3aJaéT HeqeTePMUHIPOBAHHOE,
HO OrpaHUUeHHOe IToBefeHMe OyieBbIX IepeMeHHBIX. [Ipu srom mosemenme ILUIY sBisgerca abcoiroT-
HO JETEPMUHUPOBAHHBIM ¥ OIUCHIBAETCS C ITOMOLUBI0 dekiapamusHoti [27] LTL-cuenndukammuu. B [28]
11 YCKOpeHMs BepuMKAIMM ¢ ITOMOIIBI0 MHCTPYMEHTA CUMBOJIBHON IIPOBEpKM Momean nuXmv [29]
nexsapatuBHasg LTL-cenmdukanmsa npeobpasyercs B SMV-crienupukanyio — KO Ha BXOJHOM SI3bIKe
nHcTpyMenTta nuXmv. Hacrosimas paboTa Taxke OIS yCKOpeHNS BepumKaluy IpeiaraeT Ipeodpaso-
BaHye LTL-crienndukanmum orpaHn4eHHO HeJeTepMIHIPOBAHHOTO IoBefeHNs okpyxenus [LIY B SMV-
cnerueuxkaiyio. Jamee SMV-cnenuenkanun IUIY u eé oxpykeHUs o0beAMHAOTCA U 00pa3yoT SMV-
cuernuduxanuio KOC, koropas momnexur BepudmKarun.

Hacrosee mcciienoBaHme sBISETCA IPONODKEHMEM LMKIIA CTaTell o paspaboTke M BepuUMKaLIN
VIIO na ocuoBe LTL-cienmdukanmii ciennanbHOro Buaa. B xauectse sg3bIka crieruuKamuy mopegeHus
6611 BBIOpaH popmanusM LTL, a He BXOXHOI I3bIK MHCTPYMEHTA IIPOBEPKI MOLEIN. ITO CAEJIAHO II0 IBYM
NIpUYHAM:
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1. OrcyTcTByeT NIpMBA3KAa K KOHKPETHOMY MHCTPyMeHTy mpoBepku Mopenn. LTL-cmenmduxarro
MOKHO MCIIOJIB30BaTh KaK MHCTPYMEHTAJIBHO HE3aBUICUMBIN (OpMaIu3M, KOTOPBI BCEIa MOX-
HO IIepeBeCT BO BXOMHOII I3bIK JICIIOJIb3YeMOro B JAHHBII MOMEHT MHCTPyMeHTa. ITO 00YCIIOB-
seHo teM, 4To LTL-cienmdmkanms He HaBs3bIBaeT IpUMeHeHNe KOHKPETHO MOMIENN, B OTJINYMe
OT MHCTPYMeHTOB Bepudukanuu [30].

2. LTL-cnenudukanus sBiseTcs MaTeMaTUUeCKUM OOBEKTOM, UTO II03BOJISEeT paboTaTb C Hell, ¥C-
IIOJIb3YSI COOTBETCTBYIOIINII MaTeMAaTWUYeCKNUil ammapaT U JII00ble MHCTPYMEHTAJbHbIE CPefiCTBa,
noxpaep>xuBaromue f13sik LTL. Hanpumep, mokuo cpaBHuUTH ABe LTL-popMysiel ¢ mOMOIIBIO IIpo-
IpaMMHOTO cpeficTBa Spot [31]. 9To MO3BOJIAET JIETKO BBIIOIHATH 9KBMBAJIECHTHBIE ITPe0Opa3oBaHMA
LTL-cnenudukamnmii, ornpegeaars UX M30BITOUHOCTh MM IPOTUBOPeUNMBOCTh. CpaBHEHME BBIpaA-
KeHMII (HaIpuMep oIpefeseHMe SKBMBATIEHTHOCTY) Ha BXOTHOM S3bIKe MHCTPYMEHTa IIPOBEPKI
MOJIeJIM MOKeT OBbITh 3aTPyXHUTEIBHO.

Conep>xaHnne paborsl. Pasnmen 1 mpencrasisgeT 0630p cBA3aHHBIX paboT. Pasmern 2 comepsxut mpen-
BapuTesbHble cBefeHnsa 06 LTL-crnerudukanum mosegeHnsa mporpaMM. YacTHBIN ciIydail qeKIapaTiB-
Hot LTL-crrenmukarmu miis GyJIeBoil IiepeMeHHOI IIpeficTaBlieH B paszeiie 3. B pasmene 4 onpenenena
LTL-cnenmdukarusa orpaHMYeHHO HeleTepMIHIPOBAHHOTO IIOBeeHNs OyIeBoll IepeMeHHOI I OIIN-
caHMs OKpY»KeHMs IporpaMM. B pasnese 5 npusenén npumep LTL-crieruénkanyy noBegeHns yCTaHOBKI
IUIS JTNTHA IJIACTMAcC, a B pasgene 6 — eé LTL-cnenmdukarmsa cBovicTs. B pasmene 7 ocymiecTsigeTcs me-
peBox LTL-crierudnkanmy noBegeHns yCTaHOBKY B SMV-crenuduKaIiio a1 ycKopeHusa BepUQUKaII.
BrimonHeHa craHAApTU3AINS ITpe/I0KeHHBIX I11a6JI0HOB yCIOBUII CIIpaBeiInBOCTI. B pasnerne 8 Ha ocHO-
Be LTL-creruénkanmm nosenenns ILUIY nocrpoena ST-nporpamma aua ITIK. B sakimrounTebHOM pasieiie
IOJBOJATCA MTOTY paboThl. IIpruroxkeHns 1—6 comepskaT TMCTUHTY CIIeIMUKAIIMIL 1 IIPOrPaMMHOTI0 KOJIa,
a TakKe 0Kas3aTeJbCTBA YTBEPKIEHMIL.

1. 0O030p cBA3aHHBIX padoT

OTHOCHUTENIBHO IIpejIaraeMoro B HACTOSAILEH CTaThe ITOAX0a K BepUpUKaLNI PacCCMOTPUM KpPaTKMIl
0030p paboT, CBI3aHHBIX C IIOCTPOEHNMEM Mofeleit nmoBeneHns okpyxxeuns YIIO mus Bepudukaumu 3a-
MKHYTOro KoHTypa «YIIO-0kpykeH1e» MeToxoM IIpoBepKu Moxein. B o6o3peBaemsix paborax TOY uarie
BCEro HasbpIBaeTCs yCTaHOBKOII (plant), moaroMy B maHHOM pasfene 6ymeM MCIIOIb30BATh 3TOT TEPMUH.

B pa6orax [32—44] st omvcaHusa IOBeqeHUs YCTAHOBKY MCIIONB3YIOT POPMANTN3MBI Ha OCHOBE cermetl
ITempu n agmomamog creanbHOro BUIA.

Cucmembi cemeguix ycrnoguii/coovimuti (Net Condition/Event Systems, NCES) [32] — paciunpenne cereit
ITeTpu, KOTOpOE IIOJYUMIIO JOCTATOYHO IIMPOKOE paCIIpOCTpaHeHye B 00IaCTy MOIEIPOBaHNMs II0Bee-
HIS 3aMKHYTBIX cucteM. B [37—39] paspaboTka n Bepuduxaums NCES-momenn ocylecTBIseTcs ¢ IIOMO-
mipio nHCTpyMeHTa ViVe/SESA. B pabotax [40, 41] mcromns3yroT manpHelilnee paciiupenne popmannsma
NCES — Timed NCES (TNCES).

Taxke MpUMeHSIOTCS GOPMAIN3MBI, KOTOPbIE SBISIOTCS paclIMpeHNsIMI aBTOMAaToB. B paGore [42]
epemennvie agmomamoi (Timed Automata, TA) mepeBomsaTCsa BO BXOTHOI s3bIK Bepupukatopa NuSMV.
B [43] TA-monens mpoBepsiercs ¢ nomolnsio Bepupuraropa UPPAAL. PaGora [44] HalteneHa Ha IOCTpo-
eHIe MOJeell, OIMCHIBAIIINX PeaCTIUHOe II0BeJeHe YCTaHOBOK. [l 3T0r0 mcmonb3yercs popma-
ausM TA ¢ ouckpemnvimu dannvimu (TA with Discrete Data, TADD). ABTOpBI He BBIOMPAIOT KOHKPETHBIII
Bepudukarop st upoepku TADD-mopemneit.

B pabGorax [33—36] mpenmaraercss CTpOUTH AUCKPETHYIO MOIENb IOBENEHUsT YCTAHOBKU He C HYJI,
a Ha ocHOBe yxe mmeroruxcsa apredakros. B [33] TNCES-monens crpoutcst Ha OCHOBe 2ubpudH020 ag-
momama (hybrid automaton), sagarmoro B Bune momenn Stateflow. B [34, 35] TNCES-momens ycTaHOBKHU
tpa"caupyercs u3 UML-guarpamm. [ BepupmKaimym MOgeNy 3aMKHYTO CUCTEMBbI IIPMMEHSeTCs MH-
crpyMeHT nposepku momenu SESA. B [36] mpennaraercs Ha ocHoBe CAD-Momenn yCTaHOBKI CTPOUTH
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MMUTAIOHHYI0 MOJenb, naiee o Helt popmupyercs TNCES-monens. [Ipouenypa npeobpasoBanus ua-
CTMYHO aBTOMATU3MPOBAHA.

OrmMeTnM, UTO NPHU MCIOIB30BAHNUN BBIIIEYKA3aHHBIX GopManu3MoB u3 pabor [32—44] momyuaercs
OOCTATOUHO IPOMO3IKOE OIMCAHVE MOJENN IIOBENEeHNI YCTaHOBKM. B paGote [45] BooOIIe yTBEep:KIaeT-
csl, UTO HeT yHOOHOTO CUCTEeMAaTMUecKoro crocoba ommcaHmsa Takux mopeneir. Kpome toro, tpebyrorcs
CrenuaIn3upoBaHHbIe MHCTPYMEHTHI Ui paboThl ¢ ux rpapuyeckum mnpencrasirennem. Hanporus, LTL-
creluKaIys IpefcTaBiser co6oil 6oee KOMIIAKTHOE TeKCTOBOE OIMCAHME.

B pa6orax [46—51] npuMeHAOTCS CIeNMAIN3MPOBAHHBIE HOTAUN [52—55], KOTOpBIE MCIIOIB3YIOTCI
n g paspadotku YIIO, u mys onmmcaHns MOesiell ToBeleHNsI YCTaHOBKM/OKPY>KEeHMS.

B [46] ona ommcanusa Mogeny MOBeReHNSI 3aMKHYTON CUCTEMBI, I YCTAHOBKM B YaCTHOCTH, Ipeaia-
raercst MCIIOJIb30BaTh QyHKUMOHANBHEIE G0k cranmapra MIK 61499 [52]. B [47—49] mauuble Gi10Ku
aBTOMATMUECKH IIEPEBOASITCSI BO BXOMHOI A3bIK MHCTpyMeHTa NUSMV. Heerepmuamsm nosegesns 6J1o0-
KOB 00€eCITeunBaeTCs € MOMOLIBIO CIIeMAaIbHbIX coObITri NDT, MHUIMUDYIOIIX HeJeTepMIHIPOBAHHBIE
Iepexoabl B MOMENN ITOBeeHNS YCTAHOBKIA.

B [50] musa ommcanms VIIO u ero mopmenu OKpyskeHus mcroibsyercs: si3blKk poST [53] — mporgece-
opmeHTHpOBaHHOe paciuupenue s13b1ka ST crarmapra MOK 61131-3. Hemerepmuauam okpyskeHus obecrie-
YMBaeTCH 3a CUET IepeMeHHBIX C aOCOJIOTHO HeleTepMUHNPOBAHHBIM ITOBeJeHueM. PaspaboraH TpaHc-
ssarop ¢ si3bika poST Ha Promela — BxomHOI 131K BepudnkaTopa Spin.

Cunxponnbiil s3vik [56] mporpammupoBaums Lustre [54] @i peakKTMBHBIX CICTEM MOKHO pacCMaTpu-
BaTh KaK ITOJ{MHOKECTBO TeMIIOpanbHOII joruku [57]. B pabore [51] mpemaraercs ncrosap3oBars Lustre
U1t pa3paboTKy U BepuPUKAIMY KPUTUUHBIX CUCTEM PEaIbHOTO BpeMeHM: IIporpaMMa, eé OKpyKeHue
U IIpoBepsieMble CBOJICTBA 3aal0TCSI Ha OMHOM s3bIKe. [loBeleHIe OKPYKEeHN OIVICHIBAETCS C IIOMOIIBIO
MexaHmu3Ma ymeepaoenuii (assertion). Cormacuo [57] nr060e cBOJICTBO 6e30nacHOCMU MOKET OBITH BbIpa-
skeHo Ha Lustre. [l Bepudukaumm ucnoxb3yercss mHCTpyMeHT Lesar [58].

IIporpamMmsl Ha paciypeHnn g3bika Lustre MoryT ObITh BepU(MIIMPOBAHEI C IIOMOIIBIO MHCTPYyMeHTa
npoBepku mopenu Kind 2 [59]. [ToBejeHme OKpy>KeHNs U IIPOBepsieMble CBOIICTBA AJIsI KOMIIOHeHTOB Lustre-
MIPOTPAaMMBI 33IAI0TCS C TIOMOIIIbI0 KOHTPAKTOB B CTUIIE «npednonocenue-zapanmus» (assume-guarantee).
KoHTpakTs! 3anmceIBaoTCs Ha 3TOM e s13bIKe. 131k CoCoSpec [55] siBiseTcs paciimpenneM s3b1ka Lustre
U IIpefHa3HAUeH AJIs CIelMUKAIM KOHTPAKTOB PEAKTUBHBIX CUCTEM C YUETOM PEKIMOB.

OTMmeTnM, UTO MCIIONH30BaHUE CIEIMATM3MPOBAHHBIX M CTAHAAPTU3MPOBAHHBIX HOTAIMil [52—55]
IenaeT crienyuKanyuy yrooounTaeMbIMI, OJHAKO X BBIPA3yTeJIbHbIE BOSMOKHOCTY OIpaHMYEHBI: MO-
I'YT BO3HUKHYTH TPYLHOCTH (B TOM UMCJIe HEIIPEOMOIMMbIE) NPU OMMCAHUY MZHOGEHHVIX YUKTUUECKUX
3agucumocmeti (instantaneous cyclic dependency) [60], a Taxxe orpanmuenuit cnpagediusocmu [16, 57].

B pabore [61] moguepkuBaercs, uro npu Bepudpukanun KOC Heobxoqmumo MomeaupoBanne eé ¢pusu-
YeCKUX aCHeKTOB. ABTOpHI npemnaraor pasgeinenne KOC Ha kubep- u Gpuamyeckyo uactu ¢ GuUKcanm-
eit nHTepderica MeXAy HUMM. Monenp moBemeHNs OIpeenseTcs TONbKO I KubepyacTu, IOBegeHme
($U3MYECKOIT YaCTV CBOQUTCA K ONMCAHUIO ITOBefeHUS MHTepderica Mexxay Humu. Taxke oTMeuaercd,
YTO IV HAIMUMY OIPefesIeHHBIX 3HAHMI O ITOBeJeHUN Cpeqbl TpeOyeTcs OOaBUTh HOIIOIHUTEIbHBIN
KOMIIOHEHT I e€é MojennpoBaHus. Takum oOpasoM, mJaHHas paboTa IpeiaraeT I’MOPMIHBIN ITOIXOX
K BepuuKaImy, KOTOPbI I OCHOBAH Ha MOMEIM IIOBEIeHNA OKPYKEeHNUA ¥ Ha OTPaHMUYEHIAX BXOJOB KI-
Gepuacrtu. B aToM 3akiodaeTcs CXOACTBO C HaIlleil paboToIL.

st ommcanus kubepuacTtu ucnonbayercs Lingua Franca (LF) — a3bik nmporpammupoBanust KOC, ocHo-
BaHHBI Ha peakmopax. LF-iporpaMma mepeBoamuTCs Ha SI3BIK PeaKTUBHBIX 06beKTOB Rebeca — BxomHoIT
SI3bIK MHCTPYMEHTA IIpoBepky Moaenu Afra. BHelrHue HeleTepMIHMPOBaHHBIE BO3JEIICTBYUS MOJCIVPY-
I0TCSL Uepes3 cepBephl COOOIIEeHIIIL.

B [62] BeImonHSETCA aBTOMaTMUecKuil nepeBon LF-mporpamMm B QOpMaNbHYI aKCHMOMATUUECKYIO
MOJeNb, KOTOpast ITOMJIEKUT BepUpUKaUMI METONOM oezpaHuueHHoi npogepku modernu (bounded model
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checking) ¢ momompio nucTpymMenTa Uclid5. TpeGyembie cBoiicTBa MOmeny 3aJaloTcs B Bume GopMys
Safety Metric Temporal Logic (Safety MTL).

B pa6ote [61] nmpexncraBieH IPOCTOIL pyuMep KOHTpOJLIEpa ABepell rmoe3na, B [62] — cucTeMBbl IIOMO-
LI BOAUTENI0 aBTOMOONM . [JaHHbIe pUMephbl JeMOHCTpupytoT HesaMKkHyTble KPC. B [61, 62] aBTOpBI
He pacKpbIBalOT 0COOEHHOCTENl paspaboTKM M BepuUKAIN CICTEM C 3aMKHYTBIM KOHTYPOM, IIO3TOMY
TPYLQHO OLIEHUTH JOCTOMHCTBA U HELOCTATKM UX paboT B 9TOM OTHOIIIEHNI.

Lutin [63] stBisieTcs crelyannsmupoBaHHbIM SI3bIKOM CITeIM(UKALMY HeleTePMUHIPOBAHHOTO IT0Be-
nIeHUsd. SI3pIK OIMCHIBaeT OrpaHMYeHMs, HaKJIaJblBaeMble Ha XaoTHUecKoe roBefeHye. OCHOBHAS IIeNb
sA13BIKa — MOJEJIVPOBaHMe (BBIIOTHEHNE) clieHapueB: 1o Lutin-cienmduxanmy reHepupyoTcs TeCTOBbIE
ITOCJIeJOBATEJIBHOCTY Ayid MHCTpyMeHTa Lurette. Takske I3BIK MOXKET MCITOIB30BaThC AJIA IIPOTOTUIIUPO-
BaHNA — OINCAHMA IIOBEeeHNA He3aBepIIEeHHBIX KOMIIOHEHTOB PEaKTUBHON CHCTEMBI U €€ OKPYKeHNH.
Lutin He opueHTHpOBaH Ha BepuUKAIIIO METOLOM IIPOBEPKI MOIENN, OMHAKO MeeT TaKOI sKe IIPUHITIIT
OIIVICAHUS ITOBENEHMI, KaK U B HACTOSIIIEN pa60Te, KOTOPBII 3aKJII0YaeTCsd B HAIOXKEHUN OIPaHNYEHUI
Ha abCOIOTHBIN HeJeTepMUHI3M.

B cunTe3e peakTuBHBIX cucteM [15, 64] GR(1) [15, 65] ABIIseTCS MINPOKO MCIIONIB3YEeMbIM (pparMeHTOM
soruku LTL, xotopsuit orpannunsaer Bung LTL-popmysn, onncpiBaomux mpeamnoiokerus (assumptions)
OTHOCUTEJIFHO OKPYKeHMUsI CHHTe3upyeMoil cucreMbl. B GR(1) misa ommcaHms 9BOJIOLMM CUCTEMBI VIC-
none3yercst popmyna Buna G(¢ = Xy), a quis onmcaHus 1eseil, KOTopble HeOOXOAMMO TOCTUraTh Oec-
KOHeuHO yacto, — popmyna suna GFy, roe ¢, ¥ u y — dopmynst coctrosuus. B Hacrosimet paboTe Takxe
IpefJiaraeTcs OMUChIBaTh roBefeHne okpyxeuus Y110 8 sune LTL-dopmys cnermanpHOro Bia, OqHaKO
ecTp HekoTopble oTnnums. B GR(1) ommcaHme ROMyCTMMBIX IEPEXONOB BHIVIANNUT CIERYIOIUM 00pa-
30M: UI1 HEKOTOPOTO MHOKECTBA MCXOJHBIX COCTOSHNII (YAOBJIETBOPSIOIINX @) 3aJaéTCsi OTpaHMUeHIe
(B Bue 1) Ha COCTOSIHMS, KOTOPBIE SBIIAIOTCSA MX HEIIOCPeICTBEHHBIMY II0TOMKaMu. B HacToseit pabore
Ha 33JaHHOE€ MHOJKECTBO IIePEXO0B IJII KOHKPETHOI 6yne30171 IIepeMEHHOM HaKJIaabIBAIOTCI OrpaHIye-
HIS Ha COCTOSIHMS, 0Opasyroliue 31y repexonsl. [pyroe orimune: B crienmdukanmu GR(1) momyckaercs
TOJIBKO 6e3ycnogHas cnpasediusocmy [16], B LTL-cuerudnkarum orpaHNueHHOTO HeeTepMUHN3Ma — 60-
JIee CJI0)KHbIe (OPMBI CIIPABEIINBOCTIA.

Psag pa6or [66—71] HanpaBieH Ha cuHTe3 Momenel moBenenus. PaGora [66] ocBeljaer Bompoc uaeH-
TrduUKAIKM MOIEIN TOBeJEeHNI 3aMKHYTOI CUCTEMBI «KOHTPOJUIEP-YCTAHOBKAa» Ha OCHOBE CUTHAJIOB UX
nnrepdeiica. Pesynprarom mmeHTHUKAIMN ABISETCS HeOeTEPMUHMPOBAHHBIN aBTOHOMHBINI aBTOMAT
¢ BbIXofioM (non deterministic autonomous automaton with output).

B pabote [67] mpencTaBiieH aBTOMAaTMUECKIUIT BBIBOA MOJENN IIOBeJeHNsI YCTAHOBKM Ha OCHOBe Tpac-
cupoBoK BbIrorHeHus U ux LTL-cBoiicTB. TpaccupoBKy MOTyT ObITH IIOJNyUEeHbI B pe3yJIbTaTe CUMYJIISLINI
MJIU peasbHOI paboThI yCTaHOBKM. BHIBOX Moeny B BUe HeleTepMIHIPOBAHHOTO agmomama Mypa cBo-
IUITCs K 3amaue ebinoHumocmu (satisfiability, SAT). IIpoBepka CTL-cBOIICTB MOIENV 3aMKHYTO CUCTEMBI
OCYIIEeCTBIISLETCI C IIOMOIIBI0 nHCTpyMeHTa NuSMV. B mono6Hoit pa6ote [68] mpenaraercs BbIBOI MO-
eIV TOJIBKO Ha OCHOBE TPACCUPOBOK, IIOJIYYEHHBIX B pe3yJIbTaTe CUMYJIALNU. Bojee Macirabupyemsbie
MeTOJBI TeHepalny JJI MOJesieit GOIbIION pasMepHOCTY OBLIN IIpeICTaBIEHbI B [69].

B [70] Ha ocHOBe TPacCUPOBOK BBIIIOJIHEHVIS, TIOJIYUEHHBIX OT I(PPOBOro QBOIHMKA YCTAHOBKY, TeHe-
pupyercsa eé SMV-cenuduxanus. YIIO B Bune QyHKIMOHAIBHBIX 6i10K0B cTanmapTa MOK 61499 Taxke
TpaHcaupyercs 8 SMV-kon. [lanee nonyuesHbie SMV-crernunkaium o6be MHAIOTCI M PE3YIbTUPYIOLIAT
MOJIeJIb 3aMKHYTOJ CICTeMBI IIPOBEpAETCS C IIOMOIIbI0 MHCTpYMeHTa NuSMV.

B [71] mpu cumymnsaimu paboThl YCTAaHOBKY GOPMUPYETCS KYpPHAT COOBITIIL, Ha OCHOBAHMI KOTOPOTO
AJITOPUTM aTb(a-o0HaPY KeHN IIPOLeCCOB POpPMUpPYET MOeNb ToBeAeHNs B Buje cetu Ilerpn. [anee cets
[Tetpu npeobGpasyetcs B pyHKIMOHANBHBIN 60K cTanmapTa MOK 61499. B pesynbrare ero TpaHCcasimu
nosyuaercs SMV-kop mis manpHeiiineit Bepupnkanuy B NuSMV.
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Hna [66—71] oTMeTuM, UTO B pe3yJbTaTe CHMHTe3a Ha OCHOBE TPACCHPOBOK BBIIIOJIHEHNS MOXKET IIO-
JIYYNUTHCS HETOYHAS MOMEJD IIOBeJEeHUs yCTAHOBKM, UTO HEJOIYCTUMO IpU (POpMasIbHON BepupUKaLmy,
TaK KaK 3TO BJIMAET Ha TOCTOBEPHOCTE IOJIYyUeHHBIX pe3yibTaToB. CMHTe3MpOBaHHbIE MOJENN II0BeAeHIA
YCTaHOBOK MOTYT IIPMMEHATHCS I IOoUCKa omm6ok B YIIO, HO He I JOKa3aTeJbCTBA MX OTCYTCTBUA.

2. IlpepBapurenbnslie cBemeHUsa 06 LTL-cienudukanim mosexeHns mporpamMm

B pabore [27] nust onucaHus oBeqeHUS YIPABASIOIUX mporpamm npeacrasierna LTL-cnenudukarmms,
KOTOpast COMEPKUT ocHoGHbie V = {vy,...,v,} U 6cnomozamenvrvie _V = {_vy,...,_v,} nepeMeHHbIE, IPN-
HUMAaIOIlye 3HAUeHUs M3 COOTBETCTBYIOIIMX MHOXeCTB Dy, ..., D,. OCHOBHBIEe IepeMeHHBIE Uy, ..., U,
XpaHAT BXOJHBIE U BBIXOIHbIE JaHHbIE, a TAK)Ke BHYTPEHHee COCTOSIHIE IIporpaMMbl. BcrmoMmorarTenbHbIe
nepeMeHHbIE Uy, . . ., _Up IPeAHA3HAUEHBI IS BO3MOYXHOCTH O0paI[eH s K 3HAUEHUSIM COOTBETCTBYIOLIIIX
OCHOBHBIX TIepeMeHHbIX B IpeIbITyLIMiT MOMEHT BpeMeHu. MuoxectBo S = (D; X ... X Dy,)? npencras-
JisieT co0O0Il MPOCTPAHCTBO BO3MOKHBIX COCTOSHUIT HMporpaMMbl. Kaskaplit MUK yIIpaBiIeHNs IPUBOLUT
K IepeXOny M3 COCTOSHUS IIPOrPaMMBI § € S B cocTosiHMe 8" € S.

B xauecTBe MOeNN IOBeEHNS IPOTPAMMBI UCIIOIB3YETCH cucmema nepexodos (transition system) TS =
(S5,S80,R,P,L), roe S — MHOeCTBO COCTOSIHMUIL, Sog C S — MHOKECTBO HAUaIbHBIX COCTOSTHUIL, R € S X S —
momasnbHoe OTHOLIeHUe 1epexonoB, P = {py,..., pm} — MHOKECTBO aTOMApHBIX YTBEPKIAEHUIT OTHOCH-
TeIbHO 3HAUeHuiT mepeMeHHBIX U3 V U _V, L: S — 2P — pynximusa pasmerxu cocTosamit aToMapHbIMM
YTBEPKIAEHUAMI, UCTUHHBIMU B 9TUX COCTOSHUAX. [TonHas cucrema mepexomos c¢IS = (S, Sy, R, P, L),
rjie OTHOILIIeHUE IepexoqoB R, = S X S, siBifeTcs MOMENbI0 IOBEIeHNUsI IPOTPaMMBbI C aOCONIOTHO Hefe-
TepMUHIPOBAHHBIM IIOBeleHIEM Bcex e€ nmepeMeHHBIX U3 V U _V. OtHolleHne R, HOIyCKaeT Iepexonsbl
MeX1y JI0O0BIMU IByMS COCTOSIHUAMI S, 8" € S.

O6o3HaunM S MHOKECTBO BceX OeCKOHEUHBIX CJIOB B andaBure S. [Tymp — GecKOHeUHas IT0CIIeI0Ba-
TexbHOCTh 7 € S“. Cucrema nepexonos TS 3aqaéT MHOKECTBO BceX BO3MOKHBIX B Helt myTeit [11s — myTeis,
HaUYMHAKOIIMXCA B HAYAJIBHBIX COCTOTHUIX:

s ={m eS| (n(0) € So) A (Vi €Ny) (n(i), 7(i+1)) €R},

rue (i) — i-oe cocrosume myTtu 7, Ny = N U {0}.

Mopens moBeieHNA MpOrpaMMBI 1S ITosTyyaeTcd B pe3ysibTaTe OTpaHIYeHNIT, HaKJIaAbIBaeMbIX Ha I10JI-
HYIO0 cucTeMy IepexonoB cTS. OrpaHudueHMs 3aJal0TCs C IOMOIIBIO IMHEITHOM TeMItopanbHoli Jormku LTL
(Linear Temporal Logic). ITycts p € P, torga cunrakcuc LTL-popmyn onpenensercss rpaMMaTUKOI:

@,y == truel false | p | o loAyloVyle=V|e ey |Xe|yUp|Fe|Ge.

VHOyKTUBHO OIIpeesiiM OTHOIIIEHEe BHIITOMHUMOCTH = popmyinsl ¢ soruky LTL mys mponsBoibHOTO
cocTodHNUA S;, rae i € Ny, HEeKOTOpPOro IIyTH /T = $( S S2 . . . CUCTEMBI IIePEX0OB:

si | true; s; [ false;

siFp & p € L(s1);

siE e = si £ 3

siFeAY = siFoe usiEy;
siEeVYy —siEe wm s
siFe=>Y = siFE-e wm s Fy;
iFeeoy —siFe=>yusskEy=¢

%)

si F Xo & siv1 F@;

siEyUp = Gkzi)scke u (Vj, i <j<k)sjEy;
si EFo = (ki) sk F ¢

si EGo = (Vj=i)s; Fe.
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Taxoke ornpenejiM CEMaHTUKY OTHOILIEHIIA |= Ha IIyTAX U CUCTEMaX IIEPEXOOOB:

¢ n(0) F ¢;
M= Vrell)x = g;

IS, s E ¢ & (Vr € Ilrs) [(n(0) =5) = (7 E o)];
ISE ¢ = (Vs € Sy) TS, s = ¢.

Hexnapamusnas LTL-crerumxays moBefeHus IepeMeHHOIL 0 € V uMeeT cienyrommuii Bug [27]:

GX(-(v
GX( (v

_v) = cond; A (v =expr;) V...V condi A (v = expri)) A
_v) == (cond; V...V condy) ). (1)

HanHast ¢popMysa OommchIBaeT, KAKMM 00pa3oM IIPOMCXOJUT M3MEHEHIEe 3HAUeHNUs IepeMeHHoi v € V.
Jlornueckoe BbIpakeHUe cond; ABIsAeTCS HEOOXOMMMBIM U TOCTATOYHBIM YCIOBMEM [JIS1 M3MEHEHVS 3Ha-
YeHVs [IepEMEHHOI U COIVIACHO BBIPAKEHUIO expr;, rae i = 1,...,k. B BelpakeHusx cond; u expr; Moryr
MCIIONIb30BaThCs JiI00bIe mepemenHble 13 (V U _V) \ {0}, koHCcTaHTBL, TOrmueckue 1 apupMeTyecKue orme-
paTophl, a TaKKe OIepaToOphbl CpaBHEHNs. BbIpa)keHNs BUa 0 = _0 M U = expr; ABISIOTCS 3JleMEeHTapHBIMI
BBICKA3bIBAHVSIMIL 13 MHOKECTBa P, a BhIpakeHUs BUOa cond; — MPOMO3ULMOHATBHBIMY (POPMYJIIAMIL.

HexnaparusuHas LTL-crrennukanus (1) moBefgeHus mepeMeHHON 0 € V MOJKHA YIOOBIETBOPITH YCIIO-
BUIO U3MeHUUB0CMU SHAUeHMS ITIepeMeHHOI [27]:

GX(cond; = = (_v = expry)) A ... A GX(condy = = (_v = expry)), (2)

T. €. IIPY MCTUHHOM YCJIOBUU cOond; BBIPAKEHME expr; JOJLKHO BO3BpAIATh 3HAUEHIIE, OTJIMIHOE OT IPEbI-
IyLero 3HaueHus repeMeHHOM v. Taxke s (1) ZOMKHA BBIIOIHATHCS OPMOZOHATIbHOCMb YCIIOBUI U3-
MeHEeHVsI 3HaUeHMs IepeMeHHOI s MI00bIX I, j = 1,..., k mpu i # j [27]:

GX (cond; = —cond), 3)

T. €. OMHOBPEMEHHO MCTUHHBIM MOKeT ObITh He 6oJiee OJHOTO YCIOBUS cond,.
[Ipn 3amaHmMy BBIpaKeHUIL expry, . . ., expry LTL-cnenndukanns noBeneHns nepeMeHHo 0; € V momk-
Ha YJOBJIETBOPSTD YCIOBUIO 02PAHUUEHHOCTIU:

GX(cond; = (val(expr;) € D)) A ... A GX(condy = (val(expry) € D)), 4)

T.e. ecu ycnoBue cond; mctuHHO (j = 1,...,k), To BeIpakeHMe expr; Bo3BpalaeT 3HaueHue val(expr;),
KOTOpO€e IPMHAIIEKUT 00IACTY 3HAUEHNIT JAHHOI ITepeMeHHOIL.

HexnaparnBraas LTL-crermoukarnms (1) 3agaér CTporo meTepMUHMPOBAHHOE IIOBefeHMEe IepeMeH-
Holt v € V. [exnaparuBHas LTL-cnienmdukanms moBegeHms mporpamMmsl — GopMyIa ¢ = @uar A o,
TJ€ QPyqr — KOHBIOHKLMS popmyst Bupa (1) Iy Bcex mepeMeHHbIX 13 V (KpoMe BXOIHBIX) IIpU cOOIOme-
Huu ycnoBuii (2), (3) u (4), o — popmyita nanimanusarun. LTL-crerupnkarius ¢ KomKHa YIOBIETBOPSITD
YCJIOBUIO 3anpema M2HO8eHHbLX YUKTUUeckux 3asucumocmetil [28]:

Vo € V [(v,0) & Dep’ ], (5)

rae Dep C V X V — oTHOIIIeHNE HEMOCPENCTBEHHOI 3aBUCUMOCTY IIEPEMEHHBIX, €r0 TPAaH3UTIBHOE 3a-
MbIkaHue Dep’ 3aaét oTHOIIEHME HEIOCPeICTBEHHOI U OTIOCPeIOBAHHOI 3aBUCHMOCTH TIePeMEHHBIX.
IlepeMeHHAs ¥ HEMOCPEACTBEHHO 3aBUCUT OT IepeMeHHOI v, T.e. (v,0") € Dep, ecu B qeKIapaTUBHOI
LTL-crrietmukanmu (1) cond; mnu expr;, toe i = 1,. .., k, comepsxur nepemennywo v’ € V.
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Hmnepamusnas LTL-crieninukarus noseneHns nepeMmennoit v € V [27]:
GX(cond; = (v = expry)) A ... A GX(condy = (v = expri)) A
GX (- cond; A ... A= condy = (v =_v)). (6)

HanHzas crenuuKanys OMMUChIBAET IIOBEJEHNE IIEPEMEHHON B MMIIEPATUBHOM CTWJIE «ECHML. .., TO...»
U SBJSIETCSL KOHCMPYKMUGHOL, T.€. TI0 Hell HEeIOCPeNCTBEHHO MOXKET OBITh IIOCTPOEH KOM IIPOrPaMMBbI
Ha UMIIEPATUBHOM sI3bIKe IporpamMMmupoBanus. [leknaparusHas u nmneparnBHas LTL-cnenudukarym
9KBMBAJIEHTHEHI [27], T. €. 33Ial0T OAHO U TO K€ IPOTPAMMHOE II0BEIeHIIE.

3. LTL-cmemuduxkanus nosemenus [1IJIY

ILTY umetor GyyeBbl BXOQHBIE I BBIXOQHBIE [I€peMEeHHbIE, IPMHIMAIOIIE 3HAUEHNS 13 MHOXKeCTBA
{0, 1}. Paccmorpum wactHbIil cnyuait peknaparusHoit LTL-cnerudukamun (1). Iycts 0 — Gymesa mepe-
MeHHas, expr; = 1 u expry; = 0, Torga popmyia

GX(—(v=_v) = cond; A (v=1) V condz A (v ="0)) A
GX( (v=_v) =~ (cond; V condy) )

MO’KeT OBITh IlepelycaHa ceyIoIuM 00pa3oM:

GX(—|(_0 A0V —_v A-0) = cond; Av V cond; A —m) A
GX( ((vA0V=_vA-0) == (cond;V conds) ).

ITockonbKy IJIST JIOTMYECKUX BbIpaskeHUIiT cond; M cond; MOJLKHBI BBIIIOIHSITHCS yCIOBUS M3MEHUMBOCTU
cond; = —(_v =1) u cond; = —(_v = 0), paccCMOTpUM 9T BBIpasKeHuUs B Buge —_v A cnd; u _v A cnd; co-
OTBETCTBEHHO, THe cnd; U cndy; — JIOTUUEeCKIe BBIPAXKEHNS, BBIITOJHUMOCTh KOTOPBIX HEOOXOMMMA IJIs 13-
MeHeHUs [IEpEMEHHOI v 0e3 HAJIOKEeHUS Ha HIX YCIOBUII M3MEeHUMBOCTHY. TakKe BhIpaKeHUI —_0 A chd;
1 _0 A chd, 06ecIieunBaoT BBIIIOJIHEHIE OPTOTOHATIBHOCTH (3), TAK KaK MMEIOT BXOXK/IEHS IIEPEMEHHOI _U
co 3HaKOM oTpuijaHus u 6e3 Hero coorBercTBeHHO. [lonyunm LTL-popmyny

GX(—-(_U AoV = 0A-0)=-_0vAcnd;AvV _ov A cndy A —w) A
GX( (0AOV = 0A-w) == (-_vAcnd;V_v A cndy) )

Boinecem GX 3a cKOOKU U U36aBUMCSH OT 3HAKA UMIUIUKALIWN:
GX(((_v Av)V (=_oA=0)V (=_oAvAcnd)V (_vA-0vAcnds)) A
((oA=0) V (=_vA0)V (= vA=cnd) V(oA —|cnd2))).
PackpsIB CKOOKM, IOTyYUM
GX((=_vAvAcnd) V(_oA=-0Acndy) V(=_vA-0vA=cnd;) V(Lo AvA=cendy)),
YTO 9KBUBAJIEHTHO QopMyIie
GX((=_v Ao = cnd;) A(_LvA=0= cndy) A(=_vA-0= =cndy) A (_oAv=> —cndy)).
Buecém GX BHYTpH CKOOOK, IIOTIYUNM:

GX(m oA v= cnd;

( ) A
GX(—|_0 A0 = —|cnd1) A
( OA0 > cndg) A
( )

OA v= -cnd;
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Buecém X BHYTpbH CKOOOK, yumrbiBas, 4To X(_v) = v, moayuumm gekiaparuBHyo LTL-crenmuxanmio
IOBeJIeHNsI OyJIeBOIl TepeMeHHOI] v:

G(-oA X(v) = X(cndp) A

G(-0 A =X(v) = =X(cnd;)) A

G( v A-X(v) = X(cndy)) A
).

G( oA X(v) = -X(cndy) (7)

U3 (7) BumHO, uTO cnd; ABIAETCS HE06X00UMBbIM YCIOBIEM [UJIS U3MEHEHNS 3HAUEHUS lepeMeHHOI1 v ¢ False
Ha True (cTpoka 1). Taxke JaHHOE YCIJIOBME SIBJSIETCS 0OCMAMOUHbIM, UTO ITOATBEPKIAETCI OPMYIION
G(-v A X(cnd;) = X(v)), KOTOpas HoJNyueHa B pesyJIbTaTe KOHTPAIOSUIMU BO BTOPOII CTPOKe. AHAIO-
TMYHO chd, SBIIAETCS HEOOXOMMMBIM U HOCTATOUHBIM yCJIOBMEM AJISI OOPATHOTO M3MEHEHV 3HAUeHVIS
nepemenHoit v ¢ True Ha False. Takum o6pasom, HaGop orpaHuueHuit B (7) JOIMYCKaeT TOJIBKO CTPOTrO
JeTepMIHIPOBAHHOE ITOBeeHNE.

Otmernm, uro eciu cndy = —end;, To LTL-crrermukarmio (7) MOXXHO cOKpatuTh. Ilomyunm coxpauyém-
Hyt mexiaapatuBHyio LTL-cnenmdukaiuio nosegeHus 6yaeBoil IepeMeHHOI 0:

G( X(v) © X(cndy) ). (8)

IToBeneHue Bcex OyeBbIx nepeMeHHBbIX [TV (kpoMe BXOQHBIX) GyIeM OINCHIBATE C IIOMOLI[BIO JeKJIa-
patusHoIt LTL-crieruénkanmm — popmyus (7) nin (8).
BBINOIHIM KOHTPANO3NIUIO B (7), IOJIyUnM:

(o A =X(cnd;) = -X(v)) A

(oA X(cnd;) = X(v)) A
G( v A —=X(endz) = X(v)) A
G( oA X(endz) = =X (v)).

G
G

CrpynmnmpyeM OTHeIbHO ITOA(GOPMYJIIbI B IIEPBOII M TPEThEIl CTPOKAX:

G(-0 AX(cend)) = X(v)) A
G( v AX(cndz) = =X(0)) A
G(—o A =X(cnd;) = —X(v)) A G(v A =X(cnd;) = X(v)).

I[Toce mpeo6pasoBanus momyunm nmieparusryo LTL-ciennduxanmio mosegeHus 6y1eBoii TepeMeHHOIL:

G(-0 AX(cnd)) = X(v)) A
G( v AX(cndz) = —X(v)) A
G(=[-v A X(cnd;)] A =[o AX(cndz)] = [v & X(v)]). 9)
Hanee popmyiry (9) 6ymeM MCIOIB30BATh NI IIOCTPOEHNS MMIIEPATUBHOTO KOZIa IPOTPAMMBL.

Otmerum, uro BHyTpeHHIe tepemenHsble [LIY moryt nmeTs m:0601t THIT — He TOAbKO OyieB. B atom ciy-
yae UX IIOBeIeHIe OMICHIBAETCS C ITOMOLIBI0 HeknapaTuBHoM LTL-cnienndukaunn obutero suna (1).

4. LTL-cneuudukanusa noBegeHusa okpyxkenus IIJTY

CornacHo mpezyaraeMoMy B JaHHOJ paboTe IIOAXOAY ITOBeAeHME OKPY)KEHUS IIpeACTaBIIseT coboil
IoBefieHMe BXOAHBIX IepeMeHHBIX LIV u MEMMBIX maTumkoB. [loq MHMMBIMY HaTUMKaMU ITIOHMMAIOTCS
IOTIOTHUTENIbHBIE OyJIeBBl IlepeMeHHbIe, ONVICHIBAIOIIMIEe COCTOSHIS KOMIIOHEHTOB U3 OKpy)XeHus. Ilenp
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BBEIEHIS MHMMBIX JaTUMKOB COCTOUT B KOMIIEHCALIY HEJOCTAOIIMX TAaTUNKOB I OTCIEKIBAHMS CIIe-
UMUIECKOTO MTOBENEHNS, KOTOPOe HEOOXOAMMO YUEeCTh IIPU 3aJaHUM PEATUCTIYHOTO ITOBEAEHNUSI BXO-
o ILTY. Kak yke 6bLJI0 OTMEUEHO, B HACTOsAIIEN paboTe MBI OTPAaHUUMBAEMCS PACCMOTPEHEM TOJIBKO
HJIY — nporpaMM C 6YJICBI)IMI/I BXOOHBIMU U1 BBIXOOHBIMIU HePEMeHHbIMI/I. HOBCI[CHI/IC BXOOHBIX HepeMeH—
ubIx [UIY 1 MHUMBIX HaTUMKOB SIBJILETCS aOCONIOTHO HeleTEPMUHUPOBAHHBIM, TaK KaK He OMMCHIBAETCS
B pexnapatusHo LTL-cnienudukanny. Ux noemgennue 6ygeM 3agaBaTh IIyTeM HAJIOXKEHNUsI OTPAaHIUEHIIT
Ha aOCOIIOTHBII HeJeTEPMIHU3M.

ABTOMaTHas MOJENb a0COTIOMHO20 HedemepmuHusMa OyIIeBOIT ITepeMeHHOI IIpecTaBiIeHa Ha puc. la.
U3 rpada nepexoqoB BUIHO, UTO IIepeMeHHAsI MOXKeT IPUHUMATD J00ble 3HaUeHV He3aBUCUMO OT BHEIII-
HUX yCIOBUIL. ABTOMATHAsI MOJENb 02PAHUUEHHO020 HedemepMUHU3Ma OyIIeBOIT IIepeMeHHOI IIpeCTaBIeHa
Ha puc. 1b. Kayxaplit 13 ueThIpEéX BO3MOKHBIX IIEPEXOI0B IMEET OTpaHNUEHIE: ITEPEX0/ BO3MOYKEH TOJIBKO
IIpY BBIIIOJIHEHNY YKa3aHHOTO Ha HEM YCIIOBUSA cond;j, BRIPa>KEHHOTO B BUJI€ IIPOIIO3MUIIMIOHAIBHOI (op-
MYJIBL, TRe i ¥ j — MICXOHOE ¥ HOBOe 3HaueHUs OyJIeBoil IlepeMeHHOIT cOOTBeTCTBeHHOo. Hanpnmep, ecinn
nepeMeHHas u3MeHIIa cBo€ 3HaueHne ¢ False na True, To 06s3aTeIbHO BBIMTOIHAETCS YCIOBUE condy; B TOT
MOMEHT, KOTJla 3HaueHue rnepeMeHHol paBHo True. Takum o6pazom, cond;j ABNAETCA TOIBKO HE0OX00UMbLM
(He sBNIIETCSA 0OCMAMOUHDIM) YCIIOBIIEM [IJISL COBEPIIIEHNS ITEPEXO/A.

condyg
(Fatse T ue CFatse 3D i

true true condy, condy;
cond
11
(a) (b)
Fig. 1. Nondeterminism of a boolean variable: Puc. 1. HegeTepmuHM3M 6yneBoli nepemMeHHOoN:
absolute (a), constrained (b) abCoNOTHBIN (a), OrpaHnYeHHbI (b)

Ha puc. 1b xaxmas meTis uMeeT JOMOIHNUTEIBHOE YCI0BHIE infy, BoipaskeHHOe B Bune LTL-hopmysr,
I'e X — 3HaueHue OyJeBOJl IepeMeHHOJ IIPY COBEpLICHNN NaHHOTO Ilepexofa. «3aanuiaHue» B COCTO-
aaun x (OeCKOHeUHOe COBepIIIeHNe [Iepexoa B 9TO COCTOSHIYIE IIO IIeTJIe) paspelleHo TOJBKO IIPY BbI-
MOIHEHUM YCIoBus infy. B c¢BA3u ¢ atmM B rpaduueckoil HoTaluu Iepel yCJIOBUEM inf, CTOUT 3HAK
GeckoHeuHOCTH «oo». Hammpumep, ecitu nepeMeHHas n3MeHmia cBoé sHauenne ¢ False Ha True u HaumHas
¢ atoro momeHTa uctunda LTL-popmyna inf;, To «3anunanme» B cocrosuuu True pasperreHo. Takum
00pasom, inf; ABISETCS HE0OX00UMbIM YCIIOBUEM IS «3aTMITAHNS».

dopmanusyem BbienpusBenéHHoe omnmcanme — LTL-cnenndukanus ozpaHuueHHo HedemepMuHUpPO-
6aHHO020 TIOBeTeHNs OyIeBOII IlepeMeHHOI MeeT BU:

G(—v A X(v) = X(condy))
G(—v A =X(v) = X(condy) )
G( v A=X(v) = X(condy))
G( vA X(v) = X(condyr))
G(G(-v) = info) A
G(G( v) = infi). (10)

A
A
AN
A

IepBBIe ueThIpe CTPOKY (POPMYIIBI OIIMCHIBAIOT HEOOXOAMMBIE YCIOBMSI IIPU COBEPIIIEHNY KaXKOTO U3 Ue-
THIPEX mepexoqoB. OTMeTM, UTo eciiu, Harpumep, condy; = 1, o nepexon us False B True Bcerma paspemiés,
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ecnu condy; = 0, To — Bcerma 3ampernéH. [locmenume gBe cTpoky GOPMYIIBI OINCHIBAIOT HEOOXOMMMbIE
YCIIOBUS IPU «3IUIAHNN» B KOKIOM M3 cocrosHuit. Hanpumep, mociaenHss crpoka GOpMyIIbl YTBEp-
JKIAET, UTO BCETra, eCJIM MPOU30IIUIO «3aannanme» B coctosaun True (Bcerma v = True), o LTL-dopmymna
inf] BBIOJHAETCS B HAUAIBHBI MOMEHT 9TOTO «3JIMITAHIS».

C nomorupio Gopmynst (10) MoKeT OBITH OMICAHO KaK HEeJETEPMUHIPOBAHHOE, TaK U JETEPMUHUPO-
BaHHOE II0BeeH1Ie OyJIeBOII TepeMeHHOIL. ECiiy yCcTaHOBUTH ClleAyIOIIie OTpaHMYeHS: condyy = —condyy,
condy; = —condy, infy = 1, infiy = 1, To nmonyunm pexknaparnBHyio LTL-cmenmduxkaimio moBeneHms
OyneBoit nepemenHoii (7), rme cnd; = condy; u cnd, = condyy. Takum obpasom, mexnapatuBHas LTL-
creruUKAIIIo MOBeeHns OyIeBoil mepeMeHHOI (7) aBnsgerca yacTHBIM ciaydaeM LTL-cnienmdukanmm
OTpaHNUeHHO HeleTepMUHUPOBAHHOTO IToBexeHus (10).

Harnee popmyiy (10) GymeM MCIIONB30BATH IS ONMMCAHUA OBeneHms okpyxenus [IJIY. IIpu atom pe-
KOMeHAyeTcs yciaoBus condgy, condy;, condyg, condyy, infy, infi 3amaBaTh MaKCUMAaJIbHO CIAObIMU, UTO-
661 LTL-crrerumkanus qOmycKaaa Kak MOKHO OOJIbIiIe BOSMOKHBIX IYTEl, IYCTh Ja)Ke He CYIIeCTBYIO-
mux. B atom cinyuae noegenue KOC Gynmer umers Gosbitie myTeii, ueM B peiictButenpHoctu. Ecan LTL-
crierudukanus KOC sagaér muoxecTBO mmyTeit IT7, a paxkruueckoe muoxecrso nmyreit I € IT*, rous IT* = ¢
crenyer I | ¢, rme  — npoBepsieMoe cBOICTBO. TakuM 00pa3oM, He HY)KHO CTPEMUTHCA OMUCHIBATH
MaKCUMAaJIbHO PEATNCTUYHYI0 MOENb, HY>KHO BBOINUTD TOJIBKO CaMble OUEBUAHbIE OIPAHNUEHMS, YTOODI
3aXBaTUTh KaK MOKHO OOJIbIIIE ITyTell 1 OTOPOCUTH KaK MOYKHO MEHBbIIIE. A IIPU ITOIIBITKE OIIMCAHS MaKCI-
MAaJIFHO PeaNuCTUUHO MOAENN II0BeeHsI BOSHIKAET PUCK OTOPOCUTH ITyTH, BXoasAye B I — momyunm
mHOoecTBo I1™ C II. B aToMm cinyuae Bepudukarus 6yner IpoBOAUTHCS Ha HEKOPPEKTHOI MO, UTO CTa-
BIT ITOJ{ COMHEHM IIOJIyUeHHBIiT pe3ynbraT, Tak Kak u3 [I~ |= i He cnenyer I1 |= ¢

5. LTL-cmenuduxamus moBegeHNUs YCTAHOBKM JISI JINTHS ILIACTMACC
5.1. OmnmcaHue yCTaAaHOBKIU IJIS JIMThS IJIaCTMACC

B xauectBe npumepa paccmorpuM LTL-criennnkanmro mosegeHns 3aMkHyTol1 cucteMsl «[LIY-OY» —
YCTAHOBKM JJIS JIUThS ILIACTMACC, CXeMa KOTOPOJT IIpefcTaBiIeHa Ha puc. 2. 'paHyIMpoBaHHBII IIACTUK
xpaHuTtcs B OyHKepe (Storage Bunker for Granular Plastic) 1 ¢ moMoIIbi0 IIIHEKOBOTO MeXaH/3Ma II0aun
(Feed Mechanism) tparcnoprupyercsa B mosarop (Dosing Unit) mpu orkpertoit kpoitke (Lid). Josatop
MMeeT 3NIeKTpuuecKuil HarpeBaTenb (Heater) nys IuiaBiieHMs TPaHyJ ILIACTUKA M BECOM3MEPUTENbHYIO
mwiatdopmy (Weighing Platform) nns onpenenenns co6crBernnoro Beca. Ilpu orkpeitom kiamnane (Valve)
pacILIaBIeHHBII IUTACTHK 13 [03aTopa II0 CIMBHOMY TpyOompoBoay nogaércs B aurelinyio ¢popmy (Form).
C nmomorsio koHBeltepa (Conveyor) oCyIecTBISIETCS TPAHCIIOPTUPOBKA (OPMEI CIIpaBa HAJIEBO.

Cucrema ympaBieHMs YCTaHOBKOI mmoctpoeHa Ha 6ase ITJIK — ero YIIO koopmuuupyer pa6oty 060-
pynoBanus. OmepaTop B3aMMOMENCTBYET C YCTAHOBKOI ITOCPEACTBOM KHOIIOK M JIAMII, PACIIOJIOKEHHBIX
Ha maHenu. B cocrase YIIO Boigenum ITJIY, unrepdeiic koTopoil mpencrasieH Ha puc. 3.

HNuTepdeiic B3aumMoeiicTBU ¢ IaHEJIbIO omepaTopa. Bxox PBStart npuHuMaeT KOMaHIy 3aIycKa
ycranosku (Plant Start Command) ot kaoniku (Button), pacrionoxertoi Ha manenu (Panel), Bxom PBStop —
KOMaHy HeMeJIeHHOro octaHoBa ycraHoBKM (Plant Stop Command), Bxox PBCompl — KoMaHy ILIIaBHOTO
3aBepiueHns pabors! yeranoBku (Plant Complete Work Command), Bxox PBConvr — KOMaHIy BKIIOUEHUS
kouBeitepa (Conveyor Turn On Command) B pyuHoM pexume.

Taxoke ImaHeJIb oleparopa cogepXuT psax jgamil (Lamps) s MHAMKAIAN TeKYIIUX PeXMMOB paboThI
u cocrosHmit. Beixox SysOn curnanmsupyert o BkioueHnu cucteMms! (System is On Mode) B aBTomaru-
ueckoM pexxume, Borxon Compl — o mporecce miaBHoro 3asepirenus paborst (Completion Mode), Bbrxon
FErr — 06 omn6ke nogaun muacruka B qo3arop (Feed Error), erxon CErr — 06 ornbke paboThl KOHBellEepa
(Conveyor Error), Beixon HErr — 06 ommbke paGorer Harpesarens (Heater Error), Beixon Disch — o pexn-
Me pasrpyskmu Iutactuka us mosaropa (Plastic Discharge Mode), Beixom Mltng — o pexume ITaBIeHUN
mnactuka (Plastic Melting Mode), Berxon Mlted — o 3aBepuiennn miasnenus miactuka (Plastic is Melted).
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Storage Graphic Notation:
Bunker for

Granular O Sensor

Plastic
O Imaginary Sensor

Feed I:] Actuator

Mechanism

Dosing
Unit

]
Form } Form }
- - | |
O ® > T conveyor ()
Fig. 2. Plastic molding plant diagram Puc. 2. Cxema ycTaHOBKM 4151 INTBA MlacTMacc

HNurepdeiic B3aumopericTBusa ¢ ycraHoBKoIi. YcraHoska (Plant) ocuamrena marumkamu (Sensors)
M MCIOJNHUTEIBHBIMU ycTpoiicTBaMu (Actuators). VIx pacmososkeHne m3o0paskeHO Ha pUC. 2, a Has3Ba-
HIS COBIIAMAIOT C COOTBETCTBYIOIIMIMI BXOHBIMI/BbIXOAHbIMY curHamamu [UIY. [JaTunky n3o6paskeHbl
B BIJI€ CEPBIX OBAJIOB, MICIIOJIHNUTENbHBIE YCTPOIICTBA — B BUJE CepbIX MPIMOYyTroiabHUKOB. Bxox IIJIY FS1
IIpUHUMAaeT CUTHAJ OT AaTumMKa Hammuums ¢opMel Ha nepsoit mosuunu (Form on Position 1) koHBeiie-
pa, Bxox FS2 — or marumka Hanuuus ¢opmsl Ha Bropoit mo3unuu (Form on Position 2) kouBeitepa, Bxox
OLS — or patumka oTkpbIToll Kperukn (Lid is Opened), Bxox CLS — ot gaTtumka sakpbitoit Kpbiku (Lid
is Closed), Bxom WS0 — ot marumka Beca o ToM, uto mosarop He myct (Dosing Unit is not Empty), Bxox
WS1— ot gaTumka Beca 0 TOM, uTo gosarop 3anonteH (Dosing Unit is Full), Bxox UTS — ot gaTumxa BbICO-
koIt Temmeparypst gosaropa (Dosing Unit Temperature at the Up Level), Bxox LTS — oT maTumka HU3KOI
temieparypsl gosaropa (Dosing Unit Temperature at the Low Level), sxom WTS — ot marumka paboueit
temreparypsl gosaropa (Dosing Unit Temperature at the Working Level). IInactuk miaBurcs npu pabo-
yelt Temieparype. Huskas n BrIcoKas TeMIepaTypsl Bbliile paboueit ¥ IpegHasHAUeHb! I YIIPaBIeHIIT
HarpeBaTeJIeM.
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Logical Control
Program Unit

Inputs Outputs
Plant Start Command System is On Mode
PBStart SysOn
Plant Stop Command Completion Mode
Panel: I o) nt Complete Work Command rostop N
ant Complete Work Comman ee rror
Buttons P PBCompl FErr
Conveyor Turn On Command Conveyor Error
PBConvr CErr .
Heat £ Panel:
HEPr eater Error Lamps
X Plastic Discharge Mode
Disch
Plastic Melting Mode
Mltng
Form on Position 1 Plastic is Melted
FS1 Mlted
Form on Position 2
FS2
Lid is Opened Turn On the Heater
OoLS Heater
Lid is Closed Turn On the Feed Mechanism
CLS FMech
Plant: Dosing Unit (DU) is not Empty Turn On the Conveyor
Sensors WSe Convr
DU is Full Low Speed of the Conveyor Plant:
Ws1 Lwspd Actuators
DU Temperature at the Up Level Open the Discharge Valve
uTsS Valve
DU Temperature at the Low Level . Open the Lid
LTS OpnLid
DU Temperature at the Working Level . Close the Lid
WTS ClsLid
The Feed Process is Timeout Start Feed Timer
FTmr.Q FTmr.In
The Heater Work is Timeout Start Heater Timer
PLC: HTmr.Q HTmr.In PLC:
: The Conveyor Work is Timeout Start Conveyor Timer :
Timers y CTmr.Q CTmr.In Y Timers
The Melting Process is Timeout Start Melting Timer
MTmr.Q MTmr.In
Fig. 3. Logical control program interface Puc. 3. VIHTepdelic nporpamMMbl 10r1M4eckoro

ynpasneHuna

Brixon ILIY Heater momaér curHan BriroueHns HarpeBarens (Turn On the Heater), Berxox FMech —
curHai BKiIoueHns Mmexauusma rnogaunt (Turn On the Feed Mechanism) ruractuka, Berxon Convr — cUrHaJI
BrutoueHus xouseiiepa (Turn On the Conveyor), Beixon LwSpd — curtan ycTaHOBKY IIOHVDKEHHON CKO-
pocru xouseitepa (Low Speed of the Conveyor), Berxon Valve — curaam oTKpbITUS BBIIYCKHOTO KilallaHa
(Open the Discharge Valve), Beixon OpnLid — curuan orkpertus kpoimku (Open the Lid) qosaropa, Beixon
ClsLid — curnan 3akpsitus kpbiuku (Close the Lid) mosaropa.

HNHaTepdeiic B3aumonpeiicTBuA ¢ TaiiMepamu. {11 paboTsl ¢ BpeMeHHbIMU MHTepBasiamu YIIO IIIK
(PLC) comepsxurt taitmepst (Timers). Bxox ILUIY FTmr.Q mpuHMMaeT CUTHAJT OT TaiiMepa 00 MCTeUeHUN
Bpemenu nporecca mopauu (The Feed Process is Timeout), Bxom HTmr.Q — curHain o6 ncTeueHUN BpeMe-
Hu niporpesa Harpesarteis (The Heater Work is Timeout), Bxox CTmr.Q — curHai o6 ucTeueHun BpeMeH
oxxupanus nogauu popmsl kouBeitepom (The Conveyor Work is Timeout), Bxom MTmr.Q — curHai o6 ucre-
ueHnu BpemeHn npouecca mwiasienus (The Melting Process is Timeout). Beixone: ILIY FImr.In, HTmr.In,
CTmr.n n MTmr.In npenHa3sHaueHbI IS 3aIlycKa BBIIIEYKa3aHHBIX TaliMepoB. Takum obpasom, ILIY
IIOJIyuaeT CUTHAJBI 0OpaTHOI CBA3M OT HATUMKOB ycTaHOBKY U TaitMepos ILIK.
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Pabora ycranoBku. [Ipu monyuenun xoMmaHas! 3amnycka ycranosku (PBStart) BKiIiouaeTcs: perysupo-
BaHIeE TeMIIepaTyphl i HaunHaeTcs pabota 060pyA0BaHMs 110 HUKIY. PeryisaTop temmeparypsl paboraer
BHe I[MKJIa U IIOgOepuBaeT pabouyio temmeparypy (WTS): Bkiarouaer Harpesarens (Heater) mpu mo-
HypKeHNN Temiepatypst (—LTS), Beikitouaer (—Heater) — npu nossienun (UTS), roe —LTS o3nauaer
LTS = False. Ecnu paGora HarpeBareis He II03BOJISET AOCTUYD paboueit Temiepatypsl (WTS) B TeueHne
3a[JaHHOTO0 BpeMeHU JJIN IIPOM3O0IILIO0 CHIDKeHue TeMIreparypsl (- WTS) npu BKIIOUEHHOM HarpeBarele,
TO ycTaHaBIMBaercs ommbka ero paborsr (HErr).

PaccmoTpum nmki pabotsl 060pymoBaHMs yCTAaHOBKM. V3HAUANbHO BKIIOUAETCS MEXaHWU3M IIOAAUMN
(FMech) n monmep»xuBaetcs ero pabora o TexX MOp, ITOKa He cpaboTaer maruuk Beca (WS1), curHanusupy-
OIINMIT O 3aroTHeHuN fo3atopa. Ecin Bpems npouecca mogaun Beinuio (FImr.Q) u qo3aTop He 3aIlONHEH,
TO BBImaercs curHan owmbku (FErr) m pabora ocraHaBiamBaercs. [JaHHas OmMOKa MOKET BO3HUKHYTb
13-3a IyCcTOro OyHKepa MIIM ITOJIOMKM MeXaHyu3Ma II0Jaul.

[TapajuteTbHO ¢ MeXaHM3MOM II0fauM BKIHO4YaeTcs KoHseitep (Convr), KOTOPBI TpaHCIIOPTUPYeET Gop-
My B HaIlpaBJIEHUN CIIpaBa HajeBO K MeCTy I JInThs. Kaxmas popma ocHalieHa MeTKOI (Y€pHBIIL Ipsi-
MOYTOJIBHIUK Ha pUC. 2), Ha KOTOPYIo pearnpyioT patunku FS1u FS2. Tlpn moctiskeHun gopmoii (BeraesreHa
LITPUXOBOI nHMelt) neppoit mosuimu (FS1) kouseiiep cHmkaer ckopocts (LwSpd). Hanee tpancmopru-
POBKa IIPOOOJDKAETCA Ha ITOHIVDKEHHON CKOPOCTY IJIS IIOBBILIEHVSI TOYHOCTY KOOPIOVHATHI OCTAHOBKIL.
Konseitep ocranasnusaercs (—Convr), korga ¢opma (BbleneHa OCHOBHOI JIMHMEN) TOCTUTHET BTOPOIL
nosuumu (FS2). Ecnn Bpems pa6oTsl koHBeliepa Boinio (CTmr.Q) u dopma He Ha Bropoii mo3uuuu (—FS2),
To BBIgaercs curHan omm6ku (CErr) u paboTa yCTaHOBKM OCTaHaBIMBaeTcs. IIpeqrosaraeTcs, 4To KOH-
Beilep Bcerga paboraer MCIpaBHO M NpumumHoit oitubku CErr MokeT ObITH TOJNBKO OTCYTCTBME (HOPMBI
Ha JIEHTe KOHBellepa.

ITocne 3amonHeHns mo3aropa ero Kpsiinka 3akpsiBaercs (ClsLid) n akTuBupyeTcs pasrpy3ouHblil pe-
skuM (Disch). Eciu kpeitnka 3akpsita (CLS) u mosatop umeer paGouyro remmeparypy (WTS), o 3amyckaercst
taiiMep orcuéra BpemeHnn rasinenus (MTmr.In). Ilo ucreuenun gauuoro spemern (MTmr.Q) ecin dopma
HaxomuTCs Ha paboueit mosuumu (FS2), To orkpsiBaercs kinanaH (Valve) ms eé sanonuenns. Ilocie omycro-
ureHus gosaropa (— WS0) knanau 3akpsiBaercs (— Valve), Ha HopmansHOI ckopoctu (—LwSpd) Brinrouaercst
kousettep (Convr) 1 ocBOGOKIaeT MecTo A1 HOBOI ¢opMbl. Takxke 3akpsiTue KiamnaHa (—Valve) Bieuér
orkpeiTue kpbituku (OpnLid) mosaropa. Iocie eé orkpbrtus (OLS) nukit paboTs MOBTOPSIETCS.

O pabore ycTaHOBKM B aBTOMaTUUECKOM PeKMMe CBUAETeNbCTBYeT curtan SysOn. [Ipu Hammyun ro-
601t o6k (FErr, CErr, HErr) Wiy Ha)KaTuu KHOIIKU octaHoBa (PBStop) paGoTa ycTaHOBKU HeMeIJIEHHO
npekparttaercs. [loBropHoe Haxatie KHOnKK PBStop mpuBomuT k cOpocy curHaiaos o6 ommbkax. Haxa-
TUe KHOIIKM BKJIIoueHust KoHseitepa (PBConvr) 3amyckaer ero (Convr) B py4HOM PeXUMe U OTKIOYAeT
aBTOMATMUECKUIT pexxuM paboTsl ycranoBku (—SysOn). Kuonka rraBHoro sasepirenus pa6orsl (PBCompl)
yCTaHaBIMBaeT CIIeNUaIbHbIN peskuM (Compl), KOTOPBINT 3aBepIIIaeT TeKy LML IIMKII Y He HauMHaeT HOBBIIL.

5.2. LTL-cmemuduxanusa nmosemenus IIJIY

PaccmoTpum pexnaparusHyto LTL-cnenmudukarmio moseneHns nepeMeHHoir Heater, KoTopas ynpas-
nsgeT paboTol HarpeBaTels:

G(—Heater A X(Heater) =  (X(SysOn) A =X(LTS))) A
G( —Heater A =X (Heater) = —(X(SysOn) A =X(LTS))) A
G( Heater A =X(Heater) = (=X(SysOn) vV X(UTS)) ) A
G( Heater A X(Heater) = —(=X(SysOn) v X(UTY)) ). (11)

Bxirouenne HarpeBatens (—Heater A X(Heater)) mpoucxomut nipu pabore cuctemsl (SysOn) u oTHOCH-
TEJIBHO HU3KOM ypOBHe TeMIteparypsl (orcyTcrByer curHan LTS). HarpeBarens Beikitiouaercss (Heater A
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—X(Heater)) npu otkiroueHun cucreMsl (SysOn) wim Ipy KOCTYDKEHNM BHICOKOTO YPOBHS T€MIIEPATYPBI
(mpucytcrByer curnan UTS).

AmnanornuaeiM o6pa3oM 3aJafyM IIOBeeHIe BCeX IIepeMeHHbIX IIPOrpaMMbI B BI[E AeKJIapaTUBHOI
LTL-cnenudukaiuy B CHHTaKCHCe MHCTPyMeHTa nuXmyv (cM. mpuitoxeHnue 1). OTMeTM, uTo [JIs oIuca-
HIS TIOBeIeHN IIPOrpaMMBbl ObLla BBeJleHa OHA JOIOJHNUTeIbHAI BHyTpeHHAS OyieBa nepeMeHHas Fin,
KOTOpast CUTHATIM3UPYET O HeOOXOAMMOCTY 3aBepliieHus rporecca paborsl. OHa IOTyJYaeT MCTUHHOE 3HA-
yeHne, ecau 6o ObUT aKTUBEH peXUM IUIaBHOTO 3aBepinenus (Compl) mpu otkperToit 3acnouke (OLS)
M OIIyCTOLIEHHOM I03aTOpe (= WS0), nu6o BeIcTaBiIeHa XOTs ObI ogHa u3 owmbox FErr, HErr, CErr, nu-
60 Haxata kHonKa PBStop mnu kHonika PBConvr. B mpotuBHOM ciayuae curdan Fin cOpacbiBaeTcs.

5.3. LTL-cumemuduxanusa noBemeHus okpyxeuus [1JTY

Paccmorpnm noctpoenne LTL-crienmdukaimu noBegeHus 11 [aTUNKOB KoHBeltepa. [Ipenmoiaraercs,
YTO IOBefleHNe aTUMKOB IoJoKeHusa popmsbl FS1u FS2 B3aumocBsasaHo: qatunk FS2 He MokeT cpaboTars,
€CJIM 10 9TOro He cpaborain gaTuuk FS1. VI3 puc. 2 BugHO, uTo popMa MOKET HaXOAUTHCS B IIPOMEKYTOUHOM
MTOJIOKEHNY MEKIY OBYyMs AaTUMKAMIU, KOTJA HU OOUH M3 HUX He BBIAeT CUTHAIA O HATMYNU (OPMBI.
Taknm o6pa3om, Ui OMMCAHMS IIOBedeHUs naTumka FS2 HEBO3MOXKHO MCIIOIB30BATHh TOJIBKO TEKYLIIE
IMoKasaHUs gaTumka FS1 — 9T0ro HeJOCTATOUHO, HYKHO 3alIOMUHATD, UTO AaTumK FS1cpaborai B mpouuioMm
IO MOMeHTa cpabarbIBaHMs gatumka FS2. s 9Tov 1enu BBeXEM MHUMBIN AaTYMK Hanmuuust ¢popmel [FS
(Imaginary Form Sensor) mexxny matumkamu FS1 u FS2. Munmsiit gatunk IFS n3o6paskéH Ha puc. 2 B Buje
OBaJIa C He3aKpallleHHBIM QOoHOM. [aHHBIN HaTUMK OyXeT MCIIOJIb30BATHCA IPY OMVCAHUY ITOBEXEHVII
matumka FS2: marumk FS2 He MokeT cpaboTaTh, €CIM B 9TOT MOMEHT He mcue3aeT curHan marymka IFS.
dopmanpHO onuieM mmoBefeHue gatunka FS2 cormacuo (10), momxyumm:

G(—FS2 A X(FS2) = IFS A =X(IFS) A =FS1 A =X(FS1) A Convr) A
G(—FS2 A =X(FS2) = true) A
G( FS2 A =X(FS2) = —IFS A =X(IFS) A =FS1 A =X(FS1) A Convr) A
G( FS2A X(FS2) = —IFS A =X(IFS) A =FS1 A =X(FS1)) A
G(G(—FS2) = true) A
G(G( FS2) = F(G(=Convr))). (12)

A U W N

ITepBas crpoka ¢opmyunl (12) ommchIBaeT HeOOXOAMMBbIE YCIOBMS [JIS BKIIOUeHMs garyuka FS2: maTumk
IFS 611 BKIIIOUEH, a ceifuac OTKIIOUEH, faTunK FS1 ObLT OTKIIIOUEH U celluac OTKIIoUéH, KoHBeitep (Convr)
ObLT BKJIIOUEH B IIpebIAYINNII MOMEHT BpeMeHMU. [Ipy BBITOJIHEHUY JaHHBIX yCIOBUI qaTunk FS2 Moxxet
BKJIFOUMTBCSI, @ MOYKET VM OCTaThCS B BBIKJIIFOUEHHOM COCTOSIHUY, TaK KaK HEIIOCPEICTBEHHO Ha 3TOT IIEPEX0T
He HaKJIaabIBaeTCs HUKAKUX orpaHmnueHnii (cTpoka 2). Ilpu orkmrouenun narumka FS2 taxxke 006g3aTebHO
IOJDKeH paboTaTh KOHBelep B IPeObIAYIIIIT MOMEHT BpeMeHHU (CTpoKa 3). ITo oTpaxkaer TOT PakT, UTO pa-
6oTa KOHBeliepa ABJIIETCS IPUUNMHON, a CMeHa COCTOSHMS JaTuMKa ciaefcTBueM. IIpuunHa u ciaencTsue
He MOTYT ObITh OHOBpPEMEHHBI — CJIELCTBIE IIPOSBIISIETCS IT0CTIe IIPUUNHEL

«3anumnanne» garunka FS2 B cocrosiunm False ROIyCTIMO IIpM JTIOOBIX YCIOBUSX (cTpoKa 5). OHO MOXKeT
IIPOM30MTY U3-3a OTCYTCTBUA popMbl. Takum o6pa3oM, popma HUKOTAA He JOCTUTHET IIOJIOKEeHNS IJIs Cpa-
GarerBanus qaTumka FS2. «3anunanme» garunka FS2 B cocrosauu True paspeleHo, TOIBKO eCiit KOHBeep
B KaKOJI-TO MOMEHT OCTAHOBUTCS ¥ OOJIbllle HIKOTgA He BKIOUMTCI (cTpoka 6). Takum o6pasom, popma
HIKOT/Ia He CMOXKeT IIOKMHYTH I10JI0KeHue cpabareiBanmus qarumnka FS2. B urore popmyina (12) omucsiBaer
BO3MO’KHOe II0BefjeHIe CUTHaIa 00paTHol cBa3y FS2 mpu yIipaBisgiolieM BO3IeICTBII Ha KOHBeliep.
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IloBemenme mHMMOrO matunka IFS nmeer Bun:

(~IFS A X(IFS) = —FS2 A ~X(FS2) A FS1 A =X(FSI) A Convr) A
(=IFS A =X(IFS) = true) A
( IFS A -X(IFS) = —FS2A X(FS2) A ~FS1 A ~X(FS1) A Convr) A
( IFSA X(IFS) = —FS2 A =X(FS2) A ~FS1 A =X(FS1)) A
G(G(=IFS) = true) A
G(G( IFS) = F(G(=Convr))). (13)

G
G
G
G

N U s W N =

IIpm Bximrouenuu pgatumka IFS mpomcxonuT oTKIOUeHMe nartumka FSI, matumk FS2 He MeHseT CBoOero
COCTOSIHMSI — OCTaeTCsI OTKIIOUEHHBIM (cTpoKa 1). OTkirouenne qatumka IFS conpoBoKaaeTcs: BRIIIOUeHIEM
nmatumka FS2, matumk FS1 ocTaercs OTKIIOUEHHBIM (CTpoKa 3). YCIoBUA [ «3aTUMAaHUI» OaTunkoB IFS
n FS2 coBnaparor (CcTpoku 5 u 6).

IToBemenme ocraBiIerocs maTumka KoHBeliepa FSI mMeeT BUI:

G(-FS1A X(FS1) = —FS2 A =X(FS2) A =IFS A =X(IFS) A Convr) A
G(—FS1 A =X(FSI) = true) A
G( FS1A-X(FS1) = —FS2 A -X(FS2) A =IFSA X(IFS) A Convr) A
G( FS1A X(FS1) = —FS2 A -=X(FS2) A =IFS A =X(IFS) ) A
G(G(-FS1) = true) A
G(G( FS1) = F(G(=Convr))). (14)

AN W N =

IIpu BriroueHny patumka FS1 KoHBeliep paboTal B IpeAbIAYIINII MOMEHT BpeMeHU, gaTunku FS2 u IFS
OCTAIOTCA B BBIKITIOUeHHOM cocTossHuM (ctpoka 1). [Ipu orknrouenun natumka FS1Takxke paboTan KOHBeep,
matuuk FS2 ocraércsa B BBIKJIIIOUEHHOM COCTOSHUM, HaTunK [FS BKIIrouaeTcs (CTp0Ka 3).

Otmerum, uro 3aganas LTL-cnennduxkanus nmosegerus rpyumnst qatuukos FS1, FS2, IFS 3agaét mruo-
BeHHBIE IUKINUECKIe 3aBUCUMOCTI MeXIy HUMU, UTO 3allpelleHo B gekitapatusHoil LTL-cnenunduka-
Umn (1) 1 €€ YaCTHOM CiIydae (7) Hanpumep, us (14) B CTpOKe 1 BUIHO, UTO BKJIIOUEHIE AaTumka FS1
3aBIICUT OT TEKYIL[ETO COCTOSHMA maTumka FS2, KOTOpbIil HOJKeH ObITh BhIKTIOueH (—X(FS2)). A us (12)
B CTpOKe 1 BUIHO, UTO BKIIIOUEHME AaTumKa FS2 TakKe 3aBUICUT OT TEKYILEro COCTOSIHMSA maTumka FS1, KoTo-
PBIi TOXKe ToyKeH ObITh BeikiIoueH (- X (FSI)). Takum o6pasom, popmysast (14) u (12) 3agaroT MTHOBEHHYIO
LIMKINYECKYI0 3aBUCUMOCTh Mexay marumkamu FS1 m FS2. LTL-cnenmdukarius orpaHnMUeHHO HexeTep-
MUHUPOBaHHOTO noBefeHus (10) JomycKaeT TaKOM CIIoco0 OMMCAHNUS 3aBICIMOCTEN — 9TO 00ecIieunBaer
JOIIOTHUTEIbHBIE BhIpa3UTeIbHbIE BO3MOXHOCTY IIPU 3aJaHNY IIOBENeHNSI OKPY>KeHMA. 3aIIpeT Ha MTHO-
BeHHbIEe HUKInUecKue 3aBucumoctu (5) B gexknaparusnoit LTL-cienudukanny BBegéH M1 BO3SMOXKXHOCTI
€€ TpaHCIAUUM B IIOCJIEIOBATEJIBHO MCIIOIHAEMBI KO Ha MMIIEPAaTHBHOM SI3BbIKe IIPOrPaMMIPOBAHIIA.

IloBenenme Tpéx MATUMKOB KOHBeiiepa OBLIO OINMCAHO COIJIacHO I1a6ioHy (10), KOTOPBI AETATHHO
OTpa)kaeT BCe YCJIOBUA [JISI IIEPEXO0B U «3aIunanuii». OqHaKko Ipy 3aJaHNI ITOBeIeHNs B3aMOCBI3aH-
HOJ TPYIIITBI [IepeMEHHBIX MOKET BO3HUKHYTH IPOTUBOPEYNIe VTN N30BITOUHOCTD. [{J151 MCKITIOUeHNS TaH-
HBIX IIpO6JIeM IpezaraeTcd B mpotecce paspaborku LTL-crermukaiuy BEIIOIHATS aHAINS CBA3aHHOI
IpYIIIBI IEpEMEHHBIX C IIOMOIIBI0 MHCTpYyMeHTa 411 paboTs! ¢ LTL-bopmymamu Spot. Bce LTL-popmyns
B (10), koTOpbIe UMeIOT 3HaueHUe Irue B MPABOI YACTY MMILIMKAI[MK, M30BITOUHBI, TaK KaK SIBJIIIOTCS
TOXKIECTBEHHO VICTMHHBIMMI ¥ He HAKJIa[BIBAIOT HMKAKUX OTPAaHMUEHUI Ha IIOBEJEHIE, II03TOMY MOTYT
651Th nckiouensl 13 LTL-cnierubukanuu — ato crpoku 2 u 5 popmy (12), (13), (14). Ilocie ux ynanenus
IOJIyYuM 35KBMBaJIeHTHYI0 LTL-crienmdukanmio MoBeaeHNI (sens IPYIIBI gaTuukoB FSI, FS2, IFS. Tanee
C MOMOII[BI0 MHCTPYMeHTa Spot ObLIO BBISBIIEHO, UTO CTPOKA 4 B (12) ABISIETCS JIOTMUECKUM CIIENCTBUEM
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(sens TP 3aJAHHBIX HAYATBHBIX YCIOBUSIX: ~FSI A —FS2 A —IFS. Takum o6pa3oM, CTpOKy 4 MOKHO MC-
kifounth n3 LTL-cienuukanm @se,s. AHaJIOrMUHBIM 06pa3oM cTpoka 4 popmy:r (13) u (14) MoxkeT GBITH
JCKITIOUEHA U3 Pgens-

B urore ¢popmyisr (12), (13), (14) comepskar monHyo (M36BITOUHYI0) MHPOPMALIMIO IO KAKIOMY [AaT-
unky FS2, IFS u FS1 cOOTBETCTBEHHO, a COKpAIIEHHAsA CHELNPUKALIUA Psepns — TOIBKO HEOOXOOAUMYIO MH-
¢dbopmanmio s Beell rpymnnsl AaT4nkoB. Momndukanmsa crenudmukanum MoBeIeHNs OTXEIHO B3SITOr0
MaTYMKa MOJKET IPUBECTU K KapAMHAIHHOMY M3MEHEHUIO COKPAIEHHOM CrienuUKAIUA Qsens. 1109TO-
My peKOMeHIyeTcs pa3pabaThIBaTh U XPAHUTD ITOIHYIO CIelU(MKAINIO, a COKPALIEHHYIO UCIIOJIb30BaTh
npu Bepudukanmmn.

3amagum LTL-crienmdukanmio orpaHNveHHO HeAeTepMUHMPOBAHHOTO IIOBeJEHMsT OKPYKeHUS IIPO-
rpaMMBI B CMHTAaKCICe MHCTpyMeHTa nuXmv (cM. npuiokenue 2). OTMeTnM, YTO Ha IOBefeHIe KHOMIOK
He HaKJIaJbIBaeTCA HUKAKUX OTPAaHNYEHUIL, II09TOMY BBIIIOIHAETCS TOJIBKO MX MHMIMaIu3anmd. [loseme-
HII€ BCeX JAaTUMKOB U TalIMEpOB OIMICAHO BMECTe C VX MHUIMAI3AIINEIL.

Paccmorpum noBenenue tarimepa MTmr.Q u3 maHHOM crieriudUKaun:

0: -MTmr.Q
“MTmr.Q A X(MTmr.Q) = MTmr.In) A
“MTmr.Q A =X(MTmr.Q) =  true) A
MTmr.Q A =X(MTmr.Q) = —MTmr.In) A
MTmr.Q A X(MTmr.Q) = MTmr.In) A
G(G(~MTmr.Q) = F(G(=MTmr.In)) V G(MTmr.In = F(=MTmr.In)) ) A
G(G( MTmr.Q) = G(MTmr.In)). (15)

G(
G(
G(
G(

1
2
3
4:
5
6

VMsHauanbHO BBIXOM TaiiMepa BHIKIIOUEH (cTpoka 0). IIpy BKIIOUEHNMM TaliMepa ero BXOH HOJDKEH OBITh
yCTaHOBJIEH B IIpeABIAyINMII MOMeHT BpeMeHU (cTpoka 1). Curnan MTmr.In ABJsgeTcd yNIpaBISIOLIUM
BO3JeJICTBMEM Ha TaitMep, a MTmr.Q — curHangoM obparHoi cBg3n. TakuM 00pas3oM, TaiiMep — TaKol ke
o6bekT ynpasienus s IIIY, kak u TexHoIormdyeckoe obopynosanue. [Ipy Hammunym BXOJHOTO CUTHA-
Jla TajiMep MOXKeT M He BKJIIOUMUTHCS (CTpoKa 2). Bmecre cTpoku 1 u 2 3afaroT HeleTepMUHMPOBAHHOE
BKJIIoUeHue TaiiMepa. IIpy oTKIIoueHNn tajiMepa ero BXOJ HOJIKeH OBITh COPOIIEH B IIPebIIyIINIT MO-
MeHT BpeMeHI (CTpoKa 3), B IPOTMBHOM ClIyuae TaliMep IIPOJ0JDKAaeT OCTaBaThC BKIIOUEHHBIM (CTpOKa 4).
Crpoknu 3 1 4 3ajaI0T CTPOTO AeTePMUHNPOBAHHOE OTKJIIOUeHNe TaliMepa.

«3anumanne» TaliMepa B OTKIIOUEHHOM COCTOSHII BO3MOJKHO, €CJI HAUMHAsA C KAKOT0-TO MOMEHTa
BpeMeHN B OyayIieM BXOJ TaliMepa GoJIbIlle HUKOTIA He yCTaHABIMBAETCH VI BCETA IIOCJE ero yCTa-
HOBKI B OymyIeM cienyeT copoc (ctpoka 5). Takum obpasom, TaitMep ambo Gosblile He paboTaeT, Jn-
00 He ycreBaeT BbIE€PKaTh 3aJAHHBI MHTEPBaJl BpEMEH, II03TOMY MOKeT HIUKOTa He YCTAaHOBUTH CBOII
BBIXOH. Pasperum «3anmmnanme» TajiMepa BO BKIIOUEHHOM COCTOSHIUN IIPY «3JIMIIAHUI» €TI0 BXOTHOTO
curHana (ctpoka 6). Ha camom fesie maHHOe yCIOBHMe SBJISETCS JIMIIHUM — C ITOMOILBIO MHCTPYMEHTA
Spot 6bLIO IIPOBEpeHO, YTO CTPOKA 6 ABIIAETCS JIOTMUYECKUM CIeCTBMe CTpoKu 4. B mrore crpokm 2 u 6
MCKIIIOUAIOTCS Ipu moctpoeHun cokpamiénnoit LTL-cnenudukanum nmosegeHns raimepa.

6. LTL-crenudukamus cBOVICTB

3agamgum Tpebyemblit HaGOp CBOVICTB YCTAHOBKM I INThs rtactMmacc. Cpoitcrsa P1, ..., P15 m ux LTL-
(bopManmsauvm IpeaCTaBJIEHbI B tabanue 1, cBoiictBa P16, . . ., P28 — B Tabnuiie 2. B esom cneumbm(auma
csoitcte P = {P1,..., P28} mocTpoeHa Ha ocHOBe 11a0m0HOB: (1) yCTaHABIMBAOIINX GE30MIACHBIE COCTOA-
HISI TPYIIIIBI YCTPOIICTB, (2) HalleIeHHBIX Ha IIPOBEPKY BO3MOKHOCTY M3MeHEH sl 3HAUEHIT IIepeMEHHBIX,
(3) HakIaABIBAIOIINX OTPAHMUEHNS HA HOPSTOK paboOThI yCTPOIICTB B TPYIIILE, (4) OIpenesIoIINX IOBe-
IleHIe YCTpOICTB B HeKOTOpoM pexxkuMe. Mopgens noeperHus I1JIY ycraHoBKM JOKHA YAOBIETBOPATH
crerudukanuy cBoiicTs P.
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Table 1. Properties P1...P15 Ta6nuua 1. Ceoiictea P1...P15

CB-BO

Omnucanne u GpopmMannsanys

P1

G(SysOn = —(PBStop V PBConvr NV FErr V CErr NV HErr))

Bcer,ua, €CJIN CHCTEMA BKIIIOUE€HA, TO HEBEPHO, UTO Ha’KaTa KHOIIKA S3KCTPEHHOI'0 OCTaHOBA, KHOII-
Ka 3alTyCKa KOHBef/Iepa WJIN €CTh OLIMOKU (HOJla‘{I/I, KOHBeﬂepa in HaFPEBaTeJIH).

P2

G(—SysOn = —(Valve V FMech V Heater V OpnLid V ClsLid v Compl) A (Convr = PBConvr))

Bcerma mpu BBIKJIIOUEHHOJ CHCTeMe He paboTaeT HM OJHO M3 YCTPOJCTB (KJIallaH, MeXaHN3M
II0JJauM, HarpeBaTeJIb, IPMBOJ KPBIIIKI J03aTOpa), KpoMe KOHBelepa, a TAKKe He aKTMBEH PeXXKIM
IIJIaBHOTO 3aBepIlleHNs; paboTa KOHBelepa JOIycKaeTcd TOJIbKO 110 KOMaH/[e oIlepaTopa.

P3

G(FMech = =Valve A =OpnLid A —ClsLid) A G(Valve = —FMech A =OpnLid A —=ClsLid) A
G(OpnLid = —FMech A —~Valve A ~ClsLid) A G(ClsLid = —~FMech A =Valve A =OpnlLid)

Bsanmuoe uckimoueHue paboThI YCTPOJICTB: BCerma, ecay paboTaeT yKasaHHOE YCTPONCTBO,
TO BCe OCTaJIbHbIE YCTPOIICTBA IPYIIIIBI He paboTaloT.

P4

’G—|(Convr/\ Valve) ‘ Huxorma ¢opma He 3anmBaeTcss BO BpeMs eé IepeMelleHNI: KOHBelep
U pa3JIMBHOM KJIAIIaH HUKOT/A He paboTaloT OJHOBPEMEHHO.

P5

G(=(OpnLid v CisLid) = (CLS V OLS V =SysOn))

Bcerpma, ecam KpeIlka mosaTopa He IlepeMelliaeTcs (OTKpBIBAaeTCS MM 3aKPBIBAeTCs), TO OHA
HaXO[UTCS B KpaiTHeM ITOJIOXKeHMY (OTKPBITA MM 3aKpbITa) MIIU CUCTeMa OTKII0UeHa.

Pé6

’G(WS] = ﬁFMech)‘ Hosatop HUKOT[Oa He IepeIlojHAeTcd: BCET[a, €ClIM O03aTop 3aIlOJIHEH,

TO ITOogayda IIJIaCTMKa OTKJIIOUE€HaA.

P7

’ G(Valve = (FS2 A =Convr)) ‘ IIracTMK HHUKOTOA He pA3IMBAeTCsi Ha KOHBelep: BCerma,
€CJIV Pa3JIVBHON KJIalaH OTKPBIT, TO GOpMa Ha IIO3UIIIY ¥ KOHBEJIEp OCTAHOBJIEH.

P38

G([FErr A =X (FErr) V HErr A =X(HErr) V CErr A =X(CErr)] = X(PBStop) A =X (SysOn))

Opranmsanus c6poca oImMOOK B IIpOrpaMMe: BCETa, €CJIM OIIMOKa cOpollleHa, To ObLIa HajkaTa
KHOITIKA OCTQHOBA U CHCT€Ma OTKJIIOYeHa.

P9

G(—Valve A FS2 A WS0 = —[(FS2 A WS0) U (Convr A =PBConvr A FS2 A WS0)])

Becs miactuk qosaropa 3anmBaeTcs B ONHY GOpMY: BCera, ecy 3anBKa popMbl OpliIa IpepBaHa
(mosarop eIé He IyCT), TO IO BKJIIOYEHNSI KOHBellepa 03aTop OygeT OIlyCTOIIEH.

P10

G(Valve A X(=Valve) A X(FS2) A =X (WS0) = —=X(FS2 U (Valve A FS2)))

Huxornma He mponcxonuT nepenoaHeHNsa GopMBbI: BCera, eci KIallaH 3aKphIBaeTcs, pasrpysuB
IJIACTYK U3 J03aTopa B GOpMy, TO OH He OTKPOETCs IIOBTOPHO IIPU HAIMUNY TAHHOI (POPMBL.

P11

G(Valve A X(=Valve) A X(FS2) A =X (WS0) = —=X(~Convr U Valve))

TpaHcropTrpoBKa GopMBI KOHBeliepoM 00s13aTeIbHa MEKAY ABYMS 3aJIMBKaMu (POPMBI: BCETAA,
ecJIM KJIallaH 3aKpBIBAeTCs, pasrpysUB ILUIACTUK U3 J03aTopa B GOpMY, TO HeBEpHO, UTO KOHBeliep
OyIeT BBIKIIOYEH [0 CJIeyOIIero OTKPBITHS KilallaHa.

P12

G(—Valve A =WS1 A OLS = ~[-WS1U (Valve A =WS1)])

Bcerna, ecny go3aTop He 3aIlojIHEH, TO Pa3IMBHOM KJiIallaH He OTKPOETC O €ro 3alloJHeHMU.

P13

’ G(—FS2 A X(FS2) = LwSpd) ‘ Bcerpa, ecu cpaboran gaTumk Haamuus GOopMbI Ha BTOPOIL IIO-
3MILIY, TO KOHBElep TPAaHCIOPTUPOBAI HOpMY Ha IOHVKEHHOI CKOPOCTIL.

P14

’ G(—FS1 A X(FS1) = —LwSpd) ‘ Beerpa, ecnu cpaGotan matymk Haaudus GOpMbI Ha TIEPBOIT TO-

3UIIVIY, TO KOHBeJep TPaHCIIOPTHPOBaI GOpMy Ha HOPMAIbHOII (He ITOHVDKEHHOI) CKOPOCTIL.

P15

G(OpnLid A =X(OpnLid) A X(SysOn) = —FMech A X(FMech)) A G(FMech A —X(FMech) A
X(SysOn) = —ClisLid A X(CIsLid)) A G(Valve A =X (Valve) A X(SysOn) = —Convr A X(Convr))

[TocnemoBaTenbHOCTH PabOTHI YCTPOJICTB: BCEerda IpM BKIIOUEHHON CHCTEME IIOCJTE OTKPBITIS
3aCJIOHKM BKJIIOYAeTCd MeXaHM3M IIofadl, IIocjie MeXaHM3Ma IOoJauM 3acJIOHKa 3aKpBbIBAeTCH,
TocJie 3aKphITHUA KJIallaHa BKIJIIOUaeTcd KOHBellep.
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Table 2. Properties P16...P28 Ta6nunua 2. CeolictBa P16...P28

CB-BO

Omnucanne u popmannsaius

P16

G(FTmr.Q = X(=FTmr.Q)) A G(HTmr.Q = X(=HTmr.Q)) A G(CTmr.Q = X(~CTmr.Q))

Opranusanus paboThl ¢ TajiMepaMy B IIporpaMMe: BCEIAa, €C/IM YKa3aHHBIN TaiiMep cpaboTal,
TO B CJIEAYIOIIMII MOMEHT BpEMEHM OH OTKJIIOUEH.

P17

G(Convr A =FS2 A X(FS2) = X(=PBConvr = —Convr))

Bcerna, ecnu mpu paboTe KoHBeliepa cpadaThIBaeT HaTUMK Hanuuyst GopMbl Ha BTOPOIL ITO3MULINIA,
TO B 3TOT MOMEHT KOHBellep OTKJII0UaeTCs, ecIM He HajkaTa KHOIIKa 3aIlycka KOHBelepa.

P18

G(—FS2 A X(FS2) A X(SysOn) = =X((SysOn A —~Valve) U (SysOn A Convr)))

B KaXOyro OCTaHOBJIEHHYIO (popMy Imomaércs ILIACTMK: IIPYU IIOCTOSHHO paboTalroleil cucreMe
BCerya, ecay gopMa IoABMIACH IIOJ JO3aTOPOM, TO OyIeT OTKPBIT PAasIMBHOIN KJIallaH O BKJIIO-
YyeHVs KOHBellepa (He BepHO, UTO KJIalaH Oy[eT 3aKpbIT JO BKIIOUEHN KOHBellepa).

P19

G(Valve A =X (Valve) A X(SysOn) = =X ((SysOn A =FMech) U (SysOn A Valve)))

Mexny mnThéM GHOpM IPOVCXOAUT 3AIOJIHEHME N03aTOpa: IPY IIOCTOSIHHO paboTaloIIell CucTe-
Me BCeTJa, ecIM pasjIMBHOI KJallaH 3aKpBLICH, TO HEBEpPHO, YTO MeXaHU3M ITofaul IIacTUKa
B Ho3atop OymeT BHIKIIOUEH [0 CIEAYIOLIEero OTKPBITHUS KiIallaHa.

P20

G(ClIsLid A =X(CIsLid) A X(SysOn) = X(=OpnLid U (Valve V =SysOn))) A
G(Valve A =X (Valve) A X(SysOn) = X(—Valve U (OpnLid V ~SysOn)))

OrpaHnyeHns Ha IOBTOPHYIO pabOTy yCTPOJICTB: BCerpa IIpU BKIIOUYEHHOI CUCTeMe IIoCie 3a-
KPBITUA KPBIIIKYM OHA He OTKPBIBAETCA A0 TeX IIOp, II0KA He OTKPOETCSA pasIMBHOM KiallaH, I10-
cJle 3aKpBITHA KJIallaHa OH IIOBTOPHO He OTKPBIBaeTCA 1O TeX IIOp, II0Ka He OTKPOeTCs KPBIIIKa.

P21

G(—~OpnLid = F(OpnLid V =~SysOn)) A G(—ClsLid = F(ClIsLid v =SysOn))

Beckoneunas pabora yCTpPOJICTB II0 LIMKIy: BCETAa, ecIy paboTa 3acIOHKU IIPeKpaTmiIachk, TO
B OynyIeM oHa 00g3aTeIbHO BO300HOBMTCS. McKiTloueHe — KOTja cucTeMa OTKIIoUeHa.

P22

G(—=FMech = F(FMech V =SysOn)) A G(=Valve = F(Valve V =SysOn)) A
G(—=Convr = F(Convr V =SysOn)) A G(—Heater = F(Heater V =SysOn))

BeckoHeuHas paboTa yCTpOJCTB IIO LIMKJIY: BCErHa, ecly paboTa yCTpOICTBA IIPEeKpaTiach,
TO B OyayIieM oHa 00s13aTesIbHO BO300HOBMTCS. MCKIIIOUeHIIe — KOTOa CUCTeMa OTKII0UeHa.

P23

G(FMech = F(—FMech)) A G(Valve = F(—Valve)) A G(OpnLid = F(~OpnlLid)) A G(CisLid =
F(=CIsLid)) A G(Convr = F(=Convr V PBConvr)) A G(Heater = (F(—Heater) V G(=UTYS)))

KoneuHoe BpeMs pabOTHI YCTPOJICTB: BCETHa, €CIM YKasaHHOE YCTPOJICTBO BKIIOUMIIOCH, TO B OY-
OylieM OHO 00s3aTesIbHO OTKIUMTCA. VICKIroueHMS: [ KOHBeilepa — yOepsKaHMe KHOIIKU
ero paboThl, IJI1 HarpeBaress — HEBO3MOXKHOCTh JOCTUTHYTH TEMIIEPATYPBI €10 OTKIIOUEeHIS.

P24

’G(Compl = F(=~Compl)) ‘ Pe3yIpTaTMBHOCTD peXXyMa ILUIABHOTO 3aBeplLIeHVs] paboThl: BCEr/a,
€CJIM HAuaJloch IUIABHOE 3aBeplileHIe paboThl, TO OHO 00s3aTeIbHO 3aKOHUMTCSL.

P25

’ G(MTmr.Q = F(=MTmr.Q)) ‘ Opranusamnusa paboTel C TalilMepaMu B IIPOTpaMMe: BCET/A,
€CJIV TaliMep IUIaBJIeHNUs CpaboTal, TO B OyayLIeM OH OyqeT OTKIIOUEH.

P26

’G(Convr = (Convr U (FS2 Vv =SysOn))) ‘ HenpepriBHocts paboThl KOHBeliepa: Bcerfda, ec-
JIVL KOHBEVEP BKIIOUIIICA, TO OH paboTaeT 0 MOsBIeHUs (GOPMBI MIIU OTKIIIOUEHVS CUCTEMBIL.

p27

G[FMech = (FMech U (WS1V =SysOn))]

Hel'[peprBHOCTb 3arpy3kKm go3aropa: BCerjaa, €CJIM BKIIUIIICA ME€XaHV3M I10JauV, TO OH 6YJICT
pa6OTaTI> A0 3aIIOTHEHNA O03aTOpa MJIN OTKIIOUEHIA CICTEMBI.

P28

G[Valve = (Valve U (=WS0 V =SysOn))]

HermpepbIBHOCTS JINTHS: BCETAA, €CIIM OTKPBLICS PasIMBHOI KJIAIIAH, TO OH OyXeT OTKPBIT O OITy-
CTOLLIEHNSA 403aTOpa MM OTKIIOUEHNS CUCTEMBI.
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7. Iloctpoenme u Bepudukamusa SMV-cnenndukammmn

B LTL-cneundukanuyu moBefeHus OyJIeBBIX IIepeMeHHBIX He MCIIOIB3yIOTCSI BCIIOMOTaTeNlbHbIe ITe-
pemeHnHble U3 _V, m03TOMYy 3amaua HeIloCcpeacTBeHHOV Bepudukanmu mmeer sug cIS E (¢ = 1),
rae ¢ — LTL-crreru¢mkarms nosenennus [TV u eé okpyxenns, a y — LTL-crerinuxarms cpoiicts. Hero-
cpencrBeHHas Bepudukanms mexnaparuBHol LTL-crenmduranum noemenns YIIO ¢ mOMOIIBI0 UH-
cTpyMeHTa nuXmv 3aHuMaeT AINTeIbHOe BpeMs [28]. g yckopeHus Ipoliecca Bepudukanym B [28]
ObLIO MpemIokeHo IpeobpasoBanue peknaparusHoit LTL-cnerudnukarun (dcl_LTL) B meknapatnBHYIO
SMV-cnerndukaruo (dclISMV). B nHacrosiieit pabore Bocronab3yeMmcs 3TuM npeobpasopanuem aus LTL-
cnenudukaruit nosenenns IUIY (mpunoxenne 1) u eé okpyskeHus (IpUIoKeHNe 2).

ITpu npeobpaszoBanun LTL-cnenmdukanun nosegenns okpysxkerus [LIY B SMV-cneninduxaiuio ects
HEKOTOpbIe 0COOEHHOCTI:

1. IIpeoGpa3oBaHUi0 MOMJIEKUT He MOJHAA (mpriroxkeHwme 2), a cokpaménnas LTL-cueruduxkars

(cm. maparpad 5.3).

2. B (10) mocnemuue nBe GOpMyYJIIbI IPEACTABIISIIOT COOOI YCIOBUS Cnpasedusocmu v 3agarorcs B SMV-

crenuuUKanUM CIelaIbHbIM CTAHJAPTHBIM 00pa3oM.

3. He Bce yc1oBMs cripaBeqiIMBOCTII MOTYT ITOTPEGOBATHCS IS IIPOBEPKY CBOJICTB.

CraHpgapTH3anysa yCIOBUII CIIPaBeINBOCTI. FIHCTpyMeHT IIpOBepKy MOgey nuXmv IIOAAePIKI-
BaeT ABe (GOPMBI CIIpaBeIMBOCTH [72]:

1. BeaycnosHas cnpagednueocmy [16]: p Boimonnsiercs 6eckoneuno uacto — GF(p). B SMV-cnienudnxa-

uuu oto 3anucsiBaercss FAIRNESS(p).

2. CusvHas cnpasednusocmyp [16]: p BbIOIHsIETCS 6ECKOHEUHO YaCcTO, €CIIN ¢ TaK)XKe BBIIIOIHseTCs Oec-

koreuHo yacto — GF(g) = GF(p). B SMV-cnennduxauuu sto sanuceisaerci COMPASSION(q, p).

IIpuBeném kaxxmoe yciosue crpaBemnuBocty u3 LTL-cnermdukarum mosenerus oxkpyxenns ILIY
(mpuioxeHMe 2) K OOHOM M3 ABYX BBIIIeyKasaHHBIX ¢opM. [ng sToro ompemenyum HaGop HI1aGIOHOB,
KOTOpBIT OyaeT mMeTh Tpu OyJieBbI IlepeMeHHbIe: act; — NeiCTBIe, IPUBOASIIIee K Peaklnu red, acty —
NIPOTMBOMEICTBIE AEICTBUIO acty, T. €. acty IIPUBORUT K OTCYTCTBUIO PEaKI[Uu red.

OOwuit ma6ion (madmon Ne 1) mmeer Bup

G| G(—rea) = FG(—act;) V G(act; = F(acty)) ] (16)

U YTBEPIKIAET, UTO BCETMA, €CIM PEAKIMS TIOCTOSTHHO OTCYTCTBYET, TO C HEKOTOPOTO MOMEHTA BpEMEHU
Bcera HeT JeVICTBUS act; Wi Jifoboe NeVicTBYe act; B OyayIieM COIIPOBOKAAETCS IIPOTUBOAEIICTBUEM act.
[ManHOMy 11a6JIOHY COOTBETCTBYIOT UETBIPE YCI0BUs cripaBemanBocty u3 LTL-cuerudukarm nosegeHus
okpysxenus IUIY (cm. tabauny 3). [ nepBoro ycmoBus cripaBemianBoctu act; = Opnlid, acty = ClsLid,
rea = = CLS. [eitcrBue OpnLid (oTkpbITHE) puBOAUT K peakiuu —CLS (KpBILIKa He 3aKpbITA), HeICTBIE
ClsLid (3axkpbiTiie) umeet o6paTHbIit 3 dexT.

st (16) TIpu IIOCTOSIHHOM OTCYTCTBUU IIPOTUBONEVICTBYA (acty = False) monyymm 4acTHBIN CIIyvait:

G(G(—rea) = FG(-acty) ). (17)

oxasarenscTBO cM. B mpuioskenun 3. [lonyueHHoMy mra6irony Ne 2 COOTBETCTBYIOT TPU YCIOBUS CIIPABE/-
nuBoct (cM. Tabnuiy 3). [lepBoe yciioBue yTBEPKIAET, UTO BCETIA, ECIU HATUMK FS1 «3aMnII» B COCTOAHUN
True, TO C HEKOTOPOTO MOMEHTA BpeMeHU KOHBellep OoJIblile HIMKOTAA He BKIOUAeTCs. Y HeICTBUS BKIIIO-
ueHMs KoHBeltepa (act; = Convr) HeT MPOTUBOMEICTBS, TAK KAK IIPUBOJ] KOHBEITepa He MOKET BPAIaThCsa
B 00paTHYIO CTOPOHY.

Ecnu oTcyTcTBUE MEICTBUSA SIBISIETCS IPOTUBOIENCTBUEM (acty = —acty), To mis (16) moryumm Apyroit
yacTHBIN cayvaii (1rabiaon Ne 3):

G| G(—rea) = FG(-act,) V G(act; = F(—acty)) |. (18)
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Table 3. Fairness patterns Ta6nuua 3. LLabnoHbl cnpaBesaneocTy

Ne [MTa6aoH cripaBeqIMBOCTHI YciioBue cripaBeyIBOCTIA
G[ G(CLS) = FG(=OpnlLid) Vv
G(OpnLid = F(ClsLid)) |
G[ G(OLS) = FG(=CIsLid) v
1 | G[ G(—rea) = FG(—act,) V G(ClsLid = F(OpnlLid)) |
G(act; = F(acty)) ] G[ G(WS0) = FG(—(Valve A WTS)) v
G(Valve AWTS = F(FMech A =CLS)) |
G[G(WS1) = FG(~(Valve A WTS)) V
G(Valve AWTS = F(FMech A =CLS)) |
G(G(FS1) = FG(—=Conuor) )
2 | G(G(-rea) = FG(—acty)) G(G(IFS) = FG(—Conuor) )
G(G(FS2) = FG(—Conor))
G[G(UTS) = FG(Heater) V
G(—Heater = F(Heater)) |
G| G(LTS) = FG(Heater) Vv
3 | G[G(-rea) = FG(—act;) Vv G(—Heater = F(Heater)) |
G(act; = F(=act;)) ] G[G(WTS) = FG(Heater) V
G(—Heater = F(Heater)) |
G[ G(=-MTmr.Q) = FG(=MTmr.In) vV
G(MTmr.In = F(=MTmr.In)) |

[Ta6nony (18) cOOTBETCTBYIOT OCTaBIIINeCs ycaoBus crpasemiauBocty u3 LTL-cienudukanmm noseneHnsa
okpysxenus IUTY (cm. Tabnuiy 3). IlepBoe ycnoBme yTBEp:KIAeT, YTO BCETHA, €CIM JATUMK BBICOKOI TeM-
neparypsl UTS «3anum» B cocTosHuM Irue, TO ¢ HEKOTOPOIO MOMeHTa HarpeBaTesb OOJIbIIle HUKOITA
He BBIKJIIOYAeTCs VUIN TI0CJIe BBIKJIIOUEHMs 00s3aTesIbHO CIeqyeT ero BKIOUeHMe. 3nech act; = ~Heater,
acty = Heater, rea = =UTS. Yro6s1 cuusuts Temmeparypy (—UTS), He0GXOXMMO BBIKIIOUUTH HATPEBATEh
(mHeater) — ero Bxitouenue (Heater) siBiseTcs IPOTMBOMENCTBIEM. UYeTBepTOe yCIOBME HAKIAIbIBAET
OoTpaHNUEHNIE Ha CIIpaBenINBoe BKIoueHNe tarimepa MTmr.Q. Popmyusl mug Tavimepos HT1mr.Q, FTmr.Q,
CTmr.Q ananornunsl popmyie minsa raiimepa MTmr.Q.
O61uit mabmoH (16) — mabaon Ne 1 — mpecrasiser co60il CUIBHYIO CIIPABEIIMBOCTb:

GF(act;) = GF(acty V rea). (19)

JlokasaTenbCTBO MpeCTaBiIeHo B mpuiokeHuu 3. B (19) moxcraBum acty = False, monyumm cTraHgapTHYIO
¢dopmy misa mrabmona Ne 2:

GF(act;) = GF(rea). (20)

Cranpaprayio popmy mis mabiaona Ne 3 moxyyumm myTéM IOACTAHOBKY acty = —acty B (19) u maxpHei-
1Iero npeobpasoBanus (M. IpuiiokeHne 3). B pesynprate monyumnm:

GF(act; = rea). (21)

CootBercTBue IIa6IOHOB yCIOBUII cripaBemauBoctu (16), (17), (18) n ux craHgapTHBIX GopM (B TOM umc-
e B SMV-dopmare) mpencrasiero B tabauue 4. B mrore, ma6nonsr Nel u Ne2 BBIpa)KaT CUIBHYIO
cupasegnuBocts (COMPASSION), a m1a610H Ne 3 — 6esycioBayo (FAIRNESS).
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Table 4. Patterns standard form Ta6bnunua 4. CtaHgapTHasa ¢opma wabioHoB
Ne [MTa6oH cripaBeqIMBOCTI CraupaprHas popma SMV-¢popmar
1 | G[ G(-rea) = FG(—act,) V GF(act;) = GF(acty V rea) | COMPASSION(act,
G(act; = F(acty)) ] acty | rea)
2 | G(G(-rea) = FG(-act,)) GF(act;) = GF(rea) COMPASSION(acty, rea)
3 | G[ G(—rea) = FG(—act;) vV GF(act; = rea) FAIRNESS(act; -> rea)
G(act; = F(-acty)) |

Pesysbrar npeo6pasoBannsa LTL-cnerudukarmnit mosegenns ILIY (mputoxenne 1) u eé oKpyKeHU
(mpunoxenue 2) mpencrasiger coboit SMV-cnenudnkanuio nosenenns KOC, koropas HaXOMUTCA B IIPU-
noxeHN” 4. SMV-crierudukanus onmchIBaeT IoBeeHne Beex nepeMeHHBIX [TV u e€ okpyskenns. Tak kak
IIOBefIeHIe BCeX TalIMepOB OMHOTUITHO, OHO OBIJIO OIIMCAHO B BuAe Moayns Timer (cM. muctuHr 1). [JlaHHBII
JICTUHT sBisfeTca pparmenToM SMV-cnenndukannn nmosegenns KOC.

JIucruar 1 (SMV-cnetudukanns monyis Timer):

MODULE Timer

VAR
In : boolean; -- Input (Logical Control Program Unit Output)
Q : boolean; -- Output (Logical Control Program Unit Input)
ASSIGN

INIT ( 'Q & !'In )

TRANS( 'Q & mnext(Q) -> In )

TRANS( Q & 'mext(Q) -> !'In )

TRANS( Q & next(Q) -> 1In )

FAIRNESS (In -> Q) -- Timer Fair Turn On.

Monyis comepKuT 00bABICHNE I MHUIMANN3AIIIO BX0AHOI (In) 1 BeIxOmHOI (Q) IepeMeHHBIX TaliMepa,
IoBeJieHIIe IlepeMeHHOoIT Q, yciroB1e uecTHOTO cpabareiBanms. Bee taiimepsl YIIO SBJISIOTCS 9K3eMILIApa-
MU JaHHOTO MOMYJIA.

[TIpu BepuduKamMy ycaoBus CIpaBeInBOCT KobasiaoTcs B SMV-crierudnkannio mosegerns KOC
TOJIBKO B CIIydae HEOOXOOMMOCTN. MBI MCIOIB3yeM IOAXON YTOUHEHMS abcTpakumy (MOOeNN ITOoBefe-
uusg KOC) ma ocuoBe koutpnpmmepa (CounterExample-Guided Abstraction Refinement, CEGAR) [15].
Ecnn o6HapyskeH JOKHBII KOHTPIIPUMep, 1eMOHCTPUPYIOIINII HapyIlleHle CBOJICTBA 13-3a HecoOIoe-
HIS HEeKOTOPOTO YCJIOBUSA CIPaBeJIMBOCTY, TO HaHHOe ycjlIoBHe HobaBigerca B SMV-cmenudukamuro.
s mpoBepKy BCeil COBOKYIIHOCTM CBOJCTB IIOMMMO YCJIOBMSA CIPaBeIIMBOCTY IJI MOMYJA TaiiMepa
U3 JIUICTMHTA 1 TOTPpe6GoBaIOCh JOOABUTS €€ MATh YCJIOBMII CIIPaBeIJIMBOCTH (CM. JIMCTUHT 2).

JIuctuar 2 (SMV-cnerudukanust 1o6aBlIeHHBIX YCIOBUI CIIPAaBeINBOCTH):

COMPASSION (Convr, !'FS2) -- Fair sticking of FS2 sensor in True state.
COMPASSION (OpnLid, ClsLid | OLS) -- ... OLS sensor in False state.
COMPASSION (ClsLid, OpnLid | CLS) -- ... CLS sensor in False state.
COMPASSION (Valve & WTS, (FMech & !'CLS) | !'WSO0) -— ... WSO sensor in True state.
FAIRNESS ('Heater -> !WTS) -- ... WTS sensor in True state.

PesynbpraTrhl Bepuuxanmum. IJoTeHIMaqIbHO BO3MOKHOE UNCIO COCTOSHMII MOZENN IIOBeNeHNs
3aMKHYTOI CHCTeMBI (YCTAHOBKM IS JIMThS IUIACTMACC) cOCTaBisteT 2.74878 - 10! (238), tak kak SMV-
creruuKaIysa YCTAHOBKY CONEepXUT 38 OyJeBhIX IepeMeHHbIX. Bepudukalysa nposoguiach Ha Iepco-
HaNbHOM KoMItboTepe ¢ rporieccopoM Intel Core i5-3570 3.4 I'T1y u 8 I'B onteparusHoit namaru. PeayabraTsl
NpefCTaBIeHb! B Tabuuie 5.
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Table 5. Verification results Ta6nuua 5. PesynbTtathl BepudmKaLmm
Ty cBOicTEA: Hene:repMMHmsM OKpY>KeHIs ]
. AGCOoMIOTHBI OrpaHuueHHBIN
CroiicTtBo | GezomacHOCTh (Saf),
)uBocTh (Liv) bes co
CIIpaBeMJIVB. | CIIPaBEIJINB.
Cronbers 1 Cronbers 2 Cronber 3 Cronbers 4 Cronber 5
P1 Saf 1 1 1
p2 Saf 1 1 1
P3 Saf 1 1 1
P4 Saf 1 1 1
P5 Saf 1 1 1
Pe6 Saf 1 1 1
p7 Saf 1 1 1
P8 Saf 1 1 1
P9 Saf 1 1 1
P10 Saf 0 1 1
P11 Saf 0 1 1
P12 Saf 0 1 1
P13 Saf 0 1 1
P14 Saf 0 1 1
P15 Saf 0 1 1
P16 Saf 0 1 1
P17 Saf 0 1 1
P18 Liv 0 1 1
P19 Liv 0 1 1
P20 Liv 0 0 1
P21 Liv 0 0 1
P22 Liv 0 0 1
P23 Liv 0 0 1
P24 Liv 0 0 1
p25 Liv 0 0 1
P26 Liv 0 0 1
p27 Liv 0 0 1
P28 Liv 0 0 1
KonnuecTtBo cocrosHmii: ‘ 1381496 (2%0-3978) ‘ 16150 (213-9792) ‘
Cronbery 1 comepknt ugeHTUGUKATOPHI IPOBepsieMbIX CBOVCTB P1,..., P28, cronbery 2 — TuII CBOI-
crBa: P1,..., P17 aBnarorca cBoiicTBaMu 6esonacHocmu, P18, . .., P28 — cBoitctBamu scusocmu. CTonoO1bI 3,

4 M1 5 OTpa’XalOT pe3yJIbTAThl BepM(UKAIMM CBOVICTB IIPY PA3IMUHBIX yCcIoBUiIX. Hanuume «1» B sueit-
Ke TabuMIIbl O3HAUAeT, YTO COOTBETCTBYIOLIlee CBOVICTBO BBIMONHSETCH, a «0» — Hapymraercsa. Croiberr 3
COIEPKUT Pe3yJIbTaThl BepuduKarum npu abcoToTHOM HefeTepMuHn3Me okpyskeHus ILIY, cronbery 4 —
IIpU OTpaHMUYEHHOM HeIeTepMUHU3Me 0e3 YCIOBUIL CIIPaBeIMBOCTY, CTOJIOEL 5 — IIpY OTpaHMYeHHOM
HeeTEpMIHI3ME C YCJIOBUAMI CIIPABEIJIMBOCTI.

W3 tabuuigel 5 BUAHO, UTO cBOiicTBa P1, ..., P9 MOryT ObITH IPOBEpPEHBI IIPU JTIOOBIX YCIOBUAX (CTONO-
11 3, 4 1 5 comepxar «1»). [Ipu abconoTHO HeleTepMIHIPOBAHHOM IToBeeHNy okpyxeHus [TV cucrema
nepexooB umeer 1.38146 - 10° (2203978) mocTmsxMMBIX cocTOSHMIT (HMKHAS YacTh CTOJIONA 3), a TIPY OTpa-
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HIUEeHHO HefleTepMIHMpoBaHHOM — 16150 (213-9792) cocTosumit (HyKHAS yacTh cTONOIOB 4 1 5). Takum 06-
pasoM, orpaHnYeHye HeJleTepMITHII3MA IIPUBEJIO K COKPAIIIEHNIO IIPOCTPAHCTBA COCTOSIHII IIPUMEPHO B 85
pas. 310 yckopsieT BepuduKamo: BpeMs IPoBepKu CBOitcTB P1, . . ., P9 mpu aGCOTIOTHOM HEeeTEPMUHI3ME
COCTaBIIfET 6,3 CEKYH/IBL, a orpaHnueHHOM (6e3 ycoBuit cripaBeqmuBocTy) — 1,6 cekyHasl. Takum o6pasom,
BpeMs BepudUKaIUM COKPATUIOCh IIPUMEPHO B UeThIpe pasa. Taxke HaHHOe OTpaHUUEHUE HeIeTePMIU-
HI3Ma [103BOJIIET IIPOBEPITH OIIOTHUTENbHBIE cBolicTBa P10, . .., P19 (cM. cronbelr 4), KOTOpBbIe TpeGYIOT
HAINYNS PETVICTUUHBIX OTPAHIUEHNI B ITIOBeJEHU OKPYKEHS.

s mpoBepku cBovicTB P20, . . ., P28 B MOmeb MOBe eI OKPYKeHIS He00X0IMMO JOOABUTH YCIIOBIS
crpaBemuBocTi (cMm. crosbery 5). Oguako mobaBiieHNME YCIOBUI CIPABEAIVBOCTI YBEJINUMBAET BpeMs
BepuduUKaUMu: BpeMs IPOBepKU CBONCTB P1, ..., P9 npu orpaHMYeHHOM HeeTepMUHMU3ME C YCIOBUIMU
CIIpaBeIMBOCTI COCTABISIET 74 CEKYHbI, UTO MHOT'OKPATHO IIPEBbIIIIaeT BpeMs Bepudukamnumn, paBHoe 6,3
CeKyHJBbI U 1,6 CEKYHABI B ABYX IPeABIIyIINX cIyuasx. [[poBepka ¢ IIOMOIIBIO MHCTPYMEHTa NUXmv Bcex
cBolicTB P1,. .., P28 c yuéToM OorpaHMYEHUII ¥ YCIOBUI CIIPaBEeJIMBOCTY 3aHAJIA OKOJIO 4 MUHYT.

B utore onucanme moBegeHMs CUTHAIOB 00paTHOII CBs31 (63 yCIIOBUIL CIIPABEIIMBOCTY) ITI03BOJIIIIO
poBepuTH CBOIicTBa Gesomacuoctn P10,..., P17, a Takxe cBoiictBa >kxuBoctu P18, P19. Vcnions3oBaHme
YCIIOBUII CIIPABEIIINBOCTY OOABIIIO BO3MOKHOCTD IIPOBEPKU CBOIICTB skuBocTy P20, . . ., P28.

8. Ilocrpoenme ST-mporpammer assa ITJIK

Cornacuo [27] Ha ocHOBe mekiapaTuBHON (mpuioskeHme 1) Gpura mocTpoeHa mmneparusHas LTL-
crieruukanusa (MpUIOKeHNE 5), KOTOpas Hajiee MepeBOAUTCI B mporpamMmy Ha s3bike ST (mpumioxe-
uue 6). ST-mporpamma (PLC_PRG) nmeer pasnenst qis o6bsaBierns Bxogubix (VAR_INPUT), BBIXOQHBIX
(VAR_OUTPUT) u BuyTpennux (VAR) mepemeHnHbIX. TaiiMepsI ABISIOTCI BHYTpeHHUMM o0BekTamu YIIO
¥ BHEUTHUMU 10 oTHoIIeHuto K [1JIY.

3akiroueHue

B pabore mpemnoxen creumansubiit Bun LTL-cnerudukanum moBegeHus mporpaMm JOTMUECKOTO
yIIpaBIeHVs ISl CUCTEM C 06paTHOII CBsI3bI0. [leTepMUHUPOBAHHOE ITOBEeHYIE BHYTPEHHMX I BBIXOQHBIX
OyJIeBbIX IEpEeMEHHBIX NMPOTPAaMMbl OIMCHIBAETCS C IIOMOIIBI0 UACTHOTO ciyuas AekiaaparuBHoit LTL-
crenuduKanun, a HefeTepMUHNPOBAHHOE IIOBeJeHIEe BXOLHBIX OyJIeBbIX IIepPEeMEHHBIX — C ITOMOIIBI0
LTL-crenmudukainu orpaHnueHHO HefleTepMUHMpoBaHHOTO noBegenus. [lociaennss LTL-cienudnkarms
I103BOJISIET OIIMCHIBATH II0BEIeHIe CUTHAIOB 0OpATHOI CBA3Y I MHIMBIX AaTUMKOB (OIIOTHUTENBHBIX OY-
JIEBBIX IIEPEMEHHBIX [JIS OMICAHNS COCTOSHIS KOMIIOHEHTOB M3 OKPY KEeHUs TPorpaMmsl). B Hell 3agarorcs
ycioBus I iepexonoB Mexay cocrosuusamu (False u True) kaxxmoit 6yJieBoit IepeMeHHOIT, a TAK)KE YCIIo-
BUSI, HEOOXOMVIMBIE TIPU «3INIIAHUN» B 9TUX COCTOSHUAX, — YCIOBUS CIPaBeIMBOCTY. IIpeioe HHbI
crioco6 LTL-cenndukanum mo3BosseT CTpOUTh JOCTATOYHO IIPOCThIE MOMAENN TOBeAeHUs Ipu Bepudu-
KaIuy 3aMKHYTBIX CHCTEM, UYTO yMEeHbIIIaeT TPyA03aTPaThl Ha pa3paboTKy nporpaMM. Pesynprarsl paboTs
IIPOEeMOHCTPMPOBAHEI Ha IIpUMepe IIPOMBILIIEHHON YCTaHOBKY JJIF JIMThS IIacTMacC.

7151 yckopeHUs mporiecca BepuUKaIMy ¢ IIOMOIIbI0 MHCTPYMeHTa poBepku momenu nuXmv LTL-
crienudukaims mnepesoautcs B SMV-cuenudukanmo — BXOIHOM S3bIK MHCTpyMeHTa nuXmv. [ns mpen-
CTaBJIEHHOTO B paboTe mpmMepa yCTAHOBKM OIlpeneéH HaOoOp IIabiIOHOB YCIOBMII CIIpaBeqIMBOCTI
u CBsi3ell MeXxAy HuMU. [JoKa3aHO, UTO KaK[AbIil U3 I1a0JIOHOB SIBJISETCS yCJIOBMEM CUJIBHON min Oes-
YCIIOBHOI CIIPaBeqIMBOCTY, KOTOPbIE MOTYT OBITh BBIPaXKEHBI C IIOMOII[BI0 CTAHAAPTHBIX CPEICTB MHCTPY-
meHTa nuXmv. Bermonnena nposepka SMV-cnerndukaiuy noBegeHNs yCTAHOBKI IS JIUThS ILIACTMACC
Ha IpeMeT COOTBeTCTBUS 3amaHHOMy Habopy LTL-cBoiicte. [IpomeMOHCTpMpPOBAHO, UTO TOJIBKO YACTh
CBOJICTB MOJKET OBITH IpOBepeHa 6e3 MOIEeNMPOBAHNS [TOBEIEHNS OKPYKEHIS IIPOTpaMMBl. [[J1s1 IpoBep-
KU [IPYTOIl UacTU CBOICTB TpebyeTcs Takas Momenb. OTCYTCTBUE YCIOBUII CIIPABENIMBOCTY B HAHHOI
MOJIeNN TaK)Ke He I103BOJISIET IIPOBEPUTH PAL CBOICTB. Takum obpasom, LTL-cienndukaums orpaHuueH-
HO HeJIeTEPMIHIPOBAHHOIO IIOBEIEHNS OKPY>KEHUS IIPOrPaMMBbI II03BOJISIET 33/1aBATh BCIO HEOOXOAUMYIO
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nHGOpPMAINIO U IIPOBepKM Bcero Habopa cBoiicTB. KpoMe Toro, 3ajaHme orpaHMYeHNIT B ITOBeICHII
CUTHAJIOB 0OPATHOJI CBA3M COKpAIlaeT IIPOCTPAHCTBO COCTOSHIUIT MOREIIN IIPY BepU (UKL
HexnaparuBroit LTL-cnenudukanum mosefeHns IpOrpaMMbI COOTBETCTBYET SKBIBAJIEHTHAS VIMIIe-
patusHas LTL-cnenuduxkanus, mo xoropoit nocrpoera ST-nporpamma o INIK. IloBegeHne qaHHOI Ipo-
rpaMMBbI FapaHTMPOBAHHO COOTBETCTBYET IIOBEIEHMIO MICXOMHOI AekaapaTusHoit LTL-cnienndnxamnmm.
Bynyiue uccieqoBaHus MOTyT OBITh HallpaBJIeHbI Ha aBTOMATU3ALNI0 cuHTe3a ST-iporpamMm u SMV-
crerudukannmit no ncxoguoit LTL-cnenudukannn KOC.
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IIpnnoxenne 1. dexnaparuBHasa LTL-cnenundukanusa mosemenns IIJTY

'FErr &

G( 'FErr & X(FErr) -> (X(FTmr.Q) & 'X(WS1)) ) &

G( 'FErr & !X(FErr) -> !'(X(FTmr.Q) & !'X(WS1)) ) &

G( FErr & 'X(FErr) -> X(PBStOp) ) &

G( FErr & X(FErr) -> !X(PBStop) ) &

ICErr &

G( 'CErr & X(CErr) -> (X(CTmr.Q) & 'X(FS2)) ) &

G( 'CErr & !X(CErr) -> !'(X(CTmr.Q) & !'X(FS2)) ) &

G( CErr & !'X(CErr) -> X(PBStop) ) &

G( CErr & X(CErr) -> !X(PBStop) ) &

'HErr &

G( 'HErr & X(HErr) -> ((X(WTS) & (X(HTmr.Q) | Heater & WTS)) ) &
G( 'HErr & 'X(HErr) -> '(!X(WTS) & (X(HTmr.Q) | Heater & WTS)) ) &
G( HErr & !'X(HErr) -> X(PBStop) ) &

G( HErr & X(HErr) -> !X(PBStop) ) &

'Fin &

G( X(Fin) <-> (Compl & X(OLS) & 'X(WSO) | X(FErr) | X(HErr) | X(CErr) |

X(PBStop) | X(PBConvr)) ) &
!SysOn &
G( !'SysOn & X(SysOn) -> (X(PBStart) & !X(Fin)) ) &
G( !SysOn & 'X(SysOn) -> !(X(PBStart) & !'X(Fin)) ) &
G( SysOn & !'X(SysOn) -> X(Fin) ) &
G( SysOn & X(SysOn) -> !'X(Fin) ) &
!Compl &
G( !'Compl & X(Compl) -> (X(SysOn) & X(PBCompl)) ) &
G( !'Compl & !'X(Compl) -> !(X(SysOn) & X(PBCompl)) ) &
G( Compl & !'X(Compl) -> !X(SysOn) ) &
G( Compl & X(Compl) -> X(SysOn) ) &
IMltng &
G( X(Mltng) <-> X(SysOn) & X(CLS) & X(Disch) & X(WSO) ) &
IMlted &
G( 'Mlted & X(Mlted) -> (X(MTmr.Q) & X(WTS) & X(WSO) & X(CLS)) ) &
G( 'Mlted & 'X(Mlted) -> !'(X(MTmr.Q) & X(WTS) & X(WSO0) & X(CLS)) ) &
G( Mlted & !'X(Mlted) -> (!X(WTS) | !'X(CLS) | 'X(WS0)) ) &
G( Mlted & X(Mlted) -> !(!X(WTS) | !'X(CLS) | 'X(WS0)) ) &
!Disch &
G( !'Disch & X(Disch) -> (X(OLS) & X(WS1)) ) &
G( !'Disch & !'X(Disch) -> !(X(OLS) & X(WS1)) ) &
G( Disch & !'X(Disch) -> (!X(FS2) & !'X(WS1)) ) &
G( Disch & X(Disch) -> '(!'X(FS2) & !'X(WS1)) ) &
-- Actuators:
'Heater &
G( !'Heater & X(Heater) -> (X(SysOn) & !'X(LTS)) ) &
G( !'Heater & !X(Heater) -> !(X(SysOn) & !'X(LTS)) ) &
G( Heater & !X(Heater) -> (!X(SysOn) | X(UTS)) ) &
G( Heater & X(Heater) -> !'(!X(SysOn) | X(UTS)) ) &
!Clslid &

G( X(ClsLid) <-> X(SysOn) & 'X(CLS) & X(Disch) ) &

!0pnlid &

G( X(OpnLid) <-> X(SysOn) & !X(OLS) & !'X(Disch) ) &

Convr &

G( X(Convr) <-> (X(SysOn) & (X(FS2) & X(Disch) & !'X(WSO0) | !'X(FS2)) | X(PBConvr)) ) &
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'LwSpd &

G( 'LwSpd & X(LwSpd) -> X(FS1) ) &
G( !'LwSpd & !X(LwSpd) -> !X(FS1) ) &
G( LwSpd & !'X(LwSpd) -> X(FS2) ) &
G( LwSpd & X(LwSpd) -> !X(FS2) ) &
'FMech &

G( X(FMech) <-> X(SysOn) & !X(Disch) & X(OLS) & !X(WS1) ) &
'Valve &

G( X(Valve) <-> X(SysOn) & X(Disch) & X(Mlted) & X(FS2) ) &
-- Impact_On_Timers:

G( X(FTmr.In) <-> X(FMech) & !X(WS1) )

& 'FTmr.In &
G( X(HTmr.In) <-> X(Heater) & !'X(WTS) ) & 'HTmr.In &
G( X(CTmr.In) <-> X(Convr) & !X(FS2) & X(SysOn) ) & 'CTmr.In &
G( X(MTmr.In) <-> X(Mltng) & X(WTS) & X(WSO) & X(CLS) ) & !'MTmr.In

IIpuno>xenne 2. LTL-cnemmndukanus mosBegeHns okpyxenus INTY

-- Buttons:

!'PBStart & !PBStop & !PBCompl & !PBConvr &

-- Sensors:

1FS1 &

G( 'FS1 & X(FS1) -> IFS2 & !'X(FS2) & !'IFS & !'X(IFS) & Convr ) &
G( 'FS1 & 'X(FS1) -> +true ) &

G( FS1 & 'X(FS1) -> IFS2 & 'X(FS2) & !'IFS & X(IFS) & Convr ) &
G( FS1 & X(FS1) -> IFS2 & !'X(FS2) & 'IFS & !'X(IFS) ) &
G( G(!'FS1) -> true ) &

G( G( FS1) -> F(G(!'Convr)) ) &

'IFS &

G( 'IFS & X(IFS) -> !FS2 & 'X(FS2) & FS1 & !'X(FS1) & Convr ) &
G( 'IFS & !'X(IFS) -> true ) &

G( IFS & !'X(IFS) -> IFS2 & X(FS2) & !'FS1 & !'X(FS1) & Convr ) &
G( IFS & X(IFS) -> IFS2 & 'X(FS2) & 'FS1 & !'X(FS1) ) &
G( G('IFS) -> true ) &

G( G( IFS) -> F(G('Convr)) ) &

'FS2 &

G( 'FS2 & X(Fs2) -> IFS & 'X(IFS) & 'FS1 & !'X(FS1) & Convr ) &
G( 'FS2 & 'X(FS2) -> true ) &

G( FS2 & 'X(FS2) -> VIFS & 'X(IFS) & !'FS1 & !X(FS1) & Convr ) &
G( FS2 & X(FS2) -> IIFS & 'X(IFS) & 'FS1 & !'X(FS1) ) &
G( G(!'FS2) -> true ) &

G( G( FS2) -> F(G(!'Convr)) ) &

ICLS &

G( !'CLS & X(CLS) -> !0LS & !'X(OLS) & ClsLid ) &

G( !'CLS & !X(CLS) -> true ) &

G( CLS & 'X(CLS) -> 1!0LS & 'X(0LS) & OpnLid ) &

G( CLS & X(CLS) -> '0LS & 'X(0LS) ) &

G( G('CLS) -> F(G(!ClsLid)) | G(ClsLid -> F(OpnLid)) ) &
G( G( CLS) -> F(G(!0pnLid)) | G(OpnLid -> F(ClsLid)) ) &
10LS &

G( 'OLS & X(OLS) -> ICLS & 'X(CLS) & OpnLid ) &

G( '0OLS & !X(OLS) -> true ) &

G( OLS & 'X(0LS) -> ICLS & !'X(CLS) & ClsLid ) &

G( O0LS & X(OLS) -> !CLS & 'X(CLS) ) &

G( G('O0LS) -> F(G(!'0OpnLid)) | G(OpnLid -> F(ClsLid)) ) &
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G( G(C 0LS) -> F(G(!ClsLid)) | G(ClsLid -> F(OpnLid)) ) &

WSO &

G( 'WSO & X(WSO0) -> !'WS1 & 'X(WS1) & FMech & !CLS ) &

G( 'WSO & !'X(WSO) -> 'WS1 & 'X(WS1) ) &

G( WSO & 'X(WSO) -> 'WS1 & 'X(WS1) & Valve & WTS ) &

G( WSO & X(WSO) -> true ) &

G( G(IWS0) -> true ) &

G( G( WS0) -> F(G(!Valve | 'WTS)) | G(Valve & WTS -> F(FMech & !CLS)) ) &
WSl &

G( 'WS1 & X(WS1) -> WSO & X(WSO) & FMech & !CLS ) &

G( 'WS1 & 'X(WS1) -> true ) &

G( WS1 & !'X(WS1) -> WSO & X(WS0) & Valve & WTS ) &

G( WS1 & X(WS1) -> WSO & X(WS0) ) &

G( G('WS1) -> true ) &

G( G(C WS1) -> F(G(!'Valve | !WTS)) | G(Valve & WTS -> F(FMech & !CLS)) ) &
1UTS &

G( 'UTS & X(UTS) -> WTS & X(WTS) & LTS & X(LTS) & Heater ) &

G( 'UTS & !'X(UTS) -> true ) &

G( UTS & !'X(UTS) -> WTS & X(WTS) & LTS & X(LTS) ) &

G( UTS & X(UTS) -> WTS & X(WTS) & LTS & X(LTS) ) &

G( GQIUTS) -> true ) &

G( G( UTS) -> F(G(Heater)) | G(!'Heater -> F(Heater)) ) &

ILTS &

G( 'LTS & X(LTS) -> WTS & X(WTS) & !'UTS & !'X(UTS) & Heater ) &

G( 'LTS & !X(LTS) -> 'UTS & 'X(UTS) ) &

G( LTS & !X(LTS) -> WTS & X(WTS) & !'UTS & !X(UTS) ) &

G( LTS & X(LTS) -> WIS & X(WTS) ) &

G( G(ILTS) -> true ) &

G( GC LTS) -> F(G(Heater)) | G(!Heater -> F(Heater)) ) &

IWTS &

G( 'WTS & X(WTS) -> ILTS & 'X(LTS) & !UTS & !'X(UTS) & Heater ) &

G( 'WTS & !'X(WTS) -> LTS & 'X(LTS) & 'UTS & !'X(UTS) ) &

G( WTS & !'X(WTS) -> LTS & 'X(LTS) & 'UTS & !'X(UTS) ) &

G( WTS & X(WTS) -> true ) &

G( G('WTS) -> true ) &

G( G( WTS) -> F(G(Heater)) | G(!Heater -> F(Heater)) ) &

-- Timers:

'MTmr.Q &

G( '"MTmr.Q & XMTmr.Q) -> MTmr.In )
G( '"MTmr.Q & 'X(MTmr.Q) -> true )
G( MTmr.Q & 'X(MTmr.Q) -> 'MTmr.In )
G( MTmr.Q & X(MTmr.Q) -> MTmr.In )
G( G(!MTmr.Q) -> F(G(!MTmr.In)) | G(M
G( G( MTmr.Q) -> G(MTmr.In) ) &
'HTmr.Q &

G( 'HTmr.Q & X(HTmr.Q) -> HTmr.In )
G( 'HTmr.Q & 'X(HTmr.Q) -> true )
G( HTmr.Q & 'X(HTmr.Q) -> 'HTmr.In )
G( HTmr.Q & X(HTmr.Q) -> HTmr.In )
G( GO'HTmr.Q) -> F(G(!'HTmr.In)) | G(H
G( G( HTmr.Q) -> G(HTmr.In) ) &
'FTmr.Q &

G( 'FTmr.Q & X(FTmr.Q) -> FTmr.In
G( '"FTmr.Q & 'X(FTmr.Q) -> true

PR

Tmr.In -> F(!MTmr.In)) ) &

R

Tmr.In -> F('HTmr.In)) ) &

~—
& &
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G( FTmr.Q & 'X(FTmr.Q) -> 'FTmr.In ) &

G( FTmr.Q & X(FTmr.Q) -> FTmr.In ) &

G( GU!'FTmr.Q) -> F(G(!'FTmr.In)) | G(FTmr.In -> F('FTmr.In)) ) &
G( G( FTmr.Q) -> G(FTmr.In) ) &

ICTmr.Q &

G( 'CTmr.Q & X(CTmr.Q) -> CTmr.In ) &

G( 'CTmr.Q & 'X(CTmr.Q) -> true ) &

G( CTmr.Q & 'X(CTmr.Q) -> !'CTmr.In ) &

G( CTmr.Q & X(CTmr.Q) -> CTmr.In ) &

G( G(!CTmr.Q) -> F(GUCTmr.In)) | G(CTmr.In -> F(!CTmr.In)) ) &
G( G( CTmr.Q) -> G(CTmr.In) )

IIpnno>xkenue 3. [loka3aTejabcTBa
VrBepxpenne 1 (06 sxsuBanentaoctu). GF(a) A G(a = F(b)) = GF(a) A GF(b).

Hoxazamemnvcmao. IlpencTaBuM MOKa3aTeNbCTBO B BUE NBYX IIIATOB.

IMar 1. GF(a) A GF(b) | GF(a) A G(a = F(b)) oueBunno, raxk kak GF(b) - G(—a V F(b)).

lar 2. Jokaxxem GF(a) A G(a = F(b)) |- GF(a) A GF(b) metomom ot niporuBHOro. [IycTh cylitecTByeT
TaKOI IIyTh, YTO HA HEM mMMeeM cripaBemnnBocth Gopmya GF(a) A G(a = F(b)) u —=(GF(a) A GF(b)) =
FG(—a) V FG(—b). Torga mocTaToyHO pacCMOTPETH CIeqyIolue ABa Bapuanra: 1) ucruaaoctb FG(—a)
-GF(a) nporusopeunt nondpopmyne GF(a) us moceinku, 2) ecnu BepHa FG(—b), to G(a = F(b))
G(—aVF(b)) 6yner BBIIOIHATHCS HA 9TOM ITyTH TOIBKO B Bupie FG(—a), uTo cooTBETCTBYET MpeabIAyILeMY
Bapmanty 1. [Ipunuin k nporusopeunio. CirieoBaTeIbHO, BEPHO 00pATHOE, T. €. YTBEP)KAeHIe Ha Iare 2

JOKa3aHO. O

O603HauYNM NOKa3aHHYIO 9KBUBAJIEHTHOCTH (YTBepKaeHMe 1) Kak mpaswio R1. Ilepeuncnum emé psn
IIpaBIII, KOTOpBIe OyIyT MCIIONIb30BAThCSA I JOKA3aTeIbCTBA CIEAYIOIINX YTBEPKIeHIIL:

Ri: GF(a) A G(a = F(b)) = GF(a) AGF(b) | R10: GFG(p) = FG(p)
R2: p=q=-pVyq Ri11: FGF(p) = GF(p)
R3: pvg=pVgA-p R12: GF(pV q) = GF(p) v GF(q)
R4: —-=p=p R13: F(False) = False
R5: =G(p) =F(-p) Ri14: pV False=p
R6: =F(p) = G(-p) Ri5: pVgq=p, ecmu qlp
R7: —FG(p) = GF(—p) Ri6: pAg=p, ecu plgq
R8: —GF(p) =FG(-p) R17: =(pAgq)=(-pV—q)
R9: F(pVq)=F(p) vVF(q) R18: -X(p)=X(-p)
IIpaBmia R2, ..., R18 — XOpo1IO M3BeCTHbIE SKBUBAJIECHTHbIE IIPe0Opa3soBaHMs WM CIEACTBUS U3 CeMaH-

tuku s13b1ka LTL, koTopble j1erko MOryT OBITH JOKa3aHbI, KaK, HAIIpUMep, 3TO ObLIO caeinaHo Iyt R1.

YrBepxmenune 2 (O6 sxBuBanentHoctn). [Ilabmon cnpasednusocmu Ne 1 npedcmasnsiem co6oti CUTbHYIO
cnpasednusocmyv: G[ G(—rea) = FG(—act;) V G(act; = F(acty)) | = GF(act;) = GF(acty V rea).

Jlokazamenbcmeo.
G(G(-rea) = FG(—act,) V G(act; = F(acty))) = [R2, R5, R4]
G(F(rea) V FG(—act;) V G(act; = F(acty)) ) = [R3]
G(F(rea) V FG(—acty) V G(act; = F(acty)) A =FG(—act;) ) = [R7, R4]
G(F(rea) VFG(—acty) V G(act; = F(acty)) A GF( act))) = [R1]
G(F(rea) V FG(—act;) V GF(acty) A GF(act;)) = [R7, R4]

273



Neyzov M.V., Kuzmin E. V.

G(F(rea) V FG(—act;) V GF(acty) A =FG(—act,) ) = [R3]
G(F(rea) V FG(—act;) V GF(acty) ) = [R11]
G(F(rea) vV FG(-act;) V FGF(acty) ) = [R9]
GF(reaV G(-act;) vV GF(acty) ) = [R12]
GF(rea) V GFG(—act;) V GFGF(acty) = [R10, R11]
GF(rea) vV FG(—act,) V GF(acty) = [R12]
FG(-act;) V GF(acty V rea) = [R2, R7, R4]
GF(act;) = GF(acty V rea). |

VrBepxknenne 3 (O uactaoM ciyuae). Popmyna G( G(—rea) = FG(—acty) ) sensemcs uacmuvim cyuaem
popmynvt (16) npu acty = False.

oxazamenvcmeo.
G[ G(-rea) = FG(—act,) V G(act; = F(False)) | = [R13]
G|[ G(—rea) = FG(—acty) V G(act; = False) | = [R2]
G[ G(-rea) = FG(—act,) V G(—act, V False) | = [R14]
G| G(—rea) = FG(-act;) V G(—acty) | = [R15]
G| G(—rea) = FG(-acty) ]. O

Vreepknenne 4 (O uactaom ciyuae). Popmyna GF(act; = rea) semnsemcs uacmHuvim cyuaem Gopmy-
st (19) npu acty = —act;.

Hokazamenvcmeo.
GF(act;) = GF(—act; V rea) = [R2]
—GF(act;) V GF(—act, V rea) = [R12]
—GF(act,) V GF(—act;) V GF(rea) = [R7]
—GF(act,) V =FG(act;) V GF(rea) = [R17]
—(GF(act;) AFG(act,)) V GF(rea) = [R16]
-FG( acty) V GF(rea) = [R7]
GF(—acty) V GF(rea) = [R12]
GF(—act; V rea) = [R2]
GF(act; = rea). |

IIpnnosxenne 4. SMV-cnenudukanusa nosegenuss KOC: ITIY u eé okpykeHns

MODULE Timer

VAR
In : boolean; -- Input (Logical Control Program Unit Output)
Q : boolean; -- Output (Logical Control Program Unit Input)
ASSIGN

INIT ( 'Q & 'In )

TRANS( 'Q & next(Q) -> In )

TRANS( Q & 'mext(Q) -> !'In )

TRANS( Q & mnext(Q) -> In )
F

FAIRNESS (In -> Q) -- Timer Fair Turn On.
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MODULE main

VAR

-- Buttons:

PBStart : boolean; PBStop : boolean; PBCompl : boolean; PBConvr : boolean;
-- Imaginary Sensors:

IFS : boolean;

-- Sensors:

FS1 : boolean; FS2 : boolean; OLS : boolean; CLS : boolean; WSO : boolean;
WS1 : boolean; UTS : boolean; LTS : boolean; WTS : boolean;

-- Timers:

FTmr : Timer; HTmr : Timer; CTmr : Timer; MTmr : Timer;

-- Variables:

SysOn : boolean; Compl : boolean; FErr : boolean; CErr : boolean; HErr : boolean;

Disch : boolean; Mlted : boolean; Mltng : boolean; Fin : boolean;

-- Actuators:

Heater : boolean; FMech : boolean; Convr : boolean; LwSpd : boolean;
Valve : boolean; OpnlLid : boolean; ClsLid : boolean;

-- Behavior

-- Buttons:

INIT ( !PBStart & !PBStop & !PBCompl & !PBConvr )

-- Sensors:

INIT ( !'FS1 )

TRANS( !'FS1 & next(FS1) -> !FS2 & !mext(FS2) & 'IFS & !mext(IFS) & Convr )
TRANS( FS1 & 'nmext(FS1) -> IFS2 & !'next(FS2) & !'IFS & next(IFS) & Convr )
INIT ( 'IFS )

TRANS( !'IFS & mnext(IFS) -> !FS2 & !'mext(FS2) & FS1 & !mext(FS1) & Convr )
TRANS( IFS & 'next(IFS) -> !FS2 & next(FS2) & !'FS1 & 'mext(FS1) & Convr )
INIT ( !'FS2 )

TRANS( !FS2 & next(FS2) -> IFS & !'next(IFS) & !'FS1 & 'mext(FS1) & Convr )
TRANS( FS2 & 'mext(FS2) -> !IFS & !'mnext(IFS) & !'FS1 & !'next(FS1) & Convr )
INIT ( '0OLS )

TRANS( '0LS & next(OLS) -> !CLS & !next(CLS) & OpnLid )

TRANS( OLS & 'next(0LS) -> !CLS & 'mext(CLS) & ClsLid )

INIT ( !CLS )

TRANS( !CLS & mnext(CLS) -> !0LS & !'mext(0LS) & ClsLid )

TRANS( CLS & !nmext(CLS) -> !0LS & !next(OLS) & OpnLid )

INIT ( 'WSO )

TRANS( !'WSO & mnext(WSO) -> !'WS1 & 'next(WS1) & FMech & !CLS )

TRANS( WSO & !'mext(WSO) -> !WS1 & !'next(WS1) & Valve & WTS )

INIT ( !'WS1 )

TRANS( !'WS1 & next(WS1) -> WSO & next(WS0) & FMech & !CLS )

TRANS( WS1 & 'mext(WS1) -> WSO & next(WS0) & Valve & WTS )

INIT ( 'UTS )

TRANS( !'UTS & next(UTS) -> WTS & next(WTS) & LTS & next(LTS) & Heater )
TRANS( UTS & !'next(UTS) -> WTS & next(WTS) & LTS & next(LTS) )
INIT ( 'LTS )

TRANS( !'LTS & mnext(LTS) -> WTS & next(WTS) & 'UTS & !'mext(UTS) & Heater )
TRANS( LTS & 'next(LTS) -> WTS & next(WTS) & !'UTS & !next (UTS) )
INIT ( !'WTS )

TRANS( !'WTS & mnext(WTS) -> !LTS & !'mext(LTS) & !'UTS & !mnext(UTS) & Heater )
TRANS( WTS & 'next(WTS) -> I!LTS & !'mnext(LTS) & !'UTS & !next(UTS) )
-- Control Software

-- Variables:

INIT ( !FErr )
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TRANS (
TRANS (
TRANS (
TRANS(
INIT (
TRANS (
TRANS (
TRANS (
TRANS (
INIT (
TRANS (
TRANS (
TRANS (
TRANS (
INIT (
TRANS (

INIT (
TRANS (
TRANS(
TRANS (
TRANS (
INIT (
TRANS (
TRANS (
TRANS (
TRANS (
INIT (
TRANS (
INIT (
TRANS (
TRANS (
TRANS (
TRANS (
INIT (
TRANS(
TRANS (
TRANS (
TRANS (

'FErr
'FErr
FErr
FErr
'CErr
'CErr
'CErr
CErr
CErr
'HErr
'HErr
'HErr
HErr
HErr
'Fin )

15 S S S i S S S S S S S S

next(Fin) <-> (Compl & next(OLS) & !mext(WSO) | next(FErr)

!SysOn
!SysOn
!SysOn
SysOn
SysOn
!Compl
!Compl
!Compl
Compl
Compl
'Mltng

next (Mltng) <-> next(SysOn) & next(CLS)

IMlted
IMlted
IMlted
Mlted
Mlted
'Disch
'Disch
'Disch
Disch
Disch

-- Actuators:
INIT ( !'Heater )

TRANS (
TRANS (
TRANS (
TRANS (
INIT (
TRANS (
INIT (
TRANS (
INIT (
TRANS (

INIT (
TRANS (

'Heater
'Heater
Heater
Heater
1ClsLid

R

&
)

)

&
&
&
&
)
&
&
&
&

next (FErr)
'next (FErr)
'next (FErr)
next (FErr)

next (CErr)
'next (CErr)
'next (CErr)
next (CErr)

next (HErr)
'next (HErr)
'next (HErr)
next (HErr)

'next (WS1)) )
Inext (WS1)) )

(next (FTmr.Q) &
' (next (FTmr.Q) &
next (PBStop) )
'next (PBStop) )

'next (FS2)) )
Inext (FS2)) )

(next(CTmr.Q) &
' (next(CTmr.Q) &
next (PBStop) )
'next (PBStop) )

| Heater & WTS)) )
| Heater & WTS)) )

('next (WTS) & (next(HTmr.Q)
'('next (WTS) & (next(HTmr.Q)
next (PBStop) )
'next (PBStop) )

| next(HErr) |

& next(Heater) ->
& 'next (Heater) ->
& 'next(Heater) ->
& next(Heater) ->

)

next (CErr) | next(PBStop) | next(PBConvr)) )

next (SysOn) -> (next(PBStart) & !nmext(Fin)) )
'next (SysOn) -> !(next(PBStart) & !mext(Fin)) )
'next(SysOn) -> mnext(Fin) )

next (SysOn) -> !next(Fin) )

next (Compl) -> (next(SysOn) & next(PBCompl)) )
'next (Compl) -> !(next(SysOn) & next(PBCompl)) )
'next(Compl) -> !'mext(SysOn) )

next (Compl) -> next(SysOn) )

next (Mlted)
'next (Mlted)
'next (Mlted)
next (Mlted)

next (Disch)
'next (Disch)
'next (Disch)
next (Disch)

(next (MTmr.Q)
! (next (MTmr. Q)

('next (WTS)
! ('next (WTS)

& next(Disch) & next(WS0) )

& next (WTS) & next(WSO) & next(CLS)) )
& next (WTS) & next(WSO) & next(CLS)) )

'next (CLS)
'next (CLS)

(next (OLS) & next(WS1)) )
! (next (OLS) & next(WS1)) )
('next (FS2) & !'mext(WS1)) )
!'('next (FS2) & 'mext(WS1)) )

'next (WS0)) )
Inext (WS0)) )

(next (SysOn) & !next(LTS)) )
! (next (SysOn) & !next(LTS)) )
('next (SysOn) | next(UTS)) )
! ('next (SysOn) | next(UTS)) )

next (ClsLid) <-> next(SysOn) & !next(CLS) & next(Disch) )
!0pnLid )
next (OpnLid) <-> next(SysOn) & !'next(OLS) & !mext(Disch) )

!'Convr

)

next (Convr) <-> (next(SysOn) & (next(FS2) & next(Disch) & !next(WS0) |

'LwSpd

)

'next (FS2))

'LwSpd & next(LwSpd) ->

next (FS1) )
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TRANS( !'LwSpd & 'mext(LwSpd) -> !next(FS1) )

TRANS( LwSpd & !'mext(LwSpd) -> mnext(FS2) )

TRANS( LwSpd & next(LwSpd) -> !next(FS2) )

INIT ( !FMech )

TRANS( next(FMech) <-> next(SysOn) & !'nmext(Disch) & next(OLS) & !mext(WS1) )
INIT ( !Valve )

TRANS( next(Valve) <-> next(SysOn) & next(Disch) & next(Mlted) & next(FS2) )
-- Impact_On_Timers:

TRANS( next(FTmr.In) <-> next(FMech) & !next(WS1) )

TRANS( next (HTmr.In) <-> next(Heater) & !mext(WTS) )

TRANS( next(CTmr.In) <-> next(Convr) & !mext(FS2) & next(SysOn) )

TRANS( next (MTmr.In) <-> next(Mltng) & next(WTS) & next(WSO) & next(CLS) )
-- Fairness Conditions:

COMPASSION (Convr, !FS2)

COMPASSION (Opnlid, ClsLid | OLS)

COMPASSION (ClsLid, OpnLid | CLS)

COMPASSION (Valve & WTS, (FMech & !CLS) | !WSO)

FAIRNESS ('Heater -> IWTS)

-- [no use] COMPASSION (ClsLid, OpnLid | !'0LS)

-- [no use] COMPASSION (OpnLid, ClsLid | !CLS)

-- [no use] COMPASSION (Valve & WTS, (FMech & !CLS) | !'WS1)

-- [no use] FAIRNESS (!Heater -> !UTS)

-- [no use] FAIRNESS (!Heater -> !LTS)

Ipmroxenne 5. UmneparuHasa LTL-cnenndukanus nosegenns IIJTY

'FErr &

G( 'FErr & X(FTmr.Q) & !'X(WS1) -> X(FErr) ) &

G( FErr & X(PBStop) -> IX(FErr) ) &

G( '"('FErr & X(FTmr.Q) & !'X(WS1)) & !(FErr & X(PBStop)) -> (X(FErr) <-> FErr) ) &
I1CErr &

G( !CErr & X(CTmr.Q) & !'X(FS2) -> X(CErr) ) &

G( CErr & X(PBStop) -> 1X(CErr) ) &

G( '('CErr & X(CTmr.Q) & !'X(FS2)) & !(CErr & X(PBStop)) -> (X(CErr) <-> CErr) ) &
'HErr &

G( 'HErr & (!X(WTS) & (X(HTmr.Q) | Heater & WTS)) -> X(HErr) ) &

G( HErr & X(PBStop) -> IX(HErr) ) &

G( '"(VHErr & ('X(WTS) & (X(HTmr.Q) | Heater & WTS)) & !(HErr & X(PBStop)) ->
(X(HErr) <-> HErr) ) &
'Fin &
G( X(Fin) <-> (Compl & X(OLS) & !X(WSO) | X(fErr) | X(HErr) | X(CErr) |
X(PBStop) | X(PBConvr)) ) &

!SysOn &

G( !SysOn & X(PBStart) & !X(Fin) -> X(SysOn) ) &

G( SysOn & X(Fin) -> 1X(SysOn) ) &

G( '('SysOn & X(PBStart) & !X(Fin)) & !(SysOn & X(Fin)) -> (X(SysOn) <-> SysOn) ) &
!'Compl &

G( !Compl & X(SysOn) & X(PBCompl) -> X(Compl) ) &

G( Compl & !X(SysOn) -> 1X(Compl) ) &

G( '('Compl & X(SysOn) & X(PBCompl)) & !(Compl & !X(SysOn)) -> (X(Compl)<->Compl) ) &
IMltng &

G( X(Mltng) <-> X(SysOn) & X(CLS) & X(Disch) & X(WS0) ) &

'Mlted &

G( !'Mlted & X(MTmr.Q) & X(WTS) & X(WSO) & X(CLS) -> X(Mlted) ) &
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G( Mlted & (!X(WTS) | 'X(CLS) | !'X(WSO)) -> 1X(M1lted) ) &
G( !'(!'Mlted & X(MTmr.Q) & X(WTS) & X(WS0) & X(CLS)) &
!'(Mlted & (!'X(WTS) | !X(CLS) | !'X(WS0))) -> (X(Mlted) <-> Mlted) ) &
!Disch &
G( !'Disch & X(OLS) & X(WS1) -> X(Disch) ) &
G( Disch & !'X(FS2) & !'X(WS1) -> !'X(Disch) ) &
G( !'(!'Disch & X(OLS) & X(WS1)) & !'(Disch & !X(FS2) & !'X(WS1)) ->
(X(Disch) <-> Disch) ) &
-- Actuators:
'Heater &
G( 'Heater & ( X(SysOn) & !'X(LTS)) -> X(Heater) ) &
G( Heater & (!'X(SysOn) | X(UTS)) -> !'X(Heater) ) &
G( !(!Heater & (X(SysOn) & !X(LTS))) & !(Heater & (!X(SysOn) | X(UTS))) ->
(X(Heater) <-> Heater) ) &
!Clslid &
G( X(ClsLid) <-> X(SysOn) & !'X(CLS) & X(Disch) ) &
10pnLid &
G( X(OpnLid) <-> X(SysOn) & !'X(OLS) & !'X(Disch) ) &
!Convr &
G( X(Convr) <-> (X(SysOn) & (X(FS2) & X(Disch) & !X(WSO) | !X(FS2)) | X(PBConvr)) ) &
'LwSpd &
G( 'LwSpd & X(FS1) -> X(LwSpd) ) &
G( LwSpd & X(FS2) -> !X(LwSpd) ) &
G( '('LwSpd & X(FS1)) & !(LwSpd & X(FS2)) -> (X(LwSpd) <-> LwSpd))
G( X(FMech) <-> X(SysOn) & !X(Disch) & X(OLS) & !'X(WS1) ) & !FMech &
G( X(Valve) <-> X(SysOn) & X(Disch) & X(Mlted) & X(FS2) ) & !'Valve &
-- Impact_On_Timers:
G( X(FTmr.In) <-> X(FMech) & !'X(WS1) ) & 'FTmr.In &
G( X(HTmr.In) <-> X(Heater) & !'X(WTS) ) & 'HTmr.In &
G( X(CTmr.In) <-> X(Convr) & !'X(FS2) & X(SysOn) ) & 'CTmr.In &
G( X(MTmr.In) <-> X(Mltng) & X(WTS) & X(WSO) & X(CLS) ) & !MTmr.In

IIpnnosxkenue 6. ST-mporpamMmMa ynpasjieHIUsS YCTaHOBKOIM AJIA JUThA IIACTMACC

PROGRAM PLC_PRG
VAR_INPUT
PBStart, PBStop, PBCompl, PBConvr: BOOL := FALSE; (* Buttons *)
FS1, FS2, OLS, CLS, WSO, WS1, UTS, LTS, WTS: BOOL := FALSE; (* Sensors *)
END_VAR
VAR_QUTPUT
SysOn, Compl, FErr, CErr, HErr, Disch, Mltng, Mlted: BOOL := FALSE; (* Lamps *)
Heater, FMech, Convr, LwSpd, Valve, OpnLid, ClsLid: BOOL := FALSE; (* Actuators *)
END_VAR

VAR
(* Timers *)
MTmr: TON := (In := FALSE, Q := FALSE, PT := T#6s );
HTmr: TON := (In := FALSE, Q := FALSE, PT := T#12s);
FTmr: TON := (In := FALSE, Q := FALSE, PT := T#10s);
CTmr: TON := (In := FALSE, Q := FALSE, PT := T#18s);
Fin: BOOL := FALSE; (* Internal variable *)
(* Auxiliary variables *)
_SysOn, _Compl, _Mlted, _Disch, _Heater : BOOL := FALSE;
_LwSpd, _CErr, _FErr, _HErr, _WIS : BOOL := FALSE;
END_VAR
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(* Calling timers *)

MTmr () ; HTmr(); FTmr(); CTmr();
(* Variables *)
IF NOT _FErr AND FTmr.Q AND NOT WS1 THEN FErr:=1; (x FErr *)
ELSIF _FErr AND PBStop THEN FErr:=0;
END_IF;
IF NOT _CErr AND CTmr.Q AND NOT FS2 THEN CErr:=1; (x CErr x)
ELSIF _CErr AND PBStop THEN CErr:=0;
END_IF;
IF NOT _HErr AND NOT WTS AND

(HTmr.Q OR _Heater AND _WTS) THEN HErr:=1; (* HErr *)
ELSIF _HErr AND PBStop THEN HErr:=0;
END_IF;
Fin:= _Compl AND OLS AND NOT WSO OR FErr OR HErr OR CErr OR

PBStop OR PBConvr; (* Fin *)

IF NOT _SysOn AND PBStart AND NOT Fin THEN SysOn:=1; (* SysOn *)
ELSIF _SysOn AND Fin THEN SysOn:=0;
END_IF;
IF NOT _Compl AND SysOn AND PBCompl THEN Compl:=1; (* Compl *)
ELSIF _Compl AND NOT SysOn THEN Compl:=0;
END_IF;
Mltng := SysOn AND CLS AND Disch AND WSO; (* Mltng *)
IF NOT _Mlted AND MTmr.Q AND WTS AND WSO AND CLS THEN Mlted:=1; (* Mlted *)
ELSIF _Mlted AND (NOT WTS OR NOT CLS OR NOT WSO) THEN Mlted:=0;
END_IF;
IF NOT _Disch AND OLS AND WS1 THEN Disch:=1; (* Disch *)
ELSIF _Disch AND NOT FS2 AND NOT WS1 THEN Disch:=0;
END_IF;
(* Actuators *)
IF NOT _Heater AND SysOn AND NOT LTS THEN Heater:=1; (* Heater x)
ELSIF _Heater AND (NOT SysOn OR UTS) THEN Heater:=0;
END_IF;
ClsLid:= SysOn AND NOT CLS AND Disch; (* ClsLid *)
OpnLid:= SysOn AND NOT OLS AND NOT Disch; (* OpnLid *)
Convr := SysOn AND (FS2 AND Disch AND NOT WSO OR NOT FS2) OR PBConvr; (* Convr *)
IF NOT _LwSpd AND FS1 THEN LwSpd:=1; (* LwSpd *)
ELSIF _LwSpd AND FS2 THEN LwSpd:=0;
END_IF;
FMech := SysOn AND NOT Disch AND OLS AND NOT WS1; (* FMech *)
Valve := SysOn AND Disch AND Mlted AND FS2; (x Valve *)
(* Impact_On_Timers *)
FTmr.In:= FMech AND NOT WS1; (* FTmr.In *)
HTmr.In:= Heater AND NOT WTS; (* HTmr.In *)
CTmr.In:= Convr AND SysOn AND NOT FS2; (* CTmr.In *)
MTmr.In:= Mltng AND WTS AND WSO AND CLS; (* MTmr.In *)
(* Pseudo operator section: saving previous values of variables *)
_SysOn:=SysOn; _Compl:=Compl; _Disch:=Disch; _Mlted:=Mlted; _Heater:=Heater;
_LwSpd:=LwSpd; _FErr:=FErr; _CErr:=CErr; _HErr:=HErr; _WTS:=WTS;
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The paper presents a method for semantic data analysis by means of complex-valued matrix decomposition. The method
is based on the quantum model of contextual decision-making, according to which observable probabilities are generated
by qubit states, representing subjective meaning of the contexts relative to the basis decision. In the simplest three-context
case, one of these qubits is decomposed to superposition of the remaining two, mathematically encoding semantic relations
between the three contexts. For use in data analysis this model is translated to the matrix form, in which rows and columns
correspond to the contexts and instances of experiment. The observable real-valued data then emerge from a complex-valued
amplitude matrix, decomposed to a product of a real basis matrix and complex-valued matrix of superposition coefficients.
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MaTpuYHO-KyOMTHBI AJITOPUTM CEMAHTIUECKOTO aHAIN3A

BEPOATHOCTHBIX TaHHBIX
1. A. Cypos! DOI: 10.18255/1818-1015-2024-3-280-293
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B crarpe IpezncraBiieH MeTON CEMaHTIYECKOIO aHaIN3a JAHHBIX IIOCPEJCTBOM KOMILIEKCHO3HAYHOIO MAaTPUUHOIO
pasioxeHns. MeTon ocHOBaH Ha KBAaHTOBOJ MO KOHTEKCTHO-UyBCTBUTEIbHBIX PEeIlIeHNII, COTTIaCHO KOTOPOIT HabIIo-
JaeMble BEPOSTHOCTY ITOPOXKAAIOTCI KYOMTHBIMY COCTOSTHUSIMI, TIPEACTABIIIIOIIMU CYObEeKTUBHBII CMBICI KOHTEKCTOB
IUIsT 6a3VCHOTO pellleHNs. B mpocreriiieM TpEXKOHTEKCTOM ClIydae OAVWH U3 KyOUTOB paCKJIAAbIBAETCS B CYIIEPIIO3ULINIO
OCTaBILMXCS ABYX, MaTeMaTIUeCKN MPeCTaBIIAIOIIYI0 CMBICTIOBbIE OTHOIIEHNS MeKAY KOHTeKcTaMu. [[JIs McIioiIb30Ba-
HUS B 3ajlaye aHaIM3a JAHHBIX 3Ta MOJENb IIpeCTaBlIeHa B MATPUYHOI (OpMe TaK, YTO CTPOKIM ¥ CTOJIOLBI COOTBET-
CTBYIOT KOHTEKCTaM M IIOCTAaHOBKaM 3KcIlepumeHTa. IIpn sToM HabirogaeMble Ne/ICTBUTENbHbIE JAHHbIE TIOPOKAAIOTCS
MaTpuLeil KOMIUIEKCHO3HAYHBIX aMILIUTY, PacKIagbIBaeMoll Ha IIPOM3BeieHe IeiICTBUTEIbHOI MaTPUIbI 6a3MCHBIX
BEKTOPOB U KOMILJIEKCHO3HAUHOJ MaTpUIbl KO3((UIMEHTOB CYIIEPIO3NLMM. ITO pas3iIo)KeHMEe BBISBIISIET yCTOIUMBBIE
TIPOI[ECCHO-CMBICIIOBBIE COOTHOIIIEHNSI KOHTEKCTOB, He OOHApy»XMBaeMble APYIMMM MeTOAaMU. B pesyibraTe maHHBIE
BOCIIPOM3BOAATCS G0JIee TOUHO UM C MEHBIINM YJCIOM IIapaMeTpoB, UeM IIPM MCIIOTIb30BAHUM CUHTYJISPHOTO U HEOT-
PMLIATeIPHOTO MAaTPMYHBIX PA3JIOKEHMUIT TOM ’Ke pasMepHOCTU. MoJeNb YCIEeIIHO UCIbITAHA B OIMCATEJIbHOM U IIpes-
CKa3aTeJIbHOM peXUMax. Pe3ysbpTaT OTKphIBae€T BO3MOKHOCTU AJIS pa3pabOTKM IIPUPOJOIIOLOOHBIX BBIUMCIUTEIbHBIX
apXUTEKTYp Ha HOBBIX JIOTMUECKNUX IIPUHIIMAIIAX.
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Surov | A.

Beegenue

XapaKTepHBIM CBOJICTBOM COBPEMEHHBIX BBIUMCINTENBHBIX CUCTEM SIBJIIETCS OOJIBIIAs Pecypcoém-
KOCTbB, JJI1 MHOTUX IIPAKTHMYECKUX 3a7ad TpeOyolas CylepKOMIIBIOTEpPHBIX MOIIHOCTell. B mraxmarax
U IO, HAIIpMMep, eCTeCTBEHHOe MBIIIIeHIe IT0OKa3bIBaeT CXOMHbIE Pe3yIbTaThl ¢ HECPABHEHHO MEHbBIINM
9HepromorpedireHreM 1 060bEMOM 00yuaromux AaHHBIX. C APYTroil CTOPOHBI, COBpeMeHHast BBIUMCIINTI-
eJIbHAas ITapafyurMa He II03BOJIIET BOCIIPOM3BECTY MoBefeHNe HeMaronbl Caernohabditis elegans, HepBHas
cucreMa KoToporo u3 302 HelIpOHOB IIOJHOCTBIO KapTupoBaHa 38 yier Hasax [1]. OTu pe3ynbTaThl yKa-
3BIBAIOT Ha IPMHLMUIINAIBHOE HECOBEPILIECHCTBO COBPEMEHHBIX MMMUTAIMI €CTeCTBEHHOI'O MHTEJIEKTa,
3¢ $eKTUBHOCTD KOTOPOTO BO MHOTHX CJIyUasx OCTAETCS HeTOCTVLKIIMOIL.

JlaHHag TPyAHOCTH MOTUBMPYET paspaboTKy METOOB aHaIM3a JAHHBIX Ha HOBBIX JIOTMUYECKUX IIPUH-
[uIax, 6ojee COOTBETCTBYIOIIMX paboOTe eCTECTBEHHOTO MBIIIUIeHNsI. B kauecTBe TaKOBBIX paccMaTpUBa-
IOTCSI 3aKOHBI ONTIUYECKO-ToIorpaduuecKmx ¥ KBAHTOBO-(DM3MUECKUX IIPOLIECCOB, ITO3BOJISIOIINX MICIIONb-
30BaTh HOBBIE (POpPMATHI KOAMPOBAHUS U AITOPUTMBI 00paboTku uHbopmarmu [2—4]. B oriauune or kBaH-
TOBBIX BBIYNCIIEHUII [5], 9TOT MOAXOX He Bcerpa TpeOyeT JMCIIOIb30BAaHUs HOBBIX TUIIOB MaTepUaIbHbIX
HocureJell. Takye cucTeMbl He BeAYT K YCKOPEHIO, XapaKTepHOMY [JI1 KBAHTOBBIX KOMIIBIOTEPOB, OJJHAKO
IIO3BOJIAIOT JOOMBATHCS IIPOrpecca B KOTHUTUBHO-TIOBeJeHUeCKOM MOJeINPOBAHUN OIarofaps JydIieMy
COOTBETCTBMIO C IIPMHIMITAMY €CTECTBEHHOTO MBIIIITIeHN [4, 6].

9TO MPEeMMYIIeCTBO HOBBIX BBIUMCINTEIBHBIX IPUHLIIOB 00yCIOBIEHO IepexofoM oT ByreBckoil
«JIOTUKY MHOKECTB» K «JIOTMKe (KOTHUTUMBHBIX) BOJIH», IPEICTABIAIOIINX CMBICIIOBOE COIEepKaHIe Hell-
POHHBIX BO30y)KIeHNi B ecrecTBeHHOM MbinuteHnu [7]. Ilpu sTom nupOpMaIus KOQUPYeETCs He TOIBKO
aMIUIATYXHBIMIY, HO 1 (pa30BBIMM ITapaMeTpaMy KBAaHTOBO-BOJIHOBBIX COCTOSIHMIL, UTO COOTBETCTBYET IIe-
pexomy OT HelICTBUTEIBHBIX K KOMILIEKCHBIM unciaM. Biraromaps ¢asoBbIM cTerieHIM CBOOOIBI INMHETIHOE
HaJIO’KeHIe KOMIUIEKCHO3HAUHBIX aMILINTY II03BOJISIET MOAENIMPOBATh HeJIMHelHbIe («MHTepdepeHIn-
OHHBIE») 3aKOHOMEPHOCTH IT0OBeeHUECKUX TaHHBIX, BBIXOJAIINE 32 PAMKI KIaCCHUECKON parifioHaTIbHO-
ctu u Teopuu BepostHocTu Kosmoroposa [6, 7]. Kak u B kBaHTOBOII (u3NKe, TaKOe MOJEINPOBAHNUE I10-
BeeHUeCKMX MaHHBIX UAET IIOCPEICTBOM HEJOCTYIIHBIX AJISI IIPIMOTO HAOMIOqeHU KBAHTOBO-BOJIHOBBIX
00'beKTOB, ITPeICTABIISIOINX KOTHUTUBHO-IICUXTUECKIIe COCTOSHIS PACCMaTPUBAEMOIL CUCTEMBIL.

9TM IperMyIlecTBa BOJIHOBOIO M KBAHTOBO-IIOMOOHOTO IIOJXONOB YKa3bIBAIOT Ha I1eJIeco00pasHOCTb
UX COIpSDKEHNUS ¢ MAaTPUMYHON alre6poil COBpeMEeHHBIX HepOCeTeBBIX apXmUTeKTyp. [t atoro Hambo-
Jee ymo6Ha MaTpuyHas (opMyJIMpoBKa KBAaHTOBOJ TEOPUM, COIVIACHO KOTOPOV KBAHTOBBIE COCTOSHIISA
1 Hab1romaeMble IIPEeNCTABISIOTCS BEKTOpAaMIL M OIlepaTopaMy B MHOTOMEPHOM IpoctpaHctse [8]. B or-
Jnume OT OOBIYHOIN JIMHEHON anreOpbl HEMIPOCETEBBIX TEH30POB, 3T BEKTOpA ¥ OIEPATOPHI SIBJISIOTCSI
KOMILJIEKCHO3HAUHBIMM KaK TOTO TpebyeT BOJIHOBasA IIPMUPOa HEPOHHBIX Bo30yxmenuit. [Ipu stom da-
30Bble ITapaMeTphl HEOOXOMMMBI ISl «BHYTPEHHMX» BBIUMCIIEHUI, TOTOA KaK IOCIeXYIOLINIT ITePEXOL
K JOEeVICTBUTENbHBIM HaOJI0faeMbIM OCYIECTBIIIETCA IIyTEM B3ATHS KBAAPATHOTO MOAYJSI OT MTOTOBBIX
KOMIUIEKCHO3HAUHBIX BeJMYMH. JTa OoIepalius, M3BeCTHas B KBAHTOBOI (uU3NKe Kak IpaBmio BopHa
U KJIIOUeBast JAJIs OTMEUeHHOI IMHeapyu3al, OTauYaeT JAaHHbI II0JXO0X OT YMCTO KOMIITIEKCHO3HAUHBIX
HeJIPOHHBIX ceTell [9] 1 MaTpUUHBIX pasiokeHnit [10], orpaHMueHHBIX pabOTOM ¢ KOMIIJIEKCHO3HAUHBIMI
J160 IBYMEPHO-BEKTOPHBIMI JAaHHBIMIL

IIpumepoM compshKeHMS KBAaHTOBOJ JIOTMKM Y MaTPUYHON ajureOpsl SBIIfETCS KBAHTOBO-IIOXOOHAsS
MoauUKaLMs CUHTYISPHOTO MAaTPUMYHOIO pasioxeHus [11], sBiasiomierocs mpoodpa3oM TeH30PHOI al-
reOpbI COBpeMeHHBIX Helipocetell. Kak mokasaHo B 3T0it paboTe, CTPYKTypa MaTpUL] CUHTYJIIPHOIO pas-
JIO’KEHMS TI03BOJIIET COOTHECTM VX C 3JIeMEHTaMM KBaHTOBO-IIOMOOHBIX IOBefeHUeCKux Mmopedneii. Ilo-
crenyolee 00001IeHIe ITUX MATPUL] C HeICTBUTEIBHBIX Ha KOMIUIEKCHBIE UICIa IIOBBIIIIAET TOUHOCTD
BOCIIPOM3BeNEHNI AaHHBIX 3a Cuér Oosiee 3¢(HeKTUBHOIO MCIIONH30BAHMA TOTO K€ YMciIa CBOOOMTHBIX
IapaMeTpOB Mofesu (TaM e). ITO CBOJICTBO, OTMEUEHHOE paHee I KBAHTOBO-II0K0OHOT0 MOIEINPOBa-
HISI CEMAHTMKI eCTeCTBEHHOTO s3bIKa [12], moarBepamno adpdekTuBHOCTH KBAHTOBO-BOIHOBOIL aIreGphl
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LU MMM TALUVY MBILIUIEHS yeioBeka. EIfé pas moguepkHEM, UTO JAHHBII IIOJXO0 peanu3yeTcsa CpeCcTBa-
MM KJIACCMYECKUX KOMITBIOTEPOB U HE MMEET IIPSMOIO OTHOLIEHNS K IIOCTPOEHNI0 KBAHTOBBIX BBIUMCIII-
TEJIBHBIX CUCTEM, XOTS COIPSDKEHIE 3TUX HAIIPABIEHMI TAK)Ke IIPECTABIISIET MHTEPEC.

Hepmocrarkom pa6otsr [11] sBisieTcst OTCYTCTBUE MHTEPIIPETALMY DJIEMEHTOB IIOJIYUEHHOTO Pasyo-
JKEHS, aHAJIOTUYHOI, HAIIPUMep, MHTEPIIPeTAlIY 3JIEMEHTOB HEOTPHUIIATEIHFHOTO pasiokenus [13]. Bos-
MO>KHOCTb TAKOJI MHTEPIIPETALNN, OXHAKO, CIIeAyeT 13 paboT [14, 15] rie mokas3aHo, UTO IPOCTelililee KBaH-
TOBOE COCTOSTHUE — KYOUT — MOYKHO MCIIOJIb30BATh [JISI MaTeMaTnuecKoi ¢popmanusaun CyobeKTIBHO-
9MOLMOHAIBHOTO CMBICIA. IIpy 9TOM eKapTOBBI OCHU IIPOCTPAHCTBA KYOUTHBIX COCTOSHIIL COOTBETCTBYIOT
cemanTrueckuMm pakropam Y. Ocryaa oreHKa — Ciia — akKTMBHOCTD, TOTIa KaK yIJIOBBIE CEKTOPA COOTBET-
CTBYIOT IJIAaBHBIM 9MOIMOHAIBHBIMU COCTOTHUAM. [I0CKOIBKY B MBIIILUIEHUN UEJIOBEKA ITOCJIETHIIE BBITIOJ-
HSIOT POJIb €CTECTBEHHBIX CMBICJIOBBIX KATETOPUIT (TaM Ke), 9TO COOTBETCTBUE OTKPHIBAET BO3MOXKHOCTI
pas3paboTKy IPUPOKOIOTOOHBIX BEIUNMCIMTEIBHBIX METOLOB.

Ilo sroil mpuumHe B HAHHON craThe (B oTimume OT paboTsl [11]) MCKOMOe compshDKeHMe MaTpud-
HOIT a1reOphl M KBAHTOBO-IIOJOOHOTO MOIEIMPOBAHNS CTPOUTCI CO CTOPOHBI rocieqHero. Vcmons3yemas
IUISL 9TOTO MHTEPIIpPeTHpyeMas MOIENIh BEPOITHOCTHBIX IOBENEHUECKNX NAHHBIX IIPeCTaBIeHa B pas-
nene 1. B pasgene 2 9ra Momgens MpMBOOUTCS K MATPUMUYHON (opMe, aHATOTMUHOI HEOTPUILATETIHFHOMY
pasiokeHn0. Pe3yIpTaThl ONMMCaTeNbHOrO U IPOrHO3HOTO MOIEIMPOBAHNS [IPECTABIEHbI B IIOCIENYIO-
X pasgenax 3 u 4.

1. KY6I/ITHaH MOA€JIb KOHTEKCTHO-UYBCTBUTEIIbHBIX pemenmﬂ

OGBEKTOM UCXOTHOV IIOBEEHUECKOI MOMIEINN SBISIOTCI BEPOITHOCTY OCYIIIECTBIEHVS [[€JIEBOTO CO-
ObITus X B TPEX CBA3AHHBIX MEKITY c000i1 curyanusax — kourekcrax A, B u C. Kinaccuuecknm npumepom
TAKO CUTYaLUy ABJISEeTCS TaK Ha3blBaeMas ABYXITAIlHas UTPa, B KOTOPOIiT coObITreM X SIBISIETCS yUaCTIe
B CJIeyIOllleM KOHE UTPHI B OPJSHKY B CUTyalMIX, KOTAa MPeIbIAyIINiI KOH BhHIMIpaH (A), Ipourpax
(B), mu mcxon aroro koHa HeussecreH (C) [16]. IlomyuenHsie B psife 9KCIIEPUMEHTOB BEPOSITHOCTY 9TUX
peuternuit 0 < p?, pb, p¢ < 1 cucTeMaTMUecKy OTKJIOHSIOTCA OT OKMAAHUII KIACCUUYECKON palyiOHaIIb-
HOCTI, UTO TIO3BOJIAET UCIIONB30BATh UX [JIA UCIBITAHUS METOMOB aHAJIM3a JAHHBIX HA HOBBIX JIOTUKO-
MareMaTMYeCKUX IpUHIMIax [7].

Cornacuo momenu [17, 18], mpuHumad 1esieBoe peltieHne X cyGbeKT OPOXKIaeT HATIPABIEHHOE Ha HETO
OBYMEpPHOE KOMILIEKCHO3HAUHOE BEKTOPHOE (TMIb0EepPTOBO) IIPOCTPAHCTBO, UCIIONb3yeMOe IS KOXMPO-
BaHUS 3MOIMOHAIBHO-CMBICIIOBBIX COCTOSHUI IPUHUMAIOIIETO peleHne juna. Kourekcrst A, B u C
MIPEACTABISIOTCS B 9TOM IIPOCTPAHCTBE TPOIIKOI BEKTOPOB, B KBAHTOBBIX 0003HAUEHNSIX 3alIVICHIBAEMBIX

Kak .
agp i
[¥a) = i, | =ag|0) +e'a|1),
[¥,) = | bo = b|0) + by |1), (1)
_e‘ﬂbl_
>elYOC ] . .
I¥e) = emc(l) =€ |0) +eMer|1), yi—-yo=vy.

IIpu 5T0M 0 < day, by, ¢k < 1 ecTh meitcTBUTENbHBIE aMILIUTYABL a 0 < @, f, Yk < 27 — das3oBble mapamer-
PBI Ka’KJI0TO 13 BeKTOPOB (1), M3BECTHBIX B KBAHTOBOI MH(pOpMATUKe Kak KyOutHble cocrosuus [8]!. Itum
TEepMIUHOM 00y CJIOBJIEHO Ha3BaHMe «KyOUTHAs MOJENb», MICIIOIb3yeMoe fajtee s 0003HaUeHIST MOEI,
IIpeICTAaBICHHO B 3TOM pasele.

ICneuM(bI/meCKaﬂ KBaHTOBas HOTALMsI BeKTOPOB (1), 6e3 moTepu CMbICIIA 3aMEHSIOIIAsACI Ha OObIUHbIE BEKTOPHBIE 0603HaUe-
HVSL, VICIIOJIb30BaHa [JIs COOTBETCTBUA ¢ paboramu [15, 17, 18]. B mocieayomnpyx pasmenax craTby 3T 0003HAUEHNS IIPAKTIUECKI
He JICTIOJIb3YIOTCS.
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Fig. 1. A: Qubit state space in the Bloch sphere Puc. 1. A: NpocTpaHCTBO KYyOUTHbIX COCTOSHWIA
representation. Polar angle 6 and azimuthal angle B NpeacTaBneHun chepbl bnoxa. MonspHeii yron 6
¢ (a, B, y) encode favorability and process function N a3nMyTanbHbIN yron ¢ (a, f, y) KOANPYOT
of the context in relation to the basis 1/0 decision 61aronpuUATHOCTb N NPOLLECCHYO GYHKLIMIO
in subject’s cognition. B: 12 triples of states (1) KOHTEKCTa OTHOCUTENbHO B6asncHoro petueHns 1/0
in qubit model of two-stage gamble. Green, red B Ncuxuke cybbekTa. B: 12 Tpoek cocToAHMM (1)
and blue correspond to the contexts A, B and C, KyOUTHOI MOZAeNn ABYX3TanHOM Urpbl. 3e1éHbIM,
respectively. KPacCHbIM N CUHUM MOKa3aHbl KOHTeKCTbl A, B n C.

Basucusle coctosHms |1) u |0) COOTBETCTBYIOT IPMHSTUIO M He-IIPUHSATUIO LEJI€BOr0 pelreHns X,
a KOMILJIEKCHO3HAUYHbIe aMIUIMTYAbl IIepell HUMI ONpeHeNdioT BEPOATHOCTH OCYILECTBIEHMS COOTBET-
CTBYIOLIMX aJIbTePHATHUB II0CPEACTBOM OIlepallii KBapaTHOTO MOAyJId (IpaBmio BopHa):

pe=leal’ =a, 1-p = ap,
pb — |ei,b71b1|2 — bZ, 1_pb — bZ’ (2)
poletel=c,  1-pf=leel=d

YTO OIIpemesieT HOPMUPOBKY BeKTOPOB (1).

Hopmuposka (2) mo3BossieT peAcTaBUTh ABYMepHbIEe KOMILIEKCHO3HAaUHbIe BeKTopa (1) TpéXMepHBbI-
MI BEKTOpaMU Ha eJUHIYHON cepe B HEVICTBUTEIBHOM TPEXMepHOM npocTpaHcTse. [Ipu atom 0,4 =
2 arcsin(ay, by, ¢1) ABISIOTCS MONSIPHBIMY yIiamy, a Gassl @, f U y = y; — ¥ SBISIOTCSI a3MMyTaJIbHBIM yT-
smamu. CorstacHo momenu [14, 18], mossipHbIe YIIbI KOGUPYET CYObeKTUBHYIO OJIArONPUATHOCTS KOHTEKCTA
IUtst 6A3VICHOTO peIIeHNs «1», ONpeRessioy0 BeposATHOCTH (2). A3MMyTajabHble YIWIBI &, ff, ¥ KOQUpY-
10T QYHKIMIO KOHTEKCTA B JKM3HEHHOM LIMKJIE JEITEIBHOCTI 10 OCYLIECTBIEHUI0 06A3MCHOTO pelleHNs
X. 9TOT UUKI COCTOUT UX IOCIIETOBATEIHFHOCTH ITANOB «BOCHPUATHUE», «AHAIN3», «IPOEKTUPOBAHLEY,
«IelICTBIE», «COTTIACOBAHIE» U «BHEAPEHME» (TaM jKe) KaK [TI0Ka3aHO Ha pUCYHKe 1A.

B paccmarpuBaemoit monenu Bekrop |V, ) «HeonmpeqenéHHOro» KoHTeKcra C 3a1aéTcs Cynmepro3uimeit
ocTaBIINXCST BEKTOPOB (1) Kak

%) = N (%) + €] %)), 3)

re 0 < x < 27 ecTb cynepnosunuonHas gasa, a N > 0 — HOpMUPOBOUHBII MHOKIUTEb,

2Heobxomumoctsb dasbl y y HyIeBOI KOMIOHEHTHI BeKTOpa | ¥, ), 6e3 moTepu 0BIIHOCTH TIOTIOKEHHOI HyIEM B KyOuTax |¥,)
u |¥p), clenyeT M3 IepBOI CTPOKI 9TOTO YPaBHEHUS.
b
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IIpu puxcuposarrom N cucrema ypaBuenuii (1), (2), (3) pelraercs B aHAINTUUECKOM BIE 1 [I03BOJIIET
HalITU TPOIKY BeKTOpOB (1), IpeAcTaBIAIONX KOHTeKCThI A, B 1 C B Icuxuke amua, IpUHUMAIOIIETO
pemrenne X [17]. IIpu saToM BepoATHOCTHBIE 3HAUEHMS UYBCTBUTEJIBHBI JIUIIb K OTHOCUTEIBHBIM YIJIaM
Mexxay BekTopamn (1) Ha cdepe Bioxa, B cuity uero ¢pasy ogHOro 13 HUX MOXKHO 3a1aTh IIPOM3BOJIBHO.

9ToT BBIOOD JesaeTcs Ha OCHOBE IIPOLIeCCHOM (GyHKIMM MOAeIMpyeMBbIX KOHTeKCToB. [[1d IByxaTarm-
HOII UTPBI, HAIIpUMep, «HeOIIpeeI€HHbI» KOHTeKCT C COOTBETCTBYeT pe3yJIbTaTy IIEPBOTO 3TaIla XKI3-
HEHHOTO IIMKJIA «BOCIIPUATIIE», HA KOTOPOM 13 GOHA BHIMAaHNEM BhIfleIgeTcd HeKOTOPBIit 00bekT. [latee
clleflyeT aHAINM3 U 0OBICHEHNE 3TOTO0 0OBEKTAa B HEKOTOPOM f3BIKE, a 3aTeM — IIOCTAHOBKA LieJIell B 9TOM
OTHOLIEHUN U pa3paboTKa IJIAHOB I10 MIX OCYILECTBIEHUIO («IIPOEKTUpOBaHMe», «design») ¢ yuérom co-
CTOSTHMA cpebl. [IponrpaIlI npeAbIAYyIero KoHa B KOHTEKCTe B coOTBeTCTByeT HeGIaronpusaTHOMy 06CTO-
ATENBCTBY, ITPEOI0JIeHNIe KOTOPOTO IIPOVICXOANT Ha CIEAYIOIINX 3TalaxX «AeiCTBIEe» M «COTJIaCOBAHMIE».
Vx pesynpTaToM SBIISETCS KOHTeKCT A — BeIMIphINI. Pasa o cooTBeTcTBYyMOIIero eMy Bekropa |¥,) dux-
cupoBasack Ha 3HaueHuu 0°. [IpomeccHbII NMKI 3aBeplIaeTcs BHeApeHMeM («integration») IosryueHHOTO
pesyJbpTara B )KM3Hb, HAIIpUMep, ITyTéM JCIIOIb30BaHMA BBIUTPAHHON CyMMBI.

C aTuM yciaoBueM Monenb ¢ HOpMupoBKoil N = 1 mocTpoeHa [ n = 12 IIOCTAaHOBOK OBYX3TAITHOM
UTPHI, pe3yJIbTaThl KOTOPHIX NpuBeneHsl B Tabmmue 1. [ToryueHnHsle 12 Tpoek KyOMTHBIX cocTosHMIT (1)
ITOKa3aHbI Ha pIUCyHKe 1B B IIpoeKIuu Ha 9KBaTOPUAIBHYIO INIOCKOCTH chephl Biroxa. CorylacHO IoJI0XKeH-
HOMY 3HadueHMI0 @ = 0° Bekropa |¥,) KOHTeKcTa A PacCIONOKeHbI Ha IpaHUIIe STAIlOB «COIVIACOBAHIE»
I «BHeIpeHNe». B cOOTBeTCTBMM C BBIIIIEONMCAHHBIM OXKrgaHueM coctosaus | ¥p) u |¥.) mexxat Ha rpaHn-
I1aX TAIOB «IIPOEKTMPOBAHME» — «IEICTBIE» I «BOCIIPYSATIIE» — «aHAIN3» COOTBETCTBeHHO. Pasbl aTNX
cocTosHMII ff 1 ¥, a Takke nHTeppepeHunoHHas ¢asa x (3), moJayueHHbIe pelteHneM ypaBHeHuit (1)-(3),
Je’KaT B AMAIlasoHax

x =111.3 + 8.8°, f=119.5+5.8°, Yy =241.1 £3.3°. (4)
9Ta rpynIMpOBKa XapaKTepu3yeT YCTOIUMBOCTb CYO'beKTMBHBIX CMBICIOBBIX COOTHOIICHNI MEXAY KOH-
TeKCTaMU IIPUHATAS 0A3JMICHOTO PellleHNs B aHAIN3UPYeMOoll BBIOOpKe TaHHBIX [17].

2. Marpuunas popma

[1st n 9KCIIepuMeHTOB KOMIIOHEHTHI |0) 1 |1) BeKTOpoB (1) XapakTepusyeTcss MaTpULIaMI KOMILIEKC-
HO3HAYHBIX aMILIUTY[ pasMepoM 3 X 1, CTpPOKM KOTOPBIX COOTBETCTBYIOT KoHTeKcTaM A, B u C:

ia ia: ia,
ape ™t appe’ ™ ... ape’’r apt ap2 e aon
_ i i i —
Q1= |bueP bpefr .. biuefn, Qo= bo bz e bon |, (5)
01161)/11 01261)/12 e Clnelyln c01e’Y°1 coze’)"’z Ce c0ne’Y0"

Iie BTOPOIL MHIEKC Y aMIUIUTYX dk, bk, ck U a3 yx ects HoMep skcnepuMeHTa. COrjIacHO ypaBHeHUIM (2)
IepBas 13 3TUX MaTPUL CBI3aHa C MAaTPUIIEI MCXOAHBIX JaHHBIX Ollepalyeli I103JIeMeHTHOTO KBaApPaTHOTO
MOJYJIS:

Pi| [Py PS - Ph Py
Pr=|p}|= o0 P oo ph|=1Qul.  Po=1-Pi=|pg| =1Qf. (6)
DT V2 SRR o PG
Table 1. Results of 12 experiments <two-stage Ta6nuua 1. Pe3ynbtatel 12 3KCNeprIMEHTOB

gamble> [7] «AByX3TanHas urpa» [7]

p* | 0.69 | 0.75 | 0.69 | 0.60 | 0.83 | 0.80 | 0.68 | 0.64 | 0.53 | 0.73 | 0.59 | 0.30

pb 0.57 | 0.69 | 0.59 | 0.47 | 0.70 | 0.37 | 0.32 | 0.47 | 0.38 | 0.49 | 0.71 | 0.24

p° 038|073 | 035 | 047 | 0.62 | 0.43 | 0.38 | 0.38 | 0.24 | 0.60 | 0.70 | 0.17
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Fig. 2. Schematic of the matrix-qubit model Puc. 2. O6LLas cxeMa MaTPUYHO-KYBUTHOW Mogenn

2.1. MaTtpuyHOe pa3jIo>KeHle

CoorHorrrenne (3) BbIpaskaeT IOCTIeHNE CTPOKYM MATpuUIl (5) uepes CYNepIIOSUIMIO Map MX HMepPBBIX
CTPOK ¢ KoadduimeHTamu e~ 1 1 cCOOTBeTCTBEHHO. B MaTpuuHOII 3aIMCK 3TO COOTHOILIEHE IIPMHIMAET
BUJ

10 . _ .
=10 1 ap e’ ajze' ape'n
Ql = b11€i(ﬁ1+x1) blzei(ﬁﬁxz) o blnei(ﬁn+xn) >
1 1
_ - )
1 0 4 . .
01 02 PR on
=lo 1 : ; :
QO - b01elx1 bozelxz o bonelx”

KyunocTb 3HaUeHMI X 1 S B paccMaTpuBaeMoll BEIOOpKe (4) IT03BOJITET 3aMEHNTD X Ha OOIIVe 3Ha-
yenns X u B. O603Hauas IpOU3BOJIBHEIE o = const 6YKBoI (A, COOTBeTCTBYIoLIME (a30Bble MHOKUTEIN
MOTYT OBITH IIEpeHECEeHBI 13 BTOPBIX MaTpUI[ ypaBHeHMi (7) B IIepBbIe KaK II0Ka3aHO Ha PUCYHKe 2:

¢! A 0
~ i g a1 adi2 ... QAin
=0 e'8 =U,V; ~ Qq,
R IS P PO T I
- (8)
Lo a a a
Q=10 1 01 Qo2 ... Qon = UyVo ~ Qu,
1 eiX boi boz ... bon

I7ie JIEMEHTHI eVICTBUTENIbHBIX MaTpul Vi u Vy OIpenensioTcs M3 OaHHBIX TaOIMUbl 1 IOCpeCcTBOM
IIEPBBIX ABYX CTPOK (2). Takum ob6pasomM mapaMeTpaMy MaTpPUUHON KyOMTHOI MOIENN SIBJISIOTCI 00IIue
¢dassr A, B u X, nmepsas u3 KOTOPHIX PUKCUPYETCS 13 TeX K€ COOOpaKeHUII, UTO U IIPU MOAEIMPOBAHUN
OTJENbHBIX 9KCIIEPUMEHTOB. B 11cX0IHOII KyOUTHOI MOMeIN, HallpOTUB, ITapa CBOOOTHBIX (a3 HaXOmUTCI
VIS KOKIOTO M3 N 3TUX 9KCIEPUMEHTOB OTHEeIbHO. Takum o6pa3oM Ui DJaHHBIX II0 ABYXITAIHON MUrpe
MaTpuuHas ¢opMa COKpallfaeT KOJIMUIECTBO ITapaMeTPOB MOJeIN B n = 12 pas.

2.2. HaxokgeHle mapaMeTpoB

U3-3a TAKOTO COKpALLIEHNS YICIIa TIAPAMETPOB, pa3jiosKeHue (8) TOUHO BOCIIPOU3BOAUT aMILTATY B (5)
TOJIBKO B «0as3MCHBIX» KOHTekctax A u B. AmMmmutyasr kommoneHt |0) u |1) koHTekcTe C, HAIPOTUB,
BOCIIPOM3BOASATCS JINIIG HPUOIVKEHHO B CIUIy HECTPOTOCTM IIOCIENHUX PABEHCTB B ypaBHeHUIX (8).
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MepaMm COOTBETCTBYIOINMX OTKIJIIOHEHNSA MOTYT CIIY>XIUTD KBaAPAaTIYHbIE HOPMBbI

Ipi - pill
pSll
lIpo — Pyl
pgll

KOTOpBIEe MOTYT MCIIOJIb30BaJIach B KauecTBe QyHKIMII OIIMOKY g HaxoxaeHus das X u B metogamu
MHOTOMepHOII ontumMusaryu. IIpu atom BenmunHa X MoeT OBITH HalifieHa HampsaMylo u3 (9b), mocie
yero B HaxomuTcsa u3 (9a) ¢ y4éToM 3a{aHHOTO BPYUHYIO A KaK OTMeUeHO BBIIIIE.
e e
[lonyueHHbIe TakMM 06pa3oM CTPOKM P M Py HAOT B CyMMe eQMHMILYy JTMIIL B cpegHeM. CTporas
HOpPMUPOBKa (2) [ KaKIOTO 9KCIepMMEHTa JOCTUTaeTCs II03JIEMEHTHBIM JelleHIeM KasKIOl M3 9TUX

Li(X, A, B) = P = Hem ei(X+B>] V1| (9a)

Lo(X) = ps=|[1 eX]Val, (9b)

CTPOK Ha UX CyMMY:
"C
pi[mod] = ———

C e’
Po + P;

e
_Po
e =ec -’
Po +P;
9TM BeKTOpa SIBJIAIOTCSI MOMEIBI0O TPETBUX CTPOK MaTpumi (6) Ha OCHOBE IEPBBIX ABYX €€ cTpok. OOImas
TOYHOCTD MOJENN XapaKTepu3syeTcsa HOpMOIl

po[mod] = (10)

_ [Py — Py [mod]|l

L= m a1

3. MNcnbpiTaHIA B ONMCATEIHBHOM pPeéxume

[IpencraBieHHas MofeNb IIOCTPOEHA I JAHHBIX B Tabumme 1 mid TpE€X BapMAaHTOB BBIOOpA Iaphbl
6asucHbIx KoHTeKcTOB: AB, BC 1 CA. B mepBoM ciryuae o61ast 11t Bcex 9KCIepuMeHTOB dasa A KOHTeKcTa
A 3amaérca pasHoit 0, obmas dasa B koHTekcTa B ompenensgercs B Xojme ONTMMM3AIMM KaK OMMCAHO
B paspene 2.2, Torga kKak ¢assl y koHTekcta C (1) ompemensiorcs apryMeHTOM KOMILIEKCHO3HAUHBIX
AMILTITY/ B TPEThUX CTPOKax Matpuil Qo u Q; (8). B UacTHOCTI, /IS MEPBOTo BapMAHTA GA3MCHOI I1apPhI
(AB) monyueno 3Hauenue 8 = 120.6°, Torga Kak cpeJiHee 3HaUeHNe U CpeJHEKBaApaTIUeCcKoe OTKIOHeHNe
das y ectb C = 240.5 + 3.3°.

Hna npyrux BapraHTOB GasMCHBIX Iap 0003HaueHN: das coxpaHaoTca. B yactHOCTH, IpM 6asuce BC
¢dasa B kourekcra B dukcupyercs Ha sHauennn B = 120° cormacHo cxeme Ha rpaduke 1B. Ob6mas dasa
C HaxomMTCS IIOCPECTBOM ONTMMU3ALMNIY, TOTAA KaK quanazoH ¢gas A 1Le1eBoro KOHTEKCTa A BBIUMCIIA-
eTcs U3 IOoTyYeHHbIX MaTpuil Qo i Qy. [lIa KaKIOro M3 BAPMAHTOB Gaslca IOTyUeHHble 3HaYeHus a3
KOHTEKCTOB U MHTepdepeHUMOHHBIX (a3 X npuBeneHsI B CTONONAX TaOMMIIBI 2.

TouHOCTB IOTYUeHHBIX MOJeJIell IpUBeAeHa B IIOCIeJHUX CTPOKax TabauLbl. B mpenmocienneit ctpo-
Ke yKasaHa OIIMOKa BOCIIPOM3BeeHN I1eJIeBOro KOHTeKCTa (9a), BEIUMCIIeHHAS IT0CIe UTOTOBOVI HOPMI-
poBkn (10). B mocnenmed crpoke IpuBegeHa OTHOCUTEIbHAS HOPMa OTKJIOHEHMS IIOJTHOI MaTpuusbl (11).

Table 2. Parameters and precision of descriptive
modeling

Ta6nuua 2. MapameTpbl U TOYHOCTb
onncaTenbHOro MoAeNpoBaHus

basucHas nmapa AB BC CA
IleseBoiT KOHTEKCT C A B

X 111.9° 132.5° 118.1°
A 0° 358.3 +2.9° 357.7°

B 120.6° 120° 118.7 £ 5.6°
C 240.5 + 3.3° 236.7° 240°
Omm6xka Ly (9a) 0.21 0.17 0.18
O61mas omu6ka (11) 0.10 0.12 0.10
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AB-C BC-A CA-B
120° 60° 120° 60° 120° 60°
180° 0° 180° 0° 1807 0°

240° 300° 240° 300° 240° 300°

Fig. 3. Qubit states (1) in matrix model, projected Puc. 3. KybuTHbIe COCTOAHMSA (1) MaTPUUHOM
onto equatorial plane as in Figure 1. Graphics MOZEN B MPOeKLMN Ha 3KBaTOPMaIbHYHO

correspond to three choices for the pair of basis naockocTb chepbl Bnoxa aHanormyHo pucyHky 1.

contexts, indicated on top. padunkm cOOTBETCTBYIOT TPEM BapmaHTam

6a3MCHO Napbl KOHTEKCTOB, YKa3aHHOM CBEpXY.

9Tu BeIMUMHBI [[eJIeCO0OPa3HO CPABHUTD C AHAIOTMUYHBIMI OIIMOKAMI MOLEIUPOBAHNS TEX JKe JAHHBIX
¢ nmomo1sio cuHryasapHoro (SVD) u seorpunarensuoro (NMF) pasnoskenuit [19], yceuéHHBIX 10 pasmep-
Hoctu 2. [l oboux pasnoxenuit gpyuxius (11) cocraBuia 0.255, UTO IpeBBIIIAET OIIMOKY B ITOCIETHEN
cTpoke Tabnuiie! 2 Gojee yeM BABoe. [JOCTUTHYTOe IIPEMMYIIIECTBO TeM OoJiee CyIIeCTBEHHO, UTO IIpef-
CTaBJIEHHAs MaTpUYHas MOJeJb MIMeeT BCero ABa CBOOOAHBIX mapamerpa (X m ogua us ¢as A, B, C).
[ cpaBHEHNUs, Y CUHTYJISPHOTO PasjIoKeHNs TaKMUX ITapaMeTpoB 26, a y HeoTpuLareabHoro — 30.

Kakfast U3 TPEX IIOCTPOEHHBIX MOJeIell Ompe/esseT MATPHIBI KOMILIEKCHOSHAUHBIX aMILTUTY O
u Q; (8), MOpOKAAKOIIIe HAGIIOAaeMbIe BEPOSTHOCTH cormacHo popmymnam (6). Iloce Hopmuposku (10)
matpuna Qg TepseT MHPOPMATUBHOCTE, TOIAA KaK Q MONHOCTHI0 XapaKTepU3yeT IOCTPOCHHYI0 MOTENh
IUIS K@)XXOTO M3 I[eJIeBBIX KCIepuMeHTOB. Kak 1 B McxoqHOI KyOuTHOI Mofenn (pasgen 1), KaxxaoMmy
U3 SKCIIEPUMEHTOB B Tabnuile 1 COOTBETCTBYET TPOiiKa BEKTOPOB (1), COOTBETCTBYIOIIMX KOHTEKCTaM A,
B u C. 12 Takux Tpoek I KaKIO0M 13 TpEX MoeJiell II0OKa3aHbl Ha pPUCYHKe 3

dyHKIMIOHATBHOE PACIIONIOKEHNEe KOHTEKCTOB B asMYTaIbHOI IIOCKOCTH cdepnl Biioxa coBmamaer
C IIpecTaBiIeHHbBIM Ha rpaduke 1B mis Bcex BapnanToB 6asuca. B orimune oT MHOAMBUAYATBHBIX MOJEIIETL,
¢dasa He TONBKO IIEPBOTO, HO ¥ BTOPOTO M3 0a3MCHBIX KOHTEKCTOB IJIA BCEX SKCIEPUMEHTOB OIVHAKOBa
I OIIpeJelIfieTcsl pe3ysbTaToM onTuMusanuu. HeHyseBoil pa3dpoc MMEIT TOJIBKO (aspl L[eJIeBOr0 KOH-
rekcra (Tabanna 2).

4. IIporHO3HBIN peKUM

IIpencraBieHHas MOMAEIH MOKET ObITH MCIIOIB30BaHA IS IIPOTHO3MPOBAHMS BEPOSITHOCTY I[EIEBOTO
pellleHns B HEKOTOPBIX U3 PACCMATPUBAEMBIX KOHTEKCTOB MOMAEIMPYyeMOT0 Habopa Ha OCHOBE BEPOSTHO-
CTeJT TOTO JKe pellleHNs B OCTABLINXCS KOHTEKCTaX. MeTo TaKoro IIpOTrHO3a U Pe3yIbTAThI €r0 alrpobarium
Ha JaHHBIX IBYX3TAaIlHOM UTPHI IPEACTABIEHEI B pa3feiax 4.1 u 4.2.

4.1. MeTox

Meron IpOrHO3MPOBaHNA CTPOMTCA Ha OCHOBE OIMCATEILHONM MOMENN, MOKA3aHHON Ha PUCYHKe 2.
B s1eBoit yacTy 3TOI CXEMBI OTHEJIBHBIM 9KCIIepMMEHTaM COOTBETCTBYIOT CTOJIOIBI MaTpul Vo u Vi, Torma
kak Marpuisl Uy n U; KogmpyroT o01yo aJrOpUTMUKY ITOBEIeHUECKOI CYCTEMBI, ITOPOAMBIIIE)T MOIEIIN-
pyeMmsle nanasle. 3Hanue 31ux Matpuil U, HaliTeHHBIX U3 N «00yUAIOIINX» IKCIIEPMMEHTOB KaK OIIVICAHO
B paspeJe 2, 1 fesaeT BO3MOKHBIM JCIIOJIb30BaHME MOAENN I IPOrHO3MPOBAHMSA YaCTH BEPOATHOCTEN
paccMaTpUBaeMOro pellleHNa B HOBOM SKCIIepuMeHTe n+ 1. YTouHeHNe «9acTi» 3[1eCh 03Ha4yaeT, UTO IIPO-
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Fitting
Uy m Pk
Vi o
Known A " | |2 P Known
contexts N g o — , | probabilities
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Target o Predicted
arge c redicte
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Cognitive o .
matrix Optimized amplitudes
Prediction
Fig. 4. Prognosis of the basis decision probability Punc. 4. Cxema NporHo3npoBaHns BEPOATHOCTU
in the target context C based on the known 6a31CHOro peLleHus B LieneBoM KoHTekcTe C
contexts A, B and matrices of behavioral Ha OCHOBE M3BeCTHbIX KOHTEKCTOB A, B 1 maTpuy,
algorithmics U (12)-(13) noBefeHYeckon anroputMmkm U (12)—(13)

THO3UPYIOTCS BEPOITHOCTY HE BO BCeX TPEX KOHTeKcTax A, B 1 C, a TOIBKO B OJHOM — IIeJIeBOM — U3 HUX;
BEPOATHOCTY B OCTAJIbHBIX [{BYX «M3BECTHBIX» KOHTEKCTaX HEOOXOMMMO 3HATD.

[71s1 Takoro mpeacKasanusa K Marpunam Vi u Vo Heob6xoxmmo K06aBUTh CTOIOLI V1 I Vo, COOTBETCTBY-
IOII1Ie HOBOMY 3KcIepuMeHTy n + 1. CornacHo cxeMe 2 1 ypaBHeHUM (8) ITepeMHOKEHIE ITUX CTOIOI0B
¢ marpuriamu Uy u Uy 1o6aBuT K aMIUINTYXHBIM MaTPULIAM 61 n Qo HOBBIE CTOJIOLBI 1 U qo. KBagparst
MOJIyJIeNl 9TUX aMIUIUTY I OPOKIAOT CTOJIOIBI IIPOTHO3HBIX BEPOATHOCTEN COTJIACHO BhIpakeHUAM (6):

PPt = |Ugvil?, k=o0,1. (12)

B usBecTHOI Mape KOHTEKCTOB 3T BEPOATHOCTY AOJKHBI MAaKCUMAJIBHO TOYHO BOCIIPOM3BOANTD JaHHBIE
3HAUEHUS, YTO U SBJLETCS KPUTEPMEM IS HAXOKIOEHUS ONTUMAIBHBIX aMIUIMTYIHBIX CTOJIOIOB V.
IIpn 3TOM MCIIONB3YIOTCA QYHKINY OLINOOK

est

lIp; [iz] — pr[iz]|l
lIpx [iz]

Lit(vy) = k=01, (13)

A€ apryMeHT [IZ] BbI6I/IpaeT 713 BEKTOPOB CTPOKM, COOTBETCTBYIOIINE M3BECTHBIM KOHTEKCTaM.

. opt
CormnacHo BbIPpa’XKE€HUIO (12), HallJE€HHbIE TAKUM 06pa30M AMILIINUTY ObI Vkp OIIPENETIAI0OT BEPOATHO-

opt . .
cTun pkp 0asMCHOrO pelIeHNusI BO BCEX KOHTEKCTAaX, BKIIOUAs IeIeBOM [neiz] kak mokasaHo Ha cxeMe 4.
duHanpHbBIe IPOTrHO3HbBIE 3HAUEHNS [TOIYUAIOTCS M3 9TUX BEPOITHOCTEN C IIOMOIIbI0 HOPMUPOBKY, aHa-
soruyHoi (10):
opt .
prog p, [neiz]
P =

o - k=01 (14)
p, [neiz] +p," [neiz]

Urax, pewénnas mporuossas 3agaua (12)—(14) coctont B IpeacKkasaHum BepOsITHOCTU 6a3MCHOTO pe-
LIEHNs B OTHOM M3 PACCMATPUBAEMBIX KOHTEKCTOB Ha OCHOBE BEPOATHOCTEIT TOTO K€ PEIIEHNS B OCTANIb-
HBIX KOHTeKcTaX. [lns sToro Heo6xonumo 3Hats Matpuiel Uy u Uy, monyueHHbIe B pe3yIbTaTe OMICATeNb-
HOTO MOZENMPOBAHU.

4.2. HWcnoeprranuga

OnmcaHHBIN METOT UCHBITAH Ha JAaHHBIX, IpUBEeAEHHBIX B Tabanue 1. I kakmoro u3 12 sxcrnepu-
MEHTOB IIPOTHO3 BBIMOJIHSICS [JI BCEX TPEX BAPMAHTOB LIeJIEBOro KoHTeKcTa. Heobxomumble mpu sTOM
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A Fitting Prediction B Fitting Prediction
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Basis pair of qubit model Models with artificial basis
Fig. 5. A: testing of prognostic model for all Puc. 5. A: pe3ynbTaThl MPOrHO3HOMO UCMbITAHNA
combinations of the basis context pair and the MoZenu Ans Bcex KoMbuHaumin 6asncHor napel
target context. Fitting: relative standard error (13) KOHTEKCTOB U Lie/1IeBOro KOHTEeKCTa.
of approximation of data in the known contexts. AnnpokcMmaLms: oTHoCUTeNbHas
Prediction: prognostic error (15). B: the same values cpeAHeKkBagpaTnyeckas owmnbka (13) onncaHms
for the prognosis based on singiular value N3BECTHbIX KOHTEKCTOB. MPOrHo3: owmnbka
decomposition (SVD), nonnegative matrix NPOrHO3MpoBaHus (15). B: Te e BeINYNHbI
factorization (NMF), and on the qubit model AN51 NPOrHO3a Ha OCHOBe CUHIrynsapHoro (SVD)
with artificial basis. Top row shows average of all n HeoTpuuartesnibHoro (NMF) MmatpuyHbIX
columns. Black frame indicates best models PasnoXxeHWin, a Takxke Ha OCHOBEe KyOUTHOM
with fixed and artificial basis. MOZeNn C UCKYCCTBeHHbIM 6asncom. CpegHee
Mo KaXA0oMy 13 CTON6L0B NOKa3aHO B BEPXHEM
psiay.

matpuisl Uy u U onpemessiiuch B Xo/e OMMCATENBHOTO MOIEMNPOBAHUA 11 OCTaBIINXCA «O0YUATOIIIIX»
akcrepuMeHTOB. Kak orMeueHo B paspmerne 3, 9Ty MaTpMUUBI MOTYT OBITH ITOJNyUeHBI Ha OCHOBe JIF00011
u3 Tpéx map 6asmcubix KoHTekcTOB: AB, BC 1 CA (pucynok 3). B utore, mnus xaxpmoit m3 9 xomOnHa-
LT «I[eJIEBOJI KOHTEKCT X — 0asucHas mapa yz» BbIpakeHue (14) IPOTHO3UPYET CTPOKY BEPOSITHOCTEN
Py [prog] nns Beex 12 skcnepumentos Tabmuipl 1. OTHOCKTENBHAS OLIMOKA IIPOTHO32 M3MepPSIIACh HOpP-
MIPOBaHHBIM CpeIHEKBAAPATNYECKIM OTKIOHEHIIEM

py:[prog] - p*

Y
STDP™E (x, yz) =| IV, xyzeABC. (15)

X
OTu 3HayeHNUs ITOKa3aHbl Ha IpaBoM rpaduke pucyHka 5A. [IpuBenéHHbIe B BepXHeIl CTPOKe Cpen-
HIte (average) COOTBETCTBYIOT OTHOCUTEIBHOI OIIibKe rmporuosa (prediction) meneBoit BEposATHOCTH 36 %.
1 Ka>kmoro IejIeBoro KOHTEKCTa (target context), OJTHAKO, CyILIeCTBYeT Ky6I/ITHa$I MOJeJIb, Jarlas cy-
I[ECTBEHHO GoJiee BBICOKYIO TOUHOCTH (0.27, 0.19, 0.25). ITu 3HaUeHUs HA AMATOHAIN MaTpUIIbI (qépHaH
paMKa) COOTBETCTBYeT BBIOOPY 0as3mCcHO mapsl KOHTEKCTOB (basis pair), JOMOIHAOLIEI 1eJIeBOTT KOHTEKCT
mo tpoiiku ABC. B atux ciydasx HacTpoeHHas B 00yJaloOIeM ONMMCATEIbHOM pesKyMe QYHKIM MaTPIIL
Uy n U; coBmagaer ¢ TpeGyeMoil A1 Tporuosa. IIpu 9ToM, B OTIMYMe OT OCTAIBbHBIX KOMOMHANMII (X, Yz),
owmOKM ONMCaHNs N3BeCTHHIX KOHTeKCTOoB (fitting) (13) paBHBI HyII0 Kak ITOKa3aHO Ha JIeBOM Ipadiuke.

5. CpaBHeHI/[e C METOAaMI HAa ICKYCCTBEHHOM basnce

AHaJIOTMYHBIIT IIPOTHO3 OBLI BBIIIOJIHEH Ha OCHOBE CYHTYJIIPHOTO M HEOTPUIIATEIBHOTO PA3JIOKEeHMIA.
OTM pasjoKeHUs IPeACTaBIAT MaTpuuy HaHHBIX Py (6) B Bume mmpomsBemeHus TPEX M ABYX MaTPIUI]
COOTBETCTBEHHO. B oTiume oT KyOMTHOI MOIENN, 3T MeTOAbI paboTalOT He ¢ aMILIUTYJaMU, a HeIlo-
CpeICTBEHHO C AeJICTBUTEIbHO3HAUHBIMY JaHHBIMIL. TeM He MeHee, MeTOJ IIPOTHO3HOI'0 MOAeIPOBaHNS
(pasmex 4.1) MpUMEHUM K 3TUM OIMCATEIBHBIM MOJIEIIIM.
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s HeorpunarensHoro pasioxenus (NMF) nepBas u Bropas MaTpuiibl cOOTBeTCTByeT MaTpuuam U
n V Ha cxeMe 2. COOTBETCTBYIOIMIT HOBOMY 3KCIIEPMMEHTY JOIIOJIHUTEIBHBIN CTOI0EI] BTOPOII MaTPULIbI
roxbupaercs IO YCIOBUIO HauboJiee TOUHOI'0 BOCIIPOV3Be e ST JAHHBIX B M3BECTHBIX KOHTEKCTaX aHAJIO-
TUYHO CXeMe Ha PUCYHKe 4, 0qHAaKo 0e3 KBagpaTHoro Moxys (12). st cuHryaspHoro pasnoxenus (SVD)
Ipoleaypa OTIMYAeTCsI TeM, YTO B KauecTBe BTOPOI 6a3yMCHOI MaTpuIlbl OepéTcs IpousBefeHIe BTOPOIL
(CHMHTYIIIPHOIT) U TPEThEeNl MAaTPUL] PA3IIOKEHNSL.

B ornnume ot xy6uTHOIT Moaein, 6a3ucHbie MaTpuLbl B pasiokeHusx NMF u SVD 6epytcs He u3 gan-
HBIX HAIIPIMYI0, 8 KOHCTPYUPYIOTCS MCKyCCTBEHHO. COOTBETCTBEHHO, BBIOOD ITaphl 6a3MICHBIX KOHTEKCTOB
(Tabsnua 2, ropu3oHTaTbHAS OCh Ha PUCYyHKe 5A) He TpebOyeTcs, a pasiio)KeHMe JaHHO MaTPUIBI MOJe-
JIMPYeMBIX BeJIMUNH SBJIAETCS eAMHCTBeHHBIM. [Ipu sToM aHamornunble U Ha cxeMe 2 IepBble MATPUILBI
PasJIOKEHMIT CTAaHOBATCA Ooyiee MHPOPMATUBHBIMU I TaKKe KOHCTPYUPYIOTCA I Hambojiee TOYHOTO
BOCIIpOM3BeqeHMsT JaHHbIX. [Ipy qByx 6a3MCHBIX KOMIIOHEHTAX, OTHOCUTEIbHAI HOpMa OMIMOKM OIyica-
HUA OAaHHBIX B TaOuuie 1 mag obomnx meTomos cocTasmiua 0.255 (pa311en 3). AHamornuHas MoauduKanms
KyOMTHOIT Mozeny npencrasieHa B [Ipunoxesnn.

TouHOCTB IPOrHO3HBIX Mofeelt Ha ocHoBe SVD 1 NMF, a Taxske KyOUTHOI MOJEIN C UCKYCCTBEHHBIM
GasucoM IpencTaBieHa Ha pucyHke 5B. Hamxymiumit mporHos co cpegHeil OTHOCKUTEIBHOI OIIMOKOIL
0.57 (15) mosryueH ¢ momoIiso Mogenu Ha ocHoBe SVD. IIporuos Ha ocuoBe NMF maér cpenHiono ommbky
0.38, 6iM3KYIO K CpeIHMM OIIMOKaM KyOMTHBIX MOMeJell Ha PUCYHKe 5A, OJHAKO YCTyIlaeT KyOUTHBIM
MOZEJSIM C HAVIYYIINM (GUKCHPOBAHHBIM 6a3MCOM AJIS KaXKIOT0 KOHTEKCTA.

Ky6urHast Momenb ¢ MCKycCTBEeHHBIM Oasmcom (qubit) mosBosser qoOUTHCA eIlé GONBIIEro IMPenMy-
II[eCTBA, YMeHbIIas OMMOKy A KaKOOro M3 KOHEKCTOB Ha 3-5% (uépHas pamka). LleHoir sToro mpe-
VMIMYILECTBA IBJSIETCS YTPaTa MHTEPIpPETUpyeMocTy MaTpul (pucyHok 2), (16). Ctpoxkn martpuiy V Gosee
He COOTBETCTBYIOT MICXOMHBIM KOHTEKCTaM 3aJaull, TOra Kak IojlyyaeMble KyOUTHbIE TPOJIKM He HeCyT
OUEBMIHBIX (a30BbIX 3aKOHOMEPHOCTEIL, IIOKa3aHHBIX Ha PUCYHKeE 3.

3akirouenue

HawnGonpuryio 1ieHHOCTS M1 pa3paOboTKM HOBBIX BEIUMCIUTENBHBIX CICTEM IIPEICTABIIIET CEMAaHTIKA
M 4MCJIO NapaMeTpoB IpeNCTaBIE€HHON MoJenn. B oTiamume oT BecoB CBSI3€il B COBPEMEHHBIX Helipoce-
TAX, TApaMeTPhI MTOJIYUEHHOrO pasioxeHus (B uactHocTH, (paspl amementoB matpuil U (8)) mHTepIpe-
TUPYIOTCA B IIPOLIECCHO-CMBICIIOBBIX KATETOPUSIX €CTECTBEHHOTO MBILLIEHNS (9KBATOp cephl HA PUCYH-
ke 1A); 9T Kareropun, B CBOI OUepeb, CBI3aHbI C IPUUNHHO-CIECTBEHHOI JIOTUKOI U CyOBEKTIBHO-
SMOLIMOHAJIBHBIMU COCTOSHUSAMMU IT0BeeHuecKnx cucreM [15, 20]. Ha sToit ocHoBe npeacraBjieHHas MO-
JleJIb B aBTOMATIUE€CKOM PEXXMIME BBISBIIIA IIPOII€CCHO-CMBICIIOBbIE OTHOIIEHNA MEXAY IOBENEHUECKIMU
KOHTEKCTaMM, IPUHLINIINAIBHO OTINYAIOIIMECT OT KOPPEIALUMOHHBIX 3aKOHOMEPHOCTEN CHTAKCUYECKO-
ro yposHs. IlogTBepKaeHMe 9TOr0 CBOJICTBA B HAIbHENIIINX UCIBITAHNUIX Oy/IeT 03HAYATh CYII[eCTBEHHbIII
rporpecc B pa3paboTKe IPUPOTOIOTOOHBIX METOLOB CEMAHTIUECKOTO aHAIN3a JaHHbIX.

Yuciio mapaMeTpoOB IIPeACTaBIEHHON MOmeiau ¢ (UKCUPOBAHHBIM 0a3MCOM He 3aBMCUT OT YMCIA
CTOJIOIIOB-TIOCTAHOBOK N = 12 U oIpemesseTcs JIMIIb YJCIOM CTPOK-KOHTEKCTOB kK = 3 MaTpMLUbI MC-
XOIHBIX MaHHBIX. [Ipy ABYX 0a3MCHBIX KOHTEKCTaX MOMEJNb nMeeT Bcero k — 1 mapamerp: ¢asa omHOrO
13 0a3UCHBIX KOHTEKCTOB U k — 2 3HaueHuit ga3 X i1 KaKOoro u3 He-0a3MCHBIX KOHTEKCTOB. [[J1s1 cpas-
HEHUs, YCeU€HHOe 10 Pa3MEePHOCTH 2 HeOTpUIIATeJIbHOE Pa3JIo’KeHIe MAaTPUIBI pa3MepoM k X n 3aBUCUT
ot 2(k+n) = 30 mapaMeTpOB; IUIsI CUHTYJIAPHOTO PA3JIOKEHS 9TO UMCIIO Ha 4 e IMHUIIBI MeHblite. [Ipu aToM
TOUHOCTb KaK OIIMCAaHUsA, TaK J IPOTHO3a MOXKET CYILIIeCTBEHHO IIPEBOCXOANUTD 3TY KJIAaCCUUYECKNE aHAJIOT U
KaK II0Ka3aHo B pa3feiax 3 u 4.2 Ha IpuMepe ABYXITAIHOI UTPEI. B repenoxeHnn Ha TeH30pHYIO anredpy
HeJpOoceTelt 9TO CBOJICTBO IIPECTABIISET MHTEPeEC s pa3paboTky 6oee 3¢ PeKTUBHBIX BHIUMUCIUTENBHbIX
ApXUTEKTYP.

Bapmant mogenn ¢ uckycctBeHHBIM 6asucoM (cM. IlpunoskeHne) mo3Bosser emé 6oiee MOBBICUTD TOU-
HOCTB IIPOTHO3a (PUCYHOK 5B), OqHAKO yTpaumMBaeT IPEeNMYILIECTBO IO YUCIY IapaMeTpoB. HOBBIM CBOII-
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CTBOM 3TOII MOHM(bMKaHMM ABJIAETCA MHOXECTBEHHOCTD peI.LIeHI/II?I COOTBeTCTBYIOH_Ieﬁ OHTI/IMI/ISaLH/IOHHOﬁ

3agaun. COBMECTHO C OTMEUEHHBIMMU BbILIIE MHTEPIPETAUVIOHHBIMU CBOI‘/'ICTBaMI/I, II0JIyJya€MbI€ TAKIM 00-

pasoM MaTpUUHBIE PA3JIOKEHNA MOTYT COOTBETCTBOBATh aJIbTEPHATUBHBIM CMBICIOBBIM MOJENAM OJHIX
U TeX ke (PaKTUUeCKUX JaHHBIX, BEIOOP MEKIY KOTOPBIMIU OOYCIIOBIEH CyOBEeKTMBU3MOM KOTHUTUBHBIX
cucreMsl. TakuM o6pa3oM HeskeJlaTeJIbHas Ha IIepPBBIN B3IUIA] MHOTO3HAUHOCTh MOKET COOTBETCTBOBATh

Cy@beKTMBHOf/[ MHOTI'OBapMaHTHOCTUM €CTECTBEHHOTO MBIIJIEHNI, HE HaxoOsgIIen BBIpA)KE€EHUA B APYTUX

IIapaaurMax aHajan3a JaHHbIX. Bo3MOXXHOCTH TAKOTO MCITOJIB30BAHMS ABJIIETCI IIpeaMeToM IIa.TII:HCf;II.HI/IX

HCCIIeqOBaHMIA.
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IIpunoxenue. KyouTHast MoesIb Ha ICKyCCTBEHHOM 0Oa3muce

J71s1 MOIeTMpOBaHUS OJTHOM U3 CTPOK MATPULIBI (6) Ha OCHOBE IMaPhI APYTUX €€ CTPOK IIPeICTaBIeHHAs
MarpuuHas Gopma M30bITOUHA B CUIIYy TPUBUAIBHOCTY IEPBBIX ABYX cTpok Matpuu Uy, Uy (8) u coBma-
OEHUs 9TUX CTPOK B MATPUIAX @k 1 Qx. Marpuunas ¢opma, OQHAKO, IIO3BOJIET MCKATH PA3JIOKEHME
aMmunTyaHbrx Matpui (5) 6onee o6mmum 0o6pasom, korga Matpuiel Vo u Vq He 6epyTcs 13 DaHHBIX HATIPS-
MYI0, 2 TOIOMPAIOTCS IS TIOJTyUeHMs 6oJiee TOUHOM Mofenn. B atom ciryuae pasnoskenus (8) mpuMHMMAIOT
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rfe MaTPUUYHOE [IeJIEHNE BO BTOPOM yPaBHEHMM BBIIIOJHAETCA I03JIEMEHTHO, a Qipt ecTb MaTpuubl (16)
C ONTUMAaJIbHBIMM IIapaMeTPaMIL.

HMcripITaHys IIOKa3aIn, uTo pesyapTat MunnMusanny gyskunu (17) merogom L-BFGS-B [21] uyBcTBI-
TeJIeH K HaYaJIbHBIM 3HaUeHUAM IIapaMeTpoB Mopen. COOTBETCTBEHHO, KyOUTHAs MOJIENb C ICKYCCTBEH-
HBIM 6asucoM (B oymune ot pasioxkeHnit SVD u NMF, a taxxe B oTiimdne ot Mofesieil ¢ pUKCHPOBaHHBIM
6asmcoM (3)) He sIBIIIeTCA e AMHCTBEHHOIL. Moieb, pe3yIbTaT KOTOPOII IIpeACTaBIeH B pasjelie 5, BbIOpaHa
13 100 pa3IMYHBIX PelLIeHNIT IT0 KPUTEPIUIO HaMeHbIIIell OIIMOKM ITporuosa (15).
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Process mining is a field of computer science that deals with the discovery and analysis of process models based on auto-
matically generated event logs. Currently, many companies are using this technology to optimize and improve their business
processes. However, a discovered process model may be too detailed, sophisticated, and difficult for experts to understand.
In this paper, we consider a problem of discovering the hierarchical business process model from a low-level event log, i. e.,
the problem of the automatic synthesis of more readable and understandable process models based on the data stored in the
event logs of information systems.

The discovery of better-structured and more readable process models is extensively studied in the framework of process
mining research from different perspectives. In this paper, we present an algorithm for discovering hierarchical process
models represented as two-level workflow Petri nets. The algorithm is based on predefined event partitioning so that this
partitioning defines a sub-process corresponding to a high-level transition at the top level of a two-level net. In contrast
to existing solutions, our algorithm does not impose restrictions on the process control flow and allows for concurrency
and iterations.

Keywords: process mining; Petri nets; workflow nets; process discovery; hierarchical process model; event log

INFORMATION ABOUT THE AUTHORS

Begicheva, Antonina K. | ORCID iD: 0000-0001-6657-1760. E-mail: abegicheva@hse.ru
(corresponding author) | Lecturer, M. Sc.

Lomazova, Irina A. | ORCID iD: 0000-0002-9420-3751. E-mail: illomazova@hse.ru
Professor, Dr. Sc.

Nesterov, Roman A. | ORCID iD: 0000-0002-4162-9070. E-mail: rnesterov@hse.ru
Associate professor, PhD

Funding: Basic Research Program at HSE University.

For citation: A.K. Begicheva, I. A. Lomazova, and R. A. Nesterov, “Discovering hierarchical process models: an approach based
on events partitioning”, Modeling and Analysis of Information Systems, vol. 31, no. 3, pp. 294-315, 2024. DOI: 10.18255/1818-1015-
2024-3-294-315.

© Begicheva A. K., Lomazova L. A., Nesterov R. A., 2024
This is an open access article under the CC BY license (https://creativecommons.org/licenses/by/4.0/).

294


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2024-3-294-315
https://orcid.org/0000-0001-6657-1760
mailto:abegicheva@hse.ru
https://orcid.org/0000-0002-9420-3751
mailto:ilomazova@hse.ru
https://orcid.org/0000-0002-4162-9070
mailto:rnesterov@hse.ru
https://creativecommons.org/licenses/by/4.0/

MOAENNPOBAHUE N AHATN3 MHPOPMALIMOHHBIX CUCTEM, TOM 31, Ne 3, 2024

/
,7 ? ’ CalT XypHana: www.mais-journal.ru
UL

lnormation Sysem: THEORY OF COMPUTING

CuHTe3 HepapXmuecKX MojeJieii IIpoIeccoB: IIOAXO0/ Ha OCHOBE
pa30ueHNA COOBITUIT HAa MHOYKECTBA
A.K. Bernuesal!, . A. Jlomasosa!, P. A. Hecrepos! DOI: 10.18255/1818-1015-2024-3-294-315

lHaLII/IOHaJII)HbIIZ I/ICCJIeJIOBaTeJ'IBCKI/Iﬂ YHUBEPCUTET «BpIcmIas 1mkosa SKOHOMMKI», MOCKBa, Poccus

YK 004.942 ITonyuena 25 mions 2024 r.
Hayunag cratbs IToce mopaborku 18 mrons 2024 .
IToTHBI TEKCT HA aHIJIMIICKOM S3BIKe TpunsTa K nyoaukanuu 24 s 2024 r.

Process mining — 3To 06;1aCTh KOMIIBIOTEPHBIX HAayK, KOTOpasd 3aHMMAETCS CHTe30M I aHAIM30M MOJeJIel] IPOLecCoB
Ha OCHOBE aBTOMATMYECK) TeHepUpPYeMbIX KypHaJIoB COOBITMIL. B HacTosIlee BpeMs MHOTME OPTaHM3ALMI MCIIOb3Y-
10T 9TY TEXHOJIOTMIO MJISI ONTMMMS3ALMM ¥ COBEpPIIEHCTBOBAHMS Gu3Hec-TporeccoB. OMHAKO CHHTE3MPOBaHHAS MOENb
Ipoliecca MOKeT GBITh CIMIIKOM II0APOGHOI, CII0XKHOI U TPYIHOI Il IOHMMAaHMA 9KcIepTaMi. B pa6oTe MbI paccmar-
puBaeM 3ajauy CHHTe3a JMepapXmudecKoil Mojein Gu3Hec-IIpoliecca U3 HM3KOYPOBHEBOIO )KypHasla COOBITHII, TO €CTb,
3aJlayy aBTOMAaTIMYECKOT0 CUHTe3a 6ojlee yxo00UnTaeMbIX U IIOHATHBIX MOJEJIEI IPOIecCOB Ha OCHOBE JaHHBIX, XpaHi-
LIUXCA B )KypHaJIaX COOBITIIT MHPOPMALVIOHHBIX CUCTEM.

ITocTpoeHne Gosee CTPYKTYPMPOBAHHBIX U y000UYNTaeMbIX MOl IIPOIeCCOB IIMPOKO M3yuaeTcsa B paMKax JC-
CJIeOBaHMI B 06JIacTy process mining ¢ pasHbIX TOUeK 3peHMs. B 9Toif crarbe MBI IpeACTaBiIsgeM aJrOPUTM CHHTE3a
MepapXm4ecKux Mojesiell IIPOLeccoB, IMIPeCTABICHHBIX B BI/e JBYXYPOBHEBBIX CeTeil IOTOKOB PabOT. AITOPUTM OCHO-
BaH Ha IIpeloNpeeJIeHHOM pa3oyieHuu COOBITIII Ha MHOKECTBA, KOTOPBIE OIPe/IeNIAI0T IIOAIIPOIIECCEI, COOTBETCTBYIOIIVIE
BBICOKOYPOBHEBBIM IIepexojaM Ha BepXHeM ypOBHe ABYyXYPOBHEBOJI CETU IIOTOKOB paboT. B oTimume OT CyIeCTBYOINX
PpelIeHmit, IpeCTaBIeHHbI alfOPMTM He HaKJIaAbIBaeT OrpaHNMYEHMI Ha IIOTOK YIPABJIEHN IIPOIIECCOM, a TaKXke J0-
IyCKaeT Mapajulen3M 1 UTepaIiu.
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Introduction

Over the past decade, companies whose processes are supported by various information systems have
become convinced of the need to store as much potentially useful information about the process executions
within a system as possible. This was facilitated by qualitative improvement in the areas related to the extrac-
tion of valuable information from the recorded data, which helps to adjust the operation of companies over
time and thus save and increase their resources. Process mining is a field of computer science that provides
a palette of tools to extract the logic of the system behavior as well as to model and optimize the processes
that occur in a system. In particular, process mining methods allow one to find inconsistencies between
the planned and actual behavior of a system and to track the occurrence of the inefficient or incorrect be-
havior.

Despite the fact that increasing attention is being paid to preserving the optimal amount of the necessary
information about processes, the actual data on process executions is not always available in a convenient
format and with the necessary degree of detail, since system logs are generated for a lot of different purposes.

Process discovery aims at extracting processes from event logs and constructing models of these pro-
cesses. Most of the available process discovery methods produce a model with the same level of detail
provided by the initial event log [1].

Therefore, a promising area of research is the problem of discovering a more readable process model
from a detailed event log, while preserving the important information about the process execution for ex-
perts. Readability of process models can be achieved in various ways. The most commonly used methods
are filtering rare behavior from the original event log, skipping “minor” events (the significance of an event
is assessed according to the chosen methodology); and abstraction, when some events are considered in-
distinguishable from others. We will discuss existing methods in more detail in Section 1. In our study,
we consider the latter approach, when more readable models are the result of model abstraction — they are
more compact and have the optimal level of detail for the work of experts in comparison to the level of model
detail that could be obtained by direct discovery methods. To preserve the important data, we are dealing not
only with abstract (high-level) models, but also with hierarchical models storing the low-level information
in the form of sub-processes.

In this paper, we propose an algorithm for discovering hierarchical process models from event logs. Pro-
cesses are represented using workflow nets [2], a special subclass of Petri nets used for modeling the control
flow of business processes. This study extends our previously achieved results [3] where we proposed an ap-
proach to discovering abstract models for processes without cycles. Here, we provide a more general solution
by overcoming the prohibition of cyclic behavior.

Hierarchical models allow us to have a high-level view of the model by “folding” the behavior of an in-
dividual sub-process into a high-level transition with the ability to unfold it back. Thus, at the top level,
there is a high-level model in which every individual transition corresponds to a sub-process built from low-
level events. The history of detailed behavior of the process is recorded in a low-level event log. Regarding
the number of levels in the hierarchy, we will only use two levels — high and low, but the algorithm can
naturally be extended to any number of levels.

The paper is structured as follows. Section 1 presents the review of related research. Section 2 gives theo-
retical preliminaries and the definitions used in the text. In Section 3, we discuss the basics of the hierarchical
process discovery algorithm. Section 4 presents the main discovery algorithm and the proof of its correct-
ness in the light of the perfect fitness preservation. Section 5 reports the outcomes from the experimental
evaluation. In Section 6, we conclude the paper and discuss the possible future work directions.

1. Related work

Research connected with our paper can be classified into approaches to abstracting event logs and process
models and approaches to constructing hierarchical process models from event logs.
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One of the recent surveys [4] gives a comprehensive review of approaches and methods that can be
applied for low-level event abstraction. The authors divide the methods according to: the learning strategy
(supervised or unsupervised), the structure of the process models (strictly sequential or with interleaving),
the low-level events grouping approach (deterministic or probabilistic) and the nature of the processed data
(discrete or continuous data).

For example, the method presented in [5] is a supervised method that aligns the model complexity
with the needs of different stakeholders. Another example of a supervised approach to event abstraction
was presented in [6]. This method takes a low-level event log and transforms it to an event log at the desired
level of abstraction, using the following behavioral patterns: sequence, choice, parallel, interleaving and rep-
etition of events. This technique allows one to obtain a reliable mapping from low-level events to activity
patterns automatically and construct a high-level event log using these patterns. Detecting high-level events
based on the patterns of behavior in an event log does not make it possible to refine the accuracy of abstrac-
tion, based on the general knowledge of the system, or provide it only partially. Patterns provide the ability
to change the scale but not to participate in the selection of correct high-level events. This could only be
useful for a superficial analysis. However, there is a risk of combining unrelated low-level events into a sin-
gle high-level event only because they are executed sequentially, but not because they belong to the same
logical component of a system.

Another supervised event abstraction method was discussed in [7]. The nature of this method is as fol-
lows. The authors annotate a low-level event with the correct high-level event using the domain knowledge
from the actual process model by the special attribute in the event log. In addition, this paper assumes that
multiple high-level events are executed in parallel. This allows us to interpret a sequence of identical values
as a single instance of a high-level event.

Unsupervised techniques do not require additional information beyond the input log. For example, in [8],
the authors specify a fully unsupervised framework for partially ordered event data that detects abstraction
classes using event data based on its observed execution context. In [9], the authors offer a framework
for evaluating unsupervised abstraction techniques and evaluate the state-of-the-art methods using 400
event logs. One of the conclusions drawn from these evaluations is that there is typically a trade-off between
high precision and high comprehensibility in the resulting model. The less abstract the model is the higher
its calculated precision will be.

An example of the multi-perspective approach that combines features of the unsupervised and super-
vised methodologies is provided in [10]. After automatic identification of event groups, this method allows
users to select the groups that are relevant and can be used for low-level log abstraction.

A general approach to the representation of multi-level event logs and the corresponding multi-level
hierarchical models was studied in [11]. The authors highlighted the fact that this approach can combine
multiple modeling notation for representing different levels in multi-level process models.

There are many ways of abstracting process models by reducing their size in order to make them more
convenient to work with. Each method may be useful depending on a group of interrelated factors: the ab-
straction purposes, the presence of certain patterns and constructs, and the specifics of modeling notation.
Reducing the size of the model by abstraction can be done as the “convolution” of groups of elements, or im-
plemented by throwing some parts of the model away (insignificant in a particular case) [12]. The importance
of the low-level event log abstraction is emphasized, among others, in [13].

Researchers determine which level of abstraction is appropriate for a particular case in different ways,
but the main criterion is that the model should be readable and understandable. In [14], the abstraction
of a process model occurs through “simplification” automatically: the user determines only the desired de-
gree of detail, but not the actual correctness of identifying high-level events. Conversely, the paper [5]
stressed the importance of the abstraction level dependence on the domain expert knowledge.
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Petri nets [15] can also be extended by adding the hierarchy as, e.g., in Colored Petri nets (CPN) [16].
Hierarchical events allow one to construct more compact, readable and understandable process models.
The hierarchy of CPN models can be used as an abstraction, in the case of two levels: a high-level abstract
model and a low-level refined model. In our paper, the high-level model is a model with abstract transi-
tions. An abstract transition refers to a Petri net sub-process which refines the activity represented by this
high-level transition. A complete low-level, also referred to as classical, process model can be obtained
from a high-level model by substituting sub-processes for high-level transitions. By the classical process
model, we mean a model that is not loaded with information about the hierarchy, which has the same level
of detail as the original event log.

Synthesis of a classical process model is a standard process discovery problem that has been extensively
studied in the literature. A wide range of process discovery algorithms supports the automated classical
process model synthesis [1].

Inductive Miner [17] is one of the most widely used process discovery algorithms that produces well-
structured process models, built recursively from building blocks for standard behavioral patterns. They can
be potentially used for constructing high-level process models. However, this technique does not take the ac-
tual correspondence between low-level events and sub-processes. In [18], the authors also used the recog-
nition of behavioral patterns in a process by a structural partitioning algorithm and then defined a specific
workflow schema for each pattern.

In [19], a two-phase approach to mining hierarchical process models was presented. Process models were
considered as interactive and context-dependent maps based on common execution patterns. In the first
phase, an event log is abstracted to the desired level by detecting relevant execution patterns. An example
of such a pattern is the maximal repeat that captures typical sequences of activities in the log. Every pat-
tern is then estimated by its frequency, significance, or some other metric needed for accurate abstraction.
In the second phase, the Fuzzy Miner discovery algorithm [14], adapted to process map discovery, is applied
to the transformed log.

FlexHMiner [20] is a general algorithm based on process trees implemented in ProM software. The au-
thors stress the flexibility of this approach: to identify the hierarchy of events, the method supports both
supervised methods and methods using the general knowledge of a process. The limitations of this method
include the fact that each of the sub-processes can be executed only once, which means that the method
is not suitable for processes with cycles.

A large volume of literature is devoted to the problem of discovering structured models from event logs.
Researchers offer different techniques to improve the structure of discovered models, e.g., in [21], and to
produce already well-structured process models [22, 23]. Different ways of detecting sub-processes in event
logs, using low-level transition systems, were discussed in [24-26]. However, these works did not consider
mining hierarchical process models from event logs.

One way to use process discovery techniques for abstract model synthesis is log pre-processing. For ex-
ample in [27] the authors divide the initial log into sub-processes using activity instances information.
The limitation of the proposed method is in the activity instance partitioning: as the authors only consider
cases where a subprocess always begins and ends with fixed events.

In [3], the authors presented an algorithm for the discovery of a high-level process model from the event
log for acyclic processes. This method takes the initial data on abstraction in the form of a set of detailed
events grouped into high-level ones, which means that any method of identifying abstract events can po-
tentially be used, including those based on expert knowledge. After pre-processing, this algorithm allows
the use of any existing process discovery approach that is suitable for the synthesis of a classical process
model. The possibility of using existing approaches as components makes the proposed algorithm flexible.

This paper extends the conditions of applicability of the algorithm from [3] since it works only for acyclic
models. For the algorithm to find and process potential cycles in the event log, we will reuse the method
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for detecting the repetitive behavior in a event log proposed and tested in [28, 29], which partially covers
the general solution of the cycle detection problem.

2. Preliminaries

By N we denote the set of non-negative integers.

Let X be a set. A multiset m over the set X is a mapping: m : X — N, i. e., a multiset may contain several
copies of the same element. For an element x € X, we write x € m, if m(x) > 0. For two multisets m, m’ over
Xwewritem C m’iff Vx € X : m(x) < m’(x) (the inclusion relation). The sum, the union and the subtraction
of two multisets m and m’ are defined as usual: Vx € X : (m+ m’)(x) = m(x) + m’(x),( mU m’)(x) =
max(m(x), m’(x)), (m—-m’)(x) = m(x) —m’(x), if m(x) —m’(x) > 0, otherwise (m—m’)(x) = 0. By M(X)
we denote the set of all multisets over X.

For a set X, by X* with elements of the form (x3, . . ., xx) we denote the set of all finite sequences (words)
over X, () denotes the empty word, i. e., the word of zero length. The concatenation of two words w; and w,
is denoted by wy - ws.

Let Q € X be a subset of X. The projection [o: X* — Q" is defined recursively as follows: () o = (),
and for 0 € X* and x € X:
oloifx ¢ Q

olo-(x)ifx€Q

We say that X = X3 U X, U --- U X, is a partition of the set X if for all 1<i, j<n such that i # j we have
Xl' N Xj = 0

2.1. Petri nets

(0-<X>)FQ={

Let P and T be two finite disjoint sets of places and transitions, respectively, and F : (PXT)U(TxP) —» N
be an arc-weight function. Let also A be a finite set of event names (or activities) representing observable
actions or events, 7 — a special label for silent or invisible action, A : T — A U {r} is a transition labeling
function. Then N = (P, T, F, A) is a labeled Petri net.

Graphically, a Petri net is designated as a bipartite graph, where places are represented by circles, tran-
sitions by boxes, and the flow relation F by directed arcs.

A marking in a Petri net N = (P, T, F, 1) is a function m : P — N mapping each place to some number
of tokens (possibly zero). Hence, a marking in a Petri net may be considered as a multiset over its set
of places. Tokens are graphically designated by black circles. A current marking m is represented by putting
m(p) tokens into each place p € P. A marked Petri net (N, my) is a Petri net N together with its initial
marking m,.

For transition t € T, its preset (denoted °t) and its postset (denoted t*) are defined as sets of its input
and output places respectively, i.e., *t = {p | F(p,t) # 0} and t* = {p | F(¢,p) # 0}.

A transition t € T is enabled in a marking m, if for all p € °t, m(p) > F(p,t). An enabled transition

t may fire yielding a new marking m’, such that m’(p) = m(p) — F(p, t) + F(¢,p) for each p € P (denoted
A
m g) m’, or just m — m’). A marking m’ is reachable from a marking m, if there exists a sequence of firings

m=my — my — ...m = m'. By R(N,m) we denote the set of all markings reachable from marking
m in a net N. A transition t € T is called dead for a marked net (N, my), if for each reachable marking
m € R(N, my), t is not enabled in m.

Let (N, mg) be a marked Petri net with transitions labeled with activities from A U {r}, and let
Mo <> m; < ... be a finite or infinite sequence of firings in N, which starts from the initial marking m
and cannot be extended. Then a sequence of observable activities p, such that p = {ay, as, ... )[4, is called

. . . ai ag .
a run. For a finite run p, which corresponds to a sequence of firings my — ... — my, we call my and my, its
initial and final markings respectively.
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Fig. 1. A workflow net for handling compensation requests

In our study, we consider workflow nets — a special subclass of Petri nets [2] for workflow modeling.
A workflow net is a (labeled) Petri net with two special places: i and f. These places mark the beginning
and the ending of a workflow process.

A (labeled) marked Petri net N = (P,T,F, A, mg) is called a workflow net (WF-net) if the following
conditions hold:

1. There is one source place i € P and one sink place f € P, such that *i = f* = 0.

2. Every node from P U T is on a path from i to f.

3. The initial marking m, in N contains the only token in its source place.

Given a WF-net, by [in] we denote its initial marking with the only token in place i, and by [ fin] — its
final marking with the only token in place f.

The example of a workflow net that simulates a simple process of handling ticket refund requests,
is shown in Fig. 1 [30].

Soundness [2] is the main correctness property for workflow nets. A WF-net N = (P,T,F, A, [in])
is called sound, if

1. For any marking m € R(N, [in]), [ fin] € R(N, m);

2. If for some m € R(N, [in]), [fin] C m, then m = [fin];

3. There are no dead transitions in N.

2.2. Eventlogs

Most information systems record the history of their process execution into event logs. An event record
usually contains case ID, an activity name, a time step, and some information about resources, data, etc.
In the light of our research, we use case IDs for splitting an event log into traces, timestamps — for ordering
events within each trace, and abstract from all event attributes except event names (activities).

Let A be a finite set of activities. A trace o is a finite sequence of activities from A, i.e., o € A*. By #a(0)
we denote the number of occurrences of activity a in trace o.

An event log L is a finite multi-set of traces, i.e., L € M(A*). Let X € A. We extend projection [x
to event logs, i.e., for an event log L € M(A*), its projection is the event log L[y, defined as the multiset
of projections of all traces in L. In other words, LIx(cx) = L(o) for all ¢ € L.

An important question is whether the event log matches the behavior of the process model and vice
versa. There are several metrics to measure conformance between a WF-net and an event log. Specifically,
fitness defines to what extend the log can be replayed by the model.

Let N be a WF-net with transition labels from A, an initial marking [in], and a final marking [ fin]. Let
o be a trace over A. We say that trace o = (ay, ..., ar) perfectly fits N, if o is a run in N with initial marking
[in] and final marking [ fin]. An event log L perfectly fits N, if every trace from L perfectly fits N.
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3. Discovering hierarchical WF-nets
3.1. Hierarchical WF-nets

Here, we define hierarchical workflow (HWF) nets with two levels of representing the process behavior.
Transitions in a high-level WF-net are labeled by activities from A, while transitions in a set of low-level
WF-nets are labeled by the corresponding low-level activities from A.

An HWF-net is a tuple N = (1\7, Ni, Ns, ..., N, £), where:

1. N = (13, T.F, )I [i;l]) is a WF-net, called a high-level WF-net, where A: T — A is a transition labeling

function;
2. N; = (P;, T, F;, A;, [in];) is a WF-net, called a low-level WF-net for i = 1,2,...,k with a transition
labeling function A;: T; — A;, where A; C A is a subset of low-level activities for Nj, such that
A1, Ay, ..., Ax — is a partitioning of A;

3. £: A — {Ny,Ny,...,Ni} is a partial injective function mapping certain activities in A to low-level
WF-nets.

We refer to N, N1, Ny, ..., Ni as the components of N. A marking for N is defined by the mark-
ings of its components. A marking in N is a set M = {M, my,my, ..., mi}, where M is a marking in N
and myq, my, . .., my are markings in Ny, Ny, ..., Nj respectively.

The initial marking M, for HWF-net N contains exactly one token in the source place of N.

Let dom(f) denote the domain of £. We call the activities in dom(¢) — high-level activities. We also
call low-level WE-nets sub-processes. Accordingly, every transition in a high-level WF-net N is assigned
the corresponding low-level WF-net modeling the behavior of a sub-process.

Transition t € T U T; U ...Tj is enabled if it is enabled in its component by the ordinary firing rule,
described in the previous section, for Petri nets.

There are the three following alternatives of transition firing in HWF-nets:

1. Let t € (T \ dom(£)) UT, U ... T be a transition enabled in M. Then, the firing step M ) M
is completed according to the standard rules, i. e., it only changes the marking in the low-level WF-net
containing f.

2. Let t € dom(¥) be a transition enabled in M. Then, a silent firing step M S M may be done,
where M" = {M’, m{,m),...,m;}, such that M"(p) = M(p) — F(p,t) for all p € P, my = m; + [in],,
where [in]; — is an initial marking for the sub-process Nj; corresponding to the enabled transition
t,m;" = m;,Vj # i, and 7 — is the invisible action, that takes all tokens from the input places for t
and add the initial marking to the low-level WF-net N;.

3. Let m; be a marking in the low-level WF-net N; that contains a token in its final place f. Then,
a silent firing step M SM may be done, where M’ = {M’, m|, m), ...,m;c}, such that M’ (p) =
M(p) +F(t,p) for all p € P, where t is the transition in the high-level WF-net N corresponding to Nj,
and m;" = m;" — [ fin];, where [ fin]; - is a final marking for N;, m;" = m;,Vj # i.

The example of an HWF-net is provided in Fig. 2. We do not impose specific restrictions on the number
of input and output places a transition in a high-level WF-net can have. In Fig. 2, we only show the refine-
ment of two transitions t; and f, in the high-level WF-net N with two low-level WF-nets N; and N. They
represent the low-level behavior of two sub-processes a7 and a,, respectively. Note that, if a low-level WF-
net corresponding to a high-level activity contains the single transition, we still represent such a sub-process
with an individual WF-net.

We next consider the operational semantics of an HWF-net by defining its run. For what follows, let
N = (1\7, N, Ny, ..., N, ) be an HWF-net , where N —isa high-level net and Ni, N, ..., Ny — are nets
for its sub-processes.
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Fig. 2. An HWF-net with two refined transitions

Intuitively, a set of transitions enabled in in a high-level WF-net determines the set of sub-processes
for which we can start to fire their low-level transitions. Transition firing, as described above, corresponds

to starting, executing and terminating sub-processes, which can be run concurrently.
- . . . . ~ A(t)
Let ¢’ be a transition enabled in the current marking M of an HWF-net. The following options of M —

M’ are possible.

If there are high-level transitions, enabled at m in a high-level WF-net, sharing common places, then
there is a conflict. We can choose, which sub-process to start, while the other sub-processes corresponding
to conflicting transitions in a high-level WF-net will not be able to be executed. For example, high-level
transitions #; and t,, once enabled, will be in conflict, and we can start only one of the corresponding sub-
processes, N7 or N,. Firing a transition in a high-level WF-net is complete if the corresponding low-level
WF-net reaches its final marking.

For instance, let us again consider the HWF-net shown in Fig. 2. After firing high-level transition t3
and executing a corresponding sub-process a3 (not provided in Fig. 2), two high-level transitions #; and t;
become enabled. They share a common place, i.e., high-level transitions #; and ¢, are in conflict. Thus,
we can execute exactly one of the corresponding sub-processes «; (low-level WF-net N;) and a, (low-level
WF-net N,). We can, for instance, obtain a sequence p = (a3, es, €, a4) Which will represent a possible run
of the HWF-net from Fig. 2. Note that high-level activities as and a4 should also be replaced with corre-
sponding sub-process runs.

Lastly, we give a straightforward approach to transforming an HWF-net N' = (N, Ny, Ny, ..., Ni, f)
to the corresponding equivalent classic WF-net denoted by eq(N) = (P, T, F, A, [in]). We need to replace
transitions in a high-level WF-net with their sub-process implementation given by low-level WF-net corre-
sponding by ¢. In addition, we need to remove tokens from the input places of low-level WF-nets. When
a transition # in a high-level WF-net N is replaced by a low-level WF-net N;, we need to fuse a source place
in N; with all input places of t and to fuse a sink place in N; with all output places of t. By construction,
eq(N) is a WF-net.

For instance, the WF-net eq(/N) equivalent the HWF-net N, shown in Fig. 2, is provided in Fig. 3. We re-
placed transition #; with N and transition ¢, with N, as determined by the labels of low-level WF-nets. This
figure also shows the double-line contours of corresponding high-level transitions.

Proposition 1 gives the main connection between an HWF-net and its classical representation.
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eq(N) (®
o

Fig. 3. The WF-net equivalent to the HWF-net in Fig. 2

Proposition 1. Let N = (1\7, N1, Ny, ..., Ni, ) be an HWF-net, and eq(N) be the corresponding equivalent
WF-net. A sequence p of activities is a run in N if and only if p is a run in eq(N).

In other words, a run in HWF-net N is also a run in the corresponding classical WF-net N and vice versa.
Proof of this proposition directly follows from the construction of the classical WF-net and from the way
we define the sequential semantics of a hierarchical WF-net and from semantic definition.

To sum up, for each HWF-net we can effectively build a classical WF-net having exactly the same be-
havior.

3.2. Events partitioning

We suppose that partitioning the set of low-level activities A into subsets Aj,... Ay is made either
by an expert, or automatically based on some information contained in extended action records, such as re-
sources or data. In Section 5, we give two examples of partitioning activities for a real log. Then we suppose
that a sub-process is defined by its set of activities, and we suppose that sets of activities for two sub-
processes do not intersect. If it is not the case and two sub-processes include some common activities like
“close the file”, one can easily distinguish them by appending the resource or file name to the activity iden-
tifier.

Let L be a log over a set A of activities, and let A = A; U Ay U --- U Ay be a partition of A. Let also
A={ay,a, ...} be a set of high-level activities (sub-process names).

The problem is to construct an HWF-net N = (1\7, N, Ny, ..., N, [), where for each i € [1, k], Nj is a sub-
process (WF-net), labeled by «;, with transitions labeled by low-level activities from A;. The runs of N should
conform to traces from L.

Another important remark concerning partitioning activities: we suppose that it does not violate the log
control flow. Specifically, if there are iterations in the process, then for a set of iterated activities B
and for each sub-process activities set A;, we assume that either BN A; = 0, or B C A;, or A; C B. Note
that this is a reasonable constraint, taking into account the concept of a sub-process. If it is still not the case,
i.e., , only a part of A; activities are iterated, then the partition can be refined, such that A; is split into two
subsets: a subset of iterated activities and the remainder.

For example, consider a low-level WF-net discovered from an event log shown in Fig. 4. Suppose that
the set B of the iterated activities includes {as, a4, b3, b4} and that the low-level events are partitioned into two
subsets A; = {ay, as, as, as} and Ay = {bq, by, b3, by}.
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Fig. 4. The example cycle and high-level activity inconsistency

Using the proposed events partitioning, we cannot represent this model as a high-level WF-net, since
the iterated activities belong to different high-level events. In addition, in the set of iterated activities B,
low-level events as and a4 are always executed before b3, by. Thus, one needs to revise this partitioning
of low-level events in such a way that either B is fully included into a high-level activity A;, or a high-level
activity A; is a part of a cycle.

3.3. The proposed solution

Here, we describe the main ideas and the structure of the algorithm to discover the hierarchical WF-net
from an event log.

Let L be a log with activities from A, and let A = A; U A; U --- U A be a partition of A. Let A =
{a1, @z, . .. ax } be a set of high-level activities (sub-process names).

A hierarchical WF-net N (HWF-net) consists of a high-level WF-net N with activities A = {ay, ..., o},
and k sub-process WF-nets Ny, Ny, ..., N, where for each Nj, all its activities belong to A;.

Sub-process WF-nets Ni, N, ..., Ni can be discovered directly. To discover N;, we filter log L to L; =
L14,. Then we apply one of popular algorithms (e. g., Inductive Miner) to discover a WF-net from event log
L;. The fitness and precision of the obtained model depend solely on the choice of the discovery algorithm.

Example 1. Consider an event log L of a business process over the set of low-level activities A = {11, ty, t3, L4, t5, g,
t7, t3, to, t10, t11, E12 }- Let L be an event log, such that L = {01, 09, 03, 04, 05, 0 }, Where o1 = t1batststytstetiatrtstyy,
Oy =ty t5 tg Ip 13 t7 t3 Ly t10 U5 b t11, O3 =ty ta t3 b5 g 111, Oy = L1 fp b5 t3 tio te I3 111, Os = L1 fa b5 i3ty tg by 3t B3
to to Is b t3 111, O = t1 ta 13 tg U3 t5 tg t11. A partition for this low-level activity set is A = Ag UA; U -+ U As,
where Ay = {t1}, A1 = {t2}, Az = {3, ts, t1a}, As = {t5, 16}, As = {t7, 13, to, t10}, As = {t11}. A set of high-level
activities for our example is A = {ay, ..., as}, such that for every high-level activity from A the corresponding
sub-process a; € A,i < |A| contains activities only from A; € A.

As the high-level WF-net of the hierarchical WF-net we consider the workflow net shown in Fig. 5 with ac-
tivities labeled with A.

The existing process mining algorithm should be able to discover the workflow net presented in Fig. 6 directly
from the low-level event log L. In this low-level net, we can also see that sub-processes, corresponding to high-
level activities ag, a1, . . . a5, have the same relations between activities as in the net from Fig. 5. For simplicity,
the sub-processes a, oy and as, consisting of the single transition, are not highlighted with double rectangles.

Discovering a high-level WF-net is not so easy and is quite a challenge. The main problem with it
is caused by the possible interleaving of concurrent sub-processes and iteration. A naive solution could be
to replace each activity t; € A; by a; — the name of the corresponding sub-process — in the log L. Then
we need to remove stuttering, i. e., to replace, wherever possible, several sequential occurrences of the same
high-level activity by a single activity. Then we apply the one of popular discovery algorithms to the obtained
log over the set A of activities. However, this does not work, due to the presence of the patterns of behavior
other than the simple sequential execution.
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Fig. 6. An example of a low-level net with cycles inside the subprocess and between two subprocesses
corresponding to the high-level net from Fig. 5

Consider the examples in Fig. 7. Fragment (a) in Fig. 7 shows two concurrent sub-processes § and y,
executing after sub-process a, which consists of the single transition. After replacing low-level activities
with the corresponding sub-process names and removing stuttering, for the fragment (a), we get the fol-
lowing runs: {a, 8, ... ), (& ¥, By - 3 . BV Bo Vs - - )s ., ¥, B, V> B - . . ) etc. Fragment (b) in Fig. 7 shows
a cycle. The body of this cycle is the sequence of two sub-processes f and y. Among runs for the fragment
(b) we also have (a, B,v,...), (&, B, v, B, ¥, - . - ). That is why iterations should be considered separately.

Discovering high-level WF-nets for acyclic processes, i.e., logs without iteration, was studied earlier
in [3] where all details can be found. Here, we refer to this algorithm as Algorithm %, and illustrate it
with the example in Fig. 7(a). Algorithm 2, discovering a high-level WF-model from a log L without cycles,
reduces this problem to the classical discovery problem, which can be solved by many popular algorithms,
such as Inductive Miner. Therefore, Algorithm U, can be parameterized by Algorithm D, i.e., an already
known algorithm for solving the classical discovery problem.

Algorithm Uy (D):

Step 1. For all traces in L, replace each activity with the corresponding sub-process names and remove stut-
tering.

Step 2. For each trace o that contains t; € 0,i < |o| such as #t; > 1, find all occurrence of t; in o. For each
occurrence’s position k create a clone of ¢, delete from it every ¢; except the one at the position k
and remove (newly formed) stuttering. Replace o with the set of all obtained clones of o.
For example, the trace {(a, S, v, .V, ..) will be replaced by two traces (o, B,y,...) and {(a,y,f,...)
obtained by keeping the first occurrences of  and y, and correspondingly by keeping the first oc-
currence of y and the second occurrence of . In this example, constructing clones by keeping other
occurrences of y does not generate new traces.

Step 3. Let L be the resulting log from executing two previous steps. To obtain a high-level WF-net N, apply
the given as the input parameter Algorithm D, to discover a WF-net from event log L.
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Fig. 7. Interleaving and iteration of sub-processes

It was proven in [3] that if an algorithm used in Step 3 of Algorithm U, for each input log L discovers
a WF-net perfectly fitting L, then Algorithm 2, given a log L without repetitive behavior, produces an HWF-
net N such that eq(N) perfectly fits L.

3.4. Detecting cycles in event logs

Now we come to logs with the repetitive behavior. The main idea here is to represent a loop body
as a subset of its activities. Then a body of a loop can be considered as a sub-process with a new loop sub-
process name. To discover the repetitive behavior, we use the method from [28], which allow us to determine
causal, concurrency, and repetitive relations between events in an event log. Actually, for our purpose
we need only repetitive relations and the loop discovery based on them. We call the loop discovery algorithm
— Algorithm B. The strategy of this algorithm includes the pruning of interleaving tasks in an event trace
to separate them by the supports of minimal transition invariants (t-invariants) — firing sequences, which
represent potential cycles (see [31] for details). The procedure to obtain the t-invariants operates recursively
on every task in trace o; from the most external cycle in every trace to the smaller nested cycles.

Let us consider the application of Algorithm B in the following example.

Consider the log L from Example 1. Extracting the information about cycles is to derive the direct causal
and concurrency relations between transitions in the event log L. The result of this step is shown in Table 1.

Algorithm B finds all sub-sequences containing the repetitive behaviour, i. e., if in a trace o there is an
event t; such that #t; > 1, then the sub-sequence, which contains repetitive behavior, should start with ¢;
until the next occurrence of t; in o. In [28], such sequences are called cycs. In L, the following cycs are
detected: cyc, = {t3 ts}, cyc, = {ts te t12} in 01, cycy = {t5 ts ta t3 t7 13 ty t1o} in 03, cyc, = {t3 t12 te} in oy,
cycs = {t5 t3 ty to by t3 t3 to tio}, cycg = {13 ts te t7} in 05, cyc;, = {t3 t4} in 06. We can see that cyc, is equal
to cyc;. Thus, we can merge them because the goal is to obtain a set of different cycs, and their frequency
is not important in this case. In addition, we can see that there is another cyc in cyc;. Furthermore, according

o0 [28], cycs is not the elementary cyc because 3¢t; € cyc such that #t; > 1, and we could derive a smaller
nested elementary cyc’ = {t3 t4 t¢ t7} from it.

The next step of the Algorithm B is to build the causality graph for each cyc found. In the process
of building the causality graph, we use the relations between activities. These relations can be extracted
from the input event log using any suitable process discovery algorithm. The set of relations between activ-
ities for the log L is presented in Table 1.

Now, having all relations, we can easily build the causality graph for each cyc. In [28], it is proposed that
a strongly connected component of the causality graph for a cyc is also the support of a minimal t-invariant
in the final model. The resulting graphs are shown in Fig. 8. Note that the graphs for cyc, and cyc, are equal
because they contain the same transitions, and this is also true for cyc, and cyc,. Therefore, we have depicted
them only once (Fig. 8a and Fig. 8b, respectively).

Let us consider the case of cyc; separately because the cyc contains a nested cyc. In this case, first,
we processed the nested (elementary) cyc’ and built the causality graph for it. The final causality graph
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Table 1. Relations between transitions in Example 1

T; | Causal Relationship | Concurrent Relationship
31 t2, ts

t2 t3, ts

t3 t11, b2 Is, te, b7
fy te

ts te t3

te ta, t7, 111 t3, 14, 112
t7 I3 t3

I3 ty

ty t10

t1o Is

t12 t7, 13 le

for cyc’ is equal to the causality graph for cyc, presented in Fig. 8e. The strongly connected component
in this case is equal to cyc,, and it is already in our set of t-invariant supports. The next step is to remove
the detected t-invariant support of a nested cyc from cyc;. Afterwards, we get the new sequence of transitions
cycs = {ts ts t7 t3 13 to t10}, and we can build the causality graph for this new elementary cyc. The resulting
graph is shown in Fig. 8d.

As a result of applying Algorithm B to the log L, we obtain the following set of t-invariant supports:
Y1 = {ts3, ts}, Yo = {3, 12}, Y3 = {t5, L, 17, 13, to, 10 }.

Algorithm B allows us to detect the bodies of elementary cycles as sets of their activities and process
them recursively, starting with inner elementary cycles. Thus, at each iteration we are dealing with a loop
body without internal loops. To obtain a sub-trace, corresponding to the loop body with a set of activities
B from a log trace g, we construct the projection o [p. After filtering all current traces in this way, we get
an event log for discovering a WF-net that simulates the behavior of the loop body using Algorithm .

As mentioned in Section 3.2, partitioning of low-level events should not violate the log control flow
from the point of view on the iterated behavior. Here we give a more precise representation of this require-
ment based on the results produced by Algorithm B to detect cycle bodies, in terms of t-invariants.

Let B = {by,...,b,} be the cycle bodies found by Algorithm B and L be an event log over A = A; UA; U
-+ U Ag, where k is a number of high-level activities. Then, the partition of events A = A; U Ay U --- U Ag
is consistent with B iff Vb; € B and A; € A one of the following holds:

1. b;n Aj =0,

2. b; C Aj;

3. Aj - bl'.

The example in Fig. 4 discussed earlier in Section 3.2 shows that the inconsistency between the event par-
titioning and iterated behavior does not allow to construct an WF-net, since high-level events have common
parts. Inconsistency can be corrected by revising the initial event partitioning.

The resulting high-level WF-net is then constructed recursively by replacing, the body of each detected
loop with the name of its sub-process, starting with the inner loops. Note that if, after this step, in the WF-
net there are transitions that are involved in more than one cycle, we need to merge all the same named
transitions into a single one with that name. This also applies to places, because logically some of them should
also be merged, depending on the activities relations. As the strategy of the merging algorithm, we also
use the one proposed in [28]. We call the algorithm for merging transitions by activities correspondence
Algorithm €.

4. Algorithm for discovering HWF-nets from low-level event logs

Here, we describe our main discovery algorithm in more detail.
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Let A be a set of activities and L — a log over A. Let then A = A; U --- U A be a partition of A. Let
A= {a1, ..., ar} be a set of sub-process names. For i € [1, k], A; is a set of activities of a sub-process ;.

Then Algorithm (D) constructs an HWF-net N = (1\7 ,N1, Ny, ..., Ni, £) with high-level WF-net
N = (13, T,F, i [ih]), where 1: T — A and for each a; € A, {(a;) = Nj, i.e., sub-process named with ¢;
corresponds to low-level WF-net N; in N.

By B = {0, B, . - ., Bm} We denote a set of cycle names and by £z — a function which maps each name
from B to a WF-net that implements the cycle with this name. For a WF-net N, denote by Loop(N) a WF-net
that is a loop with body N.

Algorithm A (D):

Step 1. Apply Algorithm B to L to find a set B = {by,...,b,,} of cycle bodies, where every b € B is a set
of activities in some cycle and m = |B|. A cycle name for each b € B will be stored in a set B where
|B| = |B|. The correspondence between every b € B and its name f € B is defined by index, i.e.,
for each set of cycle activities by € B a cycle name will be 8, € B, where q=1,2,...,mis the index.

Step 2. Construct the projection L 'y, for each b € B and apply Algorithm %y (D) to it (with respect to the par-
tition A = A; U- - -UAg). Let N be the resulting high-level WF-net over the set A of sub-process names.
Let Ny,...,N; — resulting WF-nets for sub-processes with names ay, ..., ;. Let Ng,,...,Ng, — re-
sulting WF-nets for sub-processes within the cycle.

Step 3. Let tg(f1) = Np,, ..., tg(m) = Np;. Let also £(A;) = Ny, ..., £(A;) = Nj.

Step 4. For every o0 € Lsuchasb; C oandi=1,2,...,|L| replace by f; all occurrences of activities from b;
in 0; and remove stuttering.

Step 5. Let Aneqw be a current set of activities such as Apery = A U B and A,,., be a current partition of A,y
such as Anew = AUB.

Step 6. Apply Algorithm U, (D) to the log L obtained at Step 4 with respect to the current partition of activities
Apew. Let N be a resulting high-level WF-net.

Step 7. For each f§ € B, replace a transition labeled by f in N with the sub-process Loop(£z()).

Step 8. For each pair of transition #;, {; € T from N, which are corresponding to the same & sub-process name,
apply the merging Algorithm €.

The resulting net N is a high-level WF-net for the HWF-net constructed by Algorithm. Its low-level WF-nets,
which are defined by function ¢, are also built during Algorithm operation.
Correctness of Algorithm (D) is justified by the following statement.
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Theorem 1. Let A be a set of activities and L — a log over A. Let also A = A; U - - - U Ag be a partition of A,
and A = {a1,...,ar} — a set of sub-process names.

If Algorithm ®, given a log L', discovers a WF-net N’ such that N' perfectly fits L', then Algorithm A(D)
constructs an HWF-net N = (]\7, N1, N, ..., Ny, t), such that N perfectly fits L according to the substitution.

Proof. To prove that an HWF-net built using Algorithm (D) perfectly fits the input log, provided that
Algorithm D discovers models with perfect fitness, we use three previously proven assertions, namely:

1. The theorem proven in [3] states that when D is an discovery algorithm with perfect fitness, Algo-
rithm Wy (D) discovers a high-level WF-net, whose refinement perfectly fits the input log without
repetitions (the log of an acyclic process).

2. In [28] it is proven that, given a log L, Algorithm B correctly finds in L all repetitive components that
correspond to supports of t-invariants in the Petri net model for L.

3. Proposition 1 in Subsection 3.1 justify correctness of refining a high-level WF-net by substituting sub-
process modules for high-level transitions.

4. In [28] it is proven that the given merging strategy of Algorithm € correctly merges all equally named
transitions after substitutions of the processes corresponding to the components of repetitive behavior
to the Petri net model for L.

O

Taking the above into consideration, proving the theorem is straightforward, though quite technical.
Thus, we informally describe the logic of the proof here.

Let Algorithm D be a discovery algorithm that discovers a perfectly fitting WF-net for a given event log.

From Step 1to Step 5 of the algorithm, repetitive components, i.e., cycles are processed. At Step 1, all
inner elementary repetitive components in the log are discovered using Algorithm B. The activities of every
component are those of some inner loop body, which do not have repetitions. Then, a WF-net N for this loop
body is correctly discovered using Algorithm (D), and the loop itself is folded into a high-level activity f,
and N is kept as the value (). WF-nets for sub-processes within the body of this loop are also discovered
by Algorithm %y (D) and accumulated by ¢. If a loop activity f is contained in another loop body, then
with the one more iteration of Step 1, the upper loop N’ is discovered, the transition labeled with f in it
is replaced with N, and N’ is itself folded into a new high-level activity.

After processing all loops, Algorithm proceeds to Step 6, where after reducing all loops to high-level
activities, Algorithm W, (D) is applied to a log without repetitions.

In Step 7 all transitions labeled with loop activities in a high-level and low-level WF-nets are replaced
by WF-nets for these loops, kept by #5.

Step 8 merges all equally named transitions that corresponds to the same activity in the event log.

That is why we can see that, while Algorithm (D) ensures the perfect fitness between the acyclic
fragments of the model (when loops are folded into transitions), Algorithm B ensures correct processing
of cyclic behavior, and Proposition 1 guarantees that replacing loop activities by the corresponding loop
WF-nets does not violate perfect fitness, the main algorithm provides systematic log processing and model
construction.

5. Experimental evaluation

In this section, we report the main outcomes from a series of experiments conducted to evaluate the al-
gorithm for discovering two-level hierarchical process models from event logs.

To support the automated experimental evaluation, we implemented the hierarchical process discovery
algorithm described in the previous section using the open source library PM4Py [32]. The source files
for our implementation are published on the open GitHub repository [33]. We conducted experiments using
two kinds of event logs:
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Fig. 9. A classical WF-net with generated by refining the WF-net in Fig. 1

1. Artificial event logs generated by manually prepared process models.

2. Real-life event logs provided by various information systems.

Event logs are encoded in a standard format as XML-based XES files.

To assess the quality of the algorithm quality, we will use several metrics of conformance checking. Con-
formance checking is an important part of process mining along with process discovery [34]. The main aim
of conformance checking is to evaluate the quality of process discovery algorithm by estimating the cor-
responding quality of discovered process models. Conformance checking provides four main quality di-
mensions. Fitness estimates the extent to which a discovered process model can execute traces in an event
log. A model perfectly fits an event log if it can execute all traces in an event log. According to Theorem
1, the hierarchical process discovery algorithm yields perfectly fitting process models. Precision evaluates
the ratio between the behavior allowed by a process model and the one not recorded in an event log. A model
with perfect precision can only execute traces in an event log. The perfect precision limits the use of a process
model since an event log represents only a finite “snapshot” of all possible process executions. Generaliza-
tion and precision are two dual metrics. The fourth metric, simplicity, captures the structural complexity
of a discovered model. We improve simplicity by the two-level structure of a discovered process models.

Within the experimental evaluation, we estimated fitness and precision of process models discovered
from artificially generated and real-life event logs. Fitness was estimated using alignments between a pro-
cess model and an event log as defined in [35]. The precision was estimated using the complex ETC-align
measures proposed in [36]. Both measures are values in the interval [0, 1]. As a discovery algorithm, we used
Inductive Miner.

5.1. Discovering HWF-Nets from Artificial Event Logs

The high-level source for generating artificial low-level event logs was the Petri net shown earlier
in Fig. 1. In this model, we refined its transitions with different sub-processes containing sequential, parallel
and cyclic executions of low-level events. The example of refining the Petri net from Fig. 1 is shown in Fig. 9,
where we show the corresponding classical representation of an HWF-net.

Generation of low-level event logs from the prepared model was implemented using the algorithm pre-
sented in [37]. Afterwards, we transform a low-level event log into a high-level event log by grouping
low-level events into a single high-level event and by extracting information about cyclic behavior.

The corresponding high-level WF-net discovered from the artificial low-level event log that is generated
from the WF-net shown in 9 is provided in Fig. 10. Intuitively, one can see that this high-level WF-net
is rather similar to the original Petri net from Fig. 1.

As for the quality evaluation for the above presented high-level model, we have the following:

1. The discovered high-level WF-net perfectly fits the high-level event log obtained from a low-level log,

where we identified cycles and grouped activities correspondingly.

2. The classical WF-net obtained by refining transitions in a discovered high-level WF-net by discovered

sub-nets perfectly fits the low-level log.

310



Discovering Hierarchical Process Models: An Approach Based on Events Partitioning

Fig. 11. A classical WF-net discovered from BPI Challenge 2015 event log

Other examples of process models that were used for the artificial event log generation are also provided
in the main repository [33].

5.2. Discovering HWF-nets from real-life event logs

We used two real-life event logs provided by Business Process Intelligence Challenge (BPI Challenge) 2015
and 2017 [38]. These event logs were also enriched with additional statistical information about classical
process models.

The BPI Challenge 2015 event log was provided by five Dutch municipalities. The cases in this event log
contain information on the main application and objection procedures in various stages. A classical low-
level WF-net for case f1 discovered using the Inductive miner is shown in Fig. 11. In addition, Fig. 11 shows
an enlarged part of the process highlighted in the final model to clearly demonstrate the level of detail. It
is easy to see that the resulting model is absolutely inappropriate for visual analysis.

The code of each event in the BPI Challenge 2015 event log consists of three parts: two digits, a variable
number of characters, and three more digits.

Using the event log description, we know that the first two digits and the characters indicate the sub-
process the event belongs to, which allows us to assume an option of identifying the sub-processes.

We used the first two parts of the event name to create the mapping between low-level events and sub-
process names. After applying our hierarchical process discovery algorithm in combination with the In-
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ductive Miner, we obtained a high-level model presented in Fig. 12 that is far more comprehensible than
the classical model mainly because of its size.

Fig. 12. A high-level WF-net discovered from the BPI Challenge 2015 event log

The BPI Challenge 2017 event log pertains to a loan application process of a Dutch financial institute.
The data contains all applications filed trough an online system from 2016 till February of 2017. Here, as a base
for mapping low-level events to sub-process names, we used the mark of the event type in its name —
application, offer or workflow. Thus, a mapping could be based on various features of event data depending
on the expert’s needs. The classical model for these data is presented in Fig. 13, which is also difficult to read
due to its purely sequential representation.

@:[
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Fig. 13. A classical WF-net discovered from the BPI/ Challenge 2017 event log

Applying the principle of mapping low-level events in the BPI Challenge 2017 event log described above,
we obtained the high-level WF-net shown in Fig. 14, which clearly demonstrates sub-processes (if necessary,
they can be expanded) and their order.

Table 2 shows the fitness and precision evaluation of classical and high-level WF-nets discovered
from real-life BPI Challenge 2015 and 2017 event logs.

Fitness 1 shows the fitness evaluation between the classical WF-net constructed from the high-level WEF-
net by refining transitions with low-level sub-processes.

Fitness 2 shows the fitness evaluation between the high-level WF-net and an event log with low-level
events grouped into sub-processes. This confirms the formal correctness results of the hierarchical pro-
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cess discovery algorithm. Similar to the experimental results for artificial event logs, here we also observe
a decrease in the precision for the identification of sub-processes, therefore, generalizing traces in an initial
low-level event log.

Fig. 14. A high-level WF-net discovered from the BPI Challenge 2017 event log

Table 2. Comparing metrics for classical and high-level WF-nets discovered from BP/ Challenge event logs

Event log High-level WF-net Classical WF-net
Fitness 1 | Fitness 2 | Precision | Fitness | Precision

BPI Challenge 2015 1 1 0.5835 1 0.5700

BPI Challenge 2017 1 1 0.3898 1 0.7000

6. Conclusion and Future Work

In this study, we propose a new process discovery technique for solving the problem of discovering
a hierarchical WF-net model from a low-level event log, based on sub-processes abstraction into high-level
transitions according to event partitioning. Unlike the previous solutions, we allow cycles and concurrency
in process behavior.

We prove that the proposed technique makes it possible to obtain hierarchical models, which fit event
logs perfectly. The technique was also evaluated in real and artificial event logs. Experiments show that
fitness and precision of obtained hierarchical models are almost the same as for the standard “classical” case,
while hierarchical models are much more compact, more readable and more visual.

To implement our algorithm and check it on real data we used Python and one of the most convenient in-
struments for process mining at the moment — the PM4Py [32]. The implementation is provided in the public
GitHub repository [33].

In further research, we plan to develop and evaluate various event partitioning methods for automatic
discovery of hierarchical models.
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We give some estimates for the minimum projector norm under linear interpolation on a compact set in R™. Let IT; (R")
be the space of polynomials in n variables of degree at most 1, Q is a compactum in R”, K = conv(Q). We will assume that
vol(K) > 0. Let the points x(/) € Q,1 < j < n+1, be the vertices of an n-dimensional nondegenerate simplex. The interpola-

tion projector P : C(Q) — II;(R") with the nodes x() is defined by the equations Pf (x(j)) =f (x(j)). By ||P||q we mean
the norm of P as an operator from C(Q) to C(Q). By 6,,(Q) we denote the minimal norm ||P||q of all operators P with nodes
belonging to Q. By simp(E) we denote the maximal volume of the simplex with vertices in E. We establish the inequalities

—1 [ vol(K)
n (Simp(Q)
using the obtained characterization of Legendre polynomials through the volumes of convex polyhedra. More specifically,
we show that for every y > 1 the volume of the set {x = (X1,..,x0) €ER™": Y x| + |1 - iji < y} is equal to yp(y)/n!.
In the case when Q is an n-dimensional cube or an n-dimensional ball, the lower estimate gives the possibility to obtain
the inequalities of the form 0, (Q) > cv/n. Also we formulate some open questions.

) < 0,(Q) < n+1. Here yy is the standardized Legendre polynomial of degree n. The lower estimate is proved
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OneHnBaHIe MHTEPIOJIANMOHHBIX IPOEKTOPOB C IIPIIMEHEHNEM
MHorouwiIeHoB Jle;xanapa

M. B. HeBckmit! DOI: 10.18255/1818-1015-2024-3-316-337

I9pocnasckmit rocymapersenusiit yausepeurer um. ILT. Jemunosa, poctasms, Poccus

YK 514.17+517.51+519.6 TTonyuena 13 aBrycra 2024 r.
Hayunas crates IToce mopaborku 26 aBrycra 2024 r.
IlomHBIT TEKCT HA PYCCKOM A3BIKE Ilpuaara k nmyOnamkanuu 28 aBrycra 2024 r.

IIpMBOASTCS OLIEHKIL IUI MUHIMAJIBHON HOPMBI IIPOEKTOpa IIPY JIMHETHOI MHTepHosuuu Ha kommakre B R”. ITycrs
I1; (R™) — mpocTpaHCTBO MHOTOWIEHOB OT N IIepeMeHHbIX CTelleHu He Bhile 1, Q — kommaxr B R”, K = conv(E). Bynem
npenmoiarark, uro vol(K) > 0. ITycts Touku x) e 1< J < n+ 1, 9BIAIOTCA BEPIUMHAMU N-MEPHOIO HEBBIPOXK-
IneHHoro cumiuiekca. Hrepnonsumonusiii nmpoekrop P : C(Q) — II1(R") ¢ ysnamu x() OIIpenesIeTCs] paBeHCTBAMMI

Pf (x(j)) =f (x(j)), Tlox ||P||qg 6ymem monumars HopMy P kxak omeparopa u3 C(Q) B C(Q. Yepes 6,(Q) o6o3Haunm
MUHUMaJIBHYI0 HOpMY ||P||q 13 Bcex oneparopos P ¢ yanamu, npunagiexamummu Q. Yepes simp(Q) o6o3Haunm Maxcn-

%) < 0,(Q) < n+ 1. 3gecw
Xn — CTaHIApPTU30BaHHBI MHOTOuseH Jlexxanapa crernenu n. HIbKHAA oljeHKa T0Ka3bIBaeTCA C IPMMEHEHNEM IOTydeH-
HOIf XapaKTepUsaluy MHOTOWIeHOB JlexaH/pa uepe3 06bEMBI BBITYKIIBIX MHOTOIPaHHMKOB. FIMEHHO, MBI ITOKa3bIBaeM,
uro npu y > 1 00bEM MHOIOrpaHHMKA {x = (x1,..,Xp) €R™ : 3 |xj]| + |l - ij| < y} paseH yn(y)/n!. B ciryuae, xorma
Q — n-MepHBIi Ky6 MM n-MepHBII AP, HIGKHSA OIleHKa JaéT BO3MOKHOCTD TIONYUNTh HepaBeHcTBa Buja O, (Q) > cy/n.
DopMynUpyIOTCT HEKOTOPbIE OTKPHIThIE BOIIPOCHL.

MaJTBHBIIT OGBEM CUMILIEKCA C BePIIMHAME B (. YCTAHABIUBAIOTCA HEPABEHCTBA ), | (

KiroueBble ciroBa: IOJIMHOMMAIbHAS JHTEPIIOIALN; IIPOEKTOP; HOPMa; OLI€HKA; MHOTOUJIEHBI He)i(aH,upa

NMHPOPMAILIMA Ob ABTOPAX

Hescknit, Muxann Bukroposuu | ORCID iD: 0000-0002-6392-7618. E-mail: mnevsk55@yandex.ru
(aBTOp muIs KOppecmongeHMy) | 3aBemyrowwumit Kagexpoii, JOKTOp Gu3.-MaT. HAyK, JOLEHT

Mnsa yuruposanus: M. V. Nevskii, “Estimation of interpolation projectors using Legendre polynomials”, Modeling and Analysis
of Information Systems, vol. 31, no. 3, pp. 316—337, 2024. DOI: 10.18255/1818-1015-2024-3-316-337.

© Hesckuit M. B., 2024
Jra crarks oTKphITOro pocrymna nox jurensueir CC BY license (https://creativecommons.org/licenses/by/4.0/).

317


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2024-3-316-337
https://orcid.org/0000-0002-6392-7618
mailto:mnevsk55@yandex.ru
https://creativecommons.org/licenses/by/4.0/

Nevskii M. V.

Beegenue

[Iycts Q — xommakTHOE MoaMHOXecTBO R”. [Ina dynkium f € C(Q) uepes E;(f; Q)c(q) 0603HaunM
BeJIMUNHY Hamryuiiero npubmokenns f B C(Q)-HopMe MHOTOUIEHAMI OT N IIepeMeHHBIX cTeleHn < 1.
IIpocTpaHCTBO TaKMX MHOTOUIEHOB MBI 0603HauaeM uepes I1; (R"). IIycts P — MONMHOMUAIBHBII IIPOEK-
Top Ha (2, T. e. TMHENHBIIT orpaHnueHHbI onteparop 13 C(Q) BII; (R"), rakoit uto P(Pf|q) = Pf mns nro6oit
byuxuu f € C(Q). Torna BEIIOTHIIOTCS CIEAYIOIIVE HepaBeHCTBa:

Ei(f;Qc) < If = Pfllce) < (1 +IPll)E1(f; Q)c(a)- (1)

3mecs ||P|lo = sup{[[Pflallcca) : Ifllcca) < 1} ects C(Q)-oneparopnas Hopma P.

ITepBoe HepaBeHCTBO B (1) ABNAETCA OUeBUOHBIM, TockobKy Pf € II;(R"). Bropoe HepaBeHCTBO m3-
BECTHO B JINTepaType IO HasBaHUeM JeMMbl Jlebeza, unu nepasencmea Jebeza (cm., Hampumep, [1]). 910
HEepPaBEeHCTBO IIOKa3bIBaeT, UTO eciay HopMa ||P|q HeBelmKa, TO HeT CYLIECTBEHHOJ IIOT€PM TOUHOCTHU
[Ipu 3aMeHe MHOTOWIeHa HayIyullero mpubiarpkenns aius f Ha sHaueHue Pf, komopoe nunetino 3asucum
om ¢gyukyuu f. ITOT MOAXOMN HAET MPOCTON MHCTPYMEHT IS «JIMHEAPU3ALUI» IJIEMEHTA HAVIYYIIETrO
IpuOIVDKeHNA B PAasjIMUHBIX 3afauax aHauu3a ¥ BbIUMCINTEIbHOM MaTeMaTUKM, CBI3aHHBIX C IIpMOIn-
KeHJEeM HellpepbIBHBIX QYHKIMII Ha MOAMHOKecTBax R".

B mpunoxeHMAX Ba)KHBI KaK BEpXHILe, TaK ¥ HIDKHIE TPAHNIbI OIIePaTOPHBIX HOPM MHTEPIIOJISIIMOH-
HBIX IIPOeKTOPOB. OOBITHO BEpXHUE OLEHKY MIUHIMAIBHBIX HOPM IIPOEKTOPOB IIOJIYYAIOT, pACCMATPUBAL
IIPOEKTOPBI HEKOTOPOTI'O CIIeIMATbHOrO THIIA. TeXHMKa ITOTyYeH I HIDKHYIX OL[eHOK MUHMMAJIBHBIX HOPM
IPUHUNIINATIBFHO MHAs — B 9TOM CJIyuae HeOOXOOMMO NOKAa3aTh HIDKHIOKI OLIEHKY [IJIS IIPOM3BOJIBHOIO
IIPOEKTOopa.

ITocTpoeHne u OlleHKA MHTEPIIONAUMOHHBIX IIPOEKTOPOB SIBJIETCS KJIACCHMUECKOI TeMOJ B TeOpUU
IpUOIVDKEHUIT U e€ MPIJIOKEHNUAX. ITYU 3aJauyl pacCMaTPUBAINICH BO MHOTMX CTaThAX M MOHorpadusax
(cm., mampumep, [2—9]).

IIycts K = conv(Q) nmeer HeHYJIeBOII 00BEM. B HacTosIIIelT cTaThe MBI JOKa3bIBaeM, UTO CYII[ECTBYET
MHTEPIOJAMOHHBIN IIPOEKTOp, HOpMa KOTOPOTO He MpeBocXoaut n + 1 (teopema 1). C qpyroit CTOpOHbI
(Teopema 6), mist IE060T0 MHTEPIIOMAUMOHHOTO poekTopa P : C(Q) — II; (R"?)

1 vol(K)

simp,, (Q) @

1Pllo > xa
3mech yp, — CTaHOAPTM30BAHHBIN MHOTOUWIeH Jle)kaHapa cTereHn n, simpy, () — MaKCUMAaJIbHBIN 00BEM
CUMILIEKCA C BEPIIMHAMU B Q.

KirroueBEIM MOMEHTOM JOKa3aTesIbCTBAa HepaBeHCTBA (2) ABJIAeTCS reoMeTpMUecKas XapaKTepusalsa
MHorousneHoB JlexaHnpa, mpuBen€éHHasd B TeopeMe 3. OTa TeopeMa yTBep)KIaeT, uTo I y > 1 06BéM
MHOKeCTBa

paseH y,(y)/n!. YkasaHHOe CBOIICTBO IMO3BOJISIET OKA3aTh OL[EHKY (2) IS ciryuast, Korga Q eCTh BBIIYKIIOe
teno, T.e. Q = K. B manpHeitrem (2) pacrnpocTpaHseTcs Ha IIPOU3BOJIBHBIN KOMIAKT (Q, I KOTOPOTO
simp,, (Q) > 0.

Korma Q siBisieTcss n-mMepHBIM KyOOM WM ILIapoOM, HEpaBEHCTBO (2) HaéT BO3MOXKHOCTH ITOJNYUNTH
ouenku Bupa ||Pllq > cyn. 9T OLeHKN HeyydIIaeMsbl IO TOPAKY Pa3MePHOCTI I BCeX N, ecn () —
n-MepHBIII LIap, 1 10 KpailHeil Mepe IUIsl TeX N, KOTAa CyILIecTByeT MaTpuiia Afamapa rmopsigka n + 1, ecian
QQ — n-MepHBIII KyO6.

OmnuireM copepykaHye CTaTbi 10 pasmenaM. B pasmerne 1 MBI IPUBOAMM OCHOBHBIE 00O3HAUeHN,
OIlpefesIeHNs U IIpeJBapUTeIbHY 0 MHpopMaIyio. Pasnen 2 comepXuT BepxHye OLEHKN MUHIMAIBHO-
ro KoadduimeHTa MOIIOIEHNsT CUMILIEKCOM KOMIIaKTa (Q, a TakKe MUHMMAIbHOJ HOPMBI IIPOEKTOpa
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[IpY JIMHEVIHOI nHTeproiasaiun Ha Q. B pasmerne 3 mokassiBaeTcsl yIOMsIHyTas BbIlle TeopeMa 3. B pas-
nente 4 MbI qOKa3bIBaeM HepaBeHCTBO (2) mia Q = K. 3mech jKe IPUBOOITCA HEKOTOPHIE SIBHBIE HIDKHIIE
rpaHNUIbl MUHMMAJIBHO HOPMBI IIPOEKTOpPa, Koraa K ABJIsieTcs n-MepHbIM LIapOM WV N-MePHBIM KyOOM.
Paspen 5 comep:KUT HepaBeHCTBA PACCMATPUBAEMOrO TUIIA IIPY MHTEPITONSALIIN JINHENTHBIMY QYHKIIMSIMI
Ha IIPOM3BOJIBHOM KOMIIAKTHOM MHOXecTBe QQ C R”". HakoHel, pasmen 6 COOepXUT 3aKIIOUNTEIbHbIE
3aMeuaHVs U OTKPBIThIE BOIIPOCHL.

PaciumpenHast Bepcus ctaTbu OIyOIMKoBaHa Ha caitte arXiv.org [10] (cM. Taxke 0630p [11]).

1. OcHoOBHBIE onmpeaeJyIeHMs I IpeaBapuTEeJIbHbIC CBEAE€HU A

B aroit cratee n € N . [Ing x = (xq,...,%,) € R" uepes ||x|| o6o3Hauaercs 00bIuHAs €BKIMOOBA HOPMA:

n 1/2

lxll = Vixx) = | Y x?
i=1
3meck u mamee mid x = (X1,...,%p), Yy = (Y1,- .., Yn) € R" uepes (x, y) o6o3HaUAETCA CTAHAAPTHOE CKAIISAP-
HOe npousseeHne B R™:
(x,y) =x1y1 + ... + XplYn.

Himxke Q, = [0, 1]" — equHUYHBIT n-MepHBIN Ky0, B, — eAMHUUHBII h-MePHBIIT I1ap, 3aaBaeMbIil Hepa-
BeHCTBOM ||x|| < 1. 3ammucs L(n) < M(n) o3Hauvaer, YTO CyLIECTBYIOT aBCOTIOTHBIE KOHCTAHTHI €1, C2 > 0,
takue uto c;M(n) < L(n) < coM(n).

Ilycte K — gvinyknoe meno ¢ R™, T.e. KOMIIaKTHOe BBIIYKJIOE IIOOMHOXeCTBO R” ¢ HemycToil BHYT-
penHocteio. [lox 0K nmoHmmaercs romorerndeckas Koyt K ¢ IeHTpOM TOMOTeTUN B LIeHTpe TsorecTu K
n xoappuumentom romorerun o. Cumsonom vol(K) obosuauaercsa 06bém K. Ecnu K — BBITYKIIBIE MHO-
TOTPAaHHIK, TO uepe3 ver(K) Mbl 0603HaUaeM MHOXECTBO BepIUNH K.

IIycts Q — orpannueHHoe 3aMKHyTOe mogmMHokecTBo R”. ITox C(QQ) moHMMaeTCs IpOCTPAHCTBO HeIpe-
pBIBHBIX GYHKIMI f : Q — R ¢ paBHOMEpPHO HOPMOTL

Iflleo) = max]£(x)l.

Hmxe gacto npenmnonaraercs, uro vol(conv(€2)) > 0. 9To ycioBue 9KBUBAJIEHTHO TOMY, YTO CyIIIeCTByeT
n-MepHBIIT HeBBIPOXKAEHHBIII CUMILIEKC C BepIIMHaMI B Q.
Yepes II; (R") 6ygem 0603HauaTh IPOCTPAHCTBO MHOTOUJICHOB OT 1 IEPEMEHHBIX CTeleHN < 1.
IIycty S — HeBBIpOKOEeHHBIT cuMmIutekc B R". Yepes £(Q;S) obo3Hauaercs MUHUMANbHOE 0 > 1,
st koroporo Q C oS. Ilo mamreit Tepmunosornu, £(€2;S) HaspIBaeTCsI KOIPPUYUEHTNOM NOTOULeHUS
MHoxcecmea Q cumniekcom S. PaBeHcrBo £(Q;S) = 1 sxBuBaJeHTHO BKioueHno Q C S. 3amernm,
uto £(conv(Q); S) = £(Q;S). O6o3HauUM

£(Q) = min{é(Q;S) : S — n-mepusIit cumILtekc, ver(S) C Q, vol(S) # 0}.

Ilycts S — HeBBIpOKIAEHHBIN cuMIiiekc B R" ¢ Bepmmuamu x) = (xl(j), .. .,x,(,j)), 1<j<n+1.

Mampuuea 6epuUUH 3TOTO CUMILIIEKCA HAa3bIBAETCA MaTpIUIia

xl(1> x,(ll) 1

2 2
A= xl( ) x,(l ) 1
xl(r;+1) xr(lr;+1) 1
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9Ta MaTpuIla ABJAETCI HEBBIPOXIEHHOI, IPUYEM

det(A
vol(S) = M. 3)
n!
Hycts A™! = (l,- j). JIuHeliHbIE MHOTOUJIEHDI
Aj(x):lljx1+...+lnjxn+ln+1,j, j:1,...,n+1,

K03 UIMEHTbI KOTOPBIX COCTABJIAIOT CTOMOIIBI MATPUIIbI A~!, HAa3BIBAIOTCA GA3UCHbIMU MHO2OUTIEHAMU
Jazpanxa cumniexca S. CripaBeiIMBEI PAaBEHCTBA A (x(k)) = 5}‘ , TIe 5;‘ — §-cumBoun Kponexkepa. 3ametum
TaKKe, YTo
Aj(x)
: 4)
A
3mecs A = det(A), a onpenmenurens Aj(x) monydaerca u3 A ImyTéM 3aMeHBI j-JI CTPOKM Ha CTPOKY

(x1 ... x, 1).
s mpousBosibHOI Touky x € R”

Aj(x) =

n+1 n+1
_ ) -
x—Z/lj(x)x , Aj(x) =1.
j=1 j=1
[TosTomy A;(x) ABNAIOTCA 6apuyeHmpuueckumu KOOpOUHAMAMU MOUKU X OMHOCUMETTbHO cumniekca S. Ypas-
HeHMA Aj(x) = 0 3agaror (n — 1)-MepHbIe TUIIEPILTIOCKOCTH, cofep:Kaiue rpanu S. CieoBaTeIbHO,

S={xeR": A;(x) >0, j=1,...,n+1}.
Koadduument normowmenns £(Q; S) Beruncigercs mo Gopmyiie

E(Q;S) =(n+1) max max( -Aj(x)) + 1. (5)
1<j<n+l xe
s Beimykioro Q paseHcTBO (5) mokasspiBaercs B [12]; B obIeM ciiyuae 0OKa3aTeIbCTBO IPOBOMMTCS
110 TOII Ke CXeMe.

CoBokymHOCTB 13 1 + 1 Touek () Ha3bIBAeTCI 00NYCMUMbBIM HAOOPOM V37106 IJIS MHTEPIIOJISILIAN C TIOMO-
ureio I1; (R™), eciu cuMILIEKC ¢ BEPIIMHAMU B 9TUX TOUYKAX SBIIAETCS HEBBIPOKIeHHBIM. Hinke paccmar-
PMBAIOTCS JIMIIB OIYCTHMbIEe HAOOPHI Y3JI0B U Te MHOXeCTBa (), Ka)KIoe 13 KOTOPBIX COMEPKIT TaKOIt
Habop.

Iycrs x) e Q,1<j<n+1, apnsrores BepIIMHAMI HEBBIPOXKAEHHOT0 cuMILIekca S. Hnmepnonayu-
OHHbLT npoekmop P : C(Q) — TI;(R™) ¢ yanamu x) onpepensercs paseHcTBaMm Pf (x (J)) =fi=f (x(f)) .
Bymnem roBoputs, uTo mmpoekTop P u cuMILiekc S coomeemcmesyiom 0pye 0pyey ¥ IPUMEHITh 0003HAUSHIIT
PS n Sp.

s npoexropa P = Ps cupaBemyine aHaIor MHTEPHOIALMOHHOI hopmyusl Jlarpamxa:

n+l1

PR = f (x7) 4, ©)
j=1

rae A; — 6asucHble MHOrOWIeHH! Jlarpamka cumiuiekca S = Sp. O6o3Haunm uepes ||P||q Hopmy P kax ome-
patopa n3 C(Q) B C(Q). Us (6) umeem:

n+1

”P”Q = sup ”Pf”C(Q) = sup max Zf]A (x)
Ifllco)=1 -1<f; <1x
n+l n+1
= max su Ai(x max su Ai(x
xeQ —1<ff)<1 Zﬁ )= €Q \E)\ Zf] (20).
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Brrpaskenme ), fjA;(x) muHeitHO 0 X U fi, . . ., fn41, 3HAUNT,

n+l1 n+l1 n+1

max sup ij/l (x) = max rnax Zf])t (x) = maxZ |4 (x)].

xeQ _1<f]<1

Takum o6pasom,

n+l1 n+1 n+l1 n+1

IPllq = ‘3?52; |12;(x)| = max Z‘ 1651 : Z‘ﬁj =1, x= Zl/ijo') cQb. (7)
Jj= j= Jj= j=

PaBenctBo (7) BeIpaskaeT HOpMy IIpoeKkTopa P uepes GapuiieHTpudecKye KOOPAMHATEI TOUEeK MHOKeCTBa
OTHOCUTEIHHO CUMILIEKCA C BePIITHAMY B y3i1ax merepromsmmu x ), Ecau Q — BBITyKITBIil MHOTOTpaH-
HUK B R" (HanpuMep, Ky0), To BepHBI 11 O0JIee IIPOCTbIe PaBEHCTBA

n+1 n+l1 n+l1 n+l1

1Pllo = max > 100l =max i > 1Bl D =1 x= ) fix € ver(@)
Jj=1 Jj=1 Jj=1 j=1

O6o3uauum uepes 0, (Q) muauMansHOe 3HaueHMe ||Ps||q 110 BceM n-MepHBIM HEBBIPOKIEHHBIM CIM-
miekcaM S ¢ BepuinmHaMmu B Q. MHTepnonsunoHHb1 npoektop P : C(Q) — II; (R") HasbiBaeTcs MUuHu-
manvhoim, ecant ||Pllq = 6,(Q).

B [13] mokasamo, uTo s J060TO MHTEPIOIAMOHHOTO IpoekTopa P : C(Q) — II; (R") u coorser-
CTBYIOIIETO CUMILIEKCA S BBITIOJIHAIOTCS HEPABEHCTBA

(1Pl 1) +1 < E@38) < o (1Pl — 1) +1. )
Braromaps (8) mmMeeM COOTHOIIEHNA
”2“(9 (@) ~1) +1 < £(O) < (e (@ -1)+1. )

OueBMAHO, UTO eCcaM NPOEKTOp P yooBiIeTBOpIEeT paBeHCTBY

£(0) = = (1Pl — 1) +1, (10)

TO P IBJIsI€TCS MUHUMAIBHBIM U IIPABOE COOTHOIIIEHNE B (9) CTAHOBUTCS PABEHCTBOM.

Wrorma Mel 6ymeM paccMaTpuBaTh Ciyuail, Korga n + 1 ects uucmo Adamapa. Ilo ompeneseHuio, 3To
03HAYAeT, YTO CyIlecTBYeT MaTpuia Anamapa nopsaka n + 1. Hamomuum, uro mampuyeii Adamapa nopsio-
ka m Ha3bIBaeTcd KBagparHad mMatpuua H c sanementamu 1 mnn —1, a1 KoTopou

H' = 1 HT,
m
ITO paBEeHCTBO 03HaUaeT, uTo cTpoky H rmonapHo opToroHaIbHBI OTHOCUTENIBHO CTAHAPTHOTO CKAIIPHOTO
npousBenenus B R™. Ilopsamok marpuiel Amamapa paBeH 1, 2 wium xparen 4 (cm. [14]). Ho cux mop
HEU3BECTHO, CYIIEeCTByeT Ju Marpuua Apmamapa goboro mopsaka Bupa m = 4k. 910 omHa U3 CaMbIX
OABHMX OTKPBITHIX IIpobieMm B maTemarmke. [lopsaku Humoke 1500, KpaTHble 4, DT KOTOPBIX MaTPULIBI
Anamapa 1oka He U3BECTHBI, CYTh 668, 716, 892, 956, 1132, 1244, 1388 un 1436 (cm., HaIpuMep, [15, 16]).

O6osHauuMm uepes h, MaKCUMaJIbHOe 3HaUueHUE OIpedesNTeNsI IOopsAaKa n ¢ smeMeHTamu 0 mnu 1.
IIycTs v, ecTh MaKCMMAaIbHBI 00BEM N-MEPHOIO CUMILIEKCA, COaepsKamerocs B Q. 9Tu yucia CBI3aHbI
paBeHCTBOM h,, = nlv, (cm. [17]). Qo n > 1

1(,_log(4/3)
-ty

log n )nlogn <log(2" 'h,_y) < —nlogn (11)

321



Nevskii M. V.

[IpaBoe HepaBeHcTBO B (11) mokasaHo Apmamapom [18]; jeBoe HepaBeHCTBO ycraHOBiIeHO KiemeHTCOM
n Jlurncrpémom [19]. CirteqoBarenbHo, Iuist 10600 1

; (12)

n

(nt+1)/2 (n+1)/2 (n+1)/2
(E) (n+1) <h <(n+1)

4 21 2n
(n+1)/2 (n+1)/2 (n+1)/2
3 +1 +1
— u < Vp < u (13)
4 2"n! 2"n!

IIpaBoe paBeHCTBO B Ka)KJOM 113 COOTHOIIIEHUI! BBITIOJIHAETCS TOIIa U TOJIBKO TOTIa, Korga n+1 ecTh 4mncio
Apmamapa [17]. [lng MHOTUX n TOUHBIE 3HAUEHUS Vy, U hy, n3BecTHHL [lepBbie 12 uncen v, paBHBI

) 1 1 1 1 1
vi=1 vy==, V3==, V4=—, Vs=—, Vg=—, Vg3=—,
! 2Ty BTy T BT o T g0 77315
1 1 1 9 3
Vg= —, V9= ——, Vig=——, Vi{=—") Vip= .
877200 7T 25200 T 113400 M 2464000 2T 394240

Yepes x, obo3HaumM 0OBEM eIMHMUHOrO IIapa B, uepe3 g, — 00BEM MPABUIHHOTO N-MEPHOTO
CUMILIEKCa, BIIMCAHHOTO B By,. Yncna », u ¢, n3BecTHHI Ay1d Beex n. menno (cm. [12, 20]),

"/? 1 n+1 n/2
= —————, = —Vn+1 , 14
" I'(n/2+1) T ( n ) (149
_a* _2kgk (k) (4m)F 15)
MR T oy T 2k+ 1)

Iox simp,(Q) OymeM MOHMMATh MAKCUMAJBHBI 00BEM HEBBIPOKIEHHOTO N-MEPHOTO CUMILIEKCA
¢ BepumHamu B Q. OueBupnHo, simpy (Q,) = vy,. [[paBUIBHBIN CUMILIEKC, BIVCAHHBIN B N-MEPHBII III1ap,
MMeeT MaKCUMAJbHBIN 00bEM U3 BCEX CUMILIEKCOB, COMEPIKAIIUXCS B 9TOM IIIape, IPUUEM IPYTUX CUM-
IIJIEKCOB C 9TUM CBOICTBOM HeT (cM. [21—23]). 3uaunr, simpy, (B,,) = op,.

2. HepaBenctBa &,(Q) <n+2,0,(Q) <n+1

Teopema 1. ITycmb Q — komnaxm ¢ R", dns komopozo vol(conv(Q)) > 0, S — cumniiexc ¢ gepuunamu 6 Q,
UMENUUTE MAKCUMATTbHDLL 005éM. Tozda

E(Q:;S) <n+2 |[Psllo <n+l. (16)

Loxazamemnvcmeo. Ilycts K — mponsBosibHOe BBINyKIOe Tesnto B R”. Vcmonb3ys UMCTO reoMeTpIrdecKuii
moxxon, Jlaccak [24] mokasai, uro mis J060ro cuMIUIeKca S MakcuMaiabHOro o6béMa B K cripaBequBbI
BKJIIOUEHIIA

S cKc(n+2)s. (17)

Orcrona cienyer, uro £(K;S’) < n + 2. [I]pumenum 310 HEpaBEHCTBO K BhIMyKIoMy Terxy K = conv(Q).
B kauectBe S’ BO3pMEM cuMILIEKC S M3 ycnoBusa TeopeMsbl. [lockonbky simp,(K) = simp,(Q) (cm. HinKe
ITOKA3aTeNIbCTBO TEOPEMBI 6), S ABIAETCA CUMIUIEKCOM MaKCUMalbHOTO 00BhéMa u B K. M3 BKIOUeHUs
Q C K umeem £(Q;S) < E(K;S) <n+2.

3ameTuM, UTO JIeBOe HepaBeHCTBO B (16) yerko ciemyer takke us ¢opmyinsl (5). [eilCTBUTENBHO,
TaK Kak S MMeeT MaKCMMAJBHBIN 0OBEM W3 BCEX CHMILIEKCOB ¢ BepuimHamu B Q, To |Aj(x)| < |A]

ISt MOOBIX j = 1,...,n+ 1w x € Q. (310 cpasy BeiTekaer us (3).) Bnaromaps (4)
] |A;(x)]
-Aj(x) < |4;(x)| = W <1, xeQ. (18)
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3mech Aj — 6asmcHpre MHOTOUWIeHS!I Jlarpamxka g S. ITo dopmyue (5),

E(Q; S)—(n+1) max max( Ai(x))+1<n+2,

1<j<n+l xe

UTO JOKA3bIBAET JIEBOE HEPABEHCTBO B (16).
IIpaBoe HepaBeHCTBO B (16) cinexyer us (7). Ilockonbky |4;(x)| < 1, mumeem

n+l1

IPs]lo = maxz |A;(x)| < n+1.

j=1
TeopeMa JAOKa3aHa. O

Teopema 2. /s npoussonvHozo komnakma Q C R", gunyxnas 06010uka Komopozo umeem HeH)e6ot 06véM,
E(Q) <n+2, 0,(Q) <n+1. (19)

Cpasy ciengyeT u3 TeopeMsl 1.
3. Mmuorowrenst Jlexxanapa u mepa MHOKecTBa E,

CmaHaapmus’oeaHHbLM MHO20UTTEHOM ]Iejfcaubpa cmenéeHu n Ha3bIBA€TCA MHOTOUYJIEH

1
Xn(t) = P G 1)"]("), teR

(bopmyna Pompwura). Ilo moBogy cBOJICTB ), cM., Hanpumep, [25, 26]. Muorounens: Jlexxaugpa oproro-
HaNbHBI Ha oTpe3ke [—1, 1] ¢ Becom w(t) = 1. IlepBbie MHOTOWIEHB! Jle)xaHApa MMEIOT BUL

Yo =1 x®) =t x(t)= (3t -1), @)= (5t3 -3t),

xa(t) = = (35t -30t°+3), ys(t) == (63t — 70> + 15t) .

CnpaseuBo peKyppeHTHOe COOTHOLIIeHe

Xn+1(t) - 2,:1_:—11 t- Xn(t) n:l_l Xn—l(t)- (20)

Orcrofa, B 4aCTHOCTH, ), (1) = 1. HamoMHuM taxke, 410 ecim n > 1, T0 Y, (t) BospaCTaeT nput > 1. 9tn
CBOJICTBA JIETKO MOJIYYAoTCA U U3 IPUBOAUMOIL Hiske Gopmyist (22). Yepes y, ' obosnaunm ¢yHKIMIO,
00paTHYIO K ), Ha moJyocHu [1,+00).

OXHUM M3 KIFOUeBBIX YTBEPKACHNI HAIIIeTo IMTOAX04a K OLeHIBAHIIO MHTEPIIOIAIMOHHBIX IIPOEKTO-
poB gBisfeTcs GpopMynmpyeMas HIDKe TeopeMa 3. 9Ta TeopeMa OOHapy>KMBaeT HOBOJIBHO HEOKMJaHHBIE
CBA3M MEXAy MHorouwreHamu JIexxaHapa 1 06béMaMy BBIITyKJIBIX MHOTOIPAHHMKOB.

Mns y > 1 onpepenim MHOkecTBO E, ), paBeHCTBOM

n n
Eny=4x €R": > |xjl+[1- Y x| <y (21)
Jj=1

Jj=1
Teopema 3. Cnpasednugvi coomHouweHUs:

n

1 n\? i ()
mesy (Eny) = (1) (y-D"(y+1)= e (22)

2"n!
=
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910 YTBEPKACHNME NOKAa3aHO aBTOPOM B 2003 r. OI'IY6.J'II/IKOB3HO B CTaTh€, KOTOpasd CETrOAHA IIPAKTI-
YECKM HEONOCTYIIHA I.LII/IpOKOf;I Ay AUTOPUINL. I[.T[SI y,JIO6CTBa UuTaresjsd Mbl HIPUBOAVIM OOKa3aTEJIbCTBO HIUIXKE.

[okazamenvcmeso. CHauasa JoKaskeM JieBoe paBeHCTBO B (22). ITycts
E(l) = {x € En,y : in > 1}, E(z) = {x S En,y : ZX,‘ < 1}

Tlomryunm aBHbIe GopMyIbI ITs 06BEMOB my = mes, (EM) u my = mes, (E?).

3apukcupyem k, 1 < k < n, u paccMoTpuM Hermycroe moamuoxectso G C E() | cocrosmee us Bcex
x = (X1,...,Xp), OV KOTOPBIX X1, ..., Xk = 0 U Xg4q, ..., %, < O. Iyctby; = x; mmai=1,...,kuwy; = —x;
msti=k+1,...,n Honoxum y = (yy, ..., Y,), TOTOA

+1
G:{y:1+yk+1+...+yn<y1+...+yk<Y—, yi>0}.

2
[TosTomy
@ a—y; a=Yr1—-. " Yk-1
mes,(G) = / dy, / dy,... / dyy.
1 1 1
yr+..+yp—1 Yt A Y —1-yYrsy Y1t AYe—1=- Y1 == Yn-1
dygs1 Az .. dyn.
0 0 0

B namem moxkasarenbctBe a = (y +1)/2. Eciu b > 0, To
b b-z; b—z1—...—z1_1
bl
/d21/ de... / le:F.
0 0 0 ‘
3Haunr,
a a-yi a=y1=..~Yg-1

1 .
(g ..y~ DR dy,

mes, (G) TR

1
H\
QL
=
H\a
QU
S

1

m(y1+...+yk—1)n_kdy1... dyk

I
|
z\

I
=
[
ey

IlepBelit MHTETpAT paBeH

k . .
_ - (0[_ 1)n—k+j ak‘—j (_1)n+k
J ‘;(_1)] n—k+) (k=j)  nl

3HaueHNe J, IOJTyJaeTcs M3 3TOr0 BRIPAKEHMS, €CIM BMecTO « B34Th 1. CilejoBaTeIbHO,

NG _(—1>k+1’§(n

k
mesy(G) =/ =2 = ;(—1 S T T l.)(a— D" (-a)". (23)

i=0

324



Estimation of Interpolation Projectors Using Legendre Polynomials

Muosxecrso EV) asngerca obBbenMHeHNEM BCceX Takux MHOXecTB G ¢ pasianusbivMu k = 1,...,n. ITo-
sromy mepa E(V) pasna
n k+1 k-1
n\ (-1 n ; ;
mi = (1) 52 5 (M) @ - vt
k n! &\
k=1 i=0

Menssa IIOPAOOK CYMMMPOBAaHMA U VICIIOIB3YyA TOXIECTBO

Z(—l)"(Z) = (—D"("? 1) (24)
k=0

(cm., Hampumep, [27]), momyunm

n-1 -
ey S e S B e

i=0 i=0

Teneps neperném K E®@ ITpesxae Bcero 3amMeTUM, 4TO E®@ comepxut obmacts S = {x; > 0, >, x; < 1},

Mepa KoTopoit paHa 1/n!. [lanee, sabukcupyem k € {1,...,n} u paccmorpum mogmuoxectBo G’ C E?),
COOTBETCTBYIOILIl€€ HEPABEHCTBAM X1,...,Xk < 05 Xgi1,...,Xp, = 0. [lonokmm y; = —x1,...,Yk = —Xk;
Yk+1 = Xk41>- - -» Yn = Xp. Torma
’ Yy — 1
G ={y:yps1+ - - +yn<1+y1+...+y; < T, y; = 0}.

O6o3suauum f§ = (y — 1)/2. IMeroT MecTO paBeHCTBa:

B-u1 B-y1——Yr-1
mes,(G') = /dy1/ dys ... / dyx
0
1+y+...+yk 1+y1+.. .+ Yk — Yk+1 +y1+. + Yk~ Yk+1 -~ Yn-1
dygs1 / Az . dyn

0 0

0
B B-u ﬁ_yl_---_yk—l(l -k
+y +...+
= /dy1/ dy, ... / Y1 Yk dyy
0

(n—k)!

0

k-1 i ni v (k-1
lZ(—l)k—l—j(l +ﬁ). J.ﬁ]] L E0F (-DF ([Z (3)(1 +ﬁ)n—j(_ﬁ)Jw _ 1) '
=0

(n—j)y! n! n! =

Msuosxectso E? ects o0BeIMHEeHNE BCeX TaKMX MHOXecTB G’, COOTBETCTBYIOIIMX PAa3INUYHBIM kK =
1,...,n, a TakKe cUMILIeKca S. 3HAUNT,

m2=mesn<E<2>>——({Z< 1)"“(”)([k :(”)<1+ﬁ>" I ﬂ)’] —1)}+1).

J=

3amerum, uto 1+ f = (y+1)/2 =au f = (y —1)/2 = a — 1. Bo BHyTpeHHell cyMMe cIejlaeM 3aMeHY

Z( 1)k() Z( 1)"( )+1=o.

k=0 k=1

i =n— j ¥ y4dTéM, 4TO
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Mg nontyunm ciepyoliee:

my = %(Hi(—nk“(Z)((—n" Z (’Z)(a—l)”_i(—a)i—l))
’ k=1

i=n—k+1

— % Z(_l)k-ﬂ (Z) zn: (rll)(a _ 1)n—i(_a)i.

i=n—k+1

Mensd nopaa0K CyMMUPOBaHN, IPUIAEM K PaBEHCTBY

(=1D)" 0 (n n—i RN +1(1
- ;(i)m—l) ()" (—1>’<1(k).

k=n+1-i

my =

[pumensis (24), 3anuiremMm

n n i—1
k1 (M) _ _1)k+ n — _pyn—j+1 (M) _ nti(M—1
5, )= 5 oS )= (i)

k=n+1-i k=n+1-i

CiemoBaTenbHO,

1 v (n\(n-1 nei i
my = — . (a—1D)"'al. (26)
nl &\ij\i—-1
i=1
Pasencrsa (25) u (26) 03HauawT, 4TO
mes,(E,,) = my+my

n-1 n
ooy o

i=1

= %Z(? ((n:1)+(rll__11)) (a—l)"_iai+%((a—1)"+a”)
_ 1 n\* 1n—ii_1 - (n) yn—i 1
= (i) e g R ey
()=
+ .
i i—1 i
JleBoe paBeHCTBO B (22) JOKa3aHO.

IIpaBoe paBeHCTBO B (22) ciIeAyeT U3 TOXAECTBA

n 2
) () f=(1- D"y (%)

i=0

Mesr1 IIPMHAIIN BO BHVIMAaHMIE, UTO

(cm. [27]). Homoxkum t = (y — 1) /(y + 1), Torma

1+1¢
(1—t)n:2n()/+1)_n, Tt =vy.
Takum obpaszom,
1 & (n)\° j i 1 & (n)\? i
mes, (E,,) = o] Z (1) y-1""(y+1) = oo (1) (y+1)""
" i=0 " i=0
1 o () (r =1y ()
- 1 (=) =&
2"n!(y ) ;(i) y+1 n!
Teopema 3 MOTHOCTHIO JOKA3aHA. O
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X2
X1
- d
Fig. 1. The set E» Puc. 1. MHOXecTBO Ez;
X3
—4
_ .
Fig. 2. The set Es» Puc. 2. MHOXeCTBO Es;

ITIpuBeném mpocrsie mpuMepsl. Bosbmém y = 2. MHOxecTBO E1 2 = {x € R : |x|+|1—x| < 2} ecTb OTpe3ox
[-1/2,3/2] nmumet mes; (E;2) = y1(2)/1! = 2. Muo*kecTBO Ezp = {x € R? : |x;| + |x2| + |1 — x1 — x| < 2} —
LIECTUYTOJIBHUK Ha IUIOCKOCTH C Iuromanbo mesy (Ez o) = y2(2)/2! = 11/4. Cm. puc. 1.

Tpéxmepnas o6macTb E35 = {x € R® : |x1| + |x2| + |x3] + |1 — x; — x2 — x3] < 2} usobpaxena Ha puc. 2.
O61ém atoro muororpanuuka mess(Es ) = y3(2)/3! = 17/6.

OTMeTM UHTEPECHYI0 OTKPBITYIO MpoOJIeMy, CBI3aHHYI0 ¢ paBeHcTBOM (22). Hapany ¢ ¢opmyioit
Poxpura u opyruMm u3BeCTHBIMY COOTHOLLIEHMSIMI, 9TO PABEHCTBO HAET XapaKTePU3aLMi0 MHOTOWIEHOB
JlexxaHpa — MX MOYKHO OTIPEENINTD U uepe3 00bEMBI BBITYKJIBIX MHOTOTPAHHUKOB. IMeHHO, ms t > 1

Xn(t) = n!'mes,(En;), (27)

rane E, ; — MHOrOTpaHHUK, 3aaBaeMblit cooTHouIeHmeM (21). BosHukaer Bonpoc 06 anasorax (27) ois gpy-
I'UX KJIACCOB OPTOTOHAJIBHBIX MHOTOUWIEHOB, TAKMX KaK MHOTOWIeHbl YeObIéBa Wi, B 6oee 00IeM CIIy-
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yae, MHOTOWIeHbI SIko6u. Asnsiemes iu pasencmeo (27) nposigreHuem 6osee o0ujeti 3akonomepHocmu? ABTOp
Oymer 6arogapeH 3a J00yi0 MHPOPMALIIO II0 STOMY BOIIPOCY.
Crenaem eré ogao 3ameuanue. U3 (27) u (20) cremyer

2n+1 ; (E ) 1
——— I mes - —
(n+1)2 IR (n+1)2

HpHMOC YCTaHOBJIEHME 3TOT'0O pEKYPPEHTHOTO COOTHOIIEHNA AJISI MEP MHOKECTB En,t MOTJIO OBI JAaTb HOBOE

mesp+1 (En+1,t) = mes,— (En—l,t)-

AO0Ka3aTeJIbCTBO TEOPEMBI 3.

_, {vol(conv(K))
4. Hepasencrso 0,(K) > y,' | ——
simpy, (K)
OcHOBBIBagICh Ha TE€OopeEME 3, IIOJIYUYVIM HVIKHUIE OL€HKN MJIT HOPMbI MHTEPIIOJIALIVIOHHOTO IIPOEKTOpa
Ha IIPOM3BOJIBHOM BhIIYKJIOM Telle K C R”™.

Teopema 4. ITycmv K — svinyknoe meno ¢ R, P : C(K) — II; (R™) — npoussonbHbiil uHmepnonsyuoHHbill
npoekmop. Toeda dns coomeemcmsyoujux cumniekca Sp C K u mampuypt y3m068 A 8blnomHSIIOMCST COOMHO-
weHust

_4 [ n!vol(K) _1 [ vol(K)
Plc = i ' l=—= | =x.' | ——=]. 28
” ”K Xn (|det(A)|) n (VOI(SP) ( )
[okazamemnvcmeo. st Kaxgoro i = 1, ..., n BeIUTeM U3 i-II CTpoKu MaTpuubl A e€ (n + 1)-10 CTPOKYy.

O6o3Haunm yepe3 B kBagpaTHyI0 ITOIMATPUIly IIOPSIAKa N, CTOALIYIO B IIEPBBIX N CTPOKAX M CTOJIOIAX
nosyumBIIerica Marpuubsl. CIpaBeIyIMBbI paBeHCTBA

| det(B)| = | det(A)| = n!vol(Sp) < n!vol(K),

IIO3TOMY
|det(B)| _

nlvol(K) (29)

ycrs x\/) — Beprmmmer, A j — 6asmcHbIe MHOTOWIeHB! Jlarpamxka cumiiexca Sp. Ilo dopmyie (7),

n+1 n+l n+l n+l
IPllx = Te%?z |A;(x)] = max Z B! : Zﬁj =1, Zﬁjxo) cK
J=1 j=1 Jj=1 =1
n n+l1 .
3ameHum f,41 Ha paBHOe 3HaueHue 1 — », f;. YcioBue ), ,Bjx(f) € K 5KBUBATIEHTHO yCIOBHIO
J=1 Jj=1

n
Zﬂj(x(j) —x() e g = K — x(mD).
=

3Haunr,

n n
1Pl = max$ " 8]+ (1= > Bt (30)
j=1 j=1

n .
rae MakcuMyM Gepércs rmo BceM fj, TakuM uto ), f; (x) — x("+1)) € K’. OueBugno, vol(K’) = vol(K).

j=1
PaccmoTpnM HeBBIPOKIEHHBIN JnHElHBI oneparop F : R? — R”, KOTOPBIIT CTAaBUT B COOTBETCTBUE
touke f§ = (fi, ..., Pn) TOuKy x = F(f}) B COOTBETCTBUM C IIPABMIIOM

n
x = Zﬁf (xm _ x<"+1>) _
j=1
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CHpaBeJIJ’IMBO MaTpMYHOE PaBEHCTBO

F(p) = (1. ... Pn)B,

. ) ()
rae B — BBeiéHHad BeIlle MaTpUIlA ITOPAMKA 1 C 37IeMeHTaMu b;; = X=X . O603HaAUNM
« _ __1(n'vol(K)
V=X \ T detBl )

Brnaromaps (29) n!vol(K)/|det(B)| > 1, moaromy umciio y* ompemereHO KOPPEKTHO. 3aMeTUM TaKKe,
uto x,(y*) = nlvol(K)/| det(B)|.
st manHOTO ¥ > 1 BBEIEM B PACCMOTPEHIE MHOKECTBO
< y} .
[Tokaxem, uto npu y < y* Bomonnserca K’ ¢ F(Eyy). loctaTouno yGeauTbcs B CIIPaBeIMBOCTI Hepa-
BeHcTBa mes, (F(Ep,)) < vol(K’). ITo Teopeme 3 mesy,(Ey, ) = xn(y*)/n!, cnemoBarensHo,

n

I—Zﬁf

Jj=1

Eny = {/3: (B Bo) €R™: > IBj] +
j=1

mes, (F(E,y)) < mesy(F(Epy+)) =|detB|-mesy(Epy+)

— |detB|- X"(f/') = vol(K) = vol(K").
n:

Wraxk, mus gr060ro € > 0 CylIecTByeT TOUKa z(®) co cpoitcTBaMu:

28 = ZﬁJ@ (xu) _ x<"+1>) cK u |Z B+ |1 _ Zﬁ;a

B cBsa3u ¢ (30) aro o3Hauaer, uto ||P||x > y* — €. IlockonbKy ¢ > 0 — IPOM3BOIBHO, MBI IIOJIyYaeM

« 1 [nWvol(K)) = _;(nlvol(K)\  _;{(vol(K)
1Pl >y _X”I(ldet(B)l) "l(ldet(A)l)_ "l(vol(sp))'

>y —e

Teopema moxasaHa. a
Hamomunwm, uro simp, (K) 0603HauaeT MaKCMMAIBHBIN 00BbEM CUMILIEKCA ¢ BepiumHamu B K.

Teopema 5. ITycmv K — npoussonvroe gvinyknoe meno 6 R™. Tozoa

_1 [ vol(K)
0.(K) > 3 | ———==]. 31
) > 1, (Simpn(m) (1)
Hokasamemnvcmeo. W3 (28) cienyer, uro s rodoro mpoekropa P : C(K) — II; (R™)
_ [ vol(K [ vol(K
1Pl > " (20 ) 5 o (2 ),
vol(Sp) simpy, (K)
910 HeMeaIeHHO maéT (31). O

Ecau cummnnekc S C K uMmeer MakcuManbHbI 00B6€M, To K C (n+ 2)S (cMm. (17)), 3Hauur,
vol(K) < (n+2)"vol(S) < (n+ 2)"simp,(K).

CrnenmoBarensHo, otHolteHue vol(K)/simp,(K) B mpaBoit uactu (31) orpaHMYeHO CBEPXY BEIMUMHOI
(n+2)".
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[IpuBeném 3mech ciaencTsus oueHku (31) muisa Ky6a u mapa. CHauama OTMETUM JO0Ka3aHHbIE aBTOPOM
HepaBeHcTBa 114 ), ' (s) (cm. [12]). Eciu n — uérnoe, To

1/n
- s ((n/2)?
CHC I (52)
Ecou sxe n — HeuérHOE, TO
g ntlyn—1, Un
Xn'(5) >( - (33)
IIycts K ectb ky6 Q, = [0, 1]". Torma vol(K) = 1, simp,, (K) = v,, mosromy (31) gaér
41
0.0 > 13 | = . (9
n

Benmunna v, MokeT OBITH OIleHEHA CBEPXY C IOMOIIbI0 HepaBeHcTBa (13). [Ipumenenne (32) u (33) mosBo-
sser nonyuntsb u3 (34) caepyowmuit pesynbrar (cm. [12]).

CaencrBue 1. /ng 6cexn

0n(0) > .

Orcrona nonyuaercs, uto 0,(Q,) > cyn. Hanpumep, kak ormeueno B [10], BbimonHseTcs

0,(0n) > 22 R,
3e

2V2
3aMeTnM, 4TO e = 0.3468 .. .. Ouenka 0, (Q,) > c\n TouHa 110 n MO KpaiiHeil Mepe B ClIydae, Korga n + 1
e

ecTh umcio Afnamapa: uist Takux n sepso 0,(Qp) < Vn.
Iepeiimém x ciyuato, korga K ects emuHuyHbmi wap B,. 3xecs vol(K) = x,, simp,(K) = 0,, Tem
cambIM (31) mpuHUMAaET BUL
i x
On(Bn) > X' (—) : (35)

On
Ipumenss (32), (33), (14) u (15), monyuaem us (35) Takyro oreHKy (cMm. [28]).
Cnencreue 2. Cywecmeyem abconomuas Koncmanma ¢ > 0, ong komopoii 0,(B,) > cy/n. [Todxodawum
3HAUEHUEM C AGIITEMCS
N

c=——==0.2135...

Vize- V3

Ouenka 6,(B,) > c\/n ABIAETCA TOUHON TIO pa3MepHOCTU n. IMEHHO, MMeEeT MeCTO COOTHOIIEHNE
0,(B,) < +/n. Tounoe snauenmue 0,(B,) Haitneno B [29]. Ilpu atom ycraHosaeHo, uro 0,(B,) > vn
C paBEeHCTBOM TOJBKO Ipu n = 1. CM. moxpoGHee pasmel 6.

5. JIuHeltHaAg MHTEPHOJANNA HA IIPOU3BOJIBHOM KOMIIAKTeE

IMepeiiném k 06001eHII0 HepaBeHCTBa (31) Ha (He0OA3aTENBHO BHIMTYKIOE) KOMIIAKTHOE MHOECTBO.
IIyctp Q — xommaxkt B R™. Bcrony nanee B atoM pasgeite uepe3 K o6o3HauaeTcs BhIIyKiIas obojrouka Q.
Bynem npennonarars, uro vol(K) > 0.

Ham monamo6ures ciaenyrolias sjaeMeHTapHas JeMMa.

Jlemma 1. Ecnu ¢ : R" — R — swinykias HenpepvlHas PyHKyus, mo max ¢ = max ¢.
K
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[okasamenbcmeo. MakcuMyM M3 yCIOBYS JIEMMBbI CYILECTBYET, IIOCKOJIBKY () — HeIIpepbIBHAs (PyHKLS.
Tax xak K = conv(Q), s mo6oro y € K cymecrsytor Harypamsaoe m, touku y'V, ..., y(™ € Q u uncna
M, - -+, m, TAKUIE UTO

Ouesumro, ¢(yV) < max g. W3 BBIIYKIIOCTH ¢ CIIeRyeT

m m m
o) =0 | my® | < D mey™) < | Y u| maxe = maxe.
i=1 i=1 i

i=1

ITosromy max ¢ < max ¢. ObpaTHOe HepaBeHCTBO TPMBMAILHO. o
K Q

Pesynbrar memMer 1 m3BecteH. OH cpasy moiydaeTcs U3 CJIEIyIOIIero MaKCUMAJIBHOTO IIPMHIINIIA
Bayapa [30]. JTwbas evinyknas HenpepvieHas PYHKYuUs, 3a0AHHAS HA 6bINYKTIOM KOMNAKMHOM MHOXMcecmEe,
docmuzaem MAaKCUMyYMa 6 HeKOMopol IKCMPeManbHOU mouke 3mozo MHoxecmed. CliemoBaTeIbHO, MaKCU-
MyM ¢ Ha K = conv(Q) mocturaercs B 9KCTpeMasnbHOI TOUke Q.

Teopema 6. [Tycmp Q — npousgonvhubiii komnakm 8 R™ ¢ ycrnosuem vol(K) > 0, 20e K = conv(Q). Tozoa

_1( vol(K)
0,(Q) > y;' | ————|. 36
Hoxazamemnvcmeo. Ipesxme Bcero 0OTMETUM, UTO AJIS IIPOM3BOJIbHOTO MHOrowreHa p € I1; (R")
liplla = lpllk- (37)

910 HEMEJIEHHO CJIeqyeT M3 JIEMMBI 1 IS BBITYKIION HempepbIBHOM QyHKUMM ¢(x) = [p(x)|.
Ilycts P : C(Q) — II;(R™) — mpon3BONbHBINM MHTEPIOIAIMOHHBIN IPOEKTOp ¢ yanamu B Q. Bynem

paccmarpuBath P Taxke xak omeparop Ha C(K). U3 (37) cuenyer, uro ||P|lo = ||P|lx. 3uaunr, 6,(Q)
He Mewnblite, yeM 6, (K). lIpumensas uHepaBeHCTBO (31) TeOpeMsBI 5, ToTyuaeM
1(K
0u(Q) > 0,) > 5 | 2.
simpy,, (K)

Ocraércst 3aMeTuTh, uTo Simpy, (K) = simp,(Q). 11 qokasarenbcTBa pacCMOTPUM JIFO0OI CHMILTIEKC
S C K c HekoTopoit BepumHoit x ¢ Q. He uaMeHss Ipyrux BepIINH, MbI MOKEM 3aMEHUTD X HA BEPIIUHY
x" € Q Tax, uTo 00'BEM ITOJYUMBIIIETOCSI CUMILIEKCA He YMEHBIINTCA. [eliCTBUTENBHO, 9TOT 06'bEM BO3pac-
taer BMmecre ¢ dist(x;T), rme T — (n — 1)-MepHast TUIIEPILIOCKOCTD, COIEPIKAIIIast BCE BEPIIMHBI CUMILIEKCA,
3a uckitouenneM x. [Iycrs I' 3amaéres ypaBuennem q(z) = (a,z) +ap = 0,a = (ay,...,a,) € R% ap € R.
Torma
lg(x)]

llall ~

OUYEBMIHO, ECTH BHIMTyKJIas HenpepbiBHas GyHkuus. [To temme 1, makcumym dist(x; ') ma K mocruraercs
B Touke x’ € Q. IIpuMeHsas 3Ty mpolleAypy IIOCIeI0BATEIBHO KO BCEM BepIIMHAM CUMILIEKCA, He IIpu-
HaJuIeXaimm Q, Mbl IIOCTPOMM HOBBII CUMILIEKC C BepIInHaMu B {2 6e3 yMeHbIIIeHNs IIepBOHAUYAIBHOTO
o6béma. Takum o6pasom, simpy, (K) = simp, (Q). ITo 3aBepliaeT JOKA3aTENHCTBO TEOPEMBL. O

dist(x;T) =
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O6BenuHNM HepaBeHCTBO (36) TeopeMsl 6 ¢ IpaBbIM HepaBeHCTBOM (19) Teopemsr 2. [Iycts Q € R” —
[IPOM3BOJILHOE KOMITAKTHOE MHOYKECTBO, YIOBIETBOpsIoLLee yciaoBuio vol(conv(Q)) > 0. [Insg MuUHNMAIb-
HOJI HOPMBI MHTePIOISLMOHHOTO IIPOEKTOpa C y3JIaMu B () CIIpaBeIJINBbI OLEHKI

n

_1 [vol(conv(Q))
H————— | <6,(Q) <n+1. (38)
simp,, (Q)
ITo cxeme, n3nokeHHoI1 B [12], HepaBeHCTBa (38) ITEPEHOCITCS HA MHTEPITOJISALINIO C IIOMOII[BI0 MHOTO-
YJIEHOB 13 IIPOCTPAHCTB, 6osee wmpokux, ueM I1; (R™). B HacTosel cTaThe 9Ta TEMATUKA HE paCCMaTpU-
BaeTCH.

6. 3akaroumnTeJIbHbIE 3aMEeYAHNA U OTKPBIThbIE BOIIPOCHI

KopoTko oTmerum HekoTopsle peaynbraTsl 0 unciax 0,(K) n &,(K) nnma K = Q, u K = B,. B cay-
yae, korga K ecTb n-MepHbIil Ky0, B 9TOJ TeMaTUKe MMEIOTCS MHTEpeCHbIE OTKPBIThIE BOIIPOCHL. Boiee
OEeTAIBHBIN 0030p maércs B [10].

Hecmorps Ha mpocToTy GOpMYIMPOBKY, 3ajaua HaXOXK/AeHMsI TOUHBIX 3HaueHnit 0, (Q,) OueHb TpyaHA.
C 2006 r. OHM M3BECTHBI TOJBKO IJISI UETHIPEX pa3MEPHOCTeI n, a MMeHHO st n = 1,2,3 u 7 (em. [12]):

0:(01) =1, 0,(Q) = 25£ +1=1.8944..., 05(05) =2 0,(Q;) = g

Coorsercreyroimue uncia £(Q,) cyTb

&(Q1) =1, &(Q2) = 35£ +1=23416..., &(Q3) =3, &(Q7)=7.

Hst n = 1,2,3,7 mpaBoe cOOTHOIIEHNE B (9) SIBISIETCI PABEHCTBOM:

n+1

gn(Qn) = T (en(Qn) - 1) + 1 (39)

Beerma &,(Qn) = n; ecnmu n + 1 —umcimo Agamapa, 1o &,(Q,) = n (em. [12, 31, 32]). Braromaps (9)
HepaBeHCTBO &,(Q,) > n maér

4
0,(Qn) >3 - T (40)

Ecau n = 1,3 mnu 7, 10 B (40) BBIIOIHSIETCS paBeHcTBO. [ 1 < n < 3 U n = 7 CUMILIEKCHI, COOTBETCTBYIO-
L[VIe MIHJMaQIBHBIM IIPOEKTOPaM, B TOUHOCTU T€ K€, UTO U CHMILJIEKCBI, 9KCTPEMAJIbHBIE OTHOCUTEIILHO
En(On) (em. [12, 33], a Takke HemaBHMIT 0630p [11]).

ITycte n+1 — uncio Agamapa u S — n-MepHBIN IIPaBIUIBHEIN CUMILIEKC, BEPIIIMHBI KOTOPOTO COBIIAa-
10T ¢ Bepirmuamu Ky6a Q,. Torma mis coorBeTcTByO1IEro npoektopa Ps : C(Q,) — II; (R") BeimonHsercs

IPsllo, < Vn+1. (41)

Pasnnunsie mokasarenscrBa patorcs B [12]. CraTea [34] comepXuT qoKa3aTeabCcTBO (41), CYILLIeCTBEHHO YIC-
HOJIb3yI0IIlee CTPYKTYpy MaTpuibl Anamapa. HTepecHO 3aMeTuTh, 9To paBeHCTBO || Ps||g, = Vn + 1 Moxer
BBIIIOJTHATHCS KaK [UIsSL BCEX IIPABIIIBHBIX CUMILIEKCOB C BEpIIMHAMU B BeplInHax Kyba (n = 1,n = 3), tak
u i yactyt n3 Hux (n = 15), a MOKET 11 He BBIIIOJIHATHCI BOBCE.

B cremcrBru 1 oTMeuasnock, uto mid aboro n Bepuo 0,(Q,) = (1/e)Vn — 1. Ilostomy, ecnu n + 1 —

yucao AgaMmapa, To
vn—-1

< 0,(0n) < Vn+1.
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Hpyrumu cioBamu, BepxHsist oueHka 0,(Q,) > cy/n sBiseTcss TOYHOII 110 1 110 KpailHeil Mepe, Koraa n + 1
ecTb uncio Anamapa. s stux pasmepHocreit 0,(Q,) < Vn.

Bepxune orenkn uncen 0, (Q,) mis KOHKpeTHBIX n 6puin ynyumreHs! A. 0. YxanoBeim u ero yueHn-
KaMH C IpUMEHEHMEeM KOMIIBIOTEPHBIX MeTOHOB. [IJI 3TOTO, B UaCTHOCTM, OOCUMTBIBAIINCH CHMILIEKCHI
MaKCHMalbHOro 06BéMa B Kybe. Bo Bcex curyanmsax, korga n+ 1 — uncino Axamapa, OCyLLeCTBIISICS IIepe-
60p Bcex M3BECTHBIX MAaTPUI] AlaMapa COOTBETCTBYIOLIETO Iopsaaka. Harmpumep, muis moaydeHNs OLeHKI
023(Q23) paccmaTpmBaNCch Bce ommcaHHble 60 Marpuiy Agamapa nopsaka 24. s ounenuBanus 0z7(Qz7)
ObLIM paccMOTpeHsI 487 Marpull Axamapa mopsaaka 28. Jlyumine Bepxaue oneHKN 11 1 < n < 27 mpuse-
neHsl B [35]. Bor atu onenku (mist kparkoctu mMbl iuieM 6, = 0,(Q,)):

245 3(4+ V2
91 = 1, 92 = T\/_ + 1, 93 = 2, 94 < (f\/_), 95 < 2448804,
5 22 19
0s < 2.6000..., 6;= > 0s < = 0 <3, 0O < = 011 <3,
17 49 7 21 139
0, < —, O3 —, Ou<—, 0O0i5<—- 0Op<—, 0Opp<—,
12 5 13 13 14 5 15 2 16 5 17 34
251 1817
015 < 5.1400..., 019 <4, 0Oy <4.68879..., 0y < —, 0O < —,
18 19 20 21 50 22 335
9 103 474
O3 < =, BOos < —, 005 <5, Oy < —, 0Oy <5.
23 9 24 21 25 26 91 27
Jlyuiias n3BecTHas HUKHAA olleHKa uucen 0, (Q,) 119 Bcex n MMeeT BT
4 1
0 > max [3- —, ¥y ' [—]|], 42
00> masfa- 4 (2) w

rae y, — CTaHOapTu30BaHHbI MHorouwileH Jlexxanpapa crermeHm n. 3HaueHMs IpaBoil uactu (42)
g 1 < n < 54 garores B [35].
Kak ormeuanocs Bbiie (cm. (9)), miist Bcex n

n+1
2

§n(Qn) < (Qn(Qn) - 1) + 1. (43)

o cux 1op M3BECTHBI TOIBKO UeThIpe 3HAUEHMUS N, IS KOTOPBIX 3TO COOTHOIIIEHNE CTAHOBUTCS paBeH-
crBoM: n = 1,2,3 n 7. 1O Kak pas Te Ciyuau, B KOTOPBIX TOUHble 3HaueHus 6,(Q,) u &,(Q,) nsBectHsI
OJHOBpeMeHHO. BrioiHe BO3MO)KHO, UTO MUHMMAJIBHOE 1, IJISI KOTOPOT'O HEPaBeHCTBO (43) ABIIETCS CTPO-
I'MIM, paBHO 4, HO 3TO OCTaéTCsI OTKPBITOI IIPOOIEMOIL.

[IpuBenénHas BbIle oleHKa &, (Qy,) > n ABJIIETCS TOYHOI 10 OpSAAKyY n. Ecim n > 2, 10

n® -3

n—-1

n(Qn) < (44)
(cm. [12]). Ipm n > 1 mpaBas uvacTh (44) crporo meHblie n + 1. HepaBencrso &, < n + 1 BepHO Takxe
nmnan = 1,2. Iosromy Bcerman < &,(Qn) < n+1,1.e.&,(Q,) —n € [0,1). BMecTe ¢ TeM TOUHbBIE 3HAUEHNST
KOHCTaHTHI &, (Qy,) MTOKa YyIAJI0Ch HAMTHU JINIIIb [IJIA TeX N, KOorjaa n+ 1 — umuciao Agamapa, a TakKe i n = 2,
n=>5mun =9. Bo Bcex aTNX CiIyuasx, KpOMe n = 2, BBINIONHsIETCI paBeHCTBO &, (Qp) = n. B [32] maéres
JI0Ka3aTeJIbCTBO, CYLIECTBEHHO MCIIOJIb3yIolllee CTPYKTYypy MaTpuilbl Amamapa mopsnaka n + 1. Tam ke
HalileHbl TOUHbIe 3HAUeHUI §n(Qn) g n =5un =9, a TakKe IOCTPOEHBI 0eCKOHEUHbIE CeMeJICTBA
SKCTpPEMaJIbHBIX CHMILIEKCOB 1L n = 5,7, 9.

IToguepkHéM, 4TO ITOKa n = 2 ABJIAETCA €AMHCTBEHHOI M3BECTHON pa3MepHOCThIO, KOrAa E(Qn) > n.
Hanee, nug HeuéTHBIX 1 < n < 11 BepHO §n(Q,,) = n. HesacHo, Tak i 3TO OJI BceX HEUETHBIX M.
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Brnaronaps sksusanenTHoctu &,(Q,) < n u HepaBeHCTBY 0, > c\/n, II9 BCeX MOCTATOUHO GOIBIINX 1

£n(Qn)

)= 1) + 1. (45)

O603HauNM uepes ny MUHIMATIBHOE HATYpAJIbHOE YICIIO, TAKOE UTO [JIA 1 > Ng BbImorHsAeTcs (45). 3amaua
0 TOUHOM 3HaU€HUI 1 TAKXKe IBJIAeTCA TPy JHOIL. VI3BecTHbIe HIDKHAA M BEPXHSAA IPAHNLIBI N Pa3JINUAOTC
BecbMa 3HaUMTeIbHO. 13 mpeapinyliero umMmeeM ny = 8. B 2009 r. aBTop moxasai, uto ny < 57 (cm. [12, 33]).
[oCTaTOUHBIM YCIOBMEM AJIS CIIPABENIMBOCTY (45) [ h > 2 ABJIAETCS HEPABEHCTBO

n—

3n-5
Xn | v <1 (46)

B [33] ycranoBieHo, uTo (46) BhIMOJHsAETCS U 1 < 57. Bostee mo3gHmMe BIUMCIIEHNST TIO3BOJIVIIN HECKOIIb-
KO IIOHM3UTH BEPXHIOI0 TPaHUILy [JIS ny. IMeHHO, B [36] ormeuaercs, uto ny < 53. Takum o6pasom, cerogus
MBI 3HaeM, 4To 8 < ny < 53. YTouHeHUe MHTepBaJa [JId Ny — akTyajbHad 3aJaya.

Ilepeiiném Teneps K 1apy By,. Ilo cpaBHeHMIO ¢ Ky6oM Q) 31ech HabII0AaeTCS pasUTENbHBIN KOHTPACT,
MTOCKOJIBKY 3Hauenus 0, (By,) u &,(B,) Hatidenvl mourno 05 1106020 .

B [37] moxkasauno, uro &,(B,) = n. Boiyee Toro, misa cummnekca S C B, paBenctso ¢(B,;S) = n axBu-
BAJIEHTHO TOMY, UTO S — IPAaBWIBHBIN CUMILIEKC, BIIMCAHHBIN B 1uap. U3 (8) ciemyer, uro mius xro6oro
MHTepIoIAMoHHoro npoekropa P : C(B,) — II; (R")

4
p 23— —. 47
IPlls, >3- — (47)
IIpaBoe paBeHCTBO B (9), T. €. pABEHCTBO
n+1
En(Bn) = == (0n(B) — 1) +1, (48)
PaBHOCWIIBHO
4
0,(By) =3 - —— 49
(Br) =3 - ——. (49)

Kax moxasano B [38], paBencrsa (48) u (49) umeror mecro nipu 1 < n < 4, a HAUMHASA C 1 = 5 BBIIIOJIHAETCS
CTPOTrOe HEepaBEeHCTBO

£,(Bp) < ”T“(en(Bn) - 1) +1.

Hns 1 < n < 4 paBeHCTBO B (47) BEPHO TOJIBKO €CJIN Sp — IPABUIIBHBIN BIIMICAHHBII CUMILIEKC.

To, uto HWKHAS oueHka 0,(B,) > c\/n, OTMeueHHas B CIECTBUM 2, TOUHA [10 PA3MEPHOCTH 7, OBLIO
BIIepBbIe YCTAHOBJIEHO B [38]: umeem mecmo skeusanenmuocmy 0,(B,,) < /n.

[TonHOe pelreHne sagauy o TouHOM 3HadeHun 6, (B,) mano B [29]. Onuurem sTu pesynbrarsl IIycTs
byukmus ¢ : [0,n+ 1] — R 3agaércs paBeHCTBOM
2yn ( 2t

1— —/|.
n+1

1/2
v = = t(n+1—t)) +

O6o3HaYNM
n+l +«n+1

2 2

a=a,=

IIycth S — mpaBUIBHBIN CUMILIEKC, BIMCAHHBIN B By, p, — C(By)-onepatropHas HopMa mpoektopa Ps.
B [38] nmoxasano, uto p, = max{y/(a),¥(a + 1)} u cnpasenmusbI HepaBeHcTBa \Vn < p, < Vn+ 1. Boxee
TOTO, P = VN TONBKO 1A n = 1 U p, = Vn + 1 TOrAa M TOIBKO TOTAA, Koraa Vn + 1 — 1esnoe amco.
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Pasencrso 0, (B,) = p, ObL10 moxyueHo cHavana st 1 < n < 4 (pasnuuHble JOKa3aTeNbCTBA TAIOTCS
B [38] m [39]). B xauecTBe rumoTessI Ay BCEX N ITO yTBep:KAeHMe ObLI0 chopmynmpoBano B [39]. Hako-
Hell, B [29] 6bL1 IpUMeHEH HOBBII FreOMETPUUECKII TOAX0, KOTOPBII ITO3BOJIII IOKA3aTh 3Ty TUIIOTESY,
T. €. paBeHCTBO 0, (B,,) = p,, Mg npousBosbHOTO n. B wactHoCcTH, UMeeM Vn < 0,(B,) < Vn+ 1. Munu-
MaJIbHBIM SIBJISETCSA MTPOEKTOP, COOTBETCTBYIOIINI MIPABIIBHOMY CUMILIEKCY, BIIMCAHHOMY B TPAHUUHYIO
cdepy, U APYruX MUHUMATIBHBIX IIPOEKTOPOB HE CYIIECTBYeT.

Iyctp k, coBmamaer ¢ TeM M3 UmUCeN a, U A, + 1, Ha KoTopoM /(1) mpuHUMAaeT GoJblilee 3HAUEHIIE.
Yucna k, pactyT ¢ n, HO He CTPOro MOHOTOHHO. Ecin n > 2, to k, < n/2. B xauectBe mpumepa npuseném
uncna k, mis 1 < n < 15,n =50, n = 100 u n = 1000 ([38]):

k1:k2=k3:k4=1, k5=k6:2, k7:kg:k9:3, k10:k11:4,

klZ = k13 = 5, k14 = k15 = 6, k50 = 22, klOO = 45, k1000 = 485.
OTtMeTuM, 4TO paBEHCTBO (48) BBIMIOIHAETCH OIS TEX U TOJIBKO TEX pa3sMepHOCTEN N, KOraa k, =1.
BnaromapuHocTnn
Asrop Beipakaer 6iaaromapuocts [1. A. IllBapumaHy 3a 1ojie3Hble 3aMeUaHUS U [IPEIJIOKEHS.
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In this paper, we study undirected multiple graphs of any natural multiplicity k > 1. There are edges of three types:
ordinary edges, multiple edges and multi-edges. Each edge of the last two types is a union of k linked edges, which connect
2 or (k + 1) vertices, correspondingly. The linked edges should be used simultaneously. If a vertex is incident to a multiple
edge, it can be also incident to other multiple edges and it can be the common end of k linked edges of some multi-edge.
If a vertex is the common end of some multi-edge, it cannot be the common end of another multi-edge.

We study the problem of finding the Eulerian walk (the cycle or the trail) in a multiple graph, which generalizes the clas-
sical problem for an ordinary graph. The multiple Eulerian walk problem is NP-hard. We prove the polynomiality of two
subclasses of the multiple Eulerian walk problem and elaborate the polynomial algorithms. In the first subclass, we set a con-
straint on the ordinary edges reachability sets, which are the subsets of vertices joined by ordinary edges only. In the second
subclass, we set a constraint on the quasi-vertices degrees in the graph with quasi-vertices. The structure of this ordinary
graph reflects the structure of the multiple graph, and each quasi-vertex is determined by k indices of the ordinary edges
reachability sets, which are incident to some multi-edge.

Keywords: multiple graph; divisible graph; covering trails; edge-disjoint paths; eulerian trail; eulerian cycle; graph with quasi-

vertices; ordinary edges reachability set; polynomial subclass

INFORMATION ABOUT THE AUTHORS

Smirnov, Alexander V. | ORCID iD: 0000-0002-0980-2507. E-mail: alexander_sm@mail.ru
(corresponding author) | PhD, Associate Professor

Funding: Yaroslavl State University (project VIP-016).

For citation: A. V. Smirnov, “Some polynomial subclasses of the Eulerian walk problem for a multiple graph”, Modeling and Analysis
of Information Systems, vol. 31, no. 3, pp. 338-356, 2024. DOI: 10.18255/1818-1015-2024-3-338-356.

© Smirnov A. V., 2024
This is an open access article under the CC BY license (https://creativecommons.org/licenses/by/4.0/).

338


http://www.mais-journal.ru
https://doi.org/10.18255/1818-1015-2024-3-338-356
https://orcid.org/0000-0002-0980-2507
mailto:alexander_sm@mail.ru
https://creativecommons.org/licenses/by/4.0/

MOAENNPOBAHUE N AHATN3 MHPOPMALIMOHHBIX CUCTEM, TOM 31, Ne 3, 2024

/
,7 ? ’ CalT XypHana: www.mais-journal.ru
i1

|
lnormation Sysem: DISCRETE MATHEMATICS IN RELATION TO COMPUTER SCIENCE

HexoTopble MOIMHOMIAJIBHBIE ITOAKIACCHI 3aaUM 00 3TJIEPOBOM
MapuIIpyTe B KpaTHOM rpade
A.B. CMupnOB! DOI: 10.18255/1818-1015-2024-3-338-356

lﬂpocnchxmﬁ rocynapcTBeHHbIN YHUBepcuteT uM. ILT. lemunosa, fIpocnasis, Poccnsa

YK 519.17+519.161 ITonyuena 3 aBrycra 2024 r.
Hayunag cratbs TTocine mopaGotkm 16 aBrycra 2024 r.
IToTHBIA TEKCT Ha PYCCKOM SI3BIKE IIpunsra x my6nukarmu 21 aBrycra 2024 r.

B craTbe paccMaTpMBAIOTCA HEOPMEHTVPOBAHHbBIE KpaTHBIE Ipadbl IPOM3BOJIBHOM HATYPaJIbHON KpaTHOCTH k > 1.
Kparubiit rpad comepxut pebpa Tpex TUIIOB: OOBIUHBIE, KpaTHbIe U MyJIbTUpebpa. Pebpa mociaegHUX OBYX TUIIOB IIpen-
CTaBIAIOT o000l oObenuHeHNe k CBA3aHHBIX pebep, KOTopble coenuHANT 2 miau (k + 1) BepIIMHY COOTBETCTBEHHO.
CestzanHble peOpa MOTYT MCIIOJIB30BAThCS TOJIBKO COMIAcOBaHHO. Eciyu BeplLInHa MHIMIEHTHA KpaTHOMY pebpy, TO OHa
MO)KeT ObITh MHIMAEHTHA OPYTUM KpaTHBIM pebpaM, a TakKe OHa MOKET ObITh OOII[MM KOHIIOM Kk CBSI3aHHBIX pebep
MyasTupebpa. Eciin BepiunHa sBiseTcs 06IMM KOHIIOM MyJIbTHpeOpa, TO OHa He MOKeT OBITh OOIIIM KOHI[OM HIKaKOTo
IOPYroro MyabTupespa.

PaccmarpuBaercs 3afaua o6 3iyIepoBOM MapuipyTe (LMKJIE YUIM Liely) B KpaTHOM rpade, kotopas o6oblaer Kiac-
CHUECKYI0 3afiauy AjIs oObIuHOro rpada. 3amadya o KpaTHOM 3iiIepoBOM MapiupyTe sBisercs NP-tpygHoit. O6ocHOBaHa
MIOJITHOMMATIBHOCTD [IBYX IIOAKJIACCOB 3a[aul O KPaTHOM 3JUIEPOBOM MapIIpyTe, pa3paboTaHbl ITOJMHOMMAIbHbIE all-
ropuTMbl. B mepBoM Iomkiacce 3amaHO OrpaHMYEHIE Ha MHO)KECTBA TOCTVIKYIMOCTY IIO OOBIUHBIM peOpaM, KOTOpble
IIPeACTABIISIOT CO0O0I TOAMHOKECTBA BEPIINH, COeAMHEHHBIX TOJIBKO 0ObIUHBIMU pebpamu. Bo BropoM moaxitacce 3aja-
HO OTpaHNUEHIe Ha CTelleHb KBasUBepIUMH B rpade ¢ KBasupepiunHamu. CTpyKTypa 3TOoro o6sI4HOrO rpada oTpaxkaer
CTPYKTYpY KpaTHOTO rpada, a Kaskaas KBasuBepILUHA OIpefessieTcs k MHIeKCaMyl MHOXXECTB JOCTVDKMMOCTH 10 0OBIY-
HBIM pebpaM, KOTOpbIe MHIIMAECHTHBI KAKOMY-TO MYyJIBTHPEOpY.

Kirrouesrple c1oBa: KpaTHBIN rpad; AennMblii rpad; MOKpHIBAOIIIE IIeIIN; ITyTH, He IiepeceKalolecs I1o peGpam; aiiiepo-
Ba LIeIIb; 3I1IEPOB IKJI; rpad ¢ KBa3MBEPUINHAMIL; MHOKECTBO TOCTILKIMOCTH IT0 OOBIYHBIM peGpaM; ITOMMHOMIATBHBII
TIOJIKJIacC
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Beegenue

B maHHOIT cTaThe MBI pacCMOTPUM 3amauy o0 3irepogom mapuipyme (UUKIe WK LEIN) B KPAaTHOM
rpage. Kparusle rpadsr comepxat Tpu tumna pebep (0ObIUHBIE, KPATHBIE U MYJbTHPEOPA) U SBIISIOTCI
0600111eHIeM OOBIUHBIX TPadoOB — IT0 CyTHU, OOBIUHEIN rpad mMeer KpatHOCTh k = 1. OnpeneneHus Kpat-
Horo rpada kparHocTu k > 1 1 geaumoro KpatHoro rpada 6buin copmynmpoBaHsl B ctatbe [1]. Tam ke
ObLIY BBeIEHBI IIOHATII KPATHOTO IIYTH M KPATHOT'O ITVIKJIA.

OTMeTHM, YTO YACTHBIM CJIydaeM KpaTHOTO rpada sBiseTcs KpaTHas ceTb (cM. [2, 3]). 3agaua o Han-
OoJbIlIeM IIOTOKe B KpaTHOJN ceTm 0600IIaeT KiIacCUUecKyro 3amauy (cM. [4]) m mMeeT psa IpHIIOXKe-
HII B chepe IKOHOMUKMY, YIIpaBIeHus, PMHAHCOB. B uacTHOCTH, KpaTHbIE CETV U ITOTOKM MCIIONb3YIOTCI
I TIoucKa perteHns NP-TpymHOI 3amaun IeI0UMCIEHHOTO cOaIaHCUPOBAHMS TPeX- U YeThIpeXMepHOII
MaTpuis! (cM., Harpumep, [5, 6]).

B crarpe [7] Gputa mocraBieHa 3amaya 00 9TIEPOBOM MapiupyTe (LENN VI LUKIIE) B HEOPUEHTUPO-
BaHHOM KpaTHOM rpade. ['1aBHOe oTINMuMe OT 3itIepoBa MapIIpyTa B 0OBIYHOM Irpade — He0OXOTMMOCTD
COTJIACOBaHMsI KPATHOTO 3IIepoBa MaplIpyTa Ha CBA3aHHBIX peOpax, UTo 03HAUaeT, UTO B TAKOM Maplil-
pyTe cBa3aHHBIe pefpa KaKHOro KpaTHOTO M MYJIbTHpeOpa MOTYT IPOXOAUTHCSI TOIBKO OJHOBPEMEHHO
U TOJIBKO B OJMTHAKOBOM HaIlpaBJIeHNN. PaccMOTpeHBI HeOOXOAMMBIE YCIIOBUS CYLLIeCTBOBAHMS JIiIepoBa
MapIlIpyTa B KpaTHOM Ipade, KOTOphIe, OMHAKO, He OyIyT JOCTATOUHBIMY M3-3a TOT0, YTO IIPY MX BBIIIOJIHE-
HIM He BCerJia BO3MOKHO 00eCIIeUNThb COIJIACOBAHHOCTD BCeX CBI3aHHBIX pebep B MapuipyTe. [Ipemiosken
9KCIIOHEHIMAJIbHBIN aJTOPUTM pellleHNs 3aJaull O KpaTHOM 3JIEpOBOM MapIIpyTe, BBIAENEeH OVH II0-
JIMHOMMAJIBHBIN [TOIKIIACC 3aaUL.

3anmaua 06 3717IepOBOM MapIlIpyTe B KJIACCHUECKOI ITIOCTAHOBKE I OOBIYHOrO rpada MOoNMHOMMANbHA;
IS Hee CYLLeCTBYIOT ObICTphIe IOJIMHOMMAIBHbIE AITOPUTMbI, HAIIpUMep, ONIMCaHHEI B pabore [8] anro-
put™ Xupromabiiepa. OqHako Ipu nepexome K 060011eHI0 00bIYHOTO Ipada b0 K BApMAHTY IIOCTAHOBKI
C BBeJleHIeM IOIMOTHIUTENbHBIX OTPaHNUeHNIT 3a1aua 3a4acTyio cTaHoBUTCI NP-TpyqHOIL.

Tak mpomcxoguT, HampuMep, B ciIydyae OZHOrO U3 Hamboiiee IOIYJIIPHBIX 0000IIeHMiT rpadoB —
runeprpados. Hamomunm, uro runeprpad comepxut rureppebpa, coeguustoiue k Bepurnu (cMm. [9]).
[Mousarue runeppebpa, TakuM 00pa3oM, B KaKOI-TO Mepe POACTBEHHO IMOHATIIO MyJIbTHpebpa B KPATHOM
rpade, mccienyeMoM B HaHHOI crathe. OHAKO €CTh M CYIIeCTBEHHOE OTJIMUME IBYX KOHI[EIILIMIL: BCe
BEpILINHEI ruIeppebpa «paBHOIPABHBI», B TO BpeMs KaK MYJbTUPEOPO OIpemeseTcs KaK MHOKECTBO
n3 k cBSI3aHHBIX pebep, COEUHAIOMNX ONHY BEpIIMHY — OOLIMIT KOHEI[ C k OTHeJIbHBIMU BepIIVHAMI.
B pa6ore [10] moka3aHo, 4TO 3aaua pacrio3HaBaHMs diIepoBa Mapiipyra B runeprpage NP-mmonna naxe
B ciryuae k-oqHoponHoro rumneprpada (k > 2), B KOTOpOM Bce pebpa COeqMHIIOT POBHO k BEPILIH.

B crarbe [11] mmsa TeMnopanbHBIX Ipad0B pacCMOTPEHBI Pa3IMUHble BAPMAHTHI 3a1aun 00 3/IepOBOM
MaplIpyTe, CPeAV HUX BbIAeJIeHbI [ToJnHoMuanbHble 1 NP-1ostable. B remiopanbsHoM rpade kaxmoe pebpo
e IOCTYIIHO JINIITh B MOMEHTBI BpeMeHU, ofnpeneisgeMble Gyukiuen A(e) € 27 (r > 2 — 310 0o0l1iee BpeMs
XU3HU Tpada), COOTBETCTBEHHO, JII000I MapIIPyT MOJDKEH YUUTHIBATh 3TO 00CTOATeNbCTBO. OTMETUM,
uro NP-mostHoM 6ymer 3aaua B IIOCTAaHOBKe, Hamboee GIM3KOI K KIacCHYecKolt, Korga TpedyeTcs: HalliTu
L[eIIb, IPOXOIAIIYI0 KaXKI0e pe6po TeMIIOpaIbHOTO rpada pOBHO OAMH pas. ITO CIIpaBeJINBO B TOM UUCIIE
oag t = 2.

B pabore [12] paccMoTpeHa Kiaccuueckas 3amada o6 sIIepOBOM LIMKIIE C HOIIOIHUTENbHBIM OTPAHN-
yeHmeM: rpad n300paxkeH Ha INIOCKOCTM ¥ IS KaXK IO BEPIIIMHEI Bce pedpa, MHIMIAEHTHEIE eli, IPOHyMe-
POBAHBI IT0 YACOBOIL CTPEJIKE; IIPY 9TOM JI00ble ABa pebpa, MAYIIIe IIOAPS B 3/JIEPOBOM I(MKIIE, JOJDKHBI
MMeThb COCEeJHME HOMepa OTHOCUTEJIBHO OOIllell BepIUMHEBL. B ykasaHHOI cTaThe JOKa3aHO, UTO 3ajava
pacrio3HaBaHMs TAKOTO 3iepoBa nukia 6yger NP-mmonHoI gaske B cirydae ItaHapHOTO rpada.

Errte onuH mpuMep KJ1acCU4IecKoll 3afaun ¢ JOIIOIHUTEIbHBIM OrpaHNUeHeM — 9TO paclio3HaBaHUe
3liJlepoBa LIMKJIA, B KOTOPOM KaKOBIN IIONIMKI MMeeT ANMHY He MeHsbIle k. B cratee [13] o6ocHoBaHa
NP-nosHOTA Cy’KeHUs 3TOI 3amaun, oTKyaa ciaenyer NP-mmoxHoTa o01teit 3agaumn.
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Touno Tak ke 3amauva o6 3iJIEPOBOM MapIlIpyTe CTAHOBUTCS TPYIHOpEIIaeMOIl 1 B CiIydyae KPaTHBIX
rpagos. NP-11osiHOTa COOTBETCTBYIOILIEI 3a7jault paclio3HaBaHMs foKazaHa B [14]. IIpu sTom 3agaua Gymer
NP-nostHoIt At m06071 KpaTHOCTY kK > 2 Jaske I CIEIMAJIBHOTO Kilacca KPaTHBIX IpadoB — MeIMMBbIX
rpadoB. ITOT KJIacC XapaKTepU3yeTcs TeM, UTO KPATHBI rpad MoXKeT OBITh MpEACTABIEeH B BULE 00b-
enyHeHNs k OOBIUHBIX IpadoB, KAKIBII M3 KOTOPHIX COLEP)KUT POBHO ONHO CBA3AHHOE pebpo KasKIoro
KpaTHOTO U MYJIbTUpPeOpa.

B maHHOII cTaThe MBI BBIIENNM ABa ITONMHOMMANBHBIX IIOKIACCA 3afauy 00 3IIepOBOM MapIIIpyTe
B KpaTHOM rpade ¥ IOJTyUNM IIOIMHOMYATbHbIE AITOPUTMBI IS HIUX.

1. Heo0xogumbIe onpeneeHNs M MIOCTAHOBKA 3a7a4M 00 311IepOBOM MapIlIpyTe
B KpaTHOM rpade

HamoMHMM HECKOJIBKO MOHSITUIL, CBA3AHHBIX ¢ KpaTHbIMU rpadamu. IIOCKONIBKY JaHHAS CTAThsI IIPO-
MOJDKaeT MCCIeqoBaHue, OMMCaHHoOe B paborax [7, 14], smech OyayT chopMyIMpOBaHBI TOJIBKO CaMble
BakHbIe omnpenenerus. [IosSCHIOIE IPUMEPBI M PSAN CBSI3aHHBIX OINpeNeNeHNiT ObLUIN MOAPOGHO pac-
CMOTpEHBI B CTAThsX [1, 7].

Omnpenenenune 1. Kpamuuiii epag G Ipou3BOIBHOI HATYpPATIbHOI KpaTHOCTU kK > 1 — 310 Tpad, BEpIINHBI
KOTOPOI'O MOT'YT COeUHSITHCA pebpaMi OJHOTO U3 3 BUIOB:
1. O6viunoe pe6po e°; MHOMXKeCTBO OOBIUHBIX pebep 0603HaUMM uepes E°.
2. Kpammnoe pe6po ek mexmy AByMs BepIIMHAMMU, KOTOPOE COCTOMT M3 k ONMHAKOBBIX CBA3AHHBIX
pebep; cBsI3aHHBIE pebpa KpaTHOro pedpa MOT'YT UCIIOIb30BATHCS TOJIBKO COIVIACOBAHHO; MHOMKECTBO
KpaTHBIX peGep 0603HaumM uepes EF.
3. CeésnzanHoe pebpo e MeXAY OBYMS BepLIMHAMMU, MMeIOIee OOMH o6Iuit KoHer ¢ apyrum (k — 1)
pebpom (y r00BIX OBYX U3 k CBSI3aHHBIX pebep TOJIBKO ONUH KOHEL SBJSETCS OOIIIM); MHOMKe-
CTBO CBfI3aHHBIX 00Illell BepIuHOIl pebep OymeM HasbpIBaTh Mynvmupebpom e™; cBsizaHHBIE pebpa
MyJnbTHpedpa MOIYT MCIIOJIb30BAThCA TOJIBKO COIIACOBAHHO; MHOKECTBO MYJIbTUpeOep 0003HAUNM
uepes E™.
Ecnu BepimHa MHOMIEHTHA KAKOMY-INO0 KPaTHOMY pebpy, TO OHAa MOYKeT ObITh MHIIMAEHTHA APYTUM
KpaTHBIM pebpaM, a TaK:Ke OHA MOKET ObITH OOLIMM KOHI[OM KaKOro-1mbo MyJbTupedpa.

Ecnu BepimHa sBisgeTcs o0LMM KOHIIOM KaKOTro-JIn0o MyJIbTupeOpa, To OHa He MOKeT ObITh 00IuM
KOHIIOM HMKaKOTO APYTOro MyJabTupedpa.

Ecnu BepiimHa ABIsSeTCS OTHEIBHBIM KOHIOM MYJIbTHpeOpa MM MHUMAEHTHAa OOBIUHOMY pebpy,
TO OHA He MO>KET OBITh OOIIVIM KOHIIOM MYJIbTUpeOpa M He MOKeT OBbITh MHINACHTHA KpaTHOMY pebpy.

MuoxxectBa BepiimH u pebep rpada G o6osHauumm uyepe3s V u E COOTBETCTBEHHO. 3aMeTuUM,
uro E = E° U EF U E™. O6brunoe min kpaTHOe peGpo, CoeaMHAIOIIee JBe BEPIIMHDI X I i, 00603HAYA-
eTcsl CTaHOapTHBIM o0pasoM: {x, y}. MyiasTupebpo, coenmHsoIee OOIIYI0 BEPIINHY X C K OTHEIbHBIMU
BepILINHAMH Yy, . . ., Yk, O003HaUaeTcs Tak: ey’ = {x, {y1,..., Yk} }.

Puc. 1 u 2 minroctpupyroT onpenenenue 1. B neBoit uactu puc. 1 KpaTHOe peOpo NMpeacTaBIeHo B BU-
ne oObenVHEeHNS kK OMMHAKOBBIX pebep MeKOy ABYMs BepLUMHAMI, UTO IT0Ka3aHo IITpuxaMu. PaBeHCTBO
(mm coryracoBaHHOCTD) CBA3AHHBIX pebep IIpeArioaraeT, uTo Bce XapaKTepUCTUKM 9TuX pebep (Hanmpumep,
IUIMHA) OJMHAKOBEI, U 9TI pebpa MOTYT UCIIOIH30BATHCS TOJIBKO OMHOBpeMeHHO. Tak, e OCyILecTBIIs-
eTCsl IPOXOJ B OIIpeieIeHHOM HaIIpaBIeHNM 110 OQHOMY 13 CBSI3aHHBIX pebep, To OGHOBPEMEHHO C 3TUM
BCe OCTaJbHbIE pebpa IPOXOAITCS B TOM JKe caMOM HampaBieHun. KpatHoe pe6po MO)KeT BKIIIOUATHCS
B KaKme-J1100 HOBBIE CTPYKTYPhI TOJIBKO LIeINMKOM. B manpHeriiem Mb1 6yeM 0603HauaTh KpaTHbIE pebpa
SKUPHBIMU JIMHUAMU, KaK B IIPaBoil yacTu puc. 1.

B neBoit uactu puc. 2 mynbtupebpo {xo, {x1,...,xx}} mpencrasieHo B Buge o0bequHeHNT kK OXMHA-
KOBBIX pebep, CBSI3BIBAIOILNX OOLIYIO BEPIIMHY X C K pa3HBIMI BepILIMHAMIU X1, . .., Xk. Kak u Ha puc. 1,
paBeHCTBO pebep mokasaHo IITpuxamu. COIJIACOBAHHOCTb CBS3aHHBIX pebep MMeeT TOT »Ke CMBICIH,
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O O

Fig. 1. Multiple edge Puc. 1. KpatHoe pebpo
X X
X : X :
0 X, 0 X,
Fig. 2. Multi-edge Puc. 2. MynbTnpebpo

YTO M U KpaTHBIX pebep. B mampHeiiireM MynbrupeOpa MbI OymeM M300pakaTh IPHU IIOMOILM pPac-
LIeTUIAIONINXCA Ha k yacTeil TMHMIA, KaK B IIPAaBOI YacTH PUC. 2.
B maHHOII cTaThe pacCMaTPUBAIOTCH TOJIBKO HEOPMEHTUPOBAHHBIE KpaTHbIE Ipadml.

Onpenenenne 2. O0buHOT 6epUIUHOTI HA30BEM BEPILIIHY, KOTOPas MHUMAEHTHA OOBIYUHOMY pebpy VN sB-
JISIETCST OT/IENbHBIM KOHIIOM MYJIbTHpPeGpa.

KpamHoii 6epuiunoti Ha30BeM BepIIMHY, KOTOpast MHIUAEHTHA KPATHOMY peOpy WJIV ABJISLETCS 001mM
KOHI[OM MYJIbTUpeOpa.

V3 onpenenenus 1 ciiemyer, YTO MHOKeCTBa OOBIUHBIX 1 KPATHBIX BepIINH He Iepecekatorcs. [Ipu aTom
KpaTHas BepIINHA MOKeT OBITh COeIMTHeHA C OOBIYHBIMI TOJBKO IIOCPEICTBOM MYJIbTHpeOpa.

Onpenenenne 3. [lna 1060t BepIIVHEI X € V onpeneiieHa ee cmeneHv degx — KOIMUECTBO OOBIYHBIX
MJIU CBSI3aHHBIX pebep MHIMIEHTHBIX X.

Taxum o6pasom, Kaxxoe 00bruHOe pedpo Buaa {x, y} mobasiser 1 k deg x, Kaskoe KpaTHoe peOpo Buaa
{x, y} mobasuser k k deg x, a kaskgoe My IbTUPeOpO BUAa {x, {y, . . ., Yx } } mobaBsier k k deg x u 1 K KaxKIoMy
n3 deg y;. OueBUOHO, UTO CTENEHb JII000TT KpaTHO BepIIMHbBI OyaeT KpaTtHa k.

Onpenenenne 4. [Jenumvim KpamHuvim 2pagom Ha30BeM TaKoil rpad, B KOTOPOM MKy ABYMS KOHLIAMU
OJHOTO MYJIbTHpeOpa He CYILLeCTBYeT IIyTH, IIPOXOMIIIEr0 TOIBKO 110 OOBIYHBIM pebpaMm.

[Ipu ynaneHnu Bcex MyJIbTpeOep AenMblii rpad pacrnageTcs Ha n KOMIIOHEHT CBSI3HOCTH (CBSI3HOCTh
3[1€Ch IIOHMMAETCS B TOM K€ CMBICJIe, UTO U AJI OOBIYHBIX rpadoB), KaKHas U3 KOTOPBIX COTEPKIT TOJIBKO
KpaTHblIe pebpa 6o ToabKO 06bruHbIe pedpa. [Ipu aToM cBsI3aHHBIE peOpa Ka)KI0ro MyIbTUpeOpa MOKHO
poHyMepoBaTh OT 1 1o k TakmM 06pa3oM, UTO KaKHOV KOMIIOHEHTE CBSI3HOCTM, COMEpsKallleil TOJIBKO
o0bIuHbIE pebpa, OyayT MHIMAEHTHBI CBI3aHHbIe peOpa MybTipebep ¢ OJMHAKOBBIMI HOMEPaMIIL.

Onpepenenne 5. Yacmow G; (i € 1,k) penumoro rpada G(V, E) HazoBeM moarpad, comepsKaliuil CBs-
3aHHbIe pebpa ¢ HOMepOM i BceX KpaTHBIX U MyJnbTHpedep, a TakyKe KOMIIOHEHTHI CBI3HOCTH, COCTOSIIIIIE
13 OOBIUHBIX pebep U MHIMIEHTHBIE i-bIM CBI3aHHBIM pedpaM BceX MyJbTupedep.

B craTse [1] BBOZMTCS IOHATME KPAMHO20 NYMU U3 6PUUHbL X 6 epwuny Y. B maHHOI paboTe HaM
He 1I0TpefyeTcs MoIyuars KpaTHbIe Iy T, II03TOMY He OyIeM IIPMBOMNTE OIIpe/IesieHIe IIOJHOCThIO, Ha-
IIOMHIM JINIIIh OCHOBHBIE 0COOGEHHOCTI KPATHOTO Iy TH:

« KpaTHBII MyTh HpPENCTaBisgeT coboit 0ObequHeHne k OOBIUHBIX (HEKPATHBIX) IIyTENl, Te CBA3AH-
Hble pebpa KpaTHBIX U MYJIbTHpeOep MCIIONb3YIOTC COMJIACOBAHHO: B KAKIOM 13 OOBIUHBIX ITyTel
BCTpeUaeTcsi POBHO OJHO CBsI3aHHOEe peOpo MCIIONIb3yeMOro KpaTHOTO MM MYJIbTHpeOpa, IpuueM
ITOPSIIOK BXOKIEHMS CBI3aHHBIX pebep pasHbIX KPATHBIX M MYJIbTUPeOep OAMHAKOB BO BCEX Kk Iy THX;
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+ OOBIYHBIE BEPIINHBI U pefpa MOI'YT BCTpeUaThCss MHOIOKPATHO;

+ KaX[asg KpaTHas BeplHA BCTpedaeTcs He 6ojiee OJHOTO pasa.

B oriyune ot 0ObIYHBIX I'padoB, c673HOCMb KpaTHOTO rpada He IpefIionaraeT Halnuye KPaTHBIX
IyTelt U3 KaXIOJ BEPIIMHBI B KKAy0. PakTuecky B CBI3HOM KpaTHOM rpade MeXay KaKaoil mapoit
BEPILNH JOJUKEH CYILIeCTBOBATh OOBIUHBIN (HEKPATHBIIN) ITyTh, MICIIOJIb3 YOI CBI3aHHbIe pedpa KpaTHbIX
u MyJbTHpebep HeCOrJIacOBaHHO, a KpaTHbIE ITyTH 00A3aTeIbHO HOJDKHBI CYILeCTBOBAThH TOJIBKO IS IIap
KpaTHBIX BepIyuH. Kpurepnii cBI3HOCTY KpaTHOTo rpada ¥ IOJIMHOMUAIBHBIN AJITOPUTM €r0 IIPOBEPKI
IIOApOOHO paccMaTpUBAINCh B pabore [1].

Jiinepos mapuipym oTIMUAETCA OT KPATHOTO ITyTU T€M, UTO KpaTHBbIE BEPIINHBI MOKHO MICIIOIb30BaTh
IIOBTOPHO, HO KakHoe pebpo MCIIONb3yeTcs TONBKO OOMH pas. DiyIepoB MapLIPYT MOKET OBITh HallgeH
TOJIBKO B CBI3HOM KpaTHOM TIpade, II09TOMY Jajiee II0 YMOJIYAHNIO IIPEAII0araeTcs CBI3HOCTb paccMar-
puBaemoro rpaga.

Omnpenenenne 6. Jineposvim mapupymom h B kpatHoMm rpade G(V,E) HasoBeM Takoit obxox rpacda
G(V,E), B xotopoM Kakgoe pebpo m3 E BcTpeuaeTcss pOBHO OAMH pas, a CBA3aHHBIE pebpa KaXI0ro
KPATHOTO ¥ MyJIbTUpe6pa u3 EX U E™ MCIoIb3yoTcs TOMBKO COMIACOBAHHO (OHOBPEMEHHO).

st siiiepoBa MapIIpyTa BhIoMHEHO: h = UK hi, 10 ecTh KakabIit 971mepos MapipyT h B KpaTHOM
rpade mpepcraBuseT coboit obbeauHEeHNe k OOBITHBIX MapuIpyToB h' (i € 1,k), B KaXI0M 13 KOTOPBIX
IIPUCYTCTBYeT POBHO OIHO CBSI3aHHOE peOpo KasKIOoro KpaTHOro 1 MyJIbTUpeOpa, IprueM IOopsaoK 06xoaa
CBSI3aHHBIX pebep OIMHAKOB BO Beex h'.

daKTHYeCK! 3TO 3HAUUT, YTO €CIM e; M e; — 9TO ABA pebpa MaplIipyTa h, Kaaoe M3 KOTOPBIX JIN-
60 KpaTHOe, 160 My IbTUPe6PO, 1 B TipoeKuuu h' cBa3aHHOE pebpo 13 e; MPOXOIMUTCS paHbIIle CBA3aHHOTO
pebpa 13 e, TO BO BCEX OCTANBHBIX MpOeKIuax h/ cBa3aHHbIe pebpa M3 e, MOTYT IPOXOAUTHCA TONBKO
ImocJie CBI3aHHBIX pebep 13 e;.

Omnpenenenne 7. 3aMKHYTHIT 9/JIEpOB MapIIpyT B KpaTHOM Ipade (HauaibHas BeplIMHA paBHA KOHeU-
HOII) Ha3bIBAETCS IUIEPOGLIM YUKIIOM.

HesaMKHYTBIII 97171epOB MapIIPYT B KpaTHOM rpade Ha3bIBAETCS JUTEPOGOL YenbH.

Kparubiit rpad Ha30BeM iiTepoguiM, €CIINt B HEM CYIL[ECTBYeT 3IJIepOB MapIIPYT (L{MKII M LeIb).

IIpumep 1. PaccMoTpuM IpencTaBiIeHHBIN Ha puUC. 3 KpaTHBI rpadp G KpaTHOCTU 2 CO CIIEAYIOIIVIMU
MHO)XeCTBaMy OOBIYHBIX, KPATHBIX M MyJIbTUpeOep (BepIInHbI OyaeM 0003HaUATh X HOMEPaMIL):

E* = {{1,3}, {14}, {2,3}, {24}, {3,4}, {15,16}};

E™ = {{3,{5,13}}, {4,{8,10}}, {15,{6,14}}, {16,{9,11}} };
E° = {{5,6}, {5,7}, {5,8}, {6,7}, {6,9}, {7,8}, {7,9}, {8,9}, {10,11},
{10,12}, {10,13}, {11,12}, {11,14}, {1213}, {1214}, {13,14}}.

I'pad G sBnsercsa nenumeimM. Yactu Gy u G, aroro rpada rmokasaHsl Ha puc. 4, CBi3aHHbIe peOpa Bcex
KPATHBIX ¥ MYJIbTUpeOep M300paskeHbI IYHKTUPHBIMU JIVHUSMI.

3amerum, uTo rpad repecraHeT ObITH AEIUMBIM, €CIN JOOABUTD B HETO 0OBIUHOE pebpo MeXAY 100011
apoit BepIuH u3 MHOXKecTB {5, 6,7, 8,9} m {10, 11, 12, 13, 14}.

HetpynHo y6enuTbes, uto B 9TOM rpade CyIecTBYeT 3I1epOB LUK A, IIpeACTaBIeHHbIN Ha PIC. 5.

Crnemyer OTMETUTD, UTO B SVIEPOBOM LMKIE h [Be KpaTHbIE BEPIUMHBL 3 1 4 IIPOXOMATCS ABAKIBI
(Ha pUCyHKe OTMeUeHBI CepbIM), II03TOMY LMKI A SIBJISETCS 3JJIepOBBIM MapILIPYTOM, HO He SIBISETCS
KpPATHBIM IIUKIJIOM.

3amaua 1 (sitepoB MapuIpyT B KpaTHOM rpade). s danHnozo kpammuozo epaga G(V,E) ycmanogumo,
cyujecmsyem Jiu 8 Hem Uepos Mapuipym (YUK Ui yenbv), U Hatiimu 3Mmom mMapupym.
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Fig. 4. Partition of the divisible graph Puc. 4. Yactn gennmoro rpada
B manpHelremM Mb1 6ynem o60o3Hauats 3agauy 1 kak MEW (multiple eulerian walk).

Omnpenenenne 8. MHojcecmeom 00CMUNUMOCTU NO 00bIUHBIM PeOpam I HEKOTOPOI OOBIUHOI BepIINHbI
X Ha30BeM MHOXeCTBO R BceX BEPIINH Y TaKMX, UTO CYLIECTBYET IIyTh U3 X B Y, IPOXOMSIINI TOJIBKO
10 OOBIYHBIM pebpaM.

Bynem o6osHauaTh yepes G¢ moarpag, o6pasoBaHHBIN BceMU BepIIMHaMu U3 R 1 BceMu 0OBIYHBIMMU
pebpamu e € E°, KOTOpBIE COeUHIIOT BEPIUNHBI 13 RY.

Ecmny € R, To RY, = R}, mosromy aiis ymo6eTBa 6y1eM BHIOUPATh BEPIINHY C MUHUMATIbHbIM HOMEPOM
IUTIS 3aJaHUA MHAEKca X KaXIoro RY.

HamomMuuM HeoOXOqMMBIE YCIOBUA CYIIECTBOBAHMUA KPATHOTO SIJIEPOBA IMKIIA. YCIOBUS MOAPOGHO
paccMaTpuBanIuCh M 0G0CHOBBIBAIICE B CTAThe [7], TaM Ke IMOKa3aHo, YTO B O0IIEM CIyyae HEOOXOIMMbIe
YCIJIOBUS He ABIIAIOTCA JIOCTATOUHBIMIL, UTO TAK)KE OTIIMUAET 3a[]auy IS KPATHOTO rpad)a OT KIaCCUUECKOIA.

Teopema 1. Ecnu ¢ kpamrnom epage G(V,E) cyuecmeyem 3tinepos Uukii, mo ece ezo 00biuHble 6epuil-
Hbl UMENMm uemHYl0 cmeneHb, d CMeneHb KAXO00U KPAMHOU GepuuHbl U Moxem Obimb npedcmasieHa
kakdeg v = k - a,, e0e k —3mo kpamuocmy epaga, a, — UemHoe YUCTIO.

Teopema 2. Ecnu 6 denumom kpamuom epage G(V, E) cywjecmeyem 3iieposa yenv, mo 00HOEPEMEHHO 6bi-
NOJTHeHYL CTedyloujue YCIoGUsL:
* 6ce 00bIUHblE 6ePULUHDL UMEIOM YeMHYI0 CIeneHy;
 CmeneHb 068YX KPAMHbIX 6epUWUH X, Y npedcmasnsemcs 6 sude degx = k - a, degy = k - b, 20e k —amo
KkpamHocmoy epaga, a u b — HeuemHvle uucna;
 CIMmeneHb 6ceX OCMATbHLIX KPAMHLIX epwuH v npedcmasnsemcs 6 ude dego = k - ¢,, 2de k —amo
Kpamuocmb epaga, ¢, — uemHnoe Hucio.

Teopema 3. Ecnu 6 Hedenumom kpamuom epage G(V,E) cyujecmeyem siimeposa yenb, mo Haudymcs 06e
8ePULUHDL X, Y, 0TI KOMOPHIX BLINOIHAEMCS 00HO U3 YCIIOSUT:
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10 13 12 10 11 12 14 11

Fig. 5. Eulerian cycle in the multiple graph Puc. 5. DlinepoB UMk B KpaTHOM rpade

1. x,y — kpamnvie gepuiunvi; deg x = k-a,degy = k- b, 2de k — amo kpamnocmb epagpa, a ub — neuemnuoie
yucna.

2. X — Kpamuas gepuiuna, y — 00bluHas GepuiuHa U Hatidemest mynvmupe6po {yo, {y1, ..., yx}} € E™ ma-
Kxoe, umo y; € Ry, (i € 1,k); degx =k - a, degy = k + b, 20e k — smo kpammnocmy zpaga, a — neuemHoe
yucno, b — uemnoe HeompuyamenvbHoe YUCIIO.

3. x, y — oOviuHbvle gepwunbl U Hatidymes 06a mymvmupeopa {xo, {x1, ..., xx}}, {yo, {y1,---,yx}} € E™
makue, umo x; € Ry, y; € Ry (i € 1,k); degx =k +a,degy = k + b, ede k —amo xkpamuocmv epaga,
a ub — uemnvie HeompuyamevHble UUCTA.

CmeneHb 6cex ocmabHblx 00bIUHbIX 6ePULUH UeMHA, 4 CeNneHb 6CeX OCMATbHbIX KPAMHbIX 6ePULUH U npeo-
cmasnsemcs 6 éude degv = k - ¢, ede k — amo kpamnocmo epaga, ¢, — uemroe uucio.

YemoBus 1-3 TeopeMsl 3 OIIpeesIsioT BHIOOpP HauaIbHOI U KOHEUHOI BEPIUIHBI KPATHOI 3TIepOBOIL
Ienu (BepIINHEI X U ) B CJIydae, Korja rpad He ABIIETCH NeINMbIM.

2. Fpa(l) C KBa3BEPIUINMHAMU 1 3aJaYa O MOKPBhIBAKIINX IIEIIsAX

B crarpe [7] nmokasano, uro kpatusii rpad G(V, E) moxuo cBectu K 0061aHOMY pady Gord(Vord, Eord),
CTPYKTypa KOTOPOTO Oy[eT oTpakaTh CTPYKTYpPY McXomHOTro rpada. Yacts BepiuuH GyayT COOTBETCTBO-
BaTh MHOKecTBaM mnoarpados GY. Takue BeplIMHBI Ha3bIBAIOTCH K6asusepuunamu, a rpad Gopg — epagom
¢ keasugepuunamu. [IpeobpazoBaHme BBHIMOIHAETCS C IOMOILBIO IIPOCTOTO HOJMHOMUATIBHOIO AJITOPUTMA,
KOTOPBIit TpaHCcHOpMUPYeT BCe KpaTHBIE BEpPIINHBI U pefpa B 0OBIUHEIE, 4 3aT€M CO3[AeT KBA3MBEPIINHbI
u peGpa mMHUUAEHTHBIE M. [l Kasknoro myiabrupedpa e™ = {xg, {X1,...,xx}} € E™ Haxomarca MHOXe-
CTBa JOCTIDKUMOCTHI Ry, Takue, uto x; € Ry, (i € 1,_k). Homepa 311X MHOKECTB TOCTIIKIMOCTH OIIPeNENSIOT
KBa3UBEPIINHY Gy, .y, € Vord, @ MyTbTUpe6pO €™ ompenmensder 06braHOE Pe6po {Xo, Gy,,...y. } € Eord-

V3 HeoOXOOUMMBIX YCIOBMII CYLIIECTBOBAHMS KPATHOTO 3yIEpoBa LIMKJIA CIEYET, UTO €CIM KPaTHBI
rpad G(V, E) sBisieTcst a71epOBBIM, TO 97U1epOBhIM sBisiercs u rpad ¢ kBasuBepiUmHaMu Gorg(Vord, Eord),
puUeM KaXKAOMY SIJIEPOBY MapLIPYTy B MCXOTHOM KpPaTHOM rpad)e COOTBETCTBYET SIJIEPOB MapILIPYT
B rpade c kBasusepiinHamu. O6paTHOe B 00II[eM Cilyuae HeBepHO: Tpad ¢ KBa3MBePIUIMHAMY MOKeT ObITh
SIIEPOBBIM, TOTJIA KaK UCXOMHBIN rpad He 3itepos; Takke B rpade Gorg(Vord, Eorg) MOXKeT CylllecTBOBAThH
9ILIEPOB LIMKJI WJIN L{€I1h, KOTOPBIM HE COOTBETCTBYET 3IJIEPOB LMK 1u 1ens B rpade G(V, E).

ITpumep 2. CHOBa paccMOTpUM KpaTHBI rpad u3 mpumepa 1 (puc. 3). HerpyaHo 3aMeTuTh, 4TO B 3TOM
rpade Bcero qBa MHOKeCTBA JOCTIYLKMMOCTH II0 OOBIYHBIM pebpam:

s =1{56,7,89}, To = {10,11,12,13, 14}.

IIpu aTom Bce MynbTMpeOpa MMEIOT POBHO IO OJHOMY KOHITy B KaKaoM m3 RY u R,
noTpeGyercs CO3AaTh TOJBKO OXHY KBa3UBEPIIMHY (519, & I'Pad Gord(Vord, Eorg) OYIET MMETH IIPOCTYIO

CTPYKTYpY (cM. puc. 6). KBasuBepumHa oTMeueHa Ha PUCYHKE CEePhIM.

CJIEAOBATEIIbHO,
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Fig. 6. Graph with a quasi-vertex Puc. 6. T'pad c KBa3nBepPLUNHOWN

Kparaomy aitiepoBy UMKy, IIPEACTABIEHHOMY Ha PUC. 5, OYI€T COOTBETCTBOBATH OOBIUHBII STIEPOB
I—IMKJI hOI’d = (17 33 45 2’ 35 qS,lO’ 155 165 q5,101 45 1) B I‘paq)e Gord~

Onpepenenne 9. Tokpueaiouumu yensmu B oobruaom rpade G°(VC, E°) HasbIBaeTCd MHOMKECTBO Iie-
Ielf, He IepeceKaInxcs o pebpaM U He COTEpsKaIMX ITOBTOPAIOIINXCI pebep; IPU 3TOM MHOKECTBO
ITOKPBIBAIOIIMX I[eIIell COMep>KNT Bee pebpa rpada.

3agaua 2 (IOKpHIBAIOIIVIE eIV C 3aJaHHBIMY KOHIIAaMY B 00bIuHOM Trpade). [Jan 06biunbLil ces3HLI epag

G°(V°,E°), 6 Komopom 6bl0e/leHO p HAUAIbHBIX 6EPULUH S1, . . ., Sp U ) KOHEUHBIX 6epUUt ty, . . ., L. Tpebyemes
yemanosumn, cyujecmeyrom nu 6 zpage G°(V°, E°) p nokpuisarouux yeneti ji1(s1,t1), - . ., fp(Sp, tp), U Hatimu
amu yenu.

3amgauy 2 o6o3znauum uepe3 CT (covering trails). HauanbHble 1 KOHeUHbIe BepIUVHBI OyoeM TakkKe
Ha3bIBATh MEPMUHATLHIMU.

B crarpe [7] mokasaHo, uTO KaXAbIil 971epoB MapwipyT B rpade ¢ kBasuBeptHaMu Gorg(Vord, Eord)
onpeneinser 3agauy CT B kaxgom noarpade G¢ ncxomuoro xparaoro rpada G(V, E). Ecnin kakgas Takas
samaua CT mmeer pelreHme, T0 9TM pellleHUs B 0O0BEIMHEHNN C HAOEHHBIM SIJIEPOBBIM MapIIPYTOM
B tpade Gorg(Vord, Eorg) TOpOXKmaoT KpaTHbIil sitiepoB Mapuipyt B rpade G(V,E). B ykasannoit cra-
The IIpeJJIO’KeH TOUHBII aJITOPUTM IIOMCKa KPAaTHOTO 3JiIepoBa MapIIpyTa, KOTOPBII II0CTIe0BATEIbHO
mepebupaer Bce BO3MOKHBIE 37JIepOBBI MapiIpyTsl B rpade Goyg (IS 9TOrO MCIONB3yeTCsl OMMcaHHast
B pabote [15] onepanus kanna-mparnchopmayuu) v IHITAETCS PELLIUTh BO3HUKAIOIINE IIPM 3TOM 3aJaum
CT mus rpadoB G2. OgHAKO U ITOCTPOEHME BCEX BO3MOKHBIX 3IJIEPOBBIX MapILIPYTOB, U pelleHIe 3aKay
CT B o61eM cirydae TpeOyIOT 9KCIIOHEHIMAIBHOTO KOJIMYeCTBa IIaroB. [109ToMy Ipu IoMCKe IOIMHOMNI-
aJIbHBIX IMOAKJIAcCOB 3anaun MEW HaM Hy)KHO BBIZEINUTD CIIydan, Ie yKasaHHbIe II0A3a0aun MOTyT OBbITh
pelleHb! 3a IOIMHOMMATIBHOE BpeM .

HanoMHMUM Taxke KJIaCCHMUECKYI0 3aauy O IIyTsIX, He ITepeceKaoIuxcs 1mo pedpam (cum. [16]), koTopas
6amska k 3agaue CT.

3agaua 3 (myTu, He nepecekamwluecs 110 pebpam). aH obviunbiii cesasuuiii epag G°(VO, E°), 6 komopom
6bL0€NIEHO P HAUATIbHDIX 6EPUWIUH S1, ..., Sp U P KOHEUHbIX 6epWUM ty, ..., t,. Tpebyemcs ycmanosums, cy-
wecmeyiom nu 6 epage G°(V°,E°) p nymeii (yeneit) p11(s1,t1), - .., Hp(Sp,tp), nonapHo He nepecexarujuxcs
no pebpam, u HaAtlmu smu nymu.

Bynem ucmonb3oBats s 3agaun 3 crangaprHoe o6osHauenue EDP (edge-disjoint paths). B pa6ore [16]
nokasano, uro 3agaua EDP sBnsercs NP-tpynHOIL, eciu mapaMeTp p He GUKCUPOBAH (SBJISETCS YacThIO
BXOMHBIX TaHHBIX 3a0aul).

Yacro mapsanmy c rpadom G°(V?, E°) paccmarpusaror rpad H?(VC, F°), tme F® = {{s,t1},..., {sp, tp}}.
Torpma mist rpada G° U H® ¢ mHOKecTBoM BepitnH VO u mHOKecTBOoM pebep E° U F° MOXKXHO paccMOTpeTh
CIIeAYIOLIYI0 3aauy, KoTopas Oy mer skBuBasieHTHA 3axaue EDP: naiimu 6 epage G° UH® mHoxecmeo us |F°|
He nepecekanwuxcs no pedpam YuKios, Kaxiovlil u3 KOMopvix cooepicum posHo 00HO pebpo us F°.

ITonb3ysick cBoiicTBamu rpada G° U H®, MOKHO BBIOENINTD pa3IMIHble ITOIKIACCHI MCXOTHOI 3a1aum
EDP. B uactaocTu, Hac 6ymeT mHTEpecoBaTh ciayuait, korga rpad G° U HC aitepos.

346



Some Polynomial Subclasses of the Eulerian Walk Problem for a Multiple Graph

3. TI'pacdsI c orpaHNYeHNEM Ha MHO>K€CTBA JOCTIDKIMOCTY II0 OOBIYHBIM pedpam

JIemma 1. ITycmob 0nst c8s3H020 06b1uH020 epaga G° coomeemcemeyrowuii epag G° U H® sensemcs stinepoguim.
Toeoa 3adaua CT Onsa Hezo 6cez0a umeem peweHue npu p = 1 unu p = 2, Komopoe Moxcem 6bimv Hali0eHO
30 NOTUHOMUATTLHOE EPEMS.

Hoxazamenvcmeo. B ciyuae p = 1 yrBepskaeHme oueBuaHo: 3amada CT cBomMTCA K ITOMICKY 3iuIepoBa
uukia B rpade G° U H, KOTOPBIiT 110 YCIOBUIO SIBJISIETCS 971epOBBIM. [[JIT 9TOTO0 MOKHO MCIIONB30BATh
71100071 U3 U3BECTHBIX ITONIMHOMIAIBHBIX aJITOPUTMOB, HAIlpUMep, aITOPUTM XVPToJbliepa.

IIyctp p = 2. 3ameTuM, UTO €CiIM $; = 1y WU Sy = 1z, 3aayUa CBOAUTCS K ciaydaro p = 1. [Tosromy Oymem
CUNTATh, UTO 1 # {1 U Sy ¥ Iy

IIycth cHauasma BepIINHEL Sy, S, 1y, £ IIOTIAPHO PasNIUUHBL B cuiry 3iyIepoBOCTY BCe CTEIIeHU BEPILIUH
rpada G° U H? getHsl, a B rpade G° ecTs pOBHO UeThIpe BEPIIVHBI HEUETHO CTEIIEH: S1, Sp, b1, 17.

C momornpio anroputma [leiikeTpsl (cM. [17]) HaitmeM KpaTuaimyio mens pi(sy, t1). [Ipu ynanesun
wenu f; u3 rpada G° mer momyunm rpad G° \ gy = C; U ... UG, tae C; (i € 1,7) — 3T0 KOMIIOHEHTHI
cs3HOCTH. IlycTs s onpeneneHHoCTH S € C.

Ynamenne uenu p; u3 rpadpa G° ymeHblaeT Ha 1 cTelieHb BepInH s; U t. CTeleHb BCeX OCTATBHBIX
BepIIMH yMeHblIaercs Ha 0 vy Ha 2. B uToroBoM rpade cTemeHM TOJIBKO ABYX BepILINH OyayT HedeT-
HBI, CJIeZJOBATENIFHO, OHY MOMAAYT B OJHY KOMIIOHEHTY CBSI3HOCTH, IT09ToMy f; € C;. B xommnonenre C;
CYILL[ECTBYET 3I17IepoBa LeMb iz (Sz, t2), KOTOPYIO MOYKHO HAJITH C TIOMOILBIO aJiropuTMa XMprojsliepa.

Bo Bcex ocTanbHBIX KommoHenTax C; (i € 2,r) HaitmeM aiTepoBbl UKIBI h;. Kaxaas kommonenTa C;
VMeeT XOTs1 ObI O[{HY OOLIYI0 BEPIUNHY 0; C LETBIO f (S1, t1). [lepecTponm wems ji1, 3aMeHss B HEll BEPIIMHBI
v; Ha HallIeHHbIe UKL h; (00x0x nuKiIa 6yieM HAaUMHATS C ;).

IonyueHnsbie B pesysbraTe e (S, f) U piz(S2, t2) SIBISIOTCS MOKpHIBaoIuMu 11 rpada G°, mpu-
yeM BCe IeJICTBUS 110 MX ITOCTPOEHNIO BBIIIOJIHAINCEH C IIOMOIIBIO IOV HOMUATIBHBIX AJITOPUTMOB.

Ciryuan, Korja KaKkue-To 13 BepIIUH Sy, S, t1, f; COBIIAJAIOT, 000CHOBBIBAIOTCS AHATIOTUYHO, OTIINYNE
TOJIBKO B TOM, UTO y JBYX MJIM YeThIpeX M3 3TUX BepILIVH M3HAUaJIbHO OyyT YeTHBIe cTelleHn B rpade G°.

O

CnenctBue 1. Haitidennvie 6 0okasamenvcmee semmvl 1 yenu [y (sy, 1) u pa(sz, tz) umerom xoms Ovi 00HY
00Uy EPULUHY.

3T0 yTBEpXKAEeHNE OUeBUAHO BBUAY CBsI3HOCTH rpada G°.

Jlemma 2. ITycmb 0nst 65131020 06b1uH020 epaga G° coomeememeyrowuii epag G° U H® sensemcs stinepoguim,
npu smom 6 3adaue CTp =3 uty = t, = t3 = t. Ecnu 6 epagpe G° ecmv mocm, ydaneHue KOmopozo ocmasisem
$1, S2 U S3 6 00HOU KOMNOHeHMme c6s13HOCmU, a t — 6 0pyeotl, mo 3adaua CT ne umeem pewerus. MHaue 3adaua
CT 6cez0a umeem peuwieHue, Komopoe Moxcem 6biMb HATIOEHO 3a NOTUHOMUATLHOE 6PEMS.

Hoxazamenvcmego. CHauaa pacCMOTPUM CIyuait, korga B rpade G° ects mocT e = {x, Y} Hy>KHOTO BUIA.
Io Teopeme 3.2 u3 kuuru [18] mobas ens u(s;, t) (i € 1,3) GymeT comepxath pebpo e, a 3HAUUT, JTHOObIE
LeNY MeXAy TEPMUHATBHBIMU BepIINHAMY OYAYT IepeceKaThes 110 pebpaM, CileOBaTeNbHO, IOIYUNTD
ITOKPBIBAOLI{ME IIENN C 3aMaHHBIMI KOHI[AMIY He YJacTCs.

OTMmeTnM, UTO IIPOBEPUTH HATMUME TAKOTO MOCTA OUeHb IIPOCTO: HJOCTATOYHO C ITIOMOIIBIO AJTOPIT-
Ma [lefIKCTphI HAMITY KpaTyailllyio Iemb f(sy, ) 1, IIooUepeHo yaaiss ee pebpa, ¢ IOMOIIBIO IIOMCKA
B LIMPUHY [IPOBEPUTH, He SBJISETCS JIM KaKOe-TO U3 HIUX MOCTOM HY>KHOTO Bria. OnmcaHHas mporenypa
MIPOBEPKIM OUEBUIHO MOINMHOMUAIBHA.

[Tycts Temeps B rpade HeT MocTa yKasaHHOro Bupa. Ecim t = s, wium t = sp, wiam ¢ = s3, TO OgHA
13 IMOKPBIBAIOLINX LIETIell IMeeT HYJIEBYIO MJIMHY U ITOUCK ABYX OCTABLIMXCS BBIMTOJIHSIETCH C ITOMOIIBIO
IIPOLeAyPhI U3 JOKA3aTeJIbCTBA JIEMMBI 1.
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Mycrs t # s; (i € 1,3). B cuny sitnmeposoctu rpada G° U H cremenu BceX BEpIINH B HEM UETHEI,
a s3HauuT B rpade G° creneHb BepiuHbl ¢ HeuerHa (py aToMm deg t = 3+ 24, a > 0) u crereHb 16O OLHOI,
160 Bcex Tpex BeplUMH §; HeueTHa. CTeleHb BceX OCTAIbHbIX BepinH rpada G° uerHa.

C nmomosio axroputMa [{eIKCTpbl HaliieM KpaTdailnyio uemnb fq(sy,t). [lpn ypamenun uemm py
us rpada G° mbI momyunm rpad G \ gy = C; U...UCy, tme C; (i € 1,7) — 3TO KOMIIOHEHTHI CBA3HOCTIL
Ilycts ps onpenesnennoctu t € Cy.

Ymanenne menu j (1, t) BIVSIET Ha CTEIIEHNM BEPILUNH TaK e, Kak B ieMMe 1. [TosTomy creneHs ¢ cTaHeT
ueTHOI. Ecu s; # $3, TO 9T0 OYOyT eAMHCTBEHHbIE NBe BEPIINHBI HEUETHOI CTEIleHM, CJIeL0BaTENbHO,
OHI TIOTIAZYT B OHY KOMIOHeHTy cBsisHocTi C;. Bce kommonents: C; (i € 1,7) mMer0T XOTS 651 OffHY
O0IIyI0 BepIINMHY C LIeIbIo /1. Ecam npenmonoxnrs, 9to j # 1, To Torma mexay C; u C; B Ilenn fi; ecTb
MOCT, OTHEJISIOLINIT S1, S W S3 OT ¢, HO 3TOr0 ObITH He MoKeT. [loatomy s; € C; u s3 € Cy, 3Hauut, K Cy
IIpMMeHNMa JieMMa 1.

C ocraBummucs xomronentamu C; (i € 2,r) TOCTyIaeM Kak B J0Ka3aTelbCTBe JeMMbI 1. B mtore
MBI 32 IIOJIMHOMMAJIBHOE BpeMs II0JIydaeM JMICKOMBIE ITOKPBIBAIOIIE LIETIII. O

Teopema 4. TTycmy 6 kpamuom zpage G(V, E) guinonrero kakoe-mo u3 Heo0xo0UMbLX YCIO8ULl CYUIeCmeosa-
Hus atineposa mapupyma (meopemot 1-3). [Tycmbv npu 3mom Kax:domy MHONeCmEy 00CIUNUMOCMU NO 00bLU-
Huim pebpam R2 unyudenmro He 6onee 4 ces3anHbix pebep Kakux-mo mynvmupebep. Toeda 3adaua MEW
01t 9moeo epaga paspewiuma 3a NOJTUHOMUATbHOE BPEMS.
Kpamnuuwii siinepos mapupym 6 makom epagpe cywecmsyem, ecrnu epag ¢ keasusepuuamii Gorg(Vorg, Eorg)
atinepos. Hckmouenue cocmasisem eOUHCEEHHbITL CTyuati:
* BbINOJIHEHO YCIosUe 2 UNTU YCIlosue 3 meopemul 3;
« epagp umeem kpamHocmov k = 3;
+ 6 nooepage G2, 6 komopuiii nonadaem HauanvHas (KOHeUHAs) GepuluHA t KpamHoU 3ireposoli yenu,
cywecmeyem Mocm makotl, umo ezo yoaseHue ocmasusem 6epuuny t 6 00HOU KOMNOHeHMe CE8A3HOCMU,
a mpu 6epULUHDbL, AGTAIOULUECT KOHYAMU 00H020 MYTbmupebpa, — 6 0pyeoli.

[okaszamenvcmeo. Kak yxe oTMeuanocs BbIILIe, €CIIU KPATHBII rpad 9i17IepoB, TO 9iJIepOBBIM OyxeT 1 rpad
C KBasMBEPIIMHAMI, II09TOMY 371epoBOCTb rpada Gorg(Vord, Eord) ABNAETCS HEOOXOAMMBIM yCIOBMEM pas-
pemrmmMoctu 3agaun MEW.

1. PaccMoTpuM cHavasa ciIydaii, KOrja BBIIOJTHEHO IGO0 yCIOBYe TeopeMsl 1, 1160 ycaoBue Teope-
MBI 2, 1160 yciaoBue 1 TeopeMsl 3. B aToM ciryuae HaM HY)XHO MCKaTh JIMOO KPaTHBIN SIUIEPOB LIMKIL,
Inb0 KpaTHYIO 3IUIEpPOBY LeNb C HauaJoM M KOHI[OM B KPaTHBIX BepIUMHaX. JilnepoBocTh rpada Goyqg
[PV BBIITOJHEHMM OHOTO M3 YKa3aHHBIX YCJIOBMIT IIPUBOJUT K TOMY, UTO CTEIIEHM BCeX KBa3VMBEPIINH
YeTHBI. ITO 3HAYUT, YTO KaKHOe MHOXECTBO HOCTIDKMMOCTI IT0 OOBIUHBIM pebpaM R{ OymeT MHLIMIEHT-
HO 11160 2, 1160 4 CBSI3aHHBIM pebpaM KaKMx-To MyuabTupe6ep. [Ipu mpoxoKaeHnu siylepoBa MaplpyTa
B rpade G,y B KaskgoM moarpade G2 OymeT BOSHMKATh CTOJIBKO jKe HaualbHBIX BepunH 11g 3agaun CT,
CKOJIBKO ¥ KOHEUHBIX (Ipy 3ToM mapaMeTp p = 1 min p = 2). VI3 BbIIOTHEHMA HEOOXOAUMBIX YCIOBIIL
siIepoBoCTI KpaTHOro rpada G cienyer sitepoBocts rpada Go U HY. ITo temme 1 Kaskpas Takas 3afada
MMeeT pellleHue, KOTOpoe HAaXOOUTCH 3a IONMHOMMaIbHOe BpeMsa. CileqoBaTesbHO, JI000MY 3IJIepOBY
MapuIpyty horg B rpade Gorg OyIeT cOOTBETCTBOBATh KPATHBIIL 9iIepoB MapIupyT h B rpade G. Ilpu stom
MapuIpyT Aoy MOKHO HAIITY C IIOMOILBIO IIOTMHOMMAIBHOTO aIropuTMa Xuprojsliepa.

2. Ilyctp Temmephb BBIIIOJHEHO YCJIOBME 2 TeopeMbl 3. B uacTHOCTHM, 3TO 3HAUUT, UTO Y — OOBIUHAS
BepIUHA U HalleTcs MyabTupeodpo {yo, {y1, ..., yx}t} € E™ 1aKoe, uro y; € Ry (i € 1,k); degy = k + b, rme
k — aTo xpaTHOCTB rpada, b — yeTHOe HeOoTpMILIATEIbHOE UMCIO. 3aMETHUM, UTO B 3TOM ClIyuae KpaTHOCTb
rpada MOKeT IPMHIMATh 3HAUEHNS TOJIBKO OT 2 10 4, MHa4Ye MHOXKECTBY Ry OyjeT MHIIIEHTHO Coiee
4 cBI3aHHBIX pebep KaKoro-To MyJIbTupebpa. PaccMoTpuM ciryuan ¢ KasKIbIM BapMaHTOM KPaTHOCTIL.
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2.1. Ecmu k = 2, 10 B rpade G,y €CTh KBa3MBEpIIMHA ¢, , HEUETHOI CTEeNeHM, C KOTOPO} HauMHa-
ercs a¥yIepoBa IIellb, I 3Ta KBasMBEPIINHA — BUCAYas (3HaueHme deg gy, = 2 HEBO3MOKHO, IIOCKOJIBKY
TOrJa JaHHad KBasMBepIINMHa He OyJeT ABJIATHCA HAYaJIbHON BepIINHON 3iuIepoBoll nennu B rpade Goq;
a mipu deg qy,y > 3 BepLIIMHBL 3 Ry GyAyT MHUMJEHTHBI MUHIMYM 6 CBASAHHBIM peCpaM MyJIbTHpeGep).
BribepeM BepIlnHy y; B KaueCTBe HAYaJIbHON BEpIIIMHBI KPATHOI 3JJIepOBOII IeIIN, a IIPY PeIlIeHNN 3a-
mauu CT st moxrpada Gy, monoxkuM s; = yi, f1 = Y. Ecou B rpadpe Gopq €CTh KBasSUBEPIINHA ¢y, CTEIEHN
2, B sanaue CT s moarpada Gy mosBSTCS ellle TepMUHAIBHbIE BEPILIHEI Sy, f. Kak 11 B paccMoTpeHHOM
BhIILIE ciTyuae 1, rpad Gy U Hy — sittepos u noxsamava CT s noarpada Gy COOTBETCTBYET YCIOBUIO
semMMbl 1. Bce ocTanbHBIe BOSHMKAIOIINE TI03a]a4ll PEIIAIOTCA TaK ’Ke, Kak B cirydae 1.

2.2. Ecmu k = 3, To B rpade G,y €CTh KBa3MBEPINHA ¢y, y, y HEUETHOI CTEIIeHM, C KOTOPOil HauMHAeTCs
9llJIepoBa Lellb, 11 9Ta KBasMBEPILUNHA — BuCI4as. B coorBercTBylomem noarpage Gy 04HO3HAUHO BBIOK-
paeTcs HauaJbHas BepILUNHA | 91JIepOBOI eI (II0 CYTH, 3TO eAMHCTBeHHas OObIYHAS BepIIIHA HeUeTHOII
crenenn). 3aMmeTuM, 9To B rpade G,ry He MOKET OBITh HUKAKOI KBa3MBEPIINHEI ¢y v, z* B CUITY 3i17€POBOCTI
rpada G, TaKasd BepIINHA JOJDKHA MIMETh UeTHYIO CTeIleHb, YTO IpMBeJeT K IOSIBICHIIO N30BITOUHOTO
CBA3AHHOTO pebpa MynbTupebpa, MHUUAEHTHOrO Ry. B rpade Gj U Hy cTeneHb BEPLINMHEL { YBeTUINTCH
Ha 3 II0 CpaBHEHUIO CO CTEIIeHBIO 3TOJ BepIIMHBI B KpaTHOM rpade G, a OCTalIbHBIE CTEIIEHN OCTAHYT-
sl HeM3MeHHbIMU (CBSI3aHHBIe pebpa MysbTUpeGep 3amensaTca Ha pebpa (y;,t), i € 1,3), moaromy rpad
Gy U Hy — oiiepos. Takum o6pasom, ms moarpada Gy sagaua CT cBOAMTCS K IOTyUeHNIO TPeX MOKPBI-
BAIOIINX 1[eTeit OT ¢ K y; (i € 1, 3), UTO COOTBECTBYeET yCI0BUIO IeMMBI 2. ChOpMYTIPOBAHHEII B YCIOBUNI
TaHHOII TeopeMbI CIIy4all Hepa3pellMOCTIL, 110 CYTH, OIIpeesIgeTcs yCIOBIeM Hepa3pellInMOCTI 3a1aul
CT u3 nemMmsl 2. Bce ocTasbHBIE BOSHUKAKOIINE ITOA330aUM PEIIAIOTCA TaK >Ke, KAK B pacCMOTPEHHOM
BBIILIE cay4ae 1.

2.3. Ecnu k = 4, 1o B rpade Gyrg €CTh KBa3MBEPIINMHA ¢y, y,y,y HEUETHOI CTETIEHN, C KOTOPOil HauMHa-
eTcs 3iiepoBa ILellb, M 3Ta KBasUBEPIINHA — BICIYad. AHAJIOTMYHO caydalo 2.2, B rpade Goy He MOXKeT
ObITb HUKAKOJ APYToii KBa3MBEPIINHEL, COAEPIKAILEll Y B KadecTBe MHAEKCa, a rpad Gy U Hy — sitepos.
Paccmorpum GZ u pemnM 3amauy CT, momnaradg s; = yi, t1 = ya, S2 = Ys, Iy = ys. Ilo 1emme 1 penrenue
CyILIeCTBYeT U HaXOJQUTCS 3a IOoIMHOMMaIbHoe BpeMs. [1o ciencTBMIo 1 MOKphIBatoLIe el Oy Ay T MMeThb
oburyro BepinHy. Beibepem ee B KauecTBe HauaIbHOI BEPIIMHEI ¢ KPATHOTO 3JiIepoBa LIMKJIA U ITpeobpa-
3yeM [(Be HallJleHHbIE IIOKPbIBAIOLIMe Lell B Gy B 4eThIpe MOKPbIBAIOLIME LM OT ¢ K Y; (i € 1,4). Bee
OCTaJIbHbIE BOSHMKAIOIIIME ITOA3a7jaull peIlajoTcs TakK ke, KaK B PaCCMOTPEHHOM BBIIIIe caydae 1.

3. IlycTs Temeps BBIIIOJIHEHO ycIoBue 3 TeopeMel 3. Toraa Bce paccyskaeHNs OTHOCUTEIBHO HauaIbHO
BEPILINMHBI KPATHOI 3I1JIEPOBOJ LIEIIN U3 CJIy4as 2 HY>KHO IIOBTOPUTD M I KOHEYHOI BEPIIMHBI 3TO LTI,
Bce ocranpHBIE BOZHMKAOIIVE II0[3a8aUll PEIIAIOTCA TaK JKe, KaK B pACCMOTPEHHOM BBIIIIe CiIydae 2.

3aMeTyM, UTO BO BCEX CIIy4asx MbI pasbumBaiu Hairy 3agady Ha nmopasagauu CT u momcka oOBIYHBIX
9J17IepOBBIX MapIIPYTOB, KajkJasd M3 KOTOPBIX paccMaTpMBajach OTHOKPATHO ¥ pellajlach C IIOMOIIBIO
IMOJIMHOMMAJIBHBIX anroputmoB. Kommrgecrso nonzamau CT ompenernsgercss KOTMYecTBOM MHOXKECTB RY,
a 3TO KOJIYECTBO 3aBEIOMO He IIPEBOCXOMMT KOJIMYECTBA OOBIYHBIX BepIInH B rpade. CiremoBaTesbHO,
sagaua MEW mus rpados paccmarpuBaeMoro Buaa paspelinMa 3a I0IMHOMIAIBHOE BpeMs. m]

W3 moxasaTenbcTBa TEOPEMBI 4 MOKHO ITOJIYUUTD CJIeTyIOINI ITOIMHOMMAIBHBIN aJTOPUTM IS pac-
CMOTpPEHHOI0 IOAKJIacca KpaTHBIX rpadoB. OTMeTNM, YTO 9TOT aIrOpUTM OyHeT paboTaTh Kak It Jesn-
MBIX, TaK J IJIl IIPOM3BOJIBHBIX KPATHBIX I'padoB.

AsroputMm 1 (IToyCcK KpaTHOTO 3ililepoBa MapuIpyTa B rpade ¢ orpanmyeHueM Ha RY).
1. IIpoBepsieM BBINOJHEeHNE HEOOXOAMMBIX YCJIOBHUII CyIIeCTBOBAHMS KPAaTHOTO 3IJIEPOBOTO IIMIKJIA
nyu 1eny (teopemsl 1-3). Eciy oHM He BBIITOJIHEHBI, KPATHOTO 3iJIepOBa MapIlIpyTa He CYIeCTBYeT,
BBIXO/I.
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2. Haxomum Bce RS (MONMHOMMATIBHBIIN alrOpuT™ 2 U3 cTath [1]), ctpoum rpad ¢ KBasuBepIIMHAMY
Gorg (monmHOMMANBHBI aropnt™ 1 u3 crarsu [7]).

3. IIpoBepsieM, UTO KAKTOMY MHOYXECTBY TOCTVIKMMOCTH 10 OOBIYHBIM pebpaM RY MHIMOEHTHO He 6o-
Jee 4 CBSI3aHHBIX pebep KaKIX-TO MyJIbTUpedep.

4. C nomo1pio anropurMa Xuprojsiepa HaxoquM B rpade Gy 99IIEPOB LUKI VIIM SIJIEPOBY IeIb
horg (B 3aBMCHMOCTH OT TOTO, KaKO€ M3 HEOOXOOMMBIX yCI0BUI ucTuHHO). Ecnn h,,q He cymecTByer,
3agaua MEW He umeer pelieHms, BbIXO.

5. O6xoms MapuipyT Ay, OIpenenseM CTapTOBbIe U KOHeuHble Bepiumubl 1y 3agau CT B moxrpa-
dax G2.

6. Pemaem xaxnayro u3 3agad CT ¢ IOMOIIBIO ITOIMHOMMAIBHBIX AJITOPUTMOB TaK, KaK 3TO OIIMCAHO
B JloKa3aTeJIbCTBe JieMM 1 1 2 u TeopeMbl 4. Eciiu peanm3soBaiica HeraTUBHBIN CIydail 3 TEOPEMHI 4,
3agaua MEW He nmeerT penreHus, BBIXOJ.

7. Haxogum MCKOMBIiT 9iiyiepoB MapuipyT h B kpaTHoM rpade G(V,E), mepeHocst B KpaTHBbIiL rpad
MapuIpyT hoq ¥ 00BEIUHSIA €I0 CO BCeMM HaliJeHHBIMM IIOKPBIBAOIIVIMI I[EIIAMI B HY)KHOM II0-
pAnKe.

OreHNM TPyZOEMKOCTD anropurma 1.

Ha mrare 1 HaM HY’KHO IIOCUMTATh CTEIIEHU BCEX BEPIUNH, OMHOKPATHO IPOCMOTPEB KaXKI0e pedpo,
a 3aTeM IIPOBEPUTH 3HAUEHVE CTEIeHN IS KaXKO0il BEpPIINHBI Ha COOTBETCTBUE YCIOBUSIM TeopeM 1-3.
CnemgoBarenbHO, TpygoeMkocTs ganHoro mara — O(|V| + |E|) = O(E).

Ha mare 2 st mosryueHust Bcex RS HY’KHO OJHOKpPATHO IIPOCMOTPETH BCe OOBIUHBIE pebpa, a TaKke
IIPOCMOTPETH OOBIYHEIE BEPIIMHBI, MHIMIEHTHBIE TOJIBKO OTHAEIBHBIM CBSI3aHHBIM pebpaM MyabTupedep,
uto maer Tpymoemkocts O(|V°| + |E°|) < O(|E|). 3mech V° — MHOXecTBO 00BIUHBIX BepiiuH. [loctpoerne
rpada ¢ KBasuBeplIMHAMM TpebyeT OMHOKPATHOTO IPOCMOTPA BCEX KPATHBIX U MyJIbTHpebGep, 0qHAKO
IUIST K&KIOTO 13 MyJIbTUpeGep HYyKHO IPOCMOTPETH OTHENbHO k KoHI[0B (kK — KpaTHOCTD Tpada), HoaToMy
TPY@OeMKOCTb 9T0it yacTy anropurma cocrasisger O(|EX| + k|E™|) < O(k|E|).

[Tar 3 Tpe6GyeT 06x0xa Bcex KOHI[OB MYJIbTUPeOep ¢ IPOBEPKOIL, KaKMM R OHM MHIMEHTHBI, UTO Tpe-
6yer O(k|E™|) < O(k|E|) meitcTBuit.

[Mar 4 Bemmonaser axroputm Xuproubuepa tpygoeMroctu O(|Ey4|) < O(|E|).

O6xox mapuipyTa h,yg Ha 11are 5 TpeGyeT OqHOKPATHOTO IpocMoTpa Beex pebep rpada Gopg ¥ COOTBET-
crByromux nm pebep rpada G, mosromy ero tpynoemkocts — O(|E|).

Ha 1rare 6 Tpebyercs peruts s < |V| 3agau CT, mogxonsiryx oy yciosue Teopemsl 4. Kaxknas rakas
3ajaua peraeTcs B cBoeM noarpade G¢(RS, E?). IIpu sTom noTtpebyeTcss HailTy OJHY KpaTUaiIIyIo I{ellb
(tpymoemkocts O(|R%|?)) u r aitTepoBBIX MapIIPYTOB B HemepeceKaroruxcs moarpadax C; € G2 (i € 1,7),
uto B coBoKymnHocTu norpedyer O(|E2| + |R2|%) = O(|R%|?) meitcTruit. Perenne Beex 3agau CT motpe6yer
O(s - max{|R?|?*}) maros.

IlepeHoc HaliIeHHBIX MapIIPyTOB B KPaTHBIA rpad Ha Iare 7 moTpeOyeT OQHOKPATHOTO IIPOCMOTpa
pebep kpaTHOTO Tpada u cooTBeTCTBYOIUX UM pebep rpada Gy, KomamuectBo maroB — O(|E|).

KaskpIit I1ar BBIIOJHAETCS OJHOKPATHO, CIIESOBATENbHO, TPYHLOEMKOCTh aJrOpUTMa 1 COCTaBisIeT
O(k|E| + s - max{|R2|?}).

Ormerum, uro rpad n3 npumepa 1 (puc. 3) COOTBETCTBYET YCIOBUIO T€OPEMBI 4, II09TOMY KPaTHBII
9IJIEPOB LIUKJI, IPECTABIEHHBII Ha PIUC. 6, MOXKET OBITh HAlI[IeH C IIOMOIIBIO aaropurma 1.

IIpumep 3. PaccmoTpum Gostee CI0KHBIN IpUMep Ha IpuMeHeHne anropurMma 1. Ilycts mMeeTcst KpaTHBIT
rpad KpaTHOCTU k = 2, mpefcTaBiIeHHBIN Ha puc. 7. Konusr myastupedpa {13, {35,37}} mexxat B ogHOM
MHO>KeCTBe TOCTIKMMOCTH 10 0OBbIYHBIM pebpaM RY|, mostromy rpad He ABJIfeTCS ATMMBIM.

Jlns sToro rpada BBIIOJHAETCS yCIOBME 2 TEOPEeMBI 3, IIpY 3TOM OOHUM M3 KOHI[OB BO3MOXKHOII

KpaTHOII 3iiIepOBOI Ny JOJKHA OBITh BeplInHa 6, a IPYTUM — KaKasg-To M3 BepPLINH MHOXecTBa RY.
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Fig. 8. Graph with quasi-vertices Puc. 8. I'pad ¢ kBasmBepLUMHaMK

Haﬁ,ueM BC€ MHOXXeCTBa OOCTUMXVMMOCTIU I10 OOBIYHBIM pe6paM:
RO, ={14,...,20}, RY ={21,...,27}, R% ={28,29,30}, RY ={31,...,37}.

PaccmotpeB Bce mynbrupebpa, chopMupyeM KBasMBEPIUMHBI 1421, 2831, 31,31 U IocTpouM rpad Gopg
(puc. 8).

B ncxonaoMm kpaTHOM rpade G KaxaoMy MHOXKeCTBY RS MHITMIEHTHO He GoJbIile 4 CBI3aHHBIX pebep
mysbTupedep, a rpad Goyg COAEPKUT IIEPOBY LIeIlb, I0ITOMY 3afada COOTBETCTBYET YCIOBUIO TEOPEMBI 4.
Haitnem sitepoBy uens B rpade Gopg:

hora(g31,31,6) = (931,31, 13,12,11,10,9,11,7,9,8,7,6, 92831, 4 3, 14,21, 2, 1, 14,21, 5, 6).

O6xo0/s 9Ty Iielb, OIpeaesIM TepMUHaIbHble mapsl 1 3agau CT B kaxmoM moarpade GJ.

B G, cHauana HaM Hy>KHO BbIOpaTh HauaIbHYI0 BEPIINHY KpaTHOI aiineposoii mernu. CoriacHo
anroputmy 1 sTo BepmnHa 35. Torga B JaHHOM MHOXKeCTBe Oymer mBe TepMUHAJIbHBIE ITapHI: (35,37),
(32,31). [lna mepBo¥i maphbl CTPOMM KpaTyaiiyso nerns j(35,37) = (35,33, 36,37). Ynanas sty uens us GJ,,
[oJIyuaeM [JIsi BTOPOI Iaphl IPOCTYIO 31IepoBy enb p(32,31) = (32,34, 33,31).

B GJ, TepMUHANBHBIMM ABIAIOTCA TaphI (26,21) u (21,27). [Ina mepBoli mapbl CTPOMM KpaTJaliIIyio
uemns /1(26,21) = (26,25,21). Yoanas ary uens u3 Gy, molydaeM Ul BTOPOJ Haphbl 3MJIEPOBY Lielb
1(21,27) = (21,22,27), a Takke uki (25,24, 23, 25), KOTOPBIII HY)KHO BCTPOUTH B (26, 21), MCIOIB3YS
oburyto BepumHy 25: p(26,21) = (26, 25, 24, 23, 25, 21).

AHaJIOrmuHEIM 00pa3oM IOJyUYaeM IBe MMoKphiBaroue menu ((19,15) = (19,18,16,15) n p(14,20) =
(14,16,17,18,20) B GY,, a Takke ONHY IIOKPBIBAIOLIYIO IeTb 1(29, 28) = (29, 30, 28) B GY.
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Fig. 10. Multiple graph G and graph Puc. 10. KpaTHbii rpad G v rpad
with quasi-vertices G4 C KBasmBepLwmHaMn Gy

ITepenocs siepoBy 1emb hyg(qs3131,6) B rpad G u 00beqUHASA ee ¢ HaeHHBIMY TOKPHIBAIOIIIVIMI
L[eIISIMU B COOTBETCTBYIOIINUX GY, IIOJIyuMM KpaTHYIO 3i1IepoBy Liemb h(35, 6), IoKasaHHYI0 Ha puc. 9.

IIpumep 4. IlokaskeM TakKe, YTO CYLLIECTBYIOT KpaTHbIE Ipadbl, A KOTOPBIX BBIIIOJHAETCS KaKOe-TO
13 HeOOXOIVIMBIX YCIIOBIII 971IEPOBOCTH, OHAKO COOTBETCTBYIOIINII rpad ¢ KBasMBePIIMHAMIY He 3IJIEPOB
U, CJIeJIOBATEIbHO, B KPAaTHOM Irpade HeBO3MOKHO IIOJTYUUTD 3TUIEPOB MapIIpyT.

Cresa Ha puc. 10 mpencTaBieH AeIMMBIil KpaTHBIN Ipad, OIS KOTOPOro BHIIIOJHEHO yCIOBME Teope-
™Mbl 1. Bostee Toro, B kaxpoit uactut G u G, aToro rpada cyiectsyer siinepoB 1ukir. OQHaKO COOTBETCTBY-
o1t rpad ¢ kBasusepinHamu G, (cripaBa Ha puc. 10) He sBISeTCS 3117epOBBIM. [[eliCTBUTENBbHO, KaKue
OBl 9IJIEPOBBI HMKJIIBI MBI HY ITOJydaiu B yacTax G; u Gy, X HEBO3MOXKHO 6y]1eT coryIacoBaTh Ha oOIein
yacTy KpaTHoro rpada G.

4. IICJII/IMBIC rpacl)m C OrpPaHNYE€HIIEM Ha CTEIICHD KBA3MIBEPIIIITH

Teopema 5. ITycmov umeemcs derumuiti kpamuuiii epagd G(V, E), 0151 Komopoeo 6binoHeHo Heo0x00uMmoe YCiro-
sue cyujecmeosanus tineposa mapupyma (meopemot 1-2). [Tycmo 6 epage c kéasusepuunami Gorg(Vord, Eord)
cmenenu 6cex Keasusepuiun pasuvl 2: deg qy, .y = 2. [Tycmp npu amom kasxcoviii nodepagp Gy coomeemcmey-
em Kakomy-nu6o cryuato, koeda 3adaua CT 0ns Hezo Moxcem Gbimb peuleHa 3a NOJUHOMUATbHOe epemst. Toeda
3adaua MEW ons epaga G(V, E) maxsie moxem 6bimb peuleHa 3a NOTUHOMUATTLHOE EPEMSL.

[lokazamenbcmeo. 3aMeTUM, UTO BBITIOJHEHIE YCIOBYUS TEOPEMBI 1 WM TeOpeMbl 2 B COUETAHUM C YCIIO-
BueM degqy, .y, = 2 Bueuer aitmepoBoctb rpada Gord(Vord, Eorg). IIpu sTOM yenosue degqy,,. .y = 2
rapaHTUPYET, UTo Ipu 00X0jie JH00ro aiiepoBa MapuipyTa B rpade G Mapbl TEpPMUHATBHBIX BEPILIH
(i, t;) mnsg 3agaun CT GynyT ompemensThcs OHO3SHAUHO B KakaoM noarpade GY (¢ TOUHOCTBIO [0 Iepe-
CTAHOBKU 3JIEMEHTOB BHYTPU I1ap, KOTOpas He UMeeT 3HAUeHMsI BBUYy HeopueHTUpoBaHHOCTH rpada G).

[TosToMy IS HAXOKOEHNUS KPaTHOTO 9iiepoBa Mapuipyra B rpage G JOCTATOYHO C IIOMOIIBIO ITOJIN-
HOMMAJIBHOTO aJITOPUTMa XUPToJbliepa HATU SIIEPOB MapuIPYT hog B Tpade Gopg, 3aT€M MPOUZBECTI
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00XO0JI 9TOro MaplIpyTa I OIpefesleHNs TepMUHAIBHBIX Iap miud Kaxpoi sagaun CT B moarpadax G
I pEIINTD IIOJTYUE€HHDbIE 3a1aunt CTc IIOMOIIBIO COOTBETCTBYIOIIMX ITOJITHOMMAIBHBIX aJITOPUTMOB. Ecnn
Kakasa-To n3 3agau CT okakeTcs Hepa3peIlnMoit, To Toraa B rpade G He CylecTByeT KpaTHOTO 3iiIepoBa
MapuIpyTa. B mpoTuBHOM ciyuae oObequHEHNE MapIIpyTa hoyg ¢ peliieHnsaMu Beex 3anau CT mopoxpaer
KpaTHBII 9711epoB MapuupyT h B rpade G.

3aMeTnM, UTO MBI pasOMIIN 3aJauy ITOMCKa KPATHOTO 3iiJIlepOoBa MapIlIpyTa Ha OAHY IIOA3aauy IIOMCKa
OOBIYHOTO 3iiJIepoBa MapILIpyTa M Heckoapko rmoxsamad CT, Kaxmad M3 KOTOPBIX pelllanach OXHOKpAT-
HO C IIOMOIIBI0 IOJMHOMMAJIBHOTO anropurMa. KommuectBo nmoasagau CT ompenensgeTcss KOJIMUECTBOM
MHOKeCTB RJ, a 3TO KOJNMUECTBO 3aBelOMO He IIPEBOCXOJUT KOJIMUeCTBa OOBIYHBIX BepIIVMH B rpade.
CriemoBaTeIbHO, ONMCAHHAS IIPOLeAypa ITOMCKa KPaTHOTO 3iyIepoBa MapILIPyTa ITOJIMHOMIAIbHA. o

s AOKa3aTeJIbCTBa TEOPEMBI 5 MOXHO IIOJIYUYUTDb CJICD;YIOLLII/[ﬂ TIOJIMHOMUAIBHBIN AJITOPUTM IJIA pac-
CMOTPEHHOTI'0 ITIOgKIIacCa OEJIMMBIX KPpaTHBIX I‘pa(l)OB.

Anroputm 2 (omck KpaTHOTO 3ijlepoBa MaplIpyTa B OelmMoM rpade ¢ orpaHMUeHUEM Ha CTElleHb
KBa3VBepIIH).

1. IlpoBepsieMm BBIMIOIHEHNE HEOOXOMMMBIX YCIOBUIT CYIIIECTBOBAHUSI KPATHOTO 3ILJIEPOBOTO LIMKIIA
nnu uenu (teopemst 1-2). Eciiu oHu He BBIITOJIHEHBI, KPATHOT'O 31JIepOBa MapLIPyTa He CyIIeCTBYeT,
BBIXO/I.

2. Haxomum Bce RY (IMOJIMHOMUANBHBII QITOPUTM 2 U3 CTAaThU [1]), cTpouM rpad ¢ KBa3uBepIIMHAMUI
Gorq (monmmHOMMANBHBI aroput™m 1 u3 cratbn [7]).

3. IIposepsem mya Bcex KBa3uMBepUINH ycnoBue deg gy, ..y, = 2.

4. C nomompo anropurMa Xuproisiepa HaxoquM B rpade G,y 9VUIEPOB LIUKI VIIM SIJIEPOBY LEHb
hord (B 3aBUCUMOCTH OT TOTO, KAKOE U3 HEOOXOQMMBIX YCIOBUIL ICTUHHO).

5. O6xomst MapipyT h,y, OIPeeNsieM CTAPTOBbIE U KOHEUHbIe BepIumHbl g 3agau CT B moarpa-
dax G2.

6. Perraem xaxxayro u3 3agad CT ¢ IOMOILBIO COOTBETCTBYIOIINX IIOJIMHOMMAIBHBIX aJITOPUTMOB. Eciin
Kakag-To u3 3amad CT He uMeeT peuternnsd, 3agaua MEW Taxke He MMeeT peIlleHNs, BBIXOI.

7. Haxomgum mckoMslit 3iiiepoB MapuipyT h B kpaTHoM rpade G(V,E), mepeHocs B KpaTHBIL rpad
MapupyT hyg U 00BEAUHSS €r0 CO BCEMU HaJeHHBIMI ITOKPBIBAIOIIMMI LEMIMI B HY)KHOM II0-
paoxe.

TpymoeMKOCTb aJITOPUTMA 2 OLIEHMBAETCS IO TOMY K€ IPUHIAILY, YTO U TPYXOEMKOCTE aJIropuTMa 1.
EnuHcTBeHHOE OT/INUME COCTOUT B TOM, UTO CIIOXKHOCTH IIIara 6 OIpeeIsseTcs CI0KHOCThIO CaMOIl TPYIO-
emkoit n3 moxsamau CT (mycts ato 6ymer O(A)). B xynuiem caydae cI0XHOCTS 11ara 6 Gy4eT COCTaBIATh
O(s - A), rme s — kommuectBo noarpagos G¢ (Ho 3aBegoMo s < |V), a CIIOKHOCTD aJIrOpUTMa B L[EJIOM —
O(k|E| +5s - A).

N3 genmmoctu rpada G m BBIIOJHEHNUS YCIOBUSA TeOpeMbI 1 MM TeopeMsbl 2 (UeTHOCTh CTeIleHeit
OOBIYHBIX BepILH) CJIeAyeT 3IIepoBOCTb Beex rpados G2 U HY. Beimenum ais Takux rpagoB HEKOTOpbIE
cyuan, korga sagaua CT pelraercs 3a IMOIMHOMUATBHOE BpeMs:

1. p=1unmp = 2 (;lemma 1).

2. p=3ut =t =t; =1t (1emma 2).

3. G2 — mepeBo. B arom cinyuae Mexay Jr00bIMIU OByMs BeplumHaMmu B rpade G cyIliecTByeT TOJIBKO
oxHa 1enb 6e3 moBropsomxcs pedep. Iloaromy mis perrenns 3apaun CT HaligeM ¢ IOMOIIBIO aJl-
ropuTMa [lelIKCTphI KpaTyariiime ey MeKIy BCceMU ITapaMi TepMIUHATBHBIX BEePIINH 1 IIPOBEPUM,
SBIIIOTCS JI OHY TIOKPBIBATOIIIVIMIA

4. 3amaua EDP ¢ TeMu ke TepMUHATBHBIMIY Tapami (s;, t;) (i € 1, p), uto u sagaua CT, paspermma 3a rmo-
JMMHOMMANIBHOE BpeMs. B aTOM ciryuae HY)KHO HaiiTu perreHne 3agauy EDP — He mepecekaroryecs
o peGpam mytu (s, t;) (i € 1,p). llpyu ynaneHuy HaiiieHHBIX myTeit u3 rpada GS MBI TTOTyUNM
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Fig. 11. Divisible graph G and graph Puc. 11. Jennmbiii rpad G v rpad
with quasi-vertices G4 C KBasmBepLwnHaMn G4

rpap Gy \ (1 U...Up,) =CU...UC,tme C; (j € 1,7) — Kakue-T0 KOMIIOHEHTBI CBSI3HOCTIL
Kak u B moKasarennpcTBe JIeMMEI 1, Kaxkgaa KomnoHeHTa C; aBidercs asiuteposoit. IIpy atom oHa
uMeeT XOTd 6Bl OHY OOIIyI0 BepIINHY 0; C KAKMM-TO ITyTeM //;. [I03TOMy ¢ IIOMOIIBIO alIropuT™Ma
Xuprosmbliepa HaliieM 3¥JI1epoB UMK h; B K0l KomnoHeHTe C;j 1 BCTPOMM €To B COOTBETCTBYIO-
IV ITYTh fI;, 3aMeHsAd BepIIVHY 0; Ha UK h; (06x0ox HaunmHaeM ¢ v;). B peaysbraTe MBI IOTy4MM
uckomoe pemeHne 3agaun CT.

B ciryuae korma Bce moarpadsl G COOTBETCTBYIOT IIyHKTaM 1-3, TPYJ0€MKOCTb alIropuTrMa 2 Oymer
cocrasnars O(k|E| + s - max{|R%|}).

OTHOCHUTENIBHO MTOCIeTHEr0 IYHKTa 3aMeTIM, UTO OThICKaHIe IIOIMHOMMAIBHBIX IIOIKIACCOB 3a1aun
EDP mpencraiser co0oii BecbMa HeTpUBUAIBHYI0 IIpobiemy. Tak, maxe B ciryuae korpa rpad G2 U HY aB-
Jisercst aitepoBbiM, 3amaua EDP ocraercst NP-tpyaHoit, uto o60cHOBBIBaeTcs B ctaThe [19]. B paGore [20]
IIOKA3aHO, UTO I JII060r0 (MKCUPOBAHHOIO p (p He ABJIAETCS BXOAHBIM IIapaMeTPOM) MOXKHO IIOJY-
YNTh MOJMHOMMAJIBHBIN aIroput™ pelteHus 3agauu EDP, omHako 3TOT anroput™ OymeT MpaKTHUeCKU
He peanu3syeM. Kak mpasuiio, rpadsl, I KOTOPBIX CYLIECTBYIOT XOPOIINE IOIMHOMUATBHBIE AITOPUTMBbI
petrenns 3agaun EDP, nmeror Becbma crienudnueckyio CTpyKTypy (cM., Hampumep, [21, 22]).

OTMeTHM TaKXKe, UTO YCJIOBME TeOpeMBI 5 Heslb3sd OclIabuTh. Eciim MBI yOepeM ycJIOBMe IIOJVIHO-
muanbHocTy 3amaun CT, To Torma ociabieHHOMY yCIOBUIO OyIeT COOTBETCTBOBATh rpad, KOTOPHBINA MC-
II0JIb30BAJICS B MoKasarenbcTBe NP-monHoTEI 3amaun pacnosuaBaums MEW B cratwse [14]. Ecin xe mo-
IyCTUTD, UTO JIJI KBA3MBEPIINH MOKeT ObITb degqy,, ..y = 4, 9TO IpUBEAET K HEOMHO3HAUHOCTM BBI-
6opa TepmuHanbHbIX Iap B 3amauax CT. Torma B ciyuae HepaspelIMMOCTU KaKOW-TO M3 HUX HYKHO
Oymer pacCMOTPETHh MHOI BApUAHT BHIOOpA TEPMUHAIBHBIX Iap, IUIS YEro MOTPeOyeTcsl BBHIIOIHUTH OfI-
Hy MU HEeCKOJIBKO KaIllla-TpaHcopMalmii siieposa MapipyTta B rpade Gorg; B XyALIEM CIyuae UMUCIO0
Kanma-rpaHcgopmanmii 6yxeT sKCIIOHEHIMAIBHO.

IIpumep 5. Paccmorpum npumep Ha npuMeHeHue anropurma 2. IlycTs nMeercs qeIuMbIil KpaTHBIN rpad
KpaTHOCTU k = 2, IpeCTaBIeHHbI cIeBa Ha puc. 11. IToT rpad cOOTBETCTBYET YCIOBUIO TEOPEMEI 1, 6ynem
MCKATh B HEM KpaTHBII 9111epoB UK. Kak u panee, HaligeM Bce MHOYKECTBA TOCTVDKUMOCTH 110 OOBITHBIM
pebpam, chopMupyeM COOTBETCTBYIOLINE KBAa3MBEPIIMHBI U IMOCTpouM rpad ¢ kBasuBepiumHaMu Gy
(cpaBa Ha puc. 11).

CrereHu BceX KBa3MBEPIINH PaBHBI 2, ToArpadsl Gfg, Ggo,
a moarpad Gy aengerca gepesom. CremosaTensHO, Tpadbl G U Gorgy COOTBETCTBYIOT YCIOBUIO TEOPEMBI 5.

G35 u G, TOAXOMAT MO/ yCIIOBIUE IEMMBI 1,
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Fig. 12. Eulerian cycle in the divisible graph G Puc. 12. Dinnepos uuKkn B fenMmoM rpade G

Haitnem B rpade G,pg 971€pOB LHUKIL:

hora = (1, q19,9, 5, 6, 420,9, 2, 4, 420,25, 8,6, 7, G26,9, 3, 2, 1).

OGXOmsI 3TOT LMK, OTIPeeNINM TepMUHanbHbIe mapsl g 3agay CT B kaxgom moarpage G2.

B G§ TepmuHanbHbBIMM BJIAI0TCA maphl (9,12), (13,10) u (14, 11). Tlockombky G§ — nepeBo, HaitaeM
KpaTuaiiIie el MeXX/1y BepIINHAMY BCeX TEPMUHAIBHBIX Tap U yOeIUMCs, UTO OHU ABIAIOTCS TOKPBI-
Barorumu. 9to uenu p(9, 12) = (9,17,12), p(13,10) = (13,18,17,16,10) m p(14,11) = (14, 16, 15, 11).

JlBe moxprIBarornume merm (22, 20) = (22,21,20) u p(23,24) = (23, 22, 24, 20, 23, 24) B Gj, moMyJaroTCa
TakK e, Kak B Ipumepe 3, a nyua noxarpados GYy, G, u G5, sapaua CT TpusmanbHa.

Iepenocs aitepoB UUKI hyy B Tpad G U 0ObeQUHAA €ro ¢ HAMEHHBIMU TOKPHIBAIOIIVMU ETIMI
B COOTBETCTBYOINUX G2, IOIyUnM KpaTHBII 9/JIEPOB LMK A, IIOKa3aHHBIT Ha puc. 12.
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