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AcuMIOTOTMKA MOMEHTOB (I)YHK]J;I/II/I Takaru

Tumodeen E.A.
noaywena 20 dexabpa 2015

Awnnsoranmsi. Oyuknus Takaru siBjsieTcs: IIPOCTHIM IIPUMEPOM HEIIPEPBIBHOI Hurjie He jpuddepeH-
nupyeMoit (pyHKIUU U OIPeJIeJIsIeTCsl KaK

T(z)=>» 27"p(2"x),
k=0

rjae

= min |z — k|.
p(z) = min |z — k|

Mowmentsr pyuxnun Takaru 3a7a0TCs Kak

1
M, :/ 2"T(x) dx.
0

OcHOBHOII pe3ybTaT paboThl — CJIEYIONIAs OIEHKA!

Inn—T"(1) —lnnw 1 2 999
M, = —_— O ,
n21ln?2 + 2n2 + n? 1n2¢(n) +0O(n )
rie yHKIUsT
2’/Tik 27Ti]€ _ 2mik
¢<x)_zr<ln2><<ln2>x "
k40

SABJISIETCS TIepruoAuIecKkoit or log, x, a uepes I'(x) u ((z) obosnavarorcs ramma u g3era-QyHKIUH.

KuroueBble ciioBa: MOMEHTBI, camo-miofooue, dyuknusa Takaru, cuaryaspras OyHKINsA, Tpeodpa3o-
panue MeJjinHa, aCUMITOTUKA,
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O6 aBTOpax:

Tumodees Eprennit Anexcangposud, orcid.org/0000-0002-0980-2507,

HOKTOp. dhus.-MarT. HayK, Ipodeccop Kadeapbl TEOPETUIeCKONR HHPOPMATUKY,
fApociaBckuit rocymapcrBennbiit yauusepcureT um. 1IN Jlemumosa,

ya. Coserckas, 14, r. pocmasib, 150000 Poccus, e-mail: timofeevEA@gmail.com



Modeauposanue u anaausd ungopmavyuornor cucmem. T.23, Nel (2016)
6 Modeling and Analysis of Information Systems. Vol. 23, No1 (2016)

qDyHKHHH TaKaFI/I OlIpeJe/ideTCd Ha € JUHUIHOM OTPE3Ke CJIE/IYIOINM O6pa30M:
— p(2"z)
T(x) =) =5, (1)

rie p(z) 3amaercs Kak p(r) = mingez |r—n|, T.e. p(x) — paccrosrue ot x 110 OMKANIIIETO
niesioro dncia. ['paduk dyskmun T'(x) nokazan Ha puc. 1.

T 7

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

O | | | | | |

Puc. 1. I'paduk pynkmun Takarn
Fig. 1. Graph of the Takagi function

Oyuknus Takarn HosBiIsieTcs B PA3InIHbIX 00/1aCTAX MaTeMaTuku (cM. 0630psI |3,
4]). Nzyuenuto cpoiicts dynkmun Takarn nocssiiens cotan pabor. B [4, 6] maiineno pe-
KypPPEHTHOE ypaBHEHUE JJisi MOMEHTOB 9Toi dyHKIMU. B HacTosmeir pabore HAXOIATCA
ACUMIITOTUKI MOMEHTOB 3TOH (DYHKITHI.

Mowmenramu dyuximm T'(x) Oymem Ha3bIBATH BEJIUINHBI

1
M, — / 2T (z) da. @)
0
e Pam [5] mokazasm, uro T'(x) gBAsgeTcs eJIMHCTBEHHBIM HEIPEPBIBHBIM DPENICHUEM

PYHKITMOHAJILHOTO YpaBHEHUS

T(2z) + =, 0<xz<1/2, (3)
T2z —-1)+1—2, 1/2<z<1.

N[0 |

() = {
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Pexyppenrnoe ypasnenue jjisi MoMeHTOB M, dyHKnum, Kotopas ylosiersopser (3),
nMeeT creytontuit Bun (em. [4,6]):

1 1 1 < /n
Mo=5 M= mre) T2 =D < )M’“' 4)

OcHOBHOI pe3ysIbTaT HaCTOsIIEel paboThl

Teopema 1. Cnpasedausa ouenra

Inn—TI"(1) —In7 1 2
n?ln?2 2n?2  n2ln2

27Ti/{7 2mik _ 2mik
o) :ZF(IHQ ) ¢ ( ln2)x "

k0

M, =

2de pynruus

asasemes nepuoduueckot om logy x, a uepes I'(x) u ((x) obosnavaromesn eamma u d3ema-
PyrrUUL.

OrmeTnM, 9TO MPUOTUKEHTE

M, ~ Inp—I"(1) —In7 1
n2ln2 2n?2

CIIPABEJINBO JJIA JIOCTATOYHO OOJIBIIUX 7, TIOCKOJIBKY KOI(PMUIMEHTHI TIEPHOINIECKOI
dbyuknun ¢(x) oueHb MasbI

2

3 (n) &~ —1.6453 % 107% cos(27 logy n) — 1.9520 * 10~ sin(27 log, 1),
n

a cyejyromiue ciaaraeMble (pu k = 2) UMeT 3HaAYEHUe MOpsijiKa 10~'2. MowmenTsl M,, n
X TpUOINKEHNE TTOKa3aHbl HA PUC. 2.

Jloxasamenvcmeo. TlpusegeM 10Ka3aTeaIbLCTBO TEOPEMbI, KOTOPOE OCHOBAHO Ha IIPUME-
HEHUW ITYaCCOHUBAIMHU U IpeodbpazoBaHus MesnHa.
PekyppenTHoe ypaBraerue (4) meperuieM B CIeIyIONeM BU/e:

“ -2t
M, =27"2M, +27"? <”)M + ., n=0,1,... 5
]; k)P (n 4 D)(n+2) (5)

Beegem dyukimo M (x), mo10KuB

M(z) =) MnZ—Te_“. (6)
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0 -
1
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10 20 30 40

Puc. 2. Tpaduk sesmuun n? M, u npubImKenus, yMHOKEHHOTO Ha n? (TOUKN)
Fig. 2. The graphs of n?M,, and its approximation multiplied by n? (dotted)

[Moncrasissa (5) B (6), nomyanm

1 — " 1 — " " (n

M) == 27"M,—e ™+ 27" —¢" M,
— " 1—2 !

+ —e " =

nzzon! (n+1)(n+2)
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s maxoxennst dyukiun G(z) npumennm npeobpasoBanue Mesutnaa

G(z) = /000 G(z)x* 'dux, (10)

B pe3yJbTaTe MOy InM

G(z) = 2°G(2) + /000 " !th (%) dx.

[Toceauit wHTErpaJ BEIYUCIAETCS Yepe3 raMmMa-pyHKIuo u a3era-byskimo |7, 1.6.3)].
[Tosromy B mostoce —1 < RNz < 0 umeem

Gz = U= 2?_)252)«2). (11)

Oyukiuo G(2) MOXKHO MPOJIOJIKUTH HA BCIO KOMIUIEKCHYIO ILJIOCKOCTh, B KOTOPOA
oHa OyJIeT UMeTh TI0JII0Ca:

1) mpocrbie — B TOUKax z = —n, or dyskmun ['(z), n =1,2,...;

2) mpoCThie — B TOYKAX 2 = Zg, OT (QYHKIUH ﬁ, r7e
2mik
=2 L4 12
2k n?2 ) 7é ( )

3) apoitHoit — B TouKe z = 0.
~ Ormermm, uTO f3eTa-byHKIHA MMeeT MPOCToit Mmoo B Touke 2 = 1, no dbynKnua
G(z) ompegernena npu z = 1.

[Ipumensist o6parHoe npeobpazoBanne MesuinHa, Ty IiuM

—o+1i00

1 ~
G(z) = — / G(2)z*dz, (13)
271 .
rme 0 <o < 1.
Mgt maxoxenust G(x) 1o bopmyie (13) mpuMeHUM TeopeMy O BbIUeTax.

Haiiziem Boraersr dbyuximn G(z)x™?.

Res ((N}’(z)x’Z, 0) =
(@A = 2 + 1))

In2 =)=
~2¢(0)Inz +2¢(0) In2 —2¢(0)["(1) — 2¢"(0) 1
N In2 )

1 1
[Moncrapmss suadenns ((0) = —3 [9, 9.535.2], ¢'(0) = —3 In 27 [9, 9.542.4|, mosyunm
Inz—-I"(1) =Inw 1

In2 2

_2xZ’€F(zk)§(zk)
In2 '

Res (é(z)x_z, O) =

Res <C~¥(z):r;’z, zk> =
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[Tpumensisi reopemy 4 u cyezcrsue 1 uz paborst [2|, moayuum acumuroruky G(r) npu
T — 00 B CJIeJlyIOleM BHJIE:

Ga) = ML 2y 2 S P 06, ()
k40

Jie jioboro y > 0.
Bozbmewm v = 2.
Uz (14) u (8) nosmyuaem acumnroruky dbyakinun M (z)

_Inz—TI'(1) —Inm 1 2
- 21n2 222  x2%2In?2

M () D T(zk)C(z)r™ ™ + Oz ™).
k#0

[Mockosbky Bemunna M (x) nostydena ycpeaaenuem seaudann M, (myaccoHusarueit)

u dbyukiusg M (x) yraoBaeTBopsieT peKyppeHTHOMY ypaBHeHHIo (7), TO it HaXOXK ICHHsI

Besiman M, MOKHO npuMmeHnTh Teopemy 10.5 u3 [8]. VesoBust 910l TEOpeMbI COCTOAT

B HAXOXKJICHUM YHCJIa (3, JIJI KOTOPOIO BEPHBI CJIEJLYIONIHUE [ATh HEPABEHCTB JJIsl JI0CTa~
TOYHO GOJIBIINX 10 MOJLYJIIO YHUCET 2 = X + 1y

32_[3 + i|6_z/2| < 1-—mn

221 =) < Bpf

B KoHyce Sy = {z : [Qz| <Rz}, e 0 < < 1,0 < 6 < w/2, B > 0 — HEKOTODBIE
KOHCTAHTBI,
1 HEpaBEHCTB

1 1

- /2 < = alz]/2.
46 < 36 :
l|e—z/2|€x/2 < 16042\/2,
4 )

alz|.

W =W

|272(1 —e*/?)|e* <

BHe KOHYyca Sy, rie a < 1 — HeKoTopasi KOHCTaHTa.
HerpyaHo Busierh, 9T0 9TH HEpABEHCTBA BBHITOJIHAIOTCS TIpHu jtroboM 5 > —2. Cremno-
BarTesibHO, Teopema 10.5 u3 [8] mpuMeHnMa U BBIOJIHSIETCST OIIEHKA

M, = M(n) + O(n~*%)

npu 3 = —1.99. O
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Abstract. Takagi function is a simple example of a continuous but nowhere differentiable function.
It is defined by

T(x) = 327" p(2"2),
k=0

where
= mi — k.
p(z) = min |z — k|

The moments of Takagi function are defined as
1
M, = / 2"T(x) dx.
0

The main result of this paper is the following:

Inn—-T"1) — lnnx 1

M. — —2.99
" n2ln2 + 2n2 + n2 1n2¢(n) +O(n ),
where ok ol
e YINA 2mik
= T T2 |
¢(x) kz:#o (1112)((1112)30 "
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IIponokenne pelnienns Ha TpaHAIE Pa3phiBa
KaK pellleHne 3aJa4i YCPeJIHEHHOI onTIMMU3aIm

Hupmma A. M.

noayvwera 15 mas 2015

Annoramusa. [Isuxkenne 00beKTa, XapaKTePUIYIOMErocs OOBIKHOBEHHBIMU MM (DePEHITNATBHBIMI
ypasrenusMu (OZLY) ¢ pa3pbIBHBIME IIPABBIMU YACTAMHE BJIOJIb [IOBEPXHOCTH PA3PhIBA, HA3BIBAIOT CKOJIb-
3AIMAM PEKUMOM. Tpebyercss HATH CBSI3b IIPABOIl YaCTH YPABHEHUsI CKOJIbYKEHUSI C XapAKTEPUCTUKAMHI
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BBenenue

CkoJIb34IIue PesKUMBbl B CHCTEMAaX, OINCHIBAEMBIX OOBIKHOBEHHBIME u(bdepeHnnaib-
ubivn ypasaerusymu (OJ1Y), sBisrorcs mpesIMeToM MHOTOYHC/ICHHBIX U MHOTOJIETHUX
uccaenosanuii (em. [1]- [10]). Kparkuii 0630p nx mpobieMaTuKu COAEPKUTCA B CTATHE
B.U. Yrkuna [11].

OO61inue reomerpuvdeckue npeacTtaBjieHud. /[ljis TnHAMIIeCKIX CHCTEM BUJIA

v _ f(z,t), xze€R"

dt
YCJIOBHUSI CYIIECTBOBAHUS U €JIMHCTBEHHOCTU PEIIeHUs JIJIsi HEKOTOPBIX ,t MOT'YT OBbITh
He BBINIOJIHEHBI. B WacTHOCTH MMOTOMY, UTO IpaBasi dacTh JuddepeHImaabHoro ypaBHe-
HUS IS 9TUX 3HAYEHU apryMeHTa MOXKeT IIPUHUMATh He OJIHO, & HECKOJIbKO 3HAYEHUI.
OTH 3HaYEeHNs BEKTOPa [ HA3BIBAIOT 603MOMHCHBIMU ckopocmamu. VIx aucmo K B obrem
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cJIydae MOYKeT ObITh JIIOOBIM, a TOTJIa, KOrjia B (PYHKIUIO [ BXOJIUT yIPABJIEHHUE, TUCJIO
BO3MOKHBIX CKOPOCTEH MOXKeT ObITh OeckoHeuHbIM. COriacHO MpeJICTABICHUAM, PA3BU-
teiM B [12], [13], cKOpOCTb IBUKEHUsT TAKON CHCTEMBI B HAIPABJIEHHUU 7y PEJICTABIISIET
coDOoit BEKTOP, IPUHAJIEXKAINN BBITYKJI0i 060101uke C'oF’, HalpaBieHne KOTOPOTO COB-
majlaeT ¢ vy, riae F' — MHOXKeCcTBO BO3MOYKHBIX CKopocTeil B Touke x,t. Fen K < n, To
BBIIIyKJIasg 000/104UKa F' mpejicrapiisieT coboil MI0CKOCTD WM IIPSAMYIO U II€PeceveHne ee
C BEKTOPOM 7y B HEOCOOOM cjlydae eIUHCTBEHHO, YTO OJIHOZHAYHO OIPEJIEsIsieT BEKTOD
CKOPOCTH CUCTeMbI B BhIOpanHOM HarpasaeHuu. Ecau K>n, to CoF umeer BHyTpeHHUE
TOYKU U CKOPOCTh CUCTEMBI B HaIIPaBJIeHUN Y He ennHCTBeHHA. CyIIecTBYIOT MPEIebI,
B KOTOPBIX OHA MOYKET M3MEHATHCH.

[IpumenuTenbHo K 3ajiade JOOMPEEIeHI CKOPOCTU CUCTEMBI BJOJIb OBEPXHOCTH
CKOJIbYKEHUS BO3HUKAIOT TPU BOIIPOCA:

— Kak Boibparh nanpasienue y?7

— Kak HaiiTu CKOpOCTH CKOJIbXKEHUSI B TOM CJIydae, KOT/Ia OHa e IMHCTBEHHA !

— Kak naiitu npejieibHOE 3HAaU€HNE CKOPOCTU CKOJIBYKEHUS B TOM CJIydae, KOTJla OHa
He eJIMHCTBEHHA?

Hesbio naabHeRIero n3/I0KeHns ABJIseTCs OTBET Ha 3TU BOIPOCHI.

ITocTranoBka 3asaun. 3ajiada CTAaBUTCS TaKUM 00PA30OM:

PaccmarpuBaercs cucrema

&= f(x,t,u), = fecR" wucR" (1)

Yupasienue u 1 HelrpepbIBHAs 110 4 (DYHKIWUSA f UCIBITHIBAIOT PA3PhIB HA TTOBEPXHOCTAX
x € S, XapaKTepusyIoIuXcs yCJIOBUIMU

si(x) =0, 1=1,...m, m<n-—1, (2)

TaK 4To ,
fla, t,u) = fi(x,t,u), ecim s;>0, (3)
flz,t,u) = fi(x,t,u), ecm s <0, i=1,...,m.

Oyukiuu f1, f* muddepennupyemsr 1o z, t. Pemenne ypasuennit (1) mist mo6oit 13 Hux
CYIIECTBYET U €IMHCTBEHHO, TPUIEM

n

ds; __ 0s; Os;

d_st - Z a;jfj+<w7tau)+ ai < 07
Jj=1

(4)

n
B Jz_jl Sifi(z,tu)+ 5 >0, i=1,..,m.

YCII0BUS IPUTSKEHNS K TIOBEPXHOCTH HepeKIiodeHust (4) BBIIOJHEHb! Jyist Beex ¢ > 0
ux € S. B cuny yciosuii (4) cucrema, OKa3aBIIUCh HA TMOBEPXHOCTH MEPEKJIIOUEHNS,
JIBUZKETCS BJIOJIb 9TOM MOBEPXHOCTU B PEXKHMME ITEPEKJIIOUEHUs YIIPaBIeHUs ¢ OOJIbINOi
9acTOTON (CKOJB3AIINiT pexKuM ). 3a1adeii, KOTOPYIo CTaBIIIN [epeJi cOOON MHOTOYNC/IEH-
uble ucciaenosaresm [12]— [18|, 6bLI0 BBICHEHHE TOrO, KAKOMY YPABHEHHIO MOJIYUHEHO
JIBUZKEHEE CHCTEMBI BJIOJIb MOBEPXHOCTH (2):

T = fon(z,t), x(0)€S. (5)

Ypasuenne (5) HA3BIBAIOT yPABHEHNEM CKOJIbYKEHUS.
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B pabore A.®. Quyunmosa [12] npejioKeHo HAXOAUTh [, (2, 1) I KaxkIoro 3ua-
JeHHs T, T KaK 9JIEMEHT BBIIYKJIONH 0O0JOUKH, HATSHYTON Ha BeKTOp®! fi(x,t) n f_(x,t)
1 yJIOBJIETBOPSIONINI YCIOBUSIM CKOJIbYKEHNsI BJIOJIb IOBEPXHOCTU Pa3phiBa:

dsZ B 0Os; ds;
= fulz,t) = Za m(2,1) + =5 = 0. (6)

B crarbe [11| mano yrounenue meroga A.D. OuimnmoBa U MokasaHO, UTO 3a/1a4H,
BBI3BIBABIIIIE COMHEHHUsI B €r0 CIIPABEJINBOCTH, MOI'YT OBITH perieHbl MeTomoM Puini-
IIOBA C yYeTOM IpejIozkeHHoro yrounenus. Ormernm, 9ro A.@. OUINIIIOBBIM PACCMOT-
peH TOJIbKO CJIy4ail, KOrJa BEKTOP CKOPOCTeil MPUHUMAET JBa 3HAUEHU, & TOBEPXHOCTD
CKOJIb2K€eHUA OJHOMEPHAa, U BBICKA3aHO IIPEAIIOJIOZKEeHUEe, ITO HO,Z[O6HBH71 II01X01, MOZKHO
PACIPOCTPAHUTHL Ha MHOTOMEPHBIE 3aatMd.

Hwuxe BhICKasaHa rumoresa, 9T0 ypaBHEHNE CKOJIbKEHHS MOYKET OBIThH IOy YeHO KaK
ypaBHEHUE JIBUKEHUS YCPEIHEHHON CUCTEMBI C HMCIIOJIb30BAHUEM METOJ0B YCPeIHEHHOI
OIITHMMUI3aIl . 9TO IIO3BOJIAET C UCIIOJIb30BaHUEM CTaHAaPHBIX aJITOPUTMOB PaCCMOTPETDH
caMblI€ pa3HOO6pa3HbIe IIOCTaHOBKHM 3aJda4 JJIsd MHOI'OMEPHBIX CHCTEM C Pa3pPbIBHBIMU
IIpaBbIMU YaCTAMM.

1. MHo>KecTBO CKOpOCTeﬁ CucTreMbl B OKPECTHOCTHA
IIOBEPXHOCTHN CKOJIb2KE€HMU . pre,Z[HeHHaH cuncreMa

[Mosepxuoctu s;(x) = 0 pasbusaior dazoBoe npocTpancTBo cucreMbl (1) wa 2™ mopo-
CTPAHCTB T, © = 1,...,2"" B KaXXJIOM U3 KOTOPBIX MOYKET OBbITH CBOE COUeTaHUEe 3HAKOB
Si, & 3HAYUT, B KAyKJIOM U3 KOTOPBIX MOYKET ObITh CBOil BEKTOP cKopocteit f(x,u,t).

O603HAYNM MHOXKECTBO 9THX BeKTOPOB 4Yepe3 F(x,u,t). B cury (4) MHO)KECTBO mOjI-
IIPOCTPAHCTB X, U MHOXKECTBO CKOPOCTe#l F' MOYKHO pa3je/inTh Ha J(Ba MOJIMHOYKECTBA
TaK, 9TO KayKJIOMy BEKTOPY CKopocTu fi(x,t, 1) B OJHOM W3 HOAIPOCTPAHCTB ) COOT-
BeTCTBYeT BeKTOp f_(x,t, ), Jyist KOTOPOro 3HAKH (DYHKIHIA S;(2) TPOTUBOIOIOKHBL.

O61ree 9mrC/I0 BEKTOPOB CKOPOCTEl CUCTeMBbI 71 (PUKCUPOBAHHBIX 3HaYeHMit t u & € S
MOKeT ObITb U MenbIie, deM 2™. BaxKHO JHIb, 9T0ObI B KaXKIOM TO/IIPOCTPAHCTBE ;.
OBLIM BBINOJIHEHBI YCJIOBUs MpUTsKeHust (4).

YcpeaHeHHasi cuctemMa

Cormocrasum cucreme (1) ycpejiHEHHYIO CUCTEMY YpDaBHEHUIT

t= f(z,u,t), z(0)€S. (7)
31ech
f(z,u,t) :/f(x,u,t)P(u,x,t)du (8)

Cpe/iHee 3HavUeHNe BEKTOpa CKOPOCTU M3MEHEeHUs £ Ha MHOYKECTBE BO3MOYKHBIX yIIpaBJie-
wuit Vi, (x,t). Ilpu sTom BBIGOD Mepbl P(u,z,t) OrpaHuyYeH YCJIOBUSMHI DABEHCTBA HYJIIO
CPEJIHEr0 3HAYECHUST CKOPOCTH N3MEHEHUs KaxK 0 n3 QyHKImit s;(z, t) B culy ypaBHEHHI

(1):
Fo(@,ut) /fsz z,u, t)Plu,z, t)du =0 i=1,..,m. 9)
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31ech .
ol u,t) = ;g—ifj(x,www. (10)
Kpowme yenosuii (9), dyuxiust P(u, x,t) yaoBIeTBOpsieT TpebOBAHUSIM:
/P(u,x,t)du =1, Pu,xz,t)>0 Yuel,. (11)
Vu

Jhotas mepa PO(u,x,t), onpedeaennan na mnosicecmee Vy(x,t) u ydosaiemsopaowan
yeaosuam (9), (11), 6ydywu nodemasaena 6 ypasuenus (6), noposicdaem gymnryuio

0 (1) = / F(@,u, £) P, 7, )du, (12)

KOMmMopyro Ha306eEM CKOPOCTMDBIO CKOANBHCEHUA. Cucmema 6 CKONB3AWEM PEHCUME TAPAK-
mepusyemcsa YypasHeHUAMU

20 =10 (x,t), x,(0)€S. (13)

sm

lamee mmokaykeM, UTO MPEJJIOKEHHOE JIOOIIpeJIeJIeHIe COBIAIAeT C JI0ONpeIeTIeHIeM
A.®. QummrmoBa i1t PACCMOTPEHHBIX UM CJIYYAeB JIBUKEHUS BJIOJIb JIMHUU TEPEKJTIOTe-
HUs Ha JByMepHOil (hba3oBoil maockocTn. ITo6bl BBIACHATD, Kak Haiitu mepy P°(u,x,t),
B KAKOM CJIydae OHa, a 3HA4UT, U fO  eJIUHCTBEHHBI U B KAKOM CJIy4ae TAKUX JOIYCTH-
MBIX Mep HECKOJIbKO, OCTAHOBUMCH Ha, CIIOCODAaX PEIIeHUs YCPEIHEHHBIX 3a/a49 OIMTUMU-

sarun [19).

2. Pemmenne 3aga4 ycpeJHEeHHOI ONITUMMI3AINNI

HamomunM, Kak HaxXoaaT pernerne P*(u) ycpeaHeHHOl 3a/adi HEJUHEHHOrO Mporpam-
MUPOBaHUSI:

Folt) —> max /fi(u) —0, i=1,..m ucV,. (14)
OHTI/IMaJH)Hoe peniesune 9TON 3aJa491 COCPeJOTOYCHO B JUCKPETHBIX TOYKaX
m
PHu) = 3 b — ), (15)
v=0

rie 0 — dyuknua npaka, u” — Ha3bIBalOT 0A30BBIMU 3HAYEHUIME BEKTOPA .
Bazosble 3Havenus yrpapjieHus U, pa3MePHOCTb KOTOPOT'O MOXKeT ObITh JIt000i, olpe-
JIEJIAIOT U3 PelleHnsT MUHUMAaKCHOM 38 atu:

m
L\ u) = E Aifi(u) — minmax. (16)
- A ueVy,
1=0
Muoxkurenn A\; He paBHBI HYJIO OJHOBpeMeHHO. Ha omnrumasibHOM pelreHun 3HadeHUs
dbyuxiwm Jlarpamka L(A*, u”) onurakoBsl 1jist Beex v. [logaepkHeM, 9To JJist CYIIeCTBO-
BaHusi MHOKUTeseii Jlarpanzka we Tpebyercs riagkoctn dyHkiwi f;(u). Jocrarodno,
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9TOOBI OHM OBLIM HENPEPLIBHBI U orpaHudeHbl. MHOkecTBO V,, MOXKET COCTOATH W U3
OT/IEIbHBIX U30JMPOBAHHBIX TOUYEK.
Becosbre muOKHITE N f1y, > 0 B (15) HAXOAAT U3 yCII0BUIA

Z,u,,fi(u”) =0, Z,u,, =1, i=1,m. (17)
v=0 v=0

B psizie 3a1a4 uncsio 6a30BbIX 3HAYEHWI U 3aBeJIOMO MeHbIie, yeM (m+ 1). B gactHo-
CTH, eCJI MHOYKECTBO V,, MOKeT ObITh pa3burto Ha 1 < (m+ 1) mojaMHOXKeCTB Tak, ITOObI
JUIsl KazKJIoro u3 Hux 3ajada (16) umesa eJMHCTBEHHOE perieHue u”, TO U MEHSAETCs OT
1 o r (em. [20]).

Takum obpaszom, pelenne yepeIHeHHON 3a/1a9 COCTOUT U3 JABYX dTaroB. Ha mepsom
U3 HUX HAXOMAT Oa30Bble 3HAUEHUsI U = U’ W3 pPelleHust MUHUMAKCHON 3a1aun (16), Ha
BTOPOM 3Tarle Jijid PUKCUPOBAHHBIX U” HAXOJIAT BECOBbIE KOI(DMDUIIUEHTHI [, 10 YCJIOBUAM
(17).

[Toguepkuem, 4TO 4nc/io 6a30BBIX 3HAYEHU U HE CBA3AHO C PA3MEPHOCTBHIO ITOTO
BEKTOpPA, a 3aBUCUT TOJBKO OT YHMCJIa YCPEJIHEHHBIX ycaoBuil m B 3a1ade (14). Ecin B
sajiade (14) Bmecro TpeGoBanus MakcumyMa dburypupyer TpeboBaHHe MUHUMYMa, TO B
(16) max u min MEHSIOTCS MECTAMHU.

Broipoxkennblii ciaydaii. Kak 1 B 3aj1aue HeJIWHEHHOTO MTPOrPAMMHUPOBAHUA, B
yCpeIHeHHOi 3aj1a4e (14) Hapsy ¢ peryJsipHbIME MOIYT ObITh ¥ BBIPOZXKJICHHBIE Dellie-
Hus. J[71s1 BBIPOXK/IEHHBIX pENIeHnil MHOXKHUTEIb \g B DyHKIUN Jlarpamnka paBeH HYJIIO.
DTO COOTBETCTBYET CJIyUar0, KOIJia CUCTeMa OIPAHUIEHUN TOJTHOCTHIO OIIPEJIE/IsIeT pere-
HUE, a CJIeJIOBATEIbHO, IejieBasg (DYHKIMSA HA HEro He BJUsAeT. lakas CHTyars HMeeT
MeCTO, KOrjia MHOKeCTBO V,(x,t) COCTOUT U3 JIMCKPETHBIX 3HAYEHUT BEKTOPA U M YUCJIO
STUX 3HadeHuit paBuo m+ 1. B sTom ciayuae 3amaqa (4) Beipoxiena, B byuknnu Jlarpan-
x&a L(\, u) maOXKUTEB \g = 0, 6a30BBIC 3HAUEHUS M3BECTHBI, & UX BECA [, OIPEJIEISIOT
U3 CHCTEeMbl JINHEHHBIX ypaBHeHuil (17), eciim cOOTBETCTBYIOIIAs ITOI CHCTEMe MATPHIA
AMEET TTOJIHBIA PaHT.

Kora ancio monycrnmbix 3uadenuii u € V,, Menbiie, uem m+ 1, To ypasaenus (17) B
00IIIeM CJIydae pellleHns] He UMeIOT, & 3HAYHT, He UMeeT DeIlleHns U yCPeTHeHHas 3a/1a4a.
Ecin gmcsio pomycrumbix 3Hadennit u € V,, 6osbiie (m + 1), To 6a3oBbie 3HaYeHus U’
HAXOJAT U3 YUC/IA JIOMYCTUMBIX 110 yesioBusiM (16) ¢ yuerom Buja 1eieBoil pyHKImn.

[Tokazkem, K geMy MPUBOJUT JOOMPEIETICHIE CKOPOCTH CKOJIbKeHus B opme (12) na
HEKOTOPBIX U3BECTHBIX ITPUMEPaX.

3. Hexkotopbie npumeps! [11]

IMpumep 1. JIuneiinasi cucreMa BTOPOTO MOPS/KA € PeJieiiHbIM yIpaBJeHueM.
Ty =Tz, T2=u,
u = —upsign (s), s=cxy+ zg, (18)

ug, ¢ > 0.

J17151 97011 cucTeMbI BBITOTHEHBI YCJIOBUS TPUTsZKeHNsI (4) K JTMHUN CKOJIbXKeHUs S(x1, To) =
0, m = 1. Muoxecrtso V,, cocrout u3 aByx (m + 1) 31eMEeHTOB, TaK YTO 9TH BEKTOPBI U
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ABJIAIOTCA OA30BBIMIU. ypaBHeHI/Ie CKOJIb2KECHUN A

Ty = fosm(T) = uo [M sign (cz1 + x2)+

. (19)
+(1 — p)(—sign(cx; + Ig))] = —up(2p — 1).
BecoBoit MHOZKHUTEJIb (i OIPEeIeH yCIOBUEM
§ = cry + fosm(71,72) =0,
OTKYJIa
p=05(2 41
U

ypaBHeHI/Ie CKOJIbZKECHU A HpI/IMeT BT

1:1 = T2 (20>

.I:Q = —CI3.

ITpumep 2. Hajau4une MaJjioro BHEIIHEr0 BO3AeACTBUS.
T = Azr + Buq + duso,

uy = —Mjysign(s);  uy = —Mssign(s).
s(z) = cx = 0.

«YIpaBIeHue» Uy peajan30BaHO C UCIOJb30BAHUEM pejie ¢ rucrepesucoMm u My << M.
Buarogapa manoctu My u rucrepesucy yupapiIeHHe Uy MOCTOSHHO 10 3HAKY U €ro 3HAK
3aBUCHT OT Ha4YaJIbHLIX yCJIOBMIl. B mo6oM ciaydae, Kak u B nmpumepe 1, 6a30Bble 3Ha-
YeHUsI BEKTOPA CKOPOCTEHl OIPEJIeICHbl YIIPABICHUEM U U TAKUX OA30BBIX 3HAYECHUI Y
nBa. OT 3HaKa U, KOTOPOE IpaBUiIbHEe ObLIO Obl HA3BATH MAJIBIM 110 BEJIUYNHE BHEI-
HUM (DAKTOPOM, 3aBUCAT TOJILKO BECOBbIE MHOMKHUTENU [i1 U [y = 1 — up. [lpuuem, npu
CTPEMJICHNN BeunHbl Mo K HYJIIO, K HYJIIO CTPEMUTCA U PAa3JIMYUe 3TUX MHOMKUTEJCi
IISE Ug = Mo 11 ug = — M.

B [14] npemnoxen mis onpeenenus fqn(x,t) MeTo] SKBUBAJIEHTHOIO YIIPABJICHUS,
COTVIACHO KOTOPOMY fym(x,t) = f(x,t, ue,). DKBUBATIEHTHOE yIIPABJICHHE /I KayKJIOTO
t,x € S oupesensioT U3 yCJaA0BUi

fsi(x, t,ueg) =0, i=1,...,m. (21)

B [11] mpuBesen mpumep, KOTOPLIii TOKa3biBaeT, 9T0 GyHKIUU [y, (1, 1), HallgeHHBIC
MerogoM DumiimoBa U METOIOM SKBUBAJIEHTHOIO yIIPABJICHUS, PA3IUIHBI. DTO eCcTe-
CTBEHHO, BeJb SKBUBAJCHTHOE YIIPABJICHUE TPEJIIOIAraeT MoJ00P TAKOIr'o yIpaBJ/IeHUd,
IIPU KOTOPOM JIBUYKEHUE Peasin3yeTcs BJI0JIb IOBEPXHOCTH IMepeKouenns, a MeTon Pu-
JIUIIIIOBA — YCPEJIHEHNEe 3aBUCAINNUX OT 1 cKopocTeil. CKOPOCTH JIBUKEHUS CUCTEMBI JIJIs
HAJICHHOT'O 9KBUBAJEHTHOTO YIIPABJIEHUS MOLYT ObITh U He ompejiesieHbl. Pe3yabraro
COBIIQJIAIOT, €CJIM BEKTOPBI CKOPOCTH OINPEJEJICHbI JIJIf U = Ue, U IIPaBble YacTU ypab-
HEHWIl JIBUKEHUs JIMHEHHO 3aBHCAT OT u. Mexkay TeM B mpumepe, npuBeeHHOM B [11],

OJIHA 13 CKOPOCTEH 3aBHCHT OT u°.
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4. MHBoroMepHbIii ciy4aii

Joonpeenenne CKOPOCTU CKOJIBKEHUSI B yCPEIHEHHONW MHTEPIPETAINU HETPYIHO pac-
IPOCTPaHUTh Ha ciaydait z € R, s € R™, m < n. Muoxectso V,(z,t) BKIIOUYAET KOHEY-
Hoe 00 HECKOHEUHOE YUC/I0 3HAUYEHUI BEKTOPAa 1, U3 KOTOPLIX MOKHO BbIOpaTh K < 2™
3HavYeHUil, 06ECIICUNBAIOIINX BBIIOJTHEHIE YCIOBUi puTskenus (4).

OcTanoBuMCs Ha, OIIPEJIETICHIN CKOPOCTU B CKOJIBL3SIIEM PEKUME IBUKCHUS CUCTEMbI
fsm JUIS PA3HBIX COOTHONICHUI MexKLy 1, m u K.

[Tycrs K = (m+1). B arom ciryuae ycpeHeHHas 3aja4a BIPOXK/IEHA, EPBBI STl
ee perreHnsi 0 BbIOOpe 6a30BbIX 3HAUEHWI BeKTOpoB ckopocteit f”(x,t) = f(x,t,u”) or-
IaJaeT U Hy>KHO HAWTH TOILKO BeCOBble KOI(MDMUIUEHTBI fi; 10 YCIOBHSIM

= - 0s;(x, v Si
2 Z afvjt)fj(x’t’u )+8Bt p = 0,
v=0 [j=1 (22)

S, t)y=1, p,(z,t) >0, i=1,..,m.
v=0

BekTop cKopocTH CKOJIbXKEHUS

m

Fom(@, ) =) o, t) f (2, 1), (23)

v=0

Yucsto BeKTOpoB ckopocteit K MoxkeT 6bTh MeHbIne (m+ 1). Hanpuwvep, sTux BekTO-
poB MoxkeT ObITh aBa f1(x,t) u f~(x,t), a moBepxHOCTEH CKOMBKEHU S;(x) = 0 GosbIe
eJIMHUILI. B 3TOM Ciydae Iepek/ioueHne Mexkjay Bekropamu [T um [~ onpezensercs
3HAKOM JIUIIb OJHON u3 dyHKuit s1(x,t), a ycjoBus HPUTSKEHUS K JPYTUM [TOBEPX-
HOCTSIM CKOJIbYKCHUSI 00ECIIeUeHbI JUHAMUYIECKUME CBOWCTBaMu cucteMbl. [loBepxHOCTD
s1(z,t) = 0 ecTeCTBEHHO HA3BATH IIOBEPXHOCTHIO MEPEKIIOYEHsI. —MEPHBIN BEKTOD CKO-
POCTH CHCTEMBI

fom(@,t) = po(@, ) f (@, 1) + (2, 1) f~ (@, 8), (24)
TJe [ip ¥ fi1 OUPEJEJSIoT U3 yejosuii (22) mjist ¢ = 1 1 1pu cyMMUPOBAHUM 110 V' OT HYJIst
JIO €JIMHUTIBI.

B Tom cityuae, Korja MHOYXKECTBO JIOIIYCTUMBIX CKOPOCTEH, 00€CIIeTNBAIOIINX BBIIIOJI-
HeHMe YCJIOBUI IpuTsyKenust (4), /it BeceX WIN JIJIs HeKOTOPbIX 3HadeHuil « € s,t cojep-
Kur K > m+1 5/1eMeHTOB, CKOPOCTb CKOJIbIKEHUST [y, (T, 1) JUist 9TUX T, ¢ He OlpejiesieHa
OJIHO3HAYHO U HAOOD 6a30BbIX BeKTOpOB f¥(z,t) v =1,...,(m+1) HyKHO HalTH U3 pe-
IIeHNs YCPEIHEHHO 3a/1a11 HeJIMHEWHOT'O IIPOrPAMMIPOBAHUS Ha MHOXKECTBE CKOPOCTEIi.
Hamnpumep, MoxkeT OBITH TIOCTABIEHA 3a/1a4a OIPE/IC/ICHUST MAKCUMYMa CKOPOCTU CKOJThb-
JKEHUsI B HAIPABJIEHUN BBIOPAHHOTO BEKTOPa 7y = (71, ..., Vn), HODMUPOBAHHOIO TaK, 4TO

=1L
j=1

nyjfj(x, t,u) —> max, (25)
j=1
DK yCJIOBUSX
- aSi—u 882 .
Oz i@ tu) + 50 | =0, i=1..m. (26)
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3J1echb yCpeJiHEeHre 10 U ITPOU3BOUTCS Ha MHOYXKECTBE CKOPOCTEl, COOTBETCTBYIOIIIX
JIOIYCTUMBIM 3HaYEHUSAM yrpaBjenns. Tak Kak JBUKEHUE IIPOUCXOIUT BJIOJIb Iepecede-
HUS TTOBEPXHOCTEN MEePEKTIOUeHNs, BEKTOP Y JOJIZKEH OTBedYaTh TPeOOBAHUSIM:

7761’

=0, 71=1,....m.

MruozkecTBO JOIIYCTHUMBIX CKOpOCTGfI MOXKeT yAOBJIETBOPATDL YCJIOBUAM THUIIa

fo(z, t,u) upu  s(x,t) >0

fla,t,u) = fo(z,t,u) upm s(z,t) <O0.

B sToM cityuae CKOpOCTb JIBUZKCHHUA CUCTEMBI B CKOJIB3SIIEM PeKUMe ollpejiesidercs Ho-
cJie HaXOxK/JIeHWsi 0a30BbIX 3HaUeHuil yrnpassienus u”(z,t) U COOTBETCTBYIOIINX UM BEK-
Topos ckopocreit fY(x,t) = f(x,t,u”) u3 pemenns ycpeaHEeHHON 3a/a9u HEJTMHEHHOTO
IPOrpaMMHUPOBaHUA. UHCI0 9TUX 6a30BBIX 3HAYEHUI He IPEBOCXOIUT 1M + 1.

Pemenuio 3aiaun (25), (26) coorBeTcTByeT MUHEMYM IO A MAKCUMYMA 110 % (DYHKIUH
Jlarpanzxka

- = “~ Os; Os; ,
L:Z’y]fj(xatau)—i_z)‘l _fj(l)at?u)—’_g — minmax. (27>
j=1 i=1 j

— Ox; A

B sToit 3ajavue 3navenue Ay He paBHO HYJIO, a 3HAYHUT, €r0 MOXKHO CUYHTATH PaBHBIM
equanie. Ha ontumasbHOM perreHnu jijid 6a30BBIX 3HAYEHUIT BEKTOpa cKopocTeit f¥ =
f(x,t,u”) BeIpaKeHTE

* . v - * . asi v 831’
L= yfilwtu) + DN Do 5 file ) + 52 ] (28)
j=1 i=1 j=1 "7

MaKCHMAaJbHO, & 3HAYUT, OJINHAKOBO JjId BceX 3Hadenuii v = 0, ..., m. fdcno, 9ro 6a3oBble
ckopocTH f", SBJIAIONMECsT PEIleHneM yCpeJHeHHoi 3a1aun (25), (26), pasjudHbl s
Pa3/IMIHBIX HAIIPABJIEHUN 7.

B 3axsmouenne mogaepkHeM, 9TO Pa3MEPHOCTb BEKTOpaA, YIIPABJICHUN TPAMO HE CBs-
3aHa ¢ ompejiesienneM [y, (,t), Tak Kak ycpejHeHne MPOM3BOUTCS [0 CKOPOCTSIM, a He
o yrpaBieHusaM. BpIOop ynpaBjieHnii 10KeH 00eCIednThb JIUIIb BBITOJHEHUE YCIOBUI
NPUTSZKEHUST K [IEPECeUeHNIO TOBEPXHOCTE cKobKeHust S;(x) = 0.

ITpumep. Cucrema TpeTbero mopsijka

T = uy uy = —sign (z1)
Ty = Uy ug = —sign (z2) (29)
ng = U1U2.

B mamnoMm citydae m = 2(s; = x1, S2 = T3), a YUCJIO0 BEKTOPOB cKopocteit K = 4:
fl=11); 2= 0-1-1);

F=(=1;1;-1); ff=(=1;-11).

olpe/iesieHa HeOIHO3HAYIHO.
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Haiizem MakcuMaabHYIO TPOEKIMIO [y, HA OCh 3.
Yepeauennas 3agaqa (25), (26) npumer dhopmy

R, t) = (un, )",

-

IIPU yCJIOBUAX
wE =0, wt=0.

Bajaua BeIiOOpa Tpex 6a30BBIX 3HAYEHUI BEKTOpPa CKOPOCTEH W3 YeThbIpexX CBOIUTCA K
MUHHEMYMY IO A OT MaKCUMyMa, 110

L=+ {F+B=H+MA+F+ 7+ )+
(30)
Xo(fa + f2+ f3 + f) — miny maxg .

Hna K =1,2,3,4
L1:1+)\1+)\2
LP=—1+X— X\
L3=—-1—-X\+X\
LY =1— X — .

BribepeMm \; 1 Ay 10 ycioBmIo paBencTsa L* = L2 = L*
14+A+X==14+A —XAa=1-—X — Ao.

W3 nepporo paBeHcTsa
2+2)\2:O—>)\2:—1

N3 BToporo pasencTsa
2)\1:1—>\1+1H)\1:1

Buauenne L* = 1. AHAJIOITIHO 110 YCJIOBHIO
1_ 73 _ 14
L =L"=1L"

I+ +X=—1- A+ =1-X\ — Ay,

IOy UM

M=-1 =1 L*=1
ITo ycaosmio L? = L? = L* numeem
1+ = X==1=-XA+X=1—-X — X\

Orkyna
AM=X=-1 L"=-1.

TakuM 06pasoM, u3 4-x BekTopos fX 6asopbiMu apisiorea f1, f2 u f* wm f1, f2, f4.
MakcuMyM CKOPOCTH CKOJIBXKEHUST BJIOJIb T3

fom = 1 f5 + pof3 + pafs = — po + (31)
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[Tpu sTom
pufi 4 paf? + pafi =g+ e — pa =0

pafy + pafs + psfs =+ —po — pa =0

p1 + po + pg = 1.

Orkyna 1 = pg = 0,5, pus = 0. Ilocie mojcraHoBKE BecOBbIX MHOXKHUTeJeH B (31)
TTOJTY IUM

fmax — 1'

sm

AHaIOrmIHo I8 MHHEMAIBHON CKOPOCTH BJIOJNL OCH T3 WMeeM Ga30BBIe BEKTODA
12, 3, f4, coorsercrytomue um Beca fy = p3 = 0,5, g = 0, a fM" = —1 410 HOJHO-

CTBIO COBIIJIAET C PE3YJILTATOM PACCMOTPEHUs 9TOro mnpumepa B [11].

5. 3akKJIloueHue

[Iepexo/1 K yCpeJIHEHHOW CUCTeMe YPaBHEHWI U JIOONPEJIeICHIE CKOPOCTH CKOJIbXKEHUA
KaK CpejlHell CKOPOCTH JIBUKEHUsSI CHUCTEMbI, IOJIYUeHHON IIPU YCJIOBUH, UTO CPEJIHSS
CKOPOCTH M3MeHeHUsI BeeX (DYHKIH S; (), ONpeIe/ISIIONNX TIOBEPXHOCTH MIEPEKTIOYeHNs,
paBHa HYJIIO, TIO3BOJIET C UCIIOJIb30BAHUEM YUCTO (hOPMaJIbHBIX POy YCPeTHEHHO
ONTUMU3AINY BBIICHUTD, B KAKUX CJIydadX CKOPOCTH CKOJIbYKEHUSI MOYKET OBbITh Haiijie-
Ha OJTHO3HAYHO, KOT/[a U KaK MOT'YT ObITh HAMJIEHBI ee Ipeje/bHble 3HadYeHud. Perenne
3a/1a491 He 3aBUCHUT OT TOT'O, SIBJISIETCS JIM Pa3PhIBHOCTH ITPABBIX YacTell ypaBHEHUS CJIe/l-
CTBUEM pas3pbiBa YIIPaBJIEHUs W U3MEHEeHUs BUujia 3aBUCUMOCTH (2, u, 1) Ipu n3MeHe-
HUM 3HaKa S. MeTo 9KBUBAJEHTHOI'O YIIPABJIE€HHUS CIIPABE/IUB TOJBLKO JIJIT CHUCTEM, Yy
KOTODPBIX IIPaBble YaCTU YpaBHEHUN ABUKEHUS aDMUHHBL IO yIIPABICHUIO.
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Introduction

In 1954, Dantzig, Fulkerson, and Johnson [8] solved a 49-city traveling salesman problem
via considering a polytope of this problem. This idea turned out quite fruitful. Since
then, there were published hundreds of papers about properties of various combinatorial
polytopes. In particular, a lot of attention was paid to properties of graphs (1-skeletons)
of polytopes (such as criterion of adjacency, diameter, clique number) and complexities
of extended formulations.

In this paper we compare combinatorial characteristics of complexity for several fam-
ilies of such polytopes. It is natural to consider the following method for comparing
of polytopes. If a polytope p is affinely equivalent to a (not necessary proper) face of

23
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a polytope ¢, then p can not be more complicated than ¢ in any reasonable sense. Below
this fact is denoted by p <4 ¢. If we can compare two polytopes in this sense, then we
can compare their characteristics of complexity. For example, if p <4 ¢ then the graph
of p is a subgraph of ¢, moreover, the face lattice of p is embedded into the face lattice
of q.

We note that in recent times the most widespread is a little bit different method
for comparing polytopes. This is related with the notion of an extended formulation of
a polytope (see for example [7] and [17]). A polytope ¢ is called an eztension (or an
extended formulation) of a polytope p if there exists an affine map 7 with 7(q) = p. The
extension complezity of a polytope p is the size (i.e. number of facets) of its smallest
extension. We will denote by p <g ¢ the fact that a (not necessary proper) face of
a polytope ¢ is an extension of p. It is clear, that

P<aq=>p=<gq

For example, it is well known that if p is a convex polytope with n vertices and A,,
is a simplex with n vertices, then

p SE An (1)

As a rule, the number of vertices of a combinatorial polytope p is exponential in the
dimension dimp. Hence, A, in (1) has exponential dimension and the comparison (1)
becomes useless in practical sense. So, it is natural to restrict the dimension of ¢ in
p <g q by some polynomial of dim p. More precisely, let P and () are sets of polytopes,
we will write P g @ if there exists k € N such that for every polytope p € P there
is ¢ € Q with p <g ¢ and dimg = O ((dimp)k). For example, Yannakakis [32] showed
that the matching polytopes and the vertex packing polytopes are not more complicated
(in the sense of ocg) than the traveling salesman polytopes. In [20] it was shown that
polytopes of any linear combinatorial optimization problem! (among them are cut poly-
topes, 0-1 knapsack polytopes, 3-satisfiability polytopes and many other combinatorial
polytopes) are not more complicated than the traveling salesman polytopes. One year
later in [22] it was shown that polytopes of any linear combinatorial optimization prob-
lem are not more complicated than the cut polytopes and the 0-1 knapsack polytopes.
In general, it seems that this statement is true for the family of polytopes of any known
NP-hard problem. (The results of this paper are another confirmation.) That is, fami-
lies of polytopes of NP-hard problems are not distinguishable while comparing by <g.
On the one hand, this is convenient for obtaining the results of a general nature. For
example, since the extension complexity of cut polytopes is superpolynomial [13], then
the same is true for (almost) all other families of combinatorial polytopes. On the other
hand, it is well known that these families are significantly different from each other. For
example, any two vertices of the cut polytope constitute an edge (1-face) of this polytope
(i.e. the graph of this polytope is complete) [27]. Whereas the checking of nonadjacency
of vertices of traveling salesman polytopes is NP-complete [28]. So, it is useful to have
a more sensitive method of comparing, like the mentioned above <j,.

'We are talking about the problem of the following form. Assume that in a given set E, each element
e € E has some weight c(e) € R, and f : 2F — {0, 1} is a polynomially (with respect to |E|) computable
rule. Let S = {s C E'| f(s) = 1} be the set of all feasible solutions of the problem. We seek for a subset
s € S with the maximal (minimal) summary weight of elements.



Maksimenko A. N.
A special role of Boolean quadratic polytopes among other combinatorial polytopes 25

With replacing <g by <4 in the definition of xp we will get the definition of affine
reduction oc4. Below we will consider only 0/1-polytopes®. So, we would like to start
with the following example. It has been shown by Billera and Sarangarajan [3] that every
0/1-polytope p C R? with k vertices is affinely equivalent to a face of the asymmetric
traveling salesman polytope:

p <a ATSP, for n > (4(2% — k) + 1)d.

Note, that n is exponential in d. Hence, this does note imply the affine reduction of
0/1-polytopes to asymmetric traveling salesman polytopes. Moreover, the family of 0/1-
polytopes can not be affinely reduced to the family {ATSP,} for the following reason
(see [3, p. 12]). There are at least 22 combinatorially non-equivalent d-dimensional
0/1-polytopes for d > 6 [34, Proposition 8]. On the other hand, if f is the total number
of faces of ATSP,,, then

f<nP(al)” <t = oDl n,

Therefore, if every d-dimensional 0/1-polytope is a face of ATSP,,, then n is superpoly-
nomial in d.

In [21, 24] it was shown that so-called double covering polytopes are affinely reduced
to knapsack polytopes, set covering polytopes, cubic subgraph polytopes, 3-SAT poly-
topes, partial order polytopes, and traveling salesman polytopes. The linear optimization
on double covering polytopes is NP-hard and the problem of checking nonadjacency on
these polytopes is NP-complete [25]. Consequently, the same is true for the mentioned
families.

In this paper we show, that (in the sense of relation oc4) Boolean quadratic polytopes
(and cut polytopes), quadratic linear ordering polytopes, and quadratic assignment poly-
topes lie in one equivalence class. Set partition polytopes, set packing polytopes, stable
set polytopes, and 3-assignment polytopes lie in another (more complicated) equivalence
class and they are simpler (w.r.t. oc4) than double covering polytopes. Thus, the family
of Boolean quadratic polytopes is more pure example of a family of polytopes associated
with NP-hard problems. They do not have extra details like NP-completness of adja-
cency relation and the like. Naturally, the following question arises. Whether this family
is “the purest” one? More precisely, is there some family of polytopes P associated with
NP-hard problem such that P o<y BQP, but BQP %4 P? The answer to this question
was provided in [23]. One can construct infinitely many families of Boolean p-power
polytopes (Boolean quadratic polytopes is called Boolean 2-power polytopes) such that
each (p + 1)-family is more pure than p-family for p € N, p > 2.

The rest of the paper is organized as follows. Section 1 provides a definition of affine
reducibility and its properties. As an example we show that Boolean quadratic polytopes
(BQP) are affinely reduced to stable set polytopes (SSP), but SSP can not be affinely
reduced to BQP. In section 2 it is shown that SSP are equivalent (in the sense of affine
reduction) to set packing polytopes and set partition polytopes. In section 3 we consider
double covering polytopes (DCP) and prove that SSP oy DCP, but DCP ¢4 SSP. In
section 4 it is shown that SSP are equivalent to 3-assignment polytopes. In section 5
we consider quadratic linear ordering polytopes and quadratic assignment polytopes and
show that they are equivalent to BQP.

20/1-polytope is the convex hull of a subset of the vertices of the cube [0, 1]%.
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1. Affine reducibility
and Boolean quadratic polytopes

Let’s consider the following partial order on the set of all convex polytopes.

Definition 1. The fact that a polytope p is affinely equivalent to a polytope ¢ or to
a face of ¢ will be denoted by p <4 q. If p is affinely equivalent to g itself, we will use
designation p =4 q.

This relation is useful for estimation of combinatorial characteristics of polytopes.
For example, if p <4 ¢ then the number of i-faces of p is not greater than the number of
i-faces of ¢ for 0 < i < dimp. It is clear also that the number of facets of p is not greater
than the number of facets of ¢. Furthermore, the graph (1-skeleton) of p is a subgraph
of the graph of ¢. Hence we can compare clique numbers of these graphs and the like. In
the case p <4 ¢ we can also compare the extension complexities of these polytopes [13].
The same is true for the rectangle covering bound [13].

On the other hand, this relation is useless, for example, for estimating diameters of
graphs of polytopes. But the diameter of graph can hardly be seen as a characteristic
of complexity. It is not greater than 2 for TSP polytopes [26] and it is equal to 1 for
Boolean quadratic polytopes [27]. This does not correspond to the real complexity of
these problems.

It turns out that this relation allows to form up the currently known families of
combinatorial polytopes in hierarchical order. At the very bottom of this hierarchy
there are Boolean quadratic polytopes and cut polytopes.

Boolean quadratic polytope is the convex hull of the set

BQP, = {l‘ = (2yy) € {0,1}"5 |2y = vy, 1< <G < n} ' @

It should be noted that the notation BQP,, is commonly used for the convex hull, but
for the sake of brevity we do not make distinctions between polytopes themselves and
the sets of its vertices. The same remark applies to all other polytopes discussed below.

This polytope is also known as a correlation polytope [10]. Moreover, BQP,, is directly
related by so-called covariant mapping with cut polytope, usually denoted by CUT,, [9].
Using the notation of definition 1 this relationship may be written as

BQPn —A CUTn+1-
Let us note that BQP,, is a face of BQP,,,; defined by x4 41 = 0.
Property 2. BQP, <, BQP,.,, n € N.

Note also that such relations are normal for families of combinatorial polytopes.

In order to illustrate the basic ideas of this paper, we consider another family of
polytopes, which is closely related with BQP,,.

Throughout the paper, we assume that

k] = {1,2,....k}, keN.
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Let G = (V, E) is undirected graph with the set of vertices V' = {vy,vq,..., v} and
the set of edges E. To each vertex v;, i € [k], we associate the component y; of the vector
y=(y1,...,yx) € R*. The stable set polytope of a graph G is the convex hull of the set

SSPy = {y € {0, 1}" | yi +y; < 1 for every edge {vi,v;} € B}, )

This polytope also known as a wvertex packing polytope. Furthermore, by affine mapping
zi =1 —y,;, 1 € [k], it is related to the vertez covering polytope of a graph G:

VCP;, = {2 € {0,1}* | 2 + 2 > 1 for {v;,v;} € E}.

I.e., SSPk =A VCPk

Let us note that BQP,, is uniquely determined for a fixed n, whereas the notation
SSP;. hides a set of k-dimensional polytopes. For example, if a graph G has no edges,
then SSPy is a cube. If G is a complete graph, then SSP, is a simplex. Hereinafter
the SSP, will be associated with “the most complicated” polytope in this set. More
precisely, for a polytope p and for fixed k inequality

p <a SSPy,

means that there exists ¢ € SSP;, such that p <, ¢.
Generalizing this agreement, we obtain

Definition 3. Let P and @ are sets of polytopes. Then the record
P<aQ
indicates that for every p € P there exists ¢ € () such that p <, q.
This agreement allows us to deduce an analogue of the property 2 for SSPy.
Property 4. SSP; <4 SSPj.;.
Furthermore, using this notation BQP,, and SSPj can be compared.
Theorem 5. BQP, <4 SSPy, for k =n(n+1).
(A similar result is given in [13], but they used relation <g and k = 2n?.)
Proof. The equality z;; = x;x;; in (2) is equivalent to inequalities
Lig — Lij >0,

x]-j — xl-j 2 0, (4)

Ty + xj; — Ty < 1,

subject to z;; € {0,1}. It remains to transform each of them in an inequality of the form
Y+ Ym < 1 from (3). For this we introduce n(n + 1) new variables:

Sij = Tij, 1<i< g <n,
tij = @y — x5, 1 <1<y <n,
U; = Ty, 1<i<n,
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Then the restrictions (4) are equivalent to

Sij—i‘l_tjgl,
tij+uj§]~7
uz+ﬂz:17

Sij +tij +1_LZ' = 1,

subject to integrality of all variables. Obviously, the last two equalities (more precisely,
n(n +1)/2 equalities) define some face of a polytope SSPy, where k = n(n + 1), defined
by the system of n(2n — 1) inequalities

sij +u; <1,
tij +u; <1,
u; +u; < 1,
Sij +u; < 1,
ti; + 1 < 1.

Moreover, the equalities (5) connect this face with the polytope BQP,, by nondegenerate
affine mapping. ]

Remark 6. For k£ > 2 relation SSP, <4 BQP,, is not satisfied for any n. Since BQP,,
is a 2-neighborly polytope [27].

Relying on definitions 1 and 3, we can introduce an analogue of Cook—Karp—-Levin
polynomial reducibility [14] for families of polytopes (as it was done in [21]).

Definition 7. A family of polytopes P is affinely reduced to a family @) if there exists
r € N such that for every polytope p € P there is ¢ € @) with p <4 ¢ and dimqg =
O ((dimp)"). Designation: P o4 Q.

In such terminology the theorem 5 and the remark 6 take the following form:
BQP o4 SSP, SSP %4 BQP,

where BQP = {BQP, }, SSP = {SSP;}.
We list some obvious properties of this kind of reduction.

Theorem 8. Let P x4 Q. Suppose that there are polytopes in P with some of the fol-
lowing properties:
1) superpolynomial (in the dimension of a polytope) number of vertices and facets,
2) superpolynomial clique number of the graph of a polytope,
3) NP-completeness of nonadjacency relation,
4) superpolynomial extension complexity,
5) superpolynomial rectangle covering bound.
Then there are polytopes in ) with the same properties.
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2. Set packing and set partition polytopes

Let G = {g1,...,9n} be a finite set and S = {S;,...,S;} C 2% be a set of subsets of
G. Consider a subset T' C S. If every g; € G belongs to no more (no less) than one of
elements of T" then T is called a packing (covering) of the set G. Covering, which is both
the packing, called a partition of the set G.

Let A = (a;;) be n x d matrix of incidences of elements of G' and elements of S:

1, for g; €95,
Qij = .
! 0, otherwise.

For every subset 7' C S we consider its characteristic vector z = (x;) € R%

Ly

B {1, if S; €T,

0, otherwise.

Denote the set of all such characteristic vectors by PACK,; = PACK(S). It is evident
that
PACK, = {z € {0,1}* | Az < 1},

where 1 is the n-dimensional all 1 vector. The convex hull of PACK, is called the set
packing polytope.
Partition polytopes are defined similarly. The set of vertices PART, of the set parti-
tion polytope satisfies the equality
Az = 1. (6)

It is clear that a set partition polytope is a face of a set packing polytope:
PART,; <4 PACKj,. (7)
Note that a stable set polytope is a special case of a set packing polytope:
SSP;. <4 PACK,; ford==%.

It is not difficult to prove that the families SSP = {SSP;}, PACK = {PACK,} and
PART = {PART,} are equivalent in terms of affine reducibility.

Theorem 9. SSP o<y PART oy PACK o4 SSP.

Proof. Show that PACKj is a special case of SSPy for k = d. It is sufficient to note that
inequality
T4+ a4+ ... +x. <1

is equivalent to the set of inequalities
ma; <1, 1<i<j<k,

provided z; € {0,1}, 1 <i < k.
The reduction PART oy PACK is evident (see (7)).
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Now we show that SSP ocy PART. Consider auxiliary variables w;; = 1 — y; — v,
u;; € {0,1}. Then the inequalities y; +y; < 1 in (3) can be replaced by equalities

yi‘f‘yj—FUij =1.
Consequently,
Here F is the set of edges in (3). O

3. Double covering polytopes

The name “double covering polytopes” was used in [21] for a family of polytopes con-
sidered in [25].

Definition 10. The double covering polytope is the convex hull of the set
DCP, = {z € {0,1}* | Bx = 2},

where B € R™*? is a 0-1 matrix, 2 is the m-dimensional all 2 vector, and each row of B
contains exactly four 1’s.

Previously in [21, 24], there have been found the following relations for several fam-
ilies of combinatorial polytopes with the property of NP-completeness of nonadjacency
relation.

Theorem 11 ([21, 24]). The family of double covering polytopes is affinely reduced to
families of polytopes associated with the following problems: travelling salesman, knap-
sack, set covering, 3-satisfiability, cubic subgraph, partial ordering.

Now we prove that stable set polytopes are simpler than double covering polytopes.

Theorem 12. SSP, <4 DCP, for d = k + |E| + 1, where |E| is the number of edges
(inequalities) in the equation (3).

Proof. Let us look at the equation (3). For every edge {v;,v;} € E we consider auxiliary
variable u;; = 1 —y; — y;, u;; € {0,1}. Thus every inequality y; +y; < 1 in (3) can be
replaced by equality

Yi +y; +uy = 1. (8)

Let ug be yet another auxiliary variable and let uy = 1. Hence the equality (8) is
equivalent to

yi—l-yj—i—uij—l—uO:Q.

According to the definition 10, a system of such equalities together with the requirement
of integer variables defines the vertices of a double covering polytope DCP, for d =
k+ |E|+ 1. The constraint uy = 1 defines a face of this polytope. Moreover, this face is
affinely equivalent to the given SSPy. [
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We now show that the affine reducibility in the opposite direction is not possible.
Note that the NP-completeness of adjacency relation is inherited by affine reduction
(theorem 8). The family of double covering polytopes has this property [25], whereas
for a stable set polytope the checking of adjacency is polynomial [6]. Hence, if P # NP
then DCP can not be affinely reduced to SSP. It turns out that the latter is true even
without the assumption P # NP.

Theorem 13. For the double covering polytope
P = conv{z € {0,1}* | 21 + 29 + 23 + 24 = 2}
the relation P < SSPy does not hold for any SSPy.

Proof. The polytope P has 6 vertices

They are splitted into three pairs with the following property
'+ 2? = 2% 4 2t = 2° + 25 (9)

Assume that P is affine equivalent to some face conv{y',...,4y°} of SSPy. It is clear
that the vertices y', 32, ..., y° inherit the property (9):

v+ =y +yt =y + 0 (10)

We now show that there are two more vertices y” and y® of SSP; with

vyt =yt (11)
This means that the intersection of conv{y”,y®%} and conv{y',... 3%} is not empty.
Hence conv{y',... 4%} is not a face of SSPy.
For the vertices y' = (yi,...,y;) and y*> = (y},...,y?) we consider the set

I={ielk |y =y}
Note that every vertex of SSPy, is a 0-1 vector. Thus, by (10) and (11),
vi=yl ==y =y foriel (12)

Therefore, we shall consider only those coordinates which values are different for every
pair of vertices:

J={j ekl |y +yj=1}=[k\ L
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Counsider the six sets

U={jel|y =1}, U={jcl|y=1}=J\U,
V={jed|y=1}, V={jel|y=1=J\V,
W={jel|ly=1, W={el|lyf=1}=J\W.

All six sets are distinct, otherwise there would be identical vertices among ', 32, ...,
y%. Under this condition, the two sets

WMyu@Unvnw)uUnvnw),
MuUnvnmu@Unvnw)=J\S

differ from each of the above six.
Now we can define the points y” and 3®:

vl =y, =y, i€l
yl=1—9y=1, i€sb,
yl =1—9y =0, i€s.

This 0-1 points differ from y*, 42, ...,y and equality (11) is satisfied for them. It remains
to prove that y” and y® belong to the SSP;. That is if y; + y; < 1 holds for y', y?, ?,
y*, y°, y® then it holds for 7 and ¥® also.

By equation (12), this condition is satisfied for ¢, j € I. This is true for ¢ € I and
j € J also, since

max(y; +y;, y; + ) =y + 1=y +1=max(y] +yj, 10 +15).

It remains to check the condition for¢,j € J. If i € Sand j € S then y]+y] = y+yf =1
and the condition is fulfilled.

Consider the case i,j € S. If 4, j € U then y; = y; = 1. Hence y; +y; < 1 is violated
by y! for 4,5 € U. The same is true if i and j both belong to one of the sets U, V, V,
W, W. But for any i and j in S the latter is true. For example, if i € UNV N W and
7 €UNVNW then i, j € W and so on. Hence for any 4,5 € S the inequality y; +y; < 1
is violated for at least one of the vertices 3!, ..., y5.

The same is true for the case i, € S by symmetry. ]

4. Three index assignment polytopes

Consider a ground set S, |S| = m. Coordinates of a vector € R¥5*5 we denote
by x(s,t,u), where s,t,u € S. Three index assignment (or 3-dimensional matching)
problem can be formulated as the following 0-1 programming problem:

SOSTS ety u) - (s, tu) — max,

seS teS ues
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ZZw(s,t,u) =1 Yuels, (13)

seS tes
YN a(stuy=1 Vtes, (14)
se€S ues
ZZx(s,t,u) =1 Vses, (15)
tesS uesS
x(s,t,u) € {0,1} Vs, t,u e S, (16)

where c(s,t,u) € R is an input vector. By 3AP,, denote the set of all vectors z € RS*5*3
satisfying restrictions (13)—(16). The convex hull of 3AP,,, is called the (azial) three index
assignment polytope.

The first results about this polytope can be found in [11] and [2]. A more recent
survey can be found in [29]. In the Russian-language papers there are given the lower
bound for the clique number of the graph of 3AP,, [4] and various properties of noninteger
vertices of relaxations of this polytope (see for example [19]).

It is obvious that 3AP,, is a special case of PART:

3AP,, <4 PART, for d = m?. (17)

That is the family of three index assignment polytopes is affinely reduced to set partition
polytopes: 3AP 4 PART.

Using a standard reduction [14] from 3SAT to 3-dimensional matching, Avis and Ti-
wary [1] showed that 3SAT polytope is a projection of a face of a three index assignment
polytope. That is 3SAT g 3AP in the sense of relation <g. However, from inequal-
ity (17), theorem 9, theorem 13 and DCP o4 3SAT [21] it follows that the reduction
3SAT x4 3AP is impossible.

Now we show, that SSP o4 3AP. Therefore, 3AP lies in one equivalence class (in
the sense of o 4) with SSP, PART, and PACK.

For the graph G(V, F) in the equation (3) we denote by

W={veV|v¢eforevery e € E},
the set of isolated vertices.
Theorem 14. SSP, < 3AP,, for m = 3|E| + 2|W|.
Proof. The ground set S for the 3AP,, will consist of three types of elements:
1. v and v for every isolated vertex v € W.
2. e for every edge e € E.
3. (e,v) for every e € F and v € e.

Now we construct the set of triples ) C S x S x S such that the face
F = {z € conv(3AP,,) | z(q) =0 Vg ¢ Q}

of conv(3AP,,) is affinely equivalent to the conv(SSPy).
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For every v € W the set @) contains four triples: (v, v,v), (v,0,0), (v,v,0), (v,0,v).
There are no other triples containing v or v. Hence, if x € F then for every v € W we
have only two cases:

z(v,v,v) = x(v,0,0) =1 or x(v,v,0)=x(v,0,v)=1.

Now we consider elements e and (e, v) of the set S, where e € E and v € e. For every

nonisolated vertex v € V' \ W consider the set of incident edges E(v) = {e;,,..., ¢},
where p = dg(v) is the degree of v. The set of triples () contains:
1. (e, e, ) for every e € E.
2. ((e, v e,v)) for every e € E and v € e.
3. (e, e, ( ) for every e € F and v € e.
4. ((5,,v), (€ipsr,v), €;,) for every nonisolated v and for every e; € E(v), where
addltlon q + 1 means to be 1 +¢ mod p.

We list some properties of the vertices of the face F.

Note that for every (e,v) € S the set @) contains exactly two triples with (e, v)
in the third entry: ((e,v), (e,v), (e,v)) and (e, e, (e,v)). Hence, the equation (13) for
u = (e,v) is converted into

z((e,v), (e,v), (e,v)) + z(e, e, (e,v)) = 1.

That is, x((e,v), (e,v), (e,v)) is linearly expressed in x(e, e, (e,v)).

Note also that for every e € S the set ) contains exactly three triples with e in
the first entry: (e, e,e), (e,e,(e,vl)), and (e,e, (e,vg)), where e = {v1,v2}. Hence,
the equation (15) for s = e is converted into

z(e e e) +z(ee, (e,v1)) +z(e e (e,v2)) = 1.
That is :E(e, e,e) =1- x(e,e, (e,vl)) — x(e,e, (e,vQ)) and
z(e e, (e,v1)) +z(e, e, (e,v2)) < 1. (18)

Reasoning by analogy, we obtain the following equation

I((eiq) U), (eiq7 U)? (eiqa U)) + x(<eiq7 U)? (eiq+1’ U)’ eiq) = 1
for every nonisolated v and for every e;, € E(v), where addition ¢ + 1 is performed
modulo p = dg(v). Hence,
z((es,, ), (€501, 0), €,) =1 —z((e5,,0), (€4, ), (€5,,0)) = z (€4, €,, (€5,,0)).

Moreover, since

l‘((equ,U), (eiq+1 ) U)7 (eiq+1’ v)) + I((eiq’ U)’ (eilﬁ-l’ U>’ eiq) =1,
then
a:(eiqﬂ, Cigsrr (Cigsrs v)) = a:(ez-q, €y (€iys v))
That is x(e, e, (e, v)) = x(e’, e, (e’,v)) for any two edges e and €/, v € e, v € €.
It is not difficult to see that for the vertices of the face F' all variables x(s,t, u)

are expressed linearly in terms of x(e, e, (e, U)) and an inequality (18) is an inequality
yi+y; < 1lin (3). O
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Remark 15. The obtained results can be easily generalized to the case of p index
assignment problem (p > 3). By analogy, the vertices p-AP,, of an p index assignment
polytope are 0-1 vectors x € R™". The coordinates x;,4,. i, (i1,%2,...,% € {1,2,...,p})
satisfy the following equalities:

Z Tiiy.q, =1 Vir € {l,...,p},

i27i37---,ip

Z Tiin.q, =1 Vig € {1,...,p},

11,83,84,---ip

Z Tiyig.ay = 1 Vi, € {1,...,p}.

11,82, 0yfp—1

It is evident that
p-AP,, < PART,;, whered=m".

On the other hand, the equalities
Tivig..ip = 0 Vi, #* Ip—1

determine a face of p-AP, and this face is affinely equivalent to (p — 1)-AP, . Therefore,
by theorem 14
SSPy, < p-AP,, for m =2k(k —1).

5. Quadratic linear ordering polytopes
and quadratic assignment polytopes

We begin by describing the linear ordering problem in terms of graph theory.

Let D = (V, A) be a digraph, where V = {1,2,...,m} is a vertex set. We assume
that D is complete. That is (i,7) € A and (j,i) € A for any i,j € V, i # j. An acyclic
tournament? in digraph D is called a linear ordering.

Consider a characteristic vector y € R™™~U/2 for a linear ordering L in D. The
coordinates y;;, 1 <1 < j < m, of y are

~J1 for (i,5) € L,
YN0 for (ji) e L.

Denote by LOP,,, the set of characteristic vectors of all linear orderings in D. The convex
hull of LOP,, is called the linear ordering polytope. LOP,, can also be defined as the set
of integer solutions y € {0, 1}"(m=1/2 of the 3-dicycle inequalities (see for example [15]):

0<wij+typ—vx <1, i<j<k. (19)
In [5] the quadratic linear ordering polytope is defined as follows. Let
I={(j kD) i< k<l and (.5) < (5,D)},

3Each pair of vertices in a tournament is connected by exactly one arc.
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where (4, j) < (k,[) means that either i < k or i = k and j < [. For every pair of distinct
variables y;; and vy, there is introduced a new variable

Zijkl = YijYkl, (ivja kv l) el (20)

Denote by QLOP,, the set of all vectors z € {0,1}, d = () (() + 1) /2, with coor-
dinates y;; and z;;; satisfying conditions (19) and (20). The convex hull of QLOP,, is
called the quadratic linear ordering polytope.

Theorem 16 ([5]). QLOP,, <4 BQP, forn = (7).

Buchheim, Wiegele, and Zheng [5] exploit this result within a branch-and-cut algo-
rithm for solving the quadratic linear ordering problem.
We show that an affine reduction in the opposite direction is also possible.

Theorem 17. BQP, <4 QLOP,, for m = 2n.

Proof. The idea of the proof is simple. LOP,,, contains an n-dimensional cube as a proper
face. In the transformation LOP,, to QLOP,, this cube turns into a Boolean quadratic
polytope.
Note that equalities y;; = 0 and y;; = 1 defines supporting hyperplanes for LOP,,
and for QLOP, . Let
J={(2i—1,2i) | i € [n]}.

We set
yy =0 forall (i,5) ¢ J, 1<i<j<m. (21)

Only variables y;; are unfixed where ¢ is odd and j = ¢ + 1. Let us check 3-dicycle
inequalities (19). Suppose i < j < k, we have two cases:

1. If (i,7) ¢ J then y;; = yu = 0. Thus the inequality (19) is transformed into
0<yu <1

2. If (4,7) € J theniisodd, j = i+1is even, and k > i+ 1. Hence, the inequality (19)
is equivalent to 0 < y;; < 1.

Therefore, n variables y;;41, where ¢ is odd, may take the values 0 or 1 independently
of each other. Consequently, hyperplanes (21) define a face of LOP,, and this face is an
n-dimensional cube.

Look at the variables 2, (i,7,k,1) € I. If (¢,5) ¢ J or (k,l) ¢ J, then z;;; = 0. In
the case (,7) € J and (k,l) € J we have 2,5 = y;jyr, and besides y;; and yy, are free
variables.

Thus there is the following nondegenerate affine map between the face of QLOP,,
and BQP,:

Ty = Yoi-1,2%, 1 <1< n,

Tij = 22i-1,2i,2j-1,2) = Y2i-1,2i * Y2j—1,25, 1 <1<j<m.
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The story for quadratic assignment polytopes is repeated almost exactly.
The set of vertices 2AP,, of the assignment polytope (or Birkhoff polytope) consists
of vectors y € {0, 1}™*™ satisfying the conditions

Zyij =1, Vi € [m], (22)

Zyzj =1, Vj € [m]. (23)

Define new variable z;jj; like (20):
Zijkl = YijYri, Where (4,5) < (K, 1). (24)

Denote by QAP,, the set of all vectors z € {0,1}%, d = m? + (";2), with coordinates
yi; and 25 satisfying conditions (22), (23), and (24). The convex hull of QAP,, is
called the quadratic assignment polytope. It is also useful to consider the quadratic semi-
assignment polytope [31]. In the definition of its vertex set QSAP,, the condition (23) is
omitted.

Theorem 18 ([30, 16, 31]). QAP,, <4 QSAP,, <. BQP,, for n = m?.

This connection is used in [16] for obtaining valid inequalities for QAP, . In particu-
lar, QAP, is a 2-neighborly polytope (every two vertices constitute an edge of it), since
BQP,, is 2-neighborly. In [16] it is also shown that the linear ordering polytope LOP,,
and the traveling salesman polytope TSP,, are projections of QAP :

LOP,, <z QAP,., TSP,, <z QAP, .

Note that the affine reductions LOP o4 QAP and TSP x4 QAP are impossible, since
LOP,, is not 2-neighborly for m > 3 [33] and TSP,, is not 2-neighborly for m > 6 [26].

Theorem 19. BQP, <4 QAP,, for m = 2n.

Proof. By analogy with the proof of theorem 17 it is sufficient to show that the Birkhoft
polytope 2AP,, has an n-dimensional cube as a face. Let

J={(,i)|ie[m]}u{(2i—1,2i)]i€n}uU{(2,2i—1)]ie n]}

Then the equalities
yi; = 0 for every (i,7) ¢ J

define the required face. n

6. Resume

Boolean quadratic polytopes, cut polytopes, quadratic linear ordering polytopes, and
quadratic assignment polytopes are in one class of equivalence within the framework of
affine reducibility. A bit more complicated class contains stable set polytopes, set pack-
ing polytopes, set partitioning polytopes, and n-index assignment polytopes for n > 3.
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An even more complicated are double covering polytopes, 3-satisfiability polytopes, set
covering polytopes, knapsack polytopes, cubic subgraph polytopes, partial ordering poly-
topes, traveling salesman polytopes. The problem of partitioning of these families into
equivalence classes is not solved completely. Nevertheless, Fiorini [12] proved that k-
satisfiability polytopes and m-satisfiability polytopes are in different classes for k # m.
Moreover, all of them are simpler than traveling salesman polytopes. From the other
hand, the families of so-called Boolean p-power polytopes also are in different classes for
distinct values of p [23]. Besides, Boolean p-power polytopes are simpler than Boolean
quadratic polytopes (in the sense of affine reduction).

However, if in the definition of affine reducibility (definition 7) we replace the relation
<4 by relation <g (recall that we write p <g ¢ if a face of a polytope ¢ is an extension
of p) then all the mentioned families of polytopes fall into one class of equivalence, since
the polytope P of any linear combinatorial optimization problem? is an affine image of
a face of BQP,,, where n is polynomial in the dimension of P [22].

Thus the affine reduction is a more delicate instrument (versus extending) for com-
paring the families of combinatorial polytopes. The most complicated (more precisely,
the richest in its properties) is a family of traveling salesman polytopes. Families of
Boolean p-power polytopes are more simple than any other of the above. More precisely
they contain the minimum number of superfluous details (with respect to other families
associated with NP-hard problems). Moreover, apparently, combinatorial and geometric
properties determining NP-hardness reach the highest concentration precisely in Boolean
p-power polytopes.

Proceed to a more precise formulation. Using the above results, it is easy to derive
the following relations.

2. BQP,, <4 PART}, for k = 2n?.

n

3. BQP, <4 DCPy for k = 2n% + 1.

n

4. BQP, <4 3AP; <, p-AP,, for k = 6n* + 3n and p > 3.

n

5. BQP,, <4 QLOP,, for k = 2n.

n

6. BQP, < QAP, for k = 2n.

That is any characteristic of complexity of BQP,, is inherited by the above families of
polytopes. For example, in 2012 Fiorini et al. [13] proved that the extension complexity
of BQP,, is exponential in n. Later, the lower bound was improved to 1.5" by Kaibel and
Weltge [18]. Hence, the extension complexity of QLOP, and QAP, is also exponential
in k. The extension complexity of SSP;, PART,, DCPy, and 3AP; is 22(n'/%) " The
same conclusions can be done for the clique numbers of graphs of the polytopes, since
the clique number for BQP,, is 2".

4See footnote on the page 24
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Annoranusi. PaccMaTpuBaloTCst HECKOIBKO CEMEHCTB KOMOMHATOPHBIX MHOTOTPAHHUKOB, ACCOIAN-
POBaHHBIX O caeayomumu NP-1oTHbIMI 3a1aaMu: MAKCAMAJTBHBINA pa3pes, OyIeBo KBaIPaATHIHOE TIPO-
rpaMMUpPOBaHUE, KB IpaTHIHAS 32498 JUHEHHOrO yHOPAJI0UYeHNs, KBaIPaTHIHbIC HAa3HAYCHUS, pa3on-
€HMe U yIIAKOBKa MHOYKECTBA, HE3ABUCHMOE MHOXKECTBO, 3-HasHadeHnus. JIJig cpaBHEHUs JBYX CeMeCTB
MHOTOTPAHHUKOB UCIOJIL3YyeTCsl CJIeylomuii crocob. Bymem rosoputs, uro cemeiictso P adpdpunno cBo-
JIATCS K ceMeicTBy (Q, ecam JJIst KazKJI0ro MHOTOrpannuka p € P maiinerca g € @QQ Takoit, uro p addunno
SKBUBaJIEHTeH ¢ WM HeKOTopoil rpamu ¢, rae dimg = O((dimp)*) ama mexoropoit koncranTor k. Ipn
TAKOM CIIoCo6e CpaBHEHNUs yIIOMSIHY ThIE BBIIIE CEMEHCTBA pa3ONBAIOTCS HA JIBA KJIACCA SKBUBAJEHTHOCTH.
IMokaszano Tak:Ke, 9TO 3THU JBa KJacca npore (B yKa3aHHOM CMBICJIE), UM CeMelCTBa MHOTOIPAHHUKOB
CJIEIYIONMX 3a/1a4: MOKPBITHE MHOXKECTBA, KOMMUBOsiZKED, 0/1 PIOK3aK, 3-BBIOJHUMOCTD, KyOUIeCKuit
noarpady, YacTUIHOE yropsigodenne. B gacrrocTn, Gy/eBbl KBaApaTUIHbIE MHOIOTPAHHUKN OKA3BIBAIOT-
¢S TPAHsSIMA MHOTOIPAHHHUKOB KasKJIOTO U3 YIIOMSHYTBIX CEMEHCTB.
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AcuMmmTrornaeckne pa3iioxkeHns cCOOCTBEHHBIX YIMCET
1epBOii KpaeBoii 3aJa491 JIjIsd CHHTYJISPHO
BO3MYIIIEHHOT0 A pepeHnpuajIbHOr0 YpaBHEHNS
BTOPOI'0 HOPSIKa ¢ TOYKaMi IIOBOPOTa

Kamrenko C. A.
noaywena 15 dexabpsa 2015

Awnunoramus. st CHHTY/ISPHO BO3MYIIEHHBIX YPABHEHHUII BTOPOIO IMOPSIKA HMCCIEIOBAHA 3aBU-
CAMOCTH OT MAJIOTO TapaMeTpa IPU CTapIieil MPOW3BOAHON COOCTBEHHBIX 3HAUEHUN MEPBOil KpaeBoit
zasiacu. OCHOBHOE MPEJIIOIOKEHNE COCTOUT B TOM, 9TO KOI(DMUIMEHT IPK TEPBOil POM3BOIHOM ypaB-
HEHUsI SIBJISIETCSI 3HAKOM [T€PEMEHHOI. DTO MIPUBOIUT K IOSsIBJIEHUIO TaK HA3BIBAEMBIX TOUYEK MTOBOpOTa. B
9TOM CJIyYae YIAJ0Ch MOCTPOUTH ACUMIITOTUIECKIE PA3JIOKEHUS 110 MAJIOMy IIapaMeTpy BceX COOCTBEH-
HBIX 3HAYEHWI paccMaTpuBaeMoil KpaeBoil 3ajaun. OKa3aaochb, YTO ITU PA3JIOKEHUsT OIMPEIEIISAI0TCS
oBeJieHreM K03 (MUIINEHTOB TOJIHFKO B OKPECTHOCTU TOYEK IIOBOPOTA.

KiroueBnie cioBa: CUHTYJ/IAPHO BO3MYIIEHHOE YpaBHEHUE, TOYKU IIOBOPOTa, aCUMIITOTUKA, KpaeBasd
3a/1a4a, COOCTBEHHBIE YUCIa,

s murupoBanus: Kamenko C. A., "AcuMnToTn4yecKue pas3ioyKeHusl COOCTBEHHBIX YHCE]I IEPBON KPaeBoil 3a1auu JJIst
CHHT'YJISIDHO BO3MYIIIEHHOTO 1 depeHnnaibHOTO yPaBHEHNSI BTOPOI'O MOPsijKa ¢ Touykamu nosopota', Modeauposarue u
anasus unPopmayuontur cucmem, 23:1 (2016), 41-60.
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1. TlocranoBka 3aja4u u pOPMYJIUPOBKA PE3yJIbLTATA,
Ha orpeske [, 3] paccmaTpuBaercs qmneiinoe auddgepennuanbioe ypaBHeHue
ek +p(t)E + q(t)r = A\ (1.1)

C MAaJIbIM IOJIOKUTEIbHBIM TapaMeTpoM €. Bysem caurars, uro koaddunuents: p(t) n
q(t) nudpdepentupyembr GeckonedHoe dncsio pa3. OCHOBHOE JKe TPEJIIIOIOKEHNEe COCTOUT

41
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B TOM, 9TO (byHKIHUs p(t) MMeeT n MPOCTHIX HYJell B TOUKAX ti, ..., t,, IPUHAJJIEIKAIIIX
unrepsany (a, ). dmsa ypasrenns (1.1) ma orpeske |« 3] craBuTcs mepBasi Kpaepast
sagada. HarmoMunM, 9To 9Ta 3aa9a UMeeT CYeTHOE YUCJIO IIPOCTHIX BEINECTBEHHBIX CO0-

cTBeHHBIX wnces Aj(€) (j = 1,2,...), KOTOpble MOXKHO CYNTATh 3aHYMEPOBAHHBIMU B
nopsijike yobiBauus. Panee 6bLI0 ycTaHOBIEHO [1]|, 9TO TpU cTpeMJIeHUH € K HYJIO CYy-
IECTBYIOT IIPeJesbl cOOCTBEHHBIX dncet () (j = 1,2,...), n 6N BBIMHUCIECHBI COOT-

BETCTBYIOIIUE TIPeJIe/IbHbIE 3HAYCHUS JIJIsT KAaXK/I0r0 COOCTBEHHOI'O 4ncjia. B HacTosieit
craTbe OyJeT MOKa3aHo, 9To (YHKIME Aj(€) mepeMeHHOro € GeckoHedHO nuddepentm-
pyembl B Touke ¢ = +0. Kpome sToro, Oyiaer jgaH ajaropuTM BBIYUCICHUS] 3HAYCHUN
IPOU3BOJHBIX 9TUX PyHKIMA. OTMETHM, YTO COOTBETCTBYIOIINAE MOCTPOEHUS OIUPAIOT-
¢s1 Ha XOPOITIO U3BECTHBIE KJIACCUIECKHE PE3Y/IbTAThl TECOPUHU CHHIYJISIPDHO BO3MYIIEHHBIX
ypaBHenwuii [2]- |7] u creruagbHble METOIBI NCCIE0OBAHNS YPABHEHUIT BTOPOTO HOPSIJIKA,
cBsi3aHHbIe ¢ nocTpoeHneM "mpobubIX" dyaKIMit. Oco00 BaXKHBI PE3y/IbTATHI U3 PAdOT
asropa [1], [8]- [10].
BBesiem B paccMoTpenne 9mc/ia

()] + p(te)
2

Pacnoyioxkum nx B nopsjike yobisanud. Yepes A\; obosHauuM j-biif KoadduimenT mnoJy-
gerHoro psijia. B [10] 66110 mOKa3aHO, YTO UMEIOT MECTO IPEJIeIbHbIE DABEHCTBA

vir = q(ty) —pt)li, i=0,1,...; k=1,...,n. (1.2

ll_I}I(l)/\](&f) :>\j7 J :1,2,... (13)

Teopema 1. Hmerom mecmo acumnmomueckue npedcmasieHus,
N(e) =X +eh+N+..., j=12... (1.4)
B (14) X (j = 1,2,...; r = 1,2,...) — HEKOTOpbIE 9NC/a, AATOPUTM BbIYHCICHUA

KOTOPLBIX ITPUBOJUTCA HUKE.
].—Ipe,ILHOJ'IO}KI/IM7 YTO JJId HEKOTOPLIX HOMEPOB jo 1 11 BBIIIOJIHAIOTCA COOTHOIIICHUA

hy = )‘jo == )‘j0+m1—17 (15)
)\j0,1 > hy > )\jo+m17 (16)
rje IoJoXkKeHo g = oo. OYeBHJIHO, YTO ILEJI0e IIOJIOXKUTEILHOEe HUHUCIO 7 He MOXKEeT

npes3oiitu wncia n. 113 onpenenenns qucen A\; u u3 (1.5) cienyor paBeHCTBa

hi = Vg, == Vi kmy -

[Ipexie Bcero BBesieM B paccMoTpenue (hyHKITIH

1 1. p(t + ty,)
o(t,e) = — |q(t +tr.) —h1 — =p(t +t,) — ——1|, r=1,....,my. (1.7
R K = O8] 7
U3 cpoiicts dyukuuit p(t) u ¢(t) ciemyer, 9T0 B OKPECTHOCTH KaxKJOH M3 TOUYEK Iy,
(r=1,...,m) CupaBeINBO ACUMIITOTHIECKOE TIPEJICTABICHUE

plte) = D @it (1.9

=0
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rje KodbPUIUEHTs! af (€) JIErKO BBIYUCISIOTCA 1O 3HAYEHUSIM B TOUKe ¢t = ( cOOTBET-
CTBYIOIIUX HPOU3BOIHBIX (DyHKIWI ¢(t + tx, ) u p(t + tx, ). OT™MeTHM, 9TO UMEIOT MECTO
pPaBEHCTBA

r 1 .

a0:§+zr, r=1,...,mq, (1.9)
li r(e) = 1 =1 1.10
55%50‘2(5)__17 r=1,...,m. (1.10)

OCHOBHYIO DOJIb TP peau3alui aJrOpUTMa BblUucaeHusT KO3(MMOUIMEHTOB psiia
(1.4) urpator dyHKIHNT

fT(Tv 5) = ,&3(77 5)¢T[wr(7—’ 5)75]+
Led (aﬁr(ﬂe)) e¥(r,9)

- . . or=1,...,m;. (1.11)
2 dT wT<T7 5) 4¢3 (7—7 6)

[Mosicunm 3Hauenue Beanan, Bxoaamux B (1.11). Yepes ¢,.(7, €) 0603Hauen hbopMaibHbIil
p4n

o

Ue(r,8) =) G(e)T, (1.12)

i=1
rje KoahdurmenTsl ¢} (€), B CBOIO 0Yepejib, TaKyKe sIBISIOTCA (DOPMATBHBIMU DsIIaMU
BIJIA

ci(e) = Z&‘jczj. (1.13)
=0

Huzke Oyzer M3/102KEHO HMPABHUIIO, ¢ HOMOIIBIO KOTOPOIO OHPEAEATCS KOI(MMUIMEHTH
nocsieiHero psaga. Qyukiwms ¢, (¢, (T, €), €] nomydaercs myrem GOpMAILHOI HOICTAHOBKA
(1.12) BmecTo mepemenHoii ¢ B npejicrasiaennn (1.8).
OmpeesimM cHavasa HeCKOJBKO Koaddummentos 3 (1.13). A umenno, Oymem cuu-
TaTh, YTO
o=1, r=1,...,my. (1.14)

Pasencrsa (1.14) garor HaAM BO3MOXKHOCTH mpejicraButh dbyuknuu (1.11) B Buge dop-

MaJILHOTO Psijia IO CTeleHsiM nepemennoii 7. Tem cambiM, npusss Bo BHuManue (1.9),
(1.10) u (1.14), umeem

1 72 - ,
H(T6) =5+ —— d;i(e)T". 1.15
f(re) =5 +i 4€+;z<6)7 (1.15)
Koaddurmentsr psgos (1.13) OymemM uckarb METOIOM HEOIPEIEIEHHBIX KO hUIIN-
€HTOB, UCXOJIsl U3 TOXKJIECTB
di(e)=0, i=2,3,...;r=1,...,my. (1.16)

Kak Oyzer nmokasano HHuZKe, OTCIOJIa YUCJIA C;; OJJHO3HATHO ONPEJIEIAIOTCH.
[TpucTynum, HAKOHEI, HEIIOCPEICTBEHHO K OIIpe/Ie/IeHn0 KoadhdurmeHToB psaios (1.4).
[IpenBapuTesbHO BBe/IEM elie ojiHO obo3HadeHue. [Tosoxum

G(6) = die) +e(d(2)?, r=1,...,m. (1.17)
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U3 coiicTB hyHKIMIA, BXOJANIUX B OIPEJIEIEHUE ¢, (€), CIIeyer, 9To CIpaBe/JIMBO IIPe/i-
CTaBJIeHUE

g-(g) 225ig[, r=1,...,m. (1.18)
i=1

Ormerum, uto psaj (1.18), Kak U Bee TPeblLyIue Psijibl, ABJIAETCS (DOPMATHHDBIM.
[Tocste Toro onucanme ajropurma 3asepiinaercs 6e3 Tpyaa. CHadala MOKayKeM, Kak
OIpPEJIEJINTh YUCTIA )\]1+i (1t =0,...,m; — 1). Pacnomoxkum uncaa g7 (r = 1,...,my) B
1 L
pan B mopajke yopsanua. Tepes A (1 = 0,...,m; — 1) 0603HATEM COOTBETCTBEHHO
(7 + 1)-BIif wWieH HOTyYEHHOTO Psijia.
st onpejiesiennst oCTaJbHbIX KohduimenTos psaaos (1.4) moctynaeM cJie Ly ommm

obpaszom. [Tpesmonoxum, aro Hapsaay ¢ (1.5) n (1.6) BBIIOJHAIOTCS COOTHOIIECHNUST

hi - §0+7’i == §0+mi_1’ i = 17 s viOa (1.19)
A§g+ri0—1 > hi, > >\§3+mi0- (1.20)

OTMeTnM, 9TO IMEIOT MECTO HEePaBEeHCTBA
Tic1 <1y <my <My

Ha zaxmrounTenbHOI cTajum mocTymaeM, KaK M paHee. Pacmoio’KuM B psJ] B HMOPSIIKeE
ybbiammns ancna g, +i (i = 0,...,my — 1). Honoxum sarem )\32 474y +i PABHBIM COOT-
BeTCTBeHHO (14 1)-My Koabdurmenty sToro psiia. Takum 06pa3oM, onucanne aaropuTMa
3aBEPIIEHO.

Breimmmem B KauecTBe IpuMepa 3HAYEHUS IUCETT )\jl- u /\§ (j=12,...).

OCHOBHYIO TPYJIHOCTD IIPEJICTABJISIET 3/ICh BhIUCIeHne KoaddunuenTos psija (1.18).
[IpuBenem 371ech 3HAYEHNS MEPBBIX JBYX WIEHOB 3TOro psja. lIpeasapurenbHo BBeneM
T KPATKOCTH 3aIlIUCH HECKOIBKO 0003HadeHmil. [[oCcKoIbKY BBIMNCTIEHNS HOCAT HE3aBH-
cuMblit xapakTep, To uHaekc r B (1.18), (1.12) u (1.13) MBI B HEKOTOPBIX CJIydasax Oy/em

OIIyCKaTb. rIOJIO}KI/IM7 JaJjiee,
1
p(t:.)]

a Jepe3 a; 0003HAYMM 3HAYEHUE 1-0i TPOU3BOIHON (PYHKITII

1

b=
2

q(i>(t“) p(”l)(tir) . 1=1,2,...,

PPt + 1)
(t —ti,)?|p(t:,)]?

B TOYKe ¢ = {; .
s ancen dj(e) u dj(e), durypupyiomux B (1.17), umeror Mecto Gopmysst (B KOTO-
PBIX OILYIIEH UHJIEKC T')

do(e) = (% + z) A(e) +3561(8)C‘°’C(§<)€)_ o) (% —i—ir) :

dl(&f) = b10?<€) + 201(6)02(6) + 4iTCl(€>CQ(€)+

+% (C%(8)C4(6) — 2c1(g)ea(e)es(e) + Cg(e)) )
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Takum 06pa30M, IIepBbIe JiBa KOS(i)(bI/IU;I/IeHTa pdaa (118) IIpeacTaBuUM B CJIEAYIOIIEM
BUJIE:
g1 = (1 + 22})011 + b1 + (2 + 4ir)620 + 3630 — 3630,

1
go = (14 2i,)c12 + (5 + ir) Cfl — 3cy1630 + 3¢31 — Gegpcar+
+620011 + 6b1611 + 4011620 + 4621 + 8Z‘T611020 + 82}621“‘
+24cq9 — 48ca0c30 + 24¢5.

HpOI/ISBO,ZLH COOTBETCTBYIOIIUE BBIYHCJICHUA, IIOJIYIUM TaKHWE 3HAYCHUA MHTEPECYIOIIUX
HaC BCJIMYMNH:

a
0202—32, CgoZE[ag—?’a?)],
a4, T 59,

Ci = — |=as + —az3 — —a
P03 27 187

1
C50 = _E [22650 + 26&%030 + as + 20@3030 + 18@2@3020—|—

42co0ca0 + 50(12C§0 + 88ascopcsy + 4Oagc§0 + 10a4co0+

4¢3y + 22asc40 + 10a5cs0 + 2a0aq + 2a5 + 46¢50C30]

4
e = 5 (2630 + iy + Girean + Bbica + ba]

2 . .
=73 [6ca0c30 + 4eao + 124,c00¢30 + 8ipCao + Thicso+

5 9
8by 5y + 6bycog + bz — 5201 — 5],
9 ) .
C31 = = —Cgo + 8620040 + 5650 + 921"6?‘30 -+ 16ZT02()C40+

212

10?;7~C50 + 9()1040 + 13[)2030 + 8()2630 + 7b3€20+

13 13
22b1copcz0 + by + 451630 — 7011020 - 7021—

3
2
~agCo1 — 14asciicop — 5%011 — 3ascy; — 6epieso |

2

4 . )
Cip = 3 [Acagcar + 4i,Ca0c21 + 311630 + 3es1 + 6ipcricaot

. 3
617«031 + 5b1621 + 101)101162() + 4b2611 — ZC%I + 30050—

60ca0ca0 — 365, + 102550 — 36¢5] -



Modeauposanue u anaausd ungopmavyuornor cucmem. T.23, Nel (2016)
46 Modeling and Analysis of Information Systems. Vol. 23, No1 (2016)

2. BcrniomorarejibHbIE YTBEP2KJI€eHUA

B nmamnOM pazjesne MBI JTOKaykeM TPOMEKYTOYHBbIE YTBEPXKJIEHUs, KOTOpble Oy/IyT Wr-
paThb OCHOBHYIO DOJIb IIPH JOKa3aTeabcTBe TeopeMbl 1. CHadasa BBeJIEM HEOOXOIMMBIE
oboznauenus. Paccmorpum muddepennuaibuoe ypaBHeHTe

et +p(t)t + q(t)r =0, (2.1)

B crarpe [10] 6b110 TOACIUTAHO HAKOOJIbINEE TUCJIO HYJEH, KOTOPOE MOI'YT UMETh De-
IIEHUsT 9TOIO yPaBHEHUsT Ha OTpe3Ke [a, f], Korja € JO0CTaTOYHO MAJIO, U BBIIOJHEHB
HepaBeHCTBA

Wk i=01,..., k=1,...,n. (2.2)
B(tk)]|
[TokaxkeM, Kak MOYKHO OIPEJIEJUTH TAKOe IUC/I0 HyJIell, KOraa Jjid HEKOTOPBIX HOMEPOB
k (1 < k <n) HepaBeHcTBO (2.2) HE UMEET MeCTA.

Pacemorpum cravasa wactablii coaydait. [pemmonoxum, aro dyukims p(t) auib
onuH pa3 Ha [a, | obparaercst B HyIb B Touke 11 € (o, 3). Ilo mpaBuity, n3iokeHHOMY
B TIepBOM pas/ielie HacTogIeil paboThl, Bbruuc UM uuciaa g (i = 1,2,...,7), burypupy-
formue B (1.18). ITycrs umeror MecTo cooTHOIIEHMS

- =p, p— LeJoe HEeOTPUIATEILHOE, (2.3)
p(t1)]

gi =0, i=1,...,7—1, (2.4)

g9 # 0. (2.5)

JIemma 1. Ilpu yeaosuax (2.3), (2.4) u (2.5) cywecmeyem maxoe €9 > 0 u maxoe pe-
wenue xo(t, ) ypasuenua (2.1), wmo npu ecex e € (0,&¢) Pynryua xo(t,e) obpawaemesn
6 HYyab ha ompeske [a, B] posro p+ 1 pas, ecau

g9, <0, (2.6)

u umeem poeHo p1 + 2 Hynaetl, ecau
gl > 0. (2.7)

Ipu smom wucao nyaet 1106020 Ipy2020 pewienus He NPesocrodum “uUcia Hyret Pymk-
yuu xo(t, €).

JokazareabcTBo. bes nmorepn o6IIHOCTH MOXKHO ¢UUTATh, 910 v < 0 < S m t1 = 0.
B ypaBuenuu (2.1) npoussejem 3aMeny

T = yexp —m/p(s)ds : (2.8)

B pesynbrare mosydnM ypaBHEHNE

e + pi1(t,e)y =0, (2.9)
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rie 1 (t, €) onpenensiercs dhopmyiioit (1.7). B nepsyio ouepesib Hac Oyjier nHTEpecoBaTh
HOBe/IeHIe perienuii (2.9) B HeKOTOPOit JOCTaTOTHO MaJioit oKpecTHOCTH HyJist. [To anaso-
WU C PACCyKJIEHUsIMU, TPUBEIeHHbIMEU B cTaThe [10], Ka3amoch Gbl €CTeCTBEHHBIM BMe-
CTO PACCMOTPEHWUsI CBOICTB perieHnii ypapHenust (2.9) mepeiTu K u3y4IeHuio ,6;11M3K0ro
K (2.9) u B 10 Ke BpeMms 6oJiee IPOCTOrO yPaBHEHUs

e+ D> aie)tly =0, (2.10)

=1

B KOTOPOM, II0 Mepe HaJIOOHOCTH, CJIEJIOBAJIO ObI PACIOPSINTHCI BHIOOPOM HOMepa [ >
0. OzHako, B omm4me OT ciaydas, paccmarpuBaemoro B [10], uccsenoBanue nosejienus
pertiennii ypasaenus (2.10) 371ech 3aTPyIHEHO TEM, UTO MbI HE 3HAEM IBHOT'O BU/Ia 00IIEr0
peIleHnst TAaKOro ypaBHeHusi. YTOOBI YCTPAHUTH STy TPY/IHOCTDH, CHAYAIA TPOU3BE/IEM B
ypasHeHun (2.9) 3aMeHy BpeMeHH

t =y (r,2), (2.11)

rie dbyukiws (7, ) onpenensercs dopmyramu (1.12) u (1.13). Bompoc o exomumoctn
psiIoB, (DUTYPUPYIOIIUX B ONpeiesieHun ¢ (T, £), HAC MHTEPECOBATh He Gy/IeT, MOCKOJIbKY
B KOHEYHOM HTOTe HaM IIOHAI00ATCS JIMNIb WX YacTUYIHBbIE CyMMBbI. Ilocie Toro, Kak
MBI 110 HEKOTOPOMY TPaBuLy onpeaeanM kodddunuentst ¢;(e) B (2.11), BoibGepem ducio

to > 0 Tak, 4To6BI 3aMeHa BpeMeHu Oblia obparumoit Ha A(tg) = [—to, to]. Urak, noce
npeobpaszoBanus (2.11) mosydnm ypasHeH#e
. 1&1 T,€) . ]
ey — sgy + 3 (1,8)p1 (Y1 (7, €),€)y = 0. (2.12)
'lvbl (T7 5)

B pesysibrare ciiemyrorneii 3aMeHbI

y=\/v(r,e)z (2.13)

or ypaBHenus (2.12) mepeiijiem K ypaBHEHUIO
ez + fi(r,e)z =0, (2.14)
rie fi(7,e) oupenensiercst hopmysioit (1.11). U3 cpoiicts dyHKIWMiA, DUrypupyommx B

oupenenennn fi(7,¢e), a rakxke u3 (1.9), (1.14) u (1.15) caeayer, uro ypasuernue (2.14)
MOZKHO 3aIliCaTh B BUJIE

U(r)
. 1 7_2 i
ez + §+p_4_€+;di(5)7_ +w(re)| z=0. (2.15)
B (2.15) mosozkeno
1 72 ) ,
_ T N g(e) 2.1
w(r,e) = fi(T,¢) 5 D+ 1 Z i(e)T", (2.16)

1=0



Modeauposanue u anaausd ungopmavyuornor cucmem. T.23, Nel (2016)
48 Modeling and Analysis of Information Systems. Vol. 23, No1 (2016)

a HOMED l(’l") cieayeT Oollpeae/INTh KaKk HaUMEHbIINN U3 Tex, IJid KOTOPBIX

lim 72Dy (r,e) =0, 6 € (0,1). (2.17)
70
Bazknyio poJib B IPUBO/MMBIX HIZKE PACCY2K/IEHUAX Oy/IeT UIrPaTh TOT PaKT, 9TO JIs
kosbdunmenros d;(€) (i = 2,...,1l(r)) cupaBemBo ciemyioniee Ipe/CTaBIeHue:

di(e) = Zeiq(e) + = + wle, er(e), ..., e, (e)). (2.18)

Ormerum, ato npu BbBOsie (2.18) 6b10 yureHo mepsoe u3 paseHcts (1.14). TloscHum
3HavYeHWs BeandnH, Bxoasnmx B (2.18). Ilpexae Bcero oTMeTwM, 9TO HHU OJHO y; He
obpamaercs B Hysib. Jucaa a; (1 = 3,...,1(r)) He 3aBUCAT SIBHO OT € U SIBJISIFOTCS AJIre0-
pandeckuMu QyHKIWAMA ¢1(€), ..., ¢ci—2(g) (ay = 0), a wi(e, c1(g), ..., c,(e)) comepxar
BCe BXOJIAIINE Ty/la ITapaMeTphl TOJBKO Kak comHokuTesn. Popmyiy (2.18) merpysno
JIOKa3aTh, PACCyK/Iasl 10 MH/YKIIIH.

[Tosroxxmm 3atem B (1.12) u (1.13)

cie)=0, i=1r)+1,1r)+2,..., (2.19)

¢; =0, i=1r)+1LIr)+2,..., j=0,1,... (2.20)

[Ipencrasienne (2.18) n pasencrsa (2.19) u (2.20) ga0T BO3MOXKHOCTH HPUMEHUTH TEO-

peMy O HesiBHOU (byHKIuU jijist onpesesenus: Kodddumuenros ¢;(¢) (i = 1,...,1(r)) u3
ypaBHeHui

edi(e) =0, i=2,...,1(r). (2.21)

dcno, uro BemuuHBL ¢;(¢) MOKHO nckaTh B Buje (1.13) mo merTomy Heorpe/ie/ieHHbIX
ko3ddurmentos. Ham morpebyercst Juib 3HaHIE TEPBBIX 1 1 7 — 1 KoaddurmeHTos dy (&)
u di(e) coorBercTBeHHO. ByjieM cuurarh, 94To 3TH KOIDMUIMEHTH HAMU OIPE/Ie/IeHbI.
Ocrasbubie yjienbl psaoB (1.13) moI0KUM paBHBIME HYJTIO.

Urax, dbysxius (7, €) onpenenena. Temepb HyKHO BBIOpaTh quCiIo ty > 0, ITOOBI
Ha orpeske A(tg) 3amena (2.11) 6puta obparumoii. Bymem noka usyvars perernst (2.1)
JIUIIb Ha 3TOM OTPE3KeE.

B ypasuenun (2.15) npoussejieM 3aMeHy BpEMEHH

T = /¢, (2.22)

B pe3yabTaTe KOTOPO# 9TO ypaBHEHUE 3aIlUIIeTCs Tak:

2
£ |50 o+ dofe) + VEh ()6 +TwolEe) | 2 =, (2.23)

rJie HelipepbiBHAsT (DYHKINS Wo(&, £€) TaKOBa, 9TO OHA CTPEMUTCS K HYJTIO IIPU CTPEMJICHUN
€ K HYJII0O PABHOMEPHO OTHOCUTEJIBHO &, YJIOBJIETBOPSAIONIUX HEPABEHCTBY

€] < el Ine], (2.24)

B KOTOPOM € — IIPOMU3BOJILHOE IIOJIOZKUTEJIbHOE YHCJIO.
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[IpuBesiem ypasuenue (2.23) K 6oJiee yja06HOMY Jyist Hac Buy. Jljist 9T0ro BOCHOJIb-
3yeMcsi IIpeobpa3oBaHueM

Z = uexp (—%2 + Ved; (5)§> : (2.25)

B pesymnbrare nosyanm ypaBHeHUE

i — st + [e(di(e))® + do(e) + p+ *wi(s,e)] u =0, (2.26)
B KOTOPOM
§ = é - 2\/gd1<€>7
wi(s,€) = wo (s + 2v/ed(e),€) -
U3 onpegenenns aucen g} (i = 0,...,r), a Tak:ke u3 coornormenuii (2.4) u (2.5) ciemyer,
9TO

gl e)=¢c"gt + O™, §€(0,1). (2.27)

Ucnonb3ys moceiHee paBeHCTBO, PacCMOTPUM Hapsiay ¢ (2.26) Gosiee mpocroe ypaBHe-
HUE

i — st — b(e)u = 0, (2.28)
F,D;e IIOJIOZKECHO JIJI4 KpaTKOCTI/I
b(e) = —p+bi(e), bi(e)=—¢c"g}.

JIMHeHHO He3aBUCUMBIMU DEIeHusIMU ypaBHeHus (2.28) ABAA0TCs DYHKINT

)2+ b(e)) ... (2 — 2+ b(e)) o,

(s,e —1—|—E @) s, (2.29)
— (b(e)+1)...(b(e) +2j — 1) 5.\,

H(s,s):s+§ (b(e) )(2j(+(1))! )= 1) i (2.30)

[TpeanoaokuM cHAYaIa, ITO BBIIOJHEHO HepaBeHCTBO (2.7). TlokakeM, 910 B 9TOM
ciiydae y ypaBHeHus (2.26) CyIiecTByeT pellieHne, UMeoIee Ha PacCMaTPUBAEMOM IIPO-
MeXKyTKe U3MEeHEHHs S He MeHee p + 2 HyJeil, Koraa € J0CTaTOIHO MAJIO.

Kaxk sicHo u3 pesysbraToB, npejcrasieHHbix B [10], oqna w3 dbyskmit (2.29) win
(2.30) obparraercst B HyJIb Ha BCell YMCJIOBOM TpsAMOil pOBHO p + 2 pa3, a japyras p + 1
pa3. OrMeruM, 4TO B Cjiydae 4eTHOro p yHKIwms u,(s,€) Oyjger umers p + 2 Hyei,
a TIpU HEYETHOM p pererne uy(s,e) Oymer obpamarbes B HyIb p + 2 pa3. O6o3HaImM
qepes So(e) mambosbmmit n3 Beex myseit dynknmit (2.29) u (2.30). IIpeamonoxkum, 10
CIIpABEI/INBA, OICHKA,

so(e) < ¢|In¢g|, (2.31)

rae IOJIO2KHUTEJIbHasd IIOCTOAHHadA ¢ HE 3aBUCUT OT £, KOT'Ja £ JOCTATOYHO MaJlo. By,ueM,
JaJiee, paccMaTpuBaTb TOJbBKO T€ 3HaYCHUA £, IIPU KOTOPbIX

—C€%| ]ng’,ceél 11’16‘] C AT(t0>7
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rie

Ar(to) = [Ur" (—to,€), ¥7  (to, )] -

Tora Ha oTpeske [—ceé| Inel, ce3 | In 5|] onpejesenbl kKoadduimentor ypasaenus (2.26),

KOTODBIE HA HEM PABHOMEPHO CXOJATCs K KoddduimenTam ypasaerust (2.28) mpu cTpem-
JeHUH £ K Hymo. Tem cambIM MbI MOKa3a/IH, YTO TPU MAaJbIX € y ypaBHeHus (2.26)
HalifieTcs penienue, UMelomee He MeHee p + 2 myseil. O4eBHIHO, YTO TAKOil K€ BBIBOJ,
cripaBe B 1 Jyist ypasuenus (2.1). Kak scuo u3s [10], 6osbinero gncia, geM p + 2, ux
ObITH He MozKeT. TakuMm o6pazoM, pu ycaoBun (2.7) semma GyIeT HOJHOCTBIO JOKA3aHa,
eca Mbl 060CHYeM o1ieHKY (2.31).

Pas6epem ciyuait, korga p gerno. CoOTBeTCTBYIONIEE YTBEPKACHUE JIJIsi HEUETHOIO P
JIOKA3BIBACTCS AHAJIOTUYHO, IIO3TOMY MBI €r0 IPUBOAUTL HEe OyIeM.

[Ipu weTHOM p UHCIO So(€) siBIAsIETCA HAMOOBITNM HyJaeM byHKIMA U, (s,c). Ham
YI0OHO 3Ty (DYHKIMIO IPEACTABUTD CJEAYIONMM 0O0pa3oM:

mgfyngﬁyumgdglgé%i+
N (24D1(2)) - (26 — 24 b1(€)) oo
z; p+2@). st ] ' (2.32)

B (2.32) nosoxeHo

b (24 D). (2 — 24 b)) o,
—1+§: lmﬁ 2

o(e) = b(e)(b(e) + 2) p' (b(e) +p— 2)'

Omuennm 3aTeM (YHKIUIO U, (S,€) cBepXy W CHU3Yy 4epe3 GoJiee mpocThie dyHKIuU. B

KavdecTBe TaKuX (PYHKIUHA BO3bMeM (DYHKIIMH, IMEIOIINE CJIeLy IOl BUI;:
u(s,e,b) = Dy(s,€) + bi(e)c(e) exp (bs®)

rie Dy(s,€) ecTh MHOTOWIEH CTENeHN P, AHAJIUTUIECKH 3aBUCsImit or €. [TokaxkeM, Kak
MOKHO OTIPEJICTIUTD TaKue ducja by u by, 9TO BBIIOJHAIOTCS COOTHOIICHUS

u(s,e,b1) < wup(s,e) <uls,e by), se€0,00). (2.33)

Ucxonst uz (2.32), cymecrBoBanue Takux by u by Oyler JOKA3aHO, €CIM YAACTCs JIJIst
HEKOTOPBIX 3Ha4YeHUil by U by yCTAaHOBUTH HEPABEHCTBA

pt2 (24 by 2 —2+b : -
ps+2 +Z + by ( p+(222> + by (e ))Sp+2z < exp (b2,32) (2.34)
=2 ’
u
sPT2 (24 b1(8) ... (20 =24 b1()) oo - : (b)is%
(»+2) +Z p+22). S zew () = ) e (239)

=2
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HepasencrBo (2.34) OyzeT BBINOJHEHO, HAIpUMED, Mpu by = 1 U MAJIBIX £, TOCKOJIBKY
OHO ABJIETCS CJEJICTBHEM 0oJiee IpyOOTo HepaBEeHCTBA

2(% ;) 2 <0,

KOTOPOE JIEIKO yCTaHOBI/ITb IPUMEHUB METO/] MATEMATUIeCKON MHyKImu. B (2.35) Mox-

HO MOJIOXKUTD by = [IOCKOJIBbKY, 3aMeHuB by (¢) Ha 1, 6yJeM nMeTh ONEeHKY

T

(20 -1, , 1 0;
2 (p+2i)” DY N+ 20

=1 i=5+1
Takum obpazom, (2.33) Oyzier uMeTh MecTo, eciiu by 1 by OIPEJIEe/UTh TaK:

b by, ecm c(e) <0,
T by, ecmm c(e) >0,

b by, ecm c(e) <0,
T by, ecmm cfe) >0,

a 1epe3 Dy, (s,€) 1 Dp,($,€) 0603HaUNTH MHOTOUIIEHB

P/2 1
Dy, (s,€) = D(s,e) + bi(e)cle) > Z,—{szl, j=1,2.
i=0
Bamerum, uro Bee dyukiuu, dburypupyonpe B Hepapencrsax (2.33), mpu crpemie-

HUU § K OECKOHETHOCTH OJHOBPEMEHHO CTpeMsTCs 00 K 00, Jinbo K —oo. Ha ocHoBanuu
sToro u u3 (2.33) ciesyer, UTo 3HAUYEHUE So(€) HE MPEBOCXOIUT UHCIA So(£), SBIISIOIIE-
rocst HanOOJIBIIUM U3 Beex Hyseil dyHkiwmit u(s,e,b1) u u(s, e, by). [lokaxkem, aro mis
HEKOTOPOro ¢ > () uMeeT MecTo HEPABEHCTBO

So(e) < ¢|Ing|, (2.36)

13 KOTOPOTO, OYEeBUIHO, Oy/IeT ciieoBarh onenka (2.31). B Touke $y(e) nmeem

Dy, (o(e), €) + bi(e)e(e) exp (b;(50(¢))?) =0,

rje nbo j = 1, mbo 7 = 2. OTcio/ia BbITEKAET HOBOE PABEHCTBO

(30(e))* = %ln | Dy; (S0(€), )] — In [ba(e)| — Infe(e)]-
j

Omerka (2.31) HEmoCpeCTBEHHO CJle/lyeT U3 MoCjeHero pasencrsa. Vrak, jemma 1 mpu
yesoBun (2.7) gokasana.

[Iycts umeer mecto mepaBeHcTBO (2.6). /lokKasareabCTBO COOTBETCTBYIONIETO YTBED-
JKJIEHUS MIPOBEJIEM B TPH dTalla.

Ilepssbriit aTan. Ha sTom 3Tamne Mbl 06ocHyeM JiBa HEpaBEHCTBaA, HOCAIIIE BCIIOMOTa-
TeJIbHBIN XapakTep. BBejem cHavaa B paccMoTpenue (pyHKITHIO

1 +Zoo b(e)(2+b(e )()2;)(!21‘—2%(3)) 522"

u(s,e,g9) = D o

ecim P YEeTHO,

(2.37)

€cJin P HEYEeTHO,
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rae II0JIOZKEHO

—b(e) =p+¢'g. (2.38)

[Tapamerp g, durypupytomuii & (2.38), Takos, uro g € (gl,0). O6oznauum uepes s(g, €)
HauGOJILINNI HyJIb (ec/in TaKOBbIe BOOOIIE CyInecTBytor) dyHKImu u(s, €, g). [lokaxkem,
YTO UMEET MECTO HEPaBEHCTBO

s(g,¢) < ¢, (2.39)

B KOTOPOM ¢ He 3aBucuT or €. Ormernm, 9ro DYHKIW U(S, €, g) ABISIETCS PEIeHHEM
g depeHnuaaIbHOrO ypaBHEHHS

il — st — b(e)u = 0. (2.40)

Otciona cieyet, 9To QyHKITIA

v(s,e,9) == — w(s.e.9) (2.41)

€CTh pellleHre ypaBHenns PukkaTu

1
b =0+ i b(e) — T (2.42)

Oynknus (2.41) uzyuanacs B [10]. Ucnonb3ys mosrydeHHble TaM pe3yJIbTaThl, JETKO T0-
Ka3aTh, YTO HelpepbiBHas Ha uHTepBase (s(g,e),00) dyukuus v(s, e, g) obpaiaercsa B
HYyJIb B JIByX TOUKax s(g,€) u 5(g, €), mpudaem

lim5(g, &) = 0. (2.43)

e—0

HepagencrBo (2.39) Oyier yecTaHOBJIEHO, €CJIM MbI IOKAZKeM, 9TO Jjisi HEKOTOpOro ¢ > 0
s(g,e) <c.
[MocsietHee HEPABEHCTBO BBITEKACT HEIOCPEICTBEHHO 13 (2.42) u TOro, 9ITo

i(s(g,€),€.9) > 0.
YeranoBuM, Janee, ClpaBeyIiBOCTb ONECHKH
5(g,¢) < ¢l lnegl. (2.44)

HokazarenbcTBo (2.44) mpoBefieM B HPEAIIONIOKEHUH, 9TO p deTHO. Ilpn HEeYeTHOM p
JIOKA3aTeILCTBO IPOBOJIUTCA aHAJOMMYHO, TOITOMY MbI €10 OILYCTHM.
[Ipexk e Bcero ormeruM hopmyIry

1

sw(s,e) = v(s, e, g)u(s,e,g) =s {5 —b(e)—

()24 b)) (Ble) +20—2) (1 Ble) — 1
; (20)! < —)

. 24
2+ 21 +1 (245)
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OuesuiHo, uTO Bee Hyn QyHKIMU v(S, €, g), KpoMe s = 0, 1 TOJIBKO OHU SIBJISIOTCSI B TO
JKe BpeMs HyJsMu dyHKImH w(s, ). Ham Oymer ymobHo paborars ¢ mocieaaeii dbyHK-
mueii. [Ipu mokasaresbeTBe HYXKHOMW OIEHKH [T HAMOOJIBIEro Hy/sd (GyHKIuu w(s, )
HOCTYNAaeM TaK Ke, KakK U MpH JoKa3aTeIbcTBe HepaBeHCTBa (2.31). YKakeM Takue mo-
JIOXKUTEJIbHBbIE 3HAUEHUsT by U by, 9TOOBI BBITOJIHSAINCH COOTHOIICHUS

Di(s,e) + bi(g)c(e) exp (b1s”) < w(s,e) <

Ds(s,€) + bi(g)c(e) exp (bs?) (2.46)

rie D;(s,e) (i = 1,2) — HEKOTOpbIe MHOIOWJICHBI, AHAJUTUIECKH 3aBUCSIINE OT €, sIBHBII
BUJI KOTOPBIX HAC He mHTepecyer. B (2.46) koaddunuent ¢(g) Takos, 4T0

lim c(e) = ¥ # 0.

e—0

Hepagencrsa (2.46) 6y/1yT JOKa3aHbl, €CJIM HAfi/IyTCs TaKKe TIOJIOKUTETbHBIE by U by, Tipn
KOTOPBIX

Z‘” by Z‘” 2 —p+b()...2—p+0be) (ble) =1 1Y\ o
i=5+1 i=54+1

w(s,e) < Z (bZ)is%, (2.48)

i=5+1

rie depes w(s,e) obosHadeHa mpasas dacTb Hepasenctsa (2.47). Coornorenne (2.47)
OysieT nuMeTh MecTo, Hanpumep, npu by = (24(p + 2)!)~!, mockobKy,

_ Lo @i—p—D! 5 o ! 2
> L A A X3 > _—_— l.
w(s,g) > 3 E : (20)! 5= Z i!(24(p+2)!)i8
i=54+1 =5+l

HepagencrBo (2.48) jierko npoBepuTh Jjist by = 1, €cjin BOCIIOJIb30BATHCS COOTHOIIEHIEM

(e 9]

T(s.€) < Z (2@'—2)!!8224'

A
ST (2i)!

Juist 3aBepriieHnst JIOKa3aTeILCTBA ONeHKN (2.44) ciiejryer BOCIOIB30BATbCSA PACCY K-
JICHUSIMHE, y2Ke TIPOBOJMBIIINMICS paHee Ipu 060CHOBaHUE HepaBeHCTBa (2.31).
Bropoii aTamn. Beejiem B paccMoTpenne oTpe3Ku

Altg,e) = [(—to + 1) + 2VEdy (€)) €72, (t + ma(e) + 2v/Ed, (€)) g—%] _

Oyukiyn 7;(¢) (i = 1,2) napamerpa ¢, durypupyiorue B onpeaeseann A(tg, €), saBis-
IOTCS COOTBETCTBEHHO PENICHUsIMU ypaBHEHUt

U(—to +7i(e),e) = —to, Y(to + 12(e), &) = to.



Modeauposanue u anaausd ungopmavyuornor cucmem. T.23, Nel (2016)
54 Modeling and Analysis of Information Systems. Vol. 23, No1 (2016)

B cuty onpenenenust pyuknuu ¢ (7, €) 3T ypaBHEHHs OJHO3HAYHO PA3PEIINMbI, €CJIH t
U £ JIOCTATOYHO MaJibl. JucaeHHble 3HaUeHus Ti(€) U To(€) HAC HE GYIYT WHTEPECOBATE.
OTMeTHM TOJIBKO, UTO 7;(£) TVIAJKO 3aBUCUT OT € W, BHINOJHSIOTCS PABEHCTBA

lim ()
e,to—0 to

=0, i=1,2 (2.49)

[enpio HACTOSIIETO Talla sIBJIgeTCd 00OCHOBaHUE TOTO (haKTa, ITO MPU MAJBIX € Y
ypasHenus (2.26) naiijiercs perenne, umeroniee Ha orpeske A(tg, €) pOBHO p HyJIeil.

O6oznaunm uepes u(s,e) pemenne ypasaenust (2.26), Ha9aJbHbIE YCJIOBUSA KOTOPO-
ro npu § = ) COBHAJAIOT ¢ HAYAJBHLIMUA yCJIOBUSIMU (DYHKIMU (S, €, g), OUPEIETEHHON
pasenctBoM (2.37) npu g = g!. U3 pesyasraros cratbu [10] ciemyer, aro u(s, e, gl) 06-
palaerca B HyJlb poBHO p pasz. OTmerum, uto dynxnus u(s,e) cxomuresa K u(s, e, gl)
IpHM CTPEMJICHHU € K HYJII0 PABHOMEPHO Ha KasKJOM KOHEYHOM IIPOMEXKYTKe U, Jajee,
BbINOJIHsIeTCst oneHka (2.39). Orcioza ciieyer, 9ro npu Maibix € QyHKims u(s, €) obpa-
IaeTcsi B HyJIb POBHO p pa3 Ha oTpeske [—c¢, ¢]. ObGosHaunm caMblil JieBblii Hy/Ib u(s, £)
Ha 9TOM OTPe3Ke, eCJIM TaAKOBbIE CYIECTBYIOT, Yepe3 s(£), a caMblil paBblil — uepes 5(€).
BBegem, nakoHer, B pacCMOTPEHHE OTPE3KI

Ai(e) = [(—to +71(e) + 2\/Ed1(5)) 6’%,§(5)] ,
As(e) = [E(z—:), (to + m2(e) + 2v/edi(e)) s_%} .

Ecaun p = 0, To mosioxxum

Aq(e) = Ag(e) = Alto, €).

[Tocnenyromue paccyzkieHust 6yayT MOCBLAIIEHBI 0O0OCHOBAHUIO TOTO (paKTa, YTO pelre-
Hust ypaBHeHUs (2.26) He ocrympyioT Ha otpeskax A (e) u Ag(g), KOrja € J10CTaTOaHO
masto. O9YeBUIHO, TeM caMbIM OyeT J0Ka3aHo, YTO (DYHKIWs u(S, €) 00paInaeTcst B HyJIb
poBrO p pa3 Ha A(ly,€) npu Maabix . s oKa3aTebeTBa HEOCIUIUISIIIUE BOCIIO b~
3yeMcst BapuanToM Kputepus Basuie—Ilyccena [7]. Tlocrpoum Takyio dyHKmo 2o(s, ),
KoTOpasi 00J1a1a/1a Obl CJIeIYIOIUMI CBORCTBAMI.

Bo-niepBbix, oHa HerpepbiBHa Ha orpe3kax Aq(g) m Ay(e), Korga p # 1, n HenpepbIBHA
JINIIb HA, ITOJIyMHTEpPBaIaxX

[(_to +7i(e) + 2\/§d1(5)) 57%@(5)) ) (3(5), (to + m(e) + 2\/§d1(8)) 5’%] 7
Korja p = 1, mpuyeM B HocjieiHeM ciydae OyjlyT UMETh MECTO IPeJIe/IbHbIe PABeHCTBA

li = li = —00. 2.50
s—>§1(r€%—0 20(87 5) 0, s—>§1(rel§—0 20(87 8) o0 ( )

OrmernMm cpagdy ke, 9TO TIpu p = 1 BBIMOJHAIOTCS PABEHCTBA

(e) =5(e)

Bo-Bropsix, st 3Havennii, npuHasrexkanx A (€) | J Aq(e), 6y/aer BomosHAThCs M-
(bepennuanbLHOE HEPABEHCTBO

0.

I

2

1
D*zy(s,€) > 23(s,€) + 3~ b(e) — SZ +w(s, ), (2.51)
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rae W(s,e) = wi(s,e) + g(e) — €"gl, a wepes D*zy(s,€) obo3HaueHo npapoe BepxHee
[POU3BOJTHOE IHCIO0 (DYHKIHH 2o (S, €).
DyHKIUIO 20($, ) OMPEIETUM CJIELYIONIM 00pa3oM:

), s € A(e)JAqx(e),

e), s€A(e)JAx(e), (2.52)

Z()(S,g) — { U(S7€79)7 HpH ‘8‘ S?(ga

0, upu |s| > 3(g,

rie v(s,e,g) u 5(g,€) ompeseseHbl O MPABIITY, M3JI0XKEHHOMY HA MPEJIBLIYIIEM 3Ta-

ne. [okaxkem, aro dbyukims (2.52) ynosuerBopser auddepeHImaaipHOMy HepABEHCTBY

(2.51), xorma e mocratouno maso. OcraibHble TpeOOBaHNUS, HAJIOKEHHBIE HA Z(S, €), BbI-
HOJTHSIOTCS. OYEBUTHBIM 00Pa30M.

IIpu s € Ay(e)|JAs(e) u |s| < 35(g,e) nepasencrBo (2.51) Gy/ieT BBIIOJIHEHO, €C/IT
g = g, = maxw(s,e), || <3(g,e).
Crpase/yIuBOCTb 3TOr0 HEPABEHCTBA BBITEKAET W3 OLPEJEeJeHus W(s,&) U ¢, a TaKkKe
u3 coorrorrernii (2.24), (2.27) u (2.44). Ipexae yem obocHoBbiBarh (2.51) mis s €
Ai(e)JAs(e) u |s| > 5(g, ), BBemeM HecKoIbKO 0603HaUeHH. Bynem canrars, 910

min [y (7, €)| > ¢ > 0 (2.53)

ISt BeeX paccMarpuBaeMbix 3uadennit T u € € (0,&g), T/e €9 JTOCTATOYHO MAJIO. DTOrO
BCerJla MOYXKHO JIOOUTHCA 3a CUeT yMeHbIenus ty. [lasee, momoxum

1 2(r, &)p2( (T, €
lO > —max[4f1(7,€)— wl( )p <¢1( ))]
Chy T S
B nociiennem nepasenctse dbyukims fi(7,€) onpenensercs: popmynoii (1.15).
Takum o6pazom, HepaBeHCTBO (2.51) st yKa3aHHBIX 3HAYEHUIT $ Oy/IeT BBIIOJIHEHO,
ecJin

[p(o(s,2))] > Ve, (2.54)

rae gepes (s, ) oboznavena dbynkims o(s,e) = 1(y/es + 2edy(e),e). U3 croiicts
dbyskiuu p(t) BeITEKaeT, 9TO HepaBeHCTBO (2.54) 9KBUBAJEHTHO HEPABEHCTBY

W)O(S’g) + O<¢0(875))| > \/l()_ga

CIIPABEJINBOCTH KOTOPOT'O CJIEJIyeT U3 OnpeiesieHust (S, €) 1 U3 MpeIeIbHOrO PABEHCTBA
(2.43). Tem cambiM crpaBeyIUBOCTD nuddepeHnnaabHoro Hepasencrsa (2.51) st Beex
paccMaTpUBaeMbIX S JIOKa3aHa.

MpbI ToKa3a/Iu, 9To MPpH MAJIbIX € ypasHeHue (2.26) nmeer perenne, KOJINIECTBO HyJIeit
KoTOpOTrO Ha oTpe3ke A(ty, €) paBao p. OTC0a MOXKHO C/IEJIATH BBIBOJL, UTO CYIIECTBYIOT
takue £y > 0, ty > 0 u Takoe pemnienue yo(t, <) ypasuenus (2.9), aro npu Beex € € (0, €p)
dbyurIws yo(t, €) nmeer Ha oTpeske [—to, to] poBHO p HyIeit. Vcnons3ys pesyasrars [10],
[PUXOJUM K BBIBOJLY, UTO IIPH 9TOM Haiimercs perenue (2.9), 9ucao Hyseii KOTOPOTro Ha
9TOM 2Ke OTpe3Ke paBHO p + 1.
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Tpernii stan. Ha stom srane Oyrer 3aBepiieno obocuosanue jemMMbl 1. CHadasa
BBEJIEM B paccMoOTpenue (pyHKITUIO

( S
exp / 2o(o,e)do |, s € A(e),
uo(s, €) = ) (2.55)
exp / 20(0,€)do |, s € Ay(e).

\ S

Ha ocuoBanuu (2.51) memaem BeIBOJ, a0 5Ta dyukuus upu s € Aj(e) | Aq(e) yaosie-
TBOpsieT auddepeHIaibHOMY HEpABEHCTBY

iio(s,€) — sto(s,€) + f1(ves + 2edy (), €)up(s,e) < 0.
BrimosiHuM 3aTeM B IOC/IeIHEM BBIDaKeHUN 3aMeHbl, ooparnele K (2.25), (2.22) u (2.13).

B pesysbrare BMeCTO (S, €) MBI HOJIYIHM HEKOTOPYIO (DYHKIHUIO Yo(t, £), KoTopast OymeT
00J1a/1aTh CJIeLYIOIUMI CBORCTBAMU. BO-TI€pPBbIX, IIPU MaJIbIX £ U IIPU BCEX

[—to. t()] | J[E (o),

t(e) = ¥1(=VEs(e) + 2edi(e), €)

IJIe TIOJIOZKEHO

t(e) = 1 (Ves(e) + 2edi(¢), €),

BbITIOJTHSIETCs JuddepeninaaibHoe HEPABEHCTBO

glio + 1 (t, €)yo(t,€) < 0. (2.56)

Bo-Bropsix, Kak gcuo u3 (2.52), (2.55) u (2.13), mMeer MECTO TOXKIECTBO

volt,e) = /(1 (t,2),e),  t € [~to,t(g,)] |9, ), to].
B nocnenneit popmyite gepes t(g, €) u t(g, ) 0603HAUEHBI BEJTMIUHDI
t(g,e) = ¥1(—Ves(g,e) + 2edi(e), €),
t(g,e) = ¥1(Ves(g,€) + 2edi(e), €).

JloKazareabeTBO JIEMMbI Oy/IeT MOJIHOCTBIO 3aKOHUEHO, €CJIM MbI [TOKAYKeM, 9TO (DYHK-
o Yo (, £€) MOZKHO TaK MPOJIOSIZKUTH Ha BECh IPOMEXKYTOK [cv, —to] [to, 8], 1T06BI 4o (t, €)
0CTaBAJIACH TIOJIOKUTEJLHOI, U COXPaHSIOCh Obl muddepeHnnaabaoe HepaBeHCTBO (2.56).
[Tpu sTOM, MOXKET OBITH, IPUIETCHA YMEHBIIUTH HECKOJIBKO fo U €.

[Tpexkie BCero orMeTnM, 9TO UMEIOT MECTO MpeJIeIbHbIE PABEHCTBA

lim yo(%t,e) =1, tlolgr}) Yo(£t,e) = tlgr_n)D Jo(£t,e) = 0. (2.57)

to—0
e—0 e—0 e—0
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Hasee, 1moaoKumM

Yo t75)7 S [_tO’t(g)] Uﬁ(5)7t0]7
yo(t,e) = go —to,€)(t + t0)? + Yo (—to,e)(t + to) + yo(—to,€), t € [a,—to], (2.58)

( €
Jo(to, €)(t — to)* + Go(to, €)(t — to) + wo(to,€), t € [to, 5.
)

PagercrBa (2.57) obecreqnBaioT MoJ0KUTETHHOCTE (DYHKIMU Yo(t, £) HA TPOMEIKYTKAX
la, —to] m [tg, 5], Koryma 0 < € < g9 U gy u ty gocrarodno MaJibl. Ocraercss TPOBEPUTH
munib (2.56), Korja ¢ npuHa uie:KuT tuM orpe3kam. Ha npomexyrke (o, —to] nmeem

efio(to, €) + p1(t, €)yo(to, ) =

1 [29(t) —p(t)  p°(t)
p(0)] 2 4e|p(0
Orciona noKazaTeJbeTBO TOro (hakTa, UTO MpaBas 9acTh IIOCIEIHEI0 PABEHCTBA OTPHU-
naTesabHa, KOrja ty U €9 MaJibl, 3aBepInaeTcs ceblikoi Ha (2.57) u (2.58). Ananorndno
060CHOBBIBaeTCsT HepaBeHCTBO (2.56) mist t € [ty, 5]. Takum obpaszom, emmMa jokasaHa.

Cremaem oznHo 3amedanue. MOXKHO MoKasaTb, 9T0 B obmeM ciay4dae psagst (1.8) u
(1.18) He ABJISIIOTCST CXOLANUMICS JIazKe [PU YCIOBUU AHATUTUIHOCTH KO3(bDMUIMEHTOB
p(t) 1 g(t).

CdopmysupyeM ele 0HO yTBepKIeHNe, OTHOCsAIeecd K aud GepeHnnaasHoMy ypaB-
Henmio (2.1). Mer pacemorpum obmmuit corydail, korya dyHKIws p(t) uMeer HyJIi B TOYKaX
t1,...,t, uarepana («, [3).

O6oznaunm yepe3 Ay, C [, 5] (k= 1,...,n) HenepeceKkaromnyecst OTpe3ku [ty —to, tr+
to]. Hanbosbiee ancio myseit (2.1) Ha Kax oM u3 Ay, HOJOKUM PABHBIM COOTBETCTBEH-
HO pi(g). TIpeanonokumM, 4ro Jiyist KaxKJ0ro PacCMaTpUBAEMOro k BBIIOJHAETCA JUOO
coorHorerne (2.2), 6o Haiimercss B BbipazkeHun (1.18) xoTst O6bI OJMH HEHYJICBOI KO-
sddunment. Torma, kak ciegyer us [10| u u3 semmer 1, pi(e) (k= 1,...,n) He 3aBucur
OT &, €CJIH € JIOCTATOUYHO MaJIo.

= 28@0(—t0,5) + ), yo(t(),g).

JIemma 2. Cywecmeyem makoe g9 > 0, wmo npu ecex € € (0,g9) natidemes pewenue
ypasnenus (2.1), komopoe obpawaemca 6 Hysv Ha ompeske [, 5] posro py pas, 20e

po=-n+1+ Zpk (pr = pr(e) = const).
k=1

IIpu smom Koauwecmso Hyaeli a06020 dpyz020 pewerus (2.1) ne npesocxodum py.
JloKa3aTebCTBO 3TOTO YTBEPIKJIEHUS MPOBOJIUTCI AHAJOTHYIHO JIOKA3ATETLCTBY CO-
OTBETCTBYIOIIET0 yTBepK/IeHus B [10], m0o9TOMY MBI €10 IPUBOAUTE He OyIeM.

3. (Ob6ocHoBaHue Teopemsnl 1

Paccmorpum muddepeniuaibioe ypaBHeHTE
e+ p(t)E + [g(t) — \j(e)]x = 0. (3.1)

Yepes z;(t,e) Oyaem ob6o3HAIATH COOCTBEHHYIO (DYHKIHIO MEPBOI KPaeBoOil 3aatdu, Co-
OTBETCTBYIOILYIO cOOCTBEHHOMY Unciay A;(g). Ormernm, 4ro sta GyHKIusS obparaercs
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B HYJIb B 000X KOHIIAX OTPe3Ka |, 5] 1, KpoMe 9T0oro, uMeer poBHO j — 1 HyJseit BHyTpu
paccMaTpUBaeMOro OTpe3Ka.

JlokazarebcTBO TeopeMbl 1 Oy/IeT 3aBepIeHo, eCJIM Mbl YCTAHOBUM, YTO JIJIsl JITIOOOTO
HATYPAJIBbHOTO | CIIPaBeJIMBO COOTHOIIIEHNE

Ni(e) =) N+ 0(e, (3.2)

B KOTOPOM TIOJIO?KEHO )\‘; = ;. ObocnoBanme oTMedeHHOTO (DaKTa IPOBEIEM, PACCyKIad
oT TpoTuBHOTrO. [IpeInosoKum, 910 J1I HEKOTOPBIX HOMEPOB j U | paBeHCTBO (3.2) He
nMeeT mMecTa. Torja CymecTByeT Takas IOCAeI0BATEIbHOCTD &, — (), YTO CIpaBeJINBO
COOTHOIIIEHNE

m—r00

I
lim e,/ \;j(em) — Z e'\! =4, (3.3)
i=0

rjie 0 # 0. IIpu 9ToM MBI J1o1TycKaeM, 9To ) MOYKeT IPUHUMATh 3HAYEHUsI, paBHbIE JIN0OO 0O,
Jmbo —oo. PazbepeM oT/ie/IbHO JiBa BO3MOXKHBIX ciiydad. [lepBblit u3 HUX peasusyercs,
KOIJ1a

5 >0, (3.4)

a BTOPOH — KOrJa

§ < 0. (3.5)

[IpeamonokumM cHavdaia, 910 BbIIOIHsAETCsT HepaBeHcTBO (3.4). Torma B cuity panee
JIOKA3aHHO JIEMMBI BCE PEIeHWs IOCJIEeIHET0 YPABHEHWs MOTYT OOpallaThCs B HYJIb
Ha orpe3ke [a, (] He Gosee j pa3. Tem He Menee, KAk Mbl y:Ke OTMedasH, QPyHKIHs
x(t, €), ABJIAIONIASICS PEIIEHNEM TOTO Ke ypaBHeHnst, uMeeT poBHO j+ 1 myiteit. ITosrytemno
nporusopedne. Takum o6pazom, HepaBeHCTBO (3.4) HE MOXKeT MMeTh MeCTa.

asee, IpemoIoKuM, 9To ClipaBeyinBo HepaBeHCTBO (3.5). B aroMm ciaydae y maud-
dbepenrmanbHOro ypassenust (3.1) mpu JOCTATOYHO MAJIBIX € CYIIECTBYET PEIEHUE, UMe-
foree He MeHee j + 1 Hyseit Ha unTepBase («, 3). 91o ciaemyer u3 jemm 1 u 2. Ograko
dbyuxnus z;(t, €) obparmaercsa B Hy/Ib HA TOM Ke HHTepBaJje ToIHO j — 1 pa3. Bocmoss-
30BABIIICH 3716Ch TEOPEMOI O pasieseHnu HyJeil perrernil ypasaerus (3.1), morydmm
nporuBopedre. TeM caMbIM MMOKA3aHO, YTO HEPABEHCTBO (3.5) BBIMOJHIATHCS HE MOKET.
[Ipencrasienne (3.2) moKa3aHo.

Bpeimie MbI Beeryia mipejimosiaraiu, ato byHKIus p(t) He uMeeT HyJIel B KOHIIAX OTPE3Ka
[, B]. Onmpasich Ha pesyabrarsl [10| u nmpuMeHsis Te ¥Ke, 9TO W BBIIIE, PACCYKICHUS,
MOKHO YCTAHOBHUTBH CIIPABEJTMBOCTH TEOPEMbI 1 6€3 9TOro npejnooxkennsi. OrMmernm
TOJIBKO, 9TO 1pu ycaosun p(a) = 0 poutb uncest (1.2) urpatoT BeJUIHHBI

o _ [24(a) — p(a) — |p(@)]

Ananorngno sesio oberout u B ciaydae, korga p(f) = 0.
B zakimodenne orMeTHM, YTO pa3BUTas METOAUKA 0e3 TPy/Ia PACIpPOCTPAHAETCS Ha
6os1ee oOIIMiT KJIacC ypaBHEHMI

el + p(t,e)x + [q(t,e) — Mr(t,e)]x =0,

B KOTOPOM BCe KO MUIMEHTHI aHAJIMTHYHBI 110 € PABHOMEPHO OTHOCUTEIHHO t € [, f3].
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Abstract. For singularly perturbed second order equations the dependence of eigenvalues of the
first boundary problem on a small parameter at the highest derivative is studied. The main assumption
is that the coefficient at the first derivative in the equation is the sign of the variable. This leads to the
emerging of so-called turning points. Asymptotic expansions on the small parameter are obtained for
all eigenvalues of the considered boundary problem. It turns out that the expansions are defined by the
behavior of coeflicients in a neighborhood of turning points only.
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AcnvnToTmieckne pas3iioKeHns cOOCTBEHHBIX
3HAYEHUI IEePUOINIECKON U AaHTUIIEPUOANIECKOI
KPAaeBbIX 3aJ1a4 JIjIsd CHHTYJISPHO BO3MYIIEHHBIX

mugdepeHnraIbHBIX yPaBHEHIIA BTOPOTo TOPsIKa
C TOYKaMH II0OBOPOTa

Kamrenko C. A.
noaywera 20 dexabpsa 2015

Awnnoramuga. lccmemyercs acCuMITOTHYIECKOE TTOBEIEHNE BCEX COOCTBEHHBIX 3HAYEHUI TIEPUOIITIe-
CKOIl M aHTHUIIEPUOAMIECKONH KPAEBbIX 33/1a4 JJIs yPABHEHUs BTOPOIO HOPSIKA C MAJIbIM MHOXKHUTEJIEM
npu crapiieil mpou3BogaHoi. OCHOBHOE IIPEJIIIOJIOKEHE COCTOUT B TOM, UTO KO3(DMUIMEHT IIPY [1ePBOit
IIPOM3BO/IHOM SIBJISIETCSI 3HAKOM [TEPEMEHHOMN, TO €CTh UMEIOTCsS TOYKHU IOBOpOoTa. Pa3spaboTaH ajropurm
BBIUMCJIEHUsT BCeX KOI(MMUIMEHTOB aCUMITOTUIECKUX PSJIOB JJIsT KaXKJI0T0 U3 PACCMATPUBAEMBIX COD-
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K03 DUIMEHTOB UCXOTHOIO YPABHEHUS TOJBKO B OKPECTHOCTH TOUYEK HoBOpoTa. [loydena acumurornka
JUIVH JISIYHOBCKUX 30H YCTOWYMBOCTH U HeycToWdnBocTH. B yacTHOCTH, perieHa 3amada 06 yCTONINBO-
CTH pelleHnil ypaBHEHU BTOPOTO MOPSIIKA C IIEPUOJMIECKUME KOI(PDMUIIMEHTAME ¥ MAJIBIM [TapaMeTPOM
Ipu cTapliieil IPou3BOLHONA.
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BBenenue
Hacrosmas pabora onupaercsa na Teopuio 30H yeroitauBoctu A.M. Jlamynosa [1] — [3].

B paborax [4], [5] usyuena acumnrornka cOGCTBEHHBIX 3HAYEHWI MEPBON KpaeBOi 3a-
Jadn Jj1s ypaBHEHUI, YKa3aHHBIX B Ha3BaHMHU. B HacTodIeil crarbe m3ydaeTcs IoBe-
JleHrne COOCTBEHHBIX 3HAYEHHI MePUOIMIECKOl M aHTUIIEPHOINIECKON KPaeBbIX 3aJ1ad.
VcraHaB/IMBalOTCS aCUMITOTUYIECKHE IIPeICTaB/IeHNs, U JAaeTCsI aJlOPUTM BBITUC/ICHUS
K03 DUIMEHTOB 3TUX IIPEJICTABICHUI [IJIs1 BCEX COOCTBEHHBIX 3HAYEHUN JaHHBIX Kpae-
BBIX 3a/0a4. [Ipu 9TOM MHUPOKO UCHOJIB3YIOTCsI pesybrarhl crareit [4], [5]. Ha ocnoanun
MOJTyYeHHBIX YTBEP:KIEHUI UCCJIELyeTCsT BOIPOC 00 YCTOWIMBOCTU PEIIEHUIA.

Crpykrypa cratbu TakoBa. Ona cocrout u3 10 pazgesnos. B paznmenax 1-4 uccie-
JIyeTCd aCUMIITOTUKA COOCTBEHHBIX 3HAYEHHUN W BOIPOC 00 yCTOWYUBOCTH JIJIT CaMOCO-
Nps2KeHHBIX YPaBHEHWI M3 yKaszaHHOro B Ha3BaHWM KJjacca, a B pasaenax H—10 — mra
HECAMOCOIPSI2KEHHBIX. OTMETHM, 9TO HEKOTOPBIE Pe3Y/IbTaThl, KACAIOIIHECs BOIIPOCca 00
YCTORYIMBOCTHU perienuii, ObLIN n3J/107KeHbI B [6].

1. IlocranoBka 3aga4m u popMYJIUPOBKA PE3YJIbTATOB
B CAMOCOMNPAKEHHOM CJIyYae

Paccemarpusaerca yuneitnoe muddepennuanbioe ypaBHeHne
e +p(t)t +q(t)r = Az (1.1)

C MAJIBIM IOJIOKUTEIBbHBIM IapaMeTpoM € u T’ - nepuogudeckumu Kodddurmerramu p(t)
u ¢(t). st Toro, 4Tobbl KaxK/Iblil pa3 He OroBapuBaTh [IAJIKOCTh 3TUX (GyHKIHUi, Gy1em
cauTaTh ux OeckonevdHo juddepennupyembiMu. OCHOBHOE Ke MPEIIOI0KEHNE COCTOUT
B TOM, uTO dynKius p(t) mmeer nynm na orpeske [0, 7.

s ypasaenus (1.1) craBarca Ha orpeske [«, a+T'| nepsast, mepuognvdecKast 1 aHTH-
nepuojImIecKast Kpaesble 3a1a4u. T peboBaHme caMOCOTPAZKEHHOCTH OIIEPATOPOB, TIOPOK-
JIEHHBIX TTOCJICIHUMU JIBYMs KPAEBBIMU 33/1a9aMU, 3aK/II0YACTCS B TOM, 9TO CIIPABEJTHBO
PaBEHCTBO

Mip(t)] = 0. (1.2)

Kak u3BecTHO, KaxKjas U3 MOCTABJIEHHBIX 3aJa4 MMeeT CYETHOE UYUCJIO BEIeCTBEeH-
HBIX COOCTBEHHBIX 3HAUEHUI, KOTOPbIE MOYKHO CYMTATH 3aHYMEPOBAHHBIMU B MOPSIKE
yobiBarust. CobcTBeHHbIe 3HAYEHMs [IEPBOil KpaeBoil 3aja4du obozHaunM depes (e, a)
(j = 1,2,...), a cOGCTBEHHbIE 3HAYEHUSI EPUOJUIECKON U AHTHIIEPUOIUYECKON 38184,
KOTOPBIE, OUCBH/IHO, HE 3aBHCAT OT (v, 0GO3HAMHM COOTBETCTBEHHO 1Tepe3 A (g) u Aj (¢)
(j = 1,2,...). Ilpu 5TOM MOXKHO TakK IIPOM3BECTH HYyMEPAIUIO B CIydae KPATHBIX COO-
CTBEHHBIX 3HadeHmif, aToGbl Bee A/ () m Aj () (j = 1,2,...) ObUIM HenpephIBHBIMMI
dyukmuavu mapamerpa €. CobcTBeHHYIO (DYHKITUIO, OTBEYAIONTYIO COOCTBEHHOMY 3HAYE-
nmio Af(e), oGosnaunm depes 1 (t,¢€), a gepes x; (t,£) Gymem 0603HAYATE COBCTBEHHYIO
dynxumo, orpegarontyio A7 (¢). Kax ormedanocs B [3] (rmasa 1), dynkmus 7 (t, ) mo-
JIOZKUTEIbHA, & (PYHKIUH mgj(t,e) u IE;_] 41(t,€) mmeror poBHO 2j HyJlelt Ha HEKOTOPOM
orpeske Jymubl repuoga. Cobersennbie bynknun o, 4 (t,€) u 24;(t, €) obpamatorcsa B
HYJTb POBHO 2j — 1 pa3 Kaxk1as Ha orpeske [, a+T', ecmm xy; 4 (a,€) # 0 m a5;(a, €) # 0.
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[Ipeanonokum cHavasa, aro GyHKIWA p(t) UMeeT JINIIb KOHEYHOE YUCJIO MPOCTHIX
HyJIell Ha OTpe3Ke JUmHbI epuoja. Kak mokasano B [4], mpu TakoM IpeInooKeHnu s
KayKJIoro HoMmepa j = 1,2... mMeeT MeCTO aCUMIITOTUYIECKOE TIPE/ICTaBIEHTE

py(e.0) = () + <prh() +2pd0) + .. (13)

B [5] npusenen asropurm Bbrunciaenus kosddummentos psyios (1.3). 3gech ormernm
TOJIBKO, 9TO 3TU KOIDPUIMEHTHI BHIUUCISIIOTCS JIAIID 110 3HadeHusiM byHKuit p(t), q(t)
U UX [IPOM3BOJHBIX B TOYKAX [IOBOPOTA, T.€. TaM, rje (pyHKuus p(t) obpariaercst B HyJIb.
HamomuuMm eme oaun nostesnbiit dakt u3 [5]. Oynknns ,ué-(oz) napamMerpa «, KoTropas,
OYEBH/IHO, IEPUOJINYIHA C IeprnogoM 1', MOXKeT NPUHUMATH JIAIIL JIBA PA3JIMYHBLIX 3Ha-
YeHUsl, IPHYEM [PU BCEX TAKUX (v, JJIsi KOTOPbIX p(a) # 0, 3HaveHne ,ué-(oz) OJIHO U TO
»ke. Ham y106HO 3adUKCHPOBATH OJHO M3 TAKUX YUCE], KOTOPOEe HE COBIAJIAET C HyJIeM
dbyukuun p(t). Huxke Mbr 6ysem 0603HAYATE €r0 Yepes .

TeopeMa 1. Umerom mecmo acumnmomuueckue npe@cmaeﬂeHUﬂ

A (e) = (o) +epj(ao) + ..., (1.4)

Ay (e) = p(ao) + epj(a) + ..., (1.5)

ede j=1,2,...
O6paTuM BHUMAHKE, YTO ACUMITOTHICCKUE DAL JIJId )\j(e) u \; (€) copnajaioT g
osmHAKOBBIX HOMepoB j (j = 1,2,...). OTcioga, B 9aCTHOCTHU, CJIEIYET, UTO TH Psijibl

pacxoasaTcs.
Cdopmymupyem KpuTepuii yCTORINBOCTH PEIIeHUH ypaBHEHUS

et +p(t): + q(t)x =0, (1.6)
B KOTOpOM (byHKIWHs p(t) Takas ¥Ke, KAK U B YCJIOBHUX MPEJIBLIYINEH TEOPEMBIL.

Teopema 2. [Ipednoaoorcum, wmo kospduyuenmo, nu 00nozo u3 pados (1.4) u (1.5) ne
cocmoam u3 odnux nyaet. Toeda cywecmeyem makoe g9 > 0, wmo npu scex € € (0,ep)
pewenus ypashenus (1.6) neycmotiuusoL.

[lepeitziem K ciayvaro, korja y dyHkmuu p(t) CyIecTBYIOT KpaTHble HYJIH, & YUCIIO
IPOCTBIX HyJIell KoHedHo. B 3ToM ciiydae K 9ucity

v = maxq(t), t € {a:pla) = pla) = 0}

CTPEMSITCs BCe COOCTBEHHBIE 3HATEHU /1;(€, () EPBBIX KPAEBBIX 3318, JIJIs BCEX j 0OJIb-
mux N, npu crpemsiernn € K Hyso. [pu srom st p;(e, ) (0 < ¢ < N) umeer mecto
npejcrasienne (1.3).

Teopema 3. Jaa N nepevix wucea Nf(e) u A7 (e) umeem mecmo meopema 1. Jaz
0CMANLHOLT COOCTNBEHHDIT 3HAUEHUT CNPABEdAUBHL PABEHCTNEA

lim A (e) = w, lim A () = w. (1.7)

Tenepb chopmymupyeM caeyIonuii KpuTepuii yCTOMIUBOCTH.
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Teopema 4. [Tycmov vy < 0 u Kosppuyuenmovt Hu 001020 U3 GCUMNMOMUIECKUT PAIOS
(1.4) u (1.5) das N nepevix wucea Ay (€) u A; (€) ne cocmosm us odnux nyaet. Tozda
cywecmsyem maxoe g9 > 0, das komopozo npu ecex € € (0,89) pewenus ypasHenus
(1.6) neycmotiuueol.

IIpu yeaosuu vy > 0 cywecmeyiom deée maxue nocaedosamesvrocmu - — 0 u
g2 — 0, wmo npu kasicdom € (m =1,2,... ) pewenus ypasnernus (1.6) yemotivuenwl, a
npu kasicdom €2, (m =1,2,...) — neycmotinuecn.

2. (O6ocHoBaHmEe TeopeMbl 1 i COOCTBEHHBIX
(1) —+ —
3HaveHuit A\ (¢) m A\{ (¢)

Crauasia JoKazkeM TeopeMy 1 s coberennoro suadenus A (¢). Bynem paccyzKaaTh or
npotuBHOTO. [IpemnoyokumM, 9To CyIiecTByeT Takoit HoMep ly U Takas MOCJIE/I0BATE b
HOCTB &, — (), Ha KOTOPOi1 BBITIOJIHIETCS TIPeIeTbHOE PABEHCTBO

lo
3 —lo —+ _ 7 7 —
Jim = N o) =D i) | = o 21
e 0p # 0. U3 |3] (memma 1.4.6 rassl 1) 1 u3 ciocoba HyMeparun cOOCTBEHHBIX 3HAMCHUIT
BBITEKAET HEPABEHCTBO

A (e) > (e, a0) (e >0).

OTCIOﬂa MOZKHO CJiejiaTb BBIBO O TOM, 4YTO
(50 > 0. (22)

U3 coornomenwuit (2.1) u (2.2) ciremyer, 9T0 IpU JOCTATOYHO MAJIBIX €, BEPHO HEPa-

BEHCTBO
lo

lo 50 i i
M (em) > €98+ el ui(an), (2.3)
i=0
160, ecm &y < oo
B KOTOPOM 0" = 270 0 ’
1, ecmm 0y = oo.
OrmernwM, nastee, oqu obmmuit haxt. Ilpu yemosun

A< A (e)

(¢ kak-To dukcuposano) pemenus ypasuenus (1.1) ocummmmpytor. Orciona u u3 (2.3)
BBITEKAET CYIIECTBOBaHUE Takoro orpeska [0, d(e,,)], Ha KOTOPOM pellleHnst ypaBHEHMsI

lo

emd +p()E + |alt) —eihdo = D enpi(an) | £ =0 (2.4)
1=0

OCHUJLIUPYIOT. 3aTeM Mbl BHOBb BOCIIOJIb3yeMcs pesyabraramu u3 [4] u [5], rue nokasa-
HO, YTO YCJIOBUE (2.2) BJI€UET 3a CODOI HEOCIIMJIISIIIAIO Ha BCEil OCU peIIeHnii TI0C/IeIHEr0
YPABHEHUS [IPU BCEX JOCTATOYHO MAJIBIX €,,. 1€M caMbIM TOJydeHo nporuBopedne. Co-
ornomenue (1.4) nis snavenus A () qokazaHo.
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st Toro, uTobbl ycTanoBuTh pasencrso (1.5) st Homepa j = 1, BOCHOJIB3yeMCs
yTBepKIeHnueM, npuBegeHunM B (3] (1emma 1.4.6), Ha OCHOBAHHE KOTOPOTO

Al (e) > A (e) = (e, a0)  (e>0).
Orciofia 1 n3 yzkKe JOKa3aHHOI'O B 9TOM pa3jiesie YTBEPKIEHU TI0IydaeM PaBEHCTBO

A7 (€) = (o) + epi (o) + - .,

T.e. coornomenue (1.5) cupasenmmso mpn j = 1.

3. BcrniomoraresibHOE yTBep2K/IeHUE

B sToMm pa3zjesnie Mbl yCTAHOBUM yTBEP:KJICHHE, KOTOPOe OyJIeT UI'PAaTh OCHOBHYIO POJIb IIPU
JloKazaTe/ibecTBe TeopeMbl 1. Tounee, Oy/ieT n3ydeHO MOBEICHIE HEKOTOPBIX COOCTBEHHBIX
3HAYEHUI MMEPBBIX KPAEBbIX 3a/a9 B OJJHOM YaCTHOM CJIydae.

Bsenem B paccmorpenue guddepeHnnaibHOe YpaBHEHHE

et +p(t)E + q(t, e)x = Az, (3.1)

B KoTopoM (yHKIus p(t) Takast ke, Kak u B ypasHeruu (1.1) mpu ycsioBusix reopeMbl 1, a
dbyuxiys ¢(t, €), KoTopas HepuoMIHa U CKOJIb YIOJHO IVIAJIKA 10 ¢, IIPeJICTAaBUMA B BUJIE
ACUMIITOTUIECKOIO PfAJIa 110 CTEeNeHsIM napaMerpa € B okpecrnoctu Toukn £ = (. Cob-
CTBEHHBIE 3HAYECHNS TIePBBIX KPAEBbIX 3a/1a4 JIJIs 9TOT0 YpaBHEHUsT Ha oTpe3Kax [a, a+ T
obosmraumm 1epes fi;(e,a) (j = 1,2,...). Kak n Besae Bbimte, canraem, 910 HyMeparus
9TUX COOCTBEHHBIX 3HAYEHUIl POM3BE/IeHa B NMOpsJKe uxX yObiBanus. Kak sicHO u3 pe-
3YJILTATOB, NOJMyHeHHBIX B [3| — [5], ara Kaxoro fi, (e, o0) MMeeT MecTo IpeJicTaBjeHue,
anajiornanoe 1o Bujy (1.3). IlepBoe mpejiioioxkenne cOCTOUT B TOM, UTO HU OJMH U3 Psi-
108 Bujia (1.3), coorsercTByIoNMit 1;(€, (), HE MMEET TOJIBKO HyJeBbIX K03hDUImenTos.
Paccmorpum, jasee, Junib Te cobCTBEHHbIC 3HAUEHHA [i;(€, r), I KOTOPBIX IepBbiii
Hemcyesatomuil uien B npejctapaennn (1.3) s 7i;(e, o) momoxurenen. Ionarno, 1o
TAKUX COOCTBEHHBIX 3HAYEHHUH MOXKET ObITh JIMIIb KOHETHOE Yncj0. Mbl OyaemM mpeio-
JIaraTh, ITO 9TO YUCJIO He PABHO Hyso. Uepes jo 0003HAUNM HAMOOJBIINI U3 HOMEPOB
pacecMaTpuBaeMbIX COOCTBEHHBIX 3HaveHuit. [TocieHee MpenonokeHne 3aK/I09aeTCs B
TOM, 9TO ACHMIITOTHYECKHE MPEJCTABIeHNs B HyJe Jist Kaxkjaoro « u3 orpeska [0, 7T
COOCTBEHHBIX 3HAYEHNI [I; (€, (r) COBIAJIAIOT,

[Tpexe yeM chopMyIMpPOBaTH COOTBETCTBYIONIEE YTBEPZKIEHUE, YCJIOBUMCH O Tep-
MUHOJIOTMH. Byznem nmcarhb

p(e) = o(e™),

ecyn JuIsd Kaxkaoro | > () BBIIOJTHIETCS COOTHOIIICHIE

Jlemma 1. Hmeem mecmo pasercmeo

Hjor1(€, o) — Jé%é% Ty (€, @) = 0(e™). (32)
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HoxkazarenabcTBo. Paccmorpum ypasaenue (3.1) mpu HysieBOM 3HAUEHUN TTApAMETPa,
A, T.e. TaKOe ypaBHEHUE:
et +p(t)t +q(t,e)r = 0. (3.3)

['naBuyio posib mpu 060CHOBAHUYU HY2KHOI'O HAM YTBEP K IeHUA OYIeT UIpaThb OJUH (PakT,
nostydenHblii B paborax [4], [5]. Chopmymupyem ero. IIpeasapuresbHo BBEIEM elne He-
cKOJIbKO obosHauenuit. Yepes ty,. .., t, obo3Haunm Bce Hynu dbyHKmu p(t) Ha OTpe3Ke
[0,T]. O6osnauum 3arem 4epe3 A; orpe3ok [t; — to,t; + to], B KoropoMm uucio to > 0
BBIOEPEM HACTOJILKO MAJIBIM, YTOOBI B KA2KJIOM U3 3TUX OTPE3KOB JIEXKAJI JIUIIb OJINH HYJIb
dbyukium p(t). Tereps MBI JIETKO CMOXKEM yKa3aTh HaubOJIbINEE U HAMMEHBIIIEE TUCJIO0
HyJIel, KOTOpOe MOI'YT MMeTh pertieHnst ypasHenust (3.3) Ha orpeske A; (i = 1,...,n) npn
MaJibiX €. Hammenbimiee BO3MOXKHOE YHCJIO HYJIEH HA KaXKJI0M U3 OTPE3KOB A;, KOTOPOe He
BaBUCHUT OT £, KOIJa £ JIOCTATOYHO MAaJIo, MbI OyJieM 0003HavYaTh COOTBETCTBEHHO HUepe3
k;. Haubosbiiee BO3MOXKHOE KOJIMYECTBO HYyJIeil Ha TOM Ke OTpe3Ke paBHO k; + 1.

U3 ycoBust coBnaJieHus aCUMITOTHIECKUX PATOB [l (€, ) IS KasKJI0TO (v U3 OT-
peska [0,7] u u3 Toro, aro j, > 1, ciemyror aBa BbiBoJa. Bo-niepsoix, cpeau wucen k;
(1 <i < n) Haiimercs XoTs Obl OJTHO MOJIOKUTEIbHOE. BO-BTOPBIX, BCe TOJOKUTEIbHbBIE
k; wernbl. s ompenenennoctu Gyjgem cuuraTh, uto ki > 0. Torma pemenne z°(t, €)
ypaBuerus (3.3) ¢ HAYAILHBIMU YCJIOBHSIME

$0<t1,€) = 07 $0<t1,€) 7é 0

obpalaercs B HyJIb [IPU BCEX MaJIbIX € POBHO jo pa3 Ha nojyunrepsase [t1,t; + T),

IpUIeM
n
i=1
B 10 ke Bpems pemienne xo(t, ) ypaBHenus (3.3) ¢ HAYAJBHBIME YCIOBHAME

$0<t1,€) % 07 ‘j:()(tlag) =0

nMeeT poBHO ky Hysteil Ha oTpeske Aq. Obo3HaunM depes t(€) HanMEHbIH Ha OTpe3Ke Aq
HYJIb 9TOi byHKIMN. BaxKHbIil /115 JabHEeHIIIero pe3y/abraT 3aK/II09aeTCsA B CIE/ Ty IOIIEM.
Dyukims xo(t, €) umeer Ha orpeske [t(e), t(e)+1] posuo jo+1 myseit mpu Beex € € (0, &),
rJle £ JJOCTATOTHO MAJIO.

Beisesiem oj1HO ciiejicTBue u3 ckazanHoro. Ilycrs dyukims (T, €) paBHa paccros-
HUIO OT TOYKH T, B KOTOPOH HEKOTOpOe pelienue ypashenus (3.3) obpaliaercst B HyJb,
Jio caenyrorero (k — 1)-ro Hyss Toro e perienns. Torja UMEOT MECTO HEPABEHCTBA

Vjo(t1,€) > T, Y5 (t(e),e) < T.

[Tpucrynum Ternepb HEMOCPEJCTBEHHO K J0KA3aTebCTBY paBeHcTBa (3.2). Paccyx-
naTh Oygem ot nmporuBHoro. IlycTs cymecTByer Takoe 1esoe [y > 0 u Takasi 10C/Ie/10Ba-
TEJIbHOCTD €, — (), YTO UMeeT MeCTO PaBEHCTBO

. 1y |— R
im0 :ujo—H(gva‘O)_agé%}Uj0(€m705> = do, (3.4)

e 0g # 0. Orcroma, yInThiBasi O9€BUIHOE HEPABEHCTBO

A Fjpp (e, @) < Juin 7, (e, a),
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IoJjiydaeM, 49To
(50 < 0.

Takum o06pa3om, Ipu BCeX JOCTATOTHO OOJIBIIUX 1M BBIIOJIHIETCS HEPABEHCTBO

50
P — I
ag%gqum(em,a)2>A%¢u(€m,ao)-€“;5, (3.5)
5 KoTopoM 00 — dg, ecmm Oy > —00,
-1, ecmm 0y = —o0.
anee, BBesieM B pacCMOTPEHUE ypaBHEHUE
9’
e +p(t)L + |q(t, em) — Hjyr1(Em, a0) — 5;,15 x=0. (3.6)
ITepBoe, 9TO MBI OTMETHM, 3TO HEPABEHCTBO
max . (7,em) < T, (3.7)

refo,1] 70

KOTOPOE BBIIOJIHACTCA IIPU BCEX JOCTATOYHO MAJIBIX &y,. 3/1eCh (DYHKIHSA @jO(T, £) umeer
TOT 7K€ CMBICJI, 9TO 1 1, (T, €), HO C TeM eJHHCTBEHHBIM OTJIMYHEM, 9TO CTPOUTCS OHA 110
perierusiM ypastenus (3.6). B cnipaseymBoctu HepasencTsa (3.7) HETPYIHO yOeUTHCS.
JleiicTBUTEILHO, U3 YCIOBUS

Ejo (kaa 5mk) Z Ta

THE Em,, — 0, BBITEKaeT, 9TO nMeeT MECTO HePaBEHCTBO

§0
aIGI%(i),%"] ng (gmkv a) < ﬁj0+1(€mk7 aO) - 55%;95‘
[TocietHEE COOTHOIIEHNE TIPOTUBOPEINT HEPABEHCTBY (3.5).
BTopbiM BasKHBIM MOMEHTOM B JIOKA3aTeIbCTBE PaBEHCTBa (3.2) sBiiseTcs ToT BakT,
9TO JiJIsd ypaBHeHus (3.6) BBIIOJIHEHBI BCE YCJIOBHS, IIPH KOTOPBIX PACCMATPUBAJIOCH YPaB-
nerme (3.3). 3aech mMeeTcss B BUILY, UTO JyiA ypapHenna (3.6) wmcna k; (i = 1,...,n),
onpejiessieMble aHAJOTHIHO duciaaMm k; (i = 1,...,n) qis ypaBaerus (3.3), coBajaror
[PU BCEX JOCTATOYHO MAJIbIX € ¢ k; COOTBETCTBEHHO. [IpaBuIo BBIYUCIEHUST STUX YHCEIT
uznoxkeHo B [4] u [5]. Ilpumensisa ero k ypasaeruto (3.6), Mbl yOexK1aeMcsi B ClIpaBe/in-
BOCTHU PaBEHCTB

ki=k (i=1,...,n). (3.8)

JTo6aBuM HECKOJILKO CJIOB B MOsiCHeHHe K cKasanuomy. 13 yenorus §° < 0 BBITEKaeT, 4T0
Bee k; (i = 1,...,n) He 3aBUCAT OT £, €CIIH £ MAJIO, IPUUYEM 9TO CBONCTBO COXPAHACTCH IIPH
JH0ObIX BO3MYIIeHUAX KoaddurmenTa, crosinero npu © B ypasaeruu (3.6), dyHKIusiMUI
©(t,e), nmeroruMu Gostee BBICOKHI, deM ly, nopsaok 1o e. Kak cuemyer us [4] u [5],
qucia k;, 06J1aJaloNIie epevrc/IeHHbIMI CBOACTBAME, MOT'YT MEHAThCS, IPy6o ToBopH,
[PU [Iepexo/ie depe3 coOCTBEHHOE 3HAUCHNUE IEPBOit KpaeBoil 3a1a4m Ha oTpeske [, a+T].
B paccmarpuBaeMoM ke ciiydae TAKOTO Hepexoja He IIPOMCXOJUT, T.e. BBIIOJHSIOTCS
pasercTBa (3.8).
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Dukcupyem perienne To(t, €,,) ypaBaerus: (3.6) ¢ HAYAIBHBIMUA YCIOBUSIMU
To(t1,em) 70, To(ty,em) = 0.

Torma, kak u panee,

Vo (tem), em) > T, (3.9)

e €, JOCTATOYHO MaJjo. B mocsiennem nepaseHcrse depes t(e,,) o6o3HAYEH HAUMEHDb-

muii Ha orpeske Ay Hyb GyHKIWME To(t, €,,). st 3aBepiieHns J10Ka3aTEIbCTBA JIEMMbI

OCTAeTCsl 3AMETHTD, 9TO HEPABEHCTBO (3.9) mpoTHBOpednT HepaBeHCTBY (3.7).
OTMeTnM, 94TO MOXKHO YCTAHOBUTD €IIe TAKOE COOTHOIIEHUE:

Tijo (£, 8(€)) = Fjo41 (€5 0) = O(%).

4. 3aBeplieHNe JI0KAa3aTeJbCTB IIPUBEJIECHHBIX TeopeM

Cuauasa jokaxkeM Teopemy 1. Jlist sToro, mpexe Bcero, Bce Homepa j (j = 1,2,...)
pa3o0beM Ha JiBa Kjacca. K 1mepBoMy u3 HUX OTHECEM BCe Te HOMepa j, JJIsd KarKJIoro
13 KOTOPBIX COOTBETCTBYIOIIEE COOCTBEHHOE 3HaYeHne [i;(€, () HepBOil KpaeBoil 3a1axdu
IpH HEKOTOpOM bukcupoBanuoM «; € [0,7] nmeeT acCHMITOTHYIECKOE IPeE/CTABIIEHNE
(1.3), me coBHajaolee ¢ aCHMIITOTUYECKAM IIPeJICTaBIeHneM st (;(€, o). OcTaababie
HOMepa j BKJIIOUNM BO BTOpOii Kjacc. Popmyibr (1.4) u (1.5) jokaykeM OTIAEIBHO Jjist
COOCTBEHHBIX 3HAYEHWIT ¢ HOMEPAMU M3 PA3HBIX KJIACCOB.

[Tycrh HEKOTOPBIH HOMED jo NPUHAJJIEKUT TIepBOMY Kiaccy. st jokazarenbersa
TeopeMbl 1 B 9TOM CjIydae HaM IoHazoburcs eme oxmu daxTt u3 crareit [4], [5]. Tam
II0OKA3aHO, YTO U3 yCJIOBHS HECOBIAJEHHS PANOB IS (i (€, 0vy) U fi4,(€, ) BBITEKAET,
9ITO COOTBETCTBYIOIINE DsAbI OJHU W T€ Ke JIs COOCTBEHHBIX 3HadeHHil fj (e, o) u

Mjo+1(€7 O[(]), T.C.
Hsq (57 ajo) — Hjo+1 (67 O‘O> = O(SOO)' (4'1)

Tenepb 0CTAETCS B BOCIIOIB30BATHCA yTBep K aeHueM [3] (inemma 1.4.6), Ha ocnoBaHun
KOTOPOT0 JIOKa3aTebeTBo pasencts (1.4), (1.5) st cobeTBennbx snatennit A, (¢) n
Ajor1(€) cenyer us coornomenng (4.1).

[Tycrb, jasiee, HEKOTOPBI HOMED jo IPUHAJIEXKUT BTOPOMY KJaccy. Torja B crupa-

Loy 4 —

BesymBoctu paencts (1.4) u (1.5) g snavenuit Aj 1 (e) u Aj () ybexmaemes, nc-
HOJIb3Ysl yTBEepKIeHus jeMMbl 1 1 jlemmbl 1.4.6 u3 [3]. Takum obpasom, obocHoBaHMe
TeopeMbl 1 3aKOHYEHO.

Teopema 2 sIBJISIETCsI HEOCPEICTBEHHBIM CJIEJICTBHEM HPEIbLIYINeil TeopeMbl. Jleii-
CTBUTEJILHO, JIJIE 9TOTO JIOCTATOYHO 3aMeTuTh (cM. riaBy 1 [3]), uro perennst ypaBHeHst

(1.1) ycroitauBel TOTIA ¥ TOJIBKO TOIJIA, KOT/IA BBIIOJIHSIETCS] OJHO U3 JBYX YCJIOBHIA:

mGo A= A3(e) = Ayy(e) (A=A 1(e) = Ay(e)),
m6o Ay _(e) <A <AL (e)  (Ag(e) < X< AZ(e)).

Kpowme storo, u3 teopemsl 1 u u3 pe3yiabraToB craThi [4]| ciemyer u mepBoe yTBep-
JKJIeHe TeopeMbl 3, a ¢ HUM U TeopeMa 4.
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Bropoe yTBep:kenue TeopeMsl 3 JoKa3blBaeTcs Toxe Oe3 Tpyna. s Toro, 4rodbI
yOeIUThCs B 9TOM, JIOCTATOYHO BOCIOJIB30BAaTLCA yTBepxkaenueM [3| (rmemma 1.4.6) u
[IPe/Ie/IbHBIMI PABEHCTBAME

l%ﬂj(‘g?a) = Vo, (42)

CIIPABEJIJIMBLIME JIJIs BCEX, HAUMHAS ¢ HEKOTOPOro, HOMEPOB j. OJIHAKO MOXKeT TaK CJIy-
YUTBHCS, UTO IIEPBOE YTBEPKICHUE TEOPEMbI 3 He OIPEIeIIeT aCUMIITOTUKY COOCTBEHHOTO
snavenus A\ (¢). Pasencts (4.2) jisa Beex j = 1,2,... Torja TOXkKe HEJOCTATOUHO JIIs
U3yYeHHsl TI0BEJIEHUs 9TOr0 COOCTBEHHOrO 3HaueHus. MOXKHO JIMIIb YTBEPXKIATh, 4TO

lim A (g) > vp.

e—0

[TokazkeMm, uTo Ha camoMm jieie A (€) yaosiersopsier pasenctsy (1.7).
B 1pe/iiio/iozkeHnn IpOTHBHOIO CYIIECTBYET TaKasi MOCJIe[0BATEIBHOCTD &,, — 0, 91O

lim A (g,,) = v + do,

m—00

rie 0o > 0. PaccmorpuMm ypaBaenme

em® +p(t)T + [q(t) — vy — %0} x =0, (4.3)

0 dg, ecam Oy < 00, .

rie 0V = Torsa, ¢ 0JHON CTOPOHBI, U3 YCAOBUS

1, ecmm d0g= 00

50

+

CIIPaBEJINBOIO, KOTJA 1M JOCTATOYHO BEJTUKO, CIELYeT OCIUILISIINS PEIIeHuil ypaBHeHs

(4.3). C apyroit croponsl, Kak cieuyer u3 [4], nepasenctso §° > () Mo3BOJIAET HAM Clle-

JIaTh BBIBOJ[ O HEOCIWJIISIINU Ha BCell ocu pelleHuil 3Toro ypaBuenusi. Mtak, Teopema 3
HOJTHOCTBIO JIOKA3aHA.

5. IloctaHoBKa 3aja4l 1 OCHOBHbIE€ Pe3yJIbTaThI
B HECAMOCOIIPA2KEHHOM CJIyvae

Kak u B 1pe/ipLLyIneM pasjelie, paccMaTpuBaeTcs JuHeiHoe auddepeHimaibHoe ypas-
HEHUe
et +p(t)E + q(t)r = A\ (5.1)

¢ T-nepuonndeckumu Kosbdurmentamu. Juddepeniumanbibie cBoiictsa dbyHkImit p(t)
u ¢(t) re e, aro u Bbime. OJHAKO, B OTJIMYNE OT HPEBILYIIIX PA3JIeJIoB, 3/eCh Oy/er
pasobpan ciydait, korja paseHcTBo (1.2) me mmeer mecra. [lockonbKy B masbHeidinem
MBI OyJIeM UHTEPECOBAThLCSA CBOMCTBAMU YCTONIUBOCTHU, TO Oy/IeM IIpPeJIIoaraTb, 9To

M{p(t)] > 0. (5.2)

Hng ypasrenusi (5.1) craBarcst nepuojmvdeckast U aHTHIIEPHOIIIECKask KpaeBble 3a-
naan. VsBectno (cMm., Hampumep, [8]), dro Kaxkjasi u3 9THX 3aJa9 UMeeT HpPU JIEOOM
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e > 0 cueTHOe YMCI0 COOCTBEHHBLIX 3HAYEHMI, KOTOPBIE MOXKHO 3aHyMEPOBAThH B HOPSI-
Ke yObIBaHMs UX BellecTBeHHBIX vyacteil. [Ipu yemosuu (5.2) Heb3si rapaHTHPOBATH Be-
IMECTBEHHOCTDH CO6CTB€HHBIX 3HaYEHUIA. BOﬂee TOro, 9McJIO KOMIIJIEKCHBIX CO6CTB€HHBIX
3HAYCHUI He MOMKET OBITh KOHEYHO, & YHC/IO BEeMIeCTBEHHBIX — 00dA3aTe/IbHO KOHEeYHO.
BaskHoit 0COGEHHOCTBIO BEHIeCTBEeHHLIX COOCTBEHHBIX 3HAYEeHUil sIBJIseTCs TO, YTO OHH,
BOOOIIE FOBOPs, HE ABJISIOTCS HEIIPEPBIBHLIMEU (PyHKIUAME KOI(PPUIUMEHTOB ypPaBHEHU
(5.1), a 3Ha4wT, — ¥ MapamMeTpa £. DTO JErKO MOKa3aTh, HCHoub3ys [3| (Teopema 1.5.2
TJIaBbI 1) OTI\IGTI/IM clre, YTO KOMIIJICKCHDBIE CO6CTB€HHbIe 3Ha4YeHUd, B OTJIMYIHEC OT BeUIc-
CTBEHHBIX, HEIIPEPBLIBHO 3aBUCAT OT £. B HaCTOAIIEM pa3/eJie MbI IIOCTPOUM aCI/IMHTOTI/IKy
IPH MAJIbIX £ BEIIECTBeHHbIX COOCTBEHHBIX 3HAYCHUIA.
Pacemorpum, Hapsisty ¢ ypasaenuem (5.1), HoBoe nuddepeHnuaibHoe ypaBHeHre
2q(t) —p(t)  P*(t)

i — -\ 5.3
e + 5 | Y= (5.3)

KoTopoe mosrydaercs u3 (5.1) ¢ momorpio npeobpasoBaHus

2¢e
0

T = yexp —i/p<7')d7' : (5.4)

s ypasuenust (5.3) TOXKe CTaBATCA MEPUOJNYECKAas W AHTUIIEPUOJNYECKAs KpPaeBble
sagaun. CoorsercrByiomue auddepennuaabable OnepaTopbl — CaMOCONPszKeHHbIe. 110-
9TOMY Yy HHUX CYIIECTBYET CYETHOE UYUCJIO BEIECTBEHHBIX COOCTBEHHBIX 3HAYEHUIi, KOTO-
pble MbI 0003HAYKMM COOTBETCTBEHHO depes V;(&“) uv;(e) (j =1,2,...). Hymeparmio
€CTECTBEHHO IPOBOJIUTEL B MOpsIKe yObIBaHMs COOCTBeHHBLIX 3Hadenuii. [Ipu sTom Bee-
rjia MOXKHO HyMepoBaTb Tak, 4TOObI Bce (DYHKIIUU V;r(e) u v; (¢) mapamerpa € ObLH
HEIPEPBLIBHDI.

Baxxublii /1 HAC BBIBOJL 3aK/IIOYACTCA B TOM, 9TO JyTs 3Hadenni v (¢) u v; (¢)
(j = 1,2,...) cupaBe;uBbI, B 3aBUCHMOCTH OT CBOiicTB (dbyHKImu p(t), Teopembr 1 u
4. Y1obbl yOeIuThCd B 9TOM, JIOCTATOYHO 3aMETHTDH CJIEIYIOIIee: JOKA3aTeIbCTBO OTMe-
YEHHBIX TEOPEM IIPOBOJMIOCH HA OCHOBE aHAIM3a OCHUJLISIIMOHHBIX CBOMCTB peIIeHnit
ypasaenus (1.1). Ypasuenue xe (1.1) ¢ nomorpio 3amenst (5.4), He BIAULAIONIEH HA HYJIH
ero perenuii, mpeobpasyercsa B ypasuenue (5.3). [Tostomy K mocseHeMy ITpUMEHUMBI
BBIBOJIBI TeopeM 1 u 4. Dtor daxT Oyger urparsb OOJBIIYIO POJIb IIPU U3YyUEHUH COO-
CTBEHHBIX 3HAYEHWI KPaeBbIX 3aja4 Jyist ypasHenus (5.1) mpu ycaosun (5.2).

CrenaeM, HaKOHeIl, TIOc/Ie THee 3aMedanre. Kak Mbl yzke orMedasn, B [7] ycTaHOB/IEHO,
9T0 COOCTBEHHOE 3HaYeHne ¢ HauboJIbIIe BEIeCTBEHHON YaCThIO U3 BCEX PACCMaTPUBa-
eMbIX COOCTBEHHBIX 3HAYEHUI Jist 00enx Kpaebix 3aja4 (5.1) Beeryja BelecTBeHHOEe U
mpocroe. OYeBUIHO, OHO HEIPEPBIBHO 3aBUCUT OT €. Mbl OyjeMm 0003HAYATH €ro uepes
hl (8)

[TpeAosIozKuM, 9TO BBIIOJHEHBI yCI0BUsA TeopeMbl 1. Torma Mbl 3HaeM acHMIITOTH-
deckue Hpejicrapienns Beex v () m vy (e) (j=1,2,...).

TeopeMa 5. Umeem mecmo acumnmomudeckoe paeeHcmeo

hi(e) —vi(e) = O(e™). (5.5)
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Teopema 6. Ilycmo das nexomopozo nomepa j acumnmomuneckue padvl s vy () u
Vyii1(€) wau vy; 4 (€) u vy;(e) ne coenadarom. Toeda natidemes maroe o > 0, wmo npu
e € (0,e0) cywecmsyrom 066 MAKUT 6EULLCNEEHHVLT COOCTNEEHHBIT 3HAMEHUA NEPUOIU-
weckol u anmunepuoduveckoll kpaesot 3adavu hj, (€) u hj1(e), Komopwe nenpepviero
3ABUCA OM € OAA YKAZAHNHLT 3HAYEHUT € U OAA KOMOPHIT GHINONHAIOMCA COOMHOUEHUSA

Vaj1(8) < hjip1(e) < hy,(e) < vg(e)

(v3,(0) < hyin(e) < I (&) < vy 1(0)) (5:6)
hy(€) — (&) = O(E™)  (hy (&) — vy () = O™)). (5.7
ha(&) — v (6) = O%)  (hyan(e) — v (e) = O(=)) (5.8)

Ormernm, aro tpu € € (0,&0), e €9 Takoe, Kak B MPeJbILIAYINEH Teopeme, B HHTED-
Base (hj,41(€), hj,(€)) He JIeKUT HE OHO APYTOE BEIIECTBEHHOE COOCTBEHHOE 3HAYEHHE
paccMaTpuBaeMbIX KPaeBbIX 3a/ad Jyid ypasHenus (5.1).

Paccmorpnm, Jasee, ypasaenue

et + p(t)t + q(t)r = 0. (5.9)

Teopema 7. [lycmo xoauyuernmor Hu 00H020 U3 ACUMNMOMUYECKUT PAAOE O z/j+ ()
uv;(e) (j=1,2,...) ne cocmoam uz odnux nyaed. Toeda cyuecmeyem maxoe €9 > 0,
umo npu ecex € € (0,e9) pewenus ypasrernus (5.9) neycmotuusoL.

[IpeamomoKuM 3aTeM, ITO BBIMOJIHSIIOTCS YCIOBUS TEOPEMBI 3.

Teopema 8. Umeem mecmo ymeeporcderue meopemot .

Venosumcs, jasee, o6osHadarh depes vj () u v (€) TOIBKO Te COGCTBEHHBIE 3Ha-
YeHUsI, O KOTOPBIX MOBOPUTCS B IEPBOil YacTu TeopeMbl 3. OTMeTuM, 9TO UX KOHEUHOE
YHCIIO.

Teopema 9. Ilycmo 0as nexomopozo nomepa j acumnmomuyeckue padvi 0az vy () u
+ — —

Vaj11(€) wau vy; 1 (€) u vy(€) me cosnadarom. Tozda umeem mecmo ymeepoicdenue meo-

pemut 6. Ecau sewecmeennoe cobemeennoe snavenue h;(€) 00not us paccmampueaemoir

kpaesvir 3aday das ypasrenus (5.1) onpedeaero npu ecex € € (0,e0) u He cmpemumes

NPU CIMPEMAEHUU € K HYMO HU K 00HOMY U3 cobemeennvir 3nadenut vy () u vy (g),

mozda Heobxrodumo

lim (=) = w0, (5.10)
ede
vp =maxq(t), te{a:pla)=pla)=0} (5.11)

CdhopmynmupyeMm Tenepb KpUTEPUl yCTONINBOCTH PEIIEHN ypaBHEHN (5.9).

Teopema 10. ITycmov vy < 0, u kospduyuernmo: Hu 00H020 U3 ACUMNMOMUYECKUT PAIOS
dna v () u vy (€) me cocmoam uz odwus nyaet. Tozda cywecmeyem maroe g9 > 0, wmo
npu ecex € € (0,2¢) pewenua ypasruenua (5.9) neycmotivueo..

[TosBo/Ist UTOTI CKA3aHHOMY, OTMETUM, YTO HAJIMIIO TECHAsl CBSA3b MEXKJLY IIOBEJICHU-

€M COOCTBEHHBIX 3HAUCHUIA JJId CaMOCOIIPAXKEHHOI'0O 1 HECaMOCOIIPAXKEeHHOI'O ypaBHeHI/Iﬁ
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(5.1) u (5.3). Dra B3amMOCBsA3b ObeciieyeHa CyMMAPHbBIM BJIMSIHEEM MAaJIOro HapaMerpa
1 Touek 1moopota. [lpu yeaosuu nosoxkureabHoct byukiuu p(t) (wim orpurnarebHo-
CTH), T.e. IPU OTCYTCTBUU TOYEK IIOBOPOTA, MOJ0OHOM CcBsA3uM HeT. B 9TOM ciiyuae umeer
MecTo cooTHoIenne |9

lim n(e) = M~ [p~ (0] M [a(0)p~"(¢)]

e—0

MozKkHO MoKa3aTh, YTO BCe COOCTBEHHDbIEC 3HAYCHUS MEPUOIUICCKON U AHTUIICPHOIU-
9eCcKOil KpaeBbIX 3aJ1a4 Jijisl ypaBHeHUs (5.3) HEOrPAHUUIEHHO yOBIBAIOT TIPU CTPEMJIEHUN
¢ k nyso. B ciygae ypasuenus (5.1) Bce BemectBeHnble, Kpome hy(g), cobcTBeHHBIE 3HA-
YeHHs TeX »Ke KPaeBbIX 3aJa4 JIMOO ¢ YMEHBIIIEHUEM &€ IIPOITa/IaloT, JJUOO HeOI'PAHUIEHHO
yOBIBAIOT.

6. HecamoconpsizkeHHBI1 cJry4aii:
BCIIOMOT'aTeJbHOE yTBEPXKJIEHUE

Bajaua MCCIIeI0BAHNS IIOBEJIEHNs] BEIIECTBEHHBIX COOCTBEHHBLIX 3HAYEHHI MEePUOITIe-
CKOl M aHTHUIIEPUOMIECKON KpaeBbIX 3a/[ad TECHO CBs3aHa C 3ajadeil 00 ycroiiamBocTn
pertennii ypasaerust (5.1) Ipu pasjaMyHBIX 3HAYEHUAX TTapaMeTpa A. DTa CBsi3b, B 9acT-
HocTH, yeraHaBiuBaercs B [3] (§1.6). B cBoro ouepeib, 3aaua onpe/iesieHus: HeyCTONIn-
BOCTH, Kak cieayer u3 [3| (teopema 1.5.2 raBa 1), SKBUBaJICHTHA 3a/1a4€ Ha TOCTPOCHHE
HEKOTOPBIX ,,IIPOOHBIX* (byHKIM. B HacTosiieM paszjese OyIyT MOCTPOEHBI ,, ITPOOHBIE
dbyHKIMHI 7151 caMOCONPsIzKEHHOTO ypaBHeHus Buja (5.3), UCIOJIB3YsT KOTOPbIE MbI CKOH-
crpyupyeM ,,ipobHble” dyHKIMI n 11 ypaBaernst (5.1).

[IpeanooxkuM, 9T0 BBITOJHEHDBI yeaoBud TeopeM 5 u 6. Paccmorpum muddepentim-
aJIbHOE YpaBHEHNE
2q(t) —p(t)  P*(t)

2 4e

OcCHOBHOE HPEJIIIOJIOKEHIE STOI0 pasjiesia 3aK/I0YaeTcsl B JOIYIIEHNH, YTO DelleHus
IIOCJIE/IHErO YPaBHEH s HEYCTONUUBBI IPU MAJIBIX €, IpUdeM KOI(DMOUIUEHTEL HE OHOIO
M3 ACHMITTOTHYCCKIX IPEJCTABJICHHIT i COOCTBEHHBIX 3Hadenuit v (¢) u v} (¢) (j =
1,2,...) naa ypasaenns (5.3) He COCTOAT U3 OJJHUX HYyJIE.

IIpezk e geM cchopMyIMPOBATH COOTBETCTBYIONIEE YTBEPIKIEHNE, BBEIEM Psifl 0003HA-
wennit. Hizke gepes ¢g(t, ) Oyaem 0603HAMATL HEKOTOPYIO HEPHOIMYECKYIO HEOTPHUIIA-
TeJIbHYIO U He PABHYIO TOXKJIECTBEHHO HYJIIO (DyHKIIUIO, AABHBIN B/ KOTOPOil HAC He OyieT
HHTEepecoBaTh. BeeseM B paccmorpenne 3areM AuddepeHIaibioe ypaBHenne

2q(t) —p(t) _ p*(t)

€y+ 9 4e +§00(7€) Yy ) ( )

ey + y=0. (6.1)

OTHOCUTEILHO KOTOPOIo OyJeM MpeJnoaraTrb, 9T0 OHO IPUHAICKUT PH BCEX JI0CTa-
TOYHO MAaJIbIX € TOH Ke 30He HeycToiumBocTH, 4To u ypastenue (6.1). Hakowner, ue-
pe3 yo(t, €) obosHaunM HYHKIWMO, 0OIAJAIONLYI0 CAELYIONMMI TpeMsl cBoiicTBaMu. Bo-
HEPBBIX, Yo(t, £) mbO epuoandeckasi, b0 aHTUIIEPUOIecKas. Bo-BTOPBIX, 9Ta (DyHK-
Ut ABJIAETCs perierneM ypasHenus (6.2). B-tperbux, |yo(t, €)| MokeT 6bITH OT/IHYEH OT
eJIMHUTIBI JINITb Ha HEKOTOPBIX MHTEpBajax C IeHTPaMU B TOYKaX ti,...,t, (p(t;) = 0,
i=1,...,n), JIMHA KOTOPBIX CTPEMUTCS K HYJIIO [IPU CTPEMJIEHUHU € K HYJIIO.
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JlemMma 2. B npednososicenuar macmoau,e2o pasdesa Cyu,eCmeyem maxas GyHKuUs
wo(t,€), wmo ypasnenue (6.2) umeem pewenue yo(t, ) ¢ nepevucieHnvmu 6viue c60l-
cmeamu.

HokazarenbcrBo. Cpasy ormeTnM, 9To cytiecTBoBanue GyHKIunit oo (t, £) u yo(t, €),
BTOpast U3 KOTOPLIX 00/1aJaeT BCEMU, KPOMe IIOCJIEIHEro, CBOMCTBAMHI, HEIIOCPEICTBEHHO
BBITEKAET, HALIPUMED, U3 yTBepKaenuii [3] (Teopema 1.5.2). BosamokHOCTL OCyIIeCTBIIE-
HUs ¥ TPEThEro CBOMCTBaA it MYHKIMHU Yo(t, ) OYIET ABAATHCH CJICACTBHEM HAJTMIUS
MAaJIOro ImapamMerpa.

Hpe,ZLHOJIOKI/IM JJ1gd ITIPOCTOTBI, 9TO HepBbIﬁ TJICH KaxKJ0I'0 U3 aCUMIITOTUIECCKUX Pa3-
jozKenuii st Beex v (€) m v; (€) ommmden ot Hyast. B ciydae, Korja 9To He mMeeT MecTa,
JIOKA3aTeIbCTBO IIPOBOINTCS aHAJIOIMYHO. 1103TOMY HMZKE 3TOT CIydail pacCMaTpUBATh-
cd He OyIIeT.

Yupomaromee orpapndenue, cOpMyINPOBAHHOE BBIIIE, MO3BOJISCT 3aKIIOUATE, YTO

L. : N S .

vi = |q(t:) = 5BO +POD| PO #5 G =01,...50=1,...,n). (6.3)
O6osnaunm vepe3 N; (i = 1,...,n) HauMeHbIllee HEOTPHUIATEIBHOE TI€JI0€ YUCJIO, [Pe-
BoOCxojisIee v;. BaxKHoe MecTo B J0Ka3aTe/IbCTBE JIEMMbI OY/IyT UIPaTh HEKOTOPHIE I10-
crpoenns u3 [4]. HammomumMm, ato tam 6butn BBesenbl hyukimm (i = 1,...,n)

(
S~ bilbit2)...(bi+2j=2)[p(t:)]’ 2
1+ J; G (=) e x

X exp (lp(ti)‘ (t — ti)2> , ecau N; 9eTHO,
U7,<t, bi, 5) = )
2

S\ (bt )by~ Dt 2 <
R e
J= :

X exp <|I"(£i)‘ (t — ti)2> , ecau N; HEUETHO,

rje b; JIeXKUT B IIpee/iax
—N; < b; < —1;.

Bouio nokazano, 4to kaxasa u3 dyukuuit w;(t, b;, €) obpaiiaercst B HyJb poBHO N; pa3
Ha unTepBase (—oo,00). Kpaiinuii npasblii HyJsib, €c/in TAKOBbIE BOOOIIE MMEIOTCsI, STOM
dbyukun Mbr o6o3uaunm yepes t;(b;, £). OueBuHO,

E—OQ

Hanee, mo kaxkioit u3 yukiwmii u;(t, b;, €) KOHCTpyUpoBaach HOBas HedeTHas (OyHKIUS

p(t)|2 ;(t, b, €)
vi(t, by e) = T (E— 1) —
l( ’ ) 26% ( Z) ui(tabbg)
KOTOpas obpamaercs B HyJlb B HEKOTOpoit Touke t;(b;, €), korma d; = N; + b; jmocraTouno
MaJIo, IpUIeM

ti(bi,e) > ti(bi, €).

Haxkower, B [4] BBomnmcs dyakimn z;(t, £), KaxK/1as U3 KOTOPBIX TOXKJIECTBEHHO PaB-
ua v;(t, b;, €) npn Beex t € [—¢;(b;, €),t;(bi, €)], a npu ocranbHbIX 3HAMeHNAX ¢ € A;(tg) =
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[ti —to. ti +to] (to > 0, t; € A;(tg), ec ¢ # j) OHU TOXKIECTBEHHO PABHBI Hy/110. OCHOB-
HBIM CBOMCTBOM 3TUX (DYHKIMNA ABJILETCS TO, UTO IPU MAJIBIX 0; U € OHU YIOBJIETBOPSIOT
nnddepeHnualIbHbIM YPaBHEeHIAM
2q(t) — p(t 2(t
Dsfte) = 2ty + AP0 T o (6.4)
2e 4e
riae ¢;(t,e) > 0, a D*z(t,e) — mpaBoe BepxHee MPOU3BOIHOE YUCIO QYHKIUH 2;(t,€).
Ucnonp3yst cBoiicrBa yHKIW 2;(t,€), a TaKyKe CBs3b MEXKJIy DEIeHUsIMU ypPABHEHIs
Pukkaru (6.4) u uneitabiM aud epeHmanbHbIM YPaBHEHIEM BTOPOTO TIOPSITKA, 3aKJTH0-
JaeM, 9TO (PyHKIHA

t

yi(t,e) =exp | — / zi(T,e)dr
ti—to
obJsiaJiaeT cJIeyIomuME cBoiicTBaMu. Bo-1iepBbixX, oHa uMeeT poBHO N; HyJsell mpu Bcex
MaJiblX €. Bo-BTOpBIX, OHA OTJIMYHA OT €JMHUIIBI JIMIIb Ha MHTEpBaJje C IEHTPOM B 1,
JITMHA KOTOPOI'O CTPEMUTCH K HYJIIO TIPpU CTpeMJieHnu £ K Hy/o. Hakowner, B-TpeThux,
OHa FABJIsIeTCsl peleHreM (Ha COOTBETCTBYIOIEM OTPE3Ke) ypaBHEHUS
2q(t) — p(t) _ p*(t)

€ y+[ 5 " +90(€)]y

C momormpro Takux yHKuii y;(t, €) serko crpourcs dbyHKIus yo(t, £), 0 KOTOPO TOBO-
purcst B pOPMYIUPOBKE JIEMMBI.

[Iycrs to,...,t, Jdexar B unrepBase (t; — to,t; — to + T'). Ilouaruo, aro 310 He
orpanununBaer obmiHocTr. [logoxkmm

yi(t,e), ecm teAi(ty) (i=1,...,n),
yO(t’g) - :]:1, ecimu t € [tl — to,tl - t() + T], te U Az<t0),
i=1

rje 3HaK + wim — Gepercs Tak, 9To0bl Yo(t,€) Obuia HenpepbiBHOW dyHKuei. Jlerko
BUJIETH, UTO Yy (t, €) sABIAETCS PEIeHNeM ypaBHEHsT

oo [20(t) —p(t)  pP(t) | _

D — t =0
B KOTOPOM
wi(t,e), ecm t € Ay(tg) (i=1,...,n),
%) = 2(t)  2q(t) — p(t n
SOO(t,E) p4(6) . Q< )2 p( >, eci t € [tl _tO;tl . t(] —|—T] \ U Az(to)
i=1

Hanee, ormernm, uto dbynKmus y,(t, €) nenpepoisno auddepenmupyema ua [t — to, ] —
to + T’ 3a NCKIIIOUEHNEM KOHETHOI'O IHCJIa TOUYEK, IJIe CYIIECTBYIOT OTHOCTOPOHHHUE PO~
u3Bouble. [Tosromy cymecrByer Takas dbyHKIusA Yo(t, €), KOJIMIECTBO HyJI€il KOTOPOii Ha
KazKJI0M 13 oTpe3koB A;(tg) (i = 1,...,n) coBuajgaer ¢ duciaom Hy/eil Gynknuu y,(t, <)
U KOTOpas MOXKeT ObITh OTJIMYHA [0 MOJIYJIO OT equHuIbl juib Ha A;(ty) (1 = 1,...,n).
Haxkowner, yo(t, &) siBisiercsi periieHreM ypaBHeHHsI

L [200) D) ()

- t -0
eij + 5 1c + wo(t,e)| y =0,
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npudeM @o(t,e) > 0. Ocranbhble cBoiicTBa GyHKIWMH Yo(t, £), O KOTOPBIX TOBOPUTCS B
JIeMMe, BBITIOJIHAIOTCS OYEBUIHBIM oOpa3oMm. Jlemma JiokasaHa.

7. (O6ocHoBaHUE TeopeMbl 5

[Ipemosioxkum, 9To paBeHCTBO (5.5) HE UMeeT MecTa, T.e. Ha HEKOTOPOI TOC/Ie10BaTe b
HOCTHU &,, — 0

lim £, [hi(em) — v5 (em)] = do, (7.1)

m—0o0

re &g # 0, a lp > 0 — nesoe. 13 roro npocroro daxta, uro npu A = v (&) permenus

ypasHenust (5.1) 9KCIOHEHIMATBLHO YCTONIMBI, CJIeyeT HeEPaBEHCTBO
+
hi(em) > 17" (em),

a 3uaqnT, B (7.1)

50 > 0. (72)

Eciu Mbl JI0KazkeM CyIIeCTBOBaHWE TAKUX MEPUOANIeCKuX DYHKIWHA ¢o(t,e,) Z 0 u
xo(t, em) > 0, JJIs1 KOTOPBIX BBIMOJHAETCS PABEHCTBO

emZo(t,em) + p(t)xo(t,em) + [q(t) — h1(em) + @o(t, em)]zo(t, €m) = 0, (7.3)

TO TE€M CAMBIM TIOJIyIMM IPOTHBOPEYHE C TeM, ITO hq(g,,) sABIgeTCS COOCTBEHHBIM 3HA-
YEeHMEM [ePUOMIECKOll KPAeBOil 3a/iaun. 3/1eCh Mbl BHOBb UCIIOJIb3YEM PE3YJIbTATHI |3].

[Tpuctynum K nocrpoernto byHKuuit To(t, ) u wo(t, £,). BBesiem B paccmorpenue
HOBOE CaMOCOIIPSI?KEHHOE YDaBHEHNEe

emZ 4+ p(t)T + q(t)r = Az, (7.4)

B KOTOPOM HenpepbiBHO Juddepenimpyemast hyHKIws p(t) 0b1a1aeT ey omuMe CBOii-
crBamu. Bo-nepBbix, oHa coBnajiaer ¢ dbyHkimeii p(t) Tam, rie

pt) < a,

npudeM « > 0, BooOIIe ToBOpsi, JJOCTATOIHO MaJj10. HaCKOIbKO MaJIBIM OHO JOJI?KHO OBITH,
OyzeT BUJIHO U3 JajbHeiinero. Bo-BTopbix, Bee Hysnu p(t) cOBHAIAIOT COOTBETCTBEHHO C
uysasiMu Gyuknun p(t). Hakorer, B-TpeTbux, BBIIOJHSAOTCS COOTHOIIEHUS

Mp(t)] =0, p(t) <p(t) (tel0,T]). (7.5)
Ormernwm, 9TO JUIst BCeX COOCTBEHHBIX 3Hadennii v (¢) u v; (£) acHUMITOTHYECKHE B HyITe
[PEJICTABJIEHUsT BHIYUC/IAIUCE JIMIID 110 3HaYeHusiM GyHknuii p(t), ¢(t) u ux npoussoj-
HBIX B Tex Toukax, rie p(t) = 0. [losromy u3 cBoiicts dbyHKIuu p(t) BBITEKAET, YTO
nepeoe cobCTBeHHOe 3HadeHue Uy (€) mepuojuveckoil Kpaesoil 3ajauu Jis ypaBHeHUs
(7.4) yaoBieTBOpsieT PABEHCTBY

7 (e) = v (e) = O(™) (7.6)
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Paccmorpum 3aTem ypaBHenue

et +p(t)s + {q(t) -7 (e) — 52—0510] r =0, (7.7)

rae 60 = dg, ecam Oy < 00,
1, ecmu 0y = o0.

t
C nmomoIpio 3aMeHbl T = Y eXp <—% Ik p(T)dT) 9TO ypaBHEHHUe 1peodpa3yeTcs K BUILY
0

ey + (7.8)

2q(t) _5(t) P(t) ~t 0" lo| , _
5 alre —Vl(s)—gely—o.

Herpyuo Bujierh, 4To K ypaBHeHuIo (7.8) NpuMeHnMa JieMMa 2, T.e. CYIIECTBYIOT TaKue
nepuomdeckue Gyaknun po(t,e) > 0 (# 0) u yo(t,e) > 0, A1 KOTOPHIX CIIPABE/IINBO
g depeHmaaIbHOe PABEHCTBO

2q<t)2_ﬁ<t) —p4(€t) - gfr(s)—%go + ot 5)] Yo(t,e) =0. (7.9)

elio(t, e) +

ITIpu srom dyuxmms |yo(t, £)| MoxKeT ObITH OTIMYIHA OT €JIMHUIILI JIUITH HA HEKOTOPBIX

UHTepBaJaX, CTATUBAIONUXCS B TOUKH 1, . .., t, IpU yMeHbIIeHnu £ J0 nyid. Qukcupy-
eM, Jajee, Takoe €9 > 0, 910056l |yo(t,€)| = 1 mua Beex rex 3madenwii t € [0,7T], ms
KOTOPBIX

p(t) < p(t).

CyrmecTBoBaHIE TAKOIO £) HE BBI3bIBAET COMHEHUH. B nasbHeiiem OygeM paccMaTpu-
BATh TOJIbKO Te 3HAUEHUs €, KOTOphIe jexkar B uaTepsase (0,&p).
s nepuopmaeckoit (B cuity nepsoro u3 ycsosuii (7.5)) dyHKImun

Fo(t2) = o(t, £) exp (- 2_15 / ﬁ(ﬂm),

0
O4YE€BUIHO, BBIIIOJIHACTCA COOTHOIIIEHUE

exo(t, e) + plt, e)@o(t, ) + [q(t) — () — %elo + Golt, g)} To(t,e) = 0.

1o PaB€HCTBO MO2KHO II€peluncaTb U TakK:

eTo(t,e) + p(t)To(t, ) + {Q(t) — i (e) - %Oel() + @o(t, e)+

L) - plt) (y(’“’g} _ iﬁ(t))] Fo(t,2) = 0. (7.10)

Yo (t, 5) 2¢e
U3 ceoitcrs dbyukiwmit p(t) u yo(t, ) caegyer, uro nocsepauuii koadduimenT, crogmuii B
KBaJ[paTHbIX cKoOKax pasenctsa (7.10), meorpunaresen. [locie sToro mocrpoenue orm-
caHHBIX QYHKIUi ©o(t, €,) 1 20(t, £,,) 3aBepraercs 6e3 Tpyma. leiictBurenbro, hukcn-
pyeM mg TakK, YTOOBI IIPU BCEX 1M > My BLITOJIHIIOCH YCJIOBHE
50
hi(em) — vy (em) > 5510.

m
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Torna, oueBuIHO,
0

J
—vf(e) — 555% + @ (t,em) > —hi(e), m > my, (7.11)

npudaeM TO2KJI€CTBEHHOE DAaBEHCTBO B HOCJIG,ZLHGfI (bOpMyJIe HMCKJIIOYECHO. B,ILGCI) IIOJIO2KEHO

Pltsen) = Falt ) + 500) ~ (0] | 2005 = o)

WM, yauTbiBas cBoiicrBa yHkmu yo(t, €),
- 1.
Ot em) = Qolt,em) — 2—619(75)[19(1?) — p(t)].
Ucnonbsys pasenctso (7.6), 3amedaem, uto B dopmyite (7.11) Bmecro vy (g) MoxkHO -
catb Uy (g). Tlpu sTOM, MOXKET OBITH, IPUJETCA HECKOJIBLKO YBEJIUUUTH M. [looxKum,

HaKOHeTT,
0

- 0
900(7575771) - h1<5> - Vf_(g) - 5‘?[72 + 900<t75m)'

Tora ypasuenue (7.10) npuanmaet Bus (7.3), tae xo(t, £,) = To(t, €m). Ilpu sTOM DyHK-
s po(t,e,) #Z 0 HeoTpuIlaTeabHA Ha OCHOBaHMU HepaseHcTBa (7.11), a mosoKuTE b
HOCTh byHKIMH To(t,€,,) BHITEKAET U3 AHAJOIMIHOTO cBoiicTBa dyHKIWMH Yo(l, ). Ta-
KM o6pa3oM, obocHoBaHue cooTHorerust (5.5) 3aBepiieHo.

8. O6ocHoBanue cootHorenuii (5.8)

B sTom u ciieryromniem pasjesax Mbl OyaeM MpeJinoiaraTh, 9To IPU BCEX JOCTATOYHO Ma-
JIBIX € CYIIECTBYIOT COOCTBeHHBbIE 3HadeHust hj (¢) u hj 4+1(€), yaoBaeTBopsiomne Hepa-
BercTBaM (5.6). [lokasaTesbeTBO ¥)Ke CyIecTBOBAHUS TAKMX COOCTBEHHBIX 3HAYCHUN OY-
JIET POBEJIEHO HECKOJIBKO MO3Ke.

B nacrosiiem pasjiese OyyT UCHOIB30BAHBI PACCY 2K JIEHUS, TT0I00HbIE TeM, KOTOPbIe
[IPUMEHSUINCH JJist 000CHOBaHUs paBeHCTBa (5.5).

Wrak, mpeoaoKuM, 9To Jjid HEKOTOPOTro HOMEPa jo AaCUMITOTHYECKUE B HYJIE Psi-
JIBL JIJIST V;_jo (e) m V;_jo +1(e) me cosmasrator. Cpasy oTMeTHM, UTO 1OJIOOHBIH CITydail JiIs
CODCTBEHHBIX 3HAMCHNIT Vo, 1 (€) 1 Vyy; (€) pasbupaeTcss aHAOTHIHO, U TIO3TOMY MBI €T0
omycrum. JlokazareabcrBo coorTHornerust (5.8) mpoBeeM, Kak Mbl yKe HEeOJHOKPATHO
Jlestaji, paccyzKiasi OT MPOTUBHOTO. Ha 3TOM IyTH MOJIydnM paBeHCTBO

lim €T_nl0 [hj1+1(€m) — V;_jo+1(€m)} = 50. (81)

m—r0o0

Baech €, — 0, a dg # 0. U3 mwepasencts (5.6) mosyuaem, aro dy > 0. Ecsin Mbl mokazkem,
YTO JIJIE BCEX JOCTATOYHO OOJIBINUX 117 UMEIOT MECTO COOTHOIIEeHNUSI

emTo(t; em) + p(O)Zo(t; em) +[a(t) = hjira(em) + @olts em)lzo(t, m) = 0, (8.2)

rie @o(t,en) > 0 (£ 0), a xo(t,&,) — nepuoamyaeckast GyHKIUsA, UMEIOIIas POBHO 27jo
HyJeil Ha HEKOTOPOM OTpe3Ke JITMHBI TIEPUOJia, TO TeM CaMbIM ITOJIYIUM ITPOTHBOpPEYNe
¢ (8.1), a 3maunt, mokazkem paseHcTBO (5.8). COOTBETCTBYIONINE PACCYK/IEHNs, TIPHBO-
JIAIe K HY>KHOMY Pe3y/abTary, OJMU3KNA K HCIOJIB30BAHHBIM B IPEIbLIYIIEM pa3iee.
EnnucTBeHHOE OT/IMYIE COCTOUT B TOM, 4T0 (GyHKIuUS Yo(t,£,,) B HAIEM caydae Oymer
UMEeTb POBHO 2jg HYJIEll Ha HEKOTOPOM OTpe3Ke JIMHBI Tiepuosia. Hammdane nyzkHoro ymc-
na Hyseirt y yHKuun yo(t, £,) YAAETCS TPOCIEINTh, UCHOJIb3Ysl CHOBA JIEMMY 2.
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9. O6ocHoBanue cootHomienuii (5.7)

OO6mumii X0 paccy KIeHHIi B 9TOM pas3esie TOT Ke, 9TO U B ABYX npeabryimnx. O1Hako
B JIETAJISIX COOTBETCTBYIONIUE MOCTPOEHUS CYIIECTBEHHO OTJIMYAIOTCS OT W3JIOXKEHHBIX
pamnee.

Wrak, mycTb acUMITOTUYECKHE B HyJIe Psijbl Jjisi COOCTBEHHBIX 3HAYEHUIT u;jo () m
u;rjo +1(€) me conanaror. IIpemosoxKum IpoTHBHOE, T.€. 1IycTh cooTHOHmeHue (5.7) Mecra
He uMeeT. Torma Halijgercst Takoit Homep [ > 0 1 Takas 10caeI0BaTeIbHOCTb &, — 0,

41O
lim e, [h, (em) — v3;, (em)] = o, (9.1)

m—0o0

rie 0y # 0. Ormernm, uro B cuiy (5.6)

Hareit KoneuHO# He/IbIo ABJIsIeTCs TIOCTPOeHne Takoi ,, ipobHoit” dyukuun 2°(t, &,,),
KOTOpasi, BO-TIEPBBIX, IEPUOJNTHA U SIBJIAETCS PEIeHNEeM ypaBHEHU

em + p()& + [q(t) = hjy (em) = @o(t, em)]z = 0, (9:3)

rjie nepuojnieckas dbyuxuus oo(t, €,,) MOI0KUTEbHA U, BO-BTOPBIX, 1°(t,&,,) uMeer
pOBHO 2jy Hyseil Ha Jir0O0M oTpeske [o,« + T, 1 KOTOPOro BBIMOJHEHO YCJIOBHE
2°(t,&,,) # 0. Iocrpous byHKIHMIO, 06/1aJAIONYI0 ePeUrCJIeHHBIMI BbIIIe CBOHCTBa-
MM, MBI, OYEBUJIHO, IOJTy UM IPOTHBOPEYINE C TeM, ITO hj, (£,,) ABISLETCA COOCTBEHHBIM
3HAYCHUEM TIEPHOINIECKON KpaeBoil 3a/1a4u 1 yI0BJIeTBOpseT HepaBeHcTBaM (5.6).

[Ipu nocrpoernu dbyukiuu z°(t, €,,) OCHOBHYIO POJIb GyJIeT UrPaTh HEKOTOPas BCIIO-
moraresbHas GyHKIUA Yo (t, £,,). Oupenenum sty dynknuro. st sToro BBEIEM B pac-
CMOTpPeHUe ypaBHEHHe

Em¥ + Yolt,em)y = Ay. (9.4)

B (9.4) nepuogmueckast dbyukimst o (t, €, ) onpemnensiercs ciaemyomum oopazom. Pukcn-
pyeM cHauasia Takoit orpesok [, 51] C [0, T], arobsl ipu Beex ¢ € [aq, f1] bdyukuus p(t)
ObL1a oTpunareabnoi. Ilogoxnm 3arem

q(2 - %p(t) - ﬁ 2(t)7 le [O7T] tg(abﬁl)?
Yolt em) = _5707 t € (ay, B),

rae ag > 0. OTMGTI/IM7 9TO B ,H‘aJII)HeI'/JIHIGM 6y,ZLeM pacCMaTpUuBaThb JIMIIb T€ 3HAYCHUA 177,
IIpKU KOTOPBLIX BBIIIOJIHAECTCA HEPaBEHCTBO

1

Golten) < —50(0) — #H(0) +al0), +€[0.T]

[TocraBum teneph st ypasHenusi (9.4) nmepuoamdeckyio Kpaebyio 3ajady. CobeTBeH-

Hble 3HaYCHUS D;“(em) 9TOIl KpaeBoi 3ajauu OyJIeM HYyMEPOBATb B MOPsJIKE YOLIBAHUSI.

Hac 6yaer naTEepecoBaTh MOBEIEHNIE TOJIHKO COOCTBEHHOI'O 3HAYEHUST ﬁ;jo (€m). st Hero,
BIIPOYEM, KaK M JIJIsI BCEX OCTAJIbHBIX COOCTBEHHBIX 3HAUECHUI, CIIpABE/JINBO aCUMIITOTH-
JecKoe paBEHCTBO

Uy (Em) — V3, (€m) = O(%). (9.5)
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DTOT BayKHBIH JIJIS HAC BLIBOJI CJIEJIyeT HEIOCPEICTBEHHO U3 PE3y/IbTaroB pador [4] u [5]
u paszesioB 1-4. Obosnaunm, jajee, depe3 yo(t, £,,) COOCTBEHHYIO (DYHKIIUIO, COOTBET-
CTBYIOILYIO COOCTBEHHOMY 3HAYCHHIO D;rjo (€m). OT BO3MOXKHOTO TIOBEJIEHUsT ITON (DYHK-
UK 3aBUCAT IIOCJICAYIOIINE IIOCTPOCHUSA. B CBA3M ¢ 9TUM M3yYMM HEKOTOPBIE CBOMCTBa
byukunm yo(t, €, ).

IIpeamosiozKuM cHAYAIA CYIECTBOBAIIE TAKOI OIIOCIEA0BATEILHOCTH { €y, } 1OCIE-
JIOBATEIBHOCTA {€,, }, 9TO IPU KAKIIOM €, DYHKIHA Yo (L, 1), ) IMEET HyJIb Ha OTPE3KE

[a1, ] C [ag, Br).
JIemma 3. Cywecmeyem makoe mgy, “wmo npu 6Cex My, > Mo PYHKUUAL

Ug(t, Em, ) =
0( k) y0<t78mk>

noaostcumenvha oas anavenuti t uz npomesicymsa [ag+r7T, Bo+rT] (r=0,41,42,...),
ede

Oé2<@0<30§51'

Huke j1y1s1 COKpAIeHust 3allICH 9acTo OyJeM CIUTATL, 9TO B KadeCTBE HOJIIOC/Ie0-
BATEJILHOCTH {&,,, } B3ATa caMa HOCJIEI0BATEILHOCTD {&,, }.

JokazaresabcTBo. [l 10Ka3aTEIbCTBA JIEMMBI OCTATOYHO 3AMETHTD, ITO B yPaB-
HEHUN

em¥ + [Yo(t, em) — ?;}O (em)]y =0, (9.6)

peleHneM KOTOPOTo sBJAeTcs Yo(t, &, ), KO3 dunument, crosinuii npu y, OTpUIlATEe/IeH
IPU BCEX MAJIBIX €, u t € [y + 7T, 51 +rT] (r=0,£1,4+2,...).

[TpenmosozkumM, majee, 9TO ONUCAHHAA BBINIE CUTyaIlds MECTa HE HMEET, T.€. HeJlb-
351 yKa3aTh TAKOro OTpe3Ka Buja oy, as] C [aq, f1), Ha KOTOpOM Obl DyHKIWS Yo(t, Ep)
obpalaiach B Hy/Ib Ha HEKOTOPOIl MOJIIOCIE0BATEILHOCTH {&, } C {&}. Torma BoI-
HOJTHACTCS XOTsl OBl OJMH U3 CICAYIOIMNX ABYX Caydaes. [IepBblil n3 HUX COCTOUT B JI0-
IYIIEHNN CYIIECTBOBAHUS TaKOro OTpe3Ka [(, By] C (au, B1), uro npu Beex t € [y, By
dbyukuns uy(t, €,,) HeoTpHUIATEIbHA HA HEKOTOPOH IIOAIOCIIEI0BATEIBHOCTA {£y, } 1O
cJieloBaTesIbHOCTU {€,, . Bropoit ciaydaii cocrout B TOM, 4TO HaiijleTcss TaKON OTPe30K
(a2, B2] C [an, f1] u Takas mozmocae0BaTeIbHOCTD {&,,, }, T0 1ipu ¢ € [ag, f2] 1 MaJIbIX
Emy, DYHKIWS Yo (T, £, ) B HYJIb He 0OPAIIACTCH, & 3HAK €€ IIPOU3BOIHOM TPOTHBOIIOJIOZKEH
3naxy camoil dynxmum. Onpene/mM B TIOCIEIHEM CIydae OTPE3OK [0, B,] Tak, 4TobbI
BBIIIOJIHSL/INCH HEPABEHCTBA

o <0y < BO < Ba. (97)
Torna crnpaBeIMBO ClemyIonee yTBep K IeHue.

Jlemma 4. Hmeem mecmo ouenka

(€m)

ede cy HE 3aBUCUM OM Epy, .

[uo(t, em, )| < , te€lag+rT,Bo+rT] (r=0,£1,42,...), (9.8)

ol
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HoxkasarenbcrBo. Hizke BMecTo &,,, OyzeM mucars €,,. 11s1 JoKa3aTe1bCTBa JIeMMbI
3aMETHM, UTO Ha OTPe3Ke [ay, f2] BBHITOTHIETCS PABEHCTBO

a 1
Yo(t,em) = c1(em) exp ( 0 g—ﬁ;rjo(am)t> +

m m

Hastee, n3 ycaoBuii

|y0(t7 6m)| >0 nm yO(t7€m)y()(t7€m) < 07 te [0617 62]

BbITeKaeT COOTHOIICHUE

Qo 1 _
lc(em)| < exp (—262 o ;V%O(sm)) : (9.9)
IJ1e TIOJIOKEHO
c1(em)
c(em) = :
( ) CQ(Em)

st bynxumn u(t, &,,) Ha oTpeske [, B,] cupasemmsa bopmyia

Qo 1

ug(t, &) = [c(gm) — exp <—2t — = 8—?%(&%))] X

-1
a 1 a 1_
X [c(sm) + exp (—275 570 bz (5m)>] = — U5, (em).

3
m €m €m

Orcroza, npuanmas Bo BanManue (9.7) u (9.9), u ciegyer o6ocHOBaHUE JIEMMBI.
Ha criemyromem sraiie BBeeM B PACCMOTPEHHUE €I OJHY BCIOMOTATEIbHYIO HEPHO-
JIMYECKYI0 U HenpepbiBHO nuddepennupyemyio dyHKIuo po(t). Tlomoxmm

pO(t) = p(t)a te [07 T]? té[amzo],
a Ha oTpeske [@y, 3] onpenemmm po(t) Tax, 9TOGHI BBIIOIHAIICH YCIOBHS:
Mlpo(t)] =0, po(t) <p(t), t€l0,T]. (9.10)

Bynem, nasee, caurars, 9TO 4UCTIO Mg BLIOPAHO TAKUM 00DPA30M, YTOOBI JIJTA BCEX 1, > T
) ) ) 0 ) 0
HUMeJIO MECTO HEPaBEeHCTBO

Qo 1 . 1 2 =
% > §p0(t) + Epo(t), t e [O[Q,BO]. (911)

Teneps, Korma Bce IMOANOTOBUTEILHBIE TIOCTPOECHUSI IIPOJIEIAHBI, MbI MOYKEM OIIPEIe-
muth byuknuio 1°(t, €,,). s 3TOro noioxum

t
1
22t em) = yo(t, em) exp —f/po(T)dT . (9.12)
"0
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st aroit byHKIMEU cripaBeyinBo i depeHInabHOe PABEHCTBO
Em@(t, em) + po(t)2°(t, € )+
+ |Yo(t,em) + %po(t) + épg(t) — U3 (gm)} 2°(t,e,) = 0. (9.13)
HocneﬂHee BbIpazKeHnue MOXKHO IIepelicaTb U TaK:

. . 1 1 ~
Emil(t, em) + p(t)i°(t, em) + |Yo(t, em) + Epo(t) + Fpg(t) — U5, (em)+

+(po(t) = p(t)) (uo(t, em) — ipo(t))] 2(t,em) = 0. (9.14)

Taxum 06pasoM, Mbl oKazamu, uro dbyakmus x°(t, &,,) SBISETCS PEIeHneM ypaBHEHUA
(9.3), B KOTOPOM

1

1. _
—@o(t,em) = Yo(t,em) + 5170(75) + Epg(t) — g, (Em)+

iy () — alt) + Ipo(t) — p(0)] {u0<t,am> - %mw} .

YCTaHOBUM Terepb TOJIOKATETLHOCT DYHKIWMH ¢o(t, &, ). V3 ompenenenns dyHKImii
Yo(t,em) U po(t) BHITEKACT HEPABEHCTBO

olt <) + io(t) + Lp(0) — alt)+
+[po(t) — p(t)] {UO(t, Em) — %po(t)} <0, (9.15)

eCJIH TOJILKO €, JOCTATOYHO MaJio. JleficTBUTEILHO, ecin Ha OTpe3Ke [ag, B,] dynKims
uo(t, &) MOJOKUTEIbHA, TO BCe TocaeHee ciaraemoe B (9.15) Henosoxkurebuo. Eeam
bynxmus ug(t, €,,) oTpunATe bHA Ha [(g, B,], TO, KAK MbI HOKA3aJIM, HMEET MECTO OIIEHKaA
(9.8). [Tosromy BCe paBHO 3HAK JeBoil dactu (9.15) GyaeT onpeeaaTbes IPU MATBIX &,
EPBBIM CIAraeMbIM, KOTOPOe OTPHIATEILHO Ha oTpeske [a, 1] D [d, B,]. Haxoner, u3
coornomtenuit (9.3), (9.4) u (9.5) mosydaem, 4To

—+ lo 50
29 (em) — hjy (em) > €507, m > my,

B KOTOPOM 71 JOCTATOYHO BEJIUKO, a 0¥ ompesessgercs hopMyIIoi

do
§o={ —5 ecm 0y # —00,
1, ecan dy = oQ.
Vrak, Mbl yCTAHOBHJIN HEPABEHCTBO
lo 50
wolt,em) > 26" (m > my).

Ocra/bhble HyzKHbIe HaM cBoiicTBa dbynkimu 1°(t, €,,) BLIIOIHSIIOTCA OYEBUHBIM 00pa-
3oM. OTMeTHM JIHIh, 9TO U3 nepuogndHoctd GyHKImu Yo(t, €,) u u3 yeaosus (9.10)
crejtyer nepuoguaHocTh bynkim 10(t, ., ).
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10. 3aBepineHue J0Ka3aTEJIbCTB TEOPEM
HECAMOCONPAKEHHOTO CJiydad

I[Ipex e Beero 3akoH4InM 060CHOBaHIE TeopeMbl 5. [Ijisi 9T0ro HaM 0CTaJIOCh JIUIIb YCTa~

HOBHUTD CYIIECTBOBAHUE IIPU BCEX JOCTATOYHO MAJIBIX € COOCTBEHHBIX 3HaUeHUil hj, (€) u

hj,+1(g), ynosrerBopsionux HepaBercrBam (5.6). HamoMmHnM, 910 MBI paccmaTpuBaeM

TOT CJIy4ail, KOrjia aCUMITOTHYECKUE B HYJI€ PAJIbI JIJIT COOCTBEHHBIX 3HAYCHU V;jo (e) m
Jr o s

Vy,,+1(€) He conasiator. B sTom cydae Hafiercs Takoit Homep [ > 0, 1o

o = Va1 — Vajor1a > 0, (10.1)

rjae depes 1/;].0 ,u V;jo 41 ODO3HAYEHBI [-€ TIPOM3BOJIHBIE 10 € MpU € = () COOTBETCTBEHHO
dyHKIIi l/;_jo(ﬁ) u 1/;;-0 +1(e) mapamerpa €. Yepes ly 0603HaUMM HANMEHBIINI U3 HOMEPOB
[, ynoierBopsionux HepaseHcTBy (10.1).

Beenem, majee, B pacemorpenne guddepeHnnaabHoe ypaBHEHNTEe
- : + o |
ed +p(t)t + |q(t) — vg;,(e) +¢ 5 |T= 0. (10.2)

Mpu A = vy () m A = I/;_jo +1(€) pemenns ypasuenus (5.1) SKCIOHEHIUATIBLHO yCTONIHBBI.
[TosToMy 15t TOKa3aTeIbCTBA CYIIECTBOBAHNS COOCTBEHHDBIX 3HaUeHnUit hj, () u hj 41(¢)
HEePUOIMIECKON KpaeBoll 3ajaun jijist ypasHeHus (5.1), YIOBJIETBODSIIOINIAX COOTHOIIIE-
ausim (5.6), J0CcTATOYHO MOKa3aTh, 4TO pelleHus: ypaBHenus (10.2) HeycToWIMBBI pu
MaJsbIX €. Jlj1st 9Toro, B CBOIO 0Yepe/ib, MbI BOCIOJIb3yeMCs KPUTEPUEM HEeyCTONINBOCTH,
nostygenubiM B [3] (§1.5 rasa 1).

Urak, MBI HOKaykeM, Kak ONPEJIEINTh Takue nepuojpndeckue byHkmn uq(t,€) n
ug(t, ), 9TOOBI, BO-IIEPBBIX, BBIIOIHSINCH nuddepeHInaIbHble DABEHCTBA,

etiy(t, ) + p(t)us(t, €)+

+lalt) = 135, (6) + 0L+ (“Vu(t,2) | ealt2) = 0 (10.3)
B KOTOPBIX ;(t, &) Z 0 (i = 1,2) ecrb HeOTpHUIIATE IbHBIE TIEPUONIecKUe (DYHKIUH, a BO-
BTODPBIX, 9TOOBI KaxKas u3 QyHKIwmit uy (, £) u us(t, €) umesna poBHO 2jy HyJIel Ha JIIOO0OM
TakoM orpeske [y (€), a1(e)+T| u [as(e), az(e)+T] coorBercTBerHO, UTO Ut (1 (€),€) # O
u us(e(e),e) # 0. Ilpu 5T0M MBI BOCIIOIB3yeMCsl HEKOTOPBIMU [MOCTPOCHUSMH, [TPHBE-
JEHHBIMHI B pa3jeiax 7—9 HacTOAIel CTaThU.
[Tosmoxum
ui(t,e) = 2%t e), un(t,e) = wo(t,e),

rie dynkmun z°(¢, ) u zo(t, €) onpenenenst B pasaenax 8 u 9. Torma, 09€BUIHO, BBITOJ-
uAoTCs pasercTBa (10.3), B KoTopbiX DYHKIWA @;(t, £) TAKOBBL:

o1(t,e) = ﬁ;jo(g) — y;jo(s) + 510% +q(t) — Yo(t,e)—

1 1

—30lt) = B0 + [p(t) — (0] [uo(t, ) — o-m(®)| (10.4)
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_ 3
Pa(t ) = V5, () = Py (e) = 5000+ (L, ) (10.5)

B dopmynax (10.4) u (10.5) ucnonb3oBanbl 0603HaYMEH s, TIOIOOHBIE T€M, KOTOPBIE TIPH-
MEHSJIUCh B paszjenax 7—9. [eranbHee Mbl Ha 3TOM OCTaHaBIUBaThed He Oyaem. [lasg
JIOKA3aTeJIbCTBa MOJIOKUTETHHOCTH [P BCEX JOCTATOYHO MAsbiX £ yHKIMA ¢1(t,€) u
o(t, €) 3aMeTnM, ITO UMEIOT MECTO COOTHOIIEHNUS

V3j,(€) = 135, (€) = O(e™),

p(6) = po(0)] [un(t-) — o-pol®)| + ()

1 1

—Sho(t) - 4—81)3(75) — o(t,e) >0,

V3 (€) = Uajora(e) —€8g = O(eP),  ©°(t, ) >0,

IIOJIyYeHHbIE paHee.

OTmeTnM, 9TO B ciIydac HECOBIAJIEHUA aCHUMITOTHYECKHAX PAJOB JJId COOCTBEHHBIX
BHAYCHUIA VQ_joil(E) u V;jo(e) AHTUIIEPUOJNIECKON KPaeBoil 3aJa9u JT0Ka3aTeILCTBO TEO-
peMbl 6 IPOBOJINTCS aHAJIOIMYHO, U IIOTOMY MBI €0 IIPUBOJIUTH HE OyIeM.

Kak ciegcreue tpex reopem 5, 6 u [3] (Treopema 1.5.2) — nosyuaem obocHoBaHME
KpUTepHs yCTONIUBOCTH, cojiepzkalierocs B Teopeme 7. llepBoe yTBepxKieHHe TeopeMbl
9, a ¢ HUM 1 Teopema 10, TakKe SBJIAIOTCS HEMOCPEICTBEHHBIM CJIEJICTBUEM TEOPEM D,
6 1 pesysbTaToB, moaydeHnbix [3] — [5]. Bropoe yrBepxaenune TeopeMbr 9, B CBOIO Ode-
pe/ib, BbITekaeT u3 yrBep:kiaeruii reopem 1.5.2 u3 [3| u 3. Takum 06pazom, HaM 0CTATIOCH
JIOKa3aTh JIMIIb TeopeMy 8, IpUYeM JOCTATOYHO OIPAaHUIUTBLCA CILydaeM, KOTJa

+

ll_{% vy (€) = 1.

OTcroa MOXKHO CIIeJIaTh BBIBOJ, O CIIPABEIINBOCTH HEPABEHCTBA

lim hl(E) 2 .

e—0

Hokazaresnberso Hasmaust pasercTsa (5.10) st hy(g) MOXKHO IPOBECTH € TIOMOIIBIO MO~
CTPOEHUSI, KaK Mbl yKe jejasnd, ,npobnoit” dyunkiuu. [Ipu sTom mcnonb3yrorcs mpu-
MEPHO Te Ke COODparKeHus, 4TO U IpHUBejeHHble B pazjese 7. JlerajbHo Ha 9TOM MbI
OCTaHABJIMBATHCA He Oy/IeM.

B 3akouenue orMeTruM, UTO Pa3sBUTYIO B JIBYX IMPEJIbLIYIINX Haparpadax Teoputo
MOXKHO 0600muTh Ha OoJjiee OOIUIT KJIacC yYpaBHEHMIT

ek + p(t,e)t + q(t,e)x = Ar(t,e)x,

rae nepuogmdeckue 1mo t GYHKIUN pas3jiaralorcss B aCUMITOTHYECKHE PSJIbl 110 £ IIPH

= 0. Ilosp3ysich MeTOMMKOM, pa3spadbOTaHHON B IPEILIIYIINX pa3/esiaxX, MOKHO U3Y-
YUTh aCUMIITOTUKY COOCTBEHHBIX 3HAUYEHUI B ciydae HAJIUIUSA Y (DYyHKITUN p(t, O) HYyJIEA
KOHEYHOI KPAaTHOCTH.
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11. 3akJjroyeHue

CdopmynupyeM KpaTKo OCHOBHbBIE BBIBOJbI. HaiileHbl Mpeje/ibHble 3HAYEHUsT BCeX COO-
CTBEHHBIX YHCEJI IIEepBOil KpaeBoii 3ajaun. DTH 3HAYEHHUS IPUHIUIHAILHBIM 00pa3soM
OTJIMYAIOTCH OT TeX, KOTOPbIe MMEIOT MECTO B ypaBHeHUH 0e3 TOYeK IoBopoTa. Kak
0OKa3aJI0Ch, CyIIEeCTBEHHOE 3HAYCHUE JJIs HAXOXKJICHUS ACUMITOTUKU COOCTBEHHBIX UH-
cent umeetr nosenenne yHkuit p(t) u ¢(t) TOIBKO B JOCTATOYHO MAJIBIX OKPECTHOCTSIX
TOYEK MTOBOPOTA.
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B pabore [1| B KauecTBe mpuMepa HCIIOIH30BAHUS MPEJJIOKEHHOIO METO/Ia ACHMII-
TOTUIECKOI0 MHTETPUPOBAHNA paccMaTpPUBajach 3a/7a9a MOCTPOEHNS aCUMOTOTHIECKIX
dopmyn mpu t — 00 JUId peleHnii ypaBHeHUs

b=~ Zalt - 1)+ )
riae a,w € R\{0} u p > 0. B ognoit u3 Hopmys1, OTHOCAIUXCS K CJIy a0
Lo,y
3 -2

COJIepKUTCA apudMeTuIecKas OnmbdKa, KOTopasi CyIeCTBEHHBIM 00pa30M BJIUSET Ha KO-
HEYHBIN pe3ysbTar. B JanHol 3aMeTKe Mbl IIyOJIMKyeM CIIMCOK MCIIPABJICHUN, KOTOPbIE B
9TOM CBSI3M HEOOXOUMO CJIeJIaTh B crarbe [1].
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1. Crp. 32, bopmyay (135) 3ameruTs Ha

2a LT g 2a
w4+ ) (1-i3)

+is)e 50 (135)

0) = K i(5tw)d 1
91.2(0) = Kraea 0+ PETIETS LR

a
2(2 £w— Zexp{Fiw})
2. Crp. 33, dopmyay (144) 3ameHuTh Ha

a? _2_|_ﬁ_|_i(_‘_l_i) 2 14
5 5T 5 o T . 144
me (TN L Ty)

™

Kip=7F

9 =

3. Crp. 33, dopmyay (145) 3ameHuTh Ha

2

5m(4 4 72) (8

o = — 27+ V912 — 327 + 84). (145)

4. Crp. 33, dbopmyny (148) zamenursb Ha

v 0 a*i s 1 1
A= (Y ), v=— (1—‘—)( . ) 148
2 (0 I/) v 4 + 72 12 E—W—Ze‘w+%+w—ge_lw (148)

2 2

5. Crp. 34, dopmyay (150) 3ameHuTh Ha

2m%a? sin® (%) (2w? 4 dwsinw + 72 cosw — 77)

(4472 (4w* + 74 + 72 (dw? — 272) cosw + 72 (72 — 4w?) cos? w)

(150)

6. Crp. 34, pucynok 1 3amenuts Ha Puc. 1.
7. Crp. 34, dopmyny (151) 3amenurs Ha

W

202 sin2(2) (1 + O(w71)>, w— +oo. (151)

, m2a?(12 — 7?)
limRev = —————~ m

it Gtmp @ Revs

8. Crp. 34, dopmymy (152) 3ameHnThH Ha

, a*(m? — 4)
olgr:rReV— e (152)

9. Crp. 34, npemmoxenue «M3 (151), (152) (cm. Takxke Puc. 1) 3akiodaem, B gact-
HoctH, YT0 Rerv > 0 mpu pocrarouno Gosbmux w (w # 2mn,n € N) u Rev < 0, eciin
w — 7 + 0» 3aMeHUTH Ha

«Ucnonb3ys (150) (cm. rakzke Puc. 1), mecoxkno ycranoBursb, aro Rev > 0 mis Beex
w # 2mn, n € N».

10. Crp. 36, npemnoxennsi «Tak, B ypaBHennu (11) HeorpaHmveHHBIE KOJCOAHUS
pea3yoTCs MOYTH 1P BCeX w, Korja w > 1. Kpome Toro, Bce periennst ypaBHEHUs
(11) MoryT cTpeMUThCS K HYJIIO, €Cau w — T + 0» 3aMeHUThb Ha

«Tak, B ypaBaenun (11) HeorpannveHHbIe KOJIEOAHNST PEATN3YIOTCS IPU BCEX W # 27N,
n €N (w>0)».
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Re v
0.012 -

0.010

0.008

0.006

0.004

0.002

0.000

-0.002

Puc. 1. 'padux Bemaunsr (150) npu a = 1

Cuucok auteparypbl / References

[1] Hecrepos I1. H., “Meroz rieHTpasbHbIX MHOT0OOpa3wii B 3a/1ade acCUMITOTHIECKOIO HHTE-
rpupoBanusa QyHKINOHATLHO-TU((EPEHNINAIBHBIX YPABHEHUN ¢ KojebaTebHO yObIBao-
My koagdurmentamu. 117, Modeauposarue u aHaius unGopmaruoruur cucmem, 21:5
(2014), 5-37; |Nesterov P.N., “Center Manifold Method in the Asymptotic Integration
Problem for Functional Differential Equations with Oscillatory Decreasing Coefficients.
I1”, Modeling and Analysis of Information Systems, 21:5 (2014), 5-37, (in Russian).]

Nesterov P. N., "Erratum to: Center Manifold Method in the Asymptotic Integration
Problem for Functional Differential Equations with Oscillatory Decreasing Coeflicients.
IT (in Russian)", Modeling and Analysis of Information Systems, 23:1 (2016), 86-88.

DOI: 10.18255/1818-1015-2016-1-86-88

Abstract. We correct the computational mistakes in paper:

Nesterov P. N. Center Manifold Method in the Asymptotic Integration Problem for Functional Differ-
ential Equations with Oscillatory Decreasing Coefficients. II. In: Modeling and Analysis of Information
Systems. 2014. Vol. 21, Ne 5. P. 5 — 37, (in Russian).

Keywords:  functional-differential equations, critical manifold, asymptotic integration, averaging
method, Levinson’s theorem

On the authors:
Nesterov Pavel Nikolaevich, orcid.org/0000-0002-9102-9436, PhD,
P.G. Demidov Yaroslavl State University,

Sovetskaya str., 14, Yaroslavl, 150000, Russia, e-mail: nesterov.pn@gmail.com



	Список литературы / References
	Множество скоростей системы в окрестности поверхности скольжения. Усредненная система
	Решение задач усредненной оптимизации
	Некоторые примеры Utk
	Многомерный случай
	Заключение
	Список литературы / References
	Affine reducibility and Boolean quadratic polytopes
	Set packing and set partition polytopes
	Double covering polytopes
	Three index assignment polytopes
	Quadratic linear ordering polytopes and quadratic assignment polytopes
	Resume
	References
	Постановка задачи и формулировка результата
	Вспомогательные утверждения
	Обоснование теоремы 1
	Список литературы / References
	Постановка задачи и формулировка результатов в самосопряженном случае
	Обоснование теоремы 1 для собственных значений 1+ () и 1- ()
	Вспомогательное утверждение
	Завершение доказательств приведенных теорем
	Постановка задачи и основные результаты в несамосопряженном случае
	Несамоcопряженный случай: вспомогательное утверждение
	Обоснование теоремы 5
	Обоснование соотношений (5.8)
	Обоснование соотношений (5.7)
	Завершение доказательств теорем несамосопряженного случая
	Заключение
	Список литературы / References
	Список литературы / References



