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We give an analytic proof of the existence of Shilnikov chaos in complex Ginzburg—
Landau equation subject to a large third-order dispersion perturbation.

The goal of this paper is to show that chaotic behavior is possible in complex
Ginzburg-Landau equation with additional large dispersion term. The equation is

O = (1 +iv)0%u + Bu — (1 + iw)u|ul* + Ldu, (1)

where u is a complex-values function, spatially periodic with period 27, i.e. we consider
Eq. (1) on the interval x € (—m,7) with the periodic boundary condition u(—m) =
u(m). The dispersion term Lu,,, causes fast temporal oscillations in the solution, so
the evolution is described by effective averaged equation (see Eq. (3)). This averaging
is performed in Ref. [5]; it was also shown there that the averaging in a presence of
the second-order dispersion term iLu,, with large L leads to a significant simplification
of the dynamics (the averaged system acquires a gradient structure). In this letter we
show that, surprisingly, introducing the dispersion term as in Eq. (1) does not make
dynamics gradient, and chaos can emerge in the averaged system. As the result is of an
ideological nature, we refrained of the use of numerical integration. Instead, we provide

!This work was supported by grant 14-41-00044 of the RSF. ERC AdG grant Ne 339523 RGDD, and
grant of RFBR Ne 13-01-00589.
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an analytic proof of the existence of chaos in the averaged system (assisted by Maple
and Mathematica tools).
As L islarge, Eq. (1) can be viewed as a perturbation of the auxiliary linear dispersion
equation
U = Lty (2)

By choosing the orthogonal basis e, = ¢, n € Z, the flow H(t) generated by Eq. (2)
is given by ‘
Hi(t)e, = e e,

These solutions are 27/L-periodic with respect to time, i.e. they correspond to fast
oscillations.

In order to average these oscillations, one makes the following change of variable u
in Eq. (1):
u(t) = Hp(t)w(t)

The equations for w acquire explicit rapidly oscillating terms. Averaging them out is
done in [5]. The result is the following equation:

Opw = (1 + i) 0w + fw — (1 + iw) N (w), (3)
with the operator IV given by
N(w) = <2w S lwal* + @) waw_, — 2w0|w0|2> eo— Y wnllwal® + 2w_,|*)en,
nez nez n#0

where we denote w = ) _, wye,, and @ is the complex conjugate of w.

This is an infinite-dimensional system. It is shown in Ref. |5] that it is well-posed and
has a global attractor in an appropriate Sobolev space. The study of its full dynamics
can be difficult, however this system has finite-dimensional invariant manifolds. One of
these manifolds is

w, =0 for all In| > 2.

In restriction to this space, we have w = yeg + v(e; +e_1). Then
N(w) = (4y[v* + ylyl* + 25v*)eo + (v(2ly|* + 3[v[*) + 0y*)(e1 + e-1),
and Eq. (3) becomes

{ g =By — (1+iw) [y(ly|* + 4v[*) + 25v7],
b= (B —1—iy)v— (1 +iw) [v(2ly]* + 3Jv[*) + vy?] .

Let y = /re’?, v = /pe’. We obtain

72
2Vr

which gives

e +ip\/re = Byre” — (1 +iw) [Vre¥(r + 4p) + 2\/Fe’i”p62iw] ,

7 =2r[f—r—4p —2p(cosn — wsinn)],
® = —w(r+4p) — 2(sinn + wcosn)p,
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Fig. 1. Homoclinic loop to the saddle-focus in system (4). The equilibrium is at » = 0.06,
p = 0.07221, n = 0.143345, which corresponds to w ~ —30.965, f ~ 1.1306, v ~ —2.9361

(see Egs. (5),(6)).
where 1 = 2(¢ — ¢). Similarly,

§€%aw+¢¢vﬁaw:(5_1_¢7%ﬂkw_%1+¢w>h@a¢@r+3m_%vﬁew%¥WL

SO
p=2p[f—1—-2r—3p— (cosn+wsinn)r|,

b= =7 —w(2r+3p) + (sin 7y — weosn)r.

Finally (by scaling time to 2), we obtain the following three-dimensional system:

A ———
p=plB—1=2r—3p— (cosn+wsinn)r], @
==y +w(p—r)+ (siny — wcosn)r + 2(sinn + wcos n)p.

The computations that follow show that system (4) has a region of parameter values
(83,7, w) which correspond to chaotic behavior. We prove this by showing that at a certain
parameter value the system has Shilnikov saddle-focus homocinic loop [6, 7] (see also Ref.
[1]). Doing this numerically would be an easy exercise — e.g. see in Fig. 1 a homoclinic
loop we found in this system. However, we want to prove its existence analytically. To
this aim, we employ the idea of [2, 3] who showed that bifurcations of an equilibrium
state with triple zero eigenvalue can lead to the birth of the Shlnikov loop. Fully analytic
proof of this can be obtained using the result of [4]; we also mention that this method
was used for an analytic proof of (space-time) chaos in Ginzburg-Landau type equations
in [§].

Thus, in the rest of the paper we are showing that system (4) has values of parameters
which correspond to the equilibrium state that has all three eigenvalues zero and satisfies
the conditions of Arneodo—Coullet—Spiegel-Tresser—Ibanez—Rodriguez theorem. It is easy
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to see that at non-zero r and p, the equilibria are given by

B =r+4p+2p(cosn —wsinn),
f=142r+3p+ (cosn+ wsinn)r, (5)
vy =w(p—r1)+ (sinn —wcosn)r + 2(sinn + w cosn)p.

Thus, any (r, p,n) can be an equilibrium for an appropriate choice of 5 and ~, provided
p(1 4+ 2(cosn —wsinn)) —r(1 + (cosn + wsinn)) = 1. (6)

The linearization matrix at the non-zero equilibrium is

—r —2r(24 cosn—wsinn) 2rp(sinn4w cosn)
A —p(2+ cos n+wsinn) —3p rp(sin n—w cosn) )
(cos n+wsinn)r+

—Ww-+ SN 7—w Cos 1N w+2(sin n+w cosn) +2(cos n—wsing)p
We now look for the values of r, p,  that correspond to a triple zero eigenvalue of A.
This happens when the trace, determinant, and the sum oA of the three main second-
order minors of A are simultaneously zero.
Condition tr A = 0 reads as

r(1 —cosn —wsinn) + p(3 — 2cosn + 2wsinn) = 0. (8)
Note that if sinnp = 0, then tr A cannot vanish at positive r and p, so we further assume

sinn # 0.
The determinant of matrix A vanishes when

pJi+1rJy =0
where
—1 —2(2+4cosn —wsinn) 2(sinn + wcosn)
J1 =] —(2+4 cosn + wsinn) -3 0 ,
—w+sing —wcosn w4+ 2(sinn +wcosn)  2(cosn — wsinny)
and
-1 —2(2 + cosn — wsinn) 0
Jy = | —(2+ cosn + wsinn) -3 sinn — wcosn
—w+sinn —wcosn w4+ 2(sinn +wcosn) cosn—+wsiny
We have

J1=—2(2+Cosn+wsinn)' 44 2(cosn —wsinn)  sinn+ wcosn ‘_

—w —2(sinn + wcosn) cosn —wsinny

—6‘ —1 sinn + wcosn ‘

—w+4sinn —wcosn cosn —wsiny

= —(4+2cosn + 2wsing) [(4 4+ w?) cosn — Bwsing + 2(1 + w?)] —
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—6 [(w2 — 1) cosn + 2wsinn — sin®n + w? cosn] =
= —2(1 + w?)(1 + 7cosn + 2wsinn + 7cos? 1 + wsinn cosn),

and
Jy=—

-3 sinn —wcosn |
w+ 2(sinn +wcosn) cosn+ wsinny

—2(2 4 cosn — wsinn)

24 cosn+wsinn  sinn —wcosn
w— (sinn —wcosn) cosn+wsinny

= — [(w® — 3) cosn — dwsinn — 2sin” n + 2w’ cos® n] —
—(44 2cosn — 2wsinn) [(2 + w®) cosn +wsinn + 1 4+ w?] =
= —(1 +w?)(2+ Tcosn — 2wsinn + 6 cos® n — 2w sinn cosn).
Thus the condition det A = 0 is written as

2p(1 + 7cosn + 2wsinn + 7 cos® n + wsinn cosn)+
+7(2 4 Tcosn — 2wsinn + 6cos’n — 2wsinncosn) = 0. (9)

Under condition tr A = 0, matrix A can be rewritten as

—r —2r(2 4 cosn —wsinn) 2rp(sinn + w cosn)
—p(2 + cosn + wsinn) —3p rp(sinn —wcosn)
—w +sinn — wcosn w + 2(sinn + w cosn) r+3p

Its main second-order minors are

—r —2r(24cosp—wsinn) | 5 . o ,
‘ —p(2+ cos ntw sinn) —3p = 7p(2w”sin”n —5— 8 cosn — 2 cos” 1),
—r 2rp(sing +wcosn) |
—Ww +sinn — wcosn r+3p -

= —1(r+3p) — 2rp(sin®n — w? cos* n — wsinn — w? cosn),

and

—3p rp(sinn — wcosn)
w + 2(sinn + w cosn) r+3p

= —3p(r + 3p) — rp(2sin®n — 2w? cos® n + wsinn — w? cosn).
Thus, the sum 0 A of these minors vanishes (under condition tr A = 0) when
(r+3p)* + rp(9 — 2w? + (8 — 3w?) cosn — wsinng — 2(1 + w?) cos*n) = 0. (10)

We are looking for values of r, p, n,w which solve the system of Egs. (6),(8),(9),(10).
From Eq. (8) we find
—1+cosn+wsinn

3= 2cosn + 2wsiny

p:

(11)
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By plugging this into Egs. (9) and (10), we obtain the following system of equations
2

for ¢ = wsinn and z = cosn (so w? = 5):

201424+ q) (1 + T2+ 722 +2¢+q2) + (3 — 22+ 2¢)(2 + Tz + 62° — 2¢ — 2¢qz) = 0,

and
2 ¢ ¢ @ s
(24+5q) +(—1+z+q)(3—22+2q)(9—21 — 22+(8—31 — Z2)z—q—2(1+ - 22)2 )=0.
This recasts as
2¢°2 — q(322% + 282 —4) — 22% —42* — 52 —4 =0, (12)

and

(1 —2%) (2% + 10yz + 25¢%) + (2¢* + ¢ — 22> + 52 — 3)(9 + 82—
—112% = 82% +22* — q(1 — 2%) — (2+ 32+ 22%)¢%) = 0,

or

2(22% + 32 4+ 2)¢* + 3 (4 + 32) — ¢*(82* — 202° — 512 + 152 4+ 48)+
+q(22 — 1)(12 +132) + (22 — 1)(42* — 262° +292% + 212 — 27) = 0,

or

(22%(22% 4 32 + 2)¢* + 2(642* + 1522° + 14323 + 482 — 8)q + 10202°+
+ 33622° 4 43652 4 24822° + 23227 — 2002 + 16) x
x (2¢°2 — (3222 + 282 —4) — 22° —42® — 52 —4) =
= (3276825 +1367042"+2309762°+1899042° +609332* — 9076 2° — 586422 +12162—64) g+
4204827 41075225+ 273282 +434082° +-455532° +-303562* +103742° — 82% — 7202 4 64.
By Eq. (12), this gives us

wsing = ¢ = —(20482° + 107522° + 2732827 + 434082+
+ 455532° 4 303562 + 103742" — 82% — 720z + 64) x
x (32768z° + 1367042" 4 2309762° + 1899042+

+609332* — 90762% — 586422 + 12162 — 64) . (13)
By inserting this expression into Eq. (12) we obtain the following equation for z:
2(20482° 4107522 42732827 +434082°+455532° 430356 2* +103742° —82% — 7202 +64)* 2+

+(204827 4107522 + 2732827 +434082° +-455532° + 3035621 +-103742° — 822 — 7202 +64) x
x (327682° + 13670427 +2309762° + 1899042° 4+ 609332* — 90762> — 58642 + 12162 — 64) x
x (3227 4 282 — 4) — (2% + 42% + 52 + 4)(327682° + 13670427 4 2309762° + 1899042°+
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+609332* — 90762 — 586422 + 12162 — 64)? = 0,

or
P(z) = =512 — 15362 + 1235842 — 2946562° — 26691682" — 10140682° + 167134712%+

+3894457627 + 298966402% — 114324482° — 387599362'° — 289587202 — 8060928212+
4524288213 4 524288214 = (.

This polynomial has the following roots in the interval [—1, 1]:
z ~ —0.8468602601, —0.8453251846, —0.05672395050, 0.09599192317, 0.1369140710,

0.2980830761, 0.982719862
The root z = cosn = zp =~ 0.136914071 corresponds to

n =no ~ 1.433450854.

By Eq. (13) one finds
W= wy ~ —3.487162,

and, by Eqgs. (6),(11),
r=r1o~ 0.092903423, p = py ~ 0.09590066.

One may check that the other roots of P(z) do not produce positive values of r and p.
The corresponding values of § = 3y and v = 7 are found from Eq. (5):

By =~ 1.16531, 70 ~ 0.224354.

Note that P’(zy) ~ —6633 # 0, therefore any small perturbation of the system of
Egs. (8),(9),(10),(6) will have a solution (r, p,w,n) close to (rg, po, no). Thus, for any given
small values p, v, \, we can always find values of parameters (3,7, w) close to (5o, Y0, wo)
which would correspond to the existence of an equilibrium state close to (7o, po, 7o) such
that the linearization matrix A at this equilibrium will have tr A = u, 0A = v and

det A = ).

Consider system (4) at (5,7v,w) = (5o, 70, wo). We put the coordinate origin to the
equilibrium, i.e. we denote xy = r — ro,x9 = p — pg,x3 = n — 1. The system takes the
form

& = Az + F(z) + O(||z||?)

where F(z) contains only quadratic terms; recall that the matrix A has three zero

0

eigenvalues, so A% = 0. We take the vectors A%¢, Ae and e = [ 1 | as the coordinate
0

basis. In other words, we make a coordinate transformation z = (X, where () =

(A%e, Ae, e). One needs to check that det(Q)) # 0; then the system takes the form

X4 X
— | Xo =1 X3 +Q_1F(QX) +O(||X||3)-
X3 0
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Moreover, when we add any small perturbation to this system we can always choose
coordinates so that X; = X, and X, = X3. Thus, if a perturbation of the C?-size ¢ is
added so that the equilibrium state does not disappear, the system takes the form

d Xl X2
| X2 )= X +QTFQX) + O(IX[P + a1 X[, (14)
X3 )\Xl —VX2+MX3

As we just mentioned, the coefficients u = tr A, v = 0 A and A = det A can acquire
arbitrary small values when the parameters (3, v, w are changed appropriately. It has been
shown in Refs. [2, 4] that systems of form (14) have chaotic dynamics (the Shilnikov
saddle-focus loop) at some values of p, v, A (which can be chosen arbitrarily small),
provided the the coefficient a of X? in the equation for X5 is not zero.

Thus, to prove the existence of chaotic behavior in system (4), it remains to compute
det @ and a. By plugging the values of 7, po, 10, wo into Eq. (7), we find

—0.09290342 —1.0388902 0.009143666
A 0.1263404  —0.287702  0.01307936 | ,
4.955187 —2.460879  0.3806054

—0.07731418  0.3729058 —0.01095737
A%~ 0.01672483  —0.080668085 0.0023703315
1.1147085 —5.376519 0.1579823

Thus, the matrix Q = (A%e, Ae, e) is given by

0.3729058  —1.0388902 0
@~ | —0.080668085 —0.287702 1
—5.376519 —2.460879 0

We have det Q ~ 6.503289 # 0, so the system can indeed be brought to form (14).

It remains to find the coefficient a of X2 in the equation for X3 in Eq. (14)). It equals
to the product of the third row of the matrix Q! to f(A%e). The third row of Q! is
orthogonal to the first and second columns of @, i.e. to the vectors A%e and Ae. Any row
of the matrix A? satisfies this property (recall that A% = 0). Therefore, in order to check
that a # 0, it is enough to check that the product f(A2e) to the third row of A% is non-
zero. Since f is the quadratic part of the Taylor expansion of the right-hand side of system
(4) at the point (g, po, etag), we need to compute the coefficient of €2 in the expansion
in powers of e for p17 + pap + p3n evaluated at (r, p,n) = (10 + q1&, po + @€, M0 + q3€),
where (py, ps, p3) is the third row of A% and (qi,q2,q3)" = AZe is the second column of
A?: recall that

p1 ~ 1.1147085, p2 ~ —5.376519, p3 ~ 0.1579823,

q1 ~ 0.3729058, g2 ~ —0.080668085, g3 ~ —5.376519.
We have

1+ pop +p3n = —pir® — 3pap® — rp(4py +2p1(cosn — wsinn) + pao(2 + cosn +wsin ) )+
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+ps(sinn — wcosn)r + 2ps(sinn + wcosn)p + linear terms.

By plugging (7, p,n) = (ro + q1€, po + @26, M0 + g3¢€) in the right-hand side, we find that
the coefficient of €2 equals to

—p1G7 — 3pags — Q1q2(4p1 + 2p2 + (2p1 + pa) cosno + (p2 — 2py )wo sin )+
+(q1p0 + q270)q3((2p1 + p2) sinno + (2p1 — p2)wo cos o)+

1, .
+§T0Poq3((2p1 + p2) cos o + (p2 — 2p1)wo sinmng) —

1

—§p3q§(sin Mo — Wo COS Mo )To + P3q3q1(cos 1y + wosinng) — pgqg(sin Mo + Wo COS 1) Po+

+2p3qsqa(cos my — wosinng) ~ 5.898,

i.e. it is non-zero. This finishes the proof of the existence of chaotic dynamics in system

(4).
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A parabolic partial differential equation u(t,z) = Lu(t, z) is considered, where
L is a linear second-order differential operator with time-independent coeflicients,
which may depend on xz. We assume that the spatial coordinate x belongs to a
finite- or infinite-dimensional real separable Hilbert space H.

Assuming the existence of a strongly continuous resolving semigroup for this
equation, we construct a representation of this semigroup by a Feynman formula,
i.e. we write it in the form of the limit of a multiple integral over H as the
multiplicity of the integral tends to infinity. This representation gives a unique
solution to the Cauchy problem in the uniform closure of the set of smooth cylindrical
functions on H. Moreover, this solution depends continuously on the initial condition.
In the case where the coefficient of the first-derivative term in L vanishes we prove
that the strongly continuous resolving semigroup exists (this implies the existence
of the unique solution to the Cauchy problem in the class mentioned above) and
that the solution to the Cauchy problem depends continuously on the coefficients
of the equation.

The article is published in the author’s wording.

1. Introduction

Representation of a function by the limit of a multiple integral as multiplicity tends
to infinity is called a Feynman formula, after R.P. Feynman, who was the first to use
such representations on the physical level of rigor for the solution of the Cauchy problem
for PDEs [24, 25]. The term "Feynman formula" in this sense was introduced in 2002 by

IThis work has been supported by the Russian Scientific Foundation Grant 14-41-00044.
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O.G. Smolyanov [31]. One can find out more about the research into Feynman formulas
up to 2009 in [33]. The most recent (but not complete) overview is [37] (2014, in Russian).
It is important to note that Feynman formulas are closely related to Feynman-Kac
formulas [30], however the latter will not be studied in the present article. Usage of
Feynman and Feynman-Kac formulas includes exact or numerical evaluation of integrals
over Gaussian measures on spaces of high or infinite dimension; some useful approaches
to this topic are developed in [6, §].

Differential equations for functions of an infinite-dimensional argument arise in (quantum)
field theory and string theory, theory of stochastic processes and financial mathematics.
Evolutionary equations (i.e. PDEs in the form wuj(¢,z) = ...) in infinite-dimensional
spaces have been studied since 1960s by O.G. Smolyanov, E.T. Shavgulidze, E. Nelson,
A .Yu. Khrennikov, S. Albeverio and others. We will mention just some of the publications,
which are most recent and relevant for our study.

In [3] the Schrédinger equation in Hilbert space is studied. The equation includes the
terms of second, first and zero order, the coefficient of the second order term is constant.
The solution to the Cauchy problem is given by a Feynman-Kac-Ito formula.

In [22] a solution to a heat equation in Hilbert space without the terms of the first
and zero order is discussed, the coefficient of the second-derivative term is constant. The
solution is given in the form of a convolution with the Gaussian measure (analogous to
the finite dimensional equation with constant coefficients), the existence of the resolving
semigroup is proved. In [14] the solution to the same equation is given by a Feynman-Kac
formula.

In [15] the parabolic equation in finite-dimensional space is studied for the case of
variable coefficients. Under the assumption that a strongly continuous resolving semigroup
exists for the Cauchy problem, Feynman and Feynman-Kac formulas were proven in [15]
for the solution.

In [28], for a class of equations in an infinite-dimensional space, with a variable
coefficient at the highest derivative (but without first- and zero-order derivatives’ terms),
a Feynman formula was obtained and the existence of resolving semigroup was proven.

In spaces over the field of p-adic numbers, Feynman and Feynman-Kac formulas for
the solutions of the Cauchy problem for evolutionary equations were given in |11, 12].

In [19, 20], Schrodinger and heat equations in R™ were studied in the case of time-
dependent coefficients, and a Chernoff-type theorem was proven for this case.

In [4, 16] Feynman formulas for perturbed semigroups are obtained.

The present article extends my first results in this area [28| to the case of non-zero
coefficients at the first- and zero-order derivatives.

I do not provide the technical proofs for the two key theorems to keep the paper
short, but give all the background that is relevant for the proofs. The article may be
used as a very short introduction to analysis in Hilbert space and to the applications of
Co-semigroup theory in solving evolutionary PDEs.

2. Notation and definitions

The symbol H stands for the real separable Hilbert space with the scalar product (-, -).
The self-adjoint, positive, non-degenerate (hence injective), linear operator A: H — H
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is assumed to be defined everywhere on H. The operator A is assumed to be of trace
class, which means that for every orthonormal basis (ex) in H the sum Y ;- (Aeg, e) =
trA is finite; this sum is called the trace of A (it is independent of the choice of the
basis (ey)).

The symbol X below stands for any complex Banach space. The symbol Ly(X, X)
stands for space of all linear bounded operators in X', endowed with the classical operator
norm.

Symbol C(M, N) will mean the set of all continuous functions from M to N, where
M and N are topological spaces.

A function f: H — R is called cylindrical [5, 10], if there exist vectors ey, ..., e,
from H and function f": R®™ — R such that for every « € H the equality f(z) =
f"({z,e1),...,{x, e,)) holds. In other words, the function f: H — R is cylindrical if
there exists an n—dimensional subspace H,, C H and orthogonal projector P: H — H,
such that f(z) = f(Pz) for every x € H. The cylindrical function f can be imagined
as a function, which is first defined on H,, and then continued to the entire space H in
such a way that f(x) = f(xo) if 2o € H, and x € (x¢ + kerP).

Symbol D = Cp2(H,R) stands for the space of all continuous bounded cylindrical
functions H — R such that they have Fréchet derivatives [17] of all positive integer
orders at every point of H, and their Fréchet derivatives of any positive integer order are
bounded and continuous.

If f: H— R is twice Fréchet differentiable, then f'(z) will stand for the first Fréchet
derivative of f at the point z, and f”(z) will denote the second derivative. Riesz-Fréchet
representation theorem allows us to assume f'(z) € H and f"(z) € Ly(H, H) for every
x € H.

Symbol Cy(H,R) stands for the Banach space of all bounded continuous functions
H — R, endowed with a uniform norm || f|| = sup,cp |f(x)]. It is regarded as a closed
subspace of a complex Banach space C,(H,C).

Let X = Cpo(H,R) be the closure of the space D in Cy(H,R). It is clear, that X
with the norm || f|| = sup,cy |f(z)| is a Banach space, as it is a closed linear subspace of
the Banach space Cy(H,R). Function f belongs to X if and only if there is a sequence
of functions (f;) C D such that lim;_, f; = f, i.e. im; oo sup,cp |f(z) — fi(x)] = 0.

Symbol C,(H, H) stands for a Banach space of all bounded continuous functions
B: H — H, endowed with the uniform norm ||B|| = sup,cy || B(x)].

Denote Dy = {B: H — H|3N € N,by € H, B, € D : B(z) = Bi(z)by + -+ +
BN(SL')bN}

Let Xy be the closure of Dy in Cy(H, H).

Ifxr € H,and R: H — H is linear, trace class, positive, non-degenerate operator, then
symbol u% stands for the Gaussian probabilistic measure |1, 5, 34] on H with expectation
x and correlation operator R, i.e. the unique sigma-additive measure on Borel sigma-
algebra in H such that the equality [,, e"*¥ 1% (dy) = exp (i (z,z) — 3 (Rz, z)) holds for
every z € H. To make it shorter, we will write ug instead of u%. See section 3.1. for
useful formulas about integration over the Gaussian measure.

It B H — H is a vector field, and g: H — R and C': H — R are real-valued

functions, then symbol L defines a differential operator on the space of functions
p: H—>R
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(Le)() = gla)trAQ"(z) + (¢ (x), AB(x)) + C)p(a), « € H.

The pair (£, M) defines a linear operator £ with the domain M. It will be shown in
theorem 4.2 that L(D) C X when A, B, g and C have certain properties. So (L, D) is
a densely defined (on D) operator L: X D D — X. Here the earlier defined spaces D
and X are endowed with the uniform norm, induced from Cy(H,R). Let (L, D;) be the
closure of (L, D) in X. This means that

Dy ={f € X[3() C D: lim f; = £.3 lim Lf}},

and, if f € Dy, then, by definition, Lf = lim;_,o Lf;.

If for every fixed first argument ¢t > 0 of the function wu: [0,+00) x H — R we
have [z — u(t,x)] € Dy, then the expression Lu(t, ) means the result of applying the
operator L to the function z +— u(t, x) with the fixed ¢ > 0.

Expression (S;):>o defines the one-parameter family of linear operators in the space
of functions p: H — R

)t {AB@.B@)

(Sup) () = €' /o / o(w+y)elTTBEV) 1y, 4 (dy) for t > 0, and Sep = .
H

Remark 2.1. Further, in theorem 4.1, we will prove that for every ¢ > 0 and for A,
B, g and C having certain properties the following holds i) S;(X) C X, ii) operator
S is bounded, and iii) %Stgohzo = Ly for all ¢ € D. This will allow us to use the

Chernoff approximation (theorems 3.1, 3.2) and prove the main result of the present
article, theorem 4.4.

3. Helpful facts and techniques

3.1. Integration in Hilbert space

Lemma 3.1. ([5], Chapter II, §2, 3°) If a function ¢: H — R is cylindrical and
measurable, i.e. p(z) = ¢"({x,e1), ..., (x,e,)) for some n € N, some measurable function
©": R" — R, and some finite orthonormal family of vectors ey, . .., e, from space H, then

/Hsf)(y)m(dy) = (\/12—%)71 \/deltiMQ/n " (2) exp (—%<M§127Z>Rn> dz, (1)

where H,, = span(ey,...,e,),and P: H > h+—— (h,e1)e;+---+(h,e,)e, € H,, Q = PA,
Q: H, — H,, and M is the matrix of the operator () in basis ey, ..., e, of the space
H,. If e;,...,e, is a full set of eigenvectors of the operator @), and ¢,...,q, is the
corresponding set of eigenvalues, then

/Hw(y)m(dy): <\/12_7T)n \/Hl":ﬁ/n O™ (21, ..., Zn) €XD (—i%) dz1...dz,.
@
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Lemma 3.2. (Ezplicit form of some integrals over Gaussian measure)

Let H be a real separable Hilbert space of finite or infinite dimension, A: H — H be
a linear, trace class, symmetric, positive, non-degenerate operator, 7 be the centered
Gaussian measure on H with the correlation operator g, and G: H — H be a bounded
linear operator. Let w and z be non-zero vectors from H.

Then the following equalities hold:

| (Gopnstiy) = u(iG), ()
H
/ e 3 (dy) = 342, (4)
H
[ {w0)elez(dy) = (A et 5, 5)
H
/ (Gy.y)e® uz(dy) = (0AG + (GAz, Az))er 159, (6)
H

Proof. Formulas (3) and (4) can be found in [5], chapter II, §2, 1°. Formula (5) can
be derived from the fact that the function under the integral is cylindrical, so lemma
3.1 can be employed. For a proof of (6), one can make the change of variable in the
integral, h = y — Aw, then ([5], chapter II, §4, 2°, theorem 4.2) we have pz(dy) =

e_%<gw’w>_<h’w>ug(dh), and the integral reduces to (3).

Lemma 3.3. (On a linear change of variable in the integral over Gaussian measure) Let
H be a real separable Hilbert space. Suppose a linear operator A: H — H is positive,
non-degenerate, trace class, and self-adjoint. We will identify with the symbol @4 the
centered Gaussian measure on H with the correlational operator A. Let ¢ > 0; the symbol
tA denotes operator, that takes + € H to tAx € H. Let f: H — R be a continuous
integrable function.

Then

/H F(@)a(dar) = /H J(Viz)padz). (7)

Proof uses the uniqueness of the Gaussian measure with a given Fourier transform,
and the standard theorem of changing variable in the Lebesgue integral.

Lemma 3.4. (On integrability of a polynomial multiplied by an exponent) Let H, A, pa
be as above, P: R — R be a polynomial, and g € R.

Then function H > x — P(||z|)e’l#l € R is integrable over 4.

Proof is easy to construct by relying on Fernique’s theorem [23|, which (applied to
this case) says that there exists such o > 0 that [}, e?lvI? 114 (dy) < +oc.

3.2. Derivatives of cylindrical functions

Proposition 3.1. Let f be a cylindrical real-valued function on H, i.e. there is a number
n € N and a function f*: R”™ — R such that for every € H the equality f(z) =
f"({z,e1),...,{x,e,)) holds. A set of vectors ey, ..., e, can be considered orthonormal
without loss of generality. Lets complete this set to an orthonormal basis (e )ren in H.
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Then:
1. Function f is differentiable in the direction h if and only if the function f" is
differentiable in the direction ((h,e1),..., (h,e,)) € R" and

f(x)h = <h, (81f"((x,61>,...,(x,en>), ey Ouf™(yen), . {z,en)), 0, 0, 0>>

where the symbol 9; f" defines the partial derivative with respect to the j-th argument
of the function f, and (aq,...,®,,0,0,0,...) = age; + - - - + a,e,. If the function f has
a Fréchet derivative at the point z, then f’(x) is a vector whose first n coordinates yield
the gradient of the function f™, and the other coordinates are zero:

F(z) = <81f”((:7c,61),...,(:v,en>), ey Oz er), . (T en)), 0, 0, o) (8)

2. Function f has a Fréchet derivative in H if and only if the function f™ has a Fréchet
derivative in R"™.
3. Let A: H — H be a trace-class operator (i.e. let trA < 0o). Then

trAf"(z ZZ Aeg, ex) <6k8 "z, e), ..., {(x, en>)> =

s=1 k=1

_ tr(An(f”)”((x, e, ... (z, en>)>, 9)

where A,, is the matrix of the operator PA in the basis eq,...,e,, where P is the
projector to the linear span of the vectors eq, ..., e,.
Proof is a straight-forward application the derivative’s definition.

3.3. Differential operator on a finite-dimensional space

Lemma 3.5. ([7], theorems 4.3.1, 4.3.2. and Corollary 4.3.4) Suppose for every i =
I,...,.nand j = 1,...,n functlons a’: R" - R, b¥: R* - R, c: R®* — R from
Cy°(R™, R) are given, Where Cpe(R™ R) is the class of all bounded real-valued functions
on R™, which have bounded partial derivatives of all orders. Suppose also that ¢(z) <0
for all z € R™.

For u € Cp°(R", R) we define a differential operator 7" by the formula

ZZ “( ﬁx 890 +sz 8@ z) + e(z)ulz).

i=1 j=1

Suppose that there exists a constant ¢ > 0 such that for every £ = (&,...,&,) € R
and all € R the ellipticity condition is fulfilled: 31" | Y7 | a¥(2)&&; > »|[¢]|*. Take
an arbitrary constant A > 0 and function f € Cp°(R", R).

Then:

1. There is a unique function u € C;°(R", R), which is a solution of the equation

(Tu)(x) - Mulx) = f(2). (10)

2. For every function v € Cy°(R™, R) the following estimate is true
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sup |(Tv)(z) — Av(z)| > A sup |v(z)|. (11)
rz€R” rER?
Note that equation (10) can have unbounded solutions; this does not contradict the
lemma.

3.4. Strongly continuous semigroups of operators and evolutionary
equations

Let X be a complex Banach space.

Definition 3.1. By a strongly continuous one-parameter semigroup (7%)s>o of linear
bounded operators in X we (following [26, 18|) mean the mapping

T: [0,+00) = Ly(X, X)

of the non-negative half-line into the space of all bounded linear operators on X', which
satisfies the following conditions:

1.V e X : Top = .

2.Vt > 0,Vs > 0: Ty s =T, 0 Ts.

3. Vo € X function s — Ty is continuous as a mapping [0, +00) — X.

Definition 3.2. By the generator of a strongly continuous one-parameter semigroup
(Ts)s>0 of linear bounded operators on X we mean a linear operator £: X D Dom(L) —
X given by the formula

Tap—
s——+0 S

on its domain -
Dom(L) = {(p € X : 3 lim M},
s—+0 S
where the limit is understood in the strong sense, i.e. it is defined in terms of the
norm in the space X.

The use of the symbol £ for the generator is related to the fact that the generator is
always a closed operator:

Proposition 3.2. (theorem 1.4 in [26], p. 51) The generator of a strongly continuous
semigroup is a closed linear operator with a dense domain. The generator defines its
semigroup uniquely.

Proposition 3.3. (lemma 1.1 and definition 1.2. in [26], p. 48-49) The set Dom(L)
coincides with the set of those ¢ € X, for which the mapping s — Ty is differentiable
with respect to s at every point s € [0, +00).

Definition 3.3. 1. The problem of finding a function U: [0, +0c0) — X such that

{ 4U(t) = LU(t); t=>0,

U(O) = U, (12)
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is called the abstract Cauchy problem, associated with the closed linear operator
L: X D Dom(L) — X and a vector Uy € X.

2. A function U: [0,400) — & is called a classic solution to abstract Cauchy problem
(12) if, for every t > 0, the function U has a continuous derivative U’: [0, +00) — X,
U(t) € Dom(L), and (12) holds.

3. A continuous function U: [0, +00) — & is called a mild solution to abstract Cauchy

problem (12) if for every ¢ > 0 we have [} U(s)ds € Dom(L) and U(t) = L [ U(s)ds+Up.

Proposition 3.4. (proposition 6.2 in [26], p. 145) If the operator (£, Dom(L)) is a
generator of a strongly continuous semigroup (75)s>o, then:

1. For every Uy € Dom(L) there is a unique classic solution to abstract Cauchy
problem (12), which is given by the formula U(t) = T'(¢)Uj.

2. For every Uy € X there is a unique mild solution to abstract Cauchy problem (12),
which is given by the formula U(t) = T'(t)U,.

Definition 3.4. Linear operator £: X D Dom(L) — X in Banach space & is called
dissipative if for every A > 0 and every z € Dom(L) the estimate ||Lx — Az| > A||z]|
holds.

Proposition 3.5. (On the closability of a densely defined dissipative operator)
(proposition 3.14 in [26]) A linear dissipative operator £ : X D Dom(L) — X in
the Banach space X with the domain Dom(L) dense in X is closable. The closure
L:X D Dom(L) — X is also a dissipative operator.

The main tool for the construction of Feynman formulas for the solutions of the
Cauchy problem is Chernoft’s theorem. For convenience we decompose its conditions
into several blocks and give them separate names, as follows.

Theorem 3.1. (P. R. CHERNOFF, 1968; see [35] and theorem 10.7.21 in [2]) Let X be
Banach space, and L,(X, X') be the space of all linear bounded operators in X endowed
with the operator norm. Let £: X D Dom(L) — X be a linear operator.

Suppose there is a function F' such that: B

(E). There exists a strongly continuous semigroup (e'*);>q, and its generator is
(L, Dom(L)).

(CT1). F is defined on [0, +00), takes values in L, (X, X') and t — F(t) f is continuous
for every vector f € X.

(CT2). F(0)=1.

(CT3). There exists a dense subspace D C X such that for every f € D there exists
a limit F'(0)f = limy_o(F(t)f — f)/t = Lf.

(CT4). The operator (£, D) has a closure (£, Dom(L)).

(N). There exists w € R such that [|F(t)|| < e* for all ¢t > 0.

Then for every f € X we have (F(t/n))"f — e“f as n — oo, and the limit is
uniform with respect to t from every segment [0, o] for every fixed ¢, > 0.

Definition 3.5. In the present article two mappings F; and F; are called Chernoff-
equivalent if there exists a Cp-semigroup (e“);>o such that (Fi(t/n))"f — e'“f,
(Fy(t/n))"f — e f for every f € X as n — oo, and the limit is uniform with respect to
t from every segment [0, to] for every fixed ¢y > 0.
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Remark 3.1. There are several slightly different definitions of the Chernoff equivalence,
see e.g. [36, 29, 37|. We will just use this one not going into details. The only thing we need
from this definition is that if F' satisfies all the conditions of Chernoft’s theorem, then by
Chernoft’s theorem the mapping F is Chernoff-equivalent to the mapping Fy(t) = e'*,
i.e. the limit of (F(¢/n))™ as n tends to infinity yields the Cy-semigroup (e'£);>o.

Definition 3.6. Let us following [32] call a mapping F' Chernoff-tangent to the operator
L if it satisfies the conditions (CT1)-(CT4) of Chernoff’s theorem.

Remark 3.2. With these definitions the Chernoff-equivalence of F' to (e'£);>q follows
from: existence (E) of the Cy-semigroup + Chernoff-tangency (CT) + growth of the
norm bound (N).

Theorem 3.2. (Chernoff-type theorem, |26], corollary 5.3 from theorem 5.2) Let X’ be a
Banach space, and L,(X, X') be the space of all linear bounded operators on X endowed
with the operator norm. Suppose there is a function

Vi [0, 400) = Ly(X, X)),

meeting the condition Vi = I, where [ is the identity operator. Suppose there are numbers
M > 1 and w € R such that ||(V;)*]| < Mekt for every t > 0 and every k € N. Suppose
the limit
lim Vie—v =: Lo

t10
exists for every ¢ € D C X, where D is a dense subspace of X. Suppose there is a
number Ay > w such that (Aol — £)(D) is a dense subspace of X.

Then the closure £ of the operator £ is a generator of a strongly continuous semigroup

of operators (73);>0 given by the formula
Tip = lim (Vi)ngo
n—oo n

where the limit exists for every ¢ € X and is uniform with respect to t € [0, ¢y] for every
to > 0. Moreover (1});>o satisfies the estimate ||T;|| < Me** for every ¢ > 0.

Theorem 3.3. (Approzimation of generator implies approximation of semigroup)
(theorem 4.9 in [26])
Let (€£1%);50 be a sequence of strongly continuous semigroups of operators in a Banach

space X' with the generators (£;, Dom(L;)), which satisfies, for some fixed constants
M > 1,w € R, the condition
there is a closed linear operator (£, Dom(L)) on X with a dense domain Dom(L), such
that £;2 — Lx for every x € Dom(L). Suppose the image of the operator (Aol — L) is

dense in X’ for some Ay > 0.
Then the semigroups (e£1);>0, 7 € N converge strongly (and uniformly in ¢ € [0, #o]

eLit|l < Me®t for all t > 0 and every j € N. Suppose

for every fixed ¢y > 0) to a strongly continuous semigroup (e“*),>o with the generator L.

In other words, for every z € X there exists lim;_,q, eLity = Lty uniformly in ¢ € [0, to]

for every fixed to > 0.

Remark 3.3. Below, the role of X will be played by space X, a closed real subspace of
the complex Banach space C,(H, C). Because all the operators used in this paper below
are real, and (as it will be proven further in theorems 4.1 and 4.2) X is invariant with
respect to them, the above theorems about X are applicable to X.
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3.5. Properties of spaces D, X, D,

Remark 3.4. It directly follows from the definitions of these spaces that
i) Dc D, C X C Cy(H,R) C Cy(H,C);
ii) D and D; are dense in X
iii) X is a Banach space.

Proposition 3.6. If f € D, then f is uniformly continuous.

Proof. It follows from the definition of the space D that the function D > f: H —+ R
is bounded and its Fréchet derivatives of all orders exist and are bounded. In particular,
there exists sup,cy ||f'(2)|| = M < oo. For every x € H and every y € H one can see
the estimate

[f() = F)l < lle =yl sup [If'(2)]] < M|z —yl| (13)

z€[z,y]
which implies the uniform continuity of f.

O

Proposition 3.7. If ¢ € X, then ¢ is uniformly continuous.
Proof. Take any given ¢ > 0. Let us find § > 0 such that ||z — y| < § implies
o(z) — p(y)] <e.
As ¢ € X, there exists a sequence of functions (f;) C D converging to ¢ uniformly.
Hence, there exists a number jy such that (introducing the notation f; = f) we have
€
le = fioll = llp = £l = sup () = f2)] < 3. (14)
reH
Moreover, as f € D, proposition 3.6 implies estimate (13) with some M > 0.
Let us set 0 = 357 and note that ||z — y|| < d. Then
(13),(14) ¢ 5 €
l(2) =)l < le(2) = fl@)l +1f(2) = fWI+ 1) e < g+ Mgt o =e
O
Proposition 3.8. Suppose that a sequence of functions ( fj);il C X converges uniformly
to a function fo € X. Then the family (f;)52, is equicontinuous.
Proof. Suppose ¢ > 0 is given. Let us find 6 > 0 such that ||z — y|| < § implies that
o(z) — 0y <e.
By proposition 3.7, function f; is uniformly continuous for each j =0, 1,2, ... Thus,
for each j =0,1,2,... there exists ; > 0 such that ||z — y|| < d; implies

€
|fi@) = i) < 5. (15)
As f; — fo uniformly, there exists jy such that for all j > jo
€
sup | fo(x) — fi(z)| < <. (16)
zeH 3

Let us set 0 = min(dy, d1,. .., d;,). Then for j > j, we have that ||z — y|| < J implies

(15),(16) ¢ € €

[fi@) = £l < 1fi(@) = fo(@)[ + 1fol@) = fo)l + [foly) = iyl < S+g+3=e

Now, if 0 < j < jo, then ||z — y|| < ¢ implies estimate (15), which is even stronger.
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Remark 3.5. A number a € R is called a limit at infinity of a funtion f: H — R if

lim sup |f(x) —al=0.
R_””X’HIIIZR’ (z) ~a

It is shown in [28] that if H is infinite-dimensional, then a non-constant function that
belongs to X cannot have a limit at infinity. For example, the function z — exp(—||z|?)
belongs to Cy(H,R) but not to X.

Remark 3.6. Suppose that ap: R — R is a family of infinitely-smooth functions,

uniformly bounded with their first and second derivatives:

dP Q. (t)
dtp

sup supsup
pe{0,1,2} keN teR

‘ < M = const.

For example, ay(t) = sin(dg(t — t)), where di and ¢, are constants and 0 < dy < 1.
Suppose numerical series ) .-, by converges absolutely. Let ()72, be an orthonormal
basis in H.

Then function

flx) = brar((z, ex))
k=1

belongs to the class D;.
This statement can be easily extended to the case aj: R™ — R.

Remark 3.7. Space D is not separable (it does not have a countable dense subset).
In the case of one-dimensional H it can be shown similar to the standard proof of the
nonseparability of Cy(R,R). If dimH > 1, then R! can be embedded into H as a linear
span of a non-zero vector e € H. Using this, one can embed the set of cylindrical functions
contributing to the non-separability of D in the case of one-dimensional H, into the space
D in the general case.

Remark 3.8. By Remark 3.7 and the inclusion D C D; C X, one can see that D; and
X are not separable too.

4. Main results

4.1. Family S, provides a semigroup with generator L

Theorem 4.1. (On the properties of family (Si)i>0 and its connection to the operator
L)

Suppose that g € X, and for every x € H we have g(x) > g, = const > 0. Suppose
that B € Xy and C' € X. Suppose that ¢ > 0, and fig4(2)a is the centered Gaussian
measure on H with the correlation operator 2tg(z)A.

For t > 0 and ¢ € Cy(H,R) let us define

_{AB(),B() -
(Sip) () = D7 / 90(95+y)6<9<1w>3( )’y>u2tg<x>A(dy) for t > 0, and Spp := ¢.
H
(17)
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Then:
1. If t > 0 and ¢ € Cy(H,R), then Syp € Cy(H,R). For every t > 0 the operator

o ) (QHAHHBH2+HC”>t
Sy Cp(H,R) — Cy(H,R) is linear and bounded; its norm does not exceed e\~ % .
2.t ge D, C € D, B € Dp, then the space D for every ¢ > 0 is invariant with
respect to the operator S;.
3.If g e X, C € X, B € Xy, then the space X for every t > 0 is invariant with
respect to the operator .S;.
4. For every function ¢ € D, for g € X, C' € X, B € Xy there exists (uniformly with
respect to z € H) a limit

- (5ip)(@) — o)
t—0 t

= g(@)trA¢"(z) + (¢'(x), AB(z)) + C(z)e(x) = (Le)(x).

5. if pe X, ge X, C € X, Be Xy, then the function [0, +00) 2t — Sy € X is
continuous, i.e. if ty > 0,¢, > 0 and ¢, — to, then sup,cp |(St,.¢)(x) — (S,e)(x)| — 0.

Analogue of theorem 4.1 for finite-dimensional H can be found in [15]. The proof for
the case of infinite-dimensional H follows the same general line but is more involved. It
uses lemmas from sections 3.1., 3.5. and will be published in a separate paper.

Theorem 4.2. (On the properties of the operator L) Suppose that for each x € H the
inequalities g(x) > g, = const > 0 and C(z) < 0 hold. As C' € X, there exists a sequence
(C;) C D converging to C' uniformly; let us additionally require that this sequence can
be selected in such a way that Cj(x) < 0 for all j € N and all x € H. The operator
L: D — X is defined by the equation

(Lep)(z) = g(@)trAp"(z) + (¢'(z), AB(z)) + C(z)p(z).

Symbol I stands for the identity operator.

Then:

1.Itge D, Ce D, BeDyand pe D, then Lpe D.lfge X, C e X, Be Xy
and ¢ € D, then Ly € X.

2.Ifge D, C € D, B € Dy, then for each A > 0 the operator \I — L is surjective
on D, therefore (A — L)(D) = D is a dense subspace in X.

3.Ifge D,C € D, B € Dy, then the operator (L, D) is dissipative and closable.

4. Ifge X, C e X, B =0, then for each A > 0 the space (\[ — L)(D) is dense in X.

5.1f g € X, C € X, B € Xy, then the operator (L, D) is dissipative and has the
closure (L, D;). The operator (L, D;) is also dissipative.

The proof of theorem 4.2 is based on the results of sections 3.2., 3.3. and will be
published in a separate paper. Item 1 follows from the definition of the operator L.
Items 2 and 3 are derived from lemma 3.5, proposition 3.1 and proposition 3.5. Item 4
is derived from item 2. Item 5 is obtained by proceeding to the limit in the dissipativity
estimate proven in item 3 and then applying proposition 3.5.

Theorem 4.3. (On the connection between the family (S;);>o and the semigroup with
the generator L)
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Suppose that g € X, B € Xy, C € X, and for every x € H we have g(z) > gy =
const > 0 and C'(z) < 0. As C € X, there exists a sequence (C;) C D, converging to
C uniformly; let us additionally claim that this sequence can be selected in such a way
that C;(z) <0 for all j € N and all € H. Then the following holds:

1. If the closure (L, D;) of the operator (L, D) is a generator of a strongly continuous

semigroup (etz of linear continuous operators on the space X, then
>0
Z n
e = lim <S£) @, (18)
n—oo n

where limit exists for every ¢ € X and is uniform with respect to ¢t € [0, %] for every
to > 0. .
2. If B = 0, then the operator (L,D;) is a generator of a strongly continuous

semigroup (eLt> of linear continuous operators on the space X. Moreover for every
t>0

t > 0 we have Heft

3. Suppose B = 0, and for all j € N the functions g; € X, B; € Xy and C; € X are
given. Suppose B; = 0 for all j € N. Suppose there exists a number ¢y, > 0 such that for
all j € Nand all z € H we have g;(z) > €9 and C;(z) < 0. Let us denote by the symbol
L; the operator L, which corresponds to the functions g;, B; and C}, and the operator
L corresponding to the functions g, B and C will be denoted by Ly. Suppose also that
gj(x) = g(z) and C;(z) — C(x), uniformly with respect to x € H.

<1, i.e. the semigroup <eft) is contractive.
>0

Then the (existing by item 2) strongly continuous semigroups (efjf) converge
>0

strongly (and uniformly with respect to t € [0, ] for every fixed ty > 0) to the (existing
Lot with the generator Ly. In other
>0

words for every ty > 0 and every ¢ € X there exists a limit

lim (efj%) (x) = (efot<p> (z), (19)

Jj—00

by item 2) strongly continuous semigroup (e

uniformly with respect to « € H and t € [0, ty].

Proof.

1. Recall theorem 3.1 and set F(t) = S;, w = QHA!I#”Z +|IC|, ¥ = X, D = D,
F'(0) = L, G = L. One can see that according to items 1, 4 and 5 of theorem 4.1 and
item 5 of theorem 4.2 all the conditions of theorem 3.1 are fulfilled.

2. Note that C(x) < 0, so sup,cp €™ < 1 and for B = 0 one obtains the estimate
IIS¢]] < 1. Conditions of theorem 3.2 are fulfilled if one sets X = X, D = D, L = L,
Vi=25, M =1, w = 0. Indeed, according to item 1 of theorem 4.1, for all £ > 0 the
estimate ||S,|| < e =1 holds true, therefore || (S,)" || <1-----1 = 1. Other conditions
of theorem 3.2 follow from item 4 of theorem 4.1 and items 4 and 5 of theorem 4.2.

3. Recall theorem 3.3, and set X = X, D = D, L = Ly, £, = L;. One can see
that item 2 of this theorem and items 4 and 5 of theorem 4.2 imply all the conditions
of theorem 3.3, except for the following one: if ¢ € D, then jli_)rglo Ljp = Lop. A simple

check shows that this condition is also fulfilled.

a
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4.2. Feynman formula solves the Cauchy problem for the parabolic
equation

We want to find a function u: [0,4+00) x H — R satisfying the following conditions
(we call them Cauchy problem for the parabolic differential equation):

{ u(t, ) = Lu(z,t); t>0,x€H,

u(0, ) = up(); v € H. (20)

To this Cauchy problem, we relate the so-called abstract Cauchy problem (see Definition
3.3), which we define as the following system of conditions upon the function U: [0, +o00) —

p —
LU(t)=LU(t); t>0
dt ) Y

Remark 4.1. Problem (20) can be considered as problem (21) in the following sense.
Function u: (t,x) — u(t,z) of two variables (¢,x) can be considered as a function
w: t — [z —— u(t, z)] of one variable ¢, with values in the space of functions of variable
x. Then

u(t,z) = (U(t))(xz), t>0,x€H.

Using this correspondence, we start from Definition 3.3 and define the solution of problem
(20).

Definition 4.1. We call a function u: [0,400) x H — R a strong solution of problem
(20) if it satisfies the following conditions:

( u(t,-) € Dy; t>0,
function ¢t — wu(t, -) is continuous; t>0,
Uniformly for x € H Elli_I}% w =uy(t,x); t>0,
u(t,-) € X; t>0, (22)
Function ¢t — w;(t, -) is continuous; t>0,
uy(t, x) = Lu(z,t); t>0,z€H,
u(0, ) = up(x); x e H.

\

Definition 4.2. We call a function u: [0,4+00) x H — R a mild solution of problem
(20) if it satisfies the following conditions:

u(t, ) € X; t>0,

Function ¢ — u(t,-) is continuous; ¢ > 0,

5 u(s,)ds € Dy; t>0, (23)
u(t,z) = Lfot u(s, x)ds + ug(z); t>0,z € H,

ug € X.

Definition 4.3. Let us use the symbol C([0,400),X) for the class of all functions
u: [0, +00) x H — R such that for every ¢ > 0 the function x — u(t, z) belongs to the
class X, and the mapping t — u(t, ) € X is continuous for every ¢ > 0.

Finally, let us state and prove the main result of the article. We use definitions and
notation from Section 2.
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Theorem 4.4. (On the solution of the Cauchy problem for a parabolic differential
equation in Hilbert space)

Suppose g € X,C € X, B € Xp. Suppose there is a number g > 0 such that for all
x € H we have g(x) > go and C(x) < 0. As C € X, there exists a sequence (C;) C D,
converging to C' uniformly; let us additionally require that this sequence can be selected
in such a way way that C;(z) <0 for all j € Nand all z € H.

Then the following holds:

1. If there exists a strongly continuous semigroup with the generator L, then for every
up € D; there exists a solution u of problem (22), unique in the class C([0, +o0), X).
The solution depends continuously on wug, and is given by the formula

u(t,z) = lim <<Si> u0> (x), where the limit is uniform with respect to ¢t € [0, to]
n—o00 n
for every to > 0.

2. If there exists a strongly continuous semigroup with the generator L, then for every
up € X there exists a solution u of problem (23), unique in the class C(]0, +00), X). It

depends continuously on u, and is given by the formula u(t, x) = lim <<Si> ug ) (),
n—00 n

where the limit is uniform with respect to ¢t € [0, to] for every t, > 0.
3. If B = 0, then there exists a strongly continuous semigroup with the generator

L. The formula u(t,r) = lim <<Sg)n uo) () becomes simpler than in the case B # 0.

n—oo

Namely, for B = 0 we have

nh_{go// //e” Clx)+>5Z 1C(yk)) (yl)umg(y (dyl)u% olus )A(dyQ)

(24)

'-ugg( Al @Yn—1) i ) 4 (dYn).-

In this case the solution u for all £ > 0 satisfies the estimate sup,c |u(t,z)| <
S,y o).

4. Let B = 0, and let the functions g; € X, B; € Xy and C; € X be given for all
j € N. Let B; =0 for all j € N. Suppose there exists g > 0 such that g;(x) > &, and
Cij(x) < 0forall j € Nand all z € H. Let us use the symbol L; for the operator L
that corresponds to the functions g;, B; and Cj}, and the symbol Ly for the operator
L that corresponds to the functions g, B and C. Suppose also that g;(z) — g(x) and
Cj(x) — C(z), uniformly with respect to x € H. We denote as u; the solution of
problems (22) and (23) for the operator L. For solution of problems (22) and (23) with
the operator L, we use the symbol wu.

Then w,;(t,x) converges to u(t,z) as j — oo, uniformly with respect x € H and
uniformly with respect to ¢ € [0, to] for every fixed ¢, > 0.

Remark 4.2. Note that if B = 0, then solution depends continuously on the data of
the Cauchy problem: the coefficients of the equation (item 4) and the initial condition
(items 1 and 2).

Remark 4.3. Analogous theorems for C- or R"-valued functions u can be formulated
mutatis mutandis. The result will hold true due to the theorem above and the linearity
of L and S;. The only additional condition will be that the coefficients of the equation
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must be real-valued. The same remark is applicable to all the key theorems of this article.

Proof of the theorem.

1. Suppose that there exists a strongly continuous semigroup with the generator L.
Then by item 1 of proposition 3.4 we obtain the existence of a strong solution (definition
3.3) to Cauchy problem (21), and the solution is unique in the class C'([0, +00), X). By
item 1 of theorem 4.3 the semigroup is given in the form described. Using the relation
between problems (20) and (21) explained in remark 4.1, we obtain the solution for
problem (22). The solution is unique in the class C([0, +00), X), as follows from remark
4.1.

2. The proof is similar to that in item 1. The only difference is that in proposition
3.4 we use item 2 instead of item 1.

3. The existence of the sought semigroup follows from item 2 of theorem 4.3. The
estimate for the supremum of the absolute value of the solution follows from the fact
that the semigroup is contractive.

Let us explain how the equality u(t,z) = lim, <<Si> u0> () implies formula
(24). For a continuous bounded function ¢: H — R and a point z € H, the following
change of variables rule in the integral is correct:

/H¢(y)/m(dy)Z/Hl/J(y—x)ui(dy).

Applying this rule, and changing A to 2tg(x)A, we come to the equality

(Sup)(x) = ') / O( + Y) tatg(e) 4 (dy)

H

— C@) /H o(x+ (y — 37))M§tg(x)A(d3/) =) /H @(y)ﬂgtg(r)fl(dy)'

For n = 2 in formula (24) we get the expression

((S;)ng) (2) = (83 (S1%) ) (@) = /H ( /H 2O COD oy )it A(dy1)> M (0 (dY2)-

In the same way expressions for n > 2 are derived. Thus, the formula (24) is proven.
4. The proof follows immediately from item 3 of theorem 4.3.
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We consider the mathematical model in which an operating processor serves
the set of the stationary objects positioned in a one-dimensional working zone.
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the forward or direct one, where certain objects are served, and the return one,
where remaining objects are served. Servicing of the object cannot start earlier
than its ready date. The individual penalty function is assigned to every object, the
function depending on the servicing completion time. Minimized criteria of schedule
quality are assumed to be total service duration and total penalty. We formulate
and study optimization problems with one and two criteria. Proposed algorithms
are based on dynamic programming and Pareto principle, the implementations
of these algorithms are demonstrated on numerical examples. We show that the
algorithm for the problem of processing time minimization is polynomial, and that
the problem of total penalty minimization is N P-hard. Correspondingly, the bi-
criteria problem with the mentioned evaluation criteria is fundamentally intractable,
computational complexity of the schedule structure algorithm is exponential. The
model describes the fuel supply processes to the diesel-electrical dredgers which
extract non-metallic building materials (sand, gravel) in large-scale areas of inland
waterways. Similar models and optimization problems are important, for example,
in applications like the control of satellite group refueling and regular civil aircraft
refueling.
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Introduction

The problems under study were posed when it was necessary to create computer-based
systems for operating control of fuel supply to the floating diesel-electrical complexes
or dredgers extracting non-metallic building materials (gravel, sand) in larger transport
areas of inland waterways. One of the transport area operator’s responsibilities is to
work out the time schedule [1-6] reducing cost losses due to idling of both dredgers and
a fuel supply tanker. In this paper we formulate optimization problems for the model in
which the moving processor is to serve the set of stationary objects positioned within
uniform one-dimensional working zone. The processor is assumed to do two-way voyages
— the forward or direct one, during which few objects are served, and the return one,
when the remaining objects are served. Individual penalty function is assigned to each
object; it is a monotone increasing function associated with the time when servicing of
the particular object is accomplished. The minimized criteria are the service completion
time of all the objects involved and the total penalty. Similar models and optimization
problems are important, for example, in applications like the control of satellite group
refueling [7] and regular civil aircraft refueling [8|.

1. Mathematical Model And Problems Formulation

There is an assumed set O,, = {01, 09, ..., 0, } of the stationary objects within the working
zone L of the operating processor P (fig. 1). The working zone is one-dimensional and
finite; its initial point A is a start up point for the processor. Objects are supposed to be
numbered in the order of their distances increasing from the point A; the end point B
of the zone L is the location of the object o,. Starting from the moment t = 0 the
processor moves from the start up point A towards the end point B (forward voyage, let
us denote it by A, ), and having reached the end point, it moves back to the point A
(return voyage, let us denote it by A_).

Fy

o2 03 On-1
OO OO

1 .
P 2 3 i -
A+

¥
r-.

Fig. 1: Modelling single processor servicing the related objects.

During the cycle Ay \_ the processor P performs single continuing service of group
O,-related objects: a few of them are served in voyage A, , remaining objects — in
voyage A_. Simultaneous servicing of two and more objects is prohibited.

With every object o; we associate monotone non-decreasing penalty function of its
service completion time; it represents the losses related to the service.

By 1,2,...,n we denote segment L points where the objects 01, 0o, . . ., 0, are positioned
correspondingly (the points n and B coincide); 7, - object o; service duration, r; - ready
date of the object 0;; ¢;(t) - the object o; penalty function (if servicing of the object o,
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is accomplished at the moment ¢ then ¢;(t) is a penalty for this particular object; v,_1 ;
and 7y; j_1 - the processor movement durations between j—1 and j in the voyages A} and
A_ respectively; j = 1,n, here g1 and 71 o - the processor movement durations between
point A and the point 1 in the voyages A\ and A_ correspondingly. The values 7;, ;-1 ;
and v, ;_1 are positive integers, r; are non-negative integers.

Servicing strategy is an arbitrary subset of ascending indices V' = (iy,4s,...,4x) of
the set N = 1,2,...,n. During the strategy realization the objects o;_, where i,, € V|
are served in voyage A; the remaining objects of the set O, are served in voyage \_.
By V= = (igt1,%k+2,---,1,) as defined by strategy V we denote the sequence of the
objects served in voyage A_, the indices in V'~ are listed in the diminishing order. The
sequences V and V'~ do not contain equal elements. To be explicit, we assume that
the object o, is served upon completion of voyage A\, hence n € V. Let us note that
V- = @ if and only if V = (1,2,...,n). It is evident that the number of different
servicing strategies is equal to 2"71. We assume that service time schedules to apply the
strategy V' are the tuples as follows:

P = <(i17ai17bi1)7 (i27ai27bi2)7 ey (ikaaik7bik)7 ceey (in7ain7bin)> )

where V' = (iy,d9,...,i), V™ = (ikt1, %12, - -, 0n), ix = N, a;,, and b; - servicing start
up and completion time for the object o;,, respectively, m = 1,n; a;; > Y04, bi, = @i, +7iy;
@iy > biy iy i, big = @iy +Tigs oo @iy 2> Ui i iy bi, = @i, +Ti, . Further we denote

the object o, servicing start up and completion time by S, (p) and C,(p) correspondingly,
the values being depended on the schedule p.
By K (p) we denote the total penalty for all objects under service during the schedule p

implementation, K (p) = < > ¢;(C;(p)) p. By T'(p) we denote the time when the processor
7j=1

returns to the initial point after service accomplishment involving the objects according
to schedule p. For arbitrary schedule p we have:

T(p) = bi,, + Yin0- (1)

The schedule p is called r-feasible if during its implementation all ready dates for
the objects are observed. The set of all r-feasible schedules (each of them implements
some servicing strategy) is assumed here as R; the set of all r-feasible schedules which
implements the strategy V' will be denoted as R(V'). It is obvious that any set R(V') is
nonempty.

Further, we consider the following two problems.

Problem 1. min T'(p).
roblem 1. min (p)

Problem 2. min {K(p),T(p)}.
pPER
The problem 1 is to construct the schedule optimal by processing time. In bi-criteria
problem 2 the first criterion is total penalty for the objects, the second one - servicing
cycle duration. For problem 2 we will use the Pareto concept, which implies the synthesis
of the total set of the efficient estimates, simultaneously providing the opportunity to
determine the problem solution that assures any efficient estimate [9-12].
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For problems 1 and 2 we will further construct the respective algorithms of polynomial
and exponential computational complexity. Both algorithms are based on dynamic
programming [13,14]|. We will further show, that problem 2 is fundamentally intractable.
This intractability follows from the N P-hardness [15-17] of a one-criterion problem
below.

Probl 3. min K(p).
roblem 3. min (p)

We will show below that problem 3 is N P-hard even in a particular case, when all
functions ¢;(t), 7 = 1,n, are linear. If we construct the set of efficient estimates for
problem 2 this will inevitably lead us to the solution of problem 3.

2. Compact schedules and 0-schedules

Schedule p, p € R, is called compact, if in-between stops of the processor during
the cycle A \_ are only related to the objects service in their locations, and to their
expectancy for the ready dates to come. When constructing the compact schedule for
arbitrary strategy V = (i1, s, ...,1), the servicing start and completion times a;  and

b;,, of the object o, , m = 1,n, are calculated consecutively to the extent that the
parameter m grows, the following formulas being:

ai, = max (Yo, i ); (2)
Qixyr = max(bix + %x’ixﬂvrixﬂ)a x=1Ln-1 (4>

We will denote the compact schedule implementing arbitrary strategy V by pp(V).
Specified schedule is defined unambiguously.

It should be noted that the processor which started the forward voyage relatively late
(for example, at the moment IIl;iXp) can serve the objects of set O, = {01,09,...,0,}

without intermediate idlings which arise from the need to observe the ready dates.
By to(V) we denote the minimal forward voyage start time so that the processor can
further serve all the objects of the set O,, according to strategy V without intermediate
idlings as a result of ready dates ry,rs,...,7r,. We will call this servicing mode as "0-
mode and related schedule is named here as "0O-schedule". The 0-schedule implementing
the strategy V' will be denoted as po (V).

It is evident that to(V) is a total idle time of the processor in waiting for the ready
dates ry, 7y, ..., 7, during the schedule pi(V') implementation. For fixed strategy V the
value to(V) is defined as follows.

1. We sequentially calculate the values a;,, and b, for the schedule py(V') using the
formulas(2) — (4) with a gradual parameter m growth, m = 1,n;

2. Time losses T™ are then calculated for direct servicing of all the objects involved,
as well as for the processor movement from the point 0 to the point n and then
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back to the last object to be serviced in the strategy:

Z Tj + Yo + Ynjin, if the set of the objects served in the backward voyage
=

T*

is nonempty;

n
> T+ Yom, in opposite case
j=1

3. We set to(V) =b;,, — T™*.

For 0-schedule p = <(7§1,a’- bi,), (ig; iy, 0,), - (i, af, b7 ), - (s > defined

217 T11

by the servicing strategy V' = (i1, 142, ...,ix), we have the followmg relatlons
a;, = to(V) + 70,15 (5)
a;xﬂ = b;x Tt Vigsigr1s X = Ln—1 <7)

For the given initial data, O-schedule implementing the arbitrary strategy V' can be
uniquely defined. We should note, that if t5(V') = 0, the schedules po(V') and p(V') are
identical.

Theorem 1. The schedule p,(V') minimizes value of K(p) on the set R(V'); both schedules
po(V) and pr.(V) minimize the values of the T'(p) on the set R(V').

The theorem statements are easily proved by contradiction.

3. Problem 1 solving algorithm

According to theorem 1, problem 1 permits the following equivalent form.

Problem 4. mvin T(po(V)).

From the definition of 0-schedule it follows that:
T(po(V)) = to(V +ZTJ+Z7JJ+1+Z7JJ 1- (8)

Thus, the problem of the criterion T'(po(V')) minimization and, equally, the criterion
T'(px(V)) minimization, reduces to the minimization of the value ¢, (V):

mvin to(V). (9)

Having defined the subset V" as optimal for problem (9), we will easily then construct
the optimal servicing schedule for problem 1.

Let us denote as D(k) the start up marginal momentum, when the processor in
point k can serve all the objects {og, 0g+1,- .., 0,} in the O-mode during the subsequent
implementation of the forward or direct voyage (from point k) and then the return voyage,



Scheduling problems of stationary objects with the processor 361

i.e. without idlings time due to the ready dates rg,rgy1,...,7n, here k € {1,2,...,n}.
Together with the values D(k) calculation, we will consecutively construct the strategy Vp
which assures these values.
It is evident that
D(n) =r,. (10)

Sequence Vp being composed is initially assumed as a single element n. We select the
following notation:

W*(k) = (e + Tet1+ - -+ Tn) + (Vekr1 + Vet k42 F - oo F Vot T Vone1 - - - + Vet1k);

thus, W*(k) is the total time of the direct servicing of the objects {0k, 0k+1, .. .,0,} and
the processor movements from the point £ to the point n and from the point n to the
point k in the direct and return voyages respectively.

There is an alternative for each object from the set {o1,09,...,0,-1} : it can be
served either in the direct or in the return voyage. Assuming that there are no idlings,
servicing of the object 0,1 can start in the direct voyage at the moment ¢, _, if and only
it (¢ 1 >r, )&, 1+ 71+ Ya_1.n = D(n)). The minimal possible value ¢, ; which
meets the above constraints is equal to max{r,_1, D(n) — (Th—1 + Yn-1n)} -

Let us assume that servicing of the object 0, _; is performed in the return voyage.
With no idlings assumed, the processor skips the servicing of the object 0, ; in the
direct voyage, and can start moving from the point n — 1 towards the point n at the
moment ¢/_, if and only if (¢_ + vp—1, > D(n))&(t!_, + W (n—1) — 751 > 1pp1).
The  minimal  possible  value ¢/, in this case is equal to
max {D(n) — Vo1, -1 — (W*(n — 1) — 7,,_1), 0} resulting in:

. max{r,_1, D(n) — (Tn_1 + Vn_1.) }
D(n —1) = min max{D(n) — Yn-1m,Tn-1 — W*(n—=1) = 7,-1),0}| (11)

Index n — 1 is included in the sequence Vp if D(n — 1) = max {r,—1, D(n) — (7h—1 +
’7n—17n)}'

Let us assume that for arbitrary & € {2,3,...,n — 1} the value D(k) has been
obtained. With no idlings assumed servicing of the object o0,_; during the direct voyage
can start at the moment ¢)_, if and only if (t;v_l > rk_l) & (t;c_l + o1+ Vh—1k > D(k))

The minimal possible value t;_,, for which the given constrains are met, is equal to
max {rg_1, D(k) — (Tk—1 +Yk—1)} - Let servicing of the object o,_; be performed in the
return voyage. With no idlings assumed the processor skips the servicing of the object
o1 in the direct voyage and can start moving from the point £ — 1 towards the point &
at the moment ¢}, if and only if (¢} _; +vk—14 > D(k))&(t)_+W*(k—1)—Tk—1 > 7_1).

Thus the minimal possible value ¢} _; is equal to max{D(k)—vyx_1x, re—1—(W*(k—1)—
Tk—1), 0} resulting in:

max{ry_1, D(k) — (Th—1 + Ye-1.)},

D(k—1) =mi
( ) min maX{D(k) — Ve—1k, Th—1 — (W*(k — 1) — kal)ao} )

(12)
ke{2,3,...,n—1}.

We include index k—1 in sequence Vp if D(k—1) = max {ry_1, D(k) — (Th—1+Yk—1.) }
and accomplish strategy Vp construction when calculations using formula (12) have been
made with parameter k£ values consequently decreasing.
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By D(0) we denote the minimal start time of the movement from point 0, when the
processor can serve all the objects of the set O,, = {01, 0, ...,0,} during the cycle Ay A_
in the 0-mode, i.e. without idlings due to the ready dates. It means that D(0) + yp1 >
D(1). Hence we have:

D(0) = max (D(1) — v1,0). (13)

The equations (10) — (13) are dynamic programming relations which allow to consecu-
tively define values D(n), D(n — 1), D(n — 2),...,D(0). According to the introduced
definitions of the value D(0) and the function ¢y(V') , we obtain the equation:

D(0) = min to(V) = to(Vn) (14)

Strategy Vp constructed is the optimal solution for problem 4. Corresponding schedules
po(Vp) and pg(Vp) are optimal for problem 1.

It should be noted that calculation of every succeeding value D(k) (as the argument
decreases) involves few operations. Hence, the proposed algorithm to solve problem 1 is
functioning in linear time (from n).

Example 1. Optimal schedule related to criterion K(p) is to be obtained with objects
01, 02, 03 and o4 located at points 1, 2, 3 and 4 respectively to be served; vo1 = 110 = 2,
Y2 = Yeq1 =1, 723 =732 =10, 734 = a3 =1, =1, rp =10, r3 = 12, ry, = 15,
7'1:7'2:7'3:7'4:1.

Firstly, we calculate values W*(k): W*(1) = 28, W*(2) =25, W*(3) =4, W*(4) = 1.
According to formula (10), we set: D(4) = 15. The sequence Vp is initially assumed to
be of a single element n equalling here to 4. Then according to formula (11) we obtain:
D(3) = min [max{12,15 — (1 + 1)}, max{15 — 1,12 — (4 — 1),0}] = 13; index 3 being
included in sequence Vp. According to formula (12) when k& = 3 we receive: D(2) =
min [max{10,13 — (14 10)}, max{13 — 10,10 — (25 — 1), 0}] = 3; with index 2 being not
included in sequence Vp. Then according to the same formula with £ = 2 we get: D(1) =
min[max{1,3—(1+1)}, max{3—1,1—27,0}] = 1; index 1 being included in sequence V.
Finally, according to formula (13) we define D(0) = 0. In this case the optimal 0-schedule
implementation starts from the moment 0; at the same time this schedule is compact.
It is easy to define, that po(Vp) = px(Vp) = ((1,2,3), (3,14, 15), (4,16,17), (2, 28,29)).
According to (1), the optimal criterion value for problem 1 is equal to 32.

4. Problem 2 solving algorithm

According to theorem 1, we can replace the problem under study mig{K (p), T(p)} by
pe
the following equivalent problem.

Problem 5. mvin{K(pk(V)),T(pk(V))}.

Let us denote problem 5 by symbol Z; and the required set of the efficient estimates
pertaining to the problem will be assumed as E. We will use a multi-criteria dynamic
programming method [18-20] to synthesize this set.

Let us consider the set of particular problems Z(k,t); problem Z(k,t) is thought as
a situation when the processor during voyage A, arrives at point £ at the moment ¢; the
minimized criteria being:
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— total penalty for the objects from the set {og, 0x41,...,0n};
— time when processor leaves the point £ in voyage \_.

Thus, the estimate (a, b) obtained for Z(k,t) means, that the total penalty for objects
{0k, Ok41,...,0,} is equal to a, and the processor leaves the point k during voyage A_ at
the moment b.

By ef f(M) we denote a set of efficient in set M estimates; the estimate (a, b) from M
is efficient if there is no such estimate (a’,’) in M so that ¢’ < a and ¥/ < b and at least
one of the given inequalities is strict inequality. By E(k,t) we denote a set of efficient
estimates pertaining to problem Z(k,t), where k = 1, n.

Evidently,

E(n,t) = (gn(max(t,r,) + ), max(t,r,) + 7). (15)

Let us assume that the sets F(k+ 1,t) have already been constructed for all possible
values of parameter . We need to construct the sets E(k,t).

Let a priori be known that the objects of the set {0i1,0r12,...,0,} are served
with estimate (p,q) and the processor arrives at the point k£ at the moment ¢ during
voyage A, and further it serves the object og. In this case the estimate of servicing the
objects {0k, Ok11,...,0,} 1S

At k,p,q) = (pe(max(t, r) + ) + D, ¢ + Vet1k)- (16)

Since servicing of object oj, accomplishes at the moment py, = max(t,ry) + 7%, the
processor arrives at the point £+ 1 at the moment p; = g + i k+1. Further servicing of
the set {og41,0k+2,- -, 0,} can be effected with the estimates from the set E(k + 1, uj);
implementation of the estimates that do not belong to this particular set is obviously
impractical. For the set {01, 0k42,-..,0,} we obtain the set of the estimates

P(k,t) = {A(t,k,p,q) : (p,q) € E(k+1,u3)} (17)

provided that servicing of the object oy is performed in voyage ;.

If on arriving at point k processor postpones object o servicing till voyage A\_, and
servicing of objects {0gy1, Ok+2,- -, 0,} is performed with the estimates (p/, ¢') then the
estimate of object servicing from set {og, 0x41,...,0,} is as follows:

B(t,k,p',q) = (0" + pr(max(q" + Vi1, 7k) + Tk), max(q + Ves1.4, k) + Th)- (18)

In the considered case the processor performing voyage A, arrives at point k + 1
at the moment v} = ¢ 4 7y +1. Further servicing of the set {o0x41,0k42,...,0,} can be
performed with the estimates from the set E(k+ 1, v} ); implementation of the estimates
that do not belong to this set is obviously impractical. For the set {ox, 011, ..,0,} we
obtain the following set of the estimates on the assumption that object o servicing is
effected in voyage \_:

Q(k,t) ={B(t,k,p',q) : (p,q) € E(k+1,7)}. (19)
It is evident that
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Elk,t) = ef f(P,) UQ(k, 1)), k=n—1,n—2,...,1. (20)

The computational process using formulas (15) — (20) implies a consequent search
of sets E(k,t) when index k is decreasing. This finally leads to the construction of set
E(]_, ’}/0’1).

To obtain target set F of the efficient estimates pertaining to problem 2, we need to
add vector (0,7, ) to each vector of set E(1,701):

E = {95 = ($17$2) X1 = Y1, T2 = Y2 + V10, where y = (yl,?ﬁ) € E(L’Yo,l)} (21)

Prior to calculations based on relations (15) — (21), for each k, k = 1,n we need to
define sets O, of possible processor arrival moments ¢ to point k£ during voyage A,. Only
for the values ¢ belonging to ©y, we need to construct sets E(k,t) when calculating with
the help of recurrent relations (15) — (20). The sets O are defined to the extent that
index k values diminish. It is obvious, that when k& = 1 the only possible value of ¢ is
V0.1, 1.e. ©1 = {701} Let us denote as My 1(Nk41) the set of the possible values of the
processor arrival moments to point k + 1 in voyage A, when object o was respectively
served during A, (A_). It is obvious that

M1 = {ug g, = max(6,ry) + T, + Ve r+1,0 € O}
Nipr =1{v Vg = 04+ Yhry1,0 € O}

@k+1 = {Mk+1UNk+1},Where k: ]_,2,...,7?/— 1. (22)

Exzample 2. It is required to discover a full set of efficient estimates pertaining to
problem 2 with the parameters values and the penalty functions given in Table 1.

Table 1: Modelling parameters, Example 2

J T rj V-1, Vi1 ©;(t)

1 1 1 2 2 0

2 1 10 1 1 max{t -3, 0}

3 1 14 10 10 max{10(¢ — 15), 0}
1 1 14 1 1 max{15(f — 16),0}

Firstly, for each value k(k = 1,n) we need to find the sets O}, of possible moments ¢
of the processor arrival to point k in voyage A,. It is apparent that the only possible
value of t when k = 1 is 73 = 1, i.e. ©; = {2}. According to (22), we find that:
O, = {3,4},05 = {13,14,21},04 = {14, 15, 16, 22, 23}.

Then with the help of formulas (15) —(20) we calculate values E(k,t). The established
estimates are shown in Table 2. For each estimate the triple index is given: the number of
the estimate (revealed when calculating), the estimate number used to have the current
estimate constructed, and the voyage in which the object o is served. For example,
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the record (a,b); j+ means that the estimate (a,b) of number ¢ is constructed from the
estimate having number j, and object oy is served in voyage A,. Similarly the record
(a,b); j— means that the estimate (a,b) of number i is constructed from the estimate
having number 7, and the object o; is served in voyage A_. This information will
be further used when we construct servicing strategy, which assures particular criteria
values.

Table 2 filled in from right to left. Firstly, we fill in the cells of the fourth column
(k = 4) with the help of (15). Here we assume that all estimates for k = 4 are constructed
from the dummy estimate of number 0 and we take into account that the last object is
always served in voyage A,.. We thus gain as follows:

E(4,14) = {(p4(max(14,74) + 74), max(14,73) + 73) } = {(w4(14),15)} = {(0,15)}1.0.+-

Similarly, we define values:

E(4,15) = {(0, 16)}20+, E(4,16) = {(15, 17)}504, £(4,22) = {(105, 23)}40.+,
E(4,23) = {(120,24)}50 -

Filling in the required cells for k equaling to 3, 2 and 1 is executed with the help
of (16) — (20). Example of set E(3,13) construction illustrates the calculations based on
the above relations. F(3,13) = ef f(P(3,13) UQ(3,13)) in accord with (20). Set P(3,13)
is defined starting with value 3 calculation:

Wy = t3 + 34 = max(t,r3) + 73 + 734 = max(13,14) + 1 + 1 = 16.

Thus calculating value P(3,13) we will use the only estimate (15, 17) of set £(4,16).
According to (16) and (17) we obtain P(3,13) = {(p3(max(13,73)+73)+15,17+743)} =
{(ps(15) +15,18)} = {(15,18)}.

Set (3, 13) is defined starting with value v calculation: v =t 434 = 13+ 1 = 14.
Thus, during calculations we will use estimates from set F(4,14) = {(0, 15)}. According
to (18) and (19) we get:

Q(3, 13) = {(903(H1aX(15+’Y473, 7“3)+T3>+0, max(15+7473, 7“3)+T3)} = {(@3(17), 17)} =
{(20,17)}.

Finally we obtain: E(3,13) = ef f((15,18) U (20,17)) = {(15,18), (20,17)}.

The consecutive number 6 is assigned to the estimate (15,18), which is constructed
on the basis of the estimate having number 3, the calculations with the help of (17)
correspond to object o3 servicing in voyage A, . The record has been entered in the table
cell as (15,18)¢3 4.

Succeeding number 7 is assigned to the estimate (20, 17), the estimate being construct-
ed from the estimate of number 1, and the calculation using formula (19) corresponds
to object o3 servicing in voyage A_. The record has been entered in the table cell as
(20,17)7.1,—.

The remaining estimates entered in table 2 have been calculated in a similar manner.
The empty cells of Table 2 correspond to the unfeasible pairs (k,t).

Thus we have revealed that set E(1,2) contains one estimate only. According to (21),
the single efficient estimate in the considered example is (41, 32); thus, there has been
defined an optimal strategy for both criteria considered here. The estimate indices that
have been entered in Table 2 allow easy finding the strategy, which generates the estimate:
objects 1, 3,4 to be served in the direct voyage; object 2 to be served in the return voyage.
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Table 2: E(k,t) values

t\k 1 2 3 1
2 (41, 30)13.12.+
3 (41,29) 106,
(45, 28)11’77_
1 (41,29) 19,6,
13 (15,18)6.5+
(20, 17)7’17_
14 (15, 18)55.+ (0,15)10.+
15 (0,16)2.0
16 (15,17)3.0
21 (190, 25)g 5 +
22 (105, 23) 40+
23 (120, 24)5.0.+

To estimate the computational complexity of the proposed algorithm we denote the
maximum of the values v;_1 ;, vjj-1, T, 7 = 1,n, by @, and the maximum of the values r;
by Q*, j = 1,n. It is evident that servicing objects of the set O,, = {01, 02, ..., 0,} can be
accomplished not later than M = 3Q+Q*. The second coordinate of every estimate taken
from any set E(k,t) does not exceed M. Hence there are not more than M estimates in
each set E(k,t). The number of estimates of each set P(k,t) and Q(k,t) constructed for
E(k,t) calculation also does not exceed M. Consequently, we need no more than linearly
depending on M number of the elementary operations for each set E(k,t) synthesis.
The first argument in the sets E(k,¢) can take n values, the second argument — no
more than M values. The upper bound for the number of constructed sets E(k,t) is
the product nM. Thus, the number of elementary operations necessary to construct the
set E is bounded above by the value of nM? order. So the proposed algorithm of efficient
estimates synthesis in problem 2 is pseudo-polynomial.

5. Computational complexity of the problem 3

It is known [21], that if all ready dates r; are equal to zero and the individual penalty
functions ¢;(t) are linear, j = 1,n, then problem 3 has polynomial solution. However,
one cannot avoid the fact as follows.

Theorem 2. If all individual penalty functions are linear and there exists the single
object with non-zero ready date, then problem 3 is N P-hard.

The proof is that N P-complete partition problem [15] has to be polynomially-time
reduced to problem 3 that satisfies the theorem conditions. The partition problem is
given as follows. There exists a finite set of natural numbers W = {wy, ws, ..., w,}; the
question arises whether it is possible to split this set into two disjoint subsets so that the
sum of the numbers from the first subset is equal to the sum of the numbers from the
second subset. The positive answer obviously necessitates the condition under which the
number from the set W does not exceed the half of the sum of all numbers . It should be
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also noted that the problem remains N P-complete in the case when all elements of the

n
set W are even numbers. Further we assume that > w; = 2U, all w; are even numbers
i=1
and w; < U, i=1,n.
The initial data of the partition problem allow us to construct a problem where
processor P during the successive voyages Ay and A_ is to serve stationary objects

01,09, ...,0,12 located in one-dimensional working zone L; the object o; is assumed
to be located at point 7, the values 7,_1,,7i-1,% = 1,n+ 2 are purported equaling
to 1. The objects 0; and 0,42 of the set O, o = {01,090, ...,0441,0n42} are considered

as "significant"; the remaining ones being assumed "ordinary". Servicing duration of
an ordinary object 0;,; is assumed to be equal to w;, i = 1,n; hence the total time
expenditure for servicing all ordinary objects is equal to 2U. Servicing periods of significant
objects are the following: 7, = U+1, 7,40 = 1. Individual penalty functions for significant
objects are defined by the formulas: p;(t) = t; p,12(t) = Dt, where D is sufficiently large
constant, its value to be defined below. The individual penalty functions of the ordinary
objects are supposed to be identically equal to zero. Each object o0;, j = 1,n+1 is
assumed to be ready for servicing starting from the moment ¢ = 0; assuming that
Tnie = (n+2)+U.

Servicing of the significant object 0,.5 may commence at the moment r, 5 if and
only if the processor consumes the time that does not exceed U envisaged for servicing
the remaining objects in the direct voyage, bearing in mind that all movements of the
processor in this voyage use up n + 2 units of time.

Let us assume that servicing of the object 0,15 commences at the moment 7,,5. Then
the object penalty is equal to D(n+3+U); the object 0 is not served in the direct voyage,
and time consuming service of the ordinary objects under the given circumstances equals
to U — ¢ time, where ¢ is a number from the set {0,1,...,U}. The fact that servicing
of the object 0; is accomplished at the moment T = 2n 4 3U + 5 + ¢ is easily calculated
for the case. The total penalty for all objects involved equals to D((n+3)+U) +T.

It should be noted that T < 2n + 4U + 5 and we assume that D = 2n + 4U + 6.
The values thus prescribed prompt that the total penalty for all the objects does not
exceed D(n + 3 4+ U + 1); this is true in case the object o; is being served in the direct
voyage or the time exceeding U is consumed for ordinary object service in the direct
voyage; otherwise, the object oy is being served in the return voyage, and the time not
exceeding U is consumed for the ordinary object service in the direct voyage, then this
penalty is less than D(n+ 3+ U + 1).

Service problem thus constructed where total penalty criteria to be minimized, reveals
that the object 0y is to be served in the return voyage and the time U — ¢ is thought to
be consumed for the ordinary object service in the direct voyage. Total penalty for all
objects becomes equal to D(n+ 3+ U) + 2n + 3U + 5 + €. Lower estimate for the total
penalty is the value D(n + 3 + U) + 2n + 3U + 5 obtained when ¢ = 0 . We are in a
position to obtain this estimate provided that there is a subset of the ordinary objects
with the total servicing duration U, i.e. if the initial partition problem has a positive
answer.

The above model is mathematically reduced in the polynomially dependent time of
input data available. The theorem has thus been proved.
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6. Conclusion

Here we have presented a mathematical model of servicing where a moving processor is
to serve a set of the stationary objects positioned within the one-dimensional working
zone. We have defined the optimization problems with one and two criteria to evaluate
the quality of servicing schedules for the set of the objects. These criteria correspond to
situations arising in operative management of fuel supply to diesel-electrical complexes
afloat or dredgers.

We have developed the algorithms based on the dynamic programming and the Pareto
concept; the implementations of these algorithms have been demonstrated on numerical
examples.

We have shown that the algorithm for the problem of processing time minimization is
polynomial, and that the problem of total penalty minimization is N P-hard. Correspond-
ingly, the bi-criteria problem with the mentioned evaluation criteria is fundamentally
intractable, computational complexity of the schedule structure algorithm is exponential.

The entailing circumstances considered are not practically critical, since the number
of stationary objects does not exceed 13—-15 units in existent production systems allowing
for the construction of an optimal schedule within an hour. In the meantime, there may
essentially exist larger amount of objects in production systems other than stated in view
of the considered mathematical model, and, as the case may be, it will call for efficient
heuristics approaches (see [22-25]) to seek optimization solutions.
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IlocTpoenue pacnucanuii 00Cay>KMBaHUS CTAITMOHAPHBIX
00bEKTOB MepeMenialonmMcs B OJHOMEPHOII 30He IMTPOIeCCOPOM

Hynmakuna H. A.) Koran /1. U., ®enocenko FHO. C.

Boaoicexuti 2ocydapemsennovili yrusepcumem 6001020 MPaHcnopma
603005 Poccus, 2. Huorcrnuii Hoszopod, ya. Hecmeposa, 5a
Mocxoscruti 2ocydapemeenmsili ynusepcumem npudbopocmpoenus u uh@Gopmamury
107996 Poccuas, 2. Mockea, ya. Cmpomvirxa, 20

KuroueBbie cjioBa: Teopusl paclucanuii, JUHAMIYCCKOE ITPOrpaMMUPOBAHEE,
npuanun [lapero, N P-Tpy1HOCTb, MHOTOKPUTEPUAIbHAS ONTUMUBATIINS

PaccmarpuBaercs MmaremMaTudeckas MOJIE/b, B KOTOPOH MOOMJIBHBIN ITPOIECCOD, TTepe-
MeIasiCh B IIpeJiesiax OJHOMEPHON paboUeil 30HbI, peajn3yer 0gHO(MA3HOE OJIHOKPATHOE
00C/Ty2KUBaHUE PACCPEIOTOYCHHON B IIPEJIEIax ITON 30HbI COBOKYITHOCTH CTAIIMOHAPHBIX
0bbekToB. B mporiecce mepemertiennit B pabodeil 30He IIPOIECCOp COBepIIaeT JBa peii-
ca — upaMoii u obparubril. [Ipr 9TOM YacTh 00HEKTOB 00C/TYKUBAECTCA B IIPAMOM peiice,
ocrajbHbIe 00BEKTBI — B obpaTHOM peiice. ObcmyKuBaHue JTIOO0T0 00bEKTa Helb3sT Ha-
JaTh paHee MPeIIUCaHHoro eMy cpoka. C KazKIbIM 00bEeKTOM aCCOIMUPOBAH WH/IUBHULY-
AJILHBIH TITpad, ABJILAIONINICT MOHOTOHHO BO3pacTaolieil (hyHKIMeh OT MOMEHTa 3aBep-
IIIeHNs ero o0C/IyKuBaHus. B KadecTBe MUHIMU3UPYEMbIX KPUTEPUEB OIEHKU KadecTBa
pacrucanuiit 00CIyKMBAaHWS BBICTYIAIOT MOMEHT 3aBepIleHnsi paboT MO BCel COBOKYII-
HOCTH OOBEKTOB M BeJMYMHA CyMMapHOro mrpada mo HuM. CTaBaTcs WM MCCIe Ty 0TS
ONTUMHU3AIMOHHDBIE 38JIa9l C OJHUM U JBYMS KPHUTEPUSIMH OIEHKHU, KOHCTPYHUPYEMbIe
peIaoIe aJrOPUTMbl OCHOBAHBI Ha IPUHIIAIIE IUHAMUYIECKOTO MPOIPAMMUPOBAHUS W
kourneriuu [lapero; mocsieoBaTeibHas UX pean3alius TPOJIEMOHCTPUPOBAHA HA HUC-
JIEHHBIX TIpuMepax. [[okazaHo, 9TO aJrOpuT™M perreHns 3a/a9i Ha ONTUMAaJIbHOE ObICT-
POJIeIiCTBHE SBJISETCA MOJUHOMUAIBHBIM, a 3aJada IMOCTPOEHUsT PACIIUCAHUsT OOC/TYKH-
BaHUs, 00ECIICYNBAIONIEr0 MUHUMUBAINIO BEJIMIHHBI CyMMapHOro mTpada 10 BceM 00b-
ekTaM, siBiasercsd N P—rpyanoit. CooTBeTCTBEHHO OMKpUTEPHAIbHAS 3a/1a9a ¢ YKA3aHHbI-
MU KPUTEPUSIMU OIEHKU OTHOCUTCS K YUC/IY TPY/IHOPEIIaeMbIX, BHIUYUCIUTEIbHAS CII0XK-
HOCTH aJITOPUTMA ITOCTPOEHUST PACITUCAHUST OOC/Ty JKUBAHUS sIBJIETCST SKCIIOHEHITNATBHOTA.
Moyiesib onmchIBaeT MPOIECChl CHAOXKEHUSA TOILJIMBOM ILJIABYUUX JIM3€/Tb-3ICKTPHICCKIX
KOMILJIEKCOB, OCYIIECTBJ/IAIONINX PYCIOBYIO JOOBIYY MHEPTHBIX CTPOUTEIbHBIX MaTepua-
JIOB B KPYIHOMACIITAOHBIX paffoHax pedHbIX IyTeil. Mojenn u onTuMu3aiinoHHbIE 3a-
Jladu, MMOJI00HBIE PACCMATPUBAEMBIM, IIPEJICTABJISIOT UHTEPEC JJjis TaKUX [PUJIOXKEHUII,
KaK yIpaBJIeHUe J03aIPABKOIl TOILJIUBOM OPOUTAIBHON TPYIIUPOBKU CIIyTHUKOB U Ma-
TUCTPAJTBHBIX IPAXKIAHCKUX CAMOJIETOB.

Crarbs myOJIMKyeTCsl B aBTOPCKON PeTaKIni.
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PaccmarpuBaercs cucrema JIByX JIOTUCTUYECKUX yPABHEHUIT ¢ 3alla3/IbIBAHUIEM,
CBA3AHHBIX 4epe3 3alla3jpiBaioliee yipasienue. [Jokazano, 4To npu J10CTaToOvHO
60JIbIITOM KO3(DPUIMEHTE 3AIIa3/bIBAIOIIEr0 yIIPABJICHUS 3a/1a9a O JUHAMUKE UC-
XOJTHBIX CUCTEM CBOJUTCH K WCCJIEJIOBAHUIO HEJIOKAJIBLHONW JTUHAMUKHU CIIEITUATBHBIX
ceMeiiCTB ypaBHEHUI C YACTHBIMU [TPOU3BOIHBIMU, HE COJEPKAIINX MAaJible U 00JIb-
e napameTpbl. Ha ocHOBe mipeicTaB/IeHHBIX PE3Y/IbTaTOB YUCACHHOTO UCCIIEI0BaA~
HUsI TAKUX yPaBHEHUI OOHAPY?KEH DS/l HOBBIX U UHTEPECHBIX JIUHAMUIECKUX SBJIE-
uuit. PaccMoTpeHbl cucTeMbl 13 TpeX JIOTUCTUYIECKUX YPABHEHUH ¢ 3aIa3/IbIBAHUEM
¢ nByMs TunaMu «inddy3noHHbIX> cBs3eil. iist KarXk 101t n3 3TuX cucreM ObLIN TaK
2Ke TIOCTPOEHBI CIIeNaIbHBIE ceMeliCTBa yPaBHEHUM C YaCTHBIMU ITPOU3BOIHBIMU, HE
coJiepaKaliye MaJIbIX 1 H60JIbInX napaMerpoB. [IpuBesennr pe3yabTaThl NCCe10Ba-
HUS JIMHAMUYECKUX CBONCTB MCXOMHBIX ypaBHenuil. [lokazano, uro paziautue B 1u-
HaMHKe PACCMOTPEHHBIX CUCTEM TpeX YPaBHEHUIT MOXKET HOCUTL IPUHITUINAJILHBIX
XapakTep.

BBeaenune
B pab6ote [1| paccmoTpeno JorucTrtdeckoe ypaBHEHHE ¢ 3ara3/blBAHIEM U C 3allas3-
AbIBAIOIITNM ynpaBﬂeHHel\l

u=r[l—ult—T)u+yult—"h)—u. (1)

B zamagax mareMaTnaecKoil 9KOJIOTHH KOI(MMUIIUEHT 7 HA3BIBAIOT MAJIbTY3UAHCKIM KO-
s dunmentom, T — BpeMs 3ama3/IbIBAHISA, 7 — KOIMDPUIMEHT 3aI1a3/IbIBAIONIEr0 YIIPaB-
JieHns, h — BpeMeHHas 3a/Iep:KKa 3al1a3/bIBaIoIero yipasiaeHus. Bee atu koaddurimen-
ThI ITOJIOZKUTEJ/IbHBI. PaCCManI/IBa.HI/ICb pemeHund (1) C IIOJIOZKUTEJIbHBIMU HaYaJIbHBIMU

!Pabora BeIIOIHEHA IpHU TOAIep:KKe mpoekTa Ne 984 B paMkax 6a30BOH 9aCTH TOCYIAPCTBEHHOTO

saganusg va HUAP Apl'y.
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(npu mekoTopom t = ty) dyuximuamu ¢(s) € Ci_py), rae H = max(T, h). Ogesno,
qro pemtenne (1) ¢ Takoil HauaaLHON (DYHKIMEH OCTAETCS MOJIOKUTEJBHBIM MIPH BCEX
t > to. B [1] uccnenosannsl qunamuyaeckue csoiictsa (1) mpu ycIoBusix, KOTja mapaMerp
~v OO0 SIBJISIETCA ACUMIITOTHYECKNA MaJIibIM, JIMOO acCUMIITOTUYECKH Oo/bIuM. B HacTo-
el paboTe pacCMaTPUBAETCsl CUCTEMa M3 JBYX U U3 TPEX CBSI3aHHBIX JIOTUCTUIECKUX
yPaBHEHUI C 3ala3/IbIBAHUEM U C 3aIa3/IbIBAIONINM yipasienrneM. Hanbosbimuit nnrepec
[IpEJICTAB/IAET U3yUeHUe CUTYAIUU, KOT/ia KOI(MMUITMEHT Y ABJISAETCS JTOCTATOTHO 0O0JIb-
M

> 1. (2)

B §1 uccieoBana cucrema u3 JBYX TaKUX yPaBHEHWIA, a B §2 — U3 TpeX, MPUIEM C
Pa3/JIMIHbIMU CBA3AMUA ME2KAY OTAC/IbHBIMU YpPaBHEHUAMMU.

OTrmeTuM, YTO MCCJIEIOBAHUIO HEJTUHEHHBIX CUCTEM YPaBHEHUIl C 3aIa3/IbIBaIoNIM
yIIpaBJIEHUEM TIOCBSIIICHA 3HATUTEIbHAs tuTeparypa [2-34]. [Ipuvensiemast B HacTosIei
paboTe MeTOIMKA UCCaeI0BaHnst 6asupyercs Ha pe3yibratax pabor [1,33-36].

§]. ,Z[I/IHaMI/IKa CUCTEeMbl N3 [BYX CBA3aHHDbBIX JIOTUCTHUYECKUNX
ypaBHeHI/Iﬁ C 3alla3JblBaHNEM

[To-BumMomy, HAMOOJIBININIT UHTEPEC MPEJICTABIISIET PACCMOTPEHIE CUCTEMBI U3 JIBYX
OJ/INHAKOBBIX CBI3aHHBIX yPaBHEHU

(3)

Bce xosddunuents B (3) u navanbnble GyHxnun ¢(s), 1(s) € Cl_p o) MOIOKUTEIBHE,
03TOMY pemteHust Uy (t), vy (t) (uu(t + 8)|imt, = ©(5), vy(t + 8)|1=t, = ¥(s)) ocrarorcs
[OJIOZKUATEJIBHBIMU LPpU ¢ > 1.

Yesosue (2) OTKPBIBAET MyTh K IIPUMEHEHUIO ACUMIITOTHIECKUX MeTOJI0B. PaccMoT-
PUM OTJIEJIBHO JiBa CJiydasi. B epBoM U3 HUX BMecTe ¢ ycjioBueM (2) BBIIOJIHEHO YCJIOBUe
h < 1, a Bo Bropom — mapametp h > 0 dukcuposan (mpu v > 1).

1.1. ITycts e = 7! (0 < e < 1) w 1y mapamerpa h BLITOJHEHO yCJIOBHE

h = ce. (4)

Tem campim hy = ¢. CopmynupyeM JiBa OCHOBHBIX YTBEDXKJCHHUS O JTHHAMUICCKHUX
cBoiicTBax cucremsl (3) npu yciosusx (2) u (4). Huke depes u,(t), vy(t) obosmada-
I0TCs PerieHns (3) ¢ IOJIOKUTEe/IbHBIMI HauaIbHbIME GyHKIuaMu ¢(s), 1(s) € Cl_p g,
33JaHHBIMU IIPU HEKOTOPOM t = T.

Teopema 1. ITycmo 0 < ¢ < 1. Qukcupyem npoussosbHO NOAOAHCUMEALHBLE HAMANDHDLE
dyrxuuu ©(s), Y¥(s) € Cropyp). Toeda das wagcdozo snavernus napamempa L > 0 npu
Kaotcdom t € (to,to + L] evinoaneno ycaosue

dim (u(t) = vy (1)) = 0. (5)

Orcroza ciiefiyer, 9o OnpeIesIsioNyo POJih B JIMHAMUKE CUCTEMBI (3) IIPH yCJIOBUSIX

(2), (4) m upu yeqoBuu 0 < ¢ < 1 urpaer noBejieHre perreHuii JIOrHCTUIeCKOrO Y PaBHEHUs
C 3aIa3/IbIBAHIEM

t=r[l—zt—T). (6)
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D10 ypaBHeHHe JOCTATOYHO XOPOIo u3ydeHo [14,16,17,37]. Ero ycroitunsbiMu pereHu-
SMHI MOTYT OBITH TOJIBKO COCTOSHMA paBHOBecus Lo = 1 (mpu r1" < T) mm ycroituusoe
(Memyrenno ocuumpyomee [17]) nepuomudeckoe peurenue xo(t) (upu r1" > 7). Orme-
TuM, 4To 11pu ¢ = 0 1 npu r1’ > T Kaxk1ad u3 QyHKImil (B cIydae OOIMIHOCTH HO/I0KEHS)
crpeMutTcst K Zo(t + const), HO He 00s3aTEIBHO Uy, (t) — v,(t) — 0.

Teopema 2. [lycmv ¢ > 1. Tozda 6 oepanuvennoti npu € — 0 obaacmu pasosozo npo-
empancmea C = Cl_p g x Cl_gg cucmema (8) ne mosicem umems ammparmop.

JlokazaTesibcTBO 9TUX yTBEPZXKIACHHUN TOBOJIBHO IpocToe. OHO OCHOBAHO HA TOM, YTO
npu ycjopun (4) MOXKHO MCIOJIB30BaTh cooTHommenns u(t — h) = u(t) — hu(t) + O(h?),
v(t —h) =v(t) — ho(t) + O(h?). Torga cucrema (3) B IVIABHOM MMeeT BH

(L) ()= (G- () () @

[Tpm ycnosum 0 < ¢ < 1 pemenus JIMHEHHONW CUCTEMBI

(2 5)e- (5 4)n

CTpeMsATCs K pelteHuto Buja const - (1), a npu ¢ > 1 — K pemenuio Buja const-exp(2 (¢ —
1)~te ] (1)). Ucnomp3syst 3Tu cOOTHOIMEHNS, JTOKA3ATEIBCTBO TeopeM 1 u 2 3aBepina-
eTcs 0e3 Tpya.

O6paruM BHUMaHWE, YTO B YCJIOBUU TEOPEMbI 2 <«HEYCTOWIUBOCTb» PelIeHuit
(up(t), vy(t)) cucremsr (3) HOCUT «B3pPBHIBHOW» XapakTep: Hpu € — 0 OHH 33 acCHMII-
TOTUYECKH MaJIblii OTPE30K BPEMEHHU MOKUJAI0T OPaHUYeHHYIO ((DUKCHPOBAHHYIO TIPU
e — 0) obacTb (hazo0BOro MPOCTPAHCTBA.

1.2. Huke npejmosiaraercs, 9ro napamerp h > 0 — pukcupoBan. 31ech CyIIeCTBEH-
HO UCIHOJIb3YEeTCs METOIUKA, passuras B [29,38-40]. Ona 6asupyercs Ha IPUMEHEHUH CTIe-
[AJIbHOIO ACHMIITOTUYIECKOTO METOJa JIOKAJBLHOIO aHa/i3a — MEeTOJa KBa3UHOPMAJIb-
HBIX (bopM, paspaborannoro B 29, 32,41, 42|. OCHOBHBIM DPE3yJIBTATOM 3TOrO pa3/elia
SIBJIAETCSI TIOCTPOEHUE CHENUabHBIX HEJIMHEHHBIX CHCTEM YpPaBHEHUil mapabomIecKoro
U BBIPOXK IEHHO—TIapabOIMIeCKOr0O TUIIA, HE COJEPZKAIINX MaJIbIX U DOJIBINNX TapaMeTpoB,
HeJIOKaJIbHAsl JIMHAMIKA KOTOPBIX OIPEJIesieT B IJIaBHOM IMOBEJIEHNE PeIleHnil NCXOIHOM
cucrembl (3) B orpaHuveHHoii npu v — oo (¢ — 0) obsactu HazoBoro MpoCTPaAHCTBA
C= C[,Hm X C[,Hm.

[Tocse nesnenust Ha 7y cucreMa (3) mpeobpasyercst K BUILY

eu=cr[l —u(t—T)u+v(t —h)—u, ()
ev=cr[l —v(t—T)v+ult—nh)—wv.

Paccmorpum cucremy JUHEHHBIX YpaBHEHUIT
ew=v(t—h)—u, ev =u(t —h) —v. (10)
Ee xapaxrepucruiecknii KBa3UIIOJTHOM UMeeT BHU/I

e2X% + 2e\ + (1 — exp(—2Ah)) = 0. (11)
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DTOT KBa3UIIOJMHOM UMeeT GECKOHEYHO MHOI'O KOPHEH, BENIECTBEHHbIE YacTH KOTOPBIX
cTpeMATCs K HyJI0 npu € — 0, U He UMeeT KOPHEl ¢ I0JI0KUTETLHBIMEI 1 OTAeIeHHBIMI
or nHysst (npu € — ) BEIECTBEHHBIME YaCTAME. TeM CaMbIM PeaTu3yercs KPUTUIeCKUi
B 3aj1aue 00 ycroiitunsocTu pemtennii (9) ciaydail 6eckonedHoit pasmepHocTr. Pe3yibrarst
O CYIIeCTBOBAHMY MHBAPMAHTHBIX MHTEIPAJbHBIX MHOroobpasmii [2,26,27] B (9) 3mech
y’Ke MecTa He nmeroT. B [28,29,31,41] paspaboran creruajbHbIil METOJ HCCIIeI0BAHUS
JIMHAMUKH JIJIsE TAKOTO Kjiacca cucreM. [Ipuvennm ero jyist usydenusi cucrembl (9). Cha-
Jajia JleTajibHee PacCMOTPUM perenue JimHelinoit cucrembr (10). Acumnroruka KopHei
M2(e) (k=0,41,+2, .. .) xapakTepucTuieckoro ypastenus (11), BemecTBEHHbIE YacTH
KOTOPBIX CTPEMSTC K HYJIIO 1pu € — 0, UMeeT BH/I

orki  2mki €2
1 _ 21.2 . 3
)\k(s)—T—e 2 _ﬁ@ﬂ k* —2nki) + O(e”)
n
k+1Dmi  (2k+1)mi &2 :
\(e) = - —e ﬁ((zk +1)%7% — 2(2k + 1)mi) + O(e%).

s coorercrByromux srum KopHasM pernennii (10) BepHb hOpMYJIBI

( up (t, €) > — &exp(AL(e)t) K 1 ) +O(€)} ’

Ukl(t, 5)

< Z],Z((: 3 ) = exp(Aj () t) K _11 > +0(s)] ,

re & U 1 — NPOU3BOJILHBIE KOMILIEKCHBIE KOI(DMDUITMEHTDI.

OTMeTnM, 9TO aCUMIITOTHIECKHE (DOPMYJIBI TSI )\,lg’z(g) BBITIOJTHSTFOTCSI HEPaBHOMEPHO
o Homepy k. Hac Gyjer unrepecoBaTh NMOBeJIeHNE STUX KOPHEH ¢ HOMEpaMu k TOpsiIKa
e~1/2 B cBs3u ¢ 91IM 0603HAYMMM Yepe3 z IPOM3BOIBHOE BEIIECTBEHHOE UHCIIO, & Yepe3
0, = 0(z,e) obozHauuM TaKywo BeJIMIUHY U3 uHTepBasia |0, 2), g KOTOPOii BhIparkKeHHe

2612 4 0, gBngercs HedeTHBIM TIeJbIM. PaceMoTpuM Te HOMepa k, KOTOPbIEe NMEIOT BIJL
k= (2672 +6,)m, rne m = 0,£1,£2,... Toraa

2mma

Mi(g) = ; (2272 +6,)(1 —eh™Y)—

2me” “1/2 L g \22 (e Y2 1 O(e?
-3 (m(ze™? + 6.)°m” —i(ze7"? + 6.)m) + O(£?),
A(e) = w(%w 1 0.)(1—ehY)—

2
— ;T—;?) (77(2571/2 +60.)%(2m +1)? — 2i(ze Y2 + 6.)(2m + 1)) + O(e?).

Bsejsiem B paccmoTpenue (hopMasbHBINR PsiJT

( z ) = i {gm(T) ( 1 >exp {QTi(zg—lﬂ +6.)(1 —5h‘1)t} +

m=—0Q

+ T (7) ( _11 ) exp [M(z£_1/2 +6.)(1 - 5h_1)t] }+

h
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riae 3aBucUMocTb oT t dbyskimit ui(t, 7), vi(t, 7), ...— nepuogmyeckas, T = et. [loa-
crasum (12) B (9) u Gyaem npupaBHUBATH KOI(DOUIMEHTHI TIPU OJIMHAKOBBIX CTENEHSIX
g, cuntasd, 4ro 0, durcuposano (e 3aBucur or ). Torma, cobupast ko3 duIUEHTHI
IIpU IIEPBOM CTEIEHU £, U3 YCJIOBUN Pa3pelIuMOCTHU IIOJIyYalOlUXCcd YPaBHEHUN OTHO-
curesibHO U1 (t,7) u v1(f,7) B yKasaHHOM KJiacce QYHKIUI TPUXOAUM K OECKOHETHOM
cncreMe OOBIKHOBEHHBIX (D bEPEHITHATBHBIX YPABHEHNIT OTHOCHTETBHO &y, (T) 1 1)y (T)
(m=0,£1,£2,...). Ilycrs

27rmz'x - = (2m + Dmiz
m_Z:OO Em(T) exp , (T, r) = m:z:m N (T) €XP
rie ¢ = (262 +0,)(1 — eh™") t. Homoxum w = w(r, ) u
Fa(w) =rw[l —w(r,z — A)]. (13)

Kaxk oka3biBaeTcst, oIy YeHHY IO Jist &y, (T) U 1), (T) GECKOHEUHYIO CHCTEMY YDABHEHUI
MOKHO KOMIIAKTHO 3aIllCaTh B TEPMHUHAX BemecTBeHHbIX dynkiwmit &(7,x) u (7, x):

9) 1 22 92
N RN P A Y (14
0 1 2 92
= - [Pa(E+m) = Fa(€ = m)] + 2 o7, (15)
5(7—’ T+ h’) = 6(7_7 37)7 n (7—’ T+ h) = _77(7_7 x)? (16>
e
A =Tz 4+0,)(1 —ch™). (17)

OcHOBHOE yTBEpZK/ICHIE COCTOUT B TOM, UTO Kpaesasd 3a1a4da (14), (15), (16) urpaer
POJIb HOPMaJILHOM (hopMbI 71t cucTeMbl (9), T.e. ycraHoBuBIIHecs peskuMbl B (14) — (16)
OIPEJIEIIAIOT JIMHAMUKY UCXO/HOf cuctembl. Copmynupyem pesysbrar 60Jsiee TOTHO.

Teopema 3. IIycmv npu nexomopuix 3uavenusr z € (—o00,00) u by € [0,2) kpaesas
3adava (14) — (16) umeem oepanuvennoe npu T — oo pewenue (§o(T,z), No(T,2)) U
nYCmov NocAedosamenbHocmy &, — 0 onpedeasemca us ycaosus 0,(e,z) = 0y. Tozda
cucmema ypasrenud (9) umeem acumMnmomuueckoe no HeGA3Ke NPu €, — 0 pewenue

(u(tv 8>7U(t7€)) = (50(7_7 1;) + 770<7—7 l’), 50(7-’ x) - 7]()(7—7 .T)) + 0<1)>
20e T =¢ept, v = (za}l/z +00)(1 — g, h bt

OTMernM, 9TO IPKU HEKOTOPBIX JONOJHATENIBHBIX YCAOBUAX THUIIA OOIIHOCTH IIOJIOZKE-
HIA MOYKHO 0DOOCHOBATDL PE3YJILTATEI O CYIICCTBOBAHUHM U YCTONYIMBOCTH HEPUOANICCKIX
perennii cucrembl (9), GJU3KUX K MEPUOMIECKUM DeIlleHnsM KpaeBoil 3ajaqan (14) —
(16).

Kpaesyto 3agmaay (14) — (16) ymobuo nepenucars B repmunax U u V. Tlosoxum B
(14) — (16) U(r,z) = &(yx) + n(7,x), V(1,2) = &(7,2) — n(7, x). Torma mpuxommM K

cuCTEMe ypaBHEHUN

oU 1 |02 U
5 = Fal) + 2220 o (18)
v o1 02 v
oo = FalV) + 2 22(2hn) 7! -7 (19)
U(r,xz+h)=V(r,z), V(r,xz+h)=U(r ), (20)
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rje mapamerp A onpejesen B (17).
13 Teopembl 3 TOrIa CJIEAyeT, U4TO

u(t,e) = Ulet, (2672 +0.)(1 — eh™)t) + O(e),
v(t,e) = V(et, (262 +6,)(1 — eh™1)t) + O(e).

1.3. Boaee o6mas KoHCTpyKIus. LeHTpaabHBIM MOMEHTOM JIJIs IOJIy YeHUs KBa-
suHOpMaJIBHON (hopmbl (14) — (16) 6bLTO crienua bHOE HpPeICTaBIeHTe KOPHEil XapaKTe-
pHUCTHYECKOro KBazunomHoma (11), Koropbie, BO-TIEPBbBIX, CTPEMSITCS K MHUMOI OCH [TpU
¢ — 0, U, BO-BTOpLIX, MapaMeTp, XapaKTepU3YIOMUii HOMEp pacCMaTPUBACMOIO KOPHS
ACHMIITOTHYIECKU BeJMK Ipu MaJjbiXx €. Kak okasbiBaercs [41], UCI0/b30BaHHBIE BbIIIE
IpeJICTaBICHNs I TAKAX KOpHeil He eauHCTBeHHbL. 1lokaxkeM 310. OUKCHPYeM IIpOus3-
BOJILHO HOMEp 1 > 1 M IPOM3BOJILHBIN HAOOD BEINECTBEHHLIX HEHYJICBLIX 9HCET 21, . . .,
2. Hepes 0; = 6;(z;,¢) € (0,1] obosnaunM Takyio BeJIMUHHY, [ KOTOPOil BBIpazKe-
nue zje /2 + 0; asnserca nenpiv. g xopreit AL (g) u A2 () ypasnenus (11) moxkHO
UCIIO/IL30BATh IIPEICTABICHIE

O _ IMET B
M(E) = T D (e P O)my = S5 ) (e y)m
J=1 j=1
n 2
- 5h732772 (Z ZjTTLj) + ...,
j=1
i TEl —
Akle) = W Y (e P 0)(2my + 1) - el (zie 2 4 60;,)(2m; +1)—
J=1 j=1
em? [ ?
— g | 2o aCm 1) | b g my = 0,41, %2,
7=1

Awnajyiorom dopmasibHOro psiia (12) sapisiercss (popMaJibHbI Psij

n

(- (D)5 $ e mmiiomn s e

j=1 mj=—o0

I \ v~ w— 'y .
i < —1 > Z Z Do oo, €XP TR H(i(2my + Dy + ... +(2my, + D) + ...

j=1 mj=—o0
rie 7 = et, x; = (2672 +0;)(1—eh™1)t. Hoacrasnas 510 Bepazenue B (9) 1 TPOU3BO/S

CTaHJapTHbIC ,HeﬁCTBHH, IIPpUXOoJUM K CHUCTEeMe ypaBHeHI/Iﬁ OTHOCHUTECJILHO

(T, 21, .. ) = Z Z Emromn €XP[2TR TN (My 2y + - M),

j=1 mj=—o0

(T, oy, ..., xy) = Z Z Ny, €XPLTA ™ H(2my + Dy + ...+ (2my, + Day)].



378 Modenruposanue u ananusd ungopmayuonnuxr cucmem T.22 Ne3 (2015)

D1y cucreMy yao0HO 3anucarh B repymunax U = E+nu V = £ —n ¢ h-nepuojmdaeckumn
10 Ty, ..., T KPAEBBIMHU YCJIOBUSIMHU:

oU 1 (0 d\?
oV 1 (0 2\
e ECI)U(V) + (2h) (Zla_xl +...+ Zna—xn) v, (22)

e 7 = et, O, (W(r,21,...,2,)) = W (T, 21, ..., 2,)[1 = W(r,21 — 01, ..., 2 —0y)| 1
oj=T(z;e?+0;,)1—eh™) (j=1,...,n).
CdopmyupyemM UTOroBoOe yTBEpzK ICHHE.

Teopema 4. ITycmwv npu nexomopom n > 1 u nexkomopom nabope 6eu,ecmeenHbliy Yucen
21, ..., Zn Kpaesaa 3adava (21), (22) umeem ozpanuvernnoe emecme ¢ Npou3eoOHLMU
no T npu T > 19 pewenue Uy(T, z1,...,x,), Vo(T,21,...,2,). Toeda cucmema ypasnenui
(9) umeem acumnmomuueckoe no nesazke ¢ mownocmovro do O(e) pewerue

u(t,e) = Ulet,(z1e 24+ 00) (1 —eh™Dt, ..., (zae 2 +0,)(1 —eh™M)t),
v(t,e) = Vet (ze 2 +0)(1 —eh™Dt,..., (zae Y2+ 0,)(1 — eh™)1).

OrMernym, 9TO IPH YCJIOBHSX T; = (& KpaeBasd 3agada (21), (22) cBopaduBaercs B
PACIICIJIEHHYIO CUCTEMY JIBYX OJMHAKOBBIX IAapaOOIMIeCKIX YPABHEHNN 03 IPAHNIHBIX
YCJIOBUM
PW
ox?

oW _ quJ(W) + 20(2h) 7!
or h

1.4. YncjaeHnHoe uccJjegoBaHue.

[Tepeiinem k wmcsennoMy nccsenoBannio 3agaqdu (18) — (20). s sroro pazobbem
OTPE30K JUIMHBI i PaBHBIN [EPHOJLY 110 IPOCTPAHCTBEHHOI 1epeMentoil Ha N wacreii. 11

BBejIeM HeKoTopblie obosuadenus. [lycrs § = h/N, z; = (i — 1)d u

U(r) =U(r,2:), Vilr)=V(r,z;), i=1,2,...,N.
U3 ycnosus (20) nomydaem
Usn =V, Vign =0, (23)

Tenepnb armpokcuMupyeM BTOPYIO ITPOU3BOJIHYIO TIO IIPOCTPAHCTBEHHON ITEPEMEHHO C
IOMOITBIO BTOPO# pa3JIeJIEeHHON Pa3HOCTHA

2
_88 Z(T, T;) A Uit = 25? i UiH,
s
o*V Vi =2Vi+ Vi
R R

st anmpokcumarn dyskimn Fa(w), onpeenentoii popmy.ioii (13), Ham HEOOX0IIUMO
BuIIUCIUTh W (7T, z — A) B Touke z = x;. st sroro jpus kaxaoro i (1 =1,2,..., N) Mbl
HAXOJMM TaKOi HOMep j, uTo x; — A npunajiexkut nosyunrepsaiy (76, (74 1)6]. Hamee,
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V1

]

Puc. 1. Boamozkuble nukier B cucreme (24) — (26).

UCIHOJIb3Ys HOMEP OTpe3Ka J, ONpeJIe/INM, ¢ TIOMOIIbI0 paBeHCTBa (23), 3HaYeHHe KaKOi
u3 yukimit (U win V') HyKHO B34Tb, 1 0603Ha4nM €ro ();, Torua

1 . )
w(t,z; — A) ~ 5((5 — |z = A = jO))Q; + zi — A — j6|Qj11)

Fa(w(r,2:)) = FA(wi) = rwi(1 = 071((0 — |2 — A = jO))Q; + |wi — A = j8|Qj11)).
Taxkum obpazom cucrema (18) — (20) npeobpasyercst K BHLY

. 1

Us = 3 FA(U:) + 2°(2h8%) " Uiy = 2U; + Usa), (24)
. 1

Vi= 3 FA(V) + 2%(2h6%) 7 (Vie = 2Vi + Vi), (25)

U/L'JFNE‘//L" W+N5Ui i:1,2,...,N (26)

U dBJISIETCS y2Ke CHCTeMON OOBIKHOBEHHBIX Jud@epeHInaIbHbIX yPaBHEHNI.

Bamauda (24) — (26) wmccsrenoBanach IUCICHHO, TIPH (DUKCHPOBAHHBIX 3HAUYCHUSIX Ia-
pamMeTpoB

e=01 T=1, h=06, N =20,

[Ip1 U3MEHEHUN TTapaMeTpa 2, a mapaMeTp r OpaJjicd paBHBIM OJHOMY U3 3Hadenwmit: 1, 1.5
uim 2.

OkasaJsiock, 9To aTTpakTopamu B cucreme (24) — (25) MOTyT SIBISTHCA TOJIBKO COCTO-
sIHIE PaBHOBECHS WMJIN IIEPUOJINYECKUE PEIleHNs JBYX BHJIOB, N300paskeHHBIX Ha puc. 1.
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b b
W ALLARLAbIA,

U

<

Puc. 2. 2 =02, r=1. Puc. 3. VYBenmmuenume aMIInTy/Ibl
upu yBesndennu 3uadenus 1 Uy (T)
u Vi(r) mpu v = 1 ur = 1.5
z=0.2.

[Tpuaem Takme mepuouIecKre pereHnsi MOTyT COCyIecTBoBaTh. HazoBem To u3 mepuo-
JIMYIECKUX PeIeHnil, n300pazkeHHbIX Ha puc. 1, jyg koroporo U; = Vi, nepuoniecKkum
pelleHneM MepBOro THIA, a Jpyroe — IHepUOJMYEeCKUM peIleHneM BTOpOro Tuia. Pac-
CMOTPHUM HEKOTOPbIE U3 C/IydaeB OoJjiee mopobHO.

1. Ilycts 2 = 0.2. 1lpm Kaxkja0M U3 yKaszaHHBIX 3HAYEHU IapaMeTpa I B CHCTEMe
YCTONYMBBIM SIBJISIETCS EPUOJIMIECKOe pelerue Broporo tuna (pu r = 1 ur = 1.5
NpOEKIu nX (a30BbIX HOPTPETOB Ha IIocKocThb U1V m300pakeHbl Ha puc. 2 u puc. 4
COOTBETCTBEHHO). MOXKHO OTMETHTD, UTO [IPU YBEJMYEHUH TAPAMETPA T TPOUCKXOUT YBe-
JITYeHne aMIUTUTY/IbI KOJIeOaH!il, YTO XOPOIIO JEMOHCTPUPYET PUC. 3, HA KOTOPOM H300-
paxkena 3aucuMocTb byukmuit Uy u V) or 7 pu r = 1 u r = 1.5. Kpome Toro, kaxoe
U3 9TUX PEIIeHUIT sABJIgeTcs Oerymieil BOJHON, 9TO JeMOHCTPUPYET puc. 5 st OyHKITHiT
Ui(1) n dyuxmuit Vi(7) (i = 1, 6, 11, 16), noctpoennsix nipu r = 1. Ha puc. 6 nzobpa-
JKEHDbI PA3BEPTKH I10 ITPOCTPAHCTBEHHON MEPEMEHHON TTPU (PUKCUPOBAHHBIX 3HAYCHUAX T
1 3HaYeHNAX ITapaMeTpa 7 paBHBIX 1, 1.5 1 2 cOOTBETCTBEHHO.

2. Amnajornunbie rpadurn ObLtu mocTpoenbl npu z = 0.125. Ilpu sToM 3HaveHUn
Z B CHCTeMe YCTOWYHMBBIMU SBJILIOTCS pellleHns meporo tuma. Ha puc. 7 BHaHO, 9TO
AMILIUTY/Ia YBEJIUYUBAETCS [PU YBEJIUYEHUH [apaMerpa r. 3JeCh PelleHus TaKKe dB-
Jstrorest Gerymieit BostHoi (cM. puc. 8). PasBeprTka 1o mpocTpaHCTBEHHON IEPEMEHHOM
nzobOparkeHa Ha puc. 9.

3. Ymenbinenne 3navenns napamerpa 2z 10 0.007 mpuBesio K CHJIIBHOMY YCJIOZKHEHHUIO
cucrembl. [Ipu r = 1 ygamock HaifiTi BoceMb PEKUMOB BTOPOro Tuina (OHU H300pazkeHbl
Ha puc. 10). PasBepTka 07HOrO U3 peKMMOB MO IIPOCTPAHCTBEHHON MEepeMEHHON nMeeT
BH/I, N300parkeHHbIil Ha puc. 11. Haliiennble pernenns oka3aanuch He TVIAIKAMU, 9TO TO-
BOPUT O HEJOCTATOYHON MEJIKOCTU Pa3dMeHus, MOITOMY JajbHENIne pacyeTbl B 3TOM
ciyudae (z = 0.007 u r = 1) upooausuck npu N = 100. Vianock HaflTH YeTbipe yCToii-
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v, .
L
U,
Puc. 4. z=02r =1.5. Puc. 5. 3asucumocts Uy, Uy, Uny,
U167 ‘/17 ‘/67 ‘/117 ‘/16 or 7, r = 1a
=0.2.
u =2 |V
r=1.5
r=1
X
0 nlo h

Puc. 6. Passeprka no = U (cneBa) u V (cmpasa),
z=0.2.
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ueAn A NN
) ANANA
S ANANA
U
JANVANYANYA
, AN AN
v, ) NANVANYA
A M M Z pra a - \
Puc. 7. ¥YBenmumuenume aMIInTyIbl Puc. 8. 3asucumocts Uy, Ug, Uy,
pu yBesmaenun 3Hadenus r: Uy (1) U, Vi, Vi, Vi1, Vig or 7, r = 1,
uVi(r)mpur=1ur=15. z = 0.125.
U reo v
r=1.5
r=1 X
0 h'0 h

Puc. 9. Passeprka mo x U (cieBa) u V' (cupasa),
z =0.125.
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~

=

x

Puc. 10. 2 =0.007, r =1, N = 20. Puc. 11. Passeprka no x U (ciesa)
u V (copasa), z = 0.007, r = 1,
N = 20.

e

Puc. 12. 2 =10.007, r =1, N = 100. a) u-1, 6) n-2 B wiockoctu Uy, Vi (ciesa)
u mwiockoctu Uy, Vo (cripasa).

)

YUBBIX EPUOJNIECKUX pexkuMa (OyeM 0603HAYATH ITU pelieHnst Kak 11-1, 1-2, 11-3 u 11-4
COOTBETCTBEHHO), IIPOEKIINN KOTOPbIX n300pazxKenbl Ha puc. 12 u 13. Crour orMeTuTs,
4To MaciTad nocieannx n3obpaxkenuit 8 100 pa3 menbine, yem y puc. 10.

PazBepTku 110 1pocTpaHCTBEHHON MepeMeHHO# 1Jisi HallIeHHbIX PeIeHnii m300parke-
bl Ha puc. 14, 15, 16 u 17 coorBercTBeHHO. JIerko BueTh, UYTO MOJTyUEHHBIE PEXKUMBI
IJIaJIKUE TI0 TIPOCTPAHCTBEHHON TepeMEHHON M ITpe/jIoXKeHHas MOJIeIb aJIEKBATHO OIIN-
coiBaeT cucremy (18)-(20).

Takum obOpas3oM, yMeHBIIIEHUE TapaMerpa 2z MPUBOJIUT K YCJIOKHEHUIO MPOCTPaH-
CTBEHHOU JUHAMWKHU: BMECTO OJIHOI'O YCTONYMBOTO MEPUOUIECKOTO PEKNMa MOXKET TI0-
SIBJIATHCA JIBa U 0OoJiee cOCyIecTBYIONux. KpoMe Toro, ycroiiunBbie PeKUMbI, BOSHUKA~
IOIe B 3ajate, JeJai0Tcs Bee Oojiee N3pe3aHHbIMU 110 IIPOCTPAHCTBEHHON IIe€PEMEHHOIA.

§2. O KopriopaTnBHOII JJMHAMUKE CUCTEMbBI U3 TPeX JIOTUCTUYe-
CKHNX ypaBHEHWUIl C 3alla3/IbIBAHUEM

PaccemoTpuM Bopoc 0 TIOBEJIEHUH PEIICHU CBA3aHHBIX CUCTEM JIOTUCTUYECKUX YPaB-
HEHUII ¢ 3alta3/IbIBAHUEM C JIBYMs TUINAMU «JIUMPY3UOHHBIX» CBA3EIL:

u1 = F(ul) —+ ’Y[Ug(t — h) — 2U1 + U3<t — h)],
Uy = F(ug) + y[ur(t — h) — 2us + uz(t — h)], (27)
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. 0 / O

a) 6)

Puc. 13. 2=10.007, r =1, N = 100. a) -3, 6) 11-4 B mwrockocru Uy, V; (ciesa)
u wiockocru Uy, Vo (cipasa).

AMAMAAMAARMARAN,

Puc. 14. I - 1. Pa3zseptka o x U Puc. 15. I - 2. Pa3zseptka no x U
(cneBa) u V' (copasa), z = 0.007. (cneBa) u V' (copasa), z = 0.007.

Puc. 16. I - 3. Pazseptka no x U Puc. 17. II - 4. PasBeptka o x U
(cneBa) u V' (copasa), z = 0.007. (cneBa) u V' (copasa), z = 0.007.
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= F(ur) + y[uz(t — h) — uil,
’[LQ = F(UQ) + ’}/[Ug(t — h) — U,Q], (28)
F(us) + v[ui(t — h) — us,

riae F(u) = rull —u(t —T)].

31ech ToxKe MMeroT MecTo aHasioru TeopeMm 1 u 2. [lyctb h = ec. llpu 0 < c < 1 m
[PU JIOCTATOYHO GOJIbINNX 7y juHaMuKa (27) u (28) onpejiesisieTcst B TJIABHOM [OBEJICHU-
em permenuii ypasuenust (6), a cBa3b Mexky pemieHusiMu (6) U aCUMITOTUYECKUMU IO
HeBsi3Ke pereHusivu crcteM (27) u (28) ycranasauBaer dhopmysia

w(t,e) = o((1+0(e)t) + O(e) (j =1,2,3).

Ecsm xe ¢ > 1, 1o, kak u B §1, B orpanundennoii upu € — 0 obsactu $hazoBoro npocrpa-
crBa Cp = Clop X Cl_p0) X Cl_p,g) cucremel (27) n (28) He MOIyT HMETh aTTPAKTOPA.
Ecaun xe h > 0 (u dukcuposano npu € — (), To JUHAMIYECKIE CBOWCTBA CHCTEM
(27) m (28) CcymIeCTBEHHO OTIMIAIOTCS.
2.1. Paccmorpum caavasia cucreMy (27) U ee «JIMHEHHYIO» 9aCTh

et = A(u), (29)
riae u = (ug, ug, ug) u

—2u1 + Ug(t — h) + 'ng(t — h)
A(U) = ul(t — h) — 2U2 + Ug(t — h)

XapakTepncTuaecKnii KBasuoanioM Jyist (29) mMeeT Bu
—(24+eX)? +3(2 + e)) exp(—2Ah) + 2exp(—3Ah) = 0.

Ero xopau MOXKHO pa3/e/uTh Ha JIBE IPYIIIBbL. B MEepBYIO BXOIAT BCe T€ KOPHH, KOTOPBIE
HEIPEPBIBHO 3aBUCAT OT € > () U oTjiesieHbl 0T MHUMOIT ocu tipu € — 0. Bropyo rpyriy
COCTAB/IAET OECKOHEYHAsI <«IIENOYKa» TAKUX KOpHeil \gx(€), 9TO JJIg KasKJoro HOMepa
k umeem A\g(e) — 0 mpu € — 0. g Kaxa0ro \g(€) cnpaBeyIiBO aCHMITOTHICCKOE
pasJIoKeHme

Mo(e) = 27kih ™ +edpg + N + ... (k=0,£1,£2,...), (30)
e, B YaCTHOCTH,
Mt = —h7?mki, Ao = —(2h) 7 (kR + (2h7) 7 (wkh ).

CobcTBeHHOMY 3HAUEHUIO \g(€) OTBeUaeT COOCTBEHHBIN BEKTOD ay(£) omeparopa A, mpu-

qeM ax(e) = ap + O(e) u ag = G)

Paccmorpum Bhipazkenus (30) npu acUMITOTHYECKH OOIBHINX HOMepax k Hmopsjka
£~1/2. @ukcupyem npomssosbHo z # 0 u myers 6 = (z,€) — Takoe 3HaueHHe U3 IO-

nymaTeppasia (0,1], uto Bepazkenme (26~ Y2 + 0) apnserca menbiv. omoxmm B (30)
k=k. = (2624 0)m (m =+1,42,...). Torma

Re Ay (¢) = —(2h)(mzmh™)* 4 o(1).
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Corutacao Metonuke u3 [28|, BBegeM B paccmoTperue (popMaIbHbIH PsiJt

w11 (T, )

(A} 00 .

Timx
uz | =ap Z Em(T) exp 3 +e| ua(rz) | +..., (31)
us m=—00 Uz (7, )

rie 7 =et, v = (2672 + 0)(2 — eh™)t u uy; — h-nepuoamaner o . Mogcrasum (31)

B (27) u Gyzem cobmparh B mosydaoreMcs: hbopMaTbHOM TOXKIECTBE KOI(DOHUIMEHTHI

DU OJIMHAKOBBIX CTeleHdX £. Torja Ha BTOPOM Iare 3 yCJIOBHUS PA3PENTUMOCTH TOJTY-

JaoMIeiicss CHCTeMbI OTHOCUTENILHO (U171, U2, U31) MPUXOAUM K CHCTEME YDaBHEHU st

ompe/iesieHnst Hem3BeCTHBIX Ko dunuentos &, (7). Kak okasbiaeTcs, 9Ty 6eCKOHETHYIO

cucreMy OOBIKHOBEHHBIX JUMD(EpPEeHIINATbHBIX YPABHEHUI MOYKHO 3aIlUCATH B BUJE O/I-
[ee]

HOTO ypaBHEHUSI OTHOCUTEBHO &(T,x) = Y. &,(T)exp %
o0& 1 ) 0%
ar ~ ont 2h)7 o 32
or  2h a(§) +27(2h) o2 (32)
C MEPUOJIMIECKUMU KPAEBBIMU YCJIOBUAMM
5(7—7 T+ h) = 5(7’, l‘) (33)

[Tapamerp A B (32) oupemesen B (17). CBase mexay pemenusvu (27) u (32), (33)
ycranapimsaer dopmynia u;(t,g) = £(1,2) + O(e), tme 7 = et, a v = (2672 4+ 0)(2 —
eh™1)t. Bosee Tounoe yTBEpKIEHNE TIOBTOPsteT (hOPMYJIUPOBKY TE€OPEMBI 3.

2.2. s cucremsr (28) curyanus cymecTBeHHO caoxkuee [33,34|. Beipaxenue A(u)
B 9TOM CJIy9ae MMeeT BUL

—Uuy + Ug(t — h)
A(u) = —Ug + U3(t — h) ,
U1 (t — h) — Us

a cooTBeTCTBYOMMiT (29) XapaKTepucTHIecKuil KBA3UIIOJINHOM peJIcTaBIeH (hopMyJIoii
(14 €e))® = exp(—3Ah). (34)

Ty rpymiy kopreii (34), KOTOpble HE SIBJSIOTCS OT/IEJIEHHBIME OT MHUMOIl OCH TIpU € —

0, MOYKHO 3armicaTh B BHJE COBOKyIHOCTH KopHei AQ(), AL (e) m A (€), ais KoTophIx
A(e)=A"(e) mmpu k =0,+1,£2,...

M(e) = h7'2mki + e, + A% + .. .,

o
Ai(e)=h"t (%Z - 27Tki) +eNh +ENL + .

31ech
A\, = —h 22mik,

-
A= b2 (2m‘ + ﬂ) ,

2 A 2
Ao =— ( z ) = 3hT Tk + 87 (97) 7 4 2mkih ™ 4 Sh i,
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Kopmio \)(g) orBeuaer cobersennbiii BekTop a(e) = ag + O(e) u ag = (1,1, 1), a KopHio
A (€) — cobersennbtii BexTop c(¢) = ¢+ O(g), rae ¢ = (2, o, 1), a ¢g = exp(2mi/3).

Kax n Bbime, nac GyayT mHTepecosaTh Homepa k mopsaxa £ /2. B obosmauenusx
IPE/IBULYINErO Pas/iesia IOI0KIM

k= (22 40)m, m=0,%1,+2,...

Bresiem B paccmoTpenue (hopMasbHBINA P

= 2mimax 2mit > 2mima
(u1,ug,us) = ag Z Em(T) exp . + coexp (—) Z N (T) exp +

m=—00 3h m=-—00 h
2mit > 2mime
+ Co exp (_W) Z M (T) €xp (— . ) +
+ 5(“11(7—7 X, t)a u12(7—7 X, t), u13(7—7 z, t)) +. ) (35>

rie 7 = et, ¥ = (2672 + 0) — '/2h~12)t. Qurypupyromue B (35) byuknun w;, (7, T, t)
HEePUOMYHBI 110 T € HePUOJOM h 1 TepuoudHbI 110 t ¢ nepuojom 3h. Togcrasss (35)
B (28) u 1pPOU3BOJA CTAHJAPTHDLIE JIEHCTBYs, HA BTOPOM IIAre MOJYIUM OECKOHETHYIO
CHCTEMY YDPABHEHHI OTHOCUTEIHHO HEU3BECTHBIX aMILIUTY/I &,y (T) 1 1y, (7). D1y cucremy
B TepmuHax yuknuii {(7,x) u n(7, ), vie

E(ryx) = Z Em(T) exp P n(r,z) = Z N (T) exp QWime,

m=—0oQ m=—00

MOZKHO 3alliCaThb B BHJIC KpaeBoﬁ 3a/a491

0 0?
T =m0 o e - gl - )
2miT 2miT
—oxp (25 ) - &) = exp (20 )i - )],
E(r.z+h) = (), (36)
on L 2 0% 2mi
or ~ BN g T

+(2h) 7 [n —n¢(1, @ — A) —exp (— 27;?) En(r, o — A)} 7

n(r,z+h) =n(r,z). (37)

[To anasioruu ¢ pe3yjabraTaMu MpPEJbLIyIIero maparpada u 37ecbh MOKHO ITIOCTPOUTD
KBa3sHHOpPMaJIbHbIE (POPMBI, KOTOpBIE oTnvatorcs or (36), (37) ToabKo TeM, 9To onepa-
TOP Za% 3aMeHseTCs Ha (zla%l +...+ zn%).

BriBoabl

1. Ussectro, uro cucreMbl mapabosmdeckux ypasuenuit Buga (14) — (17) ((18) —
(20)), (32), (33) u (36), (37) MoryT obsajgaTh CJIOXKHON JTUHAMUKON. DTO O3HATAET, UTO

cucrema (27) TOXKe MOXKET MMETh CJIOXKHYIO JIMHAMUKY TIPU OOJIBIIHX 7.
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2. TlocTpoenHble Bblllle KBa3UHOPMAaJIbHbIE (GOPMbI 3aBUCAT OT KOHTHHYAJbHBIX Ta-
pamerpos (z, 6, z;). Tem caMbIM IpU PA3IMTIHBIX UX 3HAYEHUSX MOTYT PEATH30BLIBATHCS
pasMYHbIe [0 TUIY ¥ [0 KOJMYECTBY YCTAHOBUBIIMECs PesKUMbL. OTCIO/Ia 3aK/II0UaeM,
qT0 J71s cucteM (27) u (28) (mpu GOJIBINIX ) XapAKTEPHO SIBIEHAE MYJIBTUCTAOUITHOCTH.

3. IlpucyrcrBre B KBa3MHOPMAJBHBIX (DOpMaxX BHYTPEHHEro napamerpa  mpuBojuT
K BBIBOJLY O TOM, 9TO 1ipu € — 0 (7 — 00) MOIYT GECKOHEYHO YACTO MIPOUCXOIUTH [PSIMbIE
u obparHble budypkanun B cucremax (27) u (28).

4. BanazapiBanne T B pe3y/brare IMPUMEHEHUsI OIUCAHHON BbINIE METOIUKU HCCJIe-
JIOBAHUS TIEPEXOUT B ACUMIITOTUYECKH 00Jibioe (1ipu € — () OTKJIOHEHHEe OJHOW WJIn
HECKOJIBKUX TIPOCTPAHCTBEHHBIX [EPEMEHHBIX. DTO, B CBOIO OY€Pe/lb, TOXKE IPUBOJUT K
[POIECCy HEOIPAHWMIEHHOTO YepeioBanust npu € — () IpsiMbIX u o6paTHbIX 6udypKarmit
B yPaBHEHUAX MEPBOro NPUOIMKEHUsT — KBA3UHOPMAJbHBIX (opMax. B cBsa3u ¢ s1uMm
BO3HUKAIOT MHTEpecHble OudypKalmonnble sapienus [43] B ciaydasx, Korma koadhduu-
ent sanazapanusa T B (27), (28) asnsgerca acummrormdeckn MaabiM (T — £1/2T).

5. HucieHHOe HCC/IeIOBaHNe TI0KA3aJ10, YTO YCTONIMBBIE PEXKUMBI, BO3HUKAIOIIUE B
sajiade (18)—(20), mesatorest Bee 60siee M3PE3aHHBIME 110 TPOCTPAHCTBEHHOM [IepeMEeHHOT
[PU YMEHBIIIEHUN [apaMeTpPa 2.

6. B kauecTBe 06001IEHIS TPEJIOKEHHON METOJIUKN PACCMOTPEHBI JIBE CUCTEMBI, CO-
CTOSAIINE U3 TPEX MOJCUCTEM, C Pa3InIHbIMU Jiuddy3noHHbIME cBs3sMu. [lokazano, 4To
pasjinuue B JIMHAMUKE 3THX CHCTEM MOXKET HOCUTBH IPUHIUIHMAIBHBIA XapaKTep.

Astopsr 6starogapar I'mersuna C. /1. 3a 607bI1y10 IOMOIIE B paboTe.
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A system of two logistic equations with delay coupled by delayed control is considered.
It is shown that in the case of a sufficiently large delay control coefficient the problem
of the dynamics of the initial systems is reduced to studying the non-local dynamics
of special families of partial differential equations that do not contain small and large
parameters. New interesting dynamic phenomena were discovered on the basis of the
results of numerical analysis. Systems of three logistic delay equations with two types of
”diffusion” relation were considered. Special families of partial differential equations that
do not contain small and large parameters were also constructed for each of these systems.
The results of the study of the original equations dynamic properties are presented. It is
shown that the difference in the dynamics of the considered systems of three equations
may be of a fundamental nature.
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Process mining is a relatively new field of computer science, which deals with
process discovery and analysis based on event logs. In this paper we consider the
problem of models and event logs conformance checking. Conformance checking is
intensively studied in the frame of process mining research, but only models and
event logs of the same granularity were considered in the literature. Here we present
and justify the method of checking conformance between a high-level model (e.g.
built by an expert) and a low-level log (generated by a system).

The article is published in the author’s wording.

Introduction

Process mining [1] is a new technology, that provides variety of methods to discover,
monitor and improve real processes by extracting knowledge from event logs. Conformance
checking [1, 8, 7, 3| is one of the most prominent process mining tasks. It is needed for
diagnosis and quantifying discrepancies between observed and modeled behavior. There
are many software products which allow us to use methods of Process Mining. ProM
[6] is an open-source tool supporting many techniques of Process Mining, which are
represented as plug-ins. Due to a flexibility of this environment it can be used both for
research and applications.

Conformance checking uses both an event log and a model, and compares observed
behavior written in the log with the behavior produced by the model. The general goal is
to find discrepancies between them to improve a model. Conformance checking techniques
can also be used for measuring the performance of process discovery algorithms (that

!This study was carried out within the National Research University Higher School of Economics’
Academic Fund.
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restores a model on the basis of a known log) and to repair models that have not got a
well alignment with the real behavior of the process.

There are four evaluation criteria in conformance checking: fitness, precision, gene-
ralization and simplicity. Fitness shows at what extent traces from the event log can be
reproduced by the model. Among the other quality criteria, fitness is the most related
to the conformance. An obvious approach to measure fitness is to count the fraction of
cases that can be "parsed completely"(i.e. the proportion of cases corresponding to firing
sequences leading from [start/ to [end]). Fitness can range from 0 to 1. It is supposed
that fitness is equal to 1, if the log perfectly fits the model.

More subtle methods for measuring fitness are based on the replay approach [8].
When measuring fitness by replaying, we do not stop replaying a trace when we face a
problem, but continue replaying the trace, and record a count of all missing tokens and
all tokens that are pending at the end.

When working with business processes we typically use detailed logs, which present
the full report about sequences of executed activities. Since in most information systems
logs are generated automatically, keeping detailed records is not a problem. However,
large and detailed models are not good to deal with. Such models are not clear and
readable for experts. Experts prefer working with more abstract (high-level) models.
More abstract models are easier to construct, understand and analyze. Process models
developed by people are, as a rule, not very large and abstract from technical details.
The problem has been studied in the literature only for discovering abstract models from
low-level event logs. In [4, 5] methods for discovering abstract models based on finding
behavior patterns in event logs were proposed. Thus checking conformance of an abstract
model and a low-level event log generated by an information system is an important and
challenging problem.

In this paper we consider process models represented by workflow nets — a special
class of Petri nets for workflow modeling [2]. In an abstract model each separate activity
represents a sub-process built from a set of more refined activities. A history of a detailed
process behavior is recorded in low-level logs. We present a algorithm for checking
conformance between an abstract model and a low-level event log. The algorithm is
proved to be correct for perfectly fitted logs. Software implementation of the algorithm
is developed as a plug-in for ProM. The algorithm was tested on groups of input data
with different characteristics and types of noise.

The paper is organized as follows. In Section II we give a motivating example of
handling a request for a compensation within airline in terms of Petri nets. Section III
contains some basic definitions and notions, including Petri nets, event log, perfect fitness
and refinement. In Section IV we present a method for checking conformance between an
abstract model and a low-level log. We also give a justification of this method by proving
its correctness in the case of perfect fitness. Experiments that confirm the adequacy of
our algorithm on imperfect data are described in Section V. Section VI contains some
conclusions.

1. Motivating Example

Let us consider a toy model from [1], which describes handling a request for a compensation
from the airline. Here customers may request compensations for various reasons. An
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Fig. 1. An abstract model N; for handling compensation requests

reject request

check ticket
register request

0 ©

OO..
t1

Fig. 2. A low-level model N; refined from the model N; in Fig. 1

abstract model of this process (expressed in terms of a Petri net) is presented in Fig.1.
Transitions, corresponding to activities, are pictorially represented by squares and con-
nected through other types of elements — places. Each place is represented as a circle
and models a local state of the process. A distribution of tokens in net places indicates
a total state of the system and is called a marking. A transition is enabled when each of
its input places contains a token. For example the transition e0 can fire since the initial
place p0 contains a token. When firing, a transition consumes one token from each its
input place and produces one token for each of its output places.

The process begins with registering the request (transition e0). The meaning of other
transitions is as follows: el — examine thoroughly, e2 — examine casually, e3 — check
ticket, e4 — decide, e5 — re-initiate request, e6 — pay compensation and e7 — reject
request.

Fig.2 presents a refined model of the same process, obtained by substitution of
detailed descriptions for abstract activities. For example, 'register request’ action is
to read the request (transition ¢0) and then to record it in one of two possible ways
(transition ¢1, or ¢2). To avoid congestion of activities’ names in the low-level model in
Fig.2 only places inherited from the abstract model are labeled in the picture. Low-level
transitions in Fig.2 are grouped into blocks according to the high-level activities.

We study the situation when a low-level model is not available (or even does not exist).
Given an abstract (high-level) model constructed by experts or software developers, and
an event log generated by an information system, we would like to know whether the
model conforms the real system behavior represented by the event log. A sample of such
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L= { <t0,t1,¢3,t4,t5,16, 113, t14, £7, 18, t15, 9, t16, t17, t18, 125, 126, 127 >,
< 10, 11,13, 14,13, 14, 15, 17,115, 16, 18, 19, t16, t17, 18, 124, 123, 22 >,
< 10,t1,¢3,13,410, 11,14, 15, £12, £16, £17, t18, 24, 123, 122 >,
< 10,12, 13,113, ¢4, t14, 115, 5,16, 7, 18,19, t16, t17, 18, 125, 126, 127 >,
< 10,12, 13, 14,113, 114, 115, 5,7, 16, 18, 19, t16, 17, 118, 124, 123, 122 >,
< 10, 11,1310, ¢11, 13,12, 14, t15,£16, 17, t18, 19, 120, £21, 10, £11,

#13, 414, t15,¢12, 16, t17, 18, 125, 126, 127 >,

< 10,12, 13,113,410, t14, 15, t11, 112, £16, £17, £18, 124, 123, 122 >,

< 10,12, 13,113,410, 11,12, 14, t15,£16, 17, t18, 19, £20, £21, 10, 13,
#14, 11,115, ¢12, 16, t17, 18, 124, 123, 122 >,

< 10,12, 13,113, 14, ¢10, t11, 15, 12, ¢16, t17, t18, £25, t26, t27 >}.

Fig. 3. An event log L4, generated by the refined model N, in Fig. 2

an event log for our example is shown in Fig.3. This log is generated by the low-level
model in Fig.2, and thus perfectly fits it. An abstract model and a low-level event log
cannot be directly compared, since in the model high-level events are used, and the log
contains low-level events. So, a one-to -many correspondence between high- and low-
level events is needed for checking conformance. In our example the abstract event e0
corresponds to the set {t0,¢1,t2} of low-level events, el — to the set {t13,¢14,¢15}, etc.
This correspondence will be used in the algorithm for measuring conformance between
a high-level model and a low-level event log.

2. Preliminaries

In this section we give some basic notions and definitions used the paper.

Let S be a set. By S* we denote the set of all finite sequences (words) over S.
S=8USyU...US, is a partition of S iff Vi,j € [1,n] : S; € S and S; N S; = 0.

A multiset m over a set S is a mapping m : S — Nat, where Nat is the set of natural
numbers (including zero), i.e. a multiset may contain several copies of the same element.

Definition 1 (Petri net). Let P and T be disjoint finite sets of places and transitions
and F: (PxT)U(T x P) — Nat. Then N = (P, T, F) is a Petri net. Let A be a finite set
of activities. A labeled Petri net is a Petri net with a labeling function X\ : T — AU {e}
which maps every transition to an activity (a transition label) from A, or a special label
€, corresponding to an invisible action.

A marking in a Petri net is a function m: P — Nat, mapping each place to some
natural number (possibly zero).

For a transition ¢t € T" a preset *t and a postset t* are defined as the multisets over P
such that *t = {p|F(p,t) # 0} and t* = {p|F(t,p) # 0} for each p € P.

A transition ¢t € T is enabled in a marking m iff Vp € P m(p) > F(p,t). An enabled
transition ¢t may fire yielding a new marking i. e. m/(p) = m(p) — F(p,t) + F(t,p) for
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WF-net N Extended WF-net ¢*(N)

Fig. 4. An extending WF-net with initial and final transitions

t ’
each p € P (denoted m — m/).
A Workflow net is a (labeled) Petri net with two special places: i and f. These places
are used to mark the beginning and the ending of a workflow process.

Definition 2 (Workflow net). A (labeled) Petri net N = (P, T, F, \) is called a workflow
net (WF-net) iff

1. There is one source place i € P and one sink place f € P s. t. *i = f*=0;
2. Every node from PUT is on a path from ¢ to f.
3. The wnitial marking in N contains the only token in its source place.

By abuse of notation we denote by ¢ both the source place and the initial marking in
a WF-net. Similarly, we use f to denote the final marking in a WF-net N, defined as a
marking containing the only token in the sink place f.

Let N = (P, T, F,\) be a WF-net. Then we define the extended WF-net (EWF-net)
N' = (P, T',F',N) as follows: P’ = P,T' =T U {t;,t;}, and F' = FU{(t;,1),(f,ts)},
where ¢;,t; are new (not occurring in P,7T") nodes. The new transitions ¢;,¢; are labeled
with invisible activity € in N’, all other transitions in N’ have the same labels as in
N. The initial marking in an extended WF-net contains no tokens. Thus an extended
WF-net may start a new case at any moment (cf. Fig.4).

Event logs keep a history of process executions.

Definition 3 (Event log). Let A be a finite set of activities. A trace o (over A) is a
finite sequence of activities, i.e., 0 € A*. An event log L (over A) is a finite multi-set
of traces, i.e. L € M(A*).

In this paper we study conformance checking. Given a model and an event log we
would like to compare the process model behavior and the behavior recorded in the
event log. Several metrics for conformance checking were defined in the literature [1].
Among the most important metrics is fitness. Informally speaking, fitness measures the
proportion of behavior in the event log possible according to the model.

Definition 4 (Perfect fit). Let N be a WF-net with transition labels from A, an initial
marking i, and a final marking f. Let o be a trace over A. We say that a trace o =
ay, . ..,ay perfectly fits N iff there exists a sequence of firings i = my Lt Mpr1 =
f in N, s.t. the sequence of activities A(t1), A(t2), ..., A(tx) after deleting all invisible
activities € coincides with o. A log L perfectly fits N iff every trace from L perfectly fits
N.
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Petri nets can be extended by adding a hierarchy as it is done e.g. in Colored Petri
nets (CPN) [9]. Hierarchy allows to develop more compact and readable models. In the
case of two-level hierarchy there are two models of one process: a high-level (abstract)
model and a low-level (refined) model. The high-level model is a model with abstract
transitions. An abstract transition refers to a Petri net sub-process, which refines the
activity represented by this transition. The low-level model can be obtained from an
abstract model by substituting subprocess models for abstract transitions.

Definition 5 (Substitution). Let Ny = (P, Ty, F1, A1) be a WEF-net, t € T be a transition
in Ni. Let also Ny = (Py, Ty, Fy, Xo) be an EWF-net with the initial and final transitions
ti,ty correspondingly. We say that a WF-net Ny = (Ps, T3, F5, \) is obtained by a substi-
tution [t — Na| of Ny fort in Ny iff Py = PLUDR,y, Ty = TYUT)\{t}, F5 = F1UF\{(p, 1) |
p e tI\{{t,p) [p et} U{(p,ti) [p et} U{(ty,p) | p €t}

Definition 6 (Refinement). Let N, N, be two WF-nets with sets of activities A, A,
correspondingly. Let A = ay,as,...,a,, and A, = ALU A2U ... U A" be a partition of
A, into n subsets, and N*, N% ...N™ be EWF-nets with sets of activities AL,... A"
correspondingly. We say that N, is a refinement of N wvia substitutions [a; — N}, ag —
N2, ...a, — N"] iff N, can be obtained from N by simultaneous substitutions of N' for
all t s.t. AM(t) = a;.

3. Algorithm for Checking Conformance between an
Abstract Model and a Low-Level Event Log

The idea of the algorithm is as follows. To check conformance between an abstract model
and a low-level log, we first transform the given log into a log over abstract activities. For
this purpose, each low-level activity in the log is replaced by a name of the sub-process
(an abstract activity) it belongs to. As a result we get a log over the set of abstract
activities.

Traces in this log may contain several sequential occurrences of the same abstract
activity, since there are several steps corresponding to this activity in the low-level trace.
Then the next step is to get rid of “stuttering"by replacing several sequential occurrences
of the same activity with just one.

However, this is still not enough to start checking conformance using known methods.
Note, that when we have two concurrent sub-processes, represented by two concurrent
abstract activities in an abstract model, stuttering sequences may interleave. To overcome
this problem we transform an abstract model into a model allowing stuttering of each
abstract activity. This is done by adding loops to transitions in the abstract model.

Now we describe the algorithm for checking conformance between an abstract model
and a low-level log more precisely.

Algorithm 1. (Checking conformance between a high-level model and a low-level
event log).

Let N = (P, T,F,)\) be a WF-net corresponding to an abstract model of a process
over a set of activities A, and let L, be an event log (a finite multiset of traces) over a
set A, of low-level activities. Let also § : A, — A be a function that maps each low-level
activity to a certain high-level activity from A.
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L={<e0,el,e3,el,e3,el,ed, e7 > < e0,el,e3,el,e3 el ed, e6 >,
< e0,e3,e2,e3,e2,ed,e6 >, < e0,e3,el,e3,el,ed, e’ >, < e0,el,e3,el,ed, eb >,
< e0,e2,e3,e2,e3,ed,ed,e2,e3,e2,ed,e7 >, < e0,e3,e2,e3,e2,e4,eb >,
< €0,e3,e2,e3,e4,e5,e2,e3,€2,e3,e2,e4,e6 >, < €0, e3,€2,e3,e2,e4,e7 >}.

Fig. 5. The ’abstract’ event log £, obtained by converting the log £, in Fig. 3

Step 1. Convert L, into an event log L over the set of activities A by replacing each
activity a € L, in each trace with the activity 6(a).

Step 2. Get rid of ’stuttering’ in L by replacing for each trace each substring consisting
of the same repeating activity with one occurrence of this activity.

Step 3. Check whether there are traces in L with with more than one (not consecutive)
occurrences of the same activity. If there are no such traces, go to the Step 5,
otherwise go to the Step 4.

Step 4. For a trace 0 € L, let B, be the set of activities which have more than one
occurrence in o, and let B C A be the set of all activities with multiple occurrences
in L,i.e. B=UyerB,.

For each transition t labeled with an activity from B in the net N add a loop, as
follows:

e add two new transitions to 7" in N: a transition ¢. labeled by the invisible
action € and a transition t' labeled by A(t) ;

e add a new place p’ to P in N,

e add new arcs (t,p), (p',t'), (¢',p"), (P, 1), and for each place p € *t add an arc
(p,te)-

Step 5. Measure the conformance between N (with the added loops) and L (without
stuttering) by applying one of existing algorithms (e.g. the replay algorithm).

We illustrate this algorithm by applying it to the WF-net A in Fig. 1 and the log
Lo in Fig. 3. First, we convert the event log L- into a high-level log. The log obtained
as the result of this is denoted by £; and is shown in Fig. 5.

Then we add loops to the abstract model j and obtain the new model N7, shown in
Fig. 6. Here the invisible transitions are colored in black. The model N/ allows stuttering
of activities el, e2, and e3.

And finally we check conformance between the model N and the log £; by replaying
traces from £; in Nj. It turns out, that all traces from £; can be exactly replayed in

1, i.e. the log £ perfectly fits A/{. This is not by chance. The following theorem states,
that the proposed conformance checking method is correct under perfect fitness.

Theorem 1. Let N be a WF-net with transitions labeled by activities from a set A, and
let N, be a WF-net, obtained by refining N with transitions labeled by activities from A,.
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Fig. 6. The abstract model N; after adding loops

Let also L, € M(AY) be an event log over the set A,. Then if L, perfectly fits N,, the
output of the Algorithm 1 will be equal to 1.

The proof of this theorem is based on checking (by induction on the trace length) that
in the theorem conditions each trace from L with removed stutterings can be exactly
replayed in N with added loops. We omit the detailed proof of the theorem, since it is
rather technical and straightforward.

4. Experimental Validation of Algorithm

We have proven, that our method recognizes perfect fitness between an abstract model
and a low-level log correctly. This can be considered as a justification of the proposed
approach. However, it is not enough, since it is very important to check the method on
logs and/or models with deviations.

To ensure that the algorithm is suitable for checking conformance not only in the case
of perfect fitness, we have implemented the algorithm and run it on different input data:
event logs with noise, models with some small modifications, and models with significant
deviations.

The proposed algorithm was implemented as a plug-in named "Conformance Checking
for High-Level model and Event log, Transformation"within the ProM 6 framework [11].
Our plug-in receives a high-level process model in PNML format and a low-level event
log in XES format as an input. During the plug-in execution first the Petri net model
is visualized, then the user is asked to define a partition for the set of actions occurring
in the log and to match an abstract event (occurring in the model) to each subset of
the partition. After running the plug-in the user can apply any known algorithm for the
standard conformance checking. There are several such algorithms in ProM.

For measuring fitness the plug-in for replay-based conformance analysis (described
in [3]) was used.

The first group of experiments concerns event logs with some noise. We consider
several kinds of noise:
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Kind of noise Level of noise Low-level High-level
fitness fitness
10 0,888 0,878
adding an event 10 0,905 0,894
10 0,874 0,888
10 0,888 0,864
adding a new event 10 0,894 0,892
10 0,885 0,878
10 0,93 1
20 0,876 1
skipping an event 3 0,782 0,986
40 0,706 0,967
50 0,629 0,920
60 0,533 0,894

Table 1. Fitness for event logs with noise

Type of routing | Low-level trace fitness | High-level trace fitness
sequential 0,95 0,96
AND-split 0,97 0,96
AND-join 0,97 0,96

OR-split 0,96 0,97
OR-join 0,97 0,96

Table 2. Fitness for event logs with specific noise

1. Adding an extra record for the event occurrence in a random place in the event log
for an event presented already in the model.

2. Adding a record for the event occurrence in a random place in the event log for
some new event.

3. Skipping randomly a record for the event occurrence.

4. Adding some specific noise, significant for the conformance of the high-level model,
while not so important for the low-level conformance.

Experiments were carried out for the artificial model in Fig. 1 and its refinement in
Fig. 2. Logs with different kinds and levels of noise were generated with the help of Log
Generator plug-in [10], where the level of noise is measured as the probability of applying
a certain kind of change to records in the event log.

The obtained results are presented in Table 1 and Table 2. Here the low-level fitness
is the fitness for an event log and the refined model, measured by direct replay-based
conformance analysis, and the high-level fitness is the fitness for the same event log and
the abstract model, computed using our algorithm.
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Changing the model Average fitness
adding a transition 1

adding an arc 0,912
adding a place 0,977
removing a transition 0,884
removing a place 0,963
removing an arc 0,969
swapping two transitions 0,702

Table 3. Fitness for models with minor structural changes

In most cases the high-level fitness values are greater than the corresponding low-level
values, since deviations on the low-level may be not noticeable on the level of abstract
model.

The cases when the high-level fitness is a little less then the low-level one can be also
explained. This can be caused by an artificial random noise inserting a low-level event
into a group of events from some different abstract activity. We believe, this case is very
rare in real-life logs.

Some information systems record not just event execution, but starting and ending
of an event. Then deviations in fixing timestamps may lead to violations in fixing events
order. Such cases we consider as a specific noise (connected with fixing timestamps),
which could be supposed to crucially influence the high-level fitness values. For imitating
this kind of noise we added noise affecting concrete routing constructions. The experiment
results in Table 2 shows that such noise is not really important.

The second group of experiments concerns small deviations in the abstract model.
Experiments were done for the same artificial abstract model. The question was the
extent to which local changes in the model affect the fitness results. To answer this
question we have measured fitness of originally perfectly fitting logs for models, obtained
from the original abstract model with local structural changes. The results are presented
in Table 3. They show the resistance of our algorithm to small structural changes in the
model. Note also, that the replay-based algorithm allows not just measure the fitness,
but also to localize log deviations in the model. The experiments show that our algorithm
localizes deviations in the same way as the original replay-based algorithm. We made
some changes in the plug-in, it allows us to verify that after our transformation the
location of noise is recognized correctly. This test also was successfully passed.

One more group of experiments concerns measuring fitness, when the level of confor-
mance between a model and an event log is far from being perfect. To check the stability
of our algorithm we compare the high-level fitness for an abstract model and an event
log, measured by our method, and the low-level fitness, i.e. the fitness of the same event
log and a refined model measured by direct replaying the log.

The results for different degrees of conformance are shown in Table 4. As expected,
here also the high-level fitness values are greater than the corresponding low-level values.
The reason is in more rough granularity of the abstract model, when some subprocess
deviations cannot reflected in the model. However, there is a good correspondence
between high-level and low-level (used as a reference) fitnesses.
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High degree Middle degree Low degree
of conformance of conformance of conformance
High- Low- High- Low- High- Low-
level level level level level level
fitness | fitness] fitness | fitness| fitness | fitness
case 1 | 0.928 0.872 | 0.655 0.431 | 0.608 0.412
case 2 | 0.903 0.866 | 0.691 0.509 | 0.633 0.361
case 3 | 0.866 0.827 | 0.568 0.312 | 0.524 0.279
case 4 | 0.885 0.787 | 0.599 0.398 | 0.573 0.346

Table 4. Fitness for models with different degrees of conformance

5. Conclusion

Abstract models are much more clear and more understandable than low-level models.
But information systems generate only low-level event logs, which cannot be used for
direct conformance checking. So, checking conformance of a high-level business model to
a low-level event log is very important for facilitating the work of experts on analysis
and enhancement of business information systems.

In this paper we provide a robust technique for solving this problem, which is based
on transforming both the model and the log and then applying one of already known
methods for measuring fitness. We’ve proved our method to be correct in the case
of perfect conformance between a model and an event logs. Also we had developed a
ProM plug-in which implements the proposed algorithm and tested applicability of our
technique on artificial imperfect data with noise and deviations.
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CootBercTByeT Jiu Bain KypHaJj cobbITrii BBICOKOYPOBHEBOI
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101000, Poccusa, Mocksa, ya. Macnuuykas, 20

KuaroueBsbie cioBa: cetu [leTpu, BEICOKOYpOBHEBbBIE MOJIE/IN ITPOIECCOB, YKYPHAJIBI
cobbITHit, Process Mining, npoBepKa cOOTBETCTBUS

Process mining — 310 TexHOJOrUsA, KOTOpasg MOCPEJICTBOM HU3BJICUEHUS JAHHBIX U3
JKypHaJIa COOBITHI TPEIOCTaBIgeT PAa3JIUIHble METOIBI JJIs MCCJIEIOBAHUSA PeaTbHOTO
Iporiecca, ero yaydlleHus W KOHTPOJIA HaJl HUM. B JaHHOI cTaTbhe MBI paccMaTpuBa-
eM Tpo0OJIeMy TTPOBEPKHM COOTBETCTBHA MEYKJy BBICOKOYPOBHEBOI MOJIEILIO IPOIEcca 1
KypHasiom cobbrtTuii. [IpoBepka coOTBETCTBUS MHTEHCUBHO U3YYaeTCs B PAMKAX Process
mining, HO B JIUTEpPaType MOXKHO HAUTU TOJBKO METObI, ITO3BOJIAIONIE U3MEPUTH ITOT
[IOKa3aTe/Ib MEYK/Ly JIOTOM M MOJIEJIBIO OJIHOIO YPOBHSA. B cTarhbe MbI IIpeCTaBIsseM aJl-
TOPUTM TIPOBEPKH COOTBETCTBUSI MEZK Ly BBICOKOYDPOBHEBON MOJIEJIBIO Mporiecca (ocTpo-
€HHOM 9KCIePTaMi) U HU3KOYPOBHEBBIM KYPHAJIOM COOBITHI (CreHepHPOBAHHBIM CHCTE-
MOIf), & TaKKe JIOKa3bIBAEM €ro IPUMEHUMOCTb.

Crarbs myOJIMKYeTCsT B aBTOPCKON peIaKInm.

CBenenusi 06 aBTOpax:
BernueBa Aunronmna KoHcrtaHTHHOBHA,

Harmumonabublit mcc/ie1oBaTeIbcKuil yHuBepcuTeT «BoIcinast MKoa SKOHOMUKA»,
Hayuno-yuebnas ytaboparopus [IONC, craxep-ucciemoBareb
JIomazoBa puna AjekcaHApPOBHA,

HarmonambHbIi mccie10BaTeIbCKUil YHUBEpCHTET «BhICIIast KO8 SKOHOMUKI,
JIOKTOp pu3.-MaT. HAyK, Ipodeccop
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KirroueBbie cjioBa: UMITYJIbCHBIN HEHPOH, KOJIBIIO OJHOHAIIPABIEHHO CBI3AHHBIX
OCIIIJIJIITOPOB, OEryIue BOJIHbBI, aCUMITOTHIECKOE TIOBEeIeHNe, YCTONINBOCTb,
denomen OydepHOCTH

CraTbs mocsgineHa mpobjieMe MaTeMaTHIeCKOTO MOJETUPOBAHUS HEHPOHHOM
akTUBHOCTHU. [Ipejiaraiorcss HOBbIE KJIACCHI CHHIYJISIPHO BOBMYIIIEHHBIX I depeH-
IIMAJbHO-PA3HOCTHBIX YDAaBHEHUIT C 3alla3/bIBAHUEM BOJIBTEPPOBCKOTO THIIA, C II0O-
MOIIBIO KOTOPBIX OIUCHIBaeTCA PYHKIIMOHNPOBAHUE KaK OTAeJILHOI0 HEHpOHa, TaK
U HeiponHbrx cereil. [IpoBomuTcs uccaemoBanue aTTPaAKTOPOB KOJIBIIEBON CHCTE-
MBI OJTHOHAITPABJIEHHO CBSI3aHHBIX UMITYJILCHBIX HEMPOHOB TPU HEOTPAHWYIEHHOM
YBEJIUYIEHUN YUCJIA 3BEHbEB Iernouku. [jisg u3ydeHus ee mepuoguiecKux penieHuii
aBTOBOJIHOBOT'O TUIIA UCIOJIb3YIOTCsI HEKOTOPBIE CITeNNaJIbHbIE TPUEMbBI, CBOJISTIIIE
pOOJIEMBI CYIIIECTBOBAHUS U YCTOWYMBOCTU ITUKJIOB K aHAJIU3Y BCIOMOTaTEIbLHOM
CHUCTEMbI OOBIKHOBEHHBIX (D depeHInaaIbHbIX YPABHEHUI ¢ UMITYJIbCHBIM BO31eii-
crBueM. Ha 3ToM myTu ycranaBimBaeTcCs, UTO IPU YBEJIUICHUU YUCIA 3BEHBEB IIe-
MMOYKN KOJIMIECTBO COCYIIECTBYIONINX B HEHMl YCTONYMBBHIX aBTOBOJIHOBBIX PEIIEHUI
HEOTPAHUYEHHO PACTET, T.€. MMeeT MeCTO U3BeCTHOe siBjieHue OydepHocTH.

1. IlocranoBKa 3amaun

OcHOBOIT M3J/1araeMbIX HUKE [MOCTPOEHUI CIIY’KUT TeOpUsl PEJaKCAIIMOHHBIX Kojeba-
HUIl B MHOIOMEPHBIX CHCTEMaX OOBIKHOBEHHBIX JrbbepeHIalbHbIX YpaBHeHUil, Oepy-
mast #Hagaso ¢ paborer JI.C. [lorrpsiruna u E.®. Mumenko [1|. K Hacrosimemy Bpemenn
POBeJIeHa TieJiast cepus uccyepoBanuii (eM. [2] — [12]), cBsI3aHHBIX ¢ IEpEHOCOM Ha, ypaB-
HEHUS C 3ala3/IbIBAHIEM U3BCCTHBIX acuMIToTHIecKuX MeTooB [13], [14]. K ykazannomy

1Pa6ora BoImoTHEHA TIPH TIOIepKKe rpanTta PO®U (rpant Ne 15-01-04066a) u mpoexTa 1875 rocsa-
nanust Ha HUP Ne2014/258.
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UKy pabOT OTHOCUTCS U JJaHHAasI CTaThsd. B Hell anam3upyeTcs HEeKOTOpas CUCTEMa CHH-
IYJIIPHO BO3MYIIEHHBIX CKAJIAPHBIX HEJUHENHBIX quddepeHinaabHO-Pa3HOCTHBIX yPaB-
HEHUN, MOJICJUPYIOIAdA JIEKTPUUICCKYIO aKTUBHOCTL KOJIBIEBOM IICIIOYKUA OJHOHAIIPAB-
JIEHHO 3JIEKTPUYECKH CBsA3aHHBIX MUMITYJIbCHBIX HEfipOHOB. PaccmaTpuBaioTcss BOIPOCHI O
CYIIECTBOBAHUM M yCTOMYMBOCTU Y ITONH CUCTEMBI PEJAKCAIIUOHHBIX IUKJIOB CO CIICIU-
AJbHBIMHI CBOMCTBAMMU.

[IpucTynum K onucaHuio o0ObeKTa JaJbHENIero anaan3a. ByjgeM cauTarh, 9TO 9J1€K-
TpUYecKasd aKTUBHOCTb OTJIEJbHOI'O HEHPOHA MOJEJIUPYETCA IIOCTPOEHHBIM B COOTBET-
CTBUM C METOAUKOI KHUI'M [15] muddepeHIaaIbHO-PA3HOCTHBIM YPaBHEHIEM

U= A[f(u(t = h)) = g(ut = 1))]u. (1)

Baech u(t) > 0 — MeMOpaHHBII TIOTEHIMA HEIIPOHA, TapaMeTp A > (), XapaKTepu3yoIuii
CKOPOCTBH IIPOTEKAHNS JIEKTPUIECKUX IIPOIECCOB B CUCTEME, IIPEIIoIaraeTcs OOIbIINM,
a mapamerp h dukcupoBan n npunajgexxut uarepsaiy (0,1). Oraocurenbro durypu-
pytomux B (1) dyukmumit f(u), g(u) € CY(Ry), Ry = {u € R : w > 0}, npeanonaraewm,
YTO OHU 00JIAJIAI0OT CBOWCTBAMMT:

F(0)=1, g(0) =0; f(u) = —ao+O(1/u), uf'(u) = O(1/u), u’f"(u) = O(1/u),

g(u) = by +O(1/u), ug'(u) =O0(1/u), v?¢"(u) = O(1/u) npn u — +o0, 2)

rie ag, by — MOJOKUTEIbHBIE KOHCTAHTHIL.
Ypasuenue (1) moapobHO nccaeoBaHO B cTaThe 12|, a ee ympomnieHHbIi aHagIor

U= Af(u(t —1))u, (3)

rje dyskims f(u) yIoBIeTBOPSET MEePEYNCIEHHBIM BBIIe YCJIOBUsIM (2), pACCMOTDEH B
paborax [4,5|. ¥Ypasrenue (3) nomydaercs u3 (1) npu h = 1 u npu nepeobO3HATECHUSX

fu) —g(w) = f(u), a+b—a.

Hnga dysxmun f(u) 6yeM cIuTaTh BBIIOJTHEHHBIM CJIELYIOIIee JTOMOTHATEILHOE TPebo-
BaHUeE:

a>1. (4)

JlanHOE HEpaBEHCTBO MMeEET BIIOJIHE MOHATHYIO HEMPOJIMHAMUYECKYIO WHTEPIIPETAIINIO,
[IOCKOJIbKY SKBHBAJICHTHO YCJIOBUIO CYIIECTBOBAHUs y ypaBHeHUs (3) IpH J0CTATOTHO
BOJIBIIOM \ YCTOHUMBOIO PEJAKCAIMOHHOIO IIUKJIA, COOTBETCTBYIONIErO PEXKUMY IeHepa-
muu craiikos (cm. [4,5]) .

B sanHOit pabore necsieIOBAaHUIO TI0/IesKaT CUCTEMbI OJIHOHAIPABIEHHO JIEKTPHYe-
CKH CBSI3QHHBIX HEPOHOB, KaxKJblil M3 KOTOPBIX B OTJEJILHOCTH MOJEJIUPYETCs yPaBHEe-
Hrem (3)

Uj =d(ujrr —u;) + Af(u(t =Dy, G=1,....m, Upp1 = u, (5)

rae d = const > 0.

Maremarudeckoe wccienoBanne Mozenan (5) OymeMm IPOBOJAUTH MPHU YCIOBHU, UTO
A > 1. Cucrema (5) joryckaer, 0YeBUJIHO, TaK Ha3bIBAEMbIHl OJHOPOJHBIA VJIN CHH-
XPOHHBIA ITAKJI

U =...

U = Us(E, N), (6)
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e u,(t, \) — ycroiiauBoe neprogndeckoe perrenue ypasuenns (3) (acHMITOTHKA 9TOrO
pelenust ocTpoena B [5]).

Hamr ocHOBHO# pe3ysibTaT COCTOUT B TOM, 9TO IIPU HOJXOJSINEM YMEHbIICHUH d U
mpu Bcex A > 1 3Ta cucrema nMeeT KakK MUHUMYM JBE€ CEPUU IO 1M IKCIOHEHIINATHLHO
OpOUTAJILHO YCTOWIUBBIX HEOIHOPOIHBIX MEPUOIMIECKUX JBUZKEHUN, KOTOPBIE 110 aHAJIO-
U C TPOCTPAHCTBEHHO HEIPEPBIBHBIM CJIydaeM Oy/ileM Ha3bIBaTh aBTOBOJHOBBIMU ITPO-
neccaMu. A Tak Kak pPa3MepHOCTb m cucreMbl (5) Mbl MOXKeM BBIOMDPATH CKOJIb YIOJI-
HO OOJIBIION, TO 9TO O3HAYACT PEAJU3YEMOCTH B PpaCCMATPUBAEMOI HEHPOHHOM MOe/n
denomena Oydepuoctu. [Ias obocHoBaHMS TOTO pe3yJibraTa Oy/IeM M0JIb30BaThCH J0-
KazaHHBIMU B |4, 7-10] mis caygas auddy3noHHON CBA3M OCHOBHBIME YTBEDKICHISIMI,
MoUpUIUpPyd UX Jjid Hameil 3ajaun. Huke npuBomarca 6a30Bble T€OPEMbI, HA OCHO-
Be KOTOPBIX V/aeTCsd HAWTH aCUMITOTHYECKHE (POPMYJIBI YCTONUIMBBIX HMEPUOIAICCKIX
perenuii cucrembl (5).

2. bazoBbie TeopeMbl

st ynobersa JlabHeIero acuMITOTHIeCKOro anainsa mnepefijgeM B (5) K HOBbIM
IEPEMEHHBIM T, U1, . . . , Ym_1 110 DOpMyIaM

7j—1
up = exp(x/e), wu; =exp I/é—i—Zyk . J=2,....m, e=1/\ (7)
k=1

B pesysbrare mosydaem cuctemy
i =ed(expy; — 1) + F(z(t — 1), ¢), (8)

gy =d [expyjH —expyj] +Gj(x(t —1),ynt—1),...,y;(t—1), 6),
j=1...,m—1,

(9)
TOC Y = —Y1 — Y2 — ... — Ym—1, & yEKIun F', G; 3a1a10TCA COOTHONICHUAMNI

F(z,e) = f(exp(z/e)),

Gi(z,y1,...,y;,€) = é{f(exp (m/s + zjzyk>> — f(exp (x/g + Sy,&)}, (10)

j=1,...,m—1.

DukcupyeM MOCTOSHHYIO 0, MOAINHEHHYI0 TpeboBanusm 0 < gg < a — 1, 1 paccMoT-
puM 6aHAXOBO IIPOCTPAHCTBO % HENpephIBHBIX Ipu —1 — oy < t < —0( BeKTOp-DyHKIHIA

o(t) = (gal (1),... ,wm(t)) ¢ HOPMOIi

lellz = max ( max p;(1)] ). (11)

1<j<m * —1-09<t<—o00

Berony mmke mac GyyT nHTEpecoBaTh pernenus cucteMsbl (8), (9) ¢ HAYAJIbHBIMA yCJIO-
BUSIMU 13 MHOZKECTBA

S={ot)=(e1(t),...,om(t)) : ©1 €81, 2 € Sa,...,0m € Sp} C Z. (12)

31ech yepes S; 0603HAUEHO 3aMKHYTOE, OTPAHUIEHHOE U BBIITYKJIOE MHOYKECTBO (DYHKITHI
901(t)a YJIOBJIETBOPAIOIIMX TPEOOBAaHUAM —(q; < 901(t) < —qo, @1(—00) = —0p, q1 > Oy,
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q2 € (0,00), a B KauecTBe Sy, . . ., .S, B3AThI IPOU3BOJIbHBIE 3AMKHYThIE 1 OIDAHUIEHHBIE
noaMHOKecTBa pocrpancrea Cl—1 — ag, —og].

DopMyIMPOBKA CTPOTUX PE3YJILTATOB 00 ABTOBOJHOBBIX pesKUMax cucTeMbl (8), (9)
TpebyeT HEKOTOPBIX TOJIOTOBUTEILHBIX IIOCTPOEHNI. B CBA3M ¢ 9TUM BBEJIEM B PACCMOT-
peHue pereHmne

(xsa(t, €)s Yrp(t, €)s ooy Ym—1,4(t, 5)), t> —op (13)

VIOMSIHY TOH CHCTEMBbI, OTBEYAOIIEe IIPOU3BOJIbHOMY HAUAIBHOMY YCJIOBHIO ¢(t) U3 MHO-
xkecrBa S. PaccMoTpuM Takrke BTOPOH IIOJIOKUTENbHBIA KOpeHb ¢ = T, ypaBHeHus
z,(t — 09, €) = —0p (B ciIydae, KoIjia OH CyIIeCTBYeT) n Ha MHOXKecTBe (12) ompese-
qum oneparop I, 1 S — .Z 10cpejicTBOM paBeHCTBa

I.(¢) = (2ot + Ty, &), Yot + Tps €)s vy Ymoro(t+ Ty €)),

(14)
—1—0’0§t§—00.

[Tomumo (14) mam morpebyercsi eme omeparop Iy : S — %, KOTOpBI 3a/1a/1M
dopmy.toit
HO(()O) - (xO(t>7 y?(t + T07 Z)7 s 7y?nfl(t + T07 Z))

—1—0’0§t§—00.

2=(¢2(=00)om(-00)  (15)

Baech, kak u B [4,5], Th =2+ a + 1/a, a x¢(t) — nepuommaeckas GyHKImst

t mpu 0 <t <1,
zo(t) =< 1—a(t—1) mpul<t<ty+]1, o(t + To) = wo(t). (16)
—a+t—ty—1 muputy+1<t< Ty,
Yro ke Kacaerca xommonentT yY(t,z),...,y0 (t,z), 3aBucAmUX OT BeKTOpa 2z =
(21, 2me1) € R™ L 1o ipu —1 — 09 < t < Ty — 0 OHU YJIOBJIETBOPSIOT MMITYJIbCHO

sagade Korn

iy = 4 [expys —expys] g5(1+0) = 51— 0) — (1 +a) (0,

Yn = Y1 = Y2 — ... — Ym-1,
(yla s ’ym_l)’t:—ao = (217 R Zm—l)v (18>

riae to =1+ 1/a.

OT/Ie/IbHO OCTAHOBMMCsI Ha BOIIPOCE O KOPPEKTHOCTU ompejiesierust oneparopa (15).
[naBuas npobjema 3/1ech 3aK/II0YAETCI B TOM, 9TO Ha IIPOMEXKYTKaX BpeMeHn —og < t < 1,
1<t<ty+1luty+1<t<Ty— oy pemenne 3amaqan Kommwm (17), (18) ymoBiaersopsier
HEJIMHEHON crucTeMe

yj:d[expyj-i-l_expyj]a j:17"'7m_17 Yn = —Y1 — Y2 — .. — Ym—1- (19)

[TosToMy BO3HHKaET BOIIPOC O IPOJIOJIKUMOCTH PEIIEeHU TIOC/Ie/IHeH Ha yKa3aHHbIe TIPO-
MEXKYTKH, JJIMHBI KOTOPBIX OTHIONb He MaJjibl. OTBeT Ha HEero JaeTcs B CJIEYIONEM yTBEP-
JKJIEHUN.
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Jlemma 1. Pewenue (yi(t), ..., Ym-1(t)) cucmemvr (19) ¢ npoussosvHvim HAMAALHDIM
yeaosuem (Y, . .. ,ym_1)|t:0 = U1y, Y1) € R™ onpedenerno na noayocu t > 0 u
CMPEMUMCA € 1Yo npu t — +00.

st iposepku TpebyeMoro dakra 3ameruM, 9To Jioboe pernenue cucrembl (19) 3a-
MUCHIBAETCSA B BU/IE

rie (&1(t), ..., &n(t)) — IpOM3BOIBHOE pEIlleHne JTUHEHHON CHCTEMBbI
§=dEn—¢&), j=1....m &n=& (21)
13 UHBApPUAHTHOIO KOoHyca K = {(51, coém) 1 >0,5=1,... ,m}.

CaoiicTsa cucremsr (21) xoporo u3BectHbl. Bo-1epBhIX, Bee ee pelenust pu t — +00
CTPEMATCI K YCTONYINBOMY OJTHOMEPHOMY MHBAPUAHTHOMY MHOI'OOOPA3UIO { (&1, ém)
L= =...=¢§,=c,cE R}, JIBUZKEHNs Ha KOTOPOM 3a/1al0Tcsd ypaBHeHHeM ¢ = (.
Bo-BTOpBIX, CrpaBeinB 3aKOH COXPaHEHUS ZTZI §; = const. Jlanee, U3 yHOMAHYTBIX
cBOiiCTB ciemyet, uTo i joboro pemenns (&1(t), ..., &y, (t)) € K a10it cucreMbl BbI-

IIOJIHAIOTCA IIPpEeAeJIbHBIEC DaBEHCTBa

lim &(t) = lim &) =...= lim &,(t)=—> &(0) > 0. (22)

li
t—+4o0 t——+o00 t——+o0 m

A orciona u u3 (20) yTBepXK/IeHe JeMMbl | BBITEKAET OYEBUIHBIM 0OPA3OM.

Hpyrast npobjiema, cBs3aHHAsI ¢ KOPPEKTHOCTBIO orieparopa (15), cocrout B ToM, 4T0
dyukmn y?(t, z),7=1,...,m—1 aBasgorcs pa3pblBHBIMI B TOUKax t = 1 u t =ty + 1,
e coryiacHo (17) oHu mpeTepreBaloT KoHedHble cKadku. OiHaKO B CHly HepaBeHCTBa (4)
U OILIeHKH 0 < a— 1 pyHKINN y?(t—l—To, z),7 =1,...,m—1 OKa3bIBAIOTCSI HEIIPEPBIBHBIMU
Ha HYKHOM oTpe3ke —1 — gy <t < —0(, MOCKOJIbKY B 3TOM ciydae 1o —1— o9 > to+ 1.
Tem cambiM, yesoBue (4) rapanTupyer BbinoJHeHne Tpedyemoro Briodenus y(p) € F
upu Vo € 5.

Bagepiras omucaHue MOJrOTOBUTEILHON YacTH, PAcCMOTPUM Ipou3BojHble Pperire
O,11.(), 0,1y(¢p) oneparopos (14), (15) no nepemennoii . IIpoBoss coorBercTByIOMIMit
HOJICUET, yOeXK1aeMcs, 9TO B JJAHHOM CJIydae 3TH IIPOU3BOJIHBIE IIPEJICTABISIOT CODOI
JIMHEHHbIe OllepaTopPhl, JACHCTBYIOIINE B IIPOCTPAHCTBE

Fo = {2o(t) = (g1.0(t), g20(t), ..., &mo(t)) € F : gr0(—00) = 0}

¢ HopMoit (11), a pe3ysbraThl UX MPUMEHEHUs K [POU3BOJBLHOMY dJ1eMeHTy go(t) u3 F
3a/1aI0TC COOTBETCTBEHHO PABEHCTBAMU

O 11 (0)go = (g1t + Ty €), .oy gt + Ty €)) —

_l<g0) (x(p(t + Tcpa 5)7 yl,q:(t + Tg&» 5)7 cee 7ym—l,g0(t + Tg&a 5))7 (23>
—1—09 <t < —oy;
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9.1 (p)go =
m—1 m—1
oy oy
=10, Z a—zl(t + 1o, 2)8s+1,0(—00); Z a—?f(t + T, 2)gs+1,0(—00), - - -
s=1 8 s=1 s
m—1 a 0 (24)
Ym—
-72 92 Lt + T, 2)s41,0(—00) |
s=1 S
= (902(_0-0%"'7@0771(_0-0))7 _1_00 <t < —oy.

Baech g(t, e) = (gl(t,e), . ,gm(t,a)), g(t,e) = go(t) mpu —1 — 09 <t < —0g — pelernne
JIMHERHOl cucreMbl, nosydatoreiics us (8), (9) npu auneapusaiun wa permennu (13), a
dyukumonan [ : %y — R onpejiesen cooTHOIIEHTEM

I(go) = gl(Tnp — 0o, €)/%(Tw — 00, €). (25)

EcrecTBenno Bo3HHKAIONMMIT BOIPOC 0 CBsA3M MeK ity omeparopamu (14) u (15) perra-
eTcd CJeIyIoNe TeopeMOit.

Teopema 1 (o Cl-cxomumoctu). [Tyemo évinoaneno yeaosue (4) u mmoscecmso S 6vi-
Oparo onucarnvim eviwe cnocobom. Tozda natidemes makoe docmamowino maroe £y =
£0(S) > 0, wmo npu ecex 0 < € < gy onepamop 1. onpedesen na S u ydosaiemeopsem
NPedesbHLM PABEHCTNEAM

lim sup [T () — Ho(p)||7 = 0,

e—0 pe (26)
lim sup ||0,11.(¢) — 0,110 ()| 7y—2 = O.

e—0 pEeS

Jlokazare/ibcTBO TOI TEOPEMBI OIIYCTHM, IIOCKOJIBKY B CJIydae 1m = 2 OHO IPUBEJIEHO
B crarbe [7]|. Ilepexom ke or JAByMepHOro Ciaydas K 3HAYEHHsIM M > 2 HOCHT YHCTO
TeXHUYECKUI XapakTep.

OcTaHoBUMCsI Ha OJHOM BaxkHOM cieicTeun 13 Cl-cxomumocTn, Kacaomemes cytie-
CTBOBaHUS W YCTONUMBOCTH MEPUOIUIECKUX perernii cucreMbl (8), (9). B csa3u ¢ s1um
obparnm BHEUMaHEe, 9To B cuity (17), (18) mpemenbublit oneparop (15) saBisercs Haj-
crpoiikoil Hai coorBeTcTBYOMUM (M — 1)-MEPHBIM 0TOOPasKEHUEM

2= D(2) = (W04 2), 158 2) U (82) ] s (27)

rae z = (902<_0—0)7 SR 790m(_00))‘
,HeﬁCTBI/ITeJIbHO, JII00011 HeHO,HBI/I}KHOIL/'I TOYKE Z = Z4 9TOIO OTO6pa}KeHI/IH COOTBET-
CTBYET HECIIOABU>KHad TOYIKa

@*(O = (Spi(t)v ce ’S0:1(t)) : (,Di(t) = IO(t)v (P;(t) = y?—l(t+T07Z*)7 J=2,...,m,
—1—-0p<t< —0g

oneparopa Ily (mpu ycnmosun, xoneuno, uro ¢;(t) € S;, j = 2,...,m). Ilocrennne xe
TpebOBaHUS HE SIBJIAIOTCS OTPAHUYCHUSIMU, TOCKOJIbKY, KaK YK€ TOBOPUJIOCH BBIIIE, MHO-
xKecrBa S; j = 2,...,m u3 (12) MOXKHO CINTATH IPOU3BOJILHLIME 3aMKHYTHLIME H OIDa-
HUYEHHBIMU MTOJMHOYKecTBamu poctpancrsa C|—1 — oy, —og].
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Bepro n obparnoe yrsepxienne: ecan ¢, (t) = (¢i(t),...,¢5(t)) € S apuserca
HEMOJBUZKHOI TouKoil oneparopa I, To ¢ HeobxomumocTwio ¢i(t) = xo(t), a BeKTOD
ze = (p5(—00),..., ¢ (—00)) TakoB, aro P(z,) = z,. Kpome Toro, B cuiy (24) criekrp
suHeiinoro omeparopa J,lly(p,) cocTonT U3 ABYX MHOXKECTB: COOCTBEHHOIO 3HAYEHMUS
i = 0 6eCKOHEYHOI KPATHOCTU U COBOKYITHOCTU COOCTBEHHBIX 3HAYEHUN MATPUIILI SIKOOM
d'(2,).

CymMupyst u3jozkeHHble (hbakThl, IPUXOIUM K BBIBOJLY, UTO CIIPABEIJIUB CJIe YOIl
pe3yJIbTar.

Teopema 2 (o coorBercrBun). Kaotcdol nenodsuscrol mouke z = z, 0mobpasrcerus
(27), ydosaemsoparowet yeaosuto det (I — P'(z,)) # 0, 2de I — edunuunas mampuya,
coOmeememaeyem pesakcayuornvll yuka cucmemos (8), (9). Imom yura cywecmsyem
npu ecex docmamouno Masvx € > 0 U AGAAEMCA IKCNOHEHUUAALHO OPOUMANLHO YCTNOT-

wusbm (Heyemotuusvim) npu T, < 1 (> 1), 2de r, — cnexmpanrvhvt paduyc mampuiysl
D' (z,).

JlokazaTesibcTBO JAHHOTO YTBEPIK IEHUST TaKKe OIIYCTUM, TIOCKOJIBKY OHO MOKET OBbITh
JIErKO TI0JIY I€HO MO HUKAIEii COOTBETCTBYIOIIEro yTBep K AeHust 13 |7,10] myst cucrembr
CBABAHHBIX OCIHJITIATOPOB € AP Y3HOHHBIM B3aNMOJIEHICTBHEM.

Teopema 2 CBOAUT MHTEPECYIOINILYIO HAC TPOOJIEMY aBTOBOJIHOBBIX IIPOIECCOB CUCTEMBI
(17) x TOMCKY HEMOJBUZKHBIX TOUYEK oToOpaxkenus (27). Bormpoc o KoimdecTse u ycroii-
YUBOCTH HOC/IETHAX Oy/IeT U3y UeH B CJIEIyIOEM IIYHKTE. 3/1eCh XKe IPUBEIEM YKa3aHHOe
oTobpakeHue K HEKOTOPOMY MHBAPUAHTHOMY BHUJLY, HE 3aBUCSIIEMY OT HAYAIBLHOIO MO-
MEHTa BpeMeHU t = —0Jy.

3ameTnM B IEPBYIO OYepe/ib, YTO HHTEPECYIOIee HAaC 0TOOParKeHne IIPeICTaBIISIET CO-
6oit orepaTop ¢BHUra 1o TpaeKTopusaM cucTeMbl (17) ¢ To-IeprounIecKiIM UMILYJILCHBIM
BO3JIEHICTBIEM 3a OTPE30K BpeMeHn —oy < t < T — 0. A 970 03HAYAET, ITO €ro MOKHO
3aImcaTh B MHBAPUAHTHOW (opMe, 3aMeHsIsl YKa3aHHBI BBIIE OTPE30K HE 3aBUCSIIIM
oT 0y npoMexxkytkom 0 <t < Tj.

JleficTBUTEBHO, BBEJIEM B paccMoTpenue oneparop casura P(z), PY(z) = z, PY(0) =
0 o Tpaekropusm cucreMsl (19) u mosoxkum z = $(z). Torga orobpazkenue (27) MoKeT
OBITH IIPEJICTABJIEHO B BUJIE

zZ = (PT 7177 o Pyo P o Py o P'170)(2),
re depe3 P, Py 0603HaUeHbI OlIepATOPBI IIepecieTa HadaJbHbIX yCJIoBUil B Toukax ¢ = 1
nt=ty+ 1 cooTBeTCTBEHHO, JAEHCTBYIONNE IO TPABUIAM

P(z)=2z—-(14+a)P z), Pyz)=2z—-(1+1/a)P 7 (2).

[aJtee, mpuMeHNM K JIEBOIl M IIPaBOil YaCTH MOJIYYHUBIIErOoCsl paBeHCTBa oneparTop P 7°.
B pesynbrare ¢ yaeToM 04€BHIHBIX COOTHOIIIEHMHT

Pl—‘,—o‘g — Pl o PO’O’ PTO—to—l—O'o — P9 4 PTo—to—l

nMeeM
PJO(E) _ (PTO_tO—l o P, o pto o P, oPl) (Pao(z)).
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A orciona, B CBOIO 0Yepe/ib, CIeIyer, YTo Tocse 3aMeHbl P7°(z ) — z uHTepecyolee Hac
oTobparkeHue MpUHUMaeT TpedyeMylo MHBApUaHTHYIO (hopMy

def

z— Bg(z) = (PTo_tO_l oPyoP"oP o Pl)(z),

WJIN, YTO TO K€ caMoe,

déf(

z — ®p(2) y?(t’ Z)vyg(t>z>"'->y9n—1(t’ Z))Lﬁ:To’ (28)

re (y0(t,2),99(¢, 2), ...,y _1(t,2)) — pemenne ananoruunoii (17), (18) 3amaun Kormu
Jutst cucteMbl (17) ¢ HAYATBHBIM YCIOBHEM

(yl,...,ym,1)|t:0:z, 2=(21, .y Zm_1)- (29)
[ToepkneM, 910 B CHiLy JIeMMBI 1 9TO OoTODpaskeHne 3aBeJOMO OIPEJEIEHO BO BCEM

npocrpancTse R™ 1

3. ATTpakTOophbl IPEeJbHOTO OTOOpaAYKEHU S

B nmamnoM myHKTE 0OpaTmMCs K aKTyaJbHOMY B CBSI3W C TEOPEMOIT 2 BOIIPOCY O KO-
JIMYECTBE W YCTOWIMBOCTH HEIOJBUKHBIX TOYeK orobpazkenus (28). Huxke B mpemnosio-
JKEHUH 0 MaJIoCTu d OyJIyT HalJIEHbI JIBE I'PYIIIBI €r0 YCTOWYNBBIX HEIOABUKHBIX TOYEK.
B ciyuae niepBoit U3 9TUX IPYIINT Mbl YCUIUM ycjaoBue (4) U MpeoaoKuM, ITo

a>m—1. (30)

Urak, mycrs Boinosrero yeiosue (30). Torma mopcrasum B (18) coorHomeHns

1 1 )
zj:—alna—l—vj, j=1,....,m—1, (31)
e v = (V1,...,0m-1) € §, Q — IPOU3BOJBHBIN KOMIIAKT, 1, KaK OOBITHO, 0603HATIM
yepes (y1 (t,v,d), ..., Ym—1(t, v, d)) pemienne nosyuusieiics sagaan Komm. Hecmoxxubii

ee aHaJIM3 MPUBOJIUT K BBIBOJY, uTO 1pu d — () cipaBejjiuBa cepus aCUMIITOTHYCCKUX
PaBEHCTB:

1. 1
y;(t,v,d) = - In R O(d*=m=Y/%y mpn 0<t <1, (32)
L9 1-(m—-1)/a
yi(t,v,d) zlnc—l—l—wj(t,v)qLO(d ) mpu 1<t <ty+1, (33)
1 1
yj(t, v, d) = —5 h’l C_Z —+ wj(v) + O(dli(mil)/a) npu to + 1 S t S To, (34)

OCTATKU B KOTOPBIX PABHOMEPHBI 110 ¢, U U COXPAHSIIOT CBOH IMOPAJIOK MaJIOCTHU IIPH -
dbepenrmposanuu 1o v. lanee, durypupyromue B (33) dbyHKImMI w?(t, v),j=1,...,m—1
onpenenarcs us sagaan Komm

Wj = eXpwjp1 —expw;, J=1,...,m—2,
Wm—1 = — EXPWn-1,
Wi

= —av, g=1....m-1
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1 UMEIOT BHUJL

s—1 s—4
—1 35
:—ln{ + exp(ag vm3>} s=1,....m—1 (35)

Yro ke Kacaercs dynkmuit ¢;(v) u3 (34), To OHE 3a/J[AI0TCS PABEHCTBAME BUIA

Y;(v) = w?(zf,v)’t:toJrl —(1+ 1/a)w?(t,v)‘t:t0, j=1,...,m—1. (36)

[Tepeuncrnennbie daxTer (32) — (35) CBUAETENBCTBYIOT O TOM, UTO TIOCJIE 3aMEHbI I1e-
pemennbix (31) orobpazenne (28) umeer npu d — 0 B Merpuxe C(Q) npenen una

vy > iv), j=1,....,m—1 (37)
B cBoto ovepeip, orobpaxkenue (37) moce mepexo/ia K MepeMeHHbIM
Qs = —VUm1— ... —Ups, S=1,....,m—1
IPUHAMAET BUL

o = In (r1 4 exp(—aay)) — (1 + 1/a) In (o + exp(—aay)),

38
k=1,....,m—1, (38)
rie
7’1’1:14‘1/0/, 7’21:1/CL, (39)
k—1
1+1/a (1+1/a
rip(o, ..., qp1) = % + ;4 exp(—aay_g),
T (40)
rok(ar, ... 1) = ey + T exp(—aag_y), k=2,...,m—1.

~
I

1

Taxum 0Opa3zoM, MbI MOXKEM YTBEPK/IATH, YTO OHO UMEET €TUHCTBEHHYIO SKCIIOHEHIINA/ b
HO YCTOMYMBYO HEMOJBIZKHYIO TOUKY (af, ...,k ), KOTOPOIl B MCXOTHOM OTOOPaZKeHIN
(28) orBeuaer ycroifunBas HEHOIBHKHAS TOYKA BHJA

* * * 1 1 * —(m—1)/a
Ze = (21, 20 1), z-:—alng—l—vj—i-O(dl( D/, (41)

7=1,....m—1, d—Q0,

* * _
e v, | = —0, Uy, =04 | — Q5 s=2,...,m— 1.

UnrepecHo oTMeTHTh, 9TO 0TOOpazkeHne (28) MHBAPUAHTHO OTHOCHTEIBHO IIPEodpa-
30BaHUA

4
(Zl, ce >Zm71) — (ZQ, 23, 03 2m—1, —R1 — 29 — ...— mel)- (42)
[Tosromy HaifijileHHAs HAMHU HermojBUKHast Touka (41) mopoxaer cpasy m yCTOWIHBBIX

HEIIOABU>KHBIX TOYECK

20— k=0,1,...,m—1 (43)
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(momuepkueM, uro &/™ = [, rue I — equananbiii oneparop). Ocraercst 106aBUTh, YTO B
uexosiHoil cucreme (5) 3TUM TOYKaM OTBedaeT HabOP U3 M YCTONUIUBBIX PEJAKCAIMOHHBIX
HEPUOJINIECKHX JIBUZKEHU, IePEeXOIsIIuX APyl B JApyra IPU IUKIXIECKUX [1€PeCTaHOB-
Kax KoopJuHar uj, j = 1,...,m.

[Tpu oTbIcCKaHUM BTOPOH I'PYIIIBI yCTOWYMBLIX HEIOJBUYKHBIX TOYEK OTOOPArKEHMS
(28) BepHemcsi K TpexkHeMy ycaoBuio (4) Ha mapamerp a. Kak u B mpeplayIieM Ciy-
qae, 3/1eCh JOCTATOYHO 3HATH KaKyIO-JTUOO OJHY YCTONYHMBYIO HEIOJBUKHYIO TOYKY, a
OCTaJIbHBIE TIOJIYYAIOTC U3 Hee 1o npasusiam (42), (43).

Uraxk, osoxkum B (18)

zj:ﬁ lné—l—vj, j=1,....m—=1, v=(v,...,0m1) € Q, (44)
rje, Kak u panee, ) — IPOM3BOJIbHBIA KOMIIAKT. XapakTepHasd OCOOEHHOCTDH JAHHOIO
cllydasi COCTOUT B TOM, UTO IpH ycjoBusix (44) mpenesnbHoe orobpakernue (37) okasbl-
BAETCsl TOXKJIECTBEHHBIM 110 YaCTHU IIePeMEHHbIX. [[09TOMY HUZKe IIPH MOCTPOEHUH aCUMII-
toruku upu d — 0 xommonent y;(t,v,d), j = 1,...,m — 1 pemenns 3amaun Komu
(17), (18), (44) B HekoTOpBIX (opMysax OyiyT yUTEHBbI TOIPABKU MOPsIKa d°, Tie
o=1~—[a(m—1)]"'>0.

Obparumcst caagaaa K npoMexyTky 0 < ¢ < 1. HecioxKHBIH 10/1CI€T TTOKA3bIBAET,
9TO 3716Ch

1 1
yj(t,U,d):mlnc—i‘i‘ﬂj‘i‘dU(Sj(t,U)‘i‘O(dg), jzl,...,m—l, (45)
e
d; =t(expvjs1 —expv;), j=1,...,m—2; 6&,_1=—texpuvy,_i. (46)

Hamee, mpu 1 < ¢t < ty + 1 ¢ ydueTroMm yrKe yCTaHOBJIEHHBIX cooTHomeHuit (45), (46)
MIPUXOJIUM K PaBEHCTBAM

1

1
y;(t,v,d) = - In 7 av d?(expv;+1 — exp ;) + o(d?), (47)
j=1...,m—2;
1
Ym—1(t,v,d) = — 111 c_i+
(48)
+In |(t—1)exp ( Z vk> exp(—avp,—1)| + O(d?).
N nakowner, nipu tg + 1 <t < Ty nmosydaeM acUMIITOTUYECKHE TIPEJICTABICHUS
1 1
(t,v,d) = —— In= 4+ v+
+d°(t —to—1—1/a)(expvj1 —expv;) +o(d”), j=1,...,m—2;
1 1
Ym— 1<t v, d EEE———— ln —|—

+In

to exp( ZW) + exp(—avn- 1)] - (50)

-2

—(14+1/a)In [(to —1)exp (a +0(d%).

Uk) + exp(—a vy 1)

k=1
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Hobasum erre, ato Bo Beex dopmyrnax (45) — (50) ocraTku MMEOT yKa3aHHBIHA MOPSIOK
MAaJIOCTU PABHOMEPHO II0 f, U U COXPAHAIOT ero npu audepeHnupoBanum 1o .

3 npuBeeHHOIO aCUMIITOTUIECKOrO aHAIM3a CJejyeT, 9To B ciaydae (44) orobpa-
JKeHne (28) 3ammchBaeTCs B BHUJIE

v; > vj+d°(a—1/a)(expvj1 —expv;)+o(d”), j=1,...,m—2; (51)
m—2
Um—1 — In [to exp (a Z vk> + exp(—a Uml)] —
o (52)
—(1+1/a)In [(to —1)exp (a Z vk) + exp(—avy,_1)| +O(d?).
k=1

Anams3 moryIuBIerocss 0ToOpaskKeHusl TeCHO CBA3aH CO CBOMCTBAMHU BCIIOMOTATE b
HOT'O OJITHOMEPHOI'0 OTOOparKeHUs

Q= Yy (@) ' (r1 + exp(—aa)) — (14 1/a) In (15 + exp(—aa)) (53)
C JByMsl IIapaMeTpaMu 71, s > 0, YJIOBJIETBOPSIIONUMU YCJIOBUIO
ry > (14 1/a)rs. (54)
CrpaBe InBO CJIE/IYIOIEee YTBEPZK ICHHE.

Jlemma 2. Ilpu swnoanenuu nepasencmea (54) omobpasicernue (53) umeem edurncmeer-
HYI0 240004010 IKCNOHEHUUAALHO YCMOTUNUBYIO HENOOSUNCHYIO MOUKY O = (11, T2).

JIOKA3BATEJIBCTBO. OTMeTnM CHadaja BBITEKAIONNE W3 SIBHOTO BHUAA (DYHKITUH
Ury (@) (eM. (53)) acuMOTOTHYIECKIE CBONCTBA

lir+n Yy (@) =Inry — (1 4+ 1/a) Inry, (55)
Upy (@) = @+ (r1 — (1 + 1/a)rs) exp(ac) + O(exp(2acr)), a — —oo.

YuureiBast, gajiee, B (55) yeiaosue (54), IPUXOAUM K BBIBOJLY, YTO IPU BCEX JOCTATOY-
HO 6O0JIBIINX ¢ > () BBIIOJIHAETCA HEPABEHCTBO Uy, () < (v, & IPU BCEX JOCTATOYHO
OOJIBIINX 110 MOJIYJIIO OTPHIATEIBHBIX (¢ — HEPABEHCTBO Uy, () > a. Takum obpaszom,
orobpaxkenue (53) 3aBeIOMO MMeeT XOTsi Obl OJIHY HEIOJBIZKHYIO TOUKY (X = (v, ABJISIO-
ILYIOCS, OUEBUIHO, KOPHEM yDPaBHEHUsI

r1 + exp(—aay)

exp(ay) = e 56
p(ax) (r2+exp(—aa*)) / (56)

[Iepeiizem Tereps K Bompocy 00 yCTONYMBOCTH HaiileHHON HeIoJBUXKHO#M Touku. B
CBsI3U € 9TUM 06paTHM BHUMaHUe, 9To TpeboBaHue (54) Baeder BBIIOJIHEHIE HEPABEHCTBA
r1 > ro. Ucnonb3ys mannblii pakT, yoexk1aeMcs, 9T0, BO-TIEPBBIX,

d
@ 1/}7’1, T2 (a) -

= exp(—a«a a(ry —rs) 1 (57)
o )( (r1 + exp(—aa)) (r2 + exp(—ac)) * Ty + eXp(—aa)) >0,
VaeR;



KousbrieBas neiiponnasi 1elb ¢ OJJHOHAIIPABJIECHHON CBA3LIO 415

BO-BTOPLbIX, 3a YCTOﬁqHBOCTB HeHO,ZLBI/I}I{HOI;’I TOYKHU (¥ = (¥, OTBE€YaeT MYJIbTUILJIMKATOP

def d v+ 1\ " a(ry —rg)
lu* = @ wm,m (O{) = T 1 _'_ - Y (58>

Ve + 71 Vs + 71 vemexp(—aa)

=0

SIBJISTIOITIUIICS TIOJIOZKUTEIbHBIM (TIpH BBIBOJIE paBeHCTBa (58) HMPUBJIEKAINCH COOTHOIIIE-

uust (56), (57)). Kpome roro, yaursiBast, 9ro a > 1, 1 onupasich Ha OYeBUJIHbIE OIEHKH
a a

Uy + 711 L — T2 a(ry —r2) a(ry —rs)

T I e B e L

?
Vs + T2 Vg + T3 Vg + T2 Vg + 71

HETPY/IHO YBUJCTH, UTO [, < 1.

Nrak, Mbl yoemmmch, 9To Jirobast BO3MOXKHAas HEIOABUXKHAs TOYKa (v = (v, OTOOpa-
ket (53) ABJISIETCS SKCIOHEHIUAIBLHO YCTONIUBOMA. A 9TO 3HAYUT, YTO HA CAMOM JIeJIe
Takas TOYKa €JMHCTBEHHA U B CUJIy MOHOTOHHOCTH Hatero orobpazkenus (cm. (57)) riio-
baJyibHO ycToitunBa. JlemMma 2 JiokasaHa.

Bepuemcst k orobpazkenuto (51), (52) u 3amerum, uro npu d = 0 B cuily yKasaH-
HBIX B JIEMMe 2 CBOWCTB BCroMoraTesbHoro orobpakenus (53) orobpazkenne (51), (52)
JIOITYCKAET SKCIOHEHIINAJIBHO yCToiunBoe (m — 2)-MepHOoe HHBAPUAHTHOE MHOr0obpasue,
COCTOSIIIEE U3 HEMOJBUZKHBIX TOUYEK. Y IOMSHYTOE MHOT00OPA3Ne 33/1a€TCsl PABEHCTBOM

{(V1y+ ,Um1) T U1 = Vs — V] — VU — ... — Upya,

59
ijR,jzl,...,m—2}, ( )

IJIe ¥ = U, — €JIUHCTBEHHDIN KOPEHb YPaBHEHUS
v =1In[ty + exp(—av)] — (14 1/a)In[ty — 1 + exp(—av)].

[Ipu masbix d > 0 anajor nHBapuaHTHOrO MHOrOOOpasus (59) coxpaHsercs, a cyzKe-
Hie Ha Hero orobpaxkenus (51), (52) mpescrapisier coboil orepaTop, ACHMITOTHIECKH
6M3KHUiT K TOXKJIECTBEHHOMY. B CBsI3U € 9TUM YKa3aHHBI OLEPATOD MOKHO AIIIPOKCHMHU-
POBAThH COOTBETCTBYIOIIEH CHCTEMOIT 0ObIKHOBEHHBIX JinddepeHIuaIbHbIX ypaBHeHuil. B
HAIIIeM CJIydae 9Ta CHCTeMa UMeeT BUJL

dv;
d—J:evajH—expvj, j=1...,m—3,
! (60)
-2 (Ve —vp — v Um—2) — €Xp U
———— =exp(Vs — V] — Vg — ... — Up_2) — m—2-
dr p 1 2 2 p 2

flcHo Takzke, YTO JHOOOMY €€ SKCIOHEHIMAJIBHO YCTOHYINBOMY COCTOSHUIO DABHOBECHUSI
O B ucxopaoMm orobpazkennn (51), (52) mpu Beex mocrarodHo masbix d > 0 orBevaer
yeroiiunBas HeloBuKHasi Touka O (d), acumiroruiecku 6mskas K 0.

Amnasmus cucremsr (60) He BeI3bIBaeT 3arpyatennii. JleficTBUTeIbHO, TTOC/IE 3aMeEH vV, =

w;+v./(m—1),j=1,....,m—2, Texp(v,/(m — 1)) = 7 oHa IPUBOAUTCS K BUILY
w; =expw; 1 —expw;, Jj=1,...,m—2,
J p ]+1 p J -] (61)
Wm—1 = —W1 — W2 — ... — Wp—-2.

A orciona ¥ U3 OTMEUEHHBIX BBIIIE CBOHCTB aHAJOrMIHOf cucreMbl (19) BbITEKaeT, ITO
HyJIEBOE COCTOsiHME paBHOBecHs: cucTeMbl (61) rrobajbHO SKCIOHEHIINATIBHO YCTONINBO.
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Bospparmasich K orobpazkenuto (28), MPUXOIUM K BBIBOJLY, YTO IIPU ycjaoBun (4) u mpu
Bcex d < 1 OHO JOIYCKAeT 3KCIIOHEHIMAIBHO yCTOWUNBYIO HEIOABUKHYIO TOUYKY

1 v
o = **7”.’ **7 7 **:—1 - o 1’
2z (2] Z 1) 7 =1 nd—i-m_l—i-o() (62)
j=1,....,m—1,
a TaK:Ke CepHI0 YCTOMIMBBIX HEIOIBHKHBIX TOYEK
W =k, k=1,...,m—1. (63)

Kak n B cayuae (41), (43), B ucxoauoii cucreme (5) nenonBmkHbIM ToukaM (62), (63)
COOTBETCTBYIOT yCTOHUUBbBIE PETAKCAIMOHHBIE IEPHOJINUECKUe JIBUKEHNUS, TIEPEXOIsIIIue
JPYT B Jpyra IPH MUKJIXYECKUX [ePEeCTAHOBKAX KOMIIOHEHT u;, j = 1,...,m. JobaBum
emie, 9To 1pu ycsaosun (30) HaliJleHHBIE HAMU JIBE I'PYIIIBI YCTOWIUBBIX MEPUOUIECKIX

PELIeHn COCYIIECTBYIOT.

4. 3akJro4eHue

[ToxBost mTorm paboOTH, OTMETUM, YTO TeOpeMa 2 O COOTBETCTBHUH U IPOJIETaHHBIN B
IyHKTE 3 aCUMITOTHYECKUI aHa 3 orobparkenus (28) MPUBOJAT K CJIELYIONIEMY YTBED-
KJIEHUIO, SBJISIONIEMYCs OCHOBHBIM Pe3YyJIbTaTOM JIAHHON CTaTbhHU.

Teopema 3. [lycmv napamemp a ydosaemsopaem wepasencmay (30) (ydosaemeopsem
nepaserncmey (4) u ne ydosaemesopaem nepasencmesy (30)). Tozda das mobwx docma-
mouno maavix dy > dy > 0 natidemes maxoe docmamouno 6oavwoe g = \o(dy, ds) > 0,
wmo npu ecex di < d < dy, X\ > Ao cucmema (5) umeem kax munumym dee (00ny)
epynnoulL pewenul, Karcdas ud KOmopur coCmoum U3 m IKCNOHERUUGALHO OPOUMANDHO
YCMOTUMUBHIT ABMOBONHOBHLT NEPUOOUECKUT J8UNCEHU.

N3 chopmynmupoBaHHOT TEOPEMBI CJIELYET, UTO IPU COIIACOBAHHOM YMEHbIIEHUH d
U yBeJUYeHHN HapaMeTpoB A, m B cucteme (5) Habmomaercs dberomen GydepHocTH,
a TOYHee, MPOMUCXOJUT HEOIPAHUMYEHHOE HAKAILIMBAHUE COCYMIECTBYIOMIUX YCTOWIMBBIX
UKI0B. OT™MeTHM, 9TO OydhepHOCTh HABII0IAETCsT U It Psijia APYTUX KJIACCOB TENOYeK
OCITJIIITOPOB € OJIHOHAIPABJIEHHOI ¢Bsi3bI0 (cM. [16-20]).
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Self-excited Wave Processes in Chains of Unidirectionally
Coupled Impulse Neurons
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Keywords: impulse neurons, chain of unidirectionally coupled oscillators, travelling
wave, asymptotic behaviour, stability, buffer phenomenon

The article is devoted to the mathematical modeling of neural activity. We pro-
pose new classes of singularly perturbed differential-difference equations with delay of
Volterra type. With these systems, the models as a single neuron or neural networks
are described. We study attractors of ring systems of unidirectionally coupled impulse
neurons in the case where the number of links in the system increases indefinitely. In
order to study periodic solutions of travelling wave type of this system, some special
tricks are used which reduce the existence and stability problems for cycles to the inves-
tigation of auxiliary system with impulse actions. Using this approach, we establish that
the number of stable self-excited waves simultaneously existing in the chain increases
unboundedly as the number of links of the chain increases, that is, the well-known buffer
phenomenon occurs.
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B nanmoit pabore perraercs 3amada CyIeCTBOBAHNS U YCTOWIMBOCTH HEIIPEPHIB-
HBIX BOJIH JIJIsT MOJEJIU ITOJIyIIPOBOTHUKOBOIO JIa3epa. DTa MOJEIb ObLIa IIPEII0Ke-
ua JIsurom u Kobasru u umeer Bu AByxX AuddepeHiinaibHbIX YPaBHEHUN ¢ 3a1ma3-
JbIBaHIEM. Bpemst 3ama3aplBaHUs [IPEIIOIaraeTcs JOCTaTOIHO OosbimuM. Vcce-
JIyeTCsT BOIIPOC CYIIEeCTBOBAHUS HEIIPEPBIBHBIX BOJIH I Mojenu JIsura—Kobastrm.
[TocTrpoeno crernmaabHOE MHOXKECTBO [, 3aBHUCSINEE OT BCEX HApPaAMETPOB 33 atW.
VcaoBue cyIecTBOBAHUS HEIIPEPBHIBHBIX BOJTH COCTOUT B TOM, UTO , IJIABHAS YaCTh "
pelennii 10K Ha, JIeXKaTh Ha MHOXKecTBe 1. Halinensr focTaToqnbie yCIoBus yCTOM-
YUBOCTUA U HEYCTONYIUBOCTU HEIPEPBIBHBIX BOJIH IPU JIOCTATOYHO OOJIBIINX 3HAYTE-
HASX TapaMerpa 3ala3iblBaHus. B ciaydae Hy/aIeBoro koddQUilneHTa yITupeHust
JIMHUU HaliJleHbl HEOOXOJIUMbIE M JOCTATOYHBbIE YCJIOBHA YCTOMYMBOCTU. V3ydenHo
pacrmoJiokenue objacreil ycroitunBoctn Ha MHOXKecTBe I. /lokasano, 9To B ciaydae
HYyJIEBOTO KO3bpuiimenTa ympenns JUHUE Ha MHOXKecTBe I MoxKeT OBITH He DoJiee
OJIHOM 00J1aCTH yCTONINBOCTH, HalEHBI HEOOXOIUMbBIE U JIOCTATOYHDLIE YCJIOBUS €€
CyIIIECTBOBAHMUS.

BBenenue

B pabore ucciieryiorcss BazKHbIE CBOHCTBA HEKOTOPBIX YPaBHEHWIl C 3alla3/IbIBAHUEM,
UTPAONINX OCOOYIO POJIb B MOJIEIMPOBAHUE MHOTHX HPUKJIAIHBIX 3a7ad. OCHOBY 3THX
MCCJIE/IOBAHNI COCTaBJIsIeT aHaJN3 IIOBEJIEHUsI PeIeHnii BU/ia HENPEPBIBHBIX BOJIH IIPU
JIOCTATOYHO OOJIBINUX 3HAYEHUSX TapaMeTpa 3anas3/blBaHusd. DJM3Kue 10 MOCTAHOBKE
381891 UCCJIeI0BAINCh B paborax aBropa [1-3]. Tak, B pabore [1] uzyuaiorcs Bonpocs

'Pa6ota BbImosHena mpu (hUHAHCOBOI MoIep:KKe mpoekTa Nt 984 B paMKax 6a30BOii 4acTH roCyIap-
crBennoro 3aaanus Ha HUP fApl'V u npoekra 1875 roczamanus na HIIP Ne2014/258.

420
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CYIIECTBOBAHUS U yCTONIMBOCTU IIPOCTEHIINX MEPUOJMICCKIX PEICHUH I YPaBHEHU
Crioapra—/lanmay ¢ 6osbium 3anasapisanuem [4,5], a B paborax |2,3] — Bompocsr cyiie-
CTBOBAHUS M YyCTONIMBOCTU HEIIPEPBIBHBIX BOJIH B MOJIE/IH, IPEJIJIOYKEHHON [T OTIMCAHMS
quHAMUKE J1asepa [6-9|. Bbur paspaboran crienuasbHBI METOJ, ¢ MOMOIIBIO KOTOPOTO
y/IaJI0Ch OTBETUTD HA BOIIPOCHI O CYIIIECTBOBAHUY U YCTONINBOCTH ACUMIITOTHIECKH OOJTh-
IIIOT0 MHOKECTBa, HEMIPEPBIBHBIX BOJIH. KpoMme 3Toro, pazpaboTaH ajropuT™ MOCTPOEHUS
ACUMIITOTUKY TAKUX PEIIEHUil IpH JIOCTATOYHO OOJIBIINX 3HAYCHUAX ITapaMeTpa 3aras-
apiBanust. Hacrosimast pabora TecHO puMbIKaeT K paboram asropa [1-3]. B Heit mposioi-
JKEHO HMCCJIeJOBaHue [IOBEICHUA PelleHnuil Npyroil, BaXKHOil Jij1d HPUJIOZKEHUl, CUCTEMBI C
sanazapBanneM JIsara-Kobasmm [10]. DTa cucrema gaBHO yiKe cTaja KIaCCHIECKON 1
SIBJITETCS OJTHOM M3 OCHOBHBIX IIPU ONMCAHUHU JUHAMWUKW TIOJTyTPOBOIHUKOBBIX JIa3€POB.
Bo muormx paborax mcciaegoBasach IMHaMUKa pertenuii mogenan JIsura—Kobasimm jrs
(bUKCUPOBAHHBIX 3HAYEHUH MapaMerpa 3anazjbiBanus [11-21]. B wacrnoctu, 6buiu 06-
HAPY2KEHBI Pa3IMIHbe CIieHApHUU mepexojia K xaocy [11-15], mokasano, 4ro mo KpaiiHeit
Mepe o/Ha MO (¢ MAKCUMAJILHON MHTEHCHBHOCTBIO) BCEL/Ia OCTAETCs ycToiausoit [19).
B macrosmeit pabore cTpOUTCsT aCHMITOTHKA CEMEHCTBA PeIeHni BUIa HEIPEPBhIBHBIX
BOJTH JIJIs JIOCTATOTHO OOJIBINNX 3HAYCHUN 3aI1a3/IbIBAaHNA 1 PACCMATPUBAETCS BOIIPOC 00
YCTOMYMBOCTU TAKUX DEIICeHUIL.

1. IlocraHoBKa 3aga4n

Paccmorpum cucremy ypasuenuit JIsura-Kobasimm

E= (1 +ia)(y — 1)E +yexp(ip)E(t — T),
y=q—y—ylEP
3/iech mapamMeTpsl v, Y, ¢ MOJOXKUTEJbHBI, TapaMeTp (¢ JIeHCTBUTE/bHBIN, mapamMeTp ¢
npusaiekuT nojayuarepsaty [0,27). OCHOBHOE MPEJIIIOJIOKEHHE COCTOUT B TOM, UYTO
napamerp 1" sBisiercs gocratodno dbosbmum: 1> 1. Crenaem nepeHOPMUPOBKY BpeMe-
i t — Tt u 3ameny € = 1/T', rorna cucrema ypasaenwuii JIsnra—Kobasiimu nepenminercs
CJICJTYIONUM 0Opa30M:

eE = o(1+ia)(y — 1)E + v exp(ip) E(t — 1), (1)
Y = q—y—y|E|2.

3aMeTuM, 9TO MOJIOKUTEIbHBIN MapaMeTp € sBJIAeTCs J0CTaTOYHO MauibiM: € < 1. B
JIAaHHOI paboTe MbI Oy/IeM MCCJIeIOBATEH BOIIPOCHI CYIIECTBOBAHUS M YCTONYINBOCTH B (ha-
3oBoM npocrpancTse Cl_q,0(C) x R permnennii Bujia HelpepbIBHO BOJIHbL IIPU JJOCTATOYHO
MaJIbIX 3HAYEHUSAX IapaMeTpa €.

2. CymiecTBoBaHUE peNIeHMs

Byzem nckars perenns cucreMsl (1) B BHJie HEIPEPBIBHO BOJIHBL:
E = Rexp(iAt), y=Y. (2)

Baech mapamerpel R, A, Y He 3aBucar or spemenu. Ciemuys [1-3|, 6ynem uckarb R u A
B Buje: R = (p+ew), A =7§/e+0+Q+2mn+ ed. Benmuuna 6 jeiicreurenbhast, p > 0,
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n — nesoe 4ucso, §) npuHaaaeknT noayunrepsany [0,27), w = w(e) u d = d(e) neii-
cTBUTENIbHBIE, orpanudendbie npu € — 0 dyuknun. Oyukius 0 = 0(e, ) onpeyessiercst
TakuM 0Opa30M: OHa IPUHUMAET 3HadeHus u3 nojayunrepsaia [0,27) u 0/ + 6 nemures
HaIeJI0 Ha 27.

[Moncrapisis Beipazkenust it R u A B (2) u (1), nosydaem ypaBHeHUe IS OIIpe/ie-
JeHust Becex (urypupyomux B (2) mapaMeTpos:

1 .
’L(5 -+ 5(9 -+ Q -+ 277'71/) + €2d) = 57)(1 + ZOé) (m — 1) =+ ’yel(goigisd)’

Y = 1+ (p+ew)?)™t

(3)

Tak Kak € — MaJIblil ITapaMeTp, TO JOJI2KHO BBIIIOJIHATHCA PaBECHCTBO

i(0 = 1/2va(q(1 +p*) " = 1)) = 1/20(q(1 + p*) " — 1) = yexp(i(p — Q). (4)

[TpupaBHuBas KBapaThl MOJIYJIEl JIEBOM U [IPaBOii 4acTi ypaBHeHUsI (4), TOIydaeM yCao-
BU€ Pa3pelInMOCTU JaHHOI'O YPaBHEHU:

(6 —1/2va(q(1 +p") 7" = 1))* + 1/40*(q(1 +p*) 7 = 1)* =% (5)

[TycTh 3Hauenus § U p? TAKOBBI, YTO BhioHsIeTca pasencTso (5). Torga s KaxIoro
Habopa IapaMeTpoB UCXOJHOTO ypapHeHwusi (1) Haiijercst emHCTBeHHOE 3HAYeHHUe () U3
[0, 27), 11t KOTOPOro paBeHCTBO (4) OyIeT BBIIOTHIATHCS.

Bpemenno 3adukcupyem 3nadenne 0(e) = . PaccmoTpuMm ypaBHEHHE OTHOCHTEIHHO
HEW3BECTHBIX 3HaUeHUN wy u dy dbynkuuit w(e) u d(e):

i(0+ Q+2mn) = —v(1 +ia)gpwo(l + p*) 2 — vidy exp(i(p — Q)).

Broinensasa neiicTBUTE/IbHYIO 1 MHUMYIO YaCTH 3TOI'O BBIPAXKEHUS, IPUXOJIUM K CUCTEME
ypaBHEHUI

0 = —vgp(l+ p?) 2wy + vsin(p — Q)do, (6)
O+ Q+2mn = —vagp(l+ p?) 2wy — 7 cos(p — N)dp.

Omupeiesmrenb JAHHOM CHCTEMbI paBEH HYJIIO TOLJA U TOJBKO TOIVIA, KOrJa
cos(p — Q) + asin(p — Q) = 0. (7)

Eciu onpesiesmuresib cucreMbl (6) OTJIMYEH OT HYJISA, TO B CUJIY TE€OPEMbI O HESIBHOMN (hyHK-
IIIU CYIIECTBYET JIOKAJIBHO €JIMHCTBEHHOE PEIIeHNe CUCTEMBI (3) JIJIst KayKJI0r0 GUKCUPO-
BaHHOTO . JlajbIe ocTaeTcs TOIBKO MOJICTABUTH B HETO BMECTO 3HadeHus 6 HyHKIUIO

(e).

[Tycrb Teneps BoinosseHo ycaosue (7). Mcnonb3ys paBeHcTBo (4), moydaeM, 9To

yeos(p — Q) = =1/2v(q(1 +p*) "1 = 1), (8)
ysin(p — Q) =6 — 1/2va(q(1 + p*)~' —1).

Taxkum o6pazom, coorrorerne (7) SKBUBAJIEHTHO PABEHCTBY

ad = 1/2v(q(1 + p*) ' = 1)(1 + o). (9)
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BameTM, 4TO 3TO PABEHCTBO 3aJaeT npsAMyio Ha miockocetu (4, (1 + p?)~1). Tem cambim
TOYEK Iepecederns ¢ sumicoM (5) MoxkeT ObITh He Gostee aByX. [logcrasus yciosue (9)
B (5), IOJTy"nM, 9TO B IAHHBIX TOUYKax 07, = 7*(1 + o). OTcona onpesesem yciosue
Ha. P%,Q
pr=(vv1+a2(qg—1) = 2a7)/(vV1 + a2 + 2a7),
2 = (WTF (g — 1) + 207) /(0 T o — 207).

Ocraercsl NPOBEPUTD TIOJIOKUTEIBHOCTD p U p3. Hec0:KHO yBUJIETH, 9TO KOJUYECTBO
[OJIOZKUTEJIbHBIX 3HAUEHUi cpeu npasbix dacredi (10) MoxKeT U3MEHAThCs OT HyJIsd JI0
naByx. TakuM 06pasoM, 9ucao Touek nepecedenns syt ssumunca (5) ¢ upsamoit (9) moxker
6bITh paBHO HYJTO (CM. puc. 1.a)), omHomy (cM. puc. 1.b)) win asym (em. puc. 1.c)).

(10)

@)

5 -0.2
400 600 -1500 -1000 -500 0 500 1000 1500 2000

(1)’

3

Puc. 1. Kosmuectso Tovek nepecedenus npsamoii (9) ¢ ayramu sjumuicos (5). 3uavenust
napamerpos a) v = 1012, « =0, ¢ = 0.9, v = 550; b) v = 1000, « = 1, ¢ = 3, v = 1100;
c) v =1030, « = 0.25, ¢ = 5, v = 900.

Criestaem 3aMeHy epeMeHHOMN
r=(1+p*)""

Tora nepemenHast 1 JJOJIZKHA IPUHUMATH 3HaUeHus u3 noayunnrepsasa (0, 1]. Ypasuenne
KpuBoii (5) mpumer Bu/

(6 —1/2va(qr — 1))* + 1/40%(qr — 1)* = 2. (11)

Hecnioxkuo ybemurbest, uro ypasaenue (11) 3ajgaer ssumunc Ha mwiockocTu (J, 7). YIuThi-

Bad ycJioBue
0<r<l1 (12)
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¥ TO, 9TO § JIOJIZKHO ObITH JefiCTBUTEIBHBIM, [OJLYIaeM YCJIOBUE Ha KOODJIMHATY I TOUKH
(0,7) sumumnca (11):

max{0, (v —27)(vq) '} <7 < min{l, (v + 27)(vg) "' }. (13)

U3 ycioBUs MOJIOKUTEIBHOCTH U, 7, ¢ CJIEYET, YTO MOTYT PEATU30BbIBATHCS HATH CUTY-
aruii (He cuMTas CJIydaeB HECTPOIWX HEPABEHCTB):

Lot oomen
IT : (U—Q’Y)() <1< (v+27)(vg)™!
IIr (v—27)(vq) <0<1<(v+2y)(vg)™
JATAN (U —2v)(vq) ! < O <(v+ 27)(11(])’
Voo 0< (v=27)(vg) 7" < (v+27)(vg) ™

O6osznaunm uwepes (v, a,q,7y) MHOXKECTBO TOUEK (J,7), HOTydIaeMoe MePeceuaeHneM 3Ji-
qurica (11) u mosocsr (12). Torma B mepBom caryuae muoxkectBo I (v, @, q,7y) mmycroe, BO
BTOPOM M 9E€TBEPTOM CJIydasaX IIOJydaeTCs OHA JyTa JUINICA, B TPETHEM JIBE JIyTH 3JI-
JIMIICA, & B IATOM CJIydae BeCh JUIMIC HAXOMUTCA BHYTpu mojockl (12) (em. puc. 2).
OrmeTuM, 9To JJIst CylmecTBOBaHUsl pernenuit Buja (2) ypasuenus (1) HeOOXOIUMO BbI-

)

<1
<1

I

1 T T T T T T T 1
0.8

; : : 1 wer
) i | /v

04 -

0.2 -

-20 -15 -10 -5 0 5 10 15 20

0.25 -

il d) 04

i
50 -100 -80 -60 -40 -20 1] 20 40 60 80 100

Puc. 2. Bugbt muoxkects I (v, «r, q, 7). a) cay4aii 11, b) cayuaii 111, ¢) caygaii IV, d) coy-
qait V.

IIOJTHEHME HEPaBEHCTBA
(v —27)(v) " < 1. (14)

astee Oyaem Be3jie CIUTATH, 9TO TO HEPABEHCTBO BBIIIOJIHEHO.
W3 npuBejiIeHHBIX BBIIIE ITOCTPOEHUI BHITEKAET CJIEIYIONIee yTBEPXKICHUE.
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Teopema 1. ITycmwv evwinoaneno nepasercmeo (14). Tozda das kascdozo yenozo 3raue-
nusn u xascdot mowru (8g, (14+p3) 1) na kpusoti (5), kpome, 603moorcro, deyz, dan ecex
docmamouno maavix € > 0 cywecmeyem pewenue (2) ypasruenus (1), 2de R = (po+ew),
A =6/e+0+Q+2mn+ed, Y = q(1+(p+ew)?)™, ad = d(e) uw = w(e) — nexomopuie
oepanunenmvie npu € — 0 dynkyuu.

Huzke mpejiiosiaraeM, 9To BBIIOJHEHO YCJIOBUE HEBBIPOXKJIEHHOCTH, TO €CThb OyJeM
paccMaTpuBaTh T€ TOYKU SJUIAIICOB, JJisi KOTOPBIX cos(¢ — §2) 4+ asin(p — Q) # 0.

3. MWccaepoBaHue ycTOMYMBOCTU PeIlleHUS

3.1. IlocranoBka 3aj/ilaun 00 yCTOMYUBOCTHI

Ucnonb3ys Teopemy TuxonoBa [22], BEIpasuM pelieHne BTOPOTO YpaBHEHHs KaK (QyHK-
o ot |F| u mojcraBuM 9TO BhIparkeHue B 1epBoe ypasHenue cucrembl (1). Tosmyamm
cJemyrolee ypaBHeHue Ha (DPYHKINO F:

eE =1/20(1 +i0)(q(1 + |E>)™ = 1)E + vyexp(ip)E(t — 1). (15)

[Tpu fgocraToyHo MasbIX € Jist Kaxkoro dbukcuposansoro n (n = 0,41, £2,...) y ypas-
nenust (15) ecrb perienne

Eq = (p+ew)expli(d/e + 0 + Q + 2mn + ed)t]. (16)

B nannoit pabore OyjieM MCKaTh TaKue yCJIOBUS YCTOWUUBOCTH, YTOOBI JIJIsi KAXKJIOTO N
IpU BCEX JOCTATOYHO Masbix € > (0 pemenus (16) ypasaenus (15) ObLn ycTORYIMBBI B
dazoBom mpocrpancree C[—1,0].

3.2. IlocTpoeHne KBa3uIIOJIMHOMA
Jluneapusyem ypasuenne (15) ua permenun (16). st sroro nogcrasum B ypasuenue (15)
BMecTo F Boipaxenue Fy(l + z), rie z = 21 + 29, 21 U 22 AeficTBUTEIbHBIE (DYHKIIUIL.
JInneapuszoBaHHas cucTeMa OyJeT UMeTb BU/I

e = —v(1+ia)q(p+ew)*(1+ (p+ew)?) 22 +yexp(i(p — Q—ed))(z(t — 1) — 2). (17)
Briiesnm J1eficTBUTEIBHY IO 1 MHUMYTO 9acTi ypaBaerus (17):

ezy = —pz1 +ycosVW(z(t — 1) — z1) — ysin W(zo(t — 1) — 29),
eZg = apzy +ysinW(z(t — 1) — z1) + ycos U(z(t — 1) — 29),

re p = vq(p+ew)?(1+ (p+ew)?) 2, a ¥ = ¢ — Q) —ed. Torja NPUXOIUM K CJIE/TyIONIEMY
XapaKTEPUCTHIECKOMY YPABHEHHIO (OTHOCHTENBHO 3HaueHuit 21 = P, 2o = Q):

A(5)-1(3)

—p+ycos¥(e™ —1) —ysin¥(e ™ —1)
B - . —\ —A .
ap+ysin¥(e™ —1) ~vcos¥(e * —1)

rie
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st Toro, 9TOOBI JTaHHOE ypaBHEHWEe WMeJIO0 HeTPUBHAILHOE pelleHne, HeoOXOIUMO U
nocrarogro, 4tobbl det(B — eAl) = 0, tiae I — equnnunas Marpuiia. PaBeHCTBO HYJIIO
9TOr0 ONPEJIEINTE/sI SKBUBAJIEHTHO PABEHCTBY

vq(p + ew)?
2(1+ (p+cw)?)
vg(p + cw)?

0t (ot e (™ = 1)y(cos(y — Q — ed) + asin(p — Q —ed)) = 0. (18)

2N + 22\ ( 5 —vcos(p —Q— ed)(e™ — 1)) + 4% e —1)2—

HUccnemyem pacrioyioxkenne KOpHel XapaKTepUCTUIeCKoro Kpasumnoanaoma (18).

3.3. NN3ydyenne pacnojioxkeHusi KOPHell KBa3UIIOJINHOMA
s Toro, 9To0OBI ¢J1e/1aTh BBIBOJL 00 YCTORYMBOCTHU, HEOOXOIUMO U3YUIUTH PACIIOIOKEHUE
KOpHeil xapakTepucTuieckoro KpasunojauaoMa (18). TTockobKy Mbl JIMHEAPU30BbIBAIIN
ypaBHEHUE Ha TIEPUOUICCKOM PEIEHUH, TO IIPH JIIOObIX 3HAYEHHUAX [TaPAMETPOB 33/1a9H Y
kBazunosnaoMa (18) 6yer kopenb A = 0. [Tostomy peus noiier 06 opouTaIbHOMN yCTOM-
YUBOCTH TIEPUOJIMIECKUX perrtenuii. V3ydnm pacrosiozkenne ocTajJlbHbIX KopHeii. Ecan y
kBazunognHoMa (18) mpu Beex JOCTATOYHO MAJIBIX 3HAYEHUAX € BCe KOPHH, KPOME OJIHO-
IO, PACIOJIOXKEHBI B JIEBOI MOJIYIIOCKOCTH, TO OTCIOJa OyJIeT CjIeloBaTh yCTONYINBOCTD
perttenus. Ecu 2ke xoTst ObI 0JluH KOpEHb OyJIeT B IPABOIl KOMILJIEKCHO# TOJIYILIOCKOCTH,
TO TO IMOBJIEYET HEYCTOWIMBOCTH. Tak Kak MpU KaxK/IOM 3HAYCHUH £ CIIPaBa OT JIIO00i
BEPTUKAJIBHON NPAMOI Ha KOMILJIEKCHON IIOJIYIIJIOCKOCTH PacloJlaraeTcsd JIMIIb KOHEYHOe
qrcio KopHeil kasunosmuoma (18) (em. [23]), To cpein KopHeii KBA3UIIOJNHOMA €CTh KO-
peHb (OJIMH WM HECKOJIBKO) ¢ MAaKCUMaJIbHOM JeficTBuTe/bHOl YacThio. Eciu nmpu Beex
JIOCTATOYHO MAaJIbIX 3HAYEHUSX £ MaKCUMaJjbHas JefCTBUTEbHAs YacTbh BCEX KOpHE
(kpome ogHOr0 A = 0 KpaTHOCTH OJMH) OyJIeT OTPHUIIATEIbHAS, TO ITO O3HAYAET YCTONIN-
BOCTB. I[aﬂee MBI 6y,ILeM n3y4vaTb IIOBEICHUC KOpHeﬁ KBa3UIIOJIMHOMa Ha BCEBO3MOZKHBIX
MIOCJIEJIOBATETHHOCTAX £, — (. Eciim Bo Bcex paccMaTpmBaeMbIX CIydasx KOPHU OyIyT
B JIEBOU IIOJIYILJIOCKOCTH, 3HAYUT, U KOPEHb C MAKCUMAJbHON JIefCTBUTEJNbHON YacTbIO
Oy/leT B JIEBOM TOJIYIIJIOCKOCTH.

[Iycrs A = Ai(e) — meroropsiii koperb (18). Torga BO3MOXKHBI CJIeIyIONIIE TPU
cITydasd.

Cayuaii 1. ¢,,\. — 0 Ha HEKOTOPOIi MoCIIEOBaTEBHOCTH {£,, } TaKOiL, 9TO £, — 0.

Cuayuaii 2. ,,\. — const # 0 Ha HEKOTOPOIi MOCJIEIOBATETHLHOCTH {&,,} TAKOM, ITO
Em — 0.

Cayuaii 3. |g,,\| — 00 Ha HEKOTOPOI HOCIEAOBATENLHOCTH {€,, } TaKoil, ITO £, — 0.

OrmeTnM, 9TO TpeTHii caydaii nHTepeca He IPeJICTaBIIsier, Tak Kak u3 (18) ciesyer, ato
B JJaHHOM cirydae Re A, — —oo mpm ¢, — 0.
[lasee mocyieioBaTeIbHO PACCMOTPHUM II€PBBIE J[BA CIydas.

1. Cayuaii 1.

[TorennuaabHO BOZMOXKHDBI 3 BAPUAHTA HMOBEJICHUS .
a) CyIIEeCTBYeT TaKas IIOANOC/IE0BATEIBHOCTD {&;,, } MOCAEIOBATEILHOCTU {€,,}, UTO
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A« — 0 1pu &,,, — 0.

6) cymiecTByeT Takas IOJIIOCJIE/OBATEIBHOCTD {&y,, } MOCHEI0BATEBHOCTH {€), }, UTO
A — const # 0 upu &, — 0.

B) CYIIECTBYET TaKas IIOANOC/IEI0BATEILHOCTD {&,,, } MOCAEIOBATEILHOCTH {€,,}, UITO
|As| = 00 1 €y Ak — 0 1pu £y, — 0.

Paccmorpum citydaii 1a). [Tocko/ibKy MBI JIMHEAPU30BBIBAIN 33149y Ha II€PHO/ I~
CKOM DPEIIEeHUHU, TO MPU JIIOObIX 3HAYEHUAX IApaMeTPOB ecTb KopeHb A = () KpaTHOCTH
OJIMH, KOTOPBI Ha yCTOMYUBOCTL HE BJIMACT.

OrnpenenM, K KaKUM HEHYJIEBBIM KOHCTaHTaM MOXKET CTPEMUTBHCS A, 1Ipu &, — 0
(cywqait 16)). [IpenenpHoe ypaBHEHHE UMEET BUJL

e = 1) —vgp*(1+ p*) (e = 1)y(cos(p — Q) +asin(p — Q) =0.  (19)

Kax usno us (19), Bepro 6o e = 1+vgp?y 11+ p%) % (cos(p— Q) +asin(p—Q))+
o(1), mbo \, = 27ki + o(1). Pacemorpum mepByto curyarmio. st ycroitauBoctu He0O-
xo/mMo, 9To6wI [e~*| > 1. Jlasee GyaeM paccMaTpUBaTh TOJBKO CTPOTHE HEPAaBEHCTBA.
Torna ¢ yderoM orpaHWveHWil Ha TapaMeTPbl 3aJ@9l MOJYyYUM HEeOOXOJINMOe YCJIOBHE
YCTONYUBOCTU

cos(p — Q) +asin(p — Q) > 0,

cos(p — Q) +asin(p — Q) < —2y(1+p*)*(vg)~'p% (20)

Tenepb paccMOTPUM BTOPYIO cUTyaluio. Jljist 9T0r0 MOJACTABUM HPEJICTABIEHIE KOPHSI
A = 27ki + Mg + Xae? + O(e?) B xBasunomuuom (18). 3mech A\ u Ay — HemsBecTHBIC
KOHCTAHTBI, MOJIeXKaIue onpeaesnenuto. [lomrydaem, aro

A = —27kiy " (cos(¢ — Q) + asin(p — Q)71
N — 27ki(1 + ydo(sin(p — Q) — acos(p —Q)))
Y2(cos(¢ — ) + asin(p — 2))?2
2K (=2(1 + o)y (1 + p°)?sin’ (9 — Q) + gp’v(cos(p — Q) + asin(p — Q)))
2ap*v(cos(p — ) + asin(p — ))? '

s yeroiiauBoctu Heobxoaumo Re Ay < 0. ITorpebyem, 9T00BI BBIOJIHSAIOCH CTPOTOE
HEPaBEHCTBO:
v (I4a’)ysin’(p—Q) 1)
2(1+p%)?%  (cos(p — Q) + asin(p —Q)) '

Tenepb pacemorpuMm ciydail 18). B srom ciydae e\, — 0, mostomy B mpejiese Ko-
peHb yhoBieTBopsier ypasHeHuio (19). Mbl camraem, 4ro TOJIydeHHBbIE paHee YCJIOBUS
YCTONYNBOCTHU BBIIOIHSIOTCS, OITOMY JMOO KOPEHb A, OyIeT B JIEBOH IOJIYILIOCKOCTH
[PU MAJIBIX €, b0 OH OyJIeT epPeCKaKNUBaTh U3 OKPECTHOCTH TOYKH 27mh B OKPECTHOCTD
toukn 27 (h + 1) wim 27w (h — 1), tae h — HEKOTOpOE T1esI0€ IUCII0 (TaK KaK MBI CIUTAEM,
910 |[A| — 00). B 9roit curyanun npeacrasum A\, (€) B Buge A\ (&) = 2mk()i + A\p1 + i 0.
Brech k() — 00, HO IPUHEMAET TOJIBKO IEJIble 3HAUCHUA, Ak U Apo — HEU3BECTHBIE
JefCTBUTEIbHBIC BEJMIUHBI, CTpeMsInecst K HyIo upn € — 0 (HOpSI0K CTpeMJICHHs
OTHOCHTEJILHO € 3apaHee He m3BecTeH). Beegem obosnauenne pu = ek(e). Torma p — 0
npu € — 0 u e = o(u) npu € — 0. [loce mojacranoBku B ypashenue (18) kopHst A
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[IpuxoauM K paBEHCTBY

(Qﬂui + 8/\]@1 + i&?)\k’g)Q + ’72<€_()‘k’1+i/\k’2) — 1)2 + 2(27Tui + 5>\k,1+

. vq(p +ew)? Oveatires)
A - — Q= ed) (e et _ 1)) -
+1€ k,?) (2(1 + (p+€w)2)2 ’}/COS((,O € )(6 )

yug(p + cw _ i .
s (<,0 n gw))2)2 (e~ Pratidez) _ 1) (cos(p — Q — ed) + asin(p — Q — ed)) = 0.

(22)

BeinuceiBasi crapiiye 4ieHbl B ypaBHeHnu (22), HAXOMM COOTHOINEHUE Ha [i U [epBbIe
IPUOIZKEHUA N\ 1 U Ak 2

2qup? (14 p) i+ qup*(1+p°) " 2y(cos(p — Q) +asin(p — Q) (Ap10+idk20) = 0. (23)
Tak Kak fi, A1 U Ao jgeficTBUTE/IbHBIE, TO U3 (23) MOJTydaeM, 9To

A2 = O(p), Aeq =o(p)  1pn — 0,
1

S SRR (24)
Ao = —2mpy ™ (cos(p — Q) + asin(p — Q)"

IpencraBum Ag o = Agao0 + Ak21, A€ Ap21 = 0(Ag20) 1pu Ay 21 — 0. Iose3ysics cooTro-
mennsgMu (24), BBIUIIEM CJiejiytolee puOInKenne B ypasaeann (22):

— AT p? — A pde 20y cos(p — Q) — YL 50+
+ qup*(1 4 p?) " 2v(cos(p — Q) + asin(p — Q) (Ag10 + /\Z,20 +iAg21) = 0.

OTcrofia TPUXOIUM K BBIBOJLY, UTO Ao = 0o(p?) m

2.2 212 7(1+a?)sin*(p — Q) qvp’
4”““+p><@%w—ﬂﬂﬂﬂM¢—m>_ﬂ+fV)

Y2qup?(cos(p — Q) + asin(p — Q2))?

Ak10 =

Tak kak n3 (21) caemyer, ato Ag 19 < 0, TO ciaydvail 1B) He JaJ HUIKAKAX HOBBIX HEOOXO-
JAAMBIX YCJIOBUI YCTOMYUBOCTHU.

2. Coaywyait 2.

[TorenuajbHO BOBMOYXKHBI 2 BApUAHTA MOBEICHUS A, :

a) CyIIECTBYET TakKas IIOANOC/ICIOBATEIBHOCTD {&y,, } MOCAEIOBATEILHOCTH {€,,}, UITO
Re A\ = 400 mpu €,,,, = 0;

0) cymecTByeT Takas IOMOCIIEIOBATEIBHOCTD {&,,, } MOCAEIOBATEIBHOCTH {€p,}, UTO
Re A, — const > 0, a Im A\, — oo pu &, — 0.

[Iycts Re Ay — 400 1 limosml)\* = s. Torya npejiesibHOE ypaBHEHUE TIPUMET BUJT
€ml—)

s74+25(1/20qp*(14p) >+ cos(p—Q))+72+vgp” (14p%) >y (cos(p—Q)+asin(p—Q)) = 0
U3 ypasuenus (25) nosrydaem HeOOXOJAUMbIE YCJIOBHs yCTONUUBOCTI

{ 1/2vgp*(1 4 p?) "2 + v cos(p — Q) > 0, (26)
cos(p — Q) + asin(p — Q) > (1 + 2/ (va?).
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N3 yeaosuit (20) n (26) ciremyer, 9T0 I yCTORIMBOCTH HEOOXOAUMO BBIIOIHEHUE CH-
CTeMbl HEPABEHCTB

1/2vgp*(1 + p?)72 + v cos(p — Q) > 0,
. (27)
cos(p — Q) + asin(ep — 2) > 0.
Pacemorpum  caywait 26).  Beemem  jonosnmuTenbHBIEe  0bO3HaueHms.  IlycThb
g = limoexp(— Re Ai(emy)). Torma g € (0, 1], mockonbky Re A, > 0. Ormernm, [aro
Em,l_>

Im A\, — oo, Re A, = const > 0 u e\, — const # 0 upu ¢,,; — 0. Orcrona cienyer, 4To

IIOCJIE/IOBATEIILHOCTD £y, MOXKHO IIPOPEJIUTH TaK, YTO Ha [OJIyYMBIIEHCS [O/IIOC/II0Ba~

TEeJBHOCTH {€;} cymecTByer npemen b = lim0 g;Im A (g;) # 0. Ilyctp x — HexoTOpOE
Ej—>

qucsio u3 [0, 27). Torna cemeiicTBO pe/ieIbHBIX ypaBHeHuil B ciydae 26) Oyuer nMeTh
BUJL

2

. vq —i
— b2 + 2'Lb (2(?22)2 — ’}/COS(QO — Q)(g@ X — 1)) +

+0(ge ™ = 1) -

vgp?

T3 e ™ = Dyleos(p =) + asin(p = 2)) = 0. (28)

Ecin vu npn kakom 3uHadennu mapsr (g, x) u3 (0, 1] x [0, 27) y ypaBuenus (28) ne Oymer

JIeCTBUTEIbHBIX KOpHEit b # 0, To y ypasHenus (18) me Gymer KopHeit u3 ciaydas 20).
Boiiesinm sieficTBUTEIBHY 0 1 MEHUMYO YacTi ypasHerus (28). /leiicTBuTeibHAS 9aCTh:

—b* — 2bycos(p — Q)gsinx + 7*((gcos x — 1)* — ¢°sin® x)—
2
vq .
_ —(1 +,0p2)2 (gcosx — 1)y(cos(p — Q) + asin(p — Q)) = 0. (29)

Munmasda:

2

14 p?
. vgp’ ,
= —ygsiny ( (1 —gcosy) + m(cos(gp — Q)+ asin(e—Q)) ). (30)
[Tyctn
1/2vgp*(1 4 p®) 2 — ycos(p — Q)(gcosy — 1) = 0. (31)

Torma ncxost U3 MOJOKUTETBHOCTH APAMETPOB v, ¢, p, MoaydaeM, 9To cos(p — Q) # 0.
Orcro/ia MpUXo MM K PABEHCTBY

vgp®

2(1 4 p?)*y cos(p — Q)

gcosy =1+

Ecim Boimonnsercs HEpaBEeHCTBO

vgp?

1
T2+ 2y cos(p — Q)

<1,
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To Haiigercs mapa (g, x) u3 (0, 1] x [0, 27) rakas, uro pasBencTso (31) Bomosnurca. s
TOro, 4Tobbl paBeHcTBO (30) BBIIOJIHIIOCH B CIydae 3aHy/IeHus Koaddurmenra nepe b,
HeoOX0IUMO, YTOOBI TpaBast yacth pasenctsa (30) obparuiacs B 0. VI3 ycioBust ycroitun-
BocTH (27) U OrpaHUYeHnil Ha TTapaMeTphI CIe/IyeT, 9To npasas 9acThb (30) MoxeT OBITH
pasra 0 Tos1bKO B cirydae sin x = 0. [eiicTBuresbHas gacthb (29) B 9TOM cirydae TIPUMET
BUJT

b> = y(gcosx — 1) <fy(g cosy — 1) — %(cos(gp — Q)+ asin(p — Q))> )

B cuny mepaBencTBa gcosy < 1 u yenoBus (27), noiydaem, uro mpu yegaosuu (31) y
cucrembl (29), (30) 6yayr neiicrBuresbHble HeHysieBble KopHE b. Tloaromy morpebyem
HeBLIPOXK Ienus kKoaddunuenra pu b B (30), TO €CTh BHINOJHEHNUST HEPABEHCTBA

vqp®

1
’+2O+ﬁﬁwww—9)

> 1. (32)

Cucrema (21), (27), (32) sKBHBaJIeHTHA CHCTEME

cos(p — Q) + asin(p — Q) > 0,
1/2vgp*(1 + p?)72 + 27y cos(p — Q) > 0,

qup? (1 + a?)sin’(p — Q) 0
21+ p2)2  (cos(p — Q) + asin(p — Q)) -

(33)

[Tycrsb yenosue (32) BbinosaeHo, Toraa kKosdddurment npu b B (30) oruden or HyJist
It Jii0boit maper (g, x) u3 (0, 1] x [0, 27).

[IycTp BBITOTHEHO yemaoBue v — 2y > 0. Torma snic HAXOAUTCS BBIIIE OCH aOCIUCC
1 ToUKa (0w, (1 + piy,) "), Tie

(L4 pte) = (0 =29)/(vq),  Giow = 1/2va(q(l + p},) " — 1),

npuHaIeKuT MaokecTByY I (v, o, ¢, ). B a10it Touke cos(p—2) = 1, mosromy ypaBHEHIE
(28) B jaHHOIT TOYKE MPUMET BT

2

. vq —i
—b2+2lb (2(1—22)2_7(96 X—1)>+
2

—i —i vap
+7(ge™* = 1) (7(96 X—1) - m) =0. (34)
Bbijiesinm 1eficTBUTEBHY IO i MHUMYTO 9acTH B ypaBHeHUN (34):

—b* —2bygsin x +7*((g cos x —1)* — g sin® x) —vgp?(1 4 p*) >y(gcos x —1) = 0, (35)

b(1/2vqp*(14p*) > =7(g cos x—1)) = —ygsin x(1/2vqp*(14p*) > =7(g cos x—1)). (36)

U3 ypasuenus (36) mosyaaem, uto b = —ygsin x. [lojgcrasiss sHadenue b B ypaBHEHMe
(35), MpUXOMM K DABEHCTBY

Y(geosx —1)(y(gcosx — 1) —vgp*(1 + p*)~?) = 0.
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[TepBblii ¥ TpeTHii MHOKHUTE M JIAHHOI'O PABEHCTBA OTJMYHBLI OT HYJIsl, & BTOPOH MHOXKH-
TeJIb paBeH HyJIO TOJLKO B cjydae cos = 1, TO ecTb TosbKo npu b = 0, a, corjacHo
[IOCTPOEHUSIM JIAHHOTO IyHKTa, b # (. Takum o6pazoM, B ToUKe (0100, (1+p%,) 1) v ypas-
Henust (28) HET JEHCTBUTEILHBIX, OTJIMYHBIX OT HYJIsl KOPHEIl b, ¥ BBITIOJHAETCSA CUCTEMA
(33).

CrenoBaTesbHO, B JIAHHOW TOUYKe y KBasumosnHoMa (18) Bce KOPHH, KPOME OJIHOTO
HYJIEBOI'O, HAXOJATCS B JIEBOH IOJIYILIOCKOCTU. JIjist TOro, 9ro0bl KOPHU OKA3a/HCh B
[PABOH TOJIYIIJIOCKOCTH, OHU JIOJIZKHBI [Iepecedb MHUMYIO OCh. B ciryuae 26) MHUMOM ocu
oTBeYaeT PABEHCTBO ¢ = 1, mosToMy jsiajiee Mbl OyjieM paccMaTpuBaTh ypasHenue (28)
npu g = 1. [Tocie oboznadenus u = 1/2vqp*(1+ p?)~2 peiicTBuTebHAS U MHAMAsS YaCTH
ypaBHeHusl (28) mpuMyT BT

— b* — 2by cos(p — Q) sin x + v*((cos x — 1)? — sin® x)—
— 2u(cos x — 1)y(cos(p — Q) + asin(p — Q)) = 0. (37)

b(u—ycos(p —Q)(cosy — 1)) =
= —vsin x (7(1 — cos x) + u(cos(p — Q) + asin(p — 2))). (38)

[TockosbKy cumTaeMm, 9TO BbImoJaHEHO ycsoBue (33), To kosddurment nepen b B (38)
omIndeH oT Hyss. Berpasum u3 (38) suadenue b:

_ysinx (3(1 = cos ) + u(cos(p — ) + asin(p — 2))

h—
u—ycos(p — Q)(cos x — 1)

(39)

Torna, moxcrasus (39) B (37), moyanM ypaBHEHHE OTHOCHTETBHO cos X. [locste 0bo3Ha-
YeHU & = cos X U 1) = ¢ — () 970 ypaBHEHHEe IPUMET BU/]

Y(u —ycosth(z — 1)) 7*(x — 1)(v*2® — ¥*(y + ducos Y + 27 cos® ¢ + 2ausin )+
+ (=72 4 2u® + dyu cos ¥ + 472 cos? ¢ + 3u? cos? i + dyu cos® ¢ + dau? cos 1 sin -
+ daryu cos® ¢ sin ¥ + o?u? sin? ¥)z 4 20y u sin ¢ — 2u® cos ¥ — 2° cos? Y — 5yu? cos® Y—
— 4y*ucos® P + +* — 20 sin ) — 4aryu® cos 1) sinh—
— 4ay*ucos? P siny + alyu?sin?1p) = 0. (40)

[TepBbie jiBa MHOXKHUTEIsI OTIMYHBL OT HYJIsd B CUJLy ycjoBus (33), paBeHCTBO - = 1 9KBU-
BAJICHTHO paBeHCTBY b = (), UTO HE COOTBETCTBYET MOCTPOECHUAM IIyHKTa 26). O603HATNM
nocsieiauit Muoxkure b (40) yepes H (z). IlockobKy & = oS X, TO T IPUHUMAET 3HAYE-
uust u3 [-1,1]. Haiinem suadenust H B KOHIIaX OTpe3Ka M3MEHEHUs [IePEeMEHHOI .

H(—1) = —2(u + 2ycos)*(y 4 u(cos + asinv)),

H(1) = —2u*(u(cos ) + asing) — v(1 + a?) sin® ).

N3 (33) cmenyer, uro H(—1) < 0 u H(1) < 0. Ecin Bemmosnsiercsa (33) u na Beem
orpeske [—1, 1] dyukuus H(x) orpunarenbia, 10 y ypaBaerusi (28) He OyueT KOpHeil Ha
MHEIMOfT ocu. s Toro, urobbr H(x) 6bu10 oTpuriareasabiM pu yeaopun H(—1) < 0 n
H(1) < 0, HeoBXOMUMO ¥ JOCTATOYHO, YTOOBI WM JIOKAJBHBIH MakcumyM byHkmn H
6wt BHE (—1,1) wau 9To6bl OH ObLT OTPHUIIATELHBIM. [[JI TIPOU3BOJIBLHBIX TAPAMETPOB
U TOYKHU 3JIIUICA TO YCJIOBHE JIETKO MPOBEPSIETCST IUCIEHHO.

Takum 06pa3oM, BEpHBI CJIE/LYIONIIE YTBEPK JICHUS.
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Teopema 2 (/ocrarounoe ycsoBue ycroituusoctu). [Tycmos 0 < v — 2y < qu. Ilyemw
ons nexomopoti mouku (0., (1 + p?)~1) mmoorcecmesa (v, a,q,7y) ewnoanena cucmema
nepaserncme (33), a ypasnenue H(x) = 0 ne umeem xopreti nu npu KaKoM 3HAMEHUU T
u3 [—1, 1] daa ecex mouex kpamuatwet dyeu (v, o, q,7), coedunmowet mouru (Jy, (1+
2™ u (10w, (14 pi,) "), To20a das waswcdozo yeaozo n cywecmeyem e > 0, maxoe,
umo npu ecex e € (0,eq) pewenue ypasnerus (15) euda (16), coomeememeyrowee mouxe
(6s, (1 + p2)7Y), yemotiuuso.

s bopMyIMpPOBKY T€OpeM O HEYCTONYINBOCTU BBEJIEM B PACCMOTPEHHE CJIE/TYIONTYTO
COBOKYITHOCTb HEPaBEHCTB:

cos(p — Q) + asin(p — Q) < 0,
vae” +2vycos(p —02) <0
vgp (1 +a?)sin(p — Q)
2(14p?)?  cos(p — Q)+ asin(p — Q)

(41)

< 0.

Teopema 3 (Tocrarounoe yciosue Heycroiiuusoctu 1). I[Tyems das nexomopot mouwky
(04, (1 + p2)™Y) wmmoorcecmea I(v, o, q,7y) 6vimoanaemcs nepeéoe uau mpemve Hepacen-
cmeo 6 (41). Tozda das xastcdozo uenozo n cywecmeyem g9 > 0, maxoe, wmo npu 6cex
e € (0,g9) pewenue (16) ypasnenusa (15), coomeememesyrowee mouxe (8, (1 + p2)~1),
HeYCmoUuue6o.

Teopema 4 (/Jocrarounoe ycsioBue meycroitaupoctu 2). [ycmov daa Hekomopol mow-
kU (0x, (14 p2)™1) mmooicecmesa (v, a, q,7) evinoansemca eémopoe nepacencmeo 6 (41).
Tozda 0as Kastcdozo yeaozo n cywecmeyem nociedosamesvHocmy e, — 0, &, # 0, ma-
Kas, 4mo npu € = €, pewenue ypasherus (15) euda (16), coomeemcemeyrouee mouke
(6s, (1 + p2)7Y), neyemotinueo.

4. Pacnosoxenue obJiacteit ycroiiuuBoctn npu o = (

Paccmorpum Borpoc o kKosmmdectBe objiacteit yeroitunoctn Ha MmuOXKectTBe I (v, 0, q, 7).

Cuauasa seimumiem cucremy (33) B koopmunarax (8, 7). Tax kak p*(1 + p?)™2 = r — r?
TO, MOJIb3YSICh paBeHCTBaMH (8), moJydaeM, 9To cucreMa (33) mpuMeT B
da—1/2v(1 +a®)(gr — 1) > 0,
—qu/2(r* +r —2/q) > 0, (42)
va(r —7?) (14 a?)(6 — 1/2va(qr — 1))? -
2 dao — 1/2v(1 4 a2)(qr — 1) '
Jlemma 1. Ilycmv o = 0. Ilyemo 0 < v — 2y < qu, mo2da MOuKU MHOAHCECMEQ

1(v,0,q,7), daa komopvix cucmema (42) eepra, 06pasyOM HENYCMYIO CBAHYIN 00AGCTNY.
Ecau orce evinoaneno nepasencmeo v < 27, mo cucmema nepasencms (42) necosmecmua
na mmuoorcecmese 1(v,0,q,7).

Jlokasameavcmso. Pacemorpum niepBoe HepaBeHcTBO cucteMbl (42). [Tpu o = 0 ono

[IPUHAMAECT BUJ
r< q_l.
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BameTnm, 9TO

1 1

max{0, (v —27)(vg) '} < q " < (v+2y)(vg) ",
[I09TOMY IIEpBOE HepaBeHCTBO (42) BbINOIHsACTCH B HUPKHE Touke MuHoxkectsa I (v, 0, ¢, )
u He BoinojHgerca npu r = (v + 27)(vg) .
U3 cucrembr HepaBeHCTB (33) (KOTOpasi SKBUBAJICHTHA CHCTEMe HepaBeHCTB (42)) ser-
KO BUJIETH, 9TO 1p = () U3 BBINOJIHEHHUS TI€PBOTO HEPABEHCTBA CHCTEMBI CJIEJIYET BbI-
HOJIHEHHE BTOPOTO HEPABEHCTBA.
Pacemorpum Tperhe HepaBeHcTBoO cucreMbl (42). [Tpu o = 0 oHO npuHUMAaeT BuI

vq(r —r?) 262
2 i v(gr —1)

> 0.

YunrbiBas, 94To ToYKH MHOXKecTBa I (v, 0, q,7) npunamiexkar smicy (5), uMeeM cooT-
HOIIIeHUe

8 =2 — 1/40%(gr — 1)
Takum obpasom, Jyist Todek MHOKecTBa [(v,0,q,7) TpeThe HepaBeHCTBO cucTeMbl (42)
MOZKHO 3aIIUCATh B BHUJIE

472 — 02 4 qro? + qr*o? — ¢?r3v?
20(qr — 1)

> 0. (43)

[Ipu BBITIOJIHEHNN TIEPBOTO HEpaBEHCTBA cucTeMbl (42) 3HaMeHaresb Bblpaykenus (43)
OyIeT OTPHUIATE]bHBIM, IO9TOMY YUCJINTEIb TaKZKe JOJKEH OBITh OTPUIATETHLHBIM.
Bresiem dynkimio

f(r)= 4y — 0% 4 qro® + qgr*o? — @3t
Huke nonaoburcs ee npousBoIHAS
f'(r) = qu* + 2qrv* — 3¢*r*”.
st kopHeii 71 u 7o ypasuerusi f'(r) = 0 BepHbI HOPMYJIIBI

1-I+3g 14+ T+3g

r = ) T2

3q 3q
OueButHO, 9TO
r < 0 < max{0, (v — 27)(vq) "'} (44)
Jlokaxkem, 9TO
ro > min{1,q '} (45)

[Tycrs min{1,¢ '} = 1. Torga mepasenctso (45) mepernmmiercss B Buje

1+ /1+ 3¢ > 3q. (46)

B ciyuae 0 < ¢ < 1/3 310 HepaBeHCTBO, 04YeBnIHO, BepHO. Ecmm ke 1/3 < g < 1, 10
(46) SKBUBaJICHTHO HEPABEHCTBY

1+3¢>9¢*—6q+1.
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Ouernino, jannoe HepagencTso Bepro npu 1/3 < g < 1. ITycers Teneps min{l, ¢ 1} =
q'. Torga nepasencTro (45) NpUHUMAET BUJT

14++/1+ 3¢ > 3.

JlaHHOE HEPaBEHCTBO, OYEBH/IHO, BEPHO Ipu ¢ > 1.
U3 (44) u (45) ciaemyer, uto na orpeske [max{0, (v — 27)(vqg) ™'}, min{1, ¢~'}] npous-
BozHas f'(r) coxpansier cBoii 3uak. CieoBaresibo, GyHknus f(r) MOHOTOHHA M ypaB-
nerne f(r) = 0 umeer He 6oJI€E OJHOIO KOPHS HA JAHHOM OTPE3KE.
Haityiem snavenus dynxuun f B Toukax 0, (v — 27y)(vg)™L, 1, ¢~ L.

f(0) = (27 —v)(2y +v),

f((v=27)(vg)™") = 29(2y = v)(2y — (1 = q)v)(qv) ",
flg™h) =47,

f) =2y -1 =qv)2y+v(1—q)).

U3 yesoBust cymecrBoBanus perternst (14) u orpaHngeHuii Ha apaMeTphl CJEYeT, 9TO

sgn(f(0)) = —sgn(v — 27),
sgn(f((v—27)(vg)™")) = —sgn(v —2v),
fl@) >0,

sgn(f(1)) = sgn(2y +v(1 — q)).

Takum obpazom
f(max{0, (v — 2)(vg)™'}) <0,
eciim max{0, (v — 27)(vqg) '} = (v — 27)(vg) ™, m
f(max{0, (v — 2v)(vqg)~'}) > 0,

ecm max{0, (v — 27v)(vq) ™'} = 0.
U3 toro, uro f(g') >0wu f(1) > 0 npu 1 < ¢~1, cieayer, uro

f(min{1,¢q7'}) > 0.

Hanee paccmorpuMm JBa cirydasi: 1) muoxkectso I(v, 0, q,y) mepecekaer och abCImce,
To ectb max{0, (v — 2v)(vq)~'} = 0; 2) muoxectso I(v,0,q,7) BbIIE OCH abcmuce, TO
ectb max{0, (v — 27)(vq) '} = (v — 2v)(vg) ™"

B nepsom ciayuae Ha Beem orpeske [0, min{l,¢'}| dyuxkuus f nosnoxurensbhna u
TpeThbe HEPABEHCTBO CHUCTEeMbI (42) He BBINOJHSIETCS HA STOM OTpe3Ke. A Ha OTpe3Ke
[min{1, ¢~ '}, min{1, (v+2v)(vq)~'}] He BBIMOMHAETCS TEPBOE HEPABEHCTBO cUCTEMBI (42).
Takum o6paszom, st Jro6oit Toukn Muoxkecrsa I (v, 0, q,v) cucrema (42) He BepHa.

Bo Bropom ciyuae dymkiusa f oTpurareabHa B JIEBOM  KOHIIE OTPE3Ka
[(v—27)(vg), min{1,¢'}] u monokurempna B npasom. CiiegOBATEILHO, YIUTHIBAS
MOHOTOHHOCTH [ Ha JaHHOM OTpe3Ke, mMmeeM, 4To ypasHenue f(r) = 0 umeer poB-
HO OJMH KOpeHb T, Ha unTepBaie ((v — 27v)(vg)™', min{l,¢'}) u f(r) < O npu r €
[(v—27)(vq) ™!, 7). Takum 06pa3oM, TpeThe HepABEHCTRBO BEPHO Ha MOoJIynHTepBae (v —
27)(vq) ™!, r.). Ilepsoe u BTOpPOE HEpaBeHCTBa cUCTEMbI (42) BBIIOJIHAIOTCA Ha OTPE3KE
[(v — 27)(vq)~!, min{1, ¢ '}], a na orpeske [min{1, ¢!}, min{1, (v + 27)(vq)~'}] nepsoe
HepaBeHCTBO cucrembl (42) He BepHo. [lomydaem, uro cucrema (42) BepHaA Ha HOJIYyHWH-
teppasie [(v — 27v)(vg)~!,7.), TO ecTh OHa BBINOJHSIETCH JIIst OJJHOCBAZHON 00JacTH Ha
muoxectse I(v,0,q,7), cogepxKarieit TOUKY (0w, Tiow); HO HE JIJIsT BCEIO MHOYKECTBA I1e-
JIUKOM.



YVCTOMYIMBOCTDL HETPEPBIBHBIX BOJIH 435

JIemma 2. ITyemo oo = 0 u svinoanens yeaosus (33). Toeda H(z) < 0 npu x € [—1,1].

Jloxasamenvcmeso. Haiiem nponssonmyio H' (x):

H'(z) = 3732 — 2722 (7 + du cosy + 27 cos® 1)+
+ (=2 + 2u® + dyu cos P + 497 cos® P + 3u® cos® 1 + dyu cos® ).

I'pacdukom H'(x) siBisiercst mapabosia BerBsaMu BBepx. Jljist abCICChl BEPIIUHBL T,
BEPHO PaBEHCTBO
x, = 1/3(y + ducosth + 2y cos® )y 1.

Hokazkem, aro u3 ycsosuii (33) ciefyer HepaBeHCTBO T, > 1. JleficTBuTesibHO, B CHITY
yeqouii (33) mpu ov = 0 paBast 9acTh PABEHCTBA

9
37(2,—1) = 4ducos 1h+27 cos® =27y = 2(2u cos Yp—7ysin’ ¢)) = 2 cos 1) (U tu— ¢>

cos

nosoxkurenbia. Ciefosaresibuo, x, > 1. dna H'(1) nmeem dopmyiry

-2
H'(1) = vu (u+usin2w+40052¢ <u— M)) :
cos 1

N3 (33) caexyer, uro H'(1) > 0. Takum obpasom, rpaduxkom H'(x) sasisercs mapa-
6os1a BeTBSME BBEPX C BEPIIMHON IpaBee eJAuMHUIBI, a B exuunie dyuxmus H'(x) mo-
noxurenbaa. CraenoBarensno, H'(z) momoxurenbha na Becem orpeske [—1, 1], Tlosromy
H(z) < H(1) < 0 ua Bcem orpeske [—1, 1] npu o = 0 u Boimosaernn yemaosuit (33), 11o
1 TpebOBAJIOCH JI0KA3aTh.

Bymem roBOopuTH, WTO peEIIeHHE, COOTBETCTBYIONIEE HEKOTOPOI TOYKE MHOMKECTBA
I(v, o, q,7), ycToitauBo (HEyCTOIYUBO), €CIIM JIJIS KayKJI0r0 N CyIecTByeT Takoe £¢ > 0,
qro ipu € € (0, gp) pemenue (16) ypaBruenus (15) ¢ mapamerpamvu u3 [ (v, o, q,7y) ycToii-
4UBO (HEYCTONINBO).

N3 Teopem 2, 3 u jtemM 1, 2 BBITEKaeT ClIeIyIolIee yTBEPXKIECHUE.

Teopema 5. [lycmv v < 27. Tozda pewenus, coomsemcemsyrowjue 210000 movke MHO-
orcecmea 1(v,0,q,7), asaaromes neycmotvwusvmu. [lycmo 0 < v — 2y < qu. Toeda
na mmootcecmee 1(v,0,q,y) pacnoaosicena 00mocea3HaA 00AACY YCMOUHUBOCTNU U 0OHA
uau dee obaacmu neycmotuusocmu. Ilyems v—2v > qu. Tozda mnoocecmeo I(v,0,q, )
nycmo.

NnmocTpanueit K TeopeMe b CayKuAT puc. 3. HepHOil CILIONIHOM JuHMell Ha pUCYHKe
3 06o3HAYEHDBI 00JIACTU YCTOWIMBOCTHU, CEPBIM ITyHKTHPOM — 00JIACTH HEYCTONYINBOCTH.

BreiBoibl

1. JlokazaHo, 94TO CyIIECTBYET OJHOIAPAMETPUIECKOe CceMeiicTBO Ha TtockocTu (6, 1),
3aBUCHIIEe OT ITapaMeTpoB v, «, ¢, 7Y, KayKJI0il TOYKe KOTOPOI'O COOTBETCTBYET CUETHOE
YUCJIO HENPEPBIBHBIX BOIH. [Ipm Masbix 3HAaUeHndAX mapaMerpa € HaiiJIeHO acHMIITOTH-
JecKoe MPUOJIMKEHNE STUX PEIIeHuil, 3aBucsIinee 0T pa3pbiBHON GyHKIwH 0(e, J).
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Puc. 3. Pacnosioxkenune obiacreit ycroitunsocru na muoxecrse I(v,0,q,y). 3Hadenus
napamerpos: a) v = 1000, ¢ = 15, v = 100; b) v = 1010, ¢ = 1.25, v = 250; ¢) v = 1020,
g=1.7,v=600; d) v=1005,¢=7,~ = 550.

2. HaiijieHbl 1o0cTaTOYHBIE YCIOBUSA YCTONYUBOCTH U HEYCTONYMBOCTH HEIIPEPHIBHBIX
BoaH. B ciayuae o = 0 HaiijeHbl HEOOXOAUMBIE U JOCTATOYHDIE YCJIOBUS YCTONIMBOCTH.

3. B ciyuae o« = 0 nokasano, uro wa muOX)ectBe [(v,0,q,7y) Moxker 6biTh 0 Wi
1 obsactb ycroitansocru. MHOKecTBO TOUeK (v, q,7y) TMOJEIEHO Ha TPHU MOJAMHOXKECTBA.
B nepsom u3 mHux muoxectso I(v,0,q,7) mycro, Bo Bropom Ha MHOXKecTBe [(v,0,q,7)
HeT obJlacTeil yeToOIMBOCTH, a B TpeTbeM Ha Muoxectse I (v, 0, ¢,y) pacmno/ioxkeHa ojHa
obsacThb yeroitunpoctu. st TPEThero MoJAMHOXKECTBA aHAJIUTUICCKN HAMICHBI IPAHUIIbI
00JTACTH yCTOIIUBOCTH B KoopAuHarax (4,7).
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Stability of CW Solutions of Semiconductor Laser with Large
Delay

Kashchenko A. A.

P.G. Demidov Yaroslavl State University, Sovetskaya str., 14, Yaroslavl, 150000, Russia

Keywords: Lang Kobayashi equation, large delay, laser dynamics, stability

In this paper the problem of existence and stability of continuous waves in a semicon-
ductor laser model is studied. This model was proposed by Lang and Kobayashi and has
the form of two differential equations with delay. The delay time is assumed to be large.
We study the existence of continuous waves in the Lang-Kobayashi model. A special
set I depending on all parameters of the problem is built. The condition of existence
of continuous waves is that the ”‘main parts”’ of solutions must be located on the set
1. Sufficient conditions of stability and instability of continuous waves are found for all
sufficiently large values of delay. In the case of a zero linewidth enhancement factor the
necessary and sufficient conditions of stability are found. Location of stability regions
on the sets [ is studied. It is proved that in the case of the zero linewidth enhancement
factor the number of regions of stability on the set I is less than two. Necessary and
sufficient conditions of existence of stability regions on the set I are found in this case.
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Paccmarpupaercs quddepennmaibHO-pa3HOCTHOE YPaBHEHIE BTOPOT'O MOPSIIKA
3ama3/IbIBAIOIIETO TUTIA. ¥ DABHEHUS TAKOTO THUIIA BO3ZHUKAIOT IIPU MOJIEIUPOBAHNAN
paboThI psifia SJIEKTPOHHBIX yCTPOUCTB. M3ydaercs xapakTep MoTepu yCTOWIUBOCTH
nyseBoro perienns. [lokazana BO3MOXKHOCTD MOTEPU YCTOWIMBOCTHU, CBI3aHHAS C
[IPOXOXKJICHUEM UYepe3 MHUMYIO OCh JIBYX Iap YHCTO MHUMBIX KODHEH XapakTepu-
CTUYIECKOTO KBA3UIIOJIUHOMA, HAXOIANXCA B pe3oHance 1:3. Vzyuatorcs: oudypim-
pyIoIIue IpU 3TOM aBTOKoJiebaTebHble pererus. OTMe4YeHO CYIIECTBOBAHUE XA0-
TUYIECKOT'0 aTTPAKTOPA, JJisi KOTOPOTO BBIYUCJIEHDI JISITYHOBCKUE IIOKA3ATE/IN U Jisl-
[IyHOBCKasl pa3MePHOCTh. B KadecTBe METO/Ia UCCIIEI0BAHUS UCIIOIb3yeTCs TEOPUs
MHTErpajbHbIX MHOrooOpasuii U MeToJI HOpMAaJbHBIX (DOPM HeJUHEHHBbIX Judde-
PEHIUAILHBIX yPABHEHUI.

1. IlocranoBka 3ajjaun. AHAJIN3 yCTONYNBOCTHU
HYJIEBOT'O pelleHus

Paccmarpusaerca auddepennuaabHo-pasHOCTHOE YPaBHEHUE
t+Ad +a+ f(x(t —h)) +g(@(t —h)) =0, (1)
B KoTopoM A, h > 0, f(x) = fir+ for? + f323 + ..., g(z) = 12+ gow® + g3 + ... TnAIKHE
npu |z| < zg dbyHKIMN.
syuaercst xapakTep IOTEPU YCTONUUBOCTH HYJIEBOTO pernenus ypasuenus (1) u 6u-

dbypkaruu aBroko/Ie6aTeILHBIX PENIeHN B KPUTUIECKOM CJIydae MOTepu yCTORINBOCTH.
Pacemorpum snaeiinyo gactsb ypasaenus (1)

T+ At +x+ fiz(t—h)+ gt —h) =0 (2)

439
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1 U3yYUM PAaCIIOJIOXKeHNEe KOPHEl ee XapaKTEPUCTUIECKOTO ypaBHEHU

PA) =X+ AN+ 1+ (fi + Ag1) exp(—Ah) = 0. (3)

st aToro Bocmosb3yemces MeTojioM D-pasbuenuii [1], KoTopblil mo3BoJIsIET UCCTIET0-
BaTh J[BUXKEHNE KODHell ypaBHeHUs (3) NPU U3MEHEHUH TAPDAMETPOB U TIOCTPOUTD B IIPO-
CTPAHCTBE MAapaMeTPOB 00JIACTH YCTONYUBOCTU U HEYCTONYIUBOCTU PEIICHUN yPABHEHUS
(1). IomozKnM B XapaKTePUCTHYECKOM YPaBHeHHH \ = iw, w > 0, i = \/—1 u Bblze-
JIIM BeIeCTBEHHYIO U MHUMYIO YacTu. B pe3ysbrare MmojiyduM CUCTEMY aredpamdecKux
ypaBHEHUH
—w? 4+ 1+ fi cos (wh) + wgy sin (wh) = 0,

Aw — fisin (wh) + wgi cos (wh) = 0.

[Ipeobpazyst 3Ty cucreMy, HaXOIIMM

fi = Aw + (1 - w2 — g, )
W (arctg(w(w — g + Af)/(@* = 1) fi = w? Agy)) +7n),
h(w): 0 <w < wy, (5)
" W (actg(@(w — g+ AR)/(@? = )i = w?Agy) — 7 + 7).

w < w < 00,

rjJae Wi dBJIdeTCd pelieHrueM ypaBHEHUA

W+ (A—4— gD’ +w(6 — 24+ 2¢7 — Ag}) + W (A—d —g}) +1 =0,

Bnfwr) = lim (™ (arctg((w(w — g + Af)/(W? — 1) fi — w?Agy)) + 7n)),

w—rw1

n=20,1,2,...

DTU COOTHOIIEHUS MO3BOJISIIOT MOCTPOUTH B IIocKocTH (f1; h) KpuBble, Ha KOTO-
pbIX ypaBHeHue (3) MMeeT KODHH, JiexKallue Ha MHUMON ocu (rpaHuipl obsacreii D-
pasbuenuit). Ypasuenne (3) rakke umeer kopeub A = 0 npu f; = —1. Obmacts D;
COOTBETCTBYET HAJIMYUIO j KOPHEil ypaBHeHUs (3) B IPaBoOil KOMIJIEKCHOM MOJIYTIJIOCKO-
CTH.

Ha puc. 1 npuBenensr kapruubl D-pasbuennii mwiockoctu napamerpos (fi; h) mpu
A =1 ;i pas/JInIHBIX 3HAYEHUIT TapamMeTpa ¢.

Bo3MOKHBI CJIeIyIONIe MEXaHU3MbI IOTEPU YCTONIUBOCTH HYJIEBOI'O PEIICHUs yDaB-
HeHust (2), CBA3AHHBIE C MIPOXOXKJIEHNEM KODHEH XapaKTepUCTUYecKOro ypasHeHust (3)
Yepe3 MHUMYIO OCh U3 JIEBOI KOMILJIEKCHOM TOJIYILIOCKOCTH B IIPaBYIO:

1

IIPOXOXKJICHNE Tapbl KOMIIJIEKCHO COIPAKEHHBIX KOPHEH,

[\

IIPOXOXKJICHNE O/THOBPEMEHHO JIBYX ITap KOMILJIEKCHO CONPAKEHHBIX KODHEN,

w

)
)
) IIPOXO2KJACHUE OJTHOI'O HYJIEBOI'O KOPHI,
)

4

IIPOXOZKJICHNE OJHOBPEMEHHO HYJIEBOIO KOPHS U IIaphl KOMILJIEKCHO COIPAYKEHHDLIX
KOpHEL.
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A=1, g, =0.0 A=1, g, =—0.9

30,

30,

30 A=1, g, =0.75
25/
20/
h
15-/
106 D, D,
/
s Ds
o D,

Puc. 1. D-pas3buenus njis kpasumnoauHoma (3)

YucjieHHBI aHAIU3 [TOKA3a/1, 9YTO IPH IIPOXOXKICHUU ABYX Iap KOMILIEKCHO COIIPSI-
JKEHHBIX KOpHeil +iwy, +iws, (w; > 0, wy > 0) Bo3MOXKeH BHYyTpeHHHUiI pesoHaHc 1:3
(w1 /we = 1/3, w1 = 0.432,wy ~ 1.29), npu 9TOM OCTaJIbHBIE KOPHH XapaKTEPUCTUIE-
CKOI'0 YpaBHEHUS HAXOIATCH B JIEBOH KOMILIEKCHON mosytutockocTu. COOTBETCTBYIOMTE
3HaveHus mapamerpos paBubl A = Ay ~ 0.768, f1 = fi0 =~ 0.827, g1 = gi1o =~ —0.8, h =
ho ~ 4.996. Kapruna D- pasbueHuns s 3TOr0 CIydas Ka4eCTBEHHO II0OXOXKa Ha KapTU-
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Hy npu 3HadeHuax napametrpoB A = 1, gy = —0.9. Dror Kpurndecknii ciaydail mpe;-
CTaBJIIeT 3HAYUTEIbHBI MHTEPEC ¢ TOYKU 3peHUd Teopuil OudypKaiuii 1 n3ydaercs B
JaJIbHENIIIEeM.

2. Xapakrep noBejieHusi pemienuii ypaBHenus (1)
B OKPECTHOCTHU pe30oHaHca 1:3

ITonoxxum B (3) A= A0+8A1, f1 = f10+€f11, g1 = glo—|—€gn, h = h0—|—€h1, ID<exk 1,
Torja ypaBHenue (3) nmpumMer Buj

P(\;e) = N+ (Ag+eA)A+ 1+ (fio+efir +A(gi0 +2g11)) exp(—=A(hg +ehy)) = 0. (6)

Cumras \;(g) = iw; + eXj1 +e*Njo + ..., j = 1,2, u3 pasencrsa P(\(¢);e) = 0 ¢

HeOoOXOINMOCTBLIO TMEEM

N Pl(iw;;0) Ayiw; — exp(—iw;)(fi1 + w;jgi1 + fio + iw;gio)
1= =57 = — : ~ o)
! P (iw;0) 2iw; + Ao — ho(fi0 + iw;g10) exp(—iw;) + gro exp(—iw;)

(7)

Ormerum, uro Re A j; MoxkeT ObITh BeJIM4nHOM 1106010 3HAKA 3a c4eT BeiOopa A, fi1,
gi1, hq. I3yuum moBesienne pemennii MCXOQHOrO yPaBHEHHs ¢ HAYAILHBIME YCIOBUSMU
u3 HekoToporo mapa S(ry) paguyca o dpasosoro npocrpanctsa H = C[—h,0]@&C[—h, 0]
ypasHenusi (1) ¢ IEHTPOM B HyJIe.

[Tepeiinem or ypasHenus (1) K SKBUBaJIEHTHO KpaeBoil 3aja1ue

ou oU
o~ os ®)
%—Z = lult,s)ze). 9)

Bnech u(t, s) = col (ui(t, ), ua(t, s)) = col (z(t, 5), z(t, s)), l(u(s);e) : H— R?*— rmajaxnii
HEJIMHENHBIN (PYHKIIMOHAJ, UMEIOIIII BUT;:

l(u(s);e) = li(u(s);e) + la(u(s);e) + l3(u(s);e) + ..., (10)

li(u(s);€) = col (ug(0), — (Ao + €A1 )uz(0) — ui(0) — (fi0 + efi)ur(t, —(ho + €h))—
— (q10 + €g11)ua(t, —(ho + €hy))), (11)

lo(u(s);€) = col (0, — foui(—(ho + eh1)) — gaua(—(ho + chy))), (12)

I5(u(s); €) = col (0, — fyui(—(ho + eha)) — gsuz(—(ho + ch1))). (13)
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B okpecrrocTu Hy1s dazosoro npocrpancrsa H kpaesas 3agada (8),(9) umeer [2,3|
JIOKQJIbHOE ACHUMIITOTUIECKH YCTOWIMBOE IJIaJIKOe MHBAPUAHTHOE YeThbIpeXMepHOe IIeH-
TpasbHoe MHOTOOOpasue P(z1, 21, 29, 29, $;€), 21, 20 € C, —h < s < 0, Moxer ObITH
pesCTaBJIeHO B BUJIE PA3JIOXKEHU 110 &, 21, 22, 21, 29

D(z1, 21, 29, 2o, S;€) = (u10(s) + su%)(s) +..0)z1 4 (ue2(s)+

eult) () + .. Dzo + (u_o(s) + eully(s) + .. )z + (uo—o(s) + euly(s) + ... )zt

(uir(s) +eulV(s) + .. )22 + (wa(s) + .. )mzo 4+ ..., (14)

re uo(s) = col (1,iwy) exp(iwrs), uga(s) = col (1,iwsy) exp(iwss),

Uk (s) = col (us1(8), Usa(s)) — IATAKHE BEKTOP-DYHKIHIN.

[Moseyenue permennii kpaepoii 3aja4u (8),(9) Ha MHOrOOOpasuM OIpeIeisieT OBejIe-
HEE TPAEKTOPUIl CJIYIONIEl TIa Ko 3aBUCSINEHl OT CBOMX MEPEMEHHBIX U IIapaMeTpPOB
CUCTEMbBI OOBIKHOBEHHBIX JI(DdepeHITnaIbHBIX YPABHEHU

21 = (iwl + )\iS + d11‘21‘2 + de‘ZQ‘z)Z]_ =+ d12322 + - = Zl(Zl,Z2,21,§2;€), (15)
Z9 = (iWQ + )\58 + d21|2’1|2 + d22|22|2)22 + dgi% + - = ZQ(Zl,ZQ,Zl,?Q;E), (16)
B KOTOPOIi )\§1) = le + z'wjl. OIIPEJIEIIEHO COTTACHO (7), KOMIUIEKCHBIE HOCTOSHHbIE dj; =

ajk + icjg, d;(j, k = 1,2) momekar OLUpPeIeJIEHHI0 U TOYKAMU OOO3HAUEHBI CJIaraeMble,
uMerorue 6ojiee BBICOKUI NOPATOK MAJIOCTU 10 €25, €%j, ZjZ;.

[ToncraBum Boipazkenue (14) ¢ yaerom (15)-(16) B kpaesyio 3amady (8)-(9). B pe-
3y/IBTATE IIOJIYIUM TOXKIECTBA

0P 0o - 0o oo 0P

8—2121(') + 8—2121(') + 8—2222(‘) + 8—2222(') =2 (17)
0P
g <=0 = l(q)(zhzla Z92, 2273;8);5) (18)

JUIst onpeiesiennst GyHKIWA U, (s) u koaddunuenros ypasuenuii (15)—(16). [Tpupasuu-
Bas B (17)-(18) mocsregoBaTesbHO Ko3bDMUIMEHTHI IIPH ONHAKOBBIX CTEICHIX €21, €21, £22,

€79, 2172, . .. TIOJIYYUM PEKYPPEHTHYIO IIOCJIEI0BATEILHOCTh KPACBBIX 3a/1a9 BUJIA
% “ ) ) du,
u10(8)dy + uga(s)ds + (priws + paiws)u. = s (19)
du,
= {1(u, i 20
e =)+ (20)

rjie py, P2 — Hesble yucia, di, di — kosdbdurnmentsl, Bxoagmue B (15)—(16), f. — mocrosH-
HBIII BEKTOP.

Ve10BHsE pa3pelnMOCTH 3THX KPAEBbIX 33,14 MO3BOJIAIOT 3(PMEKTUBHO U OJHOZHATHO
BbIAUC/IUTh Koddunuents cucrembt ypasuenuii (15)—(16)u dynkuun pazioxenus (14).
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C HE0OXOMMOCTBIO UMEEM

diy = iwy exp(—iwiho) (G (—2f2 — 4gaw?) — 2G 11 fo — 3(fs + igsw?))/ P (iws; 0),
diz = — exp(—iwiho) ((=G12(f2 + gawa (w1 + wa)) — 2G12(f2 + (W2 — w1)waga))+
+ (f2Ga 2 + 3(f3 + igswiws))/ Py (iws; 0)),
dy1 = —iws exp(—iwaho)((—2G1-2(f2 — (W2 — w1)w1g2))—
— (2G12(f2 + gowi (w1 + w2))2f2G1_1 + 3(f3 + igswiws)))/ P4 (iws; 0),
day = —iws exp(—iwsho)(—2Go2(f2 + 292w3) — 2Ga—2 fo — 3(f3 + igsws))/ Px (iws; 0),
dy = i(2w; — ws) exp(i(2w; — wa)ho)((—(2f2 — 4gaws (we — w1))G_12)+
+ ((—f2 — 4gawrwa) G99 — 3 f3 + 3gsiwiws))/ Py (iws; 0),
dy = —3iw; exp(3iwiho)((—2f2 + 4gow?)G 90 — 3 f3 exp(3iwihg) — 3gziwy)/ P; (iws; 0),

rae
G11 = (—fg + w%gQ) exp(—inlho)/P(inl; O), G1,1 = (—2f2 —+ 2wfg2)(1 + f10)7

G2 = —2(f2 + wiwago) exp(—i(w; + wa)hg)/P(i(wr + we); 0);
Ga—g = (—2f2 — 2w3g2) /(1 + fro),
Gioa = =2(f2 + wiw2g2) exp(—i(wz — wi)ho)/P(i(w1 — w2); 0),
G_90 = (= fo + wigs) exp(2iw; ho)/P(—2iw; 0).
Basucumocts Koaddunuentos d;p u A;, j,k = 1,2 or mapamerpoB fi, g2, f3, g3

BecbMa CJIOKHasi. BoibepeM 3Tu mapamMeTpbl TaKUM 00Pa30M, 4TOObI a1, Gz < 0. DTO B
YACTHOCTU OYJIET BBIIOJIHEHO TIPU

f2 = —0.6, f3, = —0.9, ga = 06, gs = 0.2. (21)

Pacemorpum “riashyio” acth cucrembl ypasaenuii (15)—(16) u BbimosmnuM B Heit 3a-

_ ~1/2 ; s « )

meny z; = e'/2p; exp(it;), p; > 0,—00 < 7; < 0o(j = 1,2). Broas Teneps “mesjiennbie

HepeMeHHbIe Py, P, O = 277 — To ¥ OBICTPYIO HMEPEMEHHYIO T1, IPEJIBAPUTETHHO MOJIO-

= |d. i~ . = o (—a. Y2 —

xuB d; = |d;|exp(iv;),0 < 7; < 27 ¥ BBIIOJIHUB HOPMUPOBKH p; = p;/(—a;;)"/?, j =

1,2, t — t/e, a rakxe BoIGpas Ay, fi1, gi1, hi Takum o6pasom, 4ToObl T{ = Ty = 1,
HOJIyYUM CJICIYIONLYIO CHCTEMY YPaBHEHHI “MeJICHHBIX TIePEMEHHbIX:

p1 = (1= pf + a1p3)p1 + by cos(—0 + 1) p3 pa, (22)

p2 = (1 + asp} — p3)p2 + ba cos(0 + 72)p3, (23)

0=w+ clp? + 02p§ — 3by sin(—0 + 1) p1p2 — by sin(f + vg)pi’/pg, (24)
)

e a; = a1/ (—ag2), a2 = as/(—an),by = |d1\/(a11a22)1/2, by = \d2|/(—a11)3/2(—a22 1/2,
C1 = (3011 - 021)/(—CL11), Cy = (3012 - 022)/(—a22), W = 2(.{)% - w%.

Kak u3BecTHO, “rpyObIM”, T.€. SKCIOHEHIUAIBLHO YCTORIUBBIM (HEYCTOWINBBIM) COCTO-
STHUSIM PaBHOBECHUST CHCTeMBbI ypaBHeHuii (22)—(24) upu MaJbix € B cuCTeMe ypaBHEHUi
(15)—(16) u cooTBeTCTBEHHO B Kpaesoii 3ajatde (8)—(9) cOOTBETCTBYET EPHOAUTIECKOE Pe-
IeHne nepro/ia OJIM3KOro K 27 /wy, Toro e xapakrepa ycroitansocru. “I'pyobiv” mepno-
JIAYIECKUM PEIICHHUIM CHCTEMbI YPABHEHUI IpH MaJIbIX € B cucreMe ypasaeruii (15)—(16)
1 Kpaesoii 3a1aue (8)—(9) cooTBETCTBYIOT JBYMEpPHBIE MHBAPUAHTHBIE TOPDI [4].
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Uszyuanm xapakrep ¢as3oBbix nepectpoek cucrembl (22) - (24). Cuuras a; < 0, ay < 0,
sadbukcupyeM 3HaveHusi napamerpoB fo, f3 = 0.2, g = 0.3 cornacuo (21) u Gyaem
MEHATH 3HAYCHHE (3. DBLIO OTMEYEHO CyIIeCTBOBAHUE CJCAYIONIEro 0udypKamuoHHOrO
CLIeHAPHSL:

1. Ilpu g3 < Ko, ko =~ 0.2 cymecTByeT YCTOWIUBBIA UK.

2. Ha npomexyTke kg < g3 < K1, k1 ~ 0.3 nmpoucxoauT KackaJ oudypkaruit yasoe-
HUS IePUO/Ia YCTOWNYMBOIO ITUKJIA.

3. Kackaj Oudypkanmii yJIBoeHUs epHoa IMPUBOJIUT K MOSBJIEHUIO XAOTUIECKOTO
aTTPaKTOpa IIPU g3 ~ K.

4. TlostydeHHbI XaOTHYECKUN ATTPAKTOP CYIIECTBYET JIJIsl 3HAYEHUIT TapaMeTpa gs U3
HIPOMEXKYTKA K1 < g3 < Ko, kg ~ 0.9.

5. Ilpu g3 ~ Ko XaO0THYECKUIl ATTPAKTOP UCUYE3a€T U BOZHUKAET YCTOININBOE COCTOSTHUE
paBHOBeCHUS.

Py AL

0.0

&;
P2 0.2 0.5 T.0

Puc. 3. I'pacduk 3aBucumocTu crapiiero Jjs-
IIyHOBCKOT'O TIOKa3aTesss OT OudypKarmoH-
HOT'O ITapaMeTpa g3

Puc. 2. IIpoekins XxaoTH4IecKOro arTpakTo-
pa Ha ILUIOCKOCTH (p1; p2) 1pu g3 ~ 0.42

st n3yvenus: xapakTepa XaoOTHYeCKHX KOJiebaHuii ObLIO TTPOBEJIEHO YUCJIEHHOE WC-
CJICJIOBAHUE CTAPIIEro JIIyHOBCKOIO IOKa3aTesd B 3aBUCUMOCTHU OT IapameTrpa ¢gs. Pe-
3yJIbTATBI 9TOI0 UCCIEIOBAHUS IIPUBEJICHBI HA pUC. 3 B Bujie rpaduka. BeraucieHus Bbl-
nostaensl ¢ marom 1/100 o napamerpy. Busno, 910 B MOMEHTBI IIPOUCXOK JICHIS KACKA A
YABOEHUS TIEPUOJIA U MCUYE3HOBEHMS XAaOTHMYECKOTO aTTpaKTOpa CTapIiue JIAIyHOBCKHE
rokasaresin paBHbl (), a B 30HE XaOTUYECKUX KOJeOAHWIl OHU IOJIOXKUTEIbHBbI. Makcu-
MaJIbHOE 3Ha4YeHUe JIOCTUTAIOT IPU 3HAYeHNH OMdypKAIMOHHOrO napamMerpa gz ~ (0.42.
B sTroMm cirydae MoxkHO HaOJIIOIATE PA3BUTON Xa0C, 3HAYEHUS JISIIIyHOBCKUX ITOKa3aTe e
JIJIsI KOTOporo paBHBI A1 =~ 0.68, Ay = 0, A3 =~ —2.58, d; =~ 2.63. IIpoeknus manuHOrO
aTTpakTopa IpUBeJieHa Ha puc. 2.
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Investigation of Oscillatory Solutions of Differential-Difference
Equations of Second Order in a Critical Case

Kubyshkin E. P., Moryakova A.R.

P.G. Demidov Yaroslavl State University, Sovetskaya str., 14, Yaroslavl, 150000, Russia

Keywords: D-splitting, method of integral manifolds, bifurcation theory, chaotic
oscillations

We consider a differential-difference equation of second order of delay type, containing
the delay of the function and its derivatives. Such equations occur in the modeling of
electronic devices. The nature of the loss of the zero solution stability is studied. The
possibility of stability loss related to the passing of two pairs of purely imaginary roots,
that are in resonance 1:3, through an imaginary axis is shown. In this case bifurcating
oscillatory solutions are studied. It is noted the existence of a chaotic attractor for
which Lyapunov exponents and Lyapunov dimension are calculated. As an investigation
techniques we use the theory of integral manifolds and normal forms method for nonlinear
differential equations.
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