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Or PE€adaKTOpPa CII€UaJIbHOI'O BBIIIYCKa

Lnvsun C. /.

JlaHHBIN BBIIYCK YKyPHAJIA COJAEPXKUT CTAThU, IMOJIOTOBJIEHHBIE HA OCHOBE JOKJIaJI0B 1'pu-
HaJIIIATOr0 €XKErojHOro ceMuHapa «dmMciieHHble MEeTOZbI pPEHIeHnus 3a/1a4 C IIOTPaHCJIo-
em» (13th Annual Workshop on Numerical Methods for Problems with Layer
Phenomena), nocssimennoro nepsinocronernio A.B. Bacunbepoit. Cemunap 6blL1 opranuso-
BaH u mpoBejieH ¢ 6 o 9 ampess 2016 roga kadenpoit maremarukun Ousndeckoro dakysibTeTa
MockoBckoro rocymapcrBennoro yausepcutera nm. M.B. JlomonocoBa. B nacrosimuii BbITyck
JKypHaJIa BKJIIOUEHBI MMECTHAIIATE CTaTel, OIOTOBJIEHHBIX 10 UTOTAM CEMUHADA.

Brimyck orkpeiBaerca crarbeit B. @. Byrysosa, H. H Hedemosa, mocssimennoit 1eBsHOCTO-
sgeruio A.B. BacuibeBoii.

B crarbe C. Bexepa paccMaTpuBaioTcs aJIallTHPOBAHHBIE HA BHYTPEHHEM ITOI'DAHCIIOE CETKU.

Cratres B. @. Byryszosa, H. H Hedemnona, JI. Peke u K. P. [IInaiigepa mocssiiena nocrpoe-
HUO0 aCUMIITOTHKE U OIEHKE O00JIACTH TPUTSIKEHNS EPUOTUIECKOTO PEIEHUsI CHHTYJISTPHO BO3-
MYIEHHON 11apabOIMIeCcKOil 3a/1a91 ¢ ABYKPATHHIM KOPHEM BBIPOXKIEHHOT'O YPABHEHUS.

B pabote A. A. BrikoBa BbIBeJIEHBI yPaBHEHMST 9BOJIIOIUY PEIIEHIsT TUITa KOHTPACTHON CTPYK-
Typbl 06001IeHHOr0 ypaBHeHus: Kosimoroposa—Ilerposckoro—IluckyHnoBa ¢ MajbiM apaMeTpom
[IPU CTAPIIUX MPOU3BOIHBIX.

AcCuMITOTHYECKHIT aHAN3 JIJI MOJIE/IA TIePeHOCa T'a30BOI IMPUMECH B MPUITOBEPXHOCTHOM
cioe armocdeps! BoimostHeH B cratbe M.A. laswsigosoit, H.T. Jlesamosoit u C.A. 3axapoBoii.

B pabore T. 4. Epmosoii paccmorpena 3amada upuxie st CHHTY/ISIDHO BO3MYIIEHHO-
ro ypaBHEHUs KOHBEKIINU-TU(MDY3UH C MOCTOSTHHBIMUA KOI(DDUIIUEHTAMEU B IIPSIMOYTOJILHUKE B
cJlydae, KOTla KOHBEKITUS IMapaJlie/ibHa TOPU30HTAIBHBIM CTOPOHAM MPSIMOYTOJIBHUKA.

Yuciaennoe MO IUPOBAHUE IIPOIIECCOB (POPMUPOBAHUS TIOJIOC A TMADATHICCKOTO CIBUTA B KOM-
nosuTax obcyxkuaercs B crarbe H. A. Kyapsmosa, P. B. Myparosa u I1. H. Psibosa.

Crarbst H. A. Kynpsimosa u . V. CuHeIbIIIKOBa, TOCBSIIIEHa TOCTPOSHNIO0 aHAJTUTHIECKIX
pelleHuil ypaBHeHUST KOHBEKITUU— 1 Dy3un ¢ HeJTMHEHHBIMI UCTOUHUKAMH.

[Ipumenenne wmeroma juddepeniuanbabix HepaencTB mo3Bosmio H.T. Jleparopoii,
A. A. Menbuaukosoii u C. B. Brittope o6ocHoBaThH B CBOEi CTaThe IPEJICTABICHUE PEIICHUSI CH-
cTeMbl 1apaboIMYeCKUX YPaBHEHUN B BUJIE JBUXKYIIErocs: ppoHTA.

B crarre K. B. JIuTBunoBa mojenupyercss HEM30TEPMUIECKOe TeUeHne aHOMAJILHO BI3KOM
JKUJIKOCTH B KAHAJIAX.

B patore /1. B. Jlykpsuenko, B.T. Bonkosa, H. H. Hedemona, JI. Peke u K. Ilnaiinepa
pa3sBUBaeTCsT aHAJUTUKO-UUCEHHBIA 0/IX0/, OCHOBAHHBII HA JUHAMUYECKH aIallTHPOBAHHBIX
CeTKaX JIJIs PEIeHUs CUHTYJISIPHO BO3MYIIEHHBIX I1apa00JIMIeCKUX YPaBHEHUI.

Cy11ecTBOBAHUIO U YCTONYNBOCTH IIEPUOIMIECKUX PEIIEHN ypaBHEHUS peakiusi-uddy3ust
B JIByMepHOM ciy4ae nocBsinena cratbs H. H. Hedemora n E. . Hukynuna.

B cratbe A.®. Xeraptu u FO. O’Puopana m3yyaercss CHHTYJISIPHO BO3MYIIEHHAS SJITUIITH-
Jeckas 3aJava TUIa, KOHBEKIUs-Tuddy3us B KPyroBoit 0d/1acTu.

X.-T'. Pooc B cBoeit paboTe npejiaraeT OIEHKU IMOTPEITHOCTA METOIOB KOHEYHBIX 3JIEMEH-
TOB /I 3aJa4 peakiuu-uddy3un B cOAJAHCUPOBAHHON SHEPreTHIECKO HOPME, & B CTAThe
C. @panmna u X.-I. Pooca paccmarpuBaroTcst JBYMEPHBIE CHHTYJISIDHO BO3MYIIEHHBIE 331891
YETBEPTOTO MOPSAJIKA U B COOTBETCTBYIONINX COAJIAHCUPOBAHHBIX HOPMAaX OIEHUBAIOTCS OIIMOKN
AJIAITUPOBAHHOIO METOJIA.

B crarbe M. Craiinca paccMaTpuBaeTcst JIByXTOUeUHAs KpaeBas 3a/1a4a, B KOTOPOIi cTapiiast
IPOM3BO/IHAS SIBJIsTETCsI JIPOOHON mpousBomuoil Karmyro mopsiaka 2 — § npu 0 < § < 1.

B pabore A.U. 3ajopuHa mpearaloTcsi HHTEPIOSIIUOHHBIE (hOPMYJIBI i DYHKITHI C
OOJIBIIUMHY PAJUEHTAMHI B IIOIPAHUYIHOM CJIOE.
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A nenanna BopucoBua BacmibeBa
(K Je€BSIHOCTOJIETHIO CO JHST POXKIEHMUS)

bymysos B.®., Hepedos H.H.

10 mapra 2016 1. MaTemaTudeckasi OOIIECTBEHHOCTh HAIEH CTPAHBl OTMETHIIA, FOOUJIEl BbI-
JAOIErocsT POCCUICKOTO MaTeMaTHKa — mpodeccopa Kadeapbl MATEMATHKN (PUINIECKOTO da-
kyJsibreta MockoBckoro yHusepcutera Ajenanibl Bopucosasr BacusbeBoii.

Cpe/int CIeNuaInCTOB MO KAIECTBEHHON TeOPHH
nnddepenmanbubix ypasuennii A.B. Bacuibesa
3aHIMAaeT BuIHOE MecTO. OHa — MPU3HAHHDIIN KJtac-
CUK B T€OPUU CUHTYJISPHBIX BO3MYIIEHUI.

A.B. BacunpeBa — TaJaHTIMBas yUYEHHIA
KPYIHEHIIero pocCuiiCkoro MareMaTuKka aka/IeMu-
ka A.H. Tuxonosa. B KoHIle COPOKOBBIX — Hada-
JIe MATUIECATBIX rogoB mnponrioro seka A H. Tu-
XOHOB OIlyO/IMKOBAJI UK paboT 1o jauddepen-
[AATBHBIM YPABHEHUSIM C MAaJbIMU I1apaMeTpPaMu
pu cTapiineil Mpou3BOIHON, KOTOPbLIE IOJIOKUJIN
HaJaJI0 HOBOMY HallpaBJIeHHIO B objactu mudde-
PEHIUA/IBHBIX YPABHEHUN U MaTeMaTHIecKoi dhu-
suku. [loz/Hee 9T0 HAlIpaBIEHUE CTAJIO HA3BIBATH-
csl Teopuell CHMHTYJISIpHBIX Bo3mytnenunii. A.B. Ba-
CUJIbEBA CTOsJIa Y UCTOKOB 3TOr0 HalpaBjenus. Ke
JUIUIOMHAas paboTa, a 3aTeM KaHIUIATCKAS JIHC-
cepTaliigd BBITTOJIHAJINUCH II0JI HEIIOCPEJICTBEHHBIM
pykosoacteom A.H. TuxoHoBa m GbLIM TOCBsIIE-
HBI 33/1aYaM, PA3BUBAIONINM TeopeMy TuxoHOBa 00
YCJIOBHUSAX CXOJIUMOCTH PEIIeHUs CHHIYISPHO BO3-
MYIIIEHHOM 3aJ1a4u K PEIIeHNIO BLIPOXKIECHHON 3a/1a1.

BanoxkuB ocHOBBI HOBOTO Hampasienusi, A.H. Tuxonos nepeman scradery cBoeit MOIOIOM
yuenurie. 1 310 HampaB/ieHne 0Ka3aJi0Ch B HAJIEYXKHBIX PyKaX.

3a kopotkuit cpok A.B. Bacunbesa pazpaborasia 5dpbeKTUBHBIN METO T, TTO3BOJISIONTI CTPO-
UTh PABHOMEPHBIE ACHUMIITOTUYIECKHUE TPUOJIMKEHUs JJIsi PEIIEHU CUHTYJISIDHO BO3MYIIEHHON
CHUCTEeMBbI OOBIKHOBEHHBIX T PEepEeHITNATbHBIX yPABHEHNI, cofepKaIeil ObICcTphie U MeJJIeHHbIE
HepeMeHHble (Takasi CHCTeMa MOJIyUYnia Ha3BaHUe TUXOHOBCKON cucreMbl). CyTh 9TOr0 MeTosa
COCTOUT B TOM, UTO ACUMIITOTHYECKOE PA3JIOKEHUE PeIlleHns] HAaYaJIbHON 3a/Ia41 JIJI THXOHOB-
CKOIl CHCTEMBI CTPOUTCH B BHUJE CYMMBI JIBYX PsJIOB IO CTEIEHSIM MAaJjoro HmapaMeTpa — pery-
JIIDHOT'O DsiJia, JAIOIEro NpUbJIMzKeHue Jjist pellleHnsl BHE HEKOTOPOil OKPECTHOCTU HAYaJILHON
TOYKHU, W TOTPAHCJIONHOTO Psijia, CAYKAIIEro JJjist OINUCAHUS PEIeHUs B OKPECTHOCTUA HAJaJIb-
HOI TOYKH, T/e MMeeT MEeCTO MOTPAHUYHBIN cjoit. YJIeHbl MOrpaHC/IORHOIO psiia 3aBUCAT OT
pacTstHyTOro (6bICTPOro) BPEMEHU M HA3BIBAIOTCS NOrpaHndHbiMU yHKimssmu. [Tostomy u cam
MeTO/I TIOJTy i1 Ha3BaHUe MeTo a orpaHndHbix pyaknmit. Ou 6611 passut A.B. Bacuibepoii He
TOJILKO JIJIsI HAYaIbHbBIX, HO U JIJIsi KPAEeBbIX 33/1a4, B KOTOPBIX MOXKET BO3HUKATDH TOMPAHUIHBIN
CJI0it Ha 000X KOHIAX OTPE3Ka U MOYKET IOSIBJISIThCsl BHYTPEHHUN TIEPEXO/HBIN CJION.

Meros, morpaHuaHbIX DYHKIHI CIUTAETCS Teleph KJIACCUIECKUM METOJIOM B TEOPUU CUHTY-
JISSPHBIX BOSMYIIIEHUH U 110 TIpaBy HOCUT uMst ero cosnaresisi — A.B. Bacunbesoit. B 1961 r. 3a pa-
60THI 110 MeTOLY IorpaHnYHbIX (MyHKImi A. B. BacuibeBoii O6bl1a IpUCY»KIeHA yIeHasl CTeleHb
JoKTOpa (hU3NKO-MaTeMaTudecKux HaykK. B mocienytomnue roger A.B. BacuibeBoit u ee yue-
HAKaMU METOJ ITOIPAHUYHBIX (DYHKINN ObLI PACIIPOCTPAHEH Ha UHTErpo-auddepeHImabHbe
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ypaBHeHust, nuddepeHIuajibHble YPABHEHUS C MaJjIbIM 3ala3/bIBAHUEM U Pa3HOCTHBIE yDaBHE-
HUs C MaJIbIM II1aroM, Ha BCE OCHOBHbBIE TUIIBI YPABHEHUN C YaCTHBIMU ITPOU3BOIHBIMEU. BOKpyT
A.B. BacuibeBoil CJI0XKUJICST MOIIHBINA HAYYIHBII KOJJIEKTUB, 3aHUMAIONIUNCS TpODJIEMaMU Teo-
pUU CHHTYJISIDHBIX BO3MYyIeHUil. B Hero BXomaT MHorouncjenubie yiaeHuku A.B. Bacuiabesoii,
paboTaroriiue B MOCKOBCKOM YHUBEPCUTETE U 33 €I'0 IIPEJICJIAMU, YICHUKHU €€ YyICHUKOB, aCITUPAH-
TBI U CTYIeHThI. HerocpecTBeHHO 1101 ee PYKOBOJACTBOM IIOJTOTOBJIEHO OKOJI0 30 KAHTUIATCKUAX
JIICCEPTAINH, MIECTb €€ YIEHUKOB CTAJIM JIOKTOPAMU HAyK.

Nmsa A.B. BacuibeBoil MIMPOKO U3BECTHO CPEJIA yUEHBIX MATEMATHKOB HE TOJIBKO B HAIIei
cTpaHe, HO M BO BCEX BeIyIUX cTpaHax Mupa. HeoJHOKpaTHO OHA JTOKJIA/IbIBAJIA CBOU PE3YJIb-
TaThl Ha KPYIHBIX MEXK/IYHAPOJIHBIX MaTeMaTu4deckux gpopymax. Eo onybsmkosano okosio 200
Hay4HBIX paboT, B TOM 4YHCje deThipe MoHorpadun. B mociaemgaue rogasl A.B. BacuibeBoii mo-
JIyIEHBbI HOBBbIE KPYIHBbIE PE3YJIBTATHI 110 CYIIECTBOBAHUIO, TTOCTPOEHUIO aCUMIITOTUK U YCTOM-
YUBOCTU KOHTPACTHBIX CTPYKTYD, OIUCHIBAEMbBIX pelteHusiMu JuddepeHnnaabHbIX YPaBHEHU,
UCHBITHIBAIOIIUMU PE3KNE M3MEHEHUs TUIA CKAYKOB, BCIIECKOB U T.J[. DTO HAIPABJIEHUE B TEO-
PUM CHHTYJISIPHBIX BO3MYIIEHUN B HACTOSINEE BPEMs IMEPEKUBACT IEPUO OYPHOIO Pa3BUTHUI,
3JIECh COCPE/IOTOYEHBI YCUIUS MHOIUX U3BECTHBIX CHEIUAJIACTOB, 3aHUMAIOIIMXCSA T€OPUel CUH-
TYJIIPHBIX BO3MYIIICHUH U ee IPUIOKEHUIMU K 3a/1adaM XUMMU3UKU, 0MoU3nKN, CHHEPreTUKH,
a TIepBbIe PE3yJIbTATHI B 9TOM HaNpaBaeHun 6o1mu mosryuersl A.B. Bacunberoit moutn marsaecst
JIeT Ha3aJ.

A.B. BacunmbeBa — 9esloBEK PA3HOCTOPOHHWX WHTEPECOB, HEYTOMWMBIN IMyTEIIeCTBEHHUK,
TOHKHUI 3HATOK W IEHUTEJIb PA3JIMIHBIX BUIOB UCKyccTBa. OCODEHHO IOKOPSIET ee YBJIedeH-
HOCTH My3bIKOi. OHa co3/a/1a SKBUPUTMIAIECKIE TTePEBOJIBI TEKCTOB BOKAIBHBIX MTPON3BEICHUN
Bpawmca, Jlere u npyrux kommosutopos. Ilepeojibl ObLn OmyOJIMKOBAHBI U31ATEIBCTBOM ‘My-
3bIKa’, U TEIEPb 3TN BOKAJILHBIE IIPOU3BEJIEHUS UCIIOJTHAIOTCA TPOGECCUOHATBHBIMUA apTUCTaMU
Ha PYCCKOM $I3bIKE.

[Toznpasisist Anenany BoprucosHy ¢ robujieeM, MBI XKejlaeM eif 0T Bceil aymu 1006poro 3110-
POBbsI, CYACThS U €I[e MHOI'MX-MHOTHX JIET YKU3HHU.

237



Adelaida Borisovna Vasil’eva
(on her 90-th birthday)

Butusov V. F., Nefedov N. N.

On 10 March 2016 our country’s mathematical community celebrated the birthday of the
outstanding Russian mathematician, professor in the department of mathematics at the Faculty
of Physics of Moscow University, Adelaida Borisovna Vasil’eva.

Vasil’eva obviously has a place among specialists in the qualitative theory of differential
equations. She is an acknowledged classic scholar in the theory of singular perturbations.

Vasil’eva is a gifted pupil of the outstanding Russian mathematician Academician
A.N. Tikhonov. At the end of the forties and the beginning of the fifties of the last cen-
tury, he published a series of papers on differential equations with small parameters before
highest derivatives, which determined the beginning of a new direction in the field of differen-
tial equations and mathematical physics. Later this direction was called the theory of singular
perturbations. Vasil’eva was present at the source of this direction. Her diploma work and then
her Ph.D. dissertation, carried out under the direct supervision of Tikhonov, were on problems
initiated by Tikhonov’s theorem on the conditions for convergence of the solution of a singular
perturbation problem to the solution of a degenerate problem.

After laying the foundations of this new direction, Tikhonov passed the banner to his young
pupil. And this line of work proved to be in safe hands.

In a short time Vasil’eva worked out an effective method which made it possible to construct
asymptotic approximations for solutions of a singularly perturbed system of ordinary differen-
tial equations, containing fast and slow variables (such a system came to be called a Tikhonov
system). The main point of this method consists in the fact that the asymptotic expansion of
the solution of the initial problem for the Tikhonov system is constructed as a sum of two series
in powers of a small parameter — of a regular series, giving an approximation for the solution
outside some neighbourhood of the initial point, and a boundary layer series, which serves as a
description of the solution in the neighbourhood of the initial point where the boundary layer
is situated. The terms of the boundary layer series depend on the extended (fast) time and
are called boundary functions. The method itself was therefore called the method of boundary
functions. It was developed by Vasil’eva not only for the initial problems, but also for boundary
problems, in which a boundary layer may arise at both ends of the segment and an internal
transitional layer may appear.

The method of boundary functions is now regarded as the classic method in the theory of
singular perturbations and rightly bears the name of its founder — A. B. Vasil’eva. In 1961 she
was awarded the degree of Doctor of Physical and Mathematical Sciences for her work on the
method of boundary functions. In the following years she and her students extended the method
of boundary functions to integro-differential equations, to differential equations with small
delay and difference equations with a small step, and to all basic types of partial differential
equations. A powerful scientific group formed around Vasil’eva, working on problems in the
theory of singular perturbations. To it came numerous pupils of Vasil’eva, working at the
University of Moscow and beyond it, pupils of her pupils, postgraduates, students. Directly
under her supervision some 30 Ph.D. theses were prepared, and 6 of her students became
Doctors of Sciences.

The name of Vasil’eva is widely known among academic mathematicians not only in our
country but in all the leading countries in the world. Repeatedly she has presented her results at
high-ranking international mathematical forums. She has published some 200 scientific papers,
of which four are monographs. In recent years Vasil’eva has obtained powerful new results on
existence, the construction of asymptotics and the stability of contrasting structures, described
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by the solutions of differential equations that test sharp changes in the type of shocks, splashes,
and so on. This direction in the theory of singular perturbations is at present going through a
period of turbulent development. Here are concentrated the efforts of many famous specialists
working on the theory of singular perturbations and its applications to problems of chemical
physics, biophysics, synergetics, and the first results on these lines were obtained by Vasil’eva
almost fifty years ago.

Professor Vasil’eva is a person of varied interests, an indomitable traveller, fine connoisseur
and judge of various forms of art. Especially is she under the spell of music. She has made
excellent translations of the text of the vocal works of Brahms, Levi, and other composers.
The translations were published by the publisher Musyka, and now these vocal productions are
used by professional artists in the Russian language.

We congratulate Adelaida Borisovna on her birthday, and wish her good health, happiness
and many more years of life.
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1. Introduction

In this paper we consider singularly perturbed problems of the type

—eu"(x) + a(x)u'(z) + c(z)u(z) = f(z), re(—1,1),

w(=1) =0, wu(l)=0, (1a)

with a small parameter 0 < ¢ < 1. We assume that the data a,c, f are sufficiently
smooth and satisfy

a(z) = —ab(x), b(x) >0, c(xz) >0, c(0) > 0. (1b)

Then, the solution of (1) exhibits an interior layer of “cusp™type at the simple interior
turning point x = 0. It is well known (see e.g. [3], [4, p. 71], [6, Lemma 2.3|) that the
derivatives of the solution can be bounded by

()] < C (1 + (12 + |x|)“') 2)

where the parameter \ satisfies 0 < A < A := ¢(0)/[a’'(0)| = ¢(0)/b(0). If X is not an
integer, the estimate even holds for 0 < A < )\, see references cited above.
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Fig 1. First derivatives of different layer types (¢ = 1074, A = 107?)

A common strategy to enable e-uniform estimates for singularly perturbed problems
is the use of layer-adapted meshes to handle the occuring layers. We will shortly present
two suitable meshes for layers of “cusp’-type in the following. Besides their definition we
give error estimates in the energy norm for higher order finite elements on these meshes.
Moreover, some numerical results are presented.

Throughout the paper let C' denote a positive generic constant that is independent
of ¢ and the number of mesh points. For spaces, norms, and inner products standard
notation is used, e.g. ||-|| is the L? norm and (-,-) the L? inner product.

2. Meshes for layers of “cusp”-type

Many researchers have studied layer-adapted meshes in the last decades. Particularly
meshes for exponential layers have been examined a lot. Since these layers fade away
very quickly it is possible to use meshes that are fine in the layer regions only, such
as S-type meshes. Unfortunately, layers of “cusp’-type behave much different (for an
illustration see Fig. 1). They are “much wider” than O(e). Indeed, if A < 1 we can not
guarantee |u’/| < C outside of [—&’ %] for any fixed positive constant §. Therefore, in
order to capture the layer, local refinements do not suffice.

In the following let A € (0, k+1) with & > 1 which is the most difficult case. Thinking
on k as the ansatz order of a finite element space otherwise all crucial derivatives of the
solution could be bounded by a generic constant independent of €. This would enable to
prove optimal order e-uniform estimates with standard methods on uniform meshes.

2.1. Graded meshes of Liseikin

At first we want to present special graded meshes which were used by Liseikin [4] to prove
the uniform first order convergence of an upwind scheme for problem (1). His basic idea
is to find a transformation (¢, e) that eliminates the singularities of the solution when
it is studied with respect to ¢. Condensing this approach for our layer type yields the
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Fig 2. Graded mesh for ¢ = 0.0001, o = 0.01, N =8

task to find ¢ : [0,1] — [0, 1] such that

A—1

P p+e?) <, p(0) =0, »1)=1 (3)

As result we gain the mesh generating function

(€ e) = (4)

(ga/2 +¢ [(1 + 81/2)0‘ _ 604/2})1/04 — 12 foro <¢<1,

gl/?2 — (ga/2 —¢ [(1 + et/ 501/2})1/0“ for 0 > ¢ > —1,
where 0 < a < A. Here « serves as grading parameter. Note that by construction
¢(0,¢) = 0 and p(£1,e) = 1. The mesh points are then generated by z; = ¢(%,¢),

i = —N, ..., N. We define the mesh interval lengths by h; := z; —x;_; and set h := N~ L.
An easy calculation shows that condition (3) is satisfied by (4). We have, cf. [2],

1/2\« a/2

o < " < Cmin{a ' 1+ ‘10g2(51/2)|}

where we, in general, can not prevent the dependence on «. Since ¢ is associated to
the mesh points and h; = hg—g(fi,ﬁ) for a & € (z;_1,7;) by the mean value theorem,
the above property of the mesh generating function yields the following lemma. We only
consider £ > 0 due to symmetry.

Lemma 1 (see [2, Lemma 2.1|). Let A > 0 and 0 < a < min{\/k,1} with k € N, k > 1
then

Ch* for2 <i <N,
REeO=R/2 < ORF  fori=1, &> h%e.

i (i1 + 81/2)A_k < {
If0 < <1/(2k) with k € N, k > 1 and ¢ < h¥® then we have
xy < Ch".
In general, we have for 0 < a <1
h; <Ch for1 <1 < N.
The constants C' in Lemma 1 may depend on « and k. Note that there are two
characteristic cases. In the first one, we can bound a term of the form h¥(z;_; + g'/2) %

by CN~*. In the other case, we know that the length of the mesh interval next to the
turning point can be bounded by CN~2*,
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2.2. Piecewise equidistant meshes of Sun and Stynes

As a second approach we want to present the meshes of Sun and Stynes [6, Section 5.1].
They generalise the basic idea of Shishkin and propose a mesh which is equidistant in
each of O(In N) subintervals.

For ¢ € (0, 1] and given positive integer N we set

1
o = max {5(1’A/(k+1))/2, N7(2k+1)} and IC = {1 _ 1;11((50))J 7

where |z| denotes the largest integer less or equal to z. The mesh is constructed in
two steps: First the interval (0, 1] is partitioned in a logarithmic sense into the IC + 1
subintervals (0,107%], (107%,107%*1] ... (107%,1]. Then each of these subintervals is
divided uniformly into [ N/(KC + 1)] parts.

It is easy to see that

1— X/ (k+1)|In(e)]|
2 In(10)

In(N)
In(10)

L (2k+1)

K+1§2+min{ }SC’lnN. (5)

Consequently, for N sufficiently large, we have I + 1 < N. For simplicity we assume
that |[N/(K+1)] = N/(K+1).
Lemma 2 (see |1, Lemma 3.1]). Let j = 0,1. The following inequalities hold

PR (g + £b/2) 4D

R (g e

<C(K+DON Y for e (1075,1],  (6)

)A—(k+1—j) <C(i— 1)*(’6“*9’)’ for z; € (x4, 10_K]- (7)

If o = 0N ED2  then

W (g 42T <o (0 DN for 3 € (0,105 (8)
In general, the mesh interval length can be bounded by
hi < (K+1)N.
Furthermore, in the case of 0 = N~ we have
zy = hy < (K4 1)N72+D, (9)

Similar to Lemma 1 we have two characteristic cases. In the fist one we can estimate
terms of the form h¥ (2,4 + ¢/ 2))\_k by inequalities (6) and (8). In the second case we
have a bound for z;. Inequalities (7) and (9) provide information for the whole subinterval
next to the turning point due to the piecewise uniformity.
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K 41 = O(In N) subintervals
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each divided into |_N/(IC + 1)] intervals

Fig 3. Typical piecewise equidistant mesh of Sun and Stynes

3. Error estimates for higher order finite elements

In this section we present the energy norm error estimates for finite elements of order
k > 1. Without loss of generality (cf. |6, Lemma 2.1]) we may assume that

(c—31d)(x)>v>0 for all z € [-1,1], ¢ sufficiently small. (10)
The standard finite element formulation of problem (1) reads as follows:

Find uy € V¥ such that
B.(un,vy) = (f,vn) for all vy € VY (11)
where the bilinear form B.(-,) : Hj(—1,1) x Hj(—1,1) — R is defined by
B.(v,w) := (ev,w") + (av’, w) + (cv, w)
and the trial and test space V¥ C H}(—1,1) is given by
VN:={v e C([-1,1]) : 0|(@; 1.00) € Prlwiz1, ;) Vi, v(—=1) = v(1) = 0}.

Here Py(z,,x;) denotes the space of polynomial functions of maximal order k over
(x4, ). Thanks to (10) the bilinear form B.(-,-) is uniformly coercive over Hg(—1,1) X
Hi(—1,1) in terms of the weighted energy norm |||-|||. defined by

1/2
ol == (el + [lll?)
In order to estimate the error of the finite element solution we split it as
u—uy = (u—ur)+ (u; — uy)

where u; € V¥ denotes the standard Lagrange-interpolant of u. Using the coercivity
and orthogonality of B.(-,-) together with Cauchy Schwarz’ inequality and the special
structure of a, we obtain the following.

Lemma 3 (see [1, Lemma 2.1|). Let u be the solution of (1) and uy the solution of (11)
on an arbitrary mesh. Then we have

s = unll, < € (llwr = wll + a(ur = u)'l).

Because of this estimate it remains to bound the interpolation error measured in
different norms and semi norms only. For the meshes presented in Section 2. this can
be done as in |2, Lemma 3.3 and 3.4] and [1, Lemma 3.2|. Finally, we obtain the error
estimates in the energy norm.
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Theorem 4 (see |2, Theorem 3.5]). Let u be the solution of (1) and uy the solution
of (11) on the graded mesh of Section 2.1. with 0 < a < min{\/(k +1),1/(2(k +1))}.
Then we have

llw — unlll. < CN7".

Theorem 5 (see [1, Theorem 3.3|). Let u be the solution of (1) and uy the solution
of (11) on the piecewise equidistant mesh of Section 2.2.. Then we have

lu —un|ll. < C((K+ 1N <O (NI N)*,

Note that the graded mesh of Liseikin seems to be optimal in a certain way for
layers of “cusp’type, i.e., there is no additional logarithmic factor in the error estimate.
However, the constant in Theorem 4 may depends on «.

4. Numerical experiments

In this section we want to compare the two presented mesh types numerically. In order
to do this we use the following test problem from [6].

Example 6. Consider the problem

—eu —a(l+2*)u' + A1 +a)u=f,  for we(-11),

where the right-hand side f(x) is chosen such that the solution u(x) is given by
u(z) = (x2 +€),\/2 s ($2 +€)(A—1)/2 —a +€>A/2 (1 a1 +€)—1/2> .

The parameter \ in Example 6 coincides with the quantity A = ¢(0)/|a’(0)|. Besides
the derivatives of the solution behave like (2) and, thus, as good and as bad as assumed
in theory.

For all computations we have used a FEM-code based on SOFE by Lars Ludwig [5].
The grading parameter « for the graded mesh is chosen as

a=min{\/(k+1),1/(2(k+1))}.

This is the largest possible choice allowed by Theorem 4. Note that numerical experiments
suggest that a smaller choice of o has nearly no influence on the error, see |2, Figure 2].

In Figure 4 the energy norm error for finite elements of order £ =1, ..., 4 calculated
on the graded mesh (square marks) and on the piecewise equidistant mesh (triangle
marks) applied to Example 6 with e = 107® and A = 0.005 is plotted. By comparison to
the given reference curves the proven error behaviour can be confirmed.

The logarithmic factor occurring in Theorem 5 can not be seen numerically. This
is not surprising due to the dominance of the first term in the minimum of (5) for
the studied € and A, see also [1, Remark 3.4]. Nevertheless, the error on the piecewise
equidistant mesh is larger than the error on the graded mesh for all ansatz orders. So
the graded meshes also seem to be “better” with respect to the magnitude of the energy
norm error. For more numerical results we refer to [1, 2|.
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Fig 4. Energy norm error for P,-FEM, k = 1,...,4 applied to Example 6 with ¢ = 1078
and A = 0.005. Reference curves of the form O(N~*)
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1. Bsenenne
PaccmarpuBaercst cUMHTYJIIPHO BO3MYIIEHHOE 1TapabOIMIecKoe YpaBHEeHUE

0*u  Ou
2 _— =

(z,t) eD=(0<x<1)x(—00<t<00),

B KOTOpOM € > () — mautetii napamerp, f(u,z,t, ) — T-nepuogndeckas o BpeMeH! (DY HK-
1S, C KPAeBbIMU YCJIOBUAMUI

u(0,t,e) =u’(t), wu(l,t,e)=u'(t), —oo<t< oo, (1.2)

rae u’(t), u'(t) — T-nepuomuaeckue GyHKIMU, U ycaoBueM T-IIePUOJNIHOCTH PeIleHus:
10 BPEMEHHU:

u(z,t +T,e) =u(x,te), (x,t)€D. (1.3)

3BeCTHO, 9TO €C/IM BLIPOXKJICHHOE YPABHEHUE
flu,z,t,0) =0 (1.4)

MMeeT POCTOi (OHOKPATHBI) KOPEHb, TO OCTPOEHHEe aCHMIITOTHKH, & TaKxkKe ee 060C-
HOBaHIe MPOBOANTCS 10 JTOCTATOYHO CTaHmapTHOI cxeme (M. [1], [2]).

B nmannoit pabore 3amaqda (1.1) — (1.3) uccnemyercs npu yeaoBHI, YTO BBIPOXKICHHOE
ypasaenue (1.4) mmeer nByKpaTHBII KOopeHb. Bojee To4HO, MBI Oy/eM paccMaTpUBAThH
cJjyd4ari, Korjaa

f(u,z,t,e) = h(x,t) (u— <p(x,t))2 —efi(u,z,t,¢€). (1.5)

B srom cirydae KopeHb u = ¢(x,t) BBIDOXKICHHOIO YPABHEHUSI SBIACTCS JBYKDPATHBIM.
OxaspIBaeTcs, 9TO IPU ONPEIETEHHBIX yeaoBusax (cM. Huzke Yeiaosus A1-A3), sagaqa
(1.1) = (1.3) umeer pererne ¢ Gojiee CIOKHON ACHMITOTHKO, B YACTHOCTH, U3MEHSI-
eTcst aJI'OPUTM [OCTPOEHUS MOIMPAHUIHBIX (PYHKIMH, a MOrPAHUIHBIE CJIOU CTAHOBATCH
TPEX30HHBIMU.

OTmeTnM, 4TO aHAJIOTUIHAS 3a/1a9a O TIOTPAHCIORHOM T-IIePUOINIECKOM 110 BPEMEHN
perierun ypapuenus (1.1) ¢ dyukuueit f(u,x,t,¢) suga (1.5) 1 KpaeBbIMU YCJIOBHSIMU
Heiimana Oblia pacemorpena B [3]. B sToMm ciiyuae, B orTmmune oT paccMaTpUBaeMOro
B JIaHHO}I paboTe, aCUMIITOTUKA CTPOUTCS C MOMOIIBIO CTAHJAPTHOIO AJrOPUTMA U TI0-
IPaHUYHbIE CJIOU UMEIOT OJIHO30HHBIH XapakTep ¢ IKCIHOHEHIMAIbHBIM YObIBAHIEM [I0IPa-
HUYHBIX QYHKIWHA, KaK U B CIydae IPOCTOr0 KOPHS BLIPOKIEHHOTO ypasHenus. Orindne
OT CJIydasi IPOCTOrO KOPHsI COCTOUT JIMIIL B TOM, Y4TO NOIPAHCJIOMHbIE [IepeMeHHbie & 1 &
UMeIoT JApyroii Macmrab. PaccMarpusaemas B maHHOl pabore Kpaesas 3agada Jupuxiie
pasBHUBaeT pe3ysbTarThl PabOThI ABTOPOB 10 IIOCTPOEHUIO ACUMITOTUKU JIJIs HAYAJIbHOMN
sajaun [4] Ha GoJiee CIIOXKHBI KJlace, a TaKzkKe METOJbI 0O0CHOBAHUST ACUMIITOTHKH, FC-
CJIEJIOBAHUS YCTONUNBOCTH 1 0OJIACTH BJIMAHUS yCTOHYIUBOrO perenns pabot [5], [6], [7].
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2. IlocTpoeHue acMMIITOTUKU pelleHUd

2.1. VYciaoBusi U BUJ aCUMIITOTUKNI

Vrounum tpebosanus K dbynxuuam f(u, z,t,e), u’(t) u ul(t).
Vceaosue Al. Ilycrs dyuknus f(u,x,t, ) umeer Bug (1.5), u mycrb
h(z,t) >0, (z,t) € D, (2.1)

u bynxunn h(z,t), p(z,t), fi(u,z,t,¢), u’(t) n u!(t) apagiorca T-nepuomuaeckumu 110
HepEeMEHHON ¢ U JIOCTATOYHO IIA[KIMHU.
Kak 06bran0, TpebyeMblil MOPSI0K IIAIKOCTH O0YCJIOBJICH OPSJIKOM aCUMIITOTHKH,

KOTOPYIO MBI XOTUM TTOCTPONTh. J[J1s1 TOCTPOEHNsT aCUMIITOTHKY ITPOU3BOJILHOTO TTOPSTKA
noTpedbyeM, 9ToObl (pyHKIMH ObLIN 6eCKOHETHO JuddepeHITuPyeMbIMA.

VYciaoBue A2.
fi(w,t) = fi(o(x,t),2,6,0) >0, (2,t) € D.

Kak Oymer BugHO U3 Ja/IbHENINIEr0, 3TO YCJIOBHE UI'PAET INPUHIUINAIBHYIO POJIb KaK B
MMOCTPOEHUN TTOT'PAHCIONHON aCHMIITOTUKHI, TAK U B JOKA3aTEILCTBE CYIIEeCTBOBAHUSI pe-
IIEHNs ¢ MOCTPOEHHOM acuMITOTHKON. OHO 03HAYaeT, 9TO B Caydae JIBYKPATHOIO KOPHS
BBIPOZKJIEHHOTO YPaBHEHUs (B OTIMYHE OT CJIydas OJHOKPATHOIO KOPHST) IPUHIIAIIAIb-
HYIO POJIb UTPAlOT cjaraeMble mopsiaka O(e), BXOJIEe B MPABYIO YacTb yPaBHEHUsI
(1.1).
VYciaoBue A3.
u(t) > 0(0,t), u'(t) > p(1,t).
DTO ycJIOBHE UTPaeT BaXKHYIO POJIb IIPH TOCTPOEHNN TTOTPAHCIONHBIX PSIJIOB.

[Ipu ycnoBusix Al-A3 acuMmirorudaeckoe passioxkenne perenns 3agadn (1.1)—(1.3)
OyzieM CTPOUTBH B BHJIE, CYIIECTBEHHOE OTJMYHME KOTOPOIO OT CJlydas IIPOCTOrO KOPHSI
COCTOUT B TOM, UTO PeryJsipHas 9acTh aCHMIITOTUKU OYJET PSJIOM IO TIEJIBIM CTEIEeHIM
Ve (a He g, KaKk B cjiydae IPOCTOrO KOPHsl), & IIOIPAHCIORHbBIE PSAJIBI OY/IyT PAJAMHI 10
EJIBIM CTEHEeHAM /€, T.€.

u(z,te) = Zeéﬂi(x,t), (2.2)
(¢, ) = Zgini(g,t), (2.3)

I (<, t ) = Zsiﬁi(é, t). (2.4)

[Morpancroiinee nepementbe & u € B (2.3) u (2.4) umeror Takoil ke MaciTad, Kak U B
cJlydae IpOCTOro KOPHS BBIPOXKJICHHOIO YPABHEHUS:

T ~ 1—-x
f = 5 = .
€ €
Cpasy ke 0TMeTuM, 9T0 Ha caMoM jejie orpanndnbie gyukiwn [1;(€,¢) u f[l(f ,t) OyIyT

3aBHCETH HE TOMBKO OT &t m &, ¢, HO TaKXKe U OT €, OJHAKO C TEJIbIO YIPOIIEHUS 3aIUCH
9Ty 3aBUCUMOCTD OT € He OyjieM yKasblBaTh, T.e. Oyaem mucarsb 11;(€, ) smecro I1;(€, ¢, €).
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2.2. PerynsapnHas 4acTb aCUMOTOTUKH

CrasmapTHBIM CIIOCOOOM, T.€. HOJACTaBIsAsA P (2.2) B paBeHCTBO

d*u  Ou
2 —_— = U
(81'2 at> f<u7xﬂt78)

U TpUpaBHUBaA KOI(DMUITMEHTHI TPU OJUHAKOBBIX CTEIEHSAX € B PA3JIOKEHHAX O0EUX
Jyacreil paBeHCTBa, TOJIydaeM ypasHeHusl i Koaddurmentos u;(z, t) psaga (2.2). dna
Uo(z,t) moTydaeTcs BHIPOXKICHHBIM yPaBHEHIE

h(z,t) (o — o(x,t))* =0,

OTKYyJIla CJejyer, uro ug(x,t) = ¢(x,t).

Hns g (x, t) momygaercs: KBaJIpaTHOE ypaBHEHHE
h(x,t) - — fi(x,t) = 0.

B cuy (2.1) u yenoBust A2 910 ypaBHeHHe nMeer jBa KOpHs. B kadectBe w1 (x, t) BO3bMEM
HOJIOKUTEJILHBIN KOPEHb

N

uy(x,t) = [h_l(:v,t)fl(:v,t)}

Taxoit BeIOOp OyeT ompaBiaH HUXKE IIPU PACCMOTPEHUHU yPaBHEHUH IS MOTPAHUTHBIX
dyHKIMH 1 Jaj1ee Mpu JI0Ka3aTeIbCTBE CYIIIEeCTBOBAHUS PEIIeHNs C TOCTPOSHHON acuMII-
TOTUKOIA.

> 0. (2.5)

Hng cnenyromux kosdbdurmentos w;(z,t), i = 2,3,... pana (2.2) moayvarorcs -
HeffHbIe aaredpandecKue ypaBHeHNUsT

2h(x, )i (2, 1)) G = Fy(x, ),

rae Fj(x,t) BblpaxkaioTcs peKyppeHTHO 4epes uj(x,t) ¢ momepamm j < 4. Tak kak
2h(z,t)uy(x,t) # 0, To M3 ITUX ypaBHEHUIT OJJHOZHATHO OIPEIENIIOTC DYHKIWN U; (X, t).
OuesuHo, Bee U;(x,t) apustores T-nepuogudeckumu (byHKIUSIMU O [EPEMEHHOIH .

2.3. llorpancJoiiHass 4aCcTh aCUMITOTUKU

Bagauan st morpannaubix dyuknuii 11;(€, t) Gymnem dopMupoBaTh ¢ IOMOIIBIO ypaBHe-
HUST

0?11 oIl
8_52 — 525 = Hf = f(ﬂ(af,t,e) + H(f7t,5),€§,t7€>—

—f(ﬂ(sf, t, 5)7 557 t 5) = h(&f, t) [ (ﬂ(Ef, t 5) + H(gv t 6) - 90(5':6’ t))2 -

— (u(eg, t,e) — @(55,@)2} —ellfy, £€>0, (2.6)

1 I'paHUYIHbIX yCHOBI/Iﬁ

I1(0,t,e) = —u(0,t,e), Tl(oo,t,e)=0. (2.7)



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.23, Ne3 (2016)
252 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

Ypasuenue (2.6) u rpaHudHbe YCIOBHs (2.7) SIBJISIOTCA CTAHJIAPTHBIMU JIJI METO/IA TI0-
rpannaHbix Gyakmumit (eMm. [1]), omHako mssiaedenue u3 (2.6) ypasrennit mis xKosbdu-
mmenToB 11;(€,t) psaga (2.3) mocse nojgcranoBKE 3T0ro psina B (2.6), Oymem mpou3BOANTH
He CTaHJAPTHBIM CIIOCOOOM, & ¢ TIOMOIIBLIO CIENUATHLHOTO AJNOPUTMa, MOCKOJIBKY CTaH-
JAPTHBIA C110c00 OKa3bIBAETCS HEIPUIOJAHBIM B CIydae KPaTHOTO KOPHS BBIPOXKJIEHHOIO
YPABHEHHUSI.

Omnuriem asroput™ bopMupoBanus ypasHenuii st gynkrmit 11;(€,1).
Ypasuenue s [y(€, t) BosbMéEM B BHIE

91l
€2

= h(0,t) [II3 + 2¢/et (0, 8)], &> 0. (2.8)

Ormernm, 9TO IpPHU CTAHJAPTHOM aJrOPUTMe MpaBasi 9acTh ypaBHeHus (2.8) me Oyuer
cojiepKaTh BTOPOIO CJIaraeMoro B KBaJIPATHBIX CKOOKax, B pe3yJbrare 4ero (yHKIMs
[Ty (&, t) Bymer cTpeMuThCs K HYJIO TIpH & — 00 Kak O(é%), YTO HE COOTBETCTBYET MCTUH-
HOMY moBejieHnio pernenus 3agaau (1.1) - (1.3) B morpanudHOM cJioe.

Ipamnansie yeiaosus jyis [y(€,t) crenyror u3 (2.7):
I(0,t) = u’(t) — p(0,t), Tg(oo,t) = 0. (2.9)
Bagada (2.8), (2.9) cBoauTCs CTAHAAPTHBIM CIIOCOOOM K YPABHEHHIO MEPBOTO TOPSIIKA

I, 1 2

% = {%(o,z) (gno + \/Eﬂl(o,t))] My, €0 (2.10)

C Ha4YaJIbHBIM YCJIOBUEM
o (0,1) = u’(t) — ©(0,t) =: TI°(¢). (2.11)

Pemenue 3amaqm (2.10), (2.11) maxoaures B aBHOM Buje, n Tak Kak 11°(¢) > 0 B cury
yemosus A3, u u1(0,t) > 0 (em. (2.5)), To I1p(&,t) MOHOTOHHO CTpEeMUTCST K HYJIIO [IPH
& — 0.

BamnuireM pernreHne Tak:

12y/20 (0, 1) [1 4+ O(h)] exp (—etho(1)¢)
{1 [1 - (1200, )(10(5) 1)} £t + 0(v5)| exp (~<ho()e) )

Io(&, 1) = (2.12)

T

rie ko(t) = [2h(0,t)uq (0, t)]% > 0, a enmaunbl O(e1) u O(y/2) UMEIOT yKa3aHHbIH TOpsi-
JIOK MaJjiocTu pu € — 0 paBHOMEPHO Ha moJrytipsiMoit £ > 0.

Ormerum, uro eciu I10(¢) < 0, To 3amaua (2.8), (2.9) me umeer pemrenus, a ecju
°(t) = 0, ro Iy(&,t) = 0, u 3TOT Ciy4ait TpebyeT OTJAEJLHOIO PACCMOTPEHHU.

Hectoxknbiit ananns Beipazkenns (2.12) nmokaseiBaet, uro yopiBanue dbyuaxmn 11y(€, t)
¢ pocToM & MMeeT pa3/IMIHbINi XapaKTep Ha PasHbIX IPOMEKYTKax u3MeHenuit £. MoxkHo
BBIJCJUTH TPU 30HDIL.
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[Tepsoii 3oH0it siBsteTcs mpoMezkyToK 0 < € < &7 (re. 0 < w < 177), rjie B KavecTse

Y MOXKHO B3iTb sofoe uucao u3 npomexkyrka 0 < v < 1. B sroii some I(§,t) =

@) (ﬁ), r.e. dynkrus [1(&,t) yobBaeT ¢ pocToM £ CTEIEHHBIM 00PA30M.

— _1 1— 3 o o
[Ipomexyrok e 7 < € < e71 (Te. e'77 < x < £1) gBisgercst BTOPoil (epexoHoit) 30-
HOIT. 371eCh MPOMCXOIUT N3MeHeHne Xapakrepa yobiBanus dyukmn 1o(£, t) 1 n3amenenune
MaciTada IMorpaHC/JIONHON ITepeMeHHOM.

U, makoner, B Tperbeii 3one, rae £ > e (re. x > 5%) dbyukmus Io(€,t) umeer
OIICHKY

=

o(&,t) = O(Ve) exp(—ko¢), Tme (=c¢

)

BN ES

T.€. HOBag IOI'PaHCJIONHAs TlepeMentad (, BOSHUKINAA B TPETheil 30He, UMeeT MHOM Mac-
mrab 1Mo CpaBHEHUIO CO CTapoii mepemennoi &, a gyukmnusa 1y yobiBaeT B Tperbeii 30He
9KCIIOHEHIHAIBHO 1pu ( — 00. OTMeTuM emé pa3, 9YTo NPUHIUIHAIBLHYIO POJIb B OIH-
canuoM nosesiennn gyuknuu 1y (€, t) urpaer nomoxureasuocts Uy (0, 1).

N3 (2.12) ma (€, t) caeayer orenka
Mp(€, 1) < ello(§), §>0, —oo<t<+oo, (2.13)

rie

Ve exp <—€i/~i£)
[1 — (1 —e1)exp (—&“ilﬁf)]Q

Oynkmus [1,(€) mmeer Takoe ke Tpéx3oHHOE MoBeseHne, Kak n dyukiws 11(€,t). Ona
urpaer poJib TaJOHHOH (omeHouHoi) dyrkiun wis koaddunuentos I1;(€, t) pana (2.3)
AHAJIOPMIHO TOMY, Kak (GyHKIms exp(—rk&) Oblia STaJoHHON (DYHKIMEH JJIs TOrpaHny-
HbIX (DYHKIUA B CIydae IPOCTOro KOPHs BLIPOXKAEHHOrO ypasHeHns. OLIEeHKY TaKoro e
Tuna, Kak u orenka 1ly(€, t), umeer nponsBoIHast %({ 1)

IL.(§) = (2.14)

’ o1,

W(f,t)'gcﬂn(ﬁ), £E>0, —oco<t<—+oo.

Eé moxkuo mostyunts, npoauddepennuposas no ¢ Beipazkenue (2.12) mis (€, 1), -
60 paccMOTpPeB KpaeByIO 3ajady JIJIs %, KOTOpas ToJsydaercs u3 3agaan (2.8), (2.9)
nuddepeHmpoBaHueM 1o t.

Bagauan s ciepyrormux koaddunuentos I1;(€, 1), i = 1,2, ... psaga (2.3) umeror BuI

0?11,

= a(§7ta 6)Hz + ﬂi(§7t7€)a 6 > 07 (215)

l_IZ'(OO7 t) == O,

—ui(0,t), ecau i — 9ETHOE IHCIIO,
Hi<0’ t) = 2 . .
0, eciau ? — HEUYETHOE UHUCJIO,

rie «(&,t,e) = 2h(0,t) [TIg(&,t) + /1 (0,1)], a bynkmun m; (€, ¢, €) B (2.15) pexyppent-
HO BbIpazkatorcst depes I1;(€,t) ¢ momepamu j < i u GOPMHUPYIOTCS He CTAHIAPTHBIM
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crocobom. JTobbl OnucaTh TOT Coco0, MepenuiineM IpaByo 4acTb ypaBHenus (2.6) B
3
caenytoreM Buje (yIuTbiBas, 9o T = £1():

If = h(ei¢, 1) (a(a%c,t, e) + (&, t,e) — p(eic, t))2 _

~(aeie.te) —p(icn) ]~ <llf

1
Pazyioxkum mpaByio 4acTh 3TOTO paBeHCTBA B P O TEJIBIM CTEIEeHAM €1 U 0003HAYUM
1
ko3 dunment npu €1 wepes [;((, Iy, ..., II;_1). B aror k03dunuenT Mbr He BKIIOUA-

em caaraemoe 2h(0, )11y (€, t)I1;, ono Bomuto B BeIpaxkenue st (&, t, £)Il; B ypaBHeHNn
(2.15).

Ecim kakoe-to ciaraemoe (obosuaunm ero [3;;(¢, I, ..., II;_1)), Bxogsmee B cocras
Bi(¢, My, ..., TI;_1), uMeer OLEHKY MO MOJYJIIO, COJEPXKAILYI0 He MeHee JBYX COMHOXKU-
teneit |II;(&,t)| ¢ kakumu-To HOMepamu k < 4, T.e. |G| < c|llx(&,1)| - [IL(E,t)], Kk <
i, | <i, To9TO ciaraeMoe, 3aMeHuB ¢ Ha £1&, BKIIOYAEM B mi(€, 1, €); ecam xKe oneHKA
110 MOJLYJIIO [3;; CONEPZKUT TONIBKO ofuu comuoxkutesb |I1;(€,t)|, & < i, To 10 ciarae-
MO€, YMHOYKEHHOE Ha /£, BKIo9aeM B m;_2(&, 1, €), 3aMeHUB, KaK U B IIEPBOM Cjydae, ¢
Ha sié“ .

Kpowme roro, npu i > 6 B cocras m;(, ¢, £) BKIIOIaEM cjaraeMoe /& 813,;;6 (&,t), KoTO-

MOABJISIETCS KaK YaCTh CJIaraeMoro —e~S=, BXOJISAIIETO B JIEBYIO 9acTh (2.6).
oe TI0 eTcsl KaK 4acTh CJIaraeMoro 82%13, 0 ero eBYIO Yac 2.6

Ormernm, aro (&, t, &) = 0, mosromy
Hl (57 t) = Oa
U BBINUIIIEM B KQUeCTBE IPUMepa BhIpaykeHue st mo (€, t, €):

m2(€,t, ) = Ve (2h(0,8)u2(0,)ITo(&,t) — o f1)
rie

1_[Ofl = .fl (90(0) + Ho(gat)a O7t70) - fl (90(0>707t?0) .

Ommcannas mpore/ypa dopmupoBannst Gyakiuii m; (£, ¢, €) MO3BOIAET MOTYIATD JJIsT
HUX TI0CTIe0BaTeJbHO ([y1st @ = 2,3, ...) OIEHKY THUIIa

mi(&.t.2)] < e [TIR() + Vellu(&)] (2.16)

rie dyukius 11, (£) onpenenena dbopmynoit (2.14), a mocrosiHuble ¢ U K OymyT, BOOOIIE
rOBOPsl, PA3JIMIHBIMHE JIJIsi PA3HBIX 1.

Hepagencrso (2.16) obecrieunBaer mist Beex 11;(€,¢) onenky tuna (2.13):
IIL(Et)| < cllg(§), €>0, —oco<t<-+4oo, 1=2,3,.... (2.17)

C Pa3MYHBIMU C U K I pa3HbiX i. V3 aroit onenku ciemyer, aro Bee 11;(€, 1) umeror
TakKoe ke TPEX30HHoe noBejierne, Kak u 11o(€,t). Onenka (2.17) q0Ka3bIBACTCS € UCIIOb-
30BaHUEM sIBHOTO BbIpazkenusi st 11;(€,1):

13 s
I (£,1) = B, )D(0, DTL(0, 1) + D(E, 1) /0 B2(s, 1) / (o, t)ms(0, 1, )dods,

o0
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rje
oIl
(&) = B¢ (&)
IIponsBonHbIE 8821' HMEIOT OIEHKY TaKoro ke tuma, Kak (2.17). Ormerum, 910 BCe

dbyuxipn 11;(£, 1) n ux npousBojHbIE ABJISIOTC T-TIEPUOAUIECKUMHU 110 TEPEMEHHOI 1.

Kosddunnenter psina (2.4), T.e. morpannvabie GOyHKIUI f[l(é ,t), OTIpesIesIsIFoTCsT aHa-
noruano dyuknusm 11;(€,t) u numeror onenku, anajgorndnbie (2.17).

Taxkum o6pazom, popmasibHast acuMIToTrka perrerns 3aga4n (1.1) — (1.3) mocrpoena
B BUJe CyMMbI psaJioB (2.2), (2.3) u (2.4).

3. CymiectBoBaHmle pellleHns: ¢ IIOCTPOEHHOI
ACUMIITOTUKOI

O6oznaunm yepes Uy, (z,t, €) 9acTUUHYIO CyMMy IOCTPOEHHOT'O PA3/IOZKEHHs!, COCTOSIIIErO
u3 Tpéx pagos (2.2), (2.3) u (2.4):

o(z,t,€) Zwulxt%—%ii[ ( >+H (FTxt)] (3.1)

OueBniHO, Un(x, t, 5) saBjgercd T-niepuoaudeckoil pyHKIUEH 10 TepeMeHHOi .

Teopema 1. Ecau svinoarenv, ycaosus Al — A3, mo daa docmamouno masvir &
3adava (1.1) — (1.8) umeem pewenue ur(x,t,c), das komopozo dynruyua U, (z,t,e) npu
amobomn = 0,1,2,... A6AAEMCA PASHOMEPHBIM 6 D acuUMNMOMUECKUM NPUOAUNCEHUEM

n+1
¢ mourocmuwio nopadka O (72 |, m.e.

wr(a,t,e) = Un(z, 1, €) +0( *) . (a,1) e D. (3.2)

JlokazarebecTBO TEOPEMBI IPOBOJUTCS € MOMOIIBIO ACUMIITOTHIECKOTO MeTo/a. JAud-
bepeHnuaIbHbIX HEPABEHCTB, CyTh KOTOPOI'O COCTOUT B TOM, UTO BepXHee U HUKHEe pe-
mennst Jyist 3agaqu (1.1) — (1.3) dopmupyrores ¢ momorpio dactuanoit cymmst Uy, (z, ¢, €)
[OCTPOEHHOTO PsiJIa, JafoIiero hopMaabHy0 aCUMITOTHKY pernennst 3ajgaqn (1.1) — (1.3)
(amastornvHast cxeMa pa3BHBAeTCs aBTopamn, Hampumep, B [5], [6], [7]).

4. YcroiiuuBocTh 1 00JIACTb HPUTIXKEHUS
pemienust ur(z,t, e)

Teopema 2. Ecau svinoamnenvt ycrosus Al — A3, mo das docmamouno maivx € pe-
wenue ur(z,t,e) sadavu (1.1) — (1.3) asasemca acumnmomuuecku yemoGuusvim (no
Jlanynosy) npu t — +o00.
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okazaTeabcTBO. UTOOL JOKa3aTh 3TO YyTBEPKIEHUE, PACCMOTPUM IIPOU3BOIHYIO
o u dyuknun f(u,x,t,€), B3aryo Ha pemienue ur(z,t, ) samaan (1.1) — (1.3):

fulur(z,t,e),x,t,e) = 2h(x,t) (ur(z,t,e) — p(x, 1)) + e fru(ur(x, t, e), x,t,€).

Ucnonb3ys acuMmuroruky permenust ur(z,t, ) (em. (3.2)), momydaem:
fU(UT(xa i 5)7 x,t, 5) - fu(Un<l’, t, 8), T, t, 8) + 0 (gnTH) .

Orcroma ipu n > 1 coretyer HEPABEHCTBO (/s JJOCTATOYHO MAJIBIX €):

fulur(z,t,€),x,t,€) > cov/e, (x,t) €D, (4.1)

Hepasencrso (4.1) obecrednBaeT aCHMITOTUYIECKYIO yCTOHYIMBOCTD perenus ur(z,t, <)
JUISL JOCTATOYHO MAaJIBIX € (cM. [§]).

Pacemorpum Terrepb Borpoc 06 06s1acTy IPUTSKeHUs pertternst ur(z, t, £), T.e. 0 MHO-
JKecTBe Takux GyHKIuit ug(z, €), 1Jist KOTOpbIX pemtenue u(x, t, ) ypasaenus (1.1) ¢ kpa-
eBbIMU yesioBusgME (1.2) 1 HAYAIBHBIM YCIOBHEM (ty — IIPOU3BOJILHbI MOMEHT BPEMEHH ):

u(z,tg,€) = up(x,e), 0<ax <1, (4.2)
CYIIIECTBYET IIpU ¢ > ty U YJIOBJICTBOPSET IIPEJICTIbHOMY PABEHCTBY

lim [u(z,t,e) —urp(x,t,e)] =0, 0<z<1. (4.3)

t—+00

OTBer Ha TOT BOMPOC €T CJIEIYIONIAsi TeOpeMa.

Teopema 3.1Iycmo svinoanenv, yeaosus Al — A3 u nyemov u®(x, €) — npouseosvran
2na0Ka8 GYHKUUA, YOOBAECMBOPAIOULAA YCAOBUIO

uo(x,e) > ur(x,to,e), 0<x<1. (4.4)

Tozda daa docmamourno manvx € 3adava (1.1), (1.2), (4.2) umeem pewenue u(x,t,e)
npu t > to, u omo pewenue ydosaemaopaem npedesvnomy pasencmay (4.3).

JoxkazaTreabcTBo. CHOBA BOCIIOIB3yeMCs METOJIOM JTuddepeHInaaIbHbIX HEPABEHCTB
(ompejiesieHre HUYKHETO W BEPXHErO PEIeHUuil, a TaKyKe TeopeMy CyIeCTBOBAHUsI Pellle-
HUsI CM., Harpumep, B [9]) .

HemnocpeicrBennoit mo/IcTaHOBKOI MOYKHO 1TOKa3aTh, 9YTO (DYHKITU

Ulx,t,e) =urp(x,t,e)+ A- E(t,e), (4.5)

_p(t—to)
3

riae E(t,e) = exp [ . ] , A 11 p— IOJIOXKUTEJIbHBIE YHUCIIa, He 3aBUCAIINE OT €, JIJIS JI0-
CTATOYIHO OOJIBIIOrO A, JOCTATOYHO MAJIOro P U AOCTATOYHO MAJIBIX € SBJISeTCH BEPXHUAM
PeIeHIeM.

AHAJIOrTIHO TTOKA3BIBAETCS, UTO HUKHUM PEIeHneM STO 3a/1a91 sIBJITeTCsT (DY HKITHST

Uz, t,e) =ur(x,t,e) —eE(t,e). (4.6)
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Cy1ecrBoBanne HUYKHETO U BepxHero pernennii 3agaqn (1.1), (1.2), (4.2) obecretn-
BaeT CyIIeCTBOBAINE pelteHust u(z, t, £) STOI 3aJadH, YI0BIETBOPSIONIEI0 HEPABEHCTBAM

U(x,t,e) <u(z,t,e) <U(x,te), 0<a<1, t>t.

U3 5THX HepaBeHCTB, WCHOJb3ys Bhipaxwenus (4.5) u (4.6) ana U(x,t,e) u U(zx,t, ),
IIOJLy IaeM:

—eE(t,e) <ulx,t,e) —up(x,t,e) < AE(t,e), 0<z <1, t>t.
Tak kak E(t,e) — 0 upn t — 400, TO

lim [u(z,t,e) —up(z,t,e)] =0, 0<x<1,

t—00
U, cJIe/IoBaTeabHo, s pemenus u(x,t, ) 3amaqan (1.1), (1.2), (4.2) BbimosHsAeTCA TIpe-
nenbHoe paBeHCTBO (4.3). 113 Teopemst 3 coemyer, 4ro Jobast riagkas dbyHKus ug(z, €),

0 < x < 1, ynosnerBopsitorasi HepaBeHCTBY (4.4), npuHaJIeXKuT 061aCTH IPUTIKEHUST
periernst ur(x,t,€) 3amaan (1.1) — (1.3).
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Yuciiennoe pernienne Ha4aJIbHO-KPaeBoOil 3aJa4m
JIJIS TICEBIONApad0IMIecKoro ypaBHeHIS
C BHYTPEHHUM IIePeXOJHbIM CJIOEM

Brikos A. A.

noayvena 20 man 2016

Awnnoranmsi. BbiBejieHbl ypaBHEHUsI IBOJIIOIUN PEIIEHHUS] TUIIA KOHTPACTHOM CTPYKTYPhI 0000IIEH-
Horo ypasrenus Kosmoroposa—Ilerposckoro-ITuckynosa (OKIIIT) ¢ MaJibIM HapaMeTpoOM IPU CTAPIIAX
npousBoHbIX. Y paBaenne OKIIII orHocuTest K Kiaccy mceBnonapaboImIecKux YPaBHEHUN U OMACHIBAET
pa3HOOOpa3HbIe MPOIECCHl B (DU3NKE, XUMUAN, ONOJIOTUHU, B YaCTHOCTH IIPOIECCHI T€HEPAIUA MATHUTHOTO
IoJIst B TypOYJIEHTHOM cpejie, JBIMKeHne (DPOHTA KOHIEHTPAIMA HOCUTEJIEH B IMOIYyIPOBOAHUKAX. Haii-
neHa dbopMa U CKOPOCTB TIepeMenieHusi BHyTpeHHero nepexomaaoro ciost (BIIC). Iloctpoer u crporo
obocHoBaH ajroput™ aganTuBHOi cerkn (AC) st 93¢ dEKTUBHOrO YMCIEHHOIO PeIeHns] HadalbHO-
kpaeoit 3amaun s ypasaenus OKIIII ¢ gsuxymumes BIIC. Tlocrpoen amropurm AC mys ciydast
HaJIm9ust 0cO0O0M TOYKH IIEPBOIO POA, T.€. TOUYKHU C HyJeBo# ckopocrhio apeiida BIIC B mepBom mopsi-
ke GOpPMATHLHOrO acCUMITOTHIeCKOTO psjyia. CdopMysmpoBaHbl JocTaTodnble yejiaoBus Toro, uro BIIC
repecekaeT 0coOyI0 TOYKY 3a KoHeuHoe BpeMsi. [locTrpoen anropurm AC s ciaydasi HAJIMYKMS OCOOOM
TOYKHU BTOPOI'O POJia, T.e. TOUYKH C (popMaJIbHO OecKoHeYHO 60JIbIoi ckopocThio jpeiidpa BIIC B mepBom
nopsiyike. /laro obocHOBaHME Ha OCHOBE MeTona Aud hepeHnnaIbHbBIX HEPABEHCTB, ITOCTPOEHBI BEPXHEE
U HUJKHEE PEIeHre, PEJCTABIEHBI PE3Y/IbTAThI YUCACHHOTO CUETA.
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1. BBeaenne

MsI paccmaTpuBaeM IpodJIeMy YHCICHHOTO PEIICHHs HAYaJIbHO KPAaeBoil 3a1a4n st
obobmennoro ypasaenns Kosmoroposa—Ilerposekoro-IInckynosa (OKIIIT) [1], [2], [3],
141, 5],

(u - Um)t + Vg = ugy — f(u7 x) (1)

B TOM IPAKTUYECKHM BayKHOM CJIydae, KOIja pellleHne MMeeT BUJl KOHTPACTHONW CTPYK-
type! (KC). Takxke paccMarpuBaioTcst HEKOTOpPbIE 60Jiee MPOCThIe MOJIE/H, B YaCTHOCTH
ypasHenue peakimn—auddysun (P/1) B mHeomHopomoit cpee (6]

up + Vg = Kug, — f(u, x). (2)

Vpasuenuss P/I u OKIIII orHOCATCS K Kjaaccy KBasUJINHEHHBIX ypaBHEHHT COOT-
BETCTBEHHO Mapabo/IMIecKOro U MCeBI0Napabo/InIecKoro Tria. 3aja4da Jijisi ypaBHeHU
(1) mmm (2) craBurca ma oTpeske [a,b] ¢ rpammdHBIME ycmoBHAME ug(a) = ul¥(t),
u,(b) = u® (t) n mawamsEENMm yenosuavm u(r, 0) = ul® ().

YpaBHenue (2) ONUCHIBAET MPOINECC TEHEPAIMH MAHUTHBIX MOJIell B TypOyJIeHT-
HOIT cpesie |7] B Teopum raJlaKTHYeCKOro JMHAMO. B 9ToM citydae u ompejesiser Ha-
PSZKEHHOCTh MAUHUTHOIO TIOJIsI, MPUYEM ILJIOTHOCTh HUCTOYHUKOB aHTUCHMMETPUIHA,
f(—u,z) = —f(u,x), sra dyHKIMS UMeeT TPU KOPHs, MOJIOXKEHNE KOTOPbIX 3aBUCUT
OT KOODJMHAT, B TOM ducye KopeHb u = 0. YpasHeHue (2) OnuchIBaeT Tak¥Ke IIPOIECC
pacupocTpaHeHus IJIaMeHN TUMa Geryiieil BOJIHbI IpU ropeHnr u B3pbise [8]. ABTomo-
JleJIbHBbIE PEIeHusT TUIa OeryIneil BOJHbBI BOSHUKAIOT B TEOPUH YAAPHBIX BOJIH |9, a Tak-
JKe JIJIsT ONUCAHMs HeCTAIMOHAPHOTO poriecca dazosoro nepexona [10]. B ciaygae, korma
f(u) — kybuueckas nmapabosia, ypaBHeHue (2) OIMUCHIBAET TPOIECCHI B IEMHBIX XUMITIe-
CKHX peakIusx u HocuT Haspaxue ypasHenust Cemenosa [10]. B [11] gan o630p pemntennit
BuJia Geryieil BOJIHBI Jjisi ypaBHEeHUsT XOJZKKUHAa—XAKC/IH, KOTOPoe onuchiBaer [12] npo-
I[eCC PACIHPOCTPAHEHUsT UMITY/THCOB 10 HEPBHBIM BOJIOKHAM W TakK:Ke mMeer B (2) co
crenuaJbHbIM 00pa30M BBIOPAHHON (PYHKIMEH IJIOTHOCTH UCTOYHUKOB. Y paBuenue PJ/I
U peleHns TUIa BHja Oeryieil BOJHBI MOSIBJSIIOTCA B 3ajade JUHAMUKEA Oy
(HampUMep, MOJIeJIb XUITHUK—2KePTBA), SBOJIIOIIN TOPAKEHHBIX KJIETOK B YKUBOM Opra-
HU3Me, [UTOKUHUHOB MpH arepockiepose [13]. Ypasuenue (2) B GHOJIOrMYeCKUX MPU-
JIOKEHUsIX Ha3bIBAIOT Takxke ypapHenuem Kosmmoroposa—Ilerposckoro—Iluckynosa, Taxk
KaK BIIEPBLIEe OHO OBLIO BBIBEJCHO B pabote [14].

B [1], [2], [3] npuBenensr npumepsl husMUeCKUX MPOIECCOB, KOTOPBIE OMUCHIBAIOTCSI
yPaBHEHUSIMHE, OoJiee CJI0XKHBIME, YeM ypaBHenue PJ1; B ToM unciie 06001IeHHBIM ypaBHe-
nuem Kosmmoroposa-Ilerposckoro-Iluckynosa, cogepzkaniyuM MpoOU3BOIHBIE CMEITaHHO-
IO THUIIA TPETHEro MopsiaKa. K 9ncy TaKOBBIX OTHOCSTCS KBa3MCTAIIMOHAPHBINA MTPOIECC
IIEPEHOCa 3apPAJI0B B JIBYXKOMIIOHEHTHOU KBa3WJIMHEUMHON IOJYIPOBOAHUKOBOH IL1a3Me,
HeCTaIMOHAPHBIE TIPOIECCHl B YHUIIOJISIPHOM ITOJIYIIPOBOIHUKE BO BHEITHEM MATHHTHOM
1oJie, MaJjible KoJjiebaHusi caaboIpOBOJISINEHl KUJKOCTH BO BHEITHEM MATHUTHOM IIOJIE.
Vpasuenne OKIIII onuceiBaer, B yacraocTu, nporecc auddy3un HocuTeei 3apsia B
IIOJIYIIPOBOJIHUKAX B CJIydae, Korjaa cpejia 00J1a1aeT oTpuiiaTe/IbHO auddepeHuaibHOMl
nposouMocTbio [4], [5].

Crpykrypa perienusi ypasaenuii (1) u (2), Kak modTu jijist JJOOOI0 HEJTMHEHHOIO ypaB-
HEHMHsI, MOKeT OBITh CKOJIb YT'OJIHO cJI0xKHa. Hac mHTEepecyeT TOIBKO MIUPOKO PacipocTpa-
HEHHBII Ha IIPAKTUKE KJIACC PEeUIeHUI TUIla TaK Ha3bIBaeMON KOHTPACTHOU CTPYKTYPLI.
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Pemenng tuna KC xapakrepusytorcs HammduneM GoJbInmux obsacTeil (MATEH), B KOTO-
PBIX % OJIM3KO K OJHOMY M3 YCTOHYIUBBIX COCTOSHWIA, pa3/e/IeHHBIX Y3KUME O0JIACTIMH,
B KOTOPBIX MPOUCXOJUT MEPEXOJT OT OJHOTO YCTONYIMBOIO COCTOSAHUS K JPYTOMY Uepes
HeycroitunBoe cocroguue. Hanpumep, ecou
f(ua l’) = fU(u’ x)HJQiTI (u - UJ(I)>7

fo(u,z) > 0 u mempepsiBHa Ha (—00,+00) X [a,b], U;(z) > 0, U;_1(x) < Uj(z), To
nmeercs J + 1 yeroiiuuBeix cocrosnuit, u >~ Us;_y, npudem f,(U;, x) > 0, pasmeseHubx
J HeycroituuBeIME cocTostHEAME, U =~ Us;, it Kotopsix fo, (U, x) < 0.

Mexny naraamu KC obpasyercs y3kmii ¢jIoit, B Ipejiesiax KOTOPOTro MPOUCXOIUT TIe-
PEXO0JT OT OJIHOTO U3 YCTOWYUBBIX COCTOSHUI K JPYTOMY, COITPOBOKIAIOIINIIC TIEPEXOIOM
Yepe3 HEeyCTONYUBOE COCTOsIHUE. DTOT CJION HA3BIBAIOT BHYTPEHHUM IIEPEXOHBIM CJIO-
em (BIIC). Mer npenmnosaraem, aro tosmnmaa BIIC muOro Menbie pasmepa obJactu
D = [a,b]. Ha rpanunax D o06pa3yoTcs y3Kue MOrpaHudHbIE CJIOU, KOTOPBIE B JTAHHOM
pabote He paccMmarpuBatoTcd. g co3manns ycsIoBuil, IpU KOTOPBIX UMEETCS PelleHne
turia KC, mbl BBesieM B ypasaenust (1) u (2) masblii mapamerp € > 0 1Ipu 9aCTHBIX T1PO-
U3BOJIHBIX, TIPU JOCTATOYHO MaJIOM 3HadYeHur KOoToporo perrenue turia KC cyriecrByer.
[Tapamerp €, kaxk Oymer mokazano jajee, nponopruonasen tojiuuae BIIC. Haganbuo-
KpaeBas 33/ia9a JijIs ypaBHeHus (2) mpumer BH/T

e2uy = 2Klpe — f(u,x), a <z <b, 0<t<T, 3)
ug(a,t,e) =0, uy(b,t,e) =0, u(z,0,e) = u(x,e).

B meomnopommbix cpegax BIIC mouru Bcerma mepememaercst. dpeiid BIIC ompeme-

. _ Uzgqa(2) .
JIFeTCsT BeIMINHON acumMerprun B(x) = Ur (o) f(u, ) du. Ilpu mymneBoit acummerpun,
B(z) = 0, ckopocth jpeiica ompe/iesseTcst rpaJueHToM (QYHKINH [IOTHOCTH HCTOY-

HUKOB Ujy, fu, fr. B namnoit pabore MBI paccMaTpHBaeM HMEHHO IMOCIIEIHUIA CiIydaii,
Kora Jpeiid acummerpun orcyTcrByer, n mnepemerrenne BIIC oOyciioBieHo rpajmeHT-
HbIM Jpefibom. Mbl HalijleM acHMITOTHYECKOe BbIpaXKeHue CKopocTu Jpeiicda mpu jo-
CTATOYHO CJabBIX yesoBusx Ha dyukmumo f(u,z). 3amernm, uro B psije pabor [15], [16]
HAJIEHBl TOYHBIE BBIPAYKEHNUs CKOPOCTH Jipeiicha KBA3UBOJIHBI JIJIsi CJIyYdas HEKOTOPBIX
creruaabao mo0opannsix dbynknuii f(u). B [17] momytdeno Bopakenne cKOpoCTH Jpeii-
da u mokazaHo, 9To Mpu coxpanennn 3uaka ckopoctu ¢ppout BIIC npeomoreBaer mpome-
JKYTOK 38 KOHedHOe BpeMs. Mbl 06001mM 91oT pe3ysibrar Ha ciay4dail ypasuenus OKIIII
u cchopMyIUpyeM MeTOJl, TTO3BOJISIONINI YUCAEHHO ¢ TaPAHTUPOBAHHONW TOYHOCTHIO U 34
[IpUeM/IEMOE BPEMs CUeTa HAXOIUTH PEIeHIe 3a/1aqM.

Bo Bcex sTux ciaydasx ocoboe 3HavUeHUe I MPUJIOKEHUIT UMEET He TOJbKO aHa-
JINTHYECKOE ONKMCAaHUEe Ha OCHOBE ACUMIITOTUYECKUX METOJIOB, JAIONINX HPUO/IMKEHNEe K
TOYHOMY PEIIEHUIO C TapaHTUPOBAHHON TOYHOCTBHIO P YCJIOBUU ILIABHOTO U3MEHEHUS
[apaMeTpoB CPeJbl B IPOCTPAHCTBE, HO TakKKe M TOYHOE U IDDEKTUBHOE UUCIEHHOE
pellieHre HavaIbHO-KPAEBO 33/1a11 C BHYTPEHHIMU IT€PEXOTHBIMU CJIOSMH.

Harmra mesis cocrour B

e 10CTpOEeHNN (DOPMATBHOIO ACHMIITOTHIECKOTO psiia Jyuist ypasreruit (1) u (2) B
caydae, koraa tosmuHa BIIC mHOrO Menbme gumamerpa obsractu D,

® IIOCTPOEHUN BEPXHEr0 U HUXKHEI'O PEIeHnsd, CTPOroro 000CHOBaHUS METO/1a aCUMII-
TOTHYECKOI'O Pa3JI0yKeHUsI Ha OCHOBE MeTojia JuddepeHnnaabHbIX HEPaBEHCTB,
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e pa3paboTKe YUCJECHHOTO aJrOPUTMa MPUOJIMKEHHOTIO PEIeHns STUX YPaBHEHU ¢
rapaHTUPOBAHHON TOYHOCTBIO W 3a IIPUEMJIEMOE BpeMS.

MpI ocTpouM HYJIEBOIA, TIEPBBIN U BTOPOil YJIEHBI ACUMIITOTUYIECKOTO PsiJia TI0 CTere-
HsIM €. MBI TIOKaKeM, 9TO JaCTUIHBIE CYMMBbI 9TOTO Psijia JIAf0T MPUOJIMZKEHIE PENeHsT
YPABHEHUS 10 HEBA3KE C 3a]AHHON TOYHOCTBIO.

Mbr mocTponM Tak:kKe aJrOPUTM, OCHOBAHHBIN Ha MCIIOIH30BAHUU METOJA aJIallTHB-
woit cerku (AC) miag auciennoro perenns (1) u (2). Meronq AC ocHOBaH Ha CTyIIeHHN
CeTKN B OKpecTHOCTH obJiacTu ¢ 6osbIuM rpajgueHTom pemterust. Merox AC s perrre-
HITsT HAYAJIbHO-KPAEBBIX 33184 JIJIsI 9BOJIIOIMOHHBIX (IIapaboIMIecKoro THIIA) YPABHEHU
IPeJIOZKEH 1 JIeTaIbHO ITpopaboTan goctaTodro gasro [18]. [Ipobiema reneparmn anar-
TUBHOI CETKN MMeeT Kak abCTpaKTHOe perreHne, 6€30THOCUTENLHO K KJIACCy PAacCMaT-
pUBaeMbIX HAYAJIBHO-KPAEBBIX 38784, TaK U KOHKPETHBIE PEIeHUs JJIs OTPeIe/IEHHBIX
KJIACCOB yPaBHEHU{l, B KOTOPHIX MOXKHO C(hOPMYJIUPOBATH AJITOPUTM IIPE/ICKA3AHUS 110~
JoxkeHusi obsiactu ¢ GosbiM rpajuenToM [19]. Hanpumep, TakoBbl HEKOTOPBIE 381891
JIMHAMUKU 2KUJIKOCTH, B KOTOPBIX IIPEJICKA3aTh IOJIOXKEHUE 00JacTH ¢ OOJIBIITUM I'Da-
JIMEHTOM MOKHO, OIUPAsiCh Ha MOJHYIO WM YaCTUIHO 3aIaHHYI0 WHMOPMAIIIIO O ToJe
ckopocreit n masirennii (nanpumep, [20]).

Meron AC mupoKO HpUMEHSETCS JJId YUCACHHOTO DPEIICHUS 3189 PEeaKIii-
muddy3un, BOSHUKAIONUX B pa3JndHbiX npuioxkenusx. B [21] meroq AC npumenen s
PeleHns 3a/Ia41 O PACIPOCTPAHEHUN PAKOBOTO 0Opa3oBaHusi MO3roBOi TKauu. B [22] me-
TO/1 KCIIOJIL30BAH I YHCJIEHHOI'O MOJIEJMPOBAHUS IIPoIecca pauanuonnoii quddysun
CBETOBOIO TIydKa B MyTHOiT cpefie. B [23| meron AC npumenen jiist perieHus ypaBHEHH
MEJTKO# BOJIBI, OMUCHIBAIOIINX PACIPOCTpanenne (ppoHTa BOJHDLI B CJIydae, KOTIa TOJIIIH-
Ha CJIOS XKHUJIKOCTH JIOCTATOYHA MaJia, Tak 9To cucreMa ypaBHennit Hasbe—Crokca jinna-
MUKH YKIAJIKOCTH YIIPOIAETCS 3a cueT mpenedbpexkennst 3bdeKTaMu, CBA3AHHBIMEI C BEpP-
tukabHbIMU ToToKaMmu. Meron AC, paspaborannbiit jjisa pemenust ypasuenust OKIIII,
MPUMEHUM TaKKe I PeIIeHnsT 38712t C JBUKYIITUMUCSA BHYTPEHHUMHE [T€PEXOIHBIMU CJI0-
SIMU, BO3HUKAIOIINMHY TTPU MOJIETUPOBAHUN Iy IKOB 3aPsI?KeHHBIX TaCTUIl B 9JIEKTPOHHBIX
mpubopax ¢ pacipeie/IeHHbIM B3anMOIEHCTBAEM.

Cyrb Merosa AC cocTouT B TOM, UTO MAJIble sTYCHKN CETKU Pa3MeIaioTcs B obJia-
ctu OOJIBINUX TPaJMEHTOB peleHus. B Halmeii 3a/1ade, ecrectBenHo, 910 obyacts BIIC.
Buayrpu naren BIIC mar cerku MoxkeT OBITH 3HAYUTEIBHO OOJIBIIIE.

st Tounoro npejckazanns nosiozkenusi BIIC Mbr ucmosib3yem MeTo 1 acuMIITOTAIe-
CKOTO DA3JIOXKEeHUs PeIIeHUsl B P/l [0 CTEIeHsIM MAJIOro napamerpa. YpasHerue (3) ¢
MAJIBIM [TAPAMETPOM OTHOCHTCS K KJIACCY CHHTYJISTPHO BO3MYIIEHHBIX. DTO O3HAYAET, ITO
upu € = 0 ono u3 uddepeHIaIbHOTO MPEBPAIACTCs B aJIredpandeckoe, MpuieM 3TO
ajrebpanveckoe ypaBHeHNEe UMeeT HeCKOJIbLKO pemtennii. 13 s1ux pemennii (coorBercTBy-
IOIUX YCTONYMBBIM [OJIOZKEHUSIM PABHOBECHUS) MBI CKOHCTPYUPYEM TaK HA3bIBAEMYIO De-
TYASPHYIO (DYHKITIO HYJIEBOrO Mopsiika. PeryispHas QyHKIMs HYJIeBOTO MOPSJIKA IIpe-
TepreBaeT pa3pbiB B Toukax BIIC.

BaTem MBI TOCTPOUM (DYHKITHH TIEPEXOIHOTO CJIOST HYJIEBOTO MOPSIIKA U TOIPAHTTHBIE
GYHKIMH HYJIEBOTO TTOPSsIIKA, KOTOPBIE CKJIQ IBIBAIOTCS C PETyJIsIPHOi (DYHKITHEH HYJIeBOTO
MOPSIJIKA U JIAI0T B PE3Y/IbTaTe eUHOE IVIQJIKOE IPUOJINYKEHIE 110 HEBSA3KE K TOYHOMY pe-
IIIEHWIO BO BCeil 00/I1aCTH, YI0BJIETBOPAIOINIEe TaKKe TPAHNIHBIM YCIOBUAM. PeryssipHbie
dyHKIIT 1 QYHKIUHI TEPEXOIHOTO CJI0A 3aBUCAT OT BPEMEHH, IIPUIEM 3Ty 3aBUCHUMOCTD
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MOXKHO oxapakTepu3oBaTh kKak jipeiid BIIC. Mur naiiiem Takke ckopocts jpeiida BIIC
B HYJIEBOM TIOPSIJIKE, KOTOPasl TAK¥Ke ABJISIeTCA MPUOIMAKEHNeM K TOTHOMY 3HATEHUIO.
3aTeM MBI TOC/IEIOBATEIBLHO TTOCTPOUM TIEPBBIN U OCICIYIONIIE YICHBI ACUMITOTHYE-
CKOT'0 psiJia 110 cTereHsaM MaJjioro mapamerpa. Ckopocts apeiida BIIC rakxke Oyuer mpe-
cTaB/IeHa B BUJIE PAJIA 10 CTenensaM Majoro mapamerpa, W(x) = WO (z) 4 e W) (z) +
. st HecTanmMoOHAPHBIX 3a/1a9 METOJ ACUMIITOTHIECKUX PsJIOB paHee MUCIO/Ib30BaJICS
JUUTST TIOCTPOEHUST PEIIeHN ypaBHeHNS THUITa, peakIusd—anddy3us ¢ IBUKYIINMCS (HPOH-
ToM THIa cTynenbku [17], [24], [25] u Bemrecka [26].

Mpub1 paccmaTpuBaeM ciiydaii, Korja ckopocTs Jipeiicdha BIIC myseBoro nopsijika 1moJo-
JKHUTETbHA HA TpoMexkyTKe (a, b). Takum obpaszom, BIIC npoxoauTr Bech orpesok (a, b) 3a
KOHEYHOE BpeMs. Mbl cTpOUM TakzKe MOAnMUKAIMT METO/1a, KOTOPhIE MO3BOJISIIOT JIaTh
oIMCcaHue CJIy4daeB, KOraa CKOPOCTh Jipetidha B HYJIEBOM HOPSIIKE 00paIaeTcs B HYJIb UIH
B OECKOHEYHOCTb.

2. IlocTpoenne popmMaabHOI aCHMIITOTUKNI

2.1. YcaoBus dpopmupoBanusa BIIC

[Ipeamonoxkum, aro toamuaa BIIC MHOrO Menbie auamerpa obsactu D, KOTOPBIi
B OJIHOMEPHOII 110 TTPOCTPAHCTBEHHOW KOOp/IMHATE 3ajlade paBeH b — a. BBejeM B ypas-
Henue (1) MaJiblil TapaMerp €, KOTOPbIil mpornopIroHases oTHolerno Tosmuasbl BITC
K auameTpy objactu D. Mbl BeIOepeM Takue 3HaYeHUs [T0Ka3aTe sl CTEIIeHN TIPU MaJIOM
napaMeTpe B Pa3jInIHbIX CjaraeMbix ypasHenus (1), mpu KOTOpbiX 3deKThl Kiaccuie-
ckoit uddy3un Uy, 1 06001IeHHOTO UM Y3UOHHOTO UIEHA U,y OYJLYT OJIHOTO TOPS KA

e2uy — ety = 2Ky — flu, ), a <z <b, 0<t<T, ()
ug(a,t,e) =0, uy(bt,e) =0, u(x,0,¢) = u®(z,¢),

u(z,t,e) € C*(G)NC(G), G = (a,b) x (0,T), > 0, k > 0. Teopernieckue pe3yIbTaThl
Oy/LyT BEPHBI B TOM CJIydae, KOrJa BeJUINHA ITapaMeTpa € He IPEBOCXOIUT HEKOTOPOIO
IPEJIeJILHO JIONYCTUMOTO 3HAYEHNUs, II03TOMY MbI paccMarpuBaeM 3Hadenus 0 < € < g.
Mpbr He paccMaTpuBaeM B JIAHHON pabore 3aBUCUMOCTH f(u, T) OT £, TaK KaK HaMepeBa-
eMcsl MCCJIe0BaTh TOJIBKO 3hdeKThl, cBasanubie ¢ noBeaennem BIIC B HeomHOpOIHOIM
cpeje.

CdopmysupyeM yejioBrsi, KOTOPBIE MbI OYIEM IIPE/IIIOJIAraTh BbINOJTHEHHBIMY IIPH 110~
crpoeHnr (POPMATBLHOIO aCHMIITOTHIECKOTO PsiJia jijisd ypasHerust (1) u obecriedanBaroniye
cymiecrBoBanue perienus ypasaennst (4) tuma KC. ITyers

[V1] Oyukuns f(u,x) nenpepsiBHO quddepenimpyema B obnactu G, IpuIeM Kazk-
Jast TPOU3BOAHAA (PYHKIMK [, KOTOPasd MOSBIACTCS B BHIPAXKEHUAX /I IJICHOB aCHMII-
TOTUYECKOTO Psijia, HENPEPBIBHA U PABHOMEPHO orpannvena B G.

[V2] Hdns moboro = € [a,b] ypasuenuwe f(u,z) = 0 uMeeT POBHO TpPU KOPHSI:
up = (), up = ¢ (z), us = ¢ (), mpuaem ¢ (z) < ¢V (z) < ¢+ (x). Bee koprm
upoctsie, upuieM f, (¢ (2),2) > 0, fu (60 (2),2) < 0. fu (6P (2),2) > 0.

[V3] Ha [a, b] BBIIOJTHEHO yCJIOBI/Ie 6amanca B(z) = 0, rae B(z) = B (x) + BH) (z),

f¢< (e ) (@) fu,2)du, BF)(z) = ﬁgzg) f(u, x)du.

st HOCTpOGHI/Iﬂ ACHUMIOTOTUICCKOIO PAJIA, CXOMAIICIOCS K TOUHOMY PEIICHHIO 3a/a-
YH, WCIIOJIb3yeM METOJ| CITUBAHMS ACHMMITOTHYCCKUX IPEJCTaBICHUI perreHns B o0JIa-
CTH OTPUIATEIHHOTO U MOJIOKUTEIHLHOTO IsiTeH. B nanHoi pabore Mbl pacemorpum KC,
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BKJIIOUAIOIILYI0 POBHO JBa IIsITHA, paszaeneHHbXx ogauM BIIC, HO oTmeTrnm, 9TO METO
npuroges myis jroboro uncita BIIC.

2.2. AcuMIirroTuvdecKue psIbl

Bynem maseiBarh "ToOuKoil epexoma" koopauuary x*(t,€), st KOTOPOIi
u(z*,t,e) = ™ (z*(t, £)).
Hcnob3yeM Jisi TTOCTPOEHHsT aCUMIITOTHIECKOTO Psijia METOUKY, pa3pabOTaHHYIO
B [17] nst ypasrenus peaxrun-auddysun. Ha mpomexyrke a < x < x*(t,¢) pemenue
sajiaqn (4) HaiijeM u3 cucTeMbl

e2uy = e gy + 2k, — f(u, x),
uz(a,t,e) =0, u(x*(t,e),t,s) = ¢ (x*(t,e)), (5)
u(z,0,¢) = ul®(x,¢),

a Ha IpoMexyTKe r*(t,€) < x < b — U3 cucTeMsbl

e2uy = ety + e%kuge — f(u, x),

ug(b,t,e) =0, u(x*(t,e),t,e) = ¢ (x*(t,a)), (6)
u(z,0,¢) = u®(z,e).

Pemenus 3ana4 (5) u (6) o6oznaumm u'™) u u) coorsercrsenno. Yacrtudmyio cyMmy
ACUMIITOTHYIECKOTO PSAJIA M-TO MOPsIIKA CIPaBa U CJIEBa OT TOUKH MEPEX0/Ia IPEJICTABIM
B BUJIE

W™ (z,t,e) = @™ (x,t,e) + QU (€, t, ) + H (Cb, e), (7)

W) (z,t,e) = a™ ) (2,8, ) + QUIE t, &) + I (G, 2), (8)

rie @™ (x,t,e) — perynapras wacth, QU (E ¢, e) — GYyHKIUM MepexoaHoro cros,
H%)(Ca,b, g) — norpanudHble OYHKIWH, &, (4, (, — PACTAHYTHIE [IEPEMEHHBIE:

r—ax*(t, e a—x b—ux
G

> 0. 9
€ € e <)

Basucumocts 7" F) (z,t,¢) or t 0bycoBIeHA HAJIMUIMeM 3aBrucumocTu z* ot t. Kaxioe
ciaraemoe B (7) u (8) mpejcTaBUM B BHJE YaCTUIHON CYMMBI ACHMITOTHYECKOTO DSIIA
IO CTeIeHAM E:

m

™ (z,t,€) Z , QUMH(E L e) ZekQ(i) (10)
I (Carg) = D e ar(Ca), I (o) = D e I (G), (11)
k=0 k=0

npuaem 7 (t,¢) = 2™ (t,¢) = ft'; W) (% e)dt,

dz ) (¢, e)/dt = W) (a*,e), W™ (z*,¢) = ngWk($*7 £), (12)
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Wi (z*,€) ecthb perynsipHast (OYHKIHS € B OKPECTHOCTH TOUYKU € = 0.
Ucnonb3yem jasiee METoMKY, paspaboTanuyto B [17] jyist mocTpoenust acuMIToTude-
ckoro psza. Bommosmum B (4) 3ameny nepemennoii (9) u npeacrasum f(u, z,€) B Buje

flu,z,e) = f(z,e) + Qf(&,¢) + TIf (¢, e),

fz,e) = f(a(z,e), z,¢),
6 1) = (01619 01916 )  StaE).0.6))
IL f(Cye) = f(a(x(cu)v ) + (G e),2(C),e) — f ﬂ($(CV)75>ax(CV)75)7
v = a,b, 3aBUCUMOCTb OT ¢ KaK OT IapameTpa 4epe3 U(t) Jajee siBHO He yKa3bIBAEM.
Ypasuenus mjis onpejenenns KoabdunuenTos passoxenus (10) moayunm, IpupasHsB
110 OTJEJIBLHOCTH CJIaraeMble, 3aBUCSINIE OT IPOCTPAHCTBEHHON IIepeMEHHON ', PACTsHY-
TOM IepeMeHHO £ U PACTSIHYTBHIX IIe€PEMEHHbBIX MOIPAHUTHOrO CJ10s ( :

rie

0? =
€2k8x25(l‘,6) :f<l’,€), (13>
<€2§ < o€~ Mg TN 7 o~ a§2> et = mere ke 1

Ypasuenus Jyist Koabdurmentos psaaos (11) B nanuoil paboTe He paccMaTPUBAIOTCA,
TaK KaK MBI CTPOMM METOJ, TOYHOIO U 3(P(PEKTUBHOIO YUCICHHOIO PEIleHUsT 339U C
BHYTPEHHUM IEPEXOIHBIM CJIOEM.

2.3. Beruuciaenne npoduiss KC n ckopocru apeiipa BIIC
B I'Pa/IMEHTHOI cpeje

[Tokarkem, aro B pamkax 3aga4dn o KC mrsa coanancuposarroro ypasaerus OKIIIT
npocduab BIIC MoxKHO HaiiTh, pemmmp aHAINTHYIECKN YpaBHEHUs HYJIEBOrO Topsiaka. Pe-
IYJSPHYIO (QYHKIIUIO HYJIEBOTO TIOpsIKa Haiijaem u3 ypasuenus f(u,x) = 0. B coorser-
crBun ¢ [Y2], BoiGepem pa3pbiBHOE PEIeHre ¢ OJHON TOYKON pas3pbiBa:

~(=) * _ (=)
_ uy ' (x) upm x < x*, Uy ' (x) = x),
%@wj:{ g, () mp mm{ @) = 0O (@) 15)
U :

as?(z) mpu x> a*,

[Ipu pacuere dbyuxnumit BIIC mynesoro nopsiaka B 9TOM pasjesie 0003HAUUM T* =
(). Bnecy u ganee 3asucumocts (%) (1) aBHo He ykasbiBaem. OYHKINM TEPEXOIHOTO
CJI0s1 HYJIEBOT'O MOPSAJIKA HAIEM U3 KPAeBbIX 3a/a4

KQSe = F(57 (@) + Q5 a%) — f(af (@), 27, (16)
$9(0) + asP (z%) = 9O (2%), QS (£o0) =0,

KOTOpBIe nostydaeM u3 (14) cobupaHueM caaraeMbIX HYJIEBOIO HOPsIJIKA OTHOCUTETHHO E.

st BbLIeIeHIA e,ILI/IHCTBeHHOI‘O peHIeHI/IH I/ICHOJIbByeM TaKzKe YCJIOBHUA IJIaJIKOIO CO-
npsizenus bynxmun w0 (&) = uo )(2*) + QO )(€) B Touke 2* = 2(®9. Taxum o6pasom,
ycioBust cornpsikenust s dyukiuit BIIC mMoxHo 3ammcars B Buje Q((]g)(()) = Q((]z) (0).
[Mommkenne mopsizika B (16) ¢ yueroMm yciaoBust yObIBaHMst Q(()i)(f ) mpu £ — £00 TpuUBo-
JIUT K YPABHEHUSM IIEPBOTO HOPIKA

do&) P (@1)+Qf 1/2
QU \/» / f(u, w*)du) . (17)
@E) (2%)
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(=) (+)
s (17) ciemyer, 9ro dgg_ 0) = \/E(B()(x*))lﬂ, %(O) = %(—B(H (1:*))1/2,

Tak 4ro B cuity [¥Y3] ycsmoBus riaakoro COHpH}KeHI/IH Qég)(O) = Q(()Z)(O) YZIOBJIETBODSI-

IOTCH BHe 3apucuMocti or Besmanasl W) Ckopocrs apeiida BIIC B HyzeBOM HOpSIKe
W () Gyner Haiiena n3 ypaBHEHHIl 1epBOro Hopﬂg:LKa B JTAJIbHEHIIIeM pelleHune 3a,/1a49u
(16) npu 3amannoM 3HadeHun x* GygeM 0003HAYATH Qo (f x*). Ecim

flu,z) = 7u(u2 — UQ(x)), (18)

10 ¢\ () = —U(x), ¢V (x) = 0, ¢ (2) = U(z). Toraa ycrosue 6aranca [¥V3] soimo-

HEHO TOXKJIECTBEHHO, ypaBHerue (17) umeer riajikoe pereHre

Q5 (¢ 2%) = U(a) (tanh (€/0(a)) F 1),
rie O(x*) = (U(x*))_l, [2K/~, x* moboe B npeaenax (a,b).

Peryssipayto GyHKIUIO TIEPBOTO TOPs/IKa HalijgeM u3 ypashenus f, (o, z)ui(x) = 0,
perenne koroporo ui(x) = 0. Tenepb mpoBejieM pasJioXKeHHUe [0 CTEHeHsM € JICBOH U
npaBoii yacreit (14) jo nopsiika m = 1 BriouuTebHO, uctosb3ys (10). Hdamee mpu
pacdeTax [epBOro HMOpsIKa B 9TOM pasjeie obosmadaeMm z* = ). Ilycrn

QU 2%) = QF (&, 27) +eQY (6, a7,
dyHKIUSA Qéi)(g,x*) naiiziena us (16), mpudeM BTOpPOi apryment pasen Temepnh x(*)
Tak uro ¥ = x* + &, dx* /gt = W W = W) 4 e, Basucumocrs dynxiuit
LIEPEXOHOIO CJI0S Q(()i) u Qgi) OT x* jajiee sABHO YKa3blBaTh HE OyIeM.

Beenem omeparop Dp(§) = ¢(ﬁ(i)(£), w*) — qﬁ(ﬂ(()i) (x%), x*), rie
i (€) = ¢ (@) + Q5 (€), £<0,
o (@) + Q7 (6), €20.

TaK KaK (" )(O) 11(+)(()) TO

Df(6) = ( ) = fu(@SF (@), 2%), DI(E) = fo(a®NE), a%) — fu(@$ o), 2¥).

st Ql cJieBa ¥ CIpaBa OT TOYKH Hepexojia, MCrosb3ys (16), moaydmMm KpaeBbie
31091

%_fu( (€),2) Q7 (&) = ¢ (6, 27), (19)
Q77(0) =0, Q7 (£00) =0,

CBfA3aHHbIE YCJIOBHEM HEIIPEPBIBHOT'O CINMBaHUA II€PBLIX IIPOU3BOJHBIX B TOYKE II€PEXOIa

@ @
[QP@]| + a6 @)]| o (20)
S S
e q1 (§ x ) = —W(O*)Rézt) +K{i) (¢,2%). Bnec u nanee R§i) = Qgi) —/LQ&?, Rg?) =
ij o NQJEES’ J=012,., W(O*)( ) d.%'(o*)/dt
9 (e,0%) = éu,) («) DAY (€) + €D (€),
s napbl Gynkuuit 04 () obosnauaem [0 (24)] ‘2 = o) (2%) — ) (2*), wis naper
byuxmuit v*) (€) obosnanaenm [v*)(€)] |2 = v (+0) — v (-0).
[Tpu BeIBOsIE cucTembl (19) MBI ucmob30Baan ypaBHenus (16), KOTOpble BEPHBI JIJIsT
moboro 3nadeHns r* HesasucnMo or 3Hauderns W (). Bamermm, uro Besmumna Wi me
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Bxo/uT B 3ajady (19), Tak Kak B coorBercTBHU ¢ (14) 9Ta BeIMIMHA BOHIET TOJHKO B
caraeMble Topst/Ka €2 u 60/1ee BHICOKOTO.
Iycrs oneparop J*)[¢] neiicreyer na dbynkumo ¢ (€) mo npasury

_ + 13 + -2 +o0 +
TH[6)(©) = 7 Q5 () J5 (Qoc’ () "dn [~ Qi (0)6 ) (0)do
IPU YCJIOBUH CXOAMMOCTH HECOOCTBEHHBIX MHTErPAJIOB, YTO BCEra OyIeT UMETh MECTO
B JIAJIbHENIIIEM, 3TO JIEFKO MPOBEpUTh, uctoib3ys (17). Tenepsb perenne Qgi) (&) zamaun
(19) MoKHO 3ammcaTh B IBHOM BH/IE:

Q) = QPP (0)¥H(6) — JH [¢17](6) =
= QP U (&) + WO TH[RE] — 7 [¢Df, (€)ug, (+) + EDL(E)], (21)

e U (€) = (Qog (0 ))_IQ(%) (€). U3 ycnopus crmBanust B Touke x* u u3 [Y2] Haiinem
¥ (0) = U()(0) = 1. Hemssecruyio noxa semunny W () naiinem u3 yciosua cimsa-
HUsI TIEPBOTO MOpsijika B Touke mepexona (20), koropoe Bmecre ¢ (15) u (21), a Takxke ¢
yHeToM Jlerko nposepsiemoro roxectsa (JF) [¢] <€>)£(O> =kt Oioo UE (0)pP) (0)do
JaeT
+ @ + + @ % +
Q@] = [@P@uP©] | - L v ©d @,
B/ech 1 j1asiee TIpu BBIYKUCIEHUH I/IHTeraHOB 0 BCeit LII/ICJIOBOI/I [PSIMOii TI0J1araemM

[T e (e)de = [° oO(€)de + [ o) (€)de.
O6o3naunM

HiV (o)) = £ [5° Q4 (€) 0" (f)df M + [0 Q5L (€)™ () de,
Hyo[¢®)] = 1 [0 }+H‘+ (6],

Tenepnb naitjieM ckopocTh japeiida B HyneBOM nopsxe W () (2%):

z*+0

lea) @) DAD(© +€DEN©O] w0 O @IS, o)
QSN2 + 1l QL2 ||@é?r|2+u||@é§2n2

24
W(O*) (ZL’*) _

KoppeKTHOCTD 3TOro BhIparkKeHUs OOYCJIOBJICHA TEM, UTO HQ(()?H2 =H, [Q(()zt)} > 0

+ +
HQ(()&)HQ = H, [Qégg] > 0, u 1o nocranoske 3ajaun > 0. Ilepsoe craraemoe B (22)
onpejie/isiercss IpaiuenToM (byHKIUU TJIOTHOCTH HCTOYHUKOB, BTOPOE CJIaraeMoe OIpe-
JlesiseTcst TPaJIueHToOM Toit ske (byHKIH B TouKax ee KopHeit. Pemenne (%) (t) zamaun
Komm

dz®) [qr = WO (20, 209(0) = 2™, (23)

MOZKeT OBITH Olpe/ie/ieHO Ha KoHedHoM npomexyTtke [0, 7], u Torga wm x*(T') = a, nm
2*(T) = b, a 910 ozHA"aer, uro BIIC Bomen B KouTakT ¢ rpamumeil. Pemenne x(%)(t)
TaKyKe MOXKeT OBITh OIpeJeseHo Ha IpoMexyTke [0, +00), n Torma z*(t) — Ty (B
nepsom nops ke BIIC ocranaBimBaeTcss B HEKOTOPOI BHYTPeHHE TOUKe).
Pacuer jyia ciyuast (18) moc/ie BbIYUC/IEHUS UHTEIPAJIOB B (22) 12T TAKOE BbIPaKe-

HIE:
“1U,(x*)

U(x*r)’
a I pacdeTa KoopaumHaThl Toukn mepexoza (%) (1), KOTOPYI0 MOXKHO CHHTATBH TOUKOIL
naxoxaernst BIIC, momyunm 3amaty Komm (23).

Wo(z*) = —35(1 + 4—”) (24)

562
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2.4. Bropoii nopsag0K aCUMIITOTUYECKOTO PsJia

Jlyist mocTpoeHusi aJropuTMa YUCJIEHHOTO PEINeHus 3aJadid ¢ OCOOBIMH TOYKAMU
HAM TIOTpeOyeTcst BTOPOH W TPETUH TOPSIKM ACUMITOTUYECKOrO psija. Peryssipayio
dbyHKIMIO BTOPOro mopsaKa HaijgeM u3 ypaBHeHUs Koz, — fu(Uo, )t = 0, Tak 91O
- _ -1, _
u2(513) = fu (UO(.T), .TZ') kuO:m:- HyCTb

+ + +
QUH(E, o) = Q67 (6, 7) + Q1 (€.a%) + Q57 (€. 0,
bynkIIA Qéi)(é,x*) naitzena u3 (16), Qgi) (¢,2%) u3 (19), npuaem Bxoggamas B (19)
semmamaa W () (%) maiinena us (22). Tereps W) (2*) moskHO paccMaTpuBaTh Kax ms-
BECTHYIO (DYHKITHIO [TAPAMETPOB 3a/[a9l U KOOPIUHATHI TOYKH repexoa. aree npu pac-
“eTax BTOPOro Mopsiaka oboszHadtaeM x* = (2% Ilycrs

W (%) = WO (2%) + Wy (). (25)

Cobepem ciaraempble nopgika €2 u yurem (16), (19), (25). [na naxoxaenus
+) (&, 2*) mosryunM KpaeByio 3aady

{(%; Fu(€). %) ) Q7€ %) = 4 (€,27), (26)

@2<wﬂ=—@ﬂ@»c%<imw>=a
rje Q2 (57 ) = —Wln(()? —W(O*)R%)—i-w(o*) (Péi) _Mpo(gig)) —|—K§i), Kéi) (&,t) BbipaxKa-

+ +
€TCsl Yepe3 YacTHbIe IPOU3BOIAHBIE [ JI0 BTOPOrO MOPSIKA, PO( )(5 ,xr) = %Qé )(5 , %),
Perenne 3amaan (26) MOXKHO 3amucaTh B sIBHOM BH/IE:

+ + +
&) = QP (0)w(e) — TP [¢57] (€). (27)
VciioBue TJ1aJIKOTO CHINBAaHUS JIaeT CKOPOCTD Jipeiida repsoro npubsmkenus Wi:

W) - PalEel ZWOIHRE + WO (B — uPagl) (28)
W)= 2 (£)12
1Q5 12 + Q6L

Koopaumara Toukn mepexosa B mepsoM mopsiake () maxomures n3 3amaun Kormn
dx(l*)/dt = )( (1*)) + Wi (z 1*)), () (0) = o, (29)

npuaem W (z09) = WO (x(0) 1 Wy (2()). U3 [V1] crenyer, uro npapas wacTh
(29) mMeer paBHOMEPHO OrpaHmUeHHyI0 Ha [a, b] mpoussoamyio 1o 1)), 1 mosTomy yro-
BJIeTBOpsieT ycsosuio Jlummmuna Ha [a, b|, mosTOMY peleHne CymnecTByer.

IlycTs Ha Becem mpomeskyTke a < o < b Bepro W () (2*) > w, > 0. 3ammcas pemenne
(29) B stBHOM BHjIE, yOeaumces B ToM, uro perterue (29) npu ¢ — +0 crpemures K
perennio (23) pasromepno Ha [0, 7). JIuneapusarms (29) IpuBOANUT K ceMeficTBY 3a/atd
Kormmn

{ wor = WO (o), { 21 = 1 W™ (@) + Wi (o),

0(0) = Zoo, 21(0) = 710,
repBas U3 KOTOPBIX SBJIACTCA aBTOHOMHOM, BTOpasd — JIMHEHHOM.

Haiinem Wi B siBHOM BuJIe J1s1 KyOmaeckoit HeopHopoaaoctn (18), (24). Beraucienue

WHTErpaios nokaseisaet, uto Wi(z*) = 0, mosromy W (z*) = W) (2*). Pasencrso
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HYJIIO CKOPOCTH Jipeticha TEepBOTO MOPs/IKa CBI3aHO C TeM, 9TO (DYHKIUS HEPEXOIHOTO
cjiost HyJieBoro mopsika Qo(&,x*) sBisercss HedeTHOH OT & mpH JHOOOM ¥, CKOPOCTH
npetida epBOro MOpsijIKa BHIPAYKAETCsT B KOHETHOM CYeTe B BHJI€ KOMOWHAITUU CXOJIs-
IUXCsL HECOOCTBEHHBIX MHTEIPAJIOB OT IPOM3BeeHUs HedeTHOH GyHkmmm n Qe (€, %)
(KoTOpast sIBJIseTCsl YeTHOMN (DYHKIUEl). DTO CBOUCTBO CKOPOCTH MIEPBOTO MOPSIIKA, €CTe-
CTBEHHO, SIBJISIETCS CHEIMMUIECKIM U BEPHO TOJIBKO JJIs HEYeTHOW (DYHKITUH IIJIOTHOCTH
uctoaHukoB, f(—u,z) = f(u,z). VimenHno K Takomy KJaccy oTHocurcs ynknus (18).
[TosTomy jiutst 0cOOO# TOUKM TIEPBOTO pojia HEOOXOIUMO HANTH TPEeTHil MOPSIIOK acHMII-
TOTUYECKOT'O PA3JIOXKEHUS.

2.5. Tpernii mopsg 0K aCUMITOTUKH

Perynspras dbyHKIms Tperbero nopsiaka s ciaydas f. = 0 pasua us(x) = 0. Jisa
BLIMUCJICHAs (DyHKIHI Hepexo,uHoro 1051 0603HAMUM
QU(,a%) = Qp (€0 + Q17 (€.0%) + Q57 (6, 77) + Q57 (€ 07,
w 2*>( ) = WO (%) + eW I (2%) 4 2Wo(z*),
v* = 249 bynxiun Q()’LQ(S,{L’*) poipazkarorca (16), (21), (27), WO (z*), W (z2*)
BeIpazkatorcs (22), (28). Haiijiem yHKIHIO MEPeXOIHOTO CJI0S Qgi)(é‘) U3 3a/1a91, aHa-
JoruaHoi (26). YesioBue TUIaJIKOro CIIMBAHUA B TPETHEM TIOPsIJIKE MO3BOJIAET HANTH

Ha [Ks] = WO Ry ] — WM [RE] +# [P — P
Wy = ()12 ()12 ’ (30)
16112 + 1l QLI
PP(€,a%) = 2207 (€,2%). Koopammary %) matizen s sagasn Ko
I(2*)/dt _ )( (2*)) e ( 2*)) + 22, ( )’ x(Z*)(O) = Zoo. (31)

Touno Tax e ybeaumes B ToM, uTo JmHeapusanusa (31) npu yemosun WO (z%) > 0
IIPUBOJIUT K CEMENCTBY OJIHOII aBTOHOMHOI M HECKOJIbKMX JINHEWHBIX 3a1a4 Komm. Kak
u B 17|, ypasuenns qyist Ay, /dt, m > 1, IMEIOT OJMHAKOBYIO JIMHEHHYIO IaCTh.

g kybudeckoit dyukimn (18) BeIparkeHne CKOPOCTH BTOPOTO HMOPSIIKA MMEET BHI

Umx(x*) 1
v U3(z*) 1+4p/502

Wa(z") = =Co— (32)

Koncranra Cy npejcrapiser coboii KOMOMHAIINIO CXOMANIMXCS HECOOCTBEHHBIX MHTE-
I'PaJIOB OT CTENEHHBIX U THIEPO0InIecKuX (PYHKITUN, YUC/IOBOE 3HAYEHUE STON BEJTMIIMHBI
Cy = 2,4674...

Bamerum, 4To Jyist paccMarpuBaeMoro Hamu ciydast Ug..(Z) < 0 BbIpazkeHue
Wa(z*) > 0, mosromy W3 (2*) > 0 B okpecTHoCTH Tstop, 9TO o3uadaer, 1ro BIIC me-
peiifeT depes 0coOyI0 TOUKY U IPOJOJIKUT JIBUKEHHE B TOM »Ke HalpaByieHuu. Taxkum
00pa3oM, B TPeTheM IOPAJIKEe allllPOKCUMAIIAN

3*)/dt Wo(a (3*)) + &2, (x (3%) ), (3*)(0) = Zgo. (33)

Teopema 1. B npubiusicenuu mpemuvez2o nopadka Hatidemcs maxas oKpecmmocms
Q mouku Tsop, WMo npu Up(Tsop) = 0, Upa(Tstop) = 0, Uz (Tstop) < 0 u npu 1060m
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Zoo < Tstop, Too € §2, wmo mpuorcdv nenpepwviso duddepernyupyeman dynryus *(t) A6-
aaemes sospacmarowet na (0,71, npuuem ypasnenue x*(t) = Tsop UMeem eOUHCMEEN-
HoLltl npocmot Kopens t1 > tg.

Tak ke kak u B [6] (1151 KBa3umHeiiHOrO apabosmaeckoro ypastenus ) u B [26], [17]
(/11 ypaBHEHUsI ¢ MAJIBIM [IapaMeTPOM) IMOCTPOMM BEPXHEE U HUXKHEe PEIIeHHe 33[adn
(1). ObocHOBaHME YIOPSIOYEHHOCTH BEPXHErO M HUXKHETO PEIeHuii IPOBOUTCS TaK Ke,
Kak B [17], MbI OyJeM HCIOJIB30BATH /I TIOCTPOEHHsI BEPXHETO M HUXKHErO pereHui
HOPSJIOK ACHMIITOTHYECKOTO PA3JI0zKeHHsI He MeHee TPeX U MPeJInoioRum, ato Wi (x*) >
W30 > 0 na [a, b]. BmecTo npuniuna cpaBHeHMs! JJisl 3JUTMITHYECKOTO ypaBHeHus [6] Mbl
HCIIOJIBb3yeM 00OOIIEHHBIN TPUHITUIT CpaBHEHUs s orteparopa (1), chopMymmpoBaHHbBIi
u jokasaHubli B [27|. [IpuBesem TobKO OPMYIHPOBKH TEOPEM.

Teopema 2. /s 4106020 nopadka acumMnmomuyeckoz0 passoncenus m > 3 cy-
wecmeyrom ynopsdouennvie seprree pewenue [(x,t,€) u nuocnee pewenue oz, t,e)
sadawu (4) maxue, wmo Lla] > 0, L[] < 0, a(z,t,e) < B(x,t,e), 2de L[u] =
—&2uy + ety + E2kug, — f(u, x).

Teopema 3. Ilycmv navasvnaa gynxyua v (x,e) dsascov duddeperyupyema, u
a(z,0,e) < u(z,e) < B(x,0,¢). Toeda cywecmsyem edurcmeennoe pewenue 3a0ayu
(4), npuvem a(z,t,e) < u(z,t,e) < Bz, t,¢).

3. IlocTtpoeHue aJIJaliTUBHOI cCeTKHU JiJid 3aJiadu
B I'PAQANEHTHOI cpeJjie

Tertepp MbI MOXKeM cHOPMYJINPOBATD AJTOPUTM HUHCICHHOI'O DPENICHUs HAYATIbHO-
kpaesoit 3aaun i ypasaenns OKIIII (4) va aganTuBHOl ceTKe, MCHOIB3ys Hanbosee
3 dekTuBHbBIT MeTO 1 arfpuopHoro mporuosa mnojoxkenus BIIC, ocHOBaHHBI HA HCIIOJIb-
30BAHUU SIBHBIX BhIpakeHuit myist ckopoctu BIIC.

MBI BBIIEIUM TPHU KJIACCA 3a1a4, JJIsi KOTOPBIX TIOCTPOEHNE TAKOI'O aJI'OPUTMa, CYIIe-
CTBEHHO pasjmyaercd. B aroMm pasjese Mbl paceMorpuM (1) cirydail riajgkoit dyHKIMNT
IJIOTHOCTH UCTOYHUKOB W ITPEJIIIOIOKIM, ITO BBIIIOJTHEHO JOCTATOIHOE YCJIOBUE TIPOXOK-
nennst BIIC Beeit obmactu [a, b] 3a KoHedHOe BpeMst:

W0($*) > Wo > 0.

B aByx mocsieyronumx pas3jenax Mbl pacCMOTPUM GoJiee CJIOXKHBIE CIydan, Koriaa (2)
ckopoctb Wy(z*) = 0 B HEKOTOPOIT TOUKe IpOMEXKYTKa [a, b], u Toraa 6e3 JONOJHUTE b
HBIX Mep HapyIIaeTcst YCJIOBHE OrPAHMYEHHOCTH TOJIUHBL obmactu Dy, (3) dopMaibHO
HafienHas u3 (22) ckopoctb Wy(x*) = 0o B HEKOTOPOii TOUKe HMPOMEXKYTKa [a,b|, 91O
MOZKeT ObITh, eciiu (DYHKIUSI [JIOTHOCTH MCTOYHUKOB pa3pbIBHA W/ MMEET HeOrPaHU-
YCHHYIO MEPBYIO MIPOU3BOJIHYIO. DTHU JIBa CJAydas MbI OyjeM Ha3blBaTh COOTBETCTBEHHO
0COOBIMM TOYKAMHU TIEPBOIO U BTOPOT'O POJIA KOHTPACTHOW CTPYKTYPHI.

st mocTpoennst 1 060CHOBAHUS aJJAIITUBHON CETKHU UCIIOIB3YEM METOIUKY BEPXHETO
U HUZKHErO PeleHus, pa3paboTaHHyIo Jjisd ypaBHEeHUs peakiuu-1uddy3un B cepun pa-
6ot [26], [17] u qs ypasrenns KIIIT B paborax [29], [30]. [Toctpoum BepxHtee perenie
B(x,t,e) n mumknee pemenne oz, t,€) [6], [17] 3amaau (4). Dtu dynkiwm umeror By Oe-
ryleil KBa3MBOJIHBI, KaK 1 ToYHOe pemnienue (4). JleraabHo METOUKY TaKOTO TOCTPOEHsI
MBI OIIUCBIBATH 3JI€Ch HE Oy/IeM, TaK KaK cJestaeM 3To Jijist 60Jiee 00IIero ciaydast Cpeibl ¢
KYCOYHO-TJIa KO (DYHKIHEl IIJIOTHOCTH UCTOYHUKOB B pasjese 6. Touka mepexoma s
BEPXHETO PEIIeHusI U T}, JIJIs BEPXHErO DEIIeHNs B IEPBOM IMOPSIKE aCHMITOTHIECKOTO
psijia HaxosTCst U3 auddepeHnnaIbHbIX ypaBHeHuil, aHaaorunaHbix (23). Mbl ucmosib3y-
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eM OTIeHKY CKOpocTH yOuiBanus dbymkmmit 05 = B(z,t, ) — ¢\~ (z) npu yranenun x BIeso
OT T 1 0o = ¢ (x) — a(x,t,€) Upn yaajeHun T BIPaBO OT T, KOTOpas BLITEKACT U3
(17) m U3 SIBHOTO BBIPAYKEHUs JJIsi BEPXHETO U HIZKHErO pelleHnii, KoTopoe Oy/Ier JaHo
B pazjeie 6. ChopMmyaupyem Moy IeHHbIN PE3yIbTAT B BUJIE TEOPEMBI.

Teopema 4. IIpu svnoanenuu yeaosud [Y1, 2, 3] natidemea xonemarnma Cy > 0
maxas, 4mo 0Af 1100020 3a0aHH020 NOPAIKG 4ACNUNHOT CYMMDL ACUMNMOMUYECKO20
pada n > 1 u 3adanrozo nopsadxa npoussodnoti m > 1 wnatidemes xoncmanma Coy > 0
maxas, wmo 6 obaacmu Dy g = {a < v < 2 — Caell} u 6 obaacmu D3 g = {x} + Creld <
x < b} ece wacmmuwie npoussoduvie dynrkyuu B(x,t, ) nopadka 0o M 6KANOUWUMEALHO

PABHOMEPHO 02PAHUYEHDBL 0 MOJYAt0 KoHcmanmot Cy. B obaacmu Dé_ﬂ) = {xg — (Chel <

r < x5} u Déj%) = {op < 2 < a5 + Cocl} 6ce macmmvie npouscodnvie YKA3aHHHLT
nopadkoe pynrxyuy B(x,t,€) oeparnuuenve no modyao xoncmanmoti C1/e. Ananrozununmie
ymeepotcoenus 8epHovl OAA HUHCHER0 PEWLEHUSA.

HamomunM, 9TO MBI MOCTYJUPOBAJIM B IOCTAHOBKE 339U PABHOMEPHYIO OIDAHU-
YE€HHOCTh BCEX YAaCTHBIX MPOU3BOIHBIX (DYHKIUHU [ BCEX MOPSJIKOB, BXOJSIINX B sIBHOE
BBIpasKeHUe JJIsi COOTBETCTBYIONIEN JACTUIHON CyMMBI aCUMIITOTHIECKOTO PSITIA.

Taxkum obpazom, mMbl BeLaessieM obsactu nsred KC Dy u D3, 1y KOTOPBIX MOYKHO
COCTABUTDH U UCIOJIB30BATH CETKY Wi C MAroM hy = const (uMeeTcs B BUJLY, YTO BEJIMIMHA
hi BBIOUpaeTCs alPUOPHO IO 33 IAHHBIM 3HAYCHUSM MaKCUMYyMa MOJLYJIS BCEX ITPOU3BOJI-
HBIX HYKHOT'O MOPsIJIKA JIJIsT IOCTPOEHUsI CETOTHOM alpoKcuMaIun JudepeHnnaibLHOro
ypasHenusi). [Ipu Takom criocobe BbIOOpa Iara B BIPDAYKEHUST JIJIs HEBSI3KU PA3HOCTHOMN
CXeMBI OY/IyT BXOJIUTH TOJBKO PaBHOMEPHO ONpAHMYEeHHbIE YaCTHBIE TTPOU3BOIHBIE, TTPHU-
YeM KOHCTaHTa OI'PAHUYEHHOCTH He OyJieT 3aBUCETh OT 3HAYEHUs apaMeTpa €.

Mpur Boiessiem Takzke obsiacts BITC Dy, mupuna KoTopoil B pacTaHyTOI ITepeMeHHOI
¢ pasua Ch, B koopaunare ¢ pasHa Che, npudeM KoHCTaTa Ch He 3aBUCUT OT €, HO
3aBUCHUT OT 3HAYEHUsI KOHCTAHTHI PABHOMEPHON OIrPAHUIEeHHOCTH IIPOU3BOIHBIX (DYHKITUI
IJIOTHOCTH UCTOYHUKOB. TakuM 0Opa3oM, B 3TOil 00JIACTU MBI MOXKEM ITOCTPOUTH CETKY
Wy C AIPUOPHO BBIOPAHHBIM ITAroM ho, 3HaYEHHE KOTOPOI'O0 MBI BBIOEpEM TakK, UTOOBI
rapaHTUPOBATH PABHOMEPHYIO OIDAHUYEHHOCTDH HEBSI3KU PA3HOCTHON CXEMBbI.

Hawm mpusercs Takake obecriednTh COMPsIzKEHNE CeTOK wy U wy. Bes orpanmdenns oOIi-
HOCTH MOYKHO CYHTATDL, uTO hy = 27 %hy, k HaTypasbHOE YHC/I0, KOTOPOE MOYKHO BLIODATh
TakK, 9TOObI Y/JIOBJIETBOPUTH TPEOOBAHUAM K CETKAM W U Ws. B mojgobiacTu [71 C Dy,
pacroioykeHHOi BHYyTpu D1 1 mpuMbIKaoreit K Do, MBI PACIIOJIOXKHUM ITEPEXOTHYIO CEeT-
Ky, KoTopas obecrieunt conpsizkenue. [lepexonasi cerka OyaeT nuMeTh IepeMeHHbII T11ar,
[pUYEM 3Ta [ePeXoiHast ceTKa OyJIeT SABJIATHCA 00beIUHEHNEM TPEXTOUETHBIX JaCTUIHO
[EPEKPBIBAIOIINXCH 111a0/I0HOB, BEJIMYUNHA IIAra COCEIHUX MAa0JIOHOB Oy/1eT Pa3indaTbCs
poBHO B 2 paza. Takum obpazom, o0ITas TPYJI0EMKOCTDb pacdeTa OJHOTO BPEMEHHOTI'O CJIOS
umeer nopanok C' + C”log,(e71).

Pazymeercs, MoxKHO Jierko ckoHCTpyupoBaTh ajroputm AC, OCHOBAHHBII Ha AIo-
crepuopHnoii ornenke nosioxkenusi BIIC, kKoTopyio MOXKHO JaTh, UCIHOJIb3YS OINEHKHU JIJIs
9KCIIOHEHIHa/IbHOrO yobiBanus dyuxnuit BITC.

4. YucaenHoe MoaeJnMpoBaHHE 3329 C OCOOBIMU
TOYKaMU IIePBOT0O PO/Ia

Hepenko BosHuKaroIast B MpaKTHIECKN BayKHBIX 3a/la9aX Pa3HOBUIHOCTH I'DaIUEHT-
HO CpeJibl MMOPOXKIAeT 33491 ¢ OCOOBIMUA TOYKAMU IIEPBOTO POJIA.
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MBI Ha3BIBAEM TOUKY Tgtop OCOOOI TOUKOI IIEPBOTO POJIA, €U CKOPOCTh apeiicdba BIIC
B JAHHOH TOYKe, HalileHHAs B HYJEBOM IOPSIKE ACHUMIITOTHYCCKOTO PA3JIOKCHHUA I
3a/1a4r ¢ HecOAJTaHCUPOBAHHON HEOJHOPOMHOCTHIO (WM Hafi/leHHas B II€PBOM IMOpsiIKe
ACUMIITOTHYIECKOTO PA3JIOXKeHUsl JIJIs 33/a9i O cOaTaHCMPOBAHHON HEOTHOPOHOCTHIO),
paBHa Hy/J0. MbI HOKayKeM, 9TO B 3TOM cJjiydae (KOTODBIH, eCTECTBEHHO, HE COOTBET-
cTByeT chOPMYJIUPOBAHHBIM PaHee JOCTATOYHBIM YCJIOBUsIM KoppekTHOocTH MeTojga AC)
HeoOX0oauMO 110-1pyromy crpouTh AC, 9T06bI 0OECIIEYNTD 38 IaHHbIN TOPSII0K K AIIIPOK-
cumaru B obactu nsaredn KC n B obmactu BIIC, n oiHOBpeMeHHO COXpaHUTDH OIEHKY
C' + C"logy(e7!) ms umena onepanuii Ha OJTHOM BPEMEHHOM CJIOE.

B pab6ore [30] nocrpoena reopusi npoxoxenus dpponra BIIC uepes ocobbie ToUKn
KC. Pemmenne (B HestBHO# hopme) ypasHenus (23) npmxkenus BIIC B mHyseBom nopsiike
ACHMIITOTHYIECKOIO PA3JIOKEHI UMEEeT BIUJL f;o (W(O*)(x*))_ldx* =t — to. Paccmorpum
cirydaii, B KOTOPOM CKOPOCTH HYJIEBOI'O HMOPSIKA 0OpAIaeTcs B HyJIb B HEKOTOPOIl TOUKe.
Mpb1 ucnosib3yeM MeTOAUKY U pe3yibrarsl, noiaydentbie B [30]. [Ipu korcTpyupoBanun
YUCJIEHHOIO aJIFOPUTMAa DPEIeHns Hada bHO-KpaeBoii 3ajaqn (4) BaKHO umeTh uH(OpP-
manuio o noyoxkennn BIIC ¢ rapagTupoBaHHOil TOUHOCTBIO, K 9TO TPEOOBAHUE IIPEIIIO A~
raeT BLIYHUC/ICHUE HE TOJILKO CTAPIIero, HO U CJIEIYIOIIEro IepBOro Mo HOMepPY OTJIMIHOIO
OT HyJIsl 9JIeHa aCUMITOTHYECKOIO PsJIa, ITO U ObLIO BLIIOJIHEHO HAMU B pasjaenax 2.4 u
2.5.

JIJ1s1 onpee/IeHHOCTH PACCMOTPHUM TOJIBKO CJlydail Kybuueckoil mpapoii yactu (18) u
OymeM ucrob3oBarh (24) s ckopocru apeitda. [lyers Uy (Zsop) = 0, Upe(Zstop) = 0,
Usaa(Tstop) 7# 0, TOrIA W) coxpamser 3HAK B HEKOTOPOH HIPOKOJIOTOH OKPECTHOCTH
TOUKH Tstop- JLOCTATOUHO paccMOTperh citydail Uy, (Tstop) < 0, TOrIA WO (%) > 0 B
HEKOTOPOII OKPECTHOCT! TOYKH Tstop, KPOME CaMOIi TOUKH Tgtop, B KOTOPOI W (0%) (z*) =0.
Bompoc o mpoxoxkaenuu 0coboil TOUKH MEPBOrO POJa B HYJIEBOM IIOPAIKE ACHMIITO-
TUYECKOI'O PA3JIOZKEHUs CKOPOCTH Apeiiha paBHOCHUIEH CXOAMMOCTH WU PACXOIUMOCTH
[P dar / W) (z*). Bes orpanuuenus oOIHOCTH CUUTAEM Tstop = 0. Paccmorpum mm-

Tstop

POKO pPACIPOCTPAHEHHYIO Ha MPAKTUKE CTEIEHHYIO 3aBUCUMOCTH
Ug—Czx® x>0,
Ulw) = { Up+ C(—x)*, <0

B Bepazkenun (24) pu C' > 0, a > 1, Tak aro W) (0) = 0 u W) (2) > 0 npu = # 0.
[Ipennonaraem, aro a < 0, b > 0, u U(x) > 0 na [a,b]. Havanbroe nosoxenne BIIC
BBIOEPEM JIeBee TOUKU Tgtop.

s ciyuaas o > 2 perienne ypaBHeHUst (24) MOXKHO OIEHUTH, UCIIOJB3Ysl METOJ
nmuddepennuanbubix HepaseHncTs [26]. s moboro :E(()O*) < 0 nmaiiayrea rakue Cp u Cs,
0<C) <C <Cyuro XoC1,t) < 209(t) < Xo(Cy,t) mpu t > o, Tre

1

X.(C.t) = —((—x(()o*)) (=) 4 Cala—2)(t — t0)> “ pmoa # 2, (34)
xéo*)efca(t*to) upu o = 2,

Perenne (24) cymecrByer Ha mpoMexyTKe t € [tg, +00), Ipudem Jijisd BCeX t BEPHO
2O (1) < 2gop, 2 (#) = —g0p — 0 TIpH £ — +00.

Eciu ke 1 < a < 2, 1o B coorBercTirn ¢ pesyinbraramu [30], BIIC 3a koneunoe Bpemst
IIPOIJIET OKPECTHOCTH TaKOit 0c000i TOUKHU 1epBoro poja. Takum oOpa3om, HaiijieTcs Ta-
Koe t; > tp, ITO TOYHOE pelleHne ypaBHeHnst (23) cTaHeT PABHO Tgop IPH t = t;. 3ajada
(23) mMeeT HeeMHCTBEHHOE perlienue, pemenueM Oyser Tenepnb dynkius (%) (1) < Tgop
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mpu t < ty, 20(t) = 2gop mpu t; <t < to, Te ty > by, w 2O (t) > 240 DU t > 1.
Bnadenne ty He OIPEIEIACTC U3 yPABHEHNH HYJIEBOIO MOPSIIKA.

Takum obpazom, yuciennas mojeab KC ¢ 0coboit Toukoit ieporo poja tpedyer 1o
KpaiiHeit Mepe BTOPOI'O IMOPsjIKa BbIpaXKeHus Jjis cKopocTu jpeiida. s mocrpoenus
HUZKHEI'O ¥ BEPXHEI'O PEIIeHUsT Mbl UCIIOJIb3yeM Tellepb TPETUil OPAI0K YACTUIHON CyM-
Mbl aCHMIITOTHYECKOTO Psijia, Bbipazkenus (22), (24) u (30), (32) mia ckopoctu apeiida
BIIC B tperhem mopsike, ypasaerue (31), (33) mis mojoxkeHusi TOYKU Hepexoja. Te-
nepb 00J1aCTh MEJIKON CeTKU Ws BBIOMPAETCS C UCIOJIb30BAHMEM BBIPDAYKEHUsI TPETHEro
nopsizika (33) u COOTBETCTBYIOMIUM 0OPA30M IIOCTPOEHHBIX BEPXHETO M HUXKHETO pelrie-
HUii, JeTaJlbHOe OIMCAHUE [OCTPOEHHUsT KOTOPBIX JaHO B pasjese 6.

5. UmcaenHoe MoaeampoBaHMWe 3aJa9 C OCOOBIMI
TOYKaMU BTOPOTO PoJa

MbI Ha3bIBaEM 0cOBOH TOUKOiT BTOporo poga Touky (>, B KoTopoit ckopocTs apeiida
BIIC B myneBoMm (juist HecOasaHCHPOBAHHON 3a7a49u) U B mepBoM (j1st cOaaHCHPOBAH-
HOIT 3aja4u) nopsijike (GopMaibHO obpalnaercss B 6eCKOHETHOCTh. Tak Kak B JIAHHOM
paboTe paccMaTpUBaeTcsd 3ajada cO cOATAHCHPOBAHHON IJIOTHOCTBIO UCTOYHHUKOB, TO B
coorsercTBHE ¢ (24) 9Ta cuTyamua BosauKaer 1pu U, (z) — 4oo mpn x — (%) nm
P HAJIMYUU TOYKHU Pa3pbIBa IIEPBOrO pojia (PYHKIUU C KOHEYHBIM 3HAUYEHHEM CKadKa
Uz +0) — U(x(>) —0) > 0.

Paccmorpum 3amaay

{ e2u; — ety = 2kugy — f(u, x,€), (35)
ug(a,t,e) = uq, uz(bt,e) =up, u(x,0,¢)=1(x,e),

x € (a,b), t € [0,T], u(z,t,e) € CHANC(Q), Q = [a,b] x [0,T], e > 0, xKoTopas
oramvaercs or (4) Hasmamem 3aucumoctu f(u, x,€).
[Tycrb dbyHKIWS NIIOTHOCTH UCTOYHUKOB f(u, T, €) 3ajaHa B BUJIe
f(u7 JZ,E) = fO(ua l‘) + €f1(U, x),

npudeM raBHast yacth fo(u, ) ectb Kybuueckas dyHKIws (18), a B IepBoM mopsijike
0, mpu = < 7,

fi (u> ZE) = -
—2vulU(z)6U, upm x > z,
0U — koHCTaHTa. 3aMETHM, ITO TeM CaMBbIM MbI OyjeM CTPOUTH OOOOIIEHHOE pelleHre
samaan (35). Touka cmmBanms x* pasjensier IPOMEXKYTOK [a,b] Ha 1Ba HMHTEpBaJA:
GH) = {a <z < 2*(t,e)}, GH) = {a*(t,e) < o < b}. Bamaga (35) Takxe pacruier-
ageTcst Ha nBe 3ajaqdu anagorndao (16), (19), (26), mo seByio cTopoHy OT x*, W 110
npaByto cTopony z*. OHAKO Ternepb B 32aBUCHMOCTHU OT MOJIOKEHUST TOUKH IIEPEXO/IA O/l
Ha U3 9THX JIBYX 3ajad TaKKe PACIIeIUIsieTcsl Ha JBe, JieBee U IpaBee TOUYKHU CKadKa, .
Dopmyabl acumnrorrdeckoro pasnoxkenus (10), (12) ocratores BepubiMu. Perymnsaprast
byHKIMS IepBOro Mopsijika Telepb He paBHA HYJIO:

_ _ —1 _
i = —(foula§? (x),2)) " fir(a$ (x), ),
0, upu z < 7, (=
() = A
oU, npu = > 1z, —0U, upu x > I.

L+ 0, mpu <2
TaK 9TO ug )(x) = ’ 7
B cnydae paspwiBHOil (DyHKIIUM TIEPBOTO TOPsJIKa yI0OHO 3aIlliCaTh NPEJICTaBICHIE

cpasy Jijisi CYMMBI PEry/IsipHOil (PYHKIMU ¥ (DYHKIIUUA [TEPEXOTHOTO CJIOS:



Modeauposarue u anarud ungopmayuorror cucmem. T.23, Ne3 (2016)
274 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

. 5* (a*) + @”)(@ pn £ > 0,
GO =) + Q€ mpu £ <0, i=0.1,2. ..
st v < & mostyduM Kpaesyto 3a1ady ujia (19), onmako Terieph (hyHKIHS MIOTHO-
CTH UCTOYHWKOB [IepBOro nopsaka fi = fi(u, z*) umeer Bujy

- fo0<e<g

L 20U @)U, € > €= (3 —a)/e,

Eciu ke cyoit pacioyioykeH ciipaBa OT TOYKHU CKadKa T, T.e. * > I, MOJIYyIUM
29U (xz*)oUa, £ <E <0,

s kybudeckoit (pyHKIUU TIOTHOCTH UCTOYHUKOB TIOJIyIUM BbIPaXKEeHUE

Wo= 17 Aj; o [—n%(f;)) + 2_3/QM6U(tanh2(\/% Ué) — 1)] . (36)

KOTOpO€ MBI OY/IEM HCIIOJIb30BAaTh JIJIs ITOCTPOEHUsT IAIITUBHON CETKU B OKPECTHOCTH
0coDOil TOUKHM BTOPOTO pojia. BepxmHee m HUKHee peEIeHUs, TaK Ke KakK B pasjese 2,
CTPOMM B IIEPBOM IOPg/JIKEe YACTUYIHOI CYMMBbI aCUMIITOTHYECKOrO PdJia, IPpUYeM Pe3yJlb-
TaThl pasjesa 2.5 rapanTupyIoT KOPPeKTHOCTD moctpoenns: AC, T.e. paBHOMEPHYIO OIEH-
Ky TOYHOCTH U JIOTapUPMHUIECKYIO 110 € OIEHKY [uc/ia oreparuii. /s obocHoBaHUs MbI
MOJTYYU/IN TaKXKe SIBHBbIE BBbIPAKEHUs CJISIYIONINX TOPSIKOB aCUMITOTUYECKOIO DI,
KOTOpbIE B JIAHHOI paboTe He TPUBOJIUM.

—29U(x*)oUu, 0 < ¢ < 0.

6. IlocTpoeHne BepxHEro u HU>KHEro perieHusd

Mpbr ucnosnbsyem s nocrpoenuns AC He camy OpPMasIbHYIO ACUMIITOTUKY HEKO-
TOPOro IOPAJIKA, & BepxXHee W HIZKHEE PEHICHUs, MKy KOTOPBLIMH B COOTBETCTBUHU C
OPHUHIUIIOM MAKCHMyMa 3aKJII0YeHO TOYHOe pelneHue. /s Toro, 4Tobbl eamHoobpas-
HO OIMCATh 3aJadl C I'PaJMEHTHON Cpejoii, 3ajadu ¢ OCOOLIMH TOYKAME IEPBOrO U
BTOPOTO pOJia, MBI TTOCTpouM 0606IIeHHOe BepxHee pemienne ((x,t, &) u 0000mIEHHOE
HuKHee perterne oz, t,e). DTu (YHKIMA HENPEPbIBHBI U YIOBJIETBOPSIOT YCIOBUSM
(D(a),w) > 0, (D(B),w) < 0 nouru sBeroay B obaacru x € (a,b) \ {=*}, ut € (0,7], a
TaKKe TPAHUIHBIM YCJIoBUAM «(a,t,€) < u,, a(b,t, &) < u, nouru Berogy ua t € [0, 7],
a(z,0,e) < u’(z,e) < B(x,0,e) nouru Beogy Ha x € [a, b], U yCIOBUAM U3/I0MA B TOUKAX
CINTMBAHNUSI

Lo, —0,t,6) > Lo (2 +0,t,8), 2 Bun(ah—0,t,) < LBn(xh+0,t,€).

Baech D ecth oneparop 3ajaqu (4), w npobuas dyukiumst [28]. Met octpoum oz, t, €)
u f(x,t,€) B BUje MOANMUIMPOBAHHBIX 9acTHIHBIX cyMM psioB (10), (12), Tak ke Kak
970 ObLIO criesano B [17]:

U (7,t,6) = Uy + €m+1E (m+1),0 (€a) —p+ H(m+1)a(Ca) + H(m-&-l)a(Cb));
B, t,€) = U + €™ (Ugmi1),6(6) + P + minp(Ca) + Mminp(G)).
rae p > 0, ga,ﬁ = 571(I - xz,ﬁ(t7€))v 952,/3@’ 5) = Z;en ()1 5k$k( ) + 8Tnx(’n)‘)éw@(t)-

3nech Uy, o5(2,t,€) — qacTuanble cyMMel, anagorudnse (7) u (8),

Um,a,ﬂ (l‘, 2 8) = ZZZ:O e* (ﬁk,aﬁ(gaﬁ? t) + Ha,k,aﬁ(ga) + Hb,kﬂﬂ(@))v

(=) * (=) *
) ) Uy, upun v < x%, ) Q,ﬁ mpu = < xk, B
Upsy () . @ =y 0 . T=ab
Uy, upu x>, Q) upu x>1%,
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MomcunupoBannbie (DYHKIIUNA TEPEXOTHOTO CJIOF M-TO MOPAJIKa JIjIT BEPXHETO pe-
+ + .
IeHU s Q/,(C B) , 1 Q/,(€ a) JIIg HY2KHETO perenus, k = 0, ..., m, HaiijleM U3 3a1a4

{ ( 85(2 fO“( )(57)733*,0))12“ qm(&) (37)

a(0) = —pj,, G (£00) =0, j=0...m+1,

57
e qﬁ@,o =W Lw(cz% (6:1) = 1nQncle.c,) + K7
(.T ) Q (5’77 )7 f’y Z 07

(x ) ‘l’Q (S%t)a 57 <0,
J

W = Wi, j=0...m—-1 _@&) ﬂE-i), J=0..
Y W j=m Uy = ~ (%) 1
717 ) uj;ya j_m+
. 0,7=0...m
K® j=o0... ’ ’
K(i):{K](:l:)’ j_ T’ p§f¥): pufy:ﬁa]:m—i_l? ’}/ZO[,ﬂ
e J=mA —py=a, j=m+1,

Bripazkenust 11t K, 11, BBIYUCIISIOTCA € 3aMeHOM § Ha & U U(m41) HA U(m41) T Pm+1,5
sIBHBIE BBIPAyKeHWs MPUBOJUTL He OyjieM, 3TH (DYHKIUH BBIPAXKAIOTCS depe3 MPaByio
YacTh U ee Ipoussonble. Koopaunary () Haiigem u3 cucreMsl (m + 1)-To nopgixa:

A (m ) [dt = Wi Tina) + Wi + 0y Tny(0) = 65, (38)
o U, ’y == O[7 . 5’ ’}/ e Q{?
Iy = —0, v=05, 57—{ 5, =4, rjie 0 > 0 n 6 > 0 KOHCTaHTHI,
0 y -1
W("n)v’y - W((Tﬂ ’Y) (f (Q0§W 2d€’y + ,LL f Qoé'yf'y ng,y) y
Wiy = =WanaH i e, — pingee, ]+ [ Qg fu(Tmir (3) + P+ ) A, +

Komncranra o obecrieqnnaer Hy}KHbH/I CKa40K IIPpOU3BOJHLIX, KOHCTaHTa ) JdaeT CABUI
HavaJIbHOI'O IIOJI0XKeHHs cJj10d. Bee W paBHOMepHO OI'baHUY€HBbI BBUJTY 9KCIIOHEHIIUAJIb-

HOTO yObIBaHUA (OYHKITUIT Hepexo;LHoro CJ104, Q m 9KCIIOHEHITHAJIHLHO yOBbIBaIOT. Koaddu-
nuentsl p > 0, 0 > 01 d > 0 obecreunBator Takxke ycaosus dfy /dt < dz*/dt, dxy,/dt >
dxz* /dt. Tlapamerp 6 > 0 rapanrupyer, ato upu t € [0, 7] GYHKIMA T(m ) T T(m,a) VIO
BJICTBOPAIOT YCIOBUAM T(m3) < 0 < T(mq). 3aMETHM, UTO Wl(l) B (38) paBHOMEpHO
orpaHuveHa Ha |a, b|.

7. HucjieHHoe MojieJiInpoOBaHUe

Jlnsg auciennoro mopenupoBanus Kpasuanneitnoro ypasaerus OKIIIT ucrmonbsyem
MeTOJI, PA3HOCTHBIX CXEM C UTEPAIMOHHBIM PeleHneM CHCTEMbI HeJIMHENHBIX YpaBHEHUI
Ha KaxKJ0M BpeMeHHOM cJjioe. MblI ncrosib3yeM MeTo/1 aJallTUBHBIX HEOITHOPOIHBIX CETOK
C IeEpeMEHHBIM BO BpeMeHH IiaroM. Mbl BbIOMpaeM BeJIMUUHY IIara 0 IIPOCTPAHCTBEHHON
U BPEMEHHOI KOOpJMHATE TaK, YTOOBI NMETh BO3MOYKHOCTH HaXOJIUTh CKOPOCTH Jipeiida
BIIC ¢ TogHOCTBIO /10 TT€CTH BEPHBIX 3HAYAIINX UMD MOCIE 3aISITO.

st HaxOXKIeHNsT YUCJIEHHOTO PeIlleHnsT HadalbHO-KpaeBoil 3a1aun (4) s ypaBHe-
must OKIIII 6bw1 ucnonb3osan Meto| pasnoctHbix cxeM [31], [32], [33], moauduuposan-
HBIIl B COOTBETCTBUU C WJIESIMU TIOCTPOEHUsT 000OIIEHHBIX pertenuii [34]. Dror meTos mos-
BOJISIET [IPEJICTABUTH PEIlleHne CUCTeMbI (4) Kak Ipejiesl PEIeHnsl CIeIUaIbHO TTOCTPOEH-
HOI HEeJTMHENHOMN CUCTEeMBI aJredpandecKuX ypaBHEHU ITPU OJTHOBPEMEHHOM CTPEMJICHIHT
K HYJIIO II1ara 1o BpeMeHHO! KOOp/IMHATE W IIara 10 ITPOCTPAHCTBEHHON KOODJMHATE.
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Puc. 1. Cxemarudeckoe n3obpazkeHue oJHOT0 BPEMEHHOTO CJIOS PA3HOCTHON CXEMBI
Fig. 1. Schematic representation of a single time-direction layer of the model discrete
approximation

Jnsg mocTpoenus pa3sHOCTHON CXeMbI MBI HUCIOJIL3YEM IIECTUTOYEUHbIN MIab/JIoH Ha,
npaMoyrosibuoit cerke. Ilyers wyry — cetka x, = a + nh,, 0 < n < N, t,, = mh,
0<m< M, h,, hy — maru no koopauaatam r u t. h, = b_Ta, hy = % ITycTb Up,, —
cerounoe 3Havenue u(x,t) aust (4) B Touke £ = x, U t = t,,, 3anuiIeM HeJUHEHHYO
cuCTeMy, annpoKCUMUpyIoNLyio (4) Ha mabyoHe

($n—17 tm) (IEn, tm) ('In—i-la tm)
(wn—latm—l) (Inatm—l) (l'n—l—latm—l)

B BHJIE

um,n - umfl,n + Vum,nJrl - um,nfl + umfl,nJrl - umfl,nfl)

ht 4hx
N Lum,nfl - Zum,n + um,n+1 o iumfl,nfl - 2umfl,n + umfl,nJrl .
2h, h2 2h, h2 B
o um,nfl - 2um,n + um,nJrl + I{umfl,nfl - 2umfl,n + umfl,n+1 N
2h2 2h2

1 1
- §f(um,n7 xn) - §f(um—1,na xn)a (39)
C 'PaHUYHBIMHA 1 HaYaJIbHBIMU YCJIOBUAMU

u(m, 0) - Oéa(uﬂ"h1 - um>0)/haj = ﬁaa u(m7 N) + ab(um,N - um,N—l)/hx = ﬁb? (40)

u(0,n) = u’(n). (41)

Bamuiem Kparko ypasaenue (39) B Buje

A:{ (xn—la tm)u(xn—lu tm) + Ag (u<xn7 tm)) + A§u<xn+17 tm)+
+ AJ{ (J:n—la tm—l)u(xn—ly tm) + A; (U(Zlfn, tm—l)) + A;,U(l'mrh tm—l) = Bm,n- (42)

Bnech Ay u Az — ancsioBbie KoM DUITUEHTHI, OlpeIesIseMble TOJBKO Yepes3 mapaMeTphl
sajiaqn u ceTku, As(u) GyHKIUSA, B ONpe/IesieHrne KOTOPOii BXOIAT MapaMeTphl 3a1a4du 1
cetku u emie Gyukiusa f. Termepb paccMoTpuM HaJIOXKEHHBIE OJ[HA HA, JIPYTYIO CETKA

0) _ 1) _ K) _
w® = WM,N w® = WM,N-2;5 -+ wk) =

[puyieM x%k) =a+ n;‘—z, puc.1l.
B coorsercreun ¢ meromukoit Kyrra—Mepcona [35], [36], Mbr BeiOHpaem mrar Goee

OJIPOOHOI CETKH B J[Ba pas3a MeHbIle Irara 6ojiee rpy0oii.

WL, N 2K,
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HyCTb KazKlagd U3 CETOK OIIpe/ie/iIeHa Ha CBOEM MHOXKECTBC MHJ/ICKCOB,

w© ma muoxkecrse n® € {n((lo), o (0) U ne o nfio)}, nY =0, nﬁ,o) =N,
w® ma muokectse n® € {nf (1) U n(l) Y
w) Ha muoxectse n'!) € {nY ,...,nb‘]) U nd ,...,ng‘])},

cM. puc. 1, rjie moKasaHbl TPU HaJOKeHHbIe ceTKH. Kaxias cerka, kpome w') | cocrout
U3 JIEBOM M MPaBoil IPyMIibl y3/i0B. COOTBETCTBUE WHJIEKCOB ODECIIEUUBAET CJIEIYIONIee
IIPaBUJIO COOTBETCTBUS SUEEK: ng) = 2n,() 2 — 2, ngl) = 2n£ 2 +2amk=1,.. K—1.
[Ipm sToM nBa KpailHUX clipaBa y3Jia JIEBOIl TPYIIIBI y3J10B OoJsiee rpy0oil CeTKHN COBIIa-
JTAIOT C COOTBETCTBYIOIMUMHE y3JIaMu Oojiee MEJTKON CEeTKM, COOTBETCTBYIONINE 3HATEHUS

HENU3BECTHON (DYHKIINKM TaKyKe OTOXKIECTBJISEM: A N C) T R C)
YHKIL & F I nd g7 =Dy n o’

(3-1) () (5-1) ) (G-1) () (5-1) 29

T nG=D =2z NOE U n-D = =u NOE x D = =z ) x Tenepb 3alnIeM ypaB-

(J 1)+1 (J)

Herre (39) U1 KarKI0ro BHYTPEHHErO y3/ia KazK/oi 13 ceToK w(o), ey w)

AP @)t (@, tm) + AT (@) tn)) + AP u(e)y, tm)+
+ AV @Dt (@, tm) + A (u(@D 1)) + AV (@) 1) = B, (43)

joe {0,..J% n e {nd +1,..2" — 13y {n? 0 _ 1}, Hens-
BECTHBIMH B 9TOIl CHCTEME SIBJISTIOTCS u(:v(%),tm),..., u(a:((z)) l,tm) = u(:vu()l) tm),
ng ny’ —
1 0 1 0 j 1
u(x(()l) 7tm>7 u<x( %),tm) = U(xig)l)Jr stm)s - u(x( (Z) 17tm) = U(xS&wt ), U<I( (Z) 7tm)7
J J
u(x((z o tm) = u(;v(<)]) tm)s oo u(x((g),t ), u(x(<3) tm)s «on u(:v(%) tm). K cucreme

(43) cne,uyeT TaKxXKe ,ZLO6aBI/ITb I'PAHUIHbIE YCIOBUS (40) (41). HpI/I 3allUCH CHCTEMBI
ypaBHeHuil (43) MbI yUUTBIBAEM, YTO y MPUMBIKAOIIUX 001acTeli CETOK JIBYX COCEHUX
IPOCTPAHCTBEHHLIX YPOBHE pa3pelIeHus UMeeTCsl POBHO JIBe 00IIue a9eiiKi, B KOTOPBIX
peleHne UMeeT, eCTECTBEHHO OJIMHAKOBbIe 3HAUEHUsS Ha 9TUX ceTKax. Tak Kak cucrema
(43, 40, 41) aBasgeTcs HETMHEHHOM OTHOCUTEIBHO U, ObLIT TIPUMEHEH I/ITepauHOHHmﬁ Me—
to. Pemenue na m cioe nis k -it urepanym npejacraBisieM B BmLe u,(ffb)n = u( Yy sulk

UTEPAINOHHBII IIPOIECC MPOIOJIZKAEM JI0 TeX MOpP, ITOKa max(|5um ) ) >0, 5 > 0 3a1aH-
HOe "ncio (ompejiesisier TOYHOCTh pe3ysbrara), 0 < 1. DToT MOIX0J1 MO3BOJISET JINHEea-

puzosarh f(u,r) ¢ HOMOHLI)IO MeTO,ZLa Hobrorona:
k k—1 k‘ 1 k
R €CTb OCTATOYHBIN quH HpI/I YUCJIEHHOI peaJII/ISaLLI/II/I OCT&TO‘IHI;II'/’I qJIEeH OHYCKaeM,

(k—1) (k—1) -1) (k—1)
f( m+1 n + 6 m+1 n’ l‘n) - f(um—l-l,n’ l‘n) + fu( m+1 n? xz )6um+1,n‘
HI/IHefIHaH cucreMa OJigd OAHOI'0O MTEePpallrMOHHOI'O IIara MMEeT B/
1

(k—1) v o (k=1 (=D (k—1) (k-1
hy ( m+1n 5 m+1n umn)_l—m(um—l—ln—l-l_'_é m+1n+1_um+1n 1_(S +1n 1+Umn+1—
o p (k=1) (k—1) (k—1)
_um,n—l) - h%h [ m+1 n—1 + 5um+1 n—1 2( m+1n + 5 m+1 n) + um—i—l n+1 + 5um+1 n+l
k (k-1) (k— (k—1)
_(umn 1_2um,n+um,n+1)]_m[(um+ln l—f_(S m+1n 1_2( m+1 n+5 m+1 n)+um+1,n+1+
(k—1) _ (k—1) (k—1)
+5um+1 n+1) + (um,n—l = Uy + umm—&-l)] = _f(um—l-l s Tn) — fU( m+1 n7 mn)(sum-s-l,w
k—1
CobepeM OT/Ie/IbHO clraraeMble ¢ 5u£n +1):
(k—1) (k—1 (k-1)
Amméumm_l — By n0Umon + C, néum i1 = —Fun,
rie koabdbunuenTsl Ayt pn-1, Bmtin, Cmitns1 ABISIOTCA N3BECTHBIMH, ﬂBHbIe BbIpa-

Kenust He npuBoguM. Jlasee peasusyem meTo mporosku [31] s (5um +1 . Bo Bcex
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Puc. 2. DBosmonust KOHTPACTHONW CTPYKTYPBI JIJIsi 9KCIOHEHITNAILHOTO TTPOMUIIS YPOBHSA
HACBIIEHUST
Fig. 2. Contrasting structure evolution for the exponential saturation profile

IPUBOMMBIX Jlajlee pe3yJsibTaTaxX 3HadeHue IapaMeTpa KpPUTepus OCTaHOBa UTepaIoH-
HOT'O TIPOTIECCa € BBLIOPAHO TaK, 9TOObI ObLIM BEPHBI BCe 3HAYAIINE UMPHI TPUBOIMMBIX
YUCJIOBBIX 3HadeHuil. /g rpadukoB 3nadenune £ BbIOpAHO TaK, YTOOBI OTIMIUE TOYUHO-
ro pe3yjabTaTa OT MPUBOAMMOro Ha rpadUKe He MPEBBIAIO BUIUMON TOIIIIMHBI JITHIN
rpaduka. O1eHKa ITOrPenHOCTH OCYIIECTBIIAIACH CTAHIAPTHBIMU METO/IAMU OIEHKHU TO-
HOCTHU PEIIeHNs] PA3HOCTHOI CXeMbl UTEPAIMOHHBIME METOJIAMU, M3JI0KEHHBIMU B KHIH-
rax [31], [32], [33]. Bbum npose/ieHbl TaKKe MOJIETIBHbIE PACUETHI JIJIs HAYATHbHO-KPACBBIX
3a/1a4, 7718 KOTOPBIX M3BECTHO TOYHOE PEINIeHre, B TOM YHCJEe JJI IPaBOil 4acTh BHUIA
f(u,z) = v(u—Uy)(u—Us)(u—Us) B OAHOPOJHOM IIPOCTPAHCTBE CO COATAHCHPOBAHHO
1 HecOAJIaHCHPOBAHHON peaKIlueil.

MpbI 1IpoBesE CpaBHEHHE DPACCIMTAHHBIX AHAJINTHIECKH B IIEPBBIX ISATH IOPSIKAX
armpokcnMarn ckopoctn npeiicba BIIC u ckopoctn, HaiijIeHHON# B THCIEHHOM 9KC-
nepuMente ¢ ucnosibzosanuem Meromuku AC. Ilyers k& = 1, v = 1, €2 = 1073,
U(x) = exp(—2/100). IIpu stux smnadenusax napamerpos tosunmia BIIC mpu zp = 0
pasna 0 = €/2k/yU? = \/%70. B coorserctBum ¢ (22), Trounoe snauenne Wy = 0.03

npu xo = 0. smepennoe B umciiennoMm skcrepumente Wy omymdaercss oT yKa3aHHOTO
TEOPEeTHUeCKOro 3HaueHus He Gosbire yem Ha 1077 mpu —10 < 29 < 10.

Ha puc. 2 nmokazana 3BOJIIOIUS KOHTPACTHON CTPYKTYPHI JIJISI SKCIIOHEHITUAIHHOTO

npoduist: U(z) = cle<x B 62)/63, k=1 v =1, e = 1073, upudeM Ha IPOMEKYTKe
—1 < z < 1 Besimuuna U(x) Bospacraer or 0,8 no 1,2. CHUMKHU CjieIaHbl Yepe3 paBHbIe
MIPOMEXKYTKHU BPEMEHH.

Ha puc. 3 mokazan nmpuMep YHCIEHHOTO PeNIeHus 3a/1a9l ¢ HAJTUIUEM OCOOBIX TOYEK
BTOPOro pojia, mokasanbl Takyke Gyukiwu U(x) u —U(x). [lapamerpst 3a/1a4m BEIGpaHbI
Tak, 9TOObI BeJMYNHA CKOPOCTH TpajmentHoro japeiida BIIC (22) u Besmumna ckopo-
CTH B OKPECTHOCTH 0CODOM TOYKH BTOPOro pofa (Touxu ckadka U(zr)) ObLM CpABHUMBIL.
Mo>kHO 3aMeTUTh, 9TO B OKPECTHOCTH KarKJIOW TOYKHU CKadKa CKOpocTh jpeiida BIIC
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Puc. 3. 9pomonusa BIIC B cpeme ¢  0cobbIMH — TOYKAMU  BTOPOI'O  POJIA
Fig. 3. The Interior Layer evolution for the case of first kind spesific points

YBEJIMYUNBAETCS, HO OCTAETCH KOHEYHOI, YTO MOJIHOCTHIO COOTBETCTBYET (PU3UIECKOI Cy-
TH TPOIECCa PeaKIni-a/iBeKnnu-1uddys3nn.

Takum obpa3om, pa3zpaboTaHHBI B JaHHON CTaTbe METOJ aJalTUBHBIX CETOK JIJIsd
YUCJIEHHOTO pEIIeHnsT HadaabHO-KpaeBoil 3aja4dn g ypasHenus OKIII ¢ wmammaumem
BHYTPEHHErO MEPEXO/HOIO CJIOs, & TaKyKe JJIsi OCOOEHHBIX CJIydaeB OOpalleHus CKOPO-
cru Jipeiicha mepBoro MopsiJika B HYJIb B HEKOTOPOI TOYKE IPOMEXKYTKa (0cobasi TouKa
[EPBOTO PoJia) M B GECKOHETHOCTD (0c0basi TOUKa BTOPOTO POJIa) MO3BOJISIET MOCTPOUTH
3 deKTUBHBIN aJrOPUTM peleHus TPAKTUIECKN BazKHOW 3a/1a91 ¢ AallPUOPHO BBIYUC/IS-
€MOII TOYHOCTBIO.

Asrop 6iaromapen B. @. Byryzosy u H. H. Hedenoy 3a obcykienmne pe3yabTaroB u
IEHHbIE 3aMeYaHMI.
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1. IlocramoBka 3ama4m

CramumonapHoe pacupeaeaeHne KOHIIEHTPAINH TAPHUKOBBIX Fa30B B 9KOCUCTEME «JIEC—
60JI0TO» B TPEJITOJ0KEHNN N30TPOIHOCTH TTPOCTPAHCTBA 110 OHON U3 FOPU30HTATBHBIX
KOOPJMHAT UMeET BUJI KOHTPACTHOM CTPYKTYPBHI C JIOKAJIU3alUell BHYTPEHHErO IIEePEeX0/I-
HOT'O CJIOSI B OKPECTHOCTH I'PAHUIIBI MEXKJTY JIECOMOJIOCON U DOJIOTOM. DTO SBUJIOCH OCHO-
BaHHEM JIJIgd IIPUMEHEHU A ACUMITOTUYECKON TeoOpUun KOHTPACTHBIX CTPYKTYDP K HUCCJIEI0-
BaHUIO OJTHOMEPHOI MOJIEIBHON KpaeBoil 3a/1a9u AJ1d yCPEAHEHHOTO YPAaBHEHUS IIEPEHOCA
ra30BOM ITPUMECH

2" —eA(x)u = B(u,r,e), x¢€(-1,1),e€(0,1), (1)
C IPAHMIHBIMU YCJIOBUSAME BUJIA
u'(—1,e) =4 (1,6) = 0. (2)

B1ech u — 6e3paszmMepHasi KOHIIEHTpaIus ra30Boil npumecn, A () — ropusoHTaabHast
KOMIIOHEHTa 6e3pa3MepHOii CKOpOCTH BeTpa. B paMkax JanHoi Mojenn hyHKIUs B3au-
MOJIEHCTBHS C PACTUTEIBHOCTBIO B (u, 2, £) BIOUpaeTcs B Buje

B (u,z,¢) = (u =1 (2)) (u—= @2 (2)) (u— ¢35 (z)),

riae byHKIwn u = @; (), ¢ = 1,3 HHTepHPeTHPYIOTCs Kak Ge3pa3MepHble KOHIIEHTPAIIN
MApPHUKOBBIX T'a30B HAJ| JIECOM W OOJIOTOM.

2. Pemenne norpaHcJ/I0MHOIo THUMIA

Borpoc o cymecTBoBaHIN KOHTPACTHBIX CTPYKTYD B 3a1a4e (1)—(2) memocpeacTBeH-
HO CBA3aH C BOIIPOCOM O CYIIECTBOBAHUU PEIICHUIl HOIPaHCJIONHOIO TUIIA B CJIeLyIoNleit
3a1a4e:

P — A @) = (w— o () (=2 (0) (= g3 (2), 2 E(-LD),  (3)

u/(_Lg) = 01, u<1’5) = G2- (4)

Hasiee Gyem ucciieoBaTh pelieHre morpasc/ioiinoro tuma 3agaan (3)—(4), koropoe

67m3Ko K perieHnio u = 1 (x) BeIpoxKIeHHOrO ypashenus B(u,x,0) = 0 BHyTpu uH-

tepBaia (—1,1) , a B Toukax & = £1 yjoBierBopsier rpaHudHbIM ycsoBusiM (4). st
ONPEJIEIEHHOCTH OYJIeM CYUTATh, 9TO g > ¢1(1) .

HyCTb BBIIIOJIHEHBI YCJIOBULI:

(Y1) Dynryuu A () u; (x) — docmamouno eaadkue dynryuu 6 obracmu x € [—1,1],i =
1,2,3

(Y2)Kopru u = @; () ewpoorcdennozo ypasrernus marosv, wmo @1 () < g9 () <
s (x).
[Mopsiok raajgroctu Gyt A (x) u ¢; (x) onpemessieTcst HOPSIIKOM CTPOSIIIEHCsT ACHMII-
TOTHK.
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Iycts (A (1)) 44 (@ (1) — @1 (1)) (w2 (1) — @3 (1)) < 0. Torma B cuy yeaosus (V2)
toukn 1okos (p1(1),0) u (¢3(1),0) ma daszosoit mwrockocTu (U, V) TPUCOCTUHEHHON CH-

dv/dpy = A(1) 0+ (u—¢1 (1) (=2 (1)) (u—s3(1)),
du/dpy =v, —o0<py <0

(5)
KJ1accuUIUPYIOTCS KaK TOUYKHU MOKOsl THIIA cejiia, a Touka (po(1),0) — kak dokyc.

[yt cymiecTBOBaHUSA pelleHust HOrpaHciIoinoro Tuma 3aga4du (3)—(4) mocrarodno,
9TOOBI IIPAMAsS U = o Ha IJIOCKOCTH (U, U) IIepeceKasia CelapaTpPHCy, BXOILIILYIO B CEI0
(p1(1),0) mpu py — —oo [1]. CooTBercTByIOIIEE HEpEceTeHne 0OECIETNBAET CIIELYIOIEee
yCJIOBUE Ha 3HAYEHUe ¢ :

(¥3) Beau A1) = /3 (o1 (1) + 03 (1) — 202 (1)), mo 01 (1) < g2 < 3 (1) ;
ecau A(1) > (/3 (01 (1) + @3 (1) — 22 (1)), mo g2 > ¢1 (1);
can A(1) < \/3 (o1 (1) + 05 (1) = 205 (1)), mo 91 (1) < g2 < 0

)
2de U — maubosvuwiee u3 603MOACHHLT 3HaveHul makuz, wmo p1 (1) < 4 < @3 (1),
U(a) =0, @#ex(l).

B uacrroctu, nycts B = u(u — 1)(u — 4) . [lonoxkenue cenaparpuc B BepxHeil MOJLy-
tockocTH (as3oBoii mwrockocTr (U, V) IpU pasindHbIX 3HadeHnsx kodddunuenta A(1)
IrpeJicTaBjeHo Ha puc. 1-3.

4 3 8
\\ /\ 6 7
2 2 /
/LN e
0 i L e
-2 /, 0 0
'40 1 5 3 4 0 1 2 3 4 29 1 2 3 4 5
Puc. 1. A(1) =1, 0 =25 Puc. 2. A(1) =2 Puc. 3. A(1) = 1.9

Yenosue (Y3) soimosaeno, ecin 0 < go < 2.5 upu A(l) = 1,0 < go < 4 upn
A(1) = /2, u, maxonen g, > 0 npu A(1) = 1.9 .

B coorBeTcTBIM ¢ METOJOM MOIPAHUYHBIX (DYHKINI [2] acCHMITOTHKY TTOMPAHCIONHO-
IO peleHns UIeM B BUJIE PsJia;

u(z,e) = ﬂ(x,a)%—ﬂu* (p+.€) +1Iu™ (p-. ), (6)

i (r,6) = o1 (0) + et (&) ..., Tu* (pg,e) = ot (ps) +elluf (p) + ...,

p-=(x+1)/e, pr=(z—1)/e
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B mysieBoM mpuO/IMKEHUN UMeeM:

d* Ty /dp? — A(=1)dllugy /dp- = B (1 (=1) + My, —1,0) ,

dug (0)/dp— =0, Ty (+00) =0, (7)

B (g1 (=1) 4+ Hug, —1,0) = Huy (1 (—1) — 2 (1) + ug ) (o1 (—1) — @3 (—1) + uy ) -

Anasmsupyst $ha3oBblil MOPTPET CUCTEMBI, KOTOPas COOTBETCTBYET YPABHEHUIO U3 32~
maan (7), BugmM, 9T0 3ajava (7) nmeer TpuBnasbaoe perrerne: u, (p-) = 0.

Ananornano nosrydaeM 3anady jist onpeetenus dbynxuun [ug (po):

Mg /dp% — A (1) dlug [dpy = B (g1 (1) + g, 1,0)
HUSF (O) =02— ¢ (1) ’ HUO+ (_OO) =0,

rae
B (1 (1) + Hug,1,0) = Hugd (e1 (1) — @2 (1) + Mug ) (o1 (1) — @3 (1) + g )

Ecou monoxkuts U(py ) = @1 (1) +Hug (po), To ypasaennio us sagaun (8) Gyaer cooTser-
croBarh cucreMa (5). B cuy yenosus (V3) cymecrsyer pemtenue 3a1a4au (8). B kade-
CTBe pellleHns: BBIONpaeM MOHOTOHHO U3MEHSIIOILY0Cst (QDYHKIMIO OT 3HaYeHus g — @1 (1)
upu py = 0 J10 HYJIS TIPU py — —00, HPUUEM |Hu5r (,0+)‘ < CeXor+ - xo > 0.

KoncranTsl, 3HaUeHUsT KOTOPBIX HE 3aBUCAT OT &€, 3]1eCh U Jajee OyjaemM o603HaYaTh
oyksoit C.

[Ipu n > 0 pa wienos pasnoxkenns [Lu™ (p)) mmeem nuneiinble 3axatm:

&l fdp? — A (1) T /dpy, — B (p )Ty = £ (py), =00 < py <0, ©)
Mu, (0) = =7, (1), T, (—00) =0,
rie Bf (py) = (@ — ¢2(1))(@ — 3(1)) + (@ — 1 (1)) (@ - 3(1)) + (@ =1 (1) (@ = ¢a(1))
, [7 (p+) — usBectble dynknun, npuueMm |f7 (py)] < CeXnPt b > 0.
[Mockosbky pemenus 3azad (9) mpecTaBUMBI B IBHOM BHJIE

1} (1) = =2 7 (0) - mmp/ A0 (s ds [ ) g )

— 00

To jisd dyukumit [Ty} jerko moaydurs 3KCHOHEHIINAIBHBIE OIEHKHU:
+ Xt p +
Tt (py)] < CeXnit b > 0.
IIpu n > 0 orHOCHTEeBPHO DyHKIMI Ilu, MMeeMm aHATOrMYHBIE 3318491

d*Mu, fdp? — A(=1)dlu, /dp- — B, Tu, = f; (p-), 0<p- < +oo,

N _ _ (10)
dlu, (0)/dp- = —u,,_,(—1), Ilu, (+00) =0,
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peneHnd KOTOPhIX IIPEJCTaBUMbI B BUJIE:

+oo
S " T YO v Yo R N
Hun )\1()\2 - )\1) O/ ‘ fn <€>d€ /\1 unfl( 1) e + Hun )
ve Tz = —Yi (o) [ AV, (€) £ (6) de + Ya (o) | e ACVEY, () £ (€) de —
0 +o00

qaCTHOE PeleHre HeOJHOPOAHOTro ypasHenus u3 3a1aqan (10), Y (p-) = \/e::—%l — @CP

OJIHOPOJTHOTO YPaBHEHUS, \p = ACDFy A;(_I)J“@; k=12,
By = (p1(=1) — o2 (=1)) (1 (—1) — 5 (—1)), fi (p) — msmecipre dymcmmn.

Crpasemuset onenku: [ITu, (p_)| < Cexnf-  y, < 0.

JokazarenbeTBo cymmectBoBanus perenus 3aga4n (3)—(4) ¢ acummnrorukoii (6) ocHo-
BAHO Ha MJIESX aCHMIITOTUIECKOrO MeTo/a iiuddepeHnnaibHbIX HEPABEeHCTB (CM., HAIIp.,
[3,4]). Bepxuee B, (z,c) n HuKHee oy, (X, €) peleHnst CTPOATCA B BAJE CTAHIAPTHBIX MO-
JudUKANTil ACHMITOTHIECKOrO pa3yoxenus (6):

Bu(w,8) = 1 () + et () + ... + (U (¥) +7) + Mug (p4) +elluf (p1) + ...+
+e"uy (pi) + gy (p+) + ellug (p-) + ..+ " lugy (p-)
an(w,€) = 1 () + et (2) + ...+ (U (2) =) + ug (py) +elloy (py) + ...+
+e" Tl (py) + "oy (p4) + ellug (p-) + ..o+ " lugy (p-)

rae v > 0, a dyakuun I, gul (py) onpesessioTcs Kak pelreHus CJIeyouxX 3a1ad:

Ao sl [dpt — A(1) dl gu,s fdp, — B (p )Mo pu,” =
= FITuy (3Mug + 41 (1) — 2(p2(1) + w3(1))) £ ¥(p4), —00 < py <0,
[, su (0) = 0,11, gu, (—o0) = 0.

Baech 0 < U(p,) < Cyexp(apy),da>0,Cy >0.

B pesysbrare mpoBepKH cOOTBETCTBYIONHX [T depeHImanibHbIX HepaBeHCTB 4] m1o-
Ka3bIBACTCS

Teopema. [Tycms swvinoanerve ycaosus (Y1)-(¥3). Toeda cywecmeyem pewenue
u(z, e) 3adavu (3)—(4) maxoe wmo

lu(x,e) — U, (x,6)] < Ce"™, xe[-1,1],

ede U, (r,€) — wacmuunas cymma n-20 nopadka acumnmomuueckozo pada (6), C' — ne
3A6UCAULAA O € KOHCTNANMNA.
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Ecin paceMoTpeTh HapabosIMuecKyio 3aady, COOTBETCTBYIoNyio 3aiade (3)—(4), c
navasbaoil bynkiueit u’(x) Takoit, uto ay(z,€) < u’(z) < Bi(x,€) , To €é cranmonapuoe
pererne u(z, £) ¢ acuMITOTUKOMI (6) Oy/IeT ACHMITOTHIECKH YCTOWINBBIM 110 JIAIyHOBY,
U, CJIeJIoBATE/ILHO, ¢JIMHCTBEHHBIM B yKasaHHO obsactu [5]. DTo yTBepskjieHne Jerko
JI0Ka3aTh, €CJIM MPUMEHUTh aCHMITOTHYECKIH MeTo, i depeHImalbHbIX HEPABEHCTB
K JICCJICJ0BAHMIO BBIMICYTIOMSHYTOI 11apaboImuecKoil 3a,1au.

3. KoHTpacTHbIe CTPYKTYPbI

CdopMynupyeM OCHOBHBIE yCJIOBHSI CYIIECTBOBAHUA KOHTPACTHBIX CTPYKTYD B 3818~
ae (1)—(2).

[Tycrs (A(x))? + 4By (p2(x),2,0) < 0 npu x € [—1,1] , Bomossens yeaosust (V1) |
(¥Y2) u ycaosue

(V3% Cywecmeyem snavenue xg € (—1,1) maxoe, wmo

A(zg) = ! (¢1(x0) + p3(w0) — 2¢a(x0)) -

2
HpI/I OITMCaHUU KOHTPACTHBIX CTPYKTYD CYIIECTBEHHYIO POJIb UT'DAET IIPUCOCIUHEHHAA
CHCTEeMa

dv/dg = A(x) v+ (0= 1 (2)) (u = @2 (2)) (W= 3 (7)),

du/dE =7, —o0 <€ < +o0. (11)

Onpenemmm dyuxuuio H () =01 (0,2) — v~ (0,2) , € [xg — d, 20+ 0], 0 = O (¢),
rae vF (§,x) — perenns cucremsl (11) ¢ yenoBuamu ut (Foo,z) = ¢; (z), i = 1,3,
0T (Foo,z) = 0. B cuy yenosua (V3%) npu = zy Ha $Has3oBoii IOCKOCTH CHCTEMBI
(11) cymecTByer cenaparpuca, coenunsiomas cemia (p1(zg),0) u (¢3(xo),0). Caemoa-
tesbro, H (z9) =0 .

(V4). Iyemov H'(x) > 0.
AcumnroTnveckoe pasjioxkenue perteHus u(x, £) THIA KOHTPACTHOH CTPYKTYDBI 110-

JIyLIaeTCH B pGByJIbTaTe Cl — CIHIMBaHUA ﬂByX ACUMIITOTUK HOFpaHCHOﬁHOFO TUIIa B TOYKE
rT=71:

W =T (9) QU (60) T (o 2) r € [18), -
Wt =T (5,6) + Qut (€,0) + TTu* (py, )z € (3,1),
§=(x—12)/e,
e U (z,e) = 1 (2) +euy () +...u" (z,¢) = p3 (z) +eu; (x)+...— perynaphble ua-
crn pasnoennit, Hu® (pi, ) = Hug" (ps) + ellui (p+) + . .. — byukmmm, onmcbBaronTe

TOrpaHUYHBIE CJION B OKpecTHOCTH Towek = = +1 | Qu* (€, ¢) = Qui (§) +eQui (€)+. ..
— yHKIUM, OMUCHIBAIONIHE OTPAHUIHBIE CJIOM B OKPECTHOCTH TOUKH & = I, TIOJIOKEHHe
KOTOPOIi OIpeie/seTcst yeaoBueM u (I, €) = ¢y () , a 3HAUEHUE UINETCS B BUJIE

fi’:JIo—i‘é‘LL’l—F..., (13)
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1€ B KadeCTBeE I'JIaBHOI'O YJICHa BbI6I/IpaeTCH 3Ha4Y€HUue Tp, OlIpeJgesidaeMoe YCJIOBUEM (y30) .

[Tocrpoenue psizios (12) Beinosasiercst B coorsercTuu ¢ 1. 2. Koaddurmenrsr x; ps-
1a (13) ompe/esisiorest U3 yCIOBHs [VIAJKOTO CIIMBAHU ACHMITOTHK IIPH T = T(€) :

(du* (2)/dz — du” () /dz) = H () +
e (gl (2) — @ () + dQuy (0, 2) /dE — dQuy (0, ) /dE) + . .

[Mogcrasnsst psa (13) B ypasuenue (14), ¢ yaerom siBHOTO Bua (DYHKIIHIT Quf, ITOJTy YaeM
[OCJIEIOBATEIBHOCTD PA3PEIIUMbIX, B CUILy ycsoBust (Y4), ypaBHEHHUT OTHOCUTETBHO T;,
1>0:

(14)

H/(I'()).CEZ' + Gz (.CC(), L1y 7331'—1) = O,

riae G (xg, 1, ..., x;_1) — u3BeCTHBIC (DYHKIN.
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Abstract. In the present work the model boundary value problem for a stationary singularly per-
turbed reaction-diffusion-advection equation arising at the description of gas impurity transfer processes
in an ecosystem ”forest — swamp” is considered. Application of a boundary functions method and an
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of local area of boundary layer type solution formation. The latter has a certain importance for ap-
plications, since it allows to reveal the solution describing one of the most probable conditions of the
ecosystem. In the final part of the work sufficient conditions for existence of solutions with interior
transitional layers (contrast structures) are discussed.
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Convergence of the Difference Solutions
of a Dirichlet Problem With a Discontinuous
Derivative of the Boundary Function for a Singularly
Perturbed Convection-Diffusion Equation

Ershova T. Ya.
Received May 20, 2016

Abstract. We consider a Dirichlet problem for a singularly perturbed convection-diffusion equation
with constant coefficients in a rectangular domain in the case when the convection is parallel to the
horizontal faces of the rectangular and directed to the right while the first derivative of the boundary
function is discontinuous on the left face. Under these conditions the solution of the problem has a regular
boundary layer in the neighborhood of the right face, two characteristic boundary layers near the top
and bottom faces, and a horizontal interior layer due to the non-smoothness of the boundary function.
We show that on the piecewise uniform Shishkin meshes refined near the regular and characteristic
layers, the solution given by the classical five-point upwind difference scheme converges uniformly to the
solution of the original problem with almost first-order rate in the discrete maximum norm. This is the
same rate as in the case of a smooth boundary function. The numerical results presented support the
theoretical estimate. They show also that in the case of the problem with a dominating interior layer
the piecewise uniform Shishkin mesh refined near the layer decreases the error and gives the first-order
convergence.

The article is published in the author’s wording.
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Setting the problem

We consider a Dirichlet problem for singularly perturbed convection-diffusion equation
in a rectangle domain © = (0,1) x (=1, 1) with the boundary 02:

Lu=—-cAu+adu/dr+qu= f(z,y), (z,y)e€Q, €€(0,1],
a=const >0, q=const >0, (1)
u=g(z,y), (z,y)€ N

Assume that g(x,y) on 02\ {(0,0)} and f(z,y) on €2 are sufficiently smooth and

9g:1(y) 9g1(y)
L Rl o P 2)

where ¢1(y) = ¢(0,y). It is known that a solution of the problem for a small € can have
a regular layer O(¢) wide near the boundary x = 1, through which the flow is leaving
the domain; the characteristic layers of the wideness O(1/¢) near the boundaries y = +1
parallel to the flow; corner layers near the vertices at the exit of the flow, and also
corner singularities because no compatibility conditions at the corners of the domain are
assumed.

1. Difference problem

In the domain €2 we define the following mesh 0" as a direct product of one-dimensional
meshes @ (x) and Wh(y), where Wi (x) = {7;|0 = 29 < 21 < --+ < any = 1}, Wh(y) =
{yil 1=y n<yna <<y 1<y=0<y; < ---<yy=1}

Defining the mesh domain, we shall use a piece-wise uniform Shishkin mesh refining
near the boundary x = 1 where the solution has a regular layer, and near the boundaries
y = *1, where it can have characteristic layers.

We introduce the following notation: steps of the mesh h;; = x; — x;_1, ho; =
y; —yj—1 and hy; = (hy; + hiiy1)/2; divided diferences vz, ; = (vij — vic15) /Py Vaij =
Vziv1; and vz = (vip1; — vi;)/h1; boundaries of the mesh domain 00" = Q" non.

We approximate the problem for u(x,y) by the classical five-point difference scheme

—h
for uf] on the mesh O :

Lhuzj = —(ul, + ugy)” + aufgi’j + qqu = f(z,y;), (i, y;) € Q" =0"n Q,

“?] = g(zi,y5), (i, y;) € 0"

(3)

Observe that the maximum principle holds for the difference problem in question.

For sufficiently smooth on the faces of the rectangle boundary functions the problem
was considered by several authors, in particular in [1], [2], [3]. In the case when no
compatibility conditions, except for minimal ones, are assumed in the corners of the
domain in [2| on the piece-wise uniform Shishkin meshes refining near the regular and
the characteristic layers it was obtained the convergence of the mesh solution to the
solution of the original problem with rate O(N~!In® N) uniformly in & (N is the number
of the points in the mesh in every direction).
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For the singularly perturbed convection—diffusion equation in a half-plane the problem
with non-smooth boundary conditions, when there is a discontinuity of the boundary
function or its derivatives, is considered in [4] where the estimates for the solution and
itsderivatives depending on the parameter € are given. We use these estimates, and also
rely on the results of [2] and [3].

Below ¢ denotes a positive constant independent of ¢ and N.

2. Decomposition of the solution

To begin with we single out a solution u;(z, y) related to the singularity of the boundary
condition ¢;(y). For this purpose we define the function g{(y) = g1(y) * n(y) on the line
R = {(z,y) |z = 0} where

mw:{L vl < 1/3,

<
0, lyl=2/3,  n(y) € C*R).
We consider a bounded solution uj(x,y) of the problem
Luj = —eAuj +aduy/0x + quy =0, (z,y) €RL,  wj(0,9) = g7 (y) (4)

in the half-plane R% = {(z,y),z > 0}. To estimate the solution uj(z,y) we use the
results of [4]. The main theorem of this work in particular states the following. Let
r = /22 +y?, and let R, (resp. R_) denote the interval (0, co) (resp. (—o0,0),).
Theorem 1. Let gi(y) € H (R |UR_). Then there exists a constant ¢ such that for
0<e<landm=0,2,3, n=0,1,2,3 the following inequalities hold for the solution
ui(2,y):

1D, wi(w,)] < (1 + ),

D™ (2, y)| < e(1+r"")  for r < 2,

1Dy wi(z,y)| < c(L+r7")  for 7 < 2e,

|D" ui(z,y)] < ol + VerTmt? e~V /er 4 pmmtl 67”/5) for 26 <r < V2,
1Dy ui(z,y)| < e(l+ gt D/2 (ot )/2 pmey?/er | pmntl gmer/ey - for 90 < < V2.

We represent the solution u(x,y) of the original problem in the form u = wu; + uy
where u; is the restriction of the solution ui(z,y) to Q and wus(z,y) is a solution of the
problem

—eluy + aduy [0 + qus = f(z,y),  (2,y) €,

uz(z,y)loa = (9(z,y) —wi(z,y))|o0-
The boundary function of the solution us(x,y) has no singularity on x = 0.

3. The estimate of the convergence rate of the mesh
solution

According to the decomposition u = u; + us we write down the difference solution as

u = ul + ul where every ul is a solution of the problem

Lhuz,i,j = Lug(z;, yj), (i, yj) < Qha Uz,i,ﬂam = Uk(xz»yjﬂaﬂm (5)
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It is our main task to investigate the convergence rate of the difference solution u”

to uy(z,y).

The approximation error of the equation on the solution u, (z,y) is equal to W, ;(u;) =
L"(uy;—u}, ;). The estimate W; ;(uy) is obtained from the estimates of the the solution
uy(z,y) and some additional inequalities (similar to how it was done in [2]):

|L" (ug — uf)]iy = Wi (ur)] < c ( (Pris17;; 2+ hoj17; ; )+ hyiry + ho 17, ) (6)
For the estimation of the |u; —u?| we use the barrier function introduced by V.B.Andreev
in [2]: B(r',¢') = ln% + (/2 — ) (7/2 4+ ¢ + 1) + 1 where 7' = /2’2 +y?, ¢ =
arctan ﬂ/, ' =x+0bH, b> 1. The following lemma is an analog of the Theorem 1 of
that work for the mesh we consider here.

Lemma 1. If the function w ; satisfies the following inequalities
|LMwl| < cleri?+r;t + 1) for (x5,y;) € Q" wl| <c for (i) € 09",

then the estimate |w}';| < cIn N is fulfilled in the whole domain Q"

The following estimate of the error of the solution u? of the difference problem follows
from (6) and Lemma 1 :

Lemma 2. Let ulix,y) be the above defined restriction of the solution of the problem
(4) to the domain Q, and ul'— be the solution of the problem (5). Let f(z,y) be smooth
enough in Q, the same holds for gx,y) in 02\ {(0,0)}, and g(0,y) € H'({-2/3 <y <
0} {0 <y < 2/3}). Then the following estimate holds

luy — ul'| < e N7'in? N, (xi,y;) € Q"

A convergence rate for the solution u! is obtained in [2], [3]:

lug —ub] <eN"'In® N, (z4,y,) € a".

The last two estimates imply our main result:

Theorem 2. Let u(x,y) be a solution of the problem (1), (2). Let f(x,y) be smooth
enough in ), the same holds for giz,y) in O\ {(0,0)} and g1(y) € H™ ({— 2/3 <y<
0} U{0 < y < 2/3}). Then the following inequality holds for the solution ul; of the

problem (3) on the mesh " uniformly in e:

1
u(zs, y;) — uljlpn, < cN'In® N, (wi,y,) € "

4. Example of numerical solution

We consider the following problem in the unit square:
—cAu+20ufdr+3u = f(z,y),  (z,y) € Q= (0,12
u(z,y) =0, (z,y) € 92\ {(0,9)},

3

y°, 0<y< 0.5,
u(0,y) = )

(1 —1y)°, 0.5 <y <L
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The solution of this problem has a discontinuity of the first derivative on the boundary
x = 0 at y = 0.5, thus it has a weak interior layer. For f(z,y) = 0 the solution has
relatively small regular layer near the boundary x = 1, no characteristic layers along
the boundaries y = 0, y = 1 and singularities in the corners of the square (Fig.1). The
problem of the regular layer is resolved by means a mesh refining in the strip of width
op =min{l/2eln N; 1/4}.

02T T 5 '

o157

o1

04

02 -
0 o 08 1o

06

Fig. 1. Solution Fig. 2. The error of the solution

To estimate the convergence rate we use the values of e; = r{la§<|u’1{,(z, ) —ubn(2i,27)]
Z?]

where u% (7, 7) is a difference solution on the mesh with the number of points equal to N
in every direction and u}, is a solution on the mesh with the double number of points
while the value of oy is the same. In the Table 1 the e1, e = €1 - N, e3 = €1 - N/In N for
every considered value ¢ are evaluated.

The numerical investigations show that the maximal errors in the solution are located
in the interior layer, near the middle of it (Fig. 2).

For ¢ = 1072 the convergence rate is O(N7'); for ¢ < 107% it is O(N"!'In N)
which meets the above obtained estimate (Lemma 2 ). In course of decreasing the e
the error stabilizes which gives evidence of the uniform in € convergence. The piecewise
uniform Shishkin mesh with oy = min {g~"/?,/zIn N; 1/8} refined along the interior
layer improves the convergence up to the rate O(N 1) for our solution with the dominating
interior layer.

If for the right hand part of the equation we have f(x,y) = 1 then the solution
has a more serious regular interior layer and characteristic layers. In this case the
maximal error is located in the neighborhood of the regular interior layer. Moreover,
the convergence rate is O(N~'In® N) uniformly in ¢ which meets the above obtained
estimates (Theorem 2).

The author is grateful to V.B. Andreev for setting the problem, his attention and
valuable remarks.
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Table 1

The errors of solution e; = max |[uf, — uly|
and it compositions on N and N/InN

N 32 64 128 256

e =102

e; | 3.15-1073 1.63-1073 0.80-1073 0.39-1073
€9 1.01-1071 1.04-10~1 1.02-1071 0.98-102
es 2.91-1072 2.51-1072 2.11-1072 1.78-1072

e; | 1.49-1073 1.10-1073 0.70-10~* 0.37-10~*
ey | 4.76-1072 7.05-10~2 8.95-102 9.41-10~2
es | 1.37-1072 1.69-102 1.84-1072 1.70-1072

e; | 1.02:1073 0.54-10~* 0.29-10~* 0.17-10~*
ey | 3.28:1072 3.43-1072 3.69-1072 4.46-1072
e3 | 9.46-1073 8.24-1073 7.60-1073 8.05-1073

ey | 1.02:107% 053107 0.27-1074 0.14-10~*
es | 3.26:1072  3.36:1072  3.43-1072 3.54-1072
es | 9.41.107%  8.07-107  7.07-1073 6.39-1073

e; | 1.02:1073 0.52:10~% 0.27-107% 0.13-1074
es | 3.26-1072 3.35-102 3.40-1072 3.44-1072
es | 9.40-1073 8.06-1073 7.01-1073 6.20-103
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Annoramus. Paccmorpena 3agaga Jlupuxiie [1i1st CHHTYJISIDHO BO3MYIIIEHHOTO yPABHEHNS KOHBEKINN-
auddy3un ¢ TOCTOSHHBIME KO MUITMEHTAMI B MPSAMOYTOJIbLHUKE B CIydae, KOT/Ia KOHBEKITUS MapaJi-
JieJIbHa, TOPU30HTAIbHBIM CTOPOHAM IIPSIMOYTOJIbHUKA U HAIIPABJIEHA B CTOPOHY IPaBOil 'PAHUIGI, a HA
JIEBOII T'paHUIle MepBasi MPOU3BO/HAS I'PAHUYHON (DYHKIMU pa3pbiBHA. 1Ipy THX yC/IOBUSIX pelleHue
3a/Ia9M UMEeT PEryJIspPHBII MOrPAHUYHBINA CJION B OKPECTHOCTH IMPABOIl IDAHUIIBI, JIBA XAPAKTEPUCTU-
YeCKUX HOIPAHUYHBIX CJI0d OKOJIO BEpXHEU W HUKHEU I'PAHUIBI U TOPU30HTAJBHBIIA BHYTPEHHHUIL CJION,
BO3HUKAIOIIUI 13-38 MaJIOi IJIaAKOCTU rpanndHoil dyukmun. [TokazaHno, 4T0 HA KYCOYHO PABHOMEPHBIX
cerkax [IIWIKWHA, CIYIIAMOIMMUXCS OKOJIO PErYJISPHOIO U XapaKTEPUCTUYECKUX CJIOEB, PEIleHne, MOJIy-
YaeMoe 110 KJIACCHYECKON ISITUTOYETHON PA3HOCTHOW CXeMe C HAIIPABJIEHHOW PA3HOCTHIO, PABHOMEPHO
10 MaJIOMy ITapaMeTPy CXOIUTCS K PEIIEeHWI0 MCXOTHON 3aJ[add B CETOYHON HOPME MaKCAMYM MOJLYJIst
[IOYTHU C MEPBBIM MOPSIKOM, & UMEHHO C TOM K€ CKOPOCTBIO, 9TO U IPH IVIAJKON rpaHuIHON (YHKIIUN.
IIpesncraBiienbl YnucaeHHbIE PE3YIHTATHI, HOATBEPIK/IAIOIINE TEOPETUIECKYIO OIEHKY. Takrke MOKa3aHo,
9TO B CJIydae 33J1a4M C [Ipeo0JsIaIaloNiiM BHYTPEHHUM CJIOEM KYCOYHO paBHOMepHas cerka Illumkuna,
CTYIIAIOIIASICS OKOJIO BHYTPEHHErO CJIOs, JIAeT YMEHBIIIEHUE OIMUOKN U CXOIUMOCTD C IIEPBBIM HOPSIIKOM.
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Yucaennoe MoIempoBadie IPOIEcCoB

(bopMupoBaHUs 10JIOC aAabdATIIECKOro C/IBUTA
B KOMIIO3UTaX

Kynpsmos H. A., Mypatos P. B., Ps6os II. H.

noayyena 15 mapma 2016

AmnHorarnusi. B pabore paccMaTrpuBaeTcs TPOIECC JOKATU3AINY [LIACTHYECKOH jedopManu B
KOMITO3UTHOM MAaTepHUaJje, COCTOAIIEM M3 CBAPEHHBIX CTAJLHONW W MEJHON IIACTUHBI MIPU CIBUTOBBIX
nedopmarusax. ChopMmynupoBana MaTeMaTHIeCKash MOJIEh JTAHHOTO (hU3UIecKoro mporecca. st mpo-
Be/leHUd BBIYUCJ/INTEJIbHBIX 3KCIIepI/Il\IeHTOB IIpe,ZLJIO)KeH HOBBIN 4YUCJIEHHBIN a,.J'II‘OpI/ITIVI7 OCHOBAHHBIII Ha
cxeme Kypanra—3akcona—Puca. /lanubiit aaropurm BepuduinpoBaH Ha TPeX TECTOBBIX 3ajadax. Kro
paboToctocobHOCTh U 3D MEKTUBHOCTD MOATBEPKIEHA B PE3yJIbTare MPOBeIeHHbIX TecToB. C UCIHOJIb-
30BaHUEM TPEJJIOKEHHOIO AJITOPUTMA, TPOBEJEHO YUCIEHHOE MOJEJIMPOBAHUE TIPOTECCOB JIOKAJTUBAIINT
IJIACTUYIECKOI JlepOPMAIINU B KOMITO3UTHBIX MarepuaJiax. VcceoBano BusiHne TPAHNIHBIX YCJIOBUIA,
HAYAJIBHON CKOPOCTH IIACTUYIECKOl j1edOpMAaIiyl ¥ MHPUHBl MATEPHAJIOB, BXOJSIINX B KOMIO3UTHBIHA
6JI0K, Ha Tporecc Jiokaju3anun. [lokazaHo, 9To Ha Ha9aJIbHOM STalle CKOPOCTh CIABUTA CJIOEB MaTepHUaJa
kosiebsiercs. [pemiozkeHbl TeOpeTHIeCcKre OIEHKN YaCTOTHI U IEPUO/Ia, KOJIeOaHUH, PACIETHI [0 KOTOPBIM
MMOJIHOCTBIO COTJIACYIOTCSI ¢ YUCJCHHBIM IKCIIEPUMEHTOM. YCTAHOBJIEHO, 9TO JieOpMAaIis JOKAIU3YEeTCsI
B MEJIHOW YaCTH KOMIIO3UTA. B 3aBUCHMOCTH OT MIMPUHBI CTAJIHHON M MEIHON YACTH, 8 TAKyKe HAYAJb-
HOU CKOPOCTHU ILIACTHYECKOH jiebOpMAIiN U BHIOPAHHOIO THIIA TPAHWYHBIX YCJIOBUi, BOZHUKAET OJHA
WK JiBe 00JIACTU JIOKAJIU3IUHU, PACIIOJIOYKEHHbIE Ha XapaKTePHOM pacCTOsHWEM OT rpanull. [lokazana
3aBUCUMOCTH JIAHHOTO PACCTOSIHUSI OT HAYAJBHON CKOPOCTH IJIACTHYECKOU JedopMmaliuu, U MOJIyIeHbl
COOTBETCTBYIOIIME OIEHKU JJIs JBYX THUIIOB IPAHUYHBIX YCJOBUA. YCTAHOBJIEHO, YTO MPU BO3HUKHOBE-
HUU JBYX obJacTell JIOKAJU3AIM B OJHOM M3 HUX TeMmIileparypa u jnedopMaliysi pacTeT CYIEeCTBEHHO
ObICTpee, YeM B JPYToif, TOr/a KaK HAa HAYAJIHHOM JTalle JAHHbIE BEJTUIMHBI COBIA/IAIOT B 9THX 00JIACTSIX.
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BBenenue

NccnemoBanuio MPUPOILI IIPOIECCOB (DOPMUPOBAHUS I10JI0C & IMAa0ATHIECKOTO CJIBUTA
(ITAC) B maTepuasax npu jedopManusx B HOCJIeHee JTeCITUIeTHe Y/IeJIseTcst O0IbIIoe
BHUMAHNE. JTO CBA3AHO C TeM, YTO JAHHOE SIBJIEHNE HAOJIOIAETCS B TEXHOJTOTHMIECKUX
mporeccax 00pabaThIBAIONIEH, aTOMHON M KOCMUYECKON IPOMBIIIJIEHHOCTH, & TaK>Ke BO
MHOI'MX (PU3MIECKUX IKCIEPUMEHTAX U SIBJIAETCS OJHONI M3 OCHOBHBLIX IIPUYUH OTKAa3a
MaTepPUAJIOB TIPU BBICOKOCKOPOCTHBIX jiechopmariusx. [Ipumepsr Takux mporeccoB BCTpe-
YAIOTCS TIPU TPOOMBAHUE MaTepHua/ia Ha BRICOKIX CKOPOCTSIX, IIPU 00paboTKe MaTepuaJia
JIaBJIEHUEM, TIPU MeXaHU4ecKoii o6paboTke Marepuasa npu npeccopannu u T.71. [1-5]. B
paborax [6, 7] ormeuasnocs ssienne dopmuposanus [TAC, BosHUKAONMX IpuU paboTe
SJIEPHOTO peakTopa, a B paborax [8,9] — npu 3alycke u KpynieHUN KOCMUYECKUX Alllla-
paToB.

[To cymiecTBy, HaHHOe sIBJIEHHE TIpeACTaBIgeT coboil OYeHb y3Knue 00JIacTy ITUPUHON
ot 1 10 500 MKM, B KOTOPBIX 3a KOPOTKOE BPEMs JIOCTUIAIOTCs CyIeCTBEHHbIE JedopMa-
nuu u temieparypbl. [lpuannoit obpa3oBaHus 10OJIOC CABUTA SIBJISETCS MOTEPsT yCTOM-
YUBOCTU TILJIACTUIECKOIO TEUEHHUs, BOZHUKAIIAS BCIEJACTBHE 3(DPeKTa TepMUIECKOTO
pasynpounenus [10]. CorsacHo 9T0it Teopun, B yCJIOBUAX, OJIU3KAX K auabaTHIeCKUM,
paboTa IIaCTUYEeCcKoi gedopMaliui MepexoJuT B TEIIO, 9TO W BBI3BIBAET TEPMUIECKOE
pasylpovYHeHrne MaTepuaJia U IPUBOAUT K 00PA30BaHUIO II0JIOC a1iabaTHuIeCKOro CIBUTA.

O/tHO# M3 TEPBBIX YKCIIEPUMEHTAIBHBIX pabOT 10 MCCJIEIOBAHUIO TTPOTIECCOB (DOPMIU-
posanust [TAC spisiercst pabora Mapuanya u yddu [11] no koakcnajibHOMY Harpyzke-
HUIO TOHKOCTEHHBIX CTalbHbIX 00pa3unkos Kosbeku [12]. ITo pesysbrataM sKCIepuMeH-
Ta aBTOPbI YCTAHOBHUJIU, 9TO B OOJIACTH IMMPHUHON O0KOJI0 20 MKM TeMIieparypa obpasia
nocruraa 863 K, a gedopmarms — 1900%. [maBubiM HemocTarkoMm Meroauku [11] siB-
JISIETCST HU3KOEe 3HAYEeHNe MaKCUMAJIbHOW CKOPOCTH IIACTUIECKON j1edpopMaliui MaTepu-
aJla, Co3JIaBaeMoe IKCIIEPUMEHTAILHBIMI yecTaHOBKaMu. CJIeIyIONUM 3TaloM Pa3BUTHSI
9KCIIEpUMEHTAJIbHBIX HCCJIEI0BAaHMIA 110 n3ydeHuio mporeccoB ¢popmupoBanusa [TAC cra-
na pabora Hecrepenko [13]. ABropbl pazpaborainm METOJAUKY HAIDYKEHUSI CTATbHBIX U
TUTAHOBBIX 00pAa3IoB, OJarojapsi KOTOPOil y/Iaa0Ch JIOCTUYb HAYAJIbHON CKOPOCTH Jie-
dopmanmm ~ 10* ¢!, ApTopnl mOKazamm, UTO B HpOIecce HATPYZKEHHS 00pa3yIOTCS
HECKOJIBKO TI0JIOC CIBUTA, INCJI0 KOTOPBIX YBEJIUINBAETCS C POCTOM HAYAJBHON CKOPOCTH
nedopmarmu. [ToMuMo sKcrepuMeHTaIbHBIX padoT, JaHHOe SIBJIEHNE NHTEHCUBHO U3y va-
eTCs € UCIIOJIL30BAHUEM TEOPETHIECKUX MOAX00B [14-18]. Oqaako oTMeTnM, 9To 110/1aB-
JISTIoITiee OOJIBITUHCTBO JIAHHBIX PabOT CKOHIIEHTPUPOBAHO HA MCCEIEIOBAHUN TPOIECCOB
dopmuporanus [TAC B onpeeierromy mMatepuasie. Takum obpa3oM, HHTEPEC MPe/ICTAB-
JisieT u3ydeHue mporecco gopmupoBanns [IAC B KoMIIo3uTax, COCTOANUX U3 PA3HBIX
10 CBOMM TeIIO(U3NIECKNM CBONCTBaAM MaTePHAJIOB.

1. Maremarndeckada MoeJIb

Pacemorpum mporiece ¢aiBuroBoii gedopmaliun 6eCKOHETHOIo Opyca, MpeICTaBISIONIEro
co00Ii CILJIaB JIBYX PA3HBIX 110 CBOMM TeILIOMU3NIEeCKUM CBOiicTBaM MarepuaJioB. O0Ias
BbIcoTa Opyca paBHa H. Hmxkugaga rpanura 6pyca 3adukcupoBaHa, a BEpXHsALA IepeMe-
IAETCA C TMOCTOSTHHON CKOPOCTBIO ¥ BJIOJIb OCH X. B Takoil mocTaHOBKE BCE MapaMeTpPhI
MaTeprasa (CMeleHe 9acThIl, CKOPOCTh, TeMIIEPATyPa, U T.J.) 3aBHCAT TOJIBKO OT KO-
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OPJIMHATEIL ¥, & OTJMYHON OT HyJI KOMIIOHEHTOH TeH30pa HAIIPSZKEHUii AB/IIeTCA KOMIIO-
HEHTA T,y Ob03madnM u(y,t) — CMeIIenne YacTuI] MaTepUaa, T, = T — HallpsKenne. B
JIAHHBIX 0003HAYEHUAX MaTeMaTHIecKast MO/IeJIb, OIMMChIBAOIIAas IIPOIeCcChl (POPMUPOBa-
HUSL TIOJIOC IabaTHIeCKOrO CJBUTAa IPUMET BHJL:

o=, 1)

T, — pvy = —pe?P, (2)
TeP

o=y (3)

&P = & HT, 4, 7), (4)

CpTi = (K1), + Bre?, (5)

rJie Y — IPOCTpAHCTBEHHAs IepeMeHHast, t — BpeMsl, U — CKOpOCTh, 1 — TeMrieparypa, P —
CKOPOCTH TJIACTHIECKON JedopManum, p — IJIOTHOCTh, [ — mapamerp Teitopa—KywHu,
[t — MOJTyJIb yupyroro ciasura, C' — yjeabHas TeIIOEMKOCTb, k — KO UIMEHT Ternio-
npoBoHocTH, dyukius ¢(71') OonuchBAeT TyBCTBUTEIHLHOCTh MATEpUaIa K M3MEHEHUIO
TEeMIIEPATY PHI.

[Tockonbky mporecc dpopmupoBannsa [TAC compoBoKIaeTCsT BBICOKUME TEMITEPATY-
pamu u jedopMaIsMi, B MaTepuajie MOTYT UMeTh MecTo (a30Bble mepexonbl. B pac-
CMaTpUBAEMOl HAMU MOJIEJIN HE YUUTBIBAIOTCS IIPOIECCHI MOI0OHOTO POJia.

B kadecTBe HaYabHBIX YCJIOBUI, OIMCHIBAIONINX COCTOsAHME cucTeMmbl rpu ¢ = 0,
BBIOPAHBI YCJIOBUS

v(y,0) =vo(y), T(y,0)=Toly), 7(y,0)=70(y),

U(y,0) =1ho, °(y,0) =£o, £(y,0) =0. (6)

['paHuvHbBIE YCIOBUSA HA CKOPOCTH HPUMYT BHJ
v(0,t) =0, v(H,t)=uvg. (7)

B kavecTBe I'PaHUYHBIX YCJIOBHII Ha TeMIepaTypy HCIOJIb30BAHbI JTUOO I'DAHITHBIE
ycsioBus 1-ro, jubo 2-ro poja

Ty=0,t)=0, T(y=H,1t)=0, )
T,(y=0,t)=0, T,(y=H,t)=0.

OTrmeTnM, 9TO TaKzKe MOTYT OBITh UCIIOJIL30BAHbBI IPAHUYHBIE YCJIOBUS JIPYTUX THUIIOB,
IPUMEPBI KOTOPBIX MOIYT ObITH HaifijieHbl B paborax [14-16].

Ncnonw3yemble B pacyeTax MaTepraJIbl, U3 KOTOPBIX H3TOTOBJIEH OJIOK, IIPEICTABIISIOT
co0O0il JINTUPOBAHHYIO HU3KOYTJIepoaucTyio ctaib Mapku HY-100, koTopas nmpuMensieTcs
[P U3TOTOBJICHUM TSYKEJIOI0 CTPOUTEIHHOINO ODOPY/IOBAHMS, KaMep BBICOKOI'O JlaBJie-
Hus, a Takxke beckucopoaayo Meabr OFHC, 06/1a1a01my o BEICOKO IPOBOMMOCTHIO 1
HCIIOJIB3YIONLYIOCA JIJIT M3TOTOBJIEHUST PA3JINIHBIX THIIOB Kabejeii. Teriodusndeckue u
IJITACTHYECKHEe TTapaMeTPhl JJaHHBIX MaTepUaJoB MpuBeieHbl B Tabur. 1.
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Tabmuia 1. Tenodusudeckne  mapaMerpbl  HUCIHOJb3YEMBIX  MATEPHUAJIOB
Table 1. Thermophysical properties of materials

Marepnai | pu, 0, k, C, Ey, a, K0, m o n
I'ma | kr/m® | Br/mMK | Jx/xrK | ¢7! K1 MIIa
Material | GPa | kg/m® | W/mK | J/kgK ¢! K-t MPa

HY-100 80 7860 49.2 473 10=% [ 6.43-10~% | 600 | 0.0251 | 0.012 | 0.107

OFHC 45 8960 386 383 1 9.47-10~% 69 0.027 | 0.261 | 0.32

BakoH mracTudeckoit Tekyuectu (4) ucrosbsyercs B popme

. m
&p
r= (g (145 ) )
Ey
st poBejieHnst YUCIEHHBIX PAcIeTOB cooTHorenne (9) cieyer paspenmrb OTHO-
CUTEJILHO BEJIMIMHBI CKOPOCTH ILIACTUYIECKOi gedopmariun P ¢ yaeTom Toro, uto P > 0.
B pesysibraTe nmeem

. 1
&y 7]

2 h@gﬁﬂm—l L+ sign bﬁ%ﬁﬂm_l . (10)

QyHKIUS TEMIIEPATYPHOTO CIVIaKUBaHUs MaTepuaJjia BHIOMPACTCA B SKCIIOHEHITHAJ b
HOM BHJE JIJId CTAJIA

g =

g(T) = exp(—aT), (11)

U CTEIeHHOM JIJII M€

9(T) = (1 —aT)". (12)

Oynkiws k(1)) BeIpazkaercs hopMyJIoit

o) = (14 (2) ) (13

B ciyuae, eciim sror adpbdexT He yuurbiBaercs, B (9) UCHOIB3yeTCsi KOHCTAHTHOE 3HAUCHHE
K = Ko, & ypaBHeHHe (3) MCKJII0YAETCs U3 CHCTEMB.

Yucsrennoe perrrenne 3aga4n (1)—(5) cTponTcs aHAIOTHYHO AJITOPUTMY, HPEIIOKEH-
HOMY B pabore 17|, ¢ HekoTopoit momudukarmeii. Ha mepsom srame pemaercst mMexa-
HUYeCKasi 9acTh 3aJa9d, T.e. OIPEJIEISAIOTC 3HAYEHUS CKOPOCTH ¥ U HAIPsKeHUsT T
B KOMIO3UTHOM OJjioKke. PasHocTHas ammpokcumariusi cucreMbl ypasuenuii (1)—(2) st
OlpeJieIeHNsT BeJIMYNH U U T CTPOMTCS Ha ocHOBe cxeMbl Kypanrta-I3akcona—Puca [19]
¢ MCIoJIb30BaHmeM wuTepannii 1o HpioToHy. 3areM Ha OCHOBE IOJIy9YeHHBIX 3HAYEHUI
PACCUUTBHIBAETCS BEJMYIUHA CKOPOCTH ILJIACTHYIecKOi edopmaruu P n nedopmarnun eP.
CKOpOCTH IIACTUYIECKOI J1ehOpMAIH OIPEJIE/IIeTCsd U3 3aKOHA, IIJIACTUICCKON TeKYyde-
cru (4), a BesmauHa JeOPMAIMN BBIYUC/ISIETCS IPU MOMOIIN METO/[a TPAIENUii, Iy Tem
UHTErPUPOBAHNS BeJIMIMHBL P 110 BpeMeHu. B ¢Bot0 ouepesnb, Benanna jiehopMaIuoH-
HOTO YNPOYHEHHUs 1) pacCUnThiBaeTCst mpu momornu Metona Pyrre-Kyrra [17]. Bropoii
stan perternst 3a1aan (1)—(5) 3akirouaercs B omnpejesiennu TeMieparypbl obpasia. C
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9TOil 1eJIbI0 HHTErPUPOBAHUE MTOCTIETHErO YpaBHEeHUsT (5) IIPOBOIUTCS C UCIIOJIB30BAHIEM
HEeABHOM KOHEYHO-PA3HOCTHON CXEMBI.

Bepuduxkarus pazpadoTaHHOTO YUCIEHHOTO aJTOPUTMa CTPOUIACH HA OCHOBE pellle-
HUsI TPeX TeCTOBBIX 3ajad [14,15,17,18|. B meppoii 3asat1e ucciemyercs (hopMUPOBAHIE
OJIMHOYHON TIOJIOCHI a/InabaTUIeCKOro CJIBUTA B IIEHTPE CTAJILHOTO Opyca 6e3 ydeTa mpo-
necca jedopMalmoHHoro yupodHenusi. Bropas 3ajgada 3ak/odaeTcd B HCCJIEOBAHUN
BJIMAHUSA JI€POPMAIIMOHHOTO YIIPOYHEHUsT Ha IPOIecC (POPMUPOBAHUS TIOJIOCHI CBUTA B
obpaaiie, U3roTOBJICHHOM 13 6€CKUCI0pOIHOM Mein. TpeThbs 3a/1ata COCTOUT B UCC/IEI0BA~
HUU TIPOIECCca CAaMOOPTAHU3AIUHN TT0JI0C aINA0ATUUICEKOTO CJABATA B MEIHBIX U CTAJTBHBIX
obpasiax [17]. Bo Bcex Tpex cirydasix pa3pabOTaHHBIH AJTOPUTM UJTIOCTPHPYET CBOIO
paboTOCIIOCOOHOCTD, a TOJIYIeHHBIE PE3YJIbTAThI TIOJTHOCTHIO COIVIACYIOTCS ¢ Pe3y/ibTaTa-
M, noJrydeHabivu B [14,15,17,18|.

2. Pe3ybTaThl 4YUCJIEHHOTO MOJI€JIMPOBAaHNUS

Pacemorpum nponece opmuposanust [TAC B marepuasie, COCTOAINEM U3 CHAAHHBIX APYT
¢ apyrom obpasios u3 craan HY-100 u meagu OFHC. IliockocTs compruKOCHOBEHUST Ma-
TEpUAaJIOB MTPOXO/IUT MAapaJlJIeJIbHO IPaHU TIACTHHBL B Touke y = YH, e v € (0,1). Js
ONMCaHUs MHUPWHBI CTAJBLHON W MeIHOI YacTh BBeIeM OOO3HAYEHME: T MM — Z MM, e
X — BBICOTA CTAJIBHON 9acTH, z — BBICOTA MEJIHON JacTH.

Ha rpanumax mmbo temmeparypa, JuOO TEIJIOBON MOTOK IOIIEPKUBAECTCS PABHBIM
uysi0. Hanpsizkenue, remmeparypa, hakTop 1) 1 CKOPOCTb IJIACTUIECKON jteopMaIiu B
HAYABHBI MOMEHT paBHbI HyJf0. [Ipeoaraercs, 970 CKOPOCTb U3MEHSIETCsT JIMHEHHO.
®opmvuposanue [TAC Gyem nccenoBaTh npu pasjndHbix Kodddunuentax g, H u 7.

Ha maganbHBIX 3Tanax YUCIEHHOTO SKCIEPUMEHTA, HE3ABHCHMO OT MapaMeTpPOB Eq,
H u v, nmoBejieHne BeJimanH O nHAKOBO. [IO0CKOIBKY HaIpsizKeHne B CTaIW Ha MOPSIOK
BBIIIIE, 9eM B MeJIU, Ha TPaHUIE pa3jesia BO3HUKAET OOJIBINON I'PAJINEHT HAIIPSIZKEHUS.
OrHolleHne yeckopeHuil MmaTepualia cjieBa oT pasjesa cpej (B craiu) u cupasa (B Mejn)
OT/IMYAETCS Ha MOPSJIOK.

~

UtCT ~ &&OCT ~ 10’ (14)
Utm Pcr KoM

M3-33 9€ro CKOPOCTh B TOUYKe pa3jieJia CpeJi UCIBIThIBAeT pa3pbiB U cJeBa (B CTajm)
YMEHBIAeTCs 3HAYUTETBHO ObIcTpee. /lasiee Bo3MyIIeHNe UJET O cTaan K Touke y = 0,
IJle BOJIHA OTPaxKaeTcsd OT 3aKPEIIEHHON I'DAHUIIBI, & II0Ce BO3BpAIIaeTcs K I'DAHUIE
MeXKTy MaTepruajiaMu ¢ IepeiaeT JacThb ueprun Mmeau. Ha Puc. 1 npejicrasiiensr sTars
pacpoCTpaHeHus BOJHBI OT TOYKH CIIAfKU JIBYX MaTepHUAaJIOB.

'paduk 3aBuUCHMOCTH CKOPOCTH OT BpPeMeHHM B TOYKaxX y < YH ITOBOJBHO TOYHO
onmchIBaeTCs (POPMYJION 3aTyXarolmmuX KoaebaHmil ¢ IEPHOJOM U JaCTOTOI OKOJIO

T=dyg P = T [Her

fhor  29H Y\ per’

(15)

YucsieHHbIe pacyeThl MMOKA3bIBAIOT, UYTO YaCTOTa KOJIeOaHU TOYeK MaTepuia OTInYa-
eTcsa OT IPUBEJCHHOI oleHKu He 6osee yem Ha 5%.

B pesysnbrare 3aryxamommux mepuogniecKux KoyiebaHuii cTaju, BO3MYIIEeHne U 9acTh
SHEPIUU TePeIaeTCsl MeJIHON YaCTU CILIaBa, TJle B JIaJIbHENIIIEM BO3MOXKHA JIOKAJIA3AITU ST
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Puc. 1. Pacipesiesiene ckopocTeii B obpasiie B pa3/mdHble MOMEHTbI BPeMEeHH HpH £) =
10° ¢ H =4 (2av -~ 2 am). (a) e € [0.032,0.13); (b) — 2,0, € [0.162,0.259]
Fig. 1. The velocity distribution in the specimen at different times at £y = 10° ¢=* and
H =4 mm (2 mm - 2 mm). (a) — €., € [0.032,0.13]; (b) — €pom € [0.162,0.259]

IIacTUIecKuX Jedopmannii u BosHukHOoBeHne HecKoabKux [TAC. K momenty mnx ¢dop-
MHUPOBAHUSA CTaJbHAs YACTh IIACTUHBI YK€ TMTPAKTUYECKH MOJTHOCTHIO TTOKOUTCS.

Jlaee n3yduM 1mojipobHee IPOIECCh, IMPOUCXOIAIIEe B MeJIHON dacTu obOpasia. B
3aBUCUMOCTH OT HadaJIbHOM CKOPOCTH jJedopMaliun €y KapIUHAJIHLHO MEHAIOTCH XapaK-
TepHbIE paclpe/ie/IeHns BeJIMYNH, BO3MOXKHO BO3ZHUKHOBEHHE OT OJIHOM JI0 HECKOJbKUX
II0JIOC CJIBUTA B PA3JIUIHBIX MeCTax MeJIHON JYacTH.
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Puc. 2. Pacnpenesnenne ckopoctu u Temmeparypbl B obpasiie Tosmuaoin H = 10 mm (2
MM — 8 MM) B pasjuuHble MOMEHTBHI Bpemenu mpu &g = 10% ¢!, (a) — ckopocrn; (b) —

TeMIleparypa
Fig. 2. The velocity and temperature distribution in specimen with H = 10 mm (2 mm

— 8 mm) at &g = 10® ¢!, (a) — velocity; (b) — temperature
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YucenHble 3KCIIEPUMEHTHI MOKA3bIBAIOT, YTO Ha HAYAJILHOI CTa/IMM MPOIECCa Pac-
Ipe/Jie/IeHre TeMIIEPATyPhl, J1eOopMaIlii U CKOPOCTH Jie(hOPMAIMH TOYTH CUMMETPUYHBI
B MeJIHOI 9aCTH IUIACTUHBI ¥ UMEIOT OJUH (maacTuHbl 1 MM — 4 MM, 2 MM — 3 MM, 2 MM
— 6 MM) WM JIBA JIOKAJIBHBIX MAaKCHMyMa OKOJIO CePEIMHBI (ILJIACTHHBI 2 MM — 8 MM).
OjiHako, HaUYMHAA C HEKOTOPOTO MOMEHTa BPEMEHH, MAaKCHUMAJbHOE 3HAYEHUE COOTBET-
CTBYIOIIUX BEJUYMH 3a KOPOTKMIl IIPOMEXKYTOK BPEMEHM yBEJIUYUBACTCH B HECKOJIHLKO
pa3. B ciydae Hammumns aByX JIOKAJIHBHBIX MAKCUMYMOB, KaK HaIllpUMeEDP B 00pasIiie 2 MM —
8 MM, HAOJTIOTaeTCsI pe3KOe YBeJMIeHNe IIPABOI0 U3 HUX, 9TO OOYCJIOBJIEHO, TO-BUIUMOMY,
JIOTIOJTHUTEJIbHBIM TeMITepaTyPHBIM I'PaINEHTOM Ha rpaHuIle odbpasina, cM. Puc. 2. Takxe
u3 Puc. 2 BujIHO, 9YTO HAYMHAs ¢ HEKOTOPOI'O MOMEHTA BPEMEHH pacIlIpejiesieHre CKOPOCTH
B 0Opa3siie npuodperaer CTyIeHIaThll BUJI, TPUYEM BCs CTaIbHas YaCTh U CYIIECTBEHHAST
4acThb MeIU TOKOSTCH.

Ha Puc. 3 npuBejienbl 3aBUCHMOCTH MaKCUMAJIbHBIX 3HAYCHUN TeMIepaTyphbl, j1edop-
Mallii, CKOPOCTHU JiepOpMaIllni 1 MUHEMYMa HAIIPAXKEHUS OT BPEMEHH JIJIsi BCEX HCIIhI-
TaHHBIX 00pa31oB. I3 Puc. 3 BuHO, YT0 Havua10 (hopMUpOBaHUs IOJIOCH a1nabaTuIeCKO-
IO CJIBUTA ITPUXOJIUTCS HA MOMEHT BPEMEHH €, OT 1.2 J10 2.2 juid 00pa3IoB pas3IndHOMl
ToJrmuHbl. MOXKHO 3aMeTUTh, 9TO UeM OOJIbIIle TOJIIMHA MeJIU, TeM O3/ IHee 00pa3yercs
ITAC. [Tamee, 3a KOPOTKHIT TTPOMEKYTOK BPEMEHN ITHMK TEeMIIEpATypPhl BO3pacTaeT B 2-3
pasa, a jgedopmalun B 4-5 pas.

B nannoii cepunm sxcnepuMeHTOB obpaszoBaHue 1o kpaitaeit mepe oguoit [IAC B ce-
peaune Me,ZLHOI'?I JacTn HeI/I36e)KHO. CT&HBH&H JaCThb IIJIACTHUHBI ITPpaKTUYICCKKW HE Halr'pe-
BAETCs, TO9TOMY Ha JIeBOIl IpaHuiie Meau (B TOUKe pa3jiesia MaTepuasioB) TeMIepaTypa
OYeHb MaJia, Ha [IPaBOil yKe TPaHUIle MeIU TeMIIepaTypa HOJIePKUBAECTCA PABHOM HYJIIO.
MejiHast 9acTh MOCTOSIHHO TIOJIyYaeT SHEPruio U3-3a JIBUKEHUST TPaBOil TPAHWIIBI U Ha-
I'PEBAETCs, MIPU TAKUX YCJIOBUSX OKOJIO CEPEIMHBI MEIHON dacTu 00pasia 00s3aTeIbHO
obpasyercst He MeHee OJIHOIO, TOCTOSHHO YBETUIUBAONIErOCS MAKCHMYMa TEMIIEPATY Ph.

Bangame rpaHndHbIX YCJIOBHI Ha IPOIECC JIOKAJIU3AINA OKa3bIBAETCH CYIIEeCTBEH-
HBIM, O YeM T'OBOPAT YHUCJIEHHBIE SKCIEPUMEHTHI C HYJIEBBIM ITOTOKOM TeIjia Ha T'DaHU-
nax. B aTom cirydae, mporiece JIOKaJIU3aIuu CyIeCTBEHHO 3aBUCHT OT TOJIIIMHBI MeTHOM
yacTu. Tak, Ha Ha9aJIbHBIX dTalax TeMIepaTypa B MEJIHON YacTh UMEET JOBOJILHO OJIHO-
POJIHOE pacIipejiesieHne. 3aTeM HabJIIoIaeTcs BOSHUKHOBEHME JIOKAJTbHBIX MaKCHMYMOB
TeMIepaTypbl U jiebopMaIiil Ha PACCTOSHUM UyTh MEHbBINE 3 MM OT T'DAHUIBI MEXKITY
Marepuajamu. Jlajgee, B 3aBUCUMOCTH OT TOJIIUHBI MEJTHOT'O CJIOS BO3MOYKHBI JIBA Bapu-
anTa. Ecmm Tommuaa Men Menee 5 MM, TO MAKCUMYM CJIBUTAETCA K CAMOI I'DAHUIIE U B
JaJTbHEHNIeM TPaKTUIeCKN BCs TJIACTUHA UMeeT HYJIEBYIO CKOPOCTh, a JIBUTAETCS TOJBKO
rpaHuvHas TOYKa. FC/m TOJIuHA MEJIIHOTO CJI0s JIOCTATOYHO BEJIMKA, TO JIOKAJTU3AITHS
JiebopMaIiy ITPOUCXOUT BHYTPU MEJIHON YacTu Opyca.

YBe/imdeHne HaYAJbHON CKOPOCTH ILTACTUYECKON jedopMaruu £y 10 3HAYCHUS
10* ¢! mpuBoaMT K 06pasoBaHMIO JBYX 0OOJACTeil, B KOTOPHIX JOKAIH3yercs nedop-
MaIus JJIs BCEX pacCMaTpPUBaeMbIX KOMITO3UTHBIX 0JI0KOB. /laHHbBIE 00J1aCTH pacrosara-
I0TCS CUMMETPUYHO OTHOCUTEJILHO JIEBOI M MPABOl I'PAHUIILI MEJIU U JIEYKAT B CPEJHEM
Ha paccroguuu 0.8 MM o1 ee rpanut. OJHAKO CIIyCTsS HEKOTOPOE BpeMs B OJIHOI u3 00-
JlacTeil HaOJIIOJIAeTCd PE3KUil pOCT TeMIeparypbl u jedopmaruu. Kciau rosmuna mean
menbirte 7 MM, 1o [TAC obpasyercs crpaBa — psiloM C JIBUTAIOIIEHCS TpAHUIEH, TPH
BBIOOpe TOMMHBI MeHOi dactu or 7 MM ITAC obpasyercst cieBa — psijioM ¢ T'DaHU-
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Puc. 3. (a) — makcuMasbHOE 3HadYeHHe Temieparypsl; (b) — MUHIMAaIbHOE 3HAUCHUE Ha-
npsizkeHnst; (¢) — MakcuMasIbHOe 3Hadenue nedopmarun; (d) — MAaKCHMAIbHOE 3HAYCHUE
cKopocTH Ttactudeckoit gedopmanun. O6pasnsl BeIcOTOH 1 MM — 4 MM, 2 MM — 3 MM,
2 MM — 8 MM, 2MM — 6 MM (JIMHUM CIUIOIIHAsI, TYHKTUPHAsI, TOYEIHAs] U TOYKA-TUPE
COOTBETCTBEHHO)

Fig. 3. (a) — maximum value of temperature; (b) — minimum value of stress; (c) —
maximum value of strain; (d) — maximum value of plastic strain rate. Specimen height
1 mm -4 mm, 2 mm - 3 mm, 2 mm — 8 mm, 2 mm — 6 mm (solid, dashed, dotted,
dashed-dotted line respectively)

neit Mezxkry Marepuajgamu. JlanHoe siBjerue yxke Habio1a10ch panee B pabore [20| npu
HCCIEIOBAHUN TIPOIECCa B3aUMOJICHCTBHS MTOJIOC CABHUIa MEXKIy CODOI.

LII/ICJ'IeHHbIe 9KCIICPUMEHTHI ITOKa3bIBaIlOT, YTO KaK B Cﬂyqae O6paSOBaHI/IH HECKOJIBKUX
obJracTeil JIOKaJIM3aIln, TaK U B CIydae oOpasoBaHUs OJIHOMN, CYIIECTBYET XapaKTEepHOE
paccrosaue £ (rrybuna), Ha KOTOPOM JIOKaJau3yeTcs JedopmMalius (B KauecTBe IpuMepa
cm. Puc. 4a). B cBoto ouepejip, rirybnna JioKajmM3aui 3aBUCAT OT Hapamerpa £g. ['pa-
duueckoe mpejicTaBjIeHIe JIAHHONW 3aBUCUMOCTH jJaHo Ha Puc. 4b. I3 Puc. 4 BujgHO, 9TO
rayOnHa, JTOKAIU3aI 0OpaTHO IPOIOPIMOHAIBHA HATAIBHON CKOPOCTH JeOPMAIINN £¢.
[Ipu HUBKO# HavaaIbHOI CKOpocTH JedopMalni Melb HarpeBaeTcs 0ojee paBHOMEDPHO,
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Puc. 4. (a) — pacmpejiesieane Temieparypbl B 00pasie 2 MM — 8 MM IPU Pa3THIHBIX
rpannuHbIX yeaosuax npu P = 10 ¢! u €., = 2; (b) — 3aBucuMocThL paccrogHus £ or
HAYaJIbHOI CKOPOCTH JieDOPMAITIY £y B 00pa3Iie 2 MM — 8 MM IIPU Pa3IUIHBIX TDAHTIHBIX
YCJIOBHSX

Fig. 4. (a) — temperature distribution in specimen 2 mm — 8 m at different boundary
conditions and €7 = 10? ¢! and ¢,,,, = 2; (b) — dependence of distance £ from initial
strain rate €y in specimen 2 mm — 8 mm at different boundary conditions

a jedopmaluu ycreBamT IMPOHUKHYTH B TIyOb Opyca. B cBoro odepe/b, pu yBeJinte-
HUU €y OpyC HArpeBaeTcs MO KpasM, U TaM K€ OYeHb OBICTPO HAKAILIMBAIOTCS OOJIbIIINE
nedopmaruu. Benuuanna £ 3aBucut B 60JIbIIEH CTEIIEHN OT 3HAYEHUS ) U TOPA3]0 MEHb-
e T0JIBEPKEeHa BJIUSHUIO TOJIIMHBI Opyca W COOTHOIIEHUIO MaTepuajoB B HeM. Tak,
o Puc. 4b MOXKHO JOBOJIBHO XOPOIIO OINEHUBATL IVIyOWHY, Ha KOTOPOH JIOKAJIU3YIOTCS
JlebopMaIy, ecu TOJIIUHA MEJTHOW WJIU CTAJILHON YAaCTH HAXOJUTCH B IIpejienax 2 —
20 mM. Ecim npu HyJIEBBIX TPAHUYHBIX YCJIOBUSIX IMUPUHA MEIHON dacTu MeHee 2, TO
B 9TOM cJiydae jedopMalius JIOKaJIu3yeTcsd B IEHTPEe MEJTHON YacTH, YTO ITPOUCXOIUT,
K npuMepy, B obpasie 2 MM — 4 MM u ckopocti g9 = 103 ¢! (€ ~ 3 mm). B ciayuae
HYJIEBOT'O TEILJIOBOTO IMOTOKa Ha I'PaHMIE Opyca TOJINHA MeIU MEeHbIIIe HEKOTOPOro 3Ha~
qeHusd, jgedopMalius JOKaJIu3yeTcs: Ha MOJIBUKHON I'DaHUIle, STOT CIydail peaan3yercs,
K mpumepy, B obpasie 2 MM — 4 MM 1 cKopoctu g9 = 103 ¢ (€ &~ 3 mm).

SaKJII0YeHue

B pabote paccMOTpeHBI POTECCHI JIOKAIU3AINN TIJIACTUIECKON 1edopMaIun B KOMIIO-
3UTHOM MaTepuaJie, COCTodIeM U3 CTaJlld U MeIu. ,ZL.H?I OIIMCaHNA JaHHOI'O Cl)I/I3I/ILIeCKOFO
mporiecca MpeJjioykeHa MaTeMaThudIecKas MOJe/ib. Pa3zpaboTan duC/IeHHBIH aJropuTM o
npoBejieHa ero Bepudukaims. [lokazana 3¢pHekTUBHOCTH JAHHOTO aJrOpPUTMA.
VcraHoBJIEHO, YTO reHepaliust BO3MYIIEHUN, TPUBOIAIINX K JIOKAJTM3AIUN T1IaCTUIe-
ckoit jedopmaniuu B m3ydaeMoM 00pasiie, MPOUCXOIUT 3a CUeT HAJUYUS CTHIKA MEXK-
JIy MaTepHajiaMi. YCTaHOBJIEHO, YTO ILIACTHYECKasd jiepopMaIius JIOKAJIU3yeTcs B 6osiee
XPYIKOI TacTn 00pasIa, T.e. B MeIHO# eé gactn. Takske MoKa3aHo, 9TO B 3aBUCUMOCTH OT
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apaMeTpoB 3a/a491 U MUPUHBI CTAJIBHON 1 MEJIHON JacTu 0Opasia UMeeT MeCTO IPOIECC
obpaszoBaHMsI OJIHOM MJIK JIByX obJiacTell JIOKaIu3alln, OTCTOAIIMX OT IT'PAHUIL B CPEIHEM
Ha OJTHO M TO »Ke paccrosinne. [lokazaHo, 9T0 B OCHOBHOM BeJIMUMHA JAHHOTO PACCTOSTHHS
U3MEHSAETCA 3a CUeT U3MEHEHUs HAaYaIbHON CKOPOCTHU ILJIACTUYECKO JiehOpaMITiul, TPH-
JeM JIaHHad 3aBUCUMOCTH UMeeT BuI rutiep0oibl. [loMuMo 91010, nccieoBaHo BIMSHIE
IPAHUYHBIX YCJIOBHI Ha IIPOIECC JIOKAJIM3AIUNA U BBISBJICHBI XapaKTepHble 0COOEHHOCTH
JIAHHOTO TIPOIIECCA.

Crnucok aurteparypbl / References

(1]
2]
3]

4]

[5]
[6]

7]
18]
19]
[10]
[11]
[12]
[13]

[14]

[15]
[16]

[17]

[18]

Schneider J., Nunes J. A., “Characterization of plastic flow and resulting microtextures in
a friction stir weld”, Metall. Mater. Trans. B., 35 (2004), 777-783.

Seidel T., Reynolds A., “Visualization of the material flow in aa2195 friction stir welds
using a marker insert technique”, Metall. Mater. Trans., 32A (2001), 2879-2884.

Moss G., Shear strains, strain rates, temperature changes in adiabatic shear bands, In:
Meyers L. MurrShock L.(Eds.), Waves and High Strain Rate Phenomena in Metals, 1981.

Rogers H. C., “Adiabatic plastic deformation”, Annu. Rev. Mater. Sci., 9 (1979), 283.
Bai Y., Dodd B., Adiabatic Shear Localization, Pergamon press, Oxford, 1992.

Lee W.S., Liu C. Y., Chen T. C., “Adiabatic shearing bends havior of different steels under
extreme high shear loading”, Journal of Nuclear Materials, 374 (2008), 313-319.

Gupta G., Was G.S., Alexandreanu B., “Grain boundary engineering of ferritiction
martensitic alloy T91”, Metallurgical and Materials Transaction A, 35 (2004), 717-719.

Rittel D., “Adiabatic shear failure of a syntactic polymeric foam”, Materials Letter, 59
(2005), 723-732.

Shockey D. A. et.al., “Shear failure of inconel 718 under dynamic loads”’, Ezperimental
Mechanics, 47 (2007), 723-732.

Wright T. W., The phisics and mathematics of adiabatic shear bands, Cambridge University
Press, 2002.

Marchand A., Duffy J., “An experimental study of the formation process of adiabatic shear
bands in a structural steel”, J. Mech. Phys. Solids, 36 (1988), 251-283.

Kolsky H., “An investigation of the mechanical properties of materials at very. High rates
of loading”, Proc. Phys. Soc., 62-B (1949), 676.

Nesterenko V. F., Bondar M. P., “Investigation of Deformation Localization by the "Thick-
Walled Cylinder’” Method”, DYMAT journal, 1 (1994), 245-251.

Zhou F., Wright T.W., Ramesh K.T., “A numerical methodology for invesigating the
formation of adiabatic shear bands”, Journal of the Mechanics and Physics of Solids, 54
(2006), 904-926.

Zhou F., Wright T. W., Ramesh K. T., “The formation of multiple adiabatic shear bands”,
Journal of the Mechanics and Physics of Solids, 54 (2006), 1376-1400.

Batra R. C., Wei Z. G., “Shear bands due to heat flux prescribed at boundaries”, Int. J.
Plast., 22 (2006), 1-15.

Kudryashov N. A., Ryabov P.N., Zakharchenko A.S., “Self-organization of adiabatic shear
bands in OFHC copper and HY-100 steel”, Journal of the Mechanics and Physics of Solids,
76 (2015), 180-192.

Walter J.W., “Numerical experiments on adiabatic shear band formation in one
dimension”, International Journal of Plasticity, 8 (1992), 657-693.



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.23, Ne3 (2016)
308 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

[19] Poxknecrsenckuit B.JI., fduenko H. H., Cucmemu xsazusunetinvx ypashenud u ux npu-
Aoofcenus K 2a30801 Junamuke (2-e usd.), M.: Hayka, 1978; |Rozhdestvenskij B.L.,
Yanenko N.N., Sistemy kvazilinejnyx uravnenij i ih prilozheniya k gazovoj dinamike, M.:
Nauka, 1978, (in Russian).]

[20] Komkun B.U., Kyupsmos H.A., Pa6os II.H., “Huciennoe mojenuposanue o6pasoBa-
HUST TIOJIOC ainabaTUIecKOro cIpura mpu gedopmarusx’, Hdepras dusura u uHicuHU-
pune, 1 (2010), 465-474; |[Koshkin V.I., Kudryashov N.A., Ryabov P.N., “Chislennoe
molelirovanie obrazovaniya polos adiabaticheskogo sdviga pri deformatsiyah”, Yadernaya
fizika i inzeniring, 1 (2010), 465-474, (in Russian).]

Kudryashov N.A., Muratov R.V., Ryabov P.N., "Numerical Simulation of
Adiabatic Shear Bands Formation in Composites", Modeling and Analysis of Information
Systems, 23:3 (2016), 298-308.

DOI: 10.18255/1818-1015-2016-3-298-308

Abstract. The process of plastic flow localization under shear deformations of a composite material
consisting from welded steel and copper is studied. A mathematical model describing this physical
process is proposed. A new numerical approach based on Courant—Isaacson—Rees scheme is suggested.
This algorithm was verified using three benchmark problems. Operability and effectiveness of this
algorithm is confirmed. A numerical simulation of plastic flow localization in composite materials is
performed. The influence on localization process of boundary conditions, of initial strain rate and
materials width is studied. It is shown that at the initial stage the shear velocity of material layers
oscillates. Theoretical estimates of frequency and oscillation period is given. Computational results
coincide with these estimates. It is found that plastic flow localizes in the copper part of the composite.
One or two areas of plastic flow localization appears depending on the width of steel and copper parts,
as well as on the initial plastic strain rate and the selected type of a boundary conditions. The areas
locate on characteristic distance from borders. The dependence of this distance and initial strain rate
is shown and the corresponding estimates are obtained for two types of boundary conditions. When
two areas of localization are formed, in one of them the temperature and the deformation increas faster
than in another one.

Keywords: shear band, deformation localization, plastic deformation, numerical simulation
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YIK 517.9

AHajmTaecKne pelieHns HeJIMHEIHOr0 ypaBHEHNS
KOHBeKITn—1ugy3un ¢ HeITnHeiTHbIMI
ACTOYHUKAMM

Kyapamos H. A., Curespiukos /1. 1.

noayvwerna 30 mas 2016

Awnnoranusi. Heymueiinbie ypaBHeHUsI THIIa KOHBEKIINA— MO Y3UN ¢ HEJTMHENHBIMEI HCTOYHUKAMEI
BCTPEYAIOTCs IIPU OIMCAHUU MHOIMX IIPOIECCOB W sIBJeHUI B (bu3mKe, MexaHuke u dbuosornu. B pabo-
Te PAaCCMATPUBAETCS CEMENCTBO HEJTMHENHBIX TudDePEeHITNATbHBIX YPABHEHU, SBISIONIECECS PEeLyKIIneit
K [ePEeMEHHBIM Oeryrieit BOJHBI JJIsi HEJIMHEHHOTO ypaBHEeHUs] KOHBEKIMA—auddy3un ¢ MOTMHOMHUATb-
HBIMHU HCTOYHMKaMu. Vccieyercs BOIPOC O IMOCTPOEHUH OOINEro aHAJUTUIECKOTO PEIIeHUsI JTAHHOTO
ypaBHeHUs1. PacCMOTpEHBI KaK CTAI[MOHAPHBIN, TAK U HE CTAIMOHAPHBINA CIydau IpU ydere u 0e3 ydera
KOHBeKIMU. J[jisT MOCTpOeHNsT aHAJIMTUIECKUX PENIeHUN WCIOJIb3YeTCs IMOIX0, OCHOBAHHBIA HA IIPU-
MEHEHUU HEJIOKAJbHBIX IIpeo0dpa3oBanmii, 0000mammux npeobpaszoBanns JyHaMana. [lokazano, 9To B
CTAIMOHAPHOM cJIydae 6e3 ydeTa KOHBEKIINK O0Iee aHaJIuTHIECKOe PeIlleHne MOKeT OBITh HaliIeHo 6e3
OTpAHUYIEHUIT Ha [apaMeTPhl YPABHEHUSI U BBIPAYKAETCS Uepe3 JLINITHIECKYI0 GyHKIHIO Beiieprirpac-
ca. ITockosbky B 00IIEM cilydae JIaHHOE PellleHre MMeeT I'POMO3JKUIl BHJl, HaiiJeHbl OrpDAHMYEHUs] HAa
rmapaMeTrpbl, TP KOTOPBIX OHO MMeeT IIPOCTON BUJ, U B SIBHOM BHUJI€ IOCTPOEHBI COOTBETCTBYIOIINE aHA~
JuTudeckne pernerns. [lokazaHo, 9TO B HECTAIIMOHAPHOM CJIydYae, KaK [PU yIeTe KOHBEKINH, TaK U B
ciydae e€ OTCYTCTBHsA, OOINee PEIeHrne MCCIIEyeMOro yPABHEHUsI MOXKET OBITh IOCTPOEHO IIPH HEKO-
TOPBIX OrpAHUYEHUsIX Ha mapaMeTpbl. C 3TOH MEIbI0 MCIIOIB30BAHBI HEJABHO IMOJIYUEHHBIE KPUTEPUU
MHTErPUPYEMOCTH Jiist ypaBHeHnii tura JIberapa. CoorBercrByfomnine obIie aHAJIUTHIECKHE PEIIeHUsI
HCCJIeyeMOT0 YpaBHEHUsI, BhIPAsKEHHbIE Yepe3 [TOKa3aTe/IbHbIe WIN JLIUITAIEeCKUe (DYHKIMH, TOCTPO-
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BBenenue

B pabore paccmaTpuBaeTcs ceMeiicTBO HeJTMHEHHBIX Tud hepeHnnaabHbIX yPaBHEH BH-
na
m _ _ _ _
or + 02+ (0" Coy ™) g — 4y + agy' T =0, (1)

IJle Yy U 2 — 3aBUCHMasl U He3aBUCHMbIE IIepEMEHHbIe COOTBETCTBEHHO, M, N, k, | — 1esble
qncaa, a;, ¢ = 1,2,3 u Cj — Ipon3BOJIbHbIE JIefCTBATE/IbHBIE TTapaMeTPhl, TTPU ITOM
npeJonaraeTcs, 9to ai + a3 + a3 + C3 # 0.

Uccnenosanne ypasaenus (1) mpejcrapiiser nHTEpeC, MOCKOJIBKY OHO BOSHUKAET KaK
PEYKITNS K IEPEMEHHBIM OeryIieit BOJIHBI CJIE/IYIONIEro ceMeiicTBa HeJIMHEHHBIX YpaBHe-
HUIl B YACTHBIX ITPOU3BOJIHBIX:

Uy = (U ™y, + a1u™uy — agu® + asu’, (2)

rie u = u(x,t) — HemsBecTHasi ByHKIMsL. YpaBHeHUe (2) UMeeT MPUIOKEHHUs B OUOJIO-
I'UU, TEOPUU HeJMHeHoU juddy3un u TernaonpoBoanoctu. B vactnoctu, npu a; = 0
ypasrenue (2) comurcsa K obobmentomy ypasrennio Pumrepa (em. [1,2]). Ipu a; # 0
ypasHenue (2) MOXKHO pacCMaTpPUBaTh KaK HeJMHEiHoe ypaBHeHne BUIbTPAIN C HEJIU-
HEIHBIM MCTOYHUKOM U HEJMHEHHOM KOHBeKmmeil [3].

Ypasuenue (1) npuHaIeXKuT K cemeiicTBy 0000meHHbIX ypaBHeHuii JIbenapa. Bo-
IPOC O TIOCTPOEHWHN AHAJIMTHIECKIX PEIIeHNil [T OMO0OHBIX YPaBHEHU T pacCcMaTpUBAI-
cs B pszie pabor (cm. [4-6]). Hemasro B paborax |7-10] 611 mpeiozxKeH HOBBI MOIX0 K
HCCJIEIOBAHUIO YPABHEHHH JAHHOIO THIIA, OCHOBAHHBIN HA NCIIOIH30BAHIN HEJOKAIBHBIX
npeobpaszoBanmit, obobrmaomux mpeobpaszoBanus 3yHamana (cu. [11,12]):

w=F(y), d(=G(y)dz F,G#0. (3)

Baech w u ¢ — HOBbIE 3aBUCHMas M He3aBUCUMas llepeMEeHHbIE.

B cooTBeTcTBUN € JAHHBIM MOJIXOJ0M HCCJIELYETCs CB3b, 3aJaBaeMas IIpeodpasoBa-
HusiMu (3), MeXK/Ty YpaBHEHUsIMU TUIA JIbeHapa 1 ypaBHEHUSAMH, JJisi KOTOPBIX BO3MOXK-
HO II0CTPOEHHUE OOIIEro aHAJIMTUYIECKOIO PEIICHU B 3aMKHYTOM Buje. B kKadecTse Kiacca
yPaBHEHUA, JJIs1 KOTOPBIX BO3MOKHO [TOCTPOEHKE OOIIEro aHAIUTUIECKOrO PEIIeHN, UC-
HOJIB3YIOTCsT ypaBHeHns u3 Kiaaccudukaun [lermmese-ambbe (cm., mampumep, [13,14]).
C momorpio JaHHOTO T0/X0a B paborax |7, 8| Obuin HaieHbl HOBBIE KDUTEPUU HHTE-
IPUPYEMOCTH I ypaBHeHuii tuna JIbenapa.

Lenbio qanaoit paboThl ABJISeTCS IPUMEHEHNE YKA3aHHBIX BbIIIE KPUTEPUEB JIJIS I10-
CTpOEeHWsT OOIIIX AaHAJINTUIECKUX PelleHnii ypaBaernit u3 cemeiictsa (1). [Tpu srom npe-
CTaBJIsieTCst YII00HBIM PACCMOTPETh JIBA PA3IMIHBIX BapuaHTa ypaBHenus (1): mepBblii Ba-
PHUAHT COOTBETCTBYET OTCYTCTBHIO B (1) ciiaraemMoro, mporopIioHaIbHOTO IEPBOM TPOH3-
BosiHoOit (T.e. a3 = Cy = 0, 9T0 OTBeYaAET CTAIMOHAPHOMY CJIydaio 6e3 yuera KOHBEKIIUH ),
BTOPOii BAPUAHT COOTBETCTBYET HEHYJIeBOMY KO3(DDUIMEHTY IIpU MePBOi IPOM3BOIHOM
B ypasuennu (1) (af + CF # 0). Byzer nokasano, 9To B CTallMOHAPHOM CJIydae 6e3 ydera
koupekiun (t.e. a; = Cy = 0) obmee perenne ypaBaerns (1) MOKeT OBITH ITOJIYIEHO
6e3 orpanuveHuii Ha ero mapamerpol. B ciydae a? + C3 # 0 Gyjer nokazano, 9ro obliee
pererne (1) MoKeT ObITh Hafi/IEHO [IPU HEKOTOPBIX OIPAHNYIEHHSIX HA €0 MapaMeTphl 1
OyIyT HaliJeHbI COOTBETCTBYIOMME (POPMYJIBI JIJIST PEIICHMIA.
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1. CrammonapHbIii ciaydaii 6e3 y4ueTa KOHBEKIINN

Pacemorpum craronapsliii ciydail ypasaenus (1) 6e3 yaera koupeknuu. [lomaras a; =
Co =0 B (1) mmeem

m
Yoo + ny — agykfm + agyl’m = 0. (4)

OTMmeTuM, 9TO ¢ MOMOIIBIO ITpeobpa3oBanuii pacrsikenus z — Az y — By koad-
(bUIMEHTHI TIPU TTOCJIEHUX JBYX CJIaraeMbiX B ypaBHeHHH (4) MOTYT OBITH BBIODAHBI
POM3BOJILHBIMU, OTJIMYHBIMU OT HyJIs 9ucaaMu. B jgajabHeiinem B JaHHOM pasjee 0e3
OrpaHUYeHUs OOIHOCTH OYJIEM IOJaraTh, 9To Gy = a3 = 1.

Ypasrenue (4) npuHaIEKAT K KJIaccy ypaBHeHuil JIbeHapa ¢ KBaJIpaTUIHON HEJIH-
neiinocteio Y., + g(y)y? + h(y) = 0. B pabore [8] 6bL10 nokaszano, 4To m060e ypapHeHue
JIAHHOT'O KJIACCa MOXKET ObITh CBEJIEHO K YPaBHEHUIO sl SJIMITUIecKuX GyHKImit. O1-
HAKO, IIPUMeHsist TeopeMy 1 u3 paborsl (8], mosry M, aro obimee pererne (1) fyist mpomns-
BOJIBHBIX 3HAYEHUIT ITapaMeTpOB MMeeT TPpOMO3IKuit Bu. [losTomy npeacrasiser naTe-
pec mpUMeHUThL TeopeMy 2 u3 paboTsl [8] 1 paccMoTpeTh cirydaii, Korja mpeobpa3oBaHus
(3) 3ay1a10TCsl CTENEHHBIMEU (DYHKITUSIMUA. DTO BO3MOXKHO TIPH CJIEYIONUX OrPAHUIEHUSIX
Ha napamerpbl: k =2(m + 1+ 1) um =2k — 31 — 1.

OcranoBumcs Ha ciydae k = 2m + 2l + 2. Torga ¢ momombio mpeobpaszoBaHmil

w=y™Md¢ = yldz, (5)
ypasuenue (4) cBoauTCst K
wee + (m+ 1+ 1)(1 — w?®) = 0. (6)
Ob6miee perenne ypasaenust (6) umeer Buj
6

SR N

m+ 14 1)

3

re @ — JumnTuydeckas gpynkmug Beftepimrpacca, (o, g3 — MPOU3BOJIHLHBIE IOCTOTHHBIE.
Ucnonb3yst mpeobpazoBanust (5), IPUXOAUM K OOIIEMy DelleHnto ypaBaerus (4) mpu
E=2m+420+2

6 [+1)2 ]
y= {m@{c—@,w%,ga}} : Zz/yldC- (8)

Pacemorpum caywait m = 2k — 31 — 1. Torga npeobpazosanust (3) IpUHUMAIOT BUJL
w=y"!  d¢ =y *dz, 9)
u (4) mepexouT B Cyejyioliee ypaBHeHue:
wee + (K — Dw(as — asw) = 0. (10)
O6rmee pererne ypapuerusi (10) umeer Buj

1 6 k—1)2
w = 54‘@@{(—%%793} (11)
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Tora npuxoaum K obiemy pertennto (4) npu m = 2k — 31 — 1

E-0? O\
Yy = |:%+%Q{C_C07%ag3}‘| ) Z:/ykmd(7 (12)

rie (y, g3 — TPOU3BOJILHBIC OCTOAHHDIE.

B janHOM pasjiere mokas3aHo, 4ro obiee perienne ypasaenus (1) npu Cp = a; = 0
MOZKeT OBITH IIOJIy9eHO 0€3 OrpaHUu¥eHHH Ha €ro IIapaMeTphl, OJHAKO B OOIIEM CJIydae
JIAHHOE PelIeHre MMeeT IpoMo3aKuii u. HaiiieHbl orpannyenust Ha mapaMeTphl ypaB-
nenusi (1), mpu Koropeix obiee pemenne (1) qis C; = a3 = 0 uMeer IpocToii BHI.
Ormernm, uro u3 (8), (12) Buano, uro caydau m + 1+ 1 = 0 u k — [ = 0 nHeobxo-
JIIMO PACCMOTPETH OTIEJBHO, YTO MOXKHO CJIeJIaTh aHAJOTUIHO BBIIIE PACCMOTPEHHBIM
pUMepaM.

2. O6mwuii ciryyait ypasHenus (1)

B mannom pasgesne OyjeM IIpenoararh, 9To XOTsd Obl OAUH U3 KO3(MDMUIMEHTOB IIPU
nepBoil mpousBojHoil B ypasHenun (1) me pasen nymo, T.e. ai + Cf # 0. Janbueii-
e BBIYUC/IeHUs yI00HO pa3buth Ha Tpu 3Tana: a; = 0,Cy # 0, a; # 0,Cy = 0 u
ay # 0,Cy # 0. Bo Bcex cirygasax Oy/ieM HCIOJIB30BATH KPUTEPUU UHTETPUPYEMOCTHU JIJIs
ypaBHenwus tuna JIbenapa, npejioxkennbie B padore |7]. [lepBblii n3 HUX OCHOBAH Ha HC-
CJIEZIOBAHMN CBSI3U MEXKJly YPaBHEHHUSIMU THIa JIbeHapa 1 ypaBHEHUEM, oOIee PereHne
KOTOPOT'O BBIPAXKAETCsA Yepe3 OJIHY MX SJLIMINTHYeCKHX QyHKImA fxobu. Bropoit kpu-
Tepuii, pacCMOTPeHHBI B pabore |7, ocHOBaH Ha JiMHeapu3alun ypaBHeHus JIbeHapa ¢
oMoIbio peobpazosanmit (3). Cirydail TMHEApU3yeMbIX YPAaBHEHUH PACCMOTPEH TaKKe
B pabore [11].

Uccenemyem Bompoc o JiuHeapu3alu ypasaerus (1) ¢ moMorneio npeobpasoBanuii (3).
Crauasia ocranoBumcs Ha cirydae a; = 0. Vcnosbsys Teopemy 2 u3 paborst [7], mosydmm,
410 ypaBHeHue (1) MOKeT OBITH JIMHEAPU30BAHO C HOMOIIBIO IpeobpasoBanuii (3) mpn
k=1—m,l = —m. JlelictBureapHo, IpUHAMAs BO BHUMAHKUE JAHHBIC OIPAHUYCHUS U
UCIIOJIB3YS TIPeodpa3soBaHuUsT

F=—y+ 28 dc=cCymd, (13)
a2
u3 (1) mosyanm
a
Wee + we — C—sz = 0. (14)
0
Ucnosb3yst obiiee perienne ypasaenusi (14) u npeobpasosanusi (13), maxoaum obiiee
perienue ypasaenus (1) mpu a; =0, k=1—mul=—m:
\/C2 + 4 \/CO2 4+ 4
(05} 200 200 (15)
=Gy [y,

ryie Cy, Cy — IIpousBo/IbHBIE ocTosHEBIE. OTMETHM, UTO TIpu ay < —CF /4 jj1s1 TOro, 9To-
ObI TIOJIyUUTh JledcTBUTEIbHOE pererne, B dhopmysie (15) HeoOXOIMMO B3sITh JIMHEHHY O



Kynpsamos H. A., Cunensimukos /1. 1.
AHasinTHYeCKHEe PEllleHNs] HEJIMHEHHOrO ypaBHEHUs 313

KOMOMHAIMIO JeHCTBUTEILHON U MHUMOI 9aCTH OT BBIPAXKEHUSI, CTOSAIIEr0 B KBAIPATHBLIX
CKOOKax.

Pacemorpum cotyuait a; # 0, Cy = 0. Ucnonb3ys Teopemy 2 u3 paboTsl |7, mosytamm,
470 ypasHenue (1) Moxker ObITh JIMHEAPU30BaHO ¢ OMOIIBIO TpeobpasoBanuii (3) mpu k =
2(n—m)+1,l = n—2m. JleiicTBUTEIHHO, TPHHAMAS BO BHUMAHWE JIAHHBIE OTDAHIICHHUST
U KCIIOJIb3YS IPeobpa3s0BaHus

1 as
F = n+l _ — d - n_md 16
n+1<y a2>, ¢=y" Mz, (16)
u3 (1) mosyuamm
wee + aqwe — az(n+ 1w = 0. (17)

Ucnosnb3ys obriee pemenne ypasaerust (17) u npeobpazosanust (16), naxomum obiee
pemienue ypasaenus (1) mpu Cop =0, k =2(n—m)+ 1,1 =n — 2m:

(n+ 1>€—%1C <C3 exp { \/a% + das(n + 1>C} + Cyexp {_\/a% + 4das(n + 1)C}>] 7

y= 2 2

o= [y
(18)

rpe C3, Cy — npoussosbHble mocTOsiHEBIE. OT™MeTHM, UTO NpH ay < —a?/(4(n + 1))
JIEHCTBUTEIBHOE PEIEHUE BBIJCIACTCS aHAJOIUIHO CIydaro perenus (15).

Paccmorpum ciyuait a; # 0 u Cy # 0. Torma nuHeapusarust ¢ MOMOIIBIO Tpeodpa-
soBanuit (3) BoamoxKHa Tosbko mpn n = 0 u n = —2. Cayqait n = 0 cBoAuTCH K yKe
paccmorpenHoMmy ciydaio a; = 0. CrexoBaresbHO, HEOOXOAUMO PACCMOTPETh CJIydail
n = —2. Torna ¢ momonipio npeobpazoBaHmil

a
F=—Coy+ j d¢ =y (a1y ™ + Cp)dz (19)
ypasuenue (1) npu n = -2, k=—-m —3,l=—m+ 1, a3 = C2ay/a? cBonurcs K

a
We¢ + we + a—;w =0. (20)
1
[Ipurnmast Bo BHEUMaHUE obItee perernne (20), Haxomum obiee pererne ypasHerust (1)
nmpun=-2k=-m—3,1=-m+1, a3 = Clay/a?:

_w + v w? + 400@1

Va2 —4 Va2 —4
y = , w:e_% Cs exp Va2 aQC + Cg exp VAL ] aZC ,
200 2al 20’1
m+2
Yy
dz= 4,
aq +C’0y2 C

(21)

Cs, Cg — g 2/4 BoI-

rje Cs, Cg — OpOU3BOJIbHBIE TIOCTOsIHHBIE. JleficTBUTe/IbHOE pellleHre TIpu ay > ai/4 Bbl

JIEJISIETCST AHAJIOTUIHO IPEJBULYIIUM JBYM ciaydagM. ['paduk pemenus (21) s Heko-
TOPBIX 3HAYEHUI [TapaMETPOB IpeJICTaB/IeH Ha puc. 1.

Tenepb Bocmob3yeMcs JIpYTUM KPUTEPUEM UHTEIPUPYEMOCTH, HAWJIEHHBIM B Pado-

te [7]. MoxHo nokasarh, uro ypasHenue (1) ymoBJeTBOpsSIET 3TOMY KPHUTEPHUIO JIUIIbL B
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Puc. 1. Tounoe pemenne (21) ypaBuenus (1), cCOOTBETCTBYIOIIEE CJIELYIOMIUM 3HAYCHUAM
napaMerpos: a) a; = ag = 1, Cp =2, C5 = =3, Cg = —1, m = 2; b) a; = 1, ay = 10,
Co=5Cs=C=1,m=2¢c)ay=01,a=1Co=3,C5 =105 = —4, m=2

ciyuasx a; = 0,07 # 0 u a; # 0,07 = 0. PaccMoTpuM 1epBbIii U3 9TUX CJIy9aes,
pu 3ToM 6e3 orpaHrvdeHust OOIHOCTH B 000X CIydasx 3aMeHUM ag Ha —as B (1). Torma
MOZKHO TIOKa3aTh, 9To ypasuenue (1) npu k = 3—m, [ = 1—mu a3 = 2C2 /9 ¢ nomonipo
peodbpa3oBaHmit

3\/(1—2 CO _
= d( = —y~"d 22
CBOJIUTCA K YPaBHEHUIO
Wee + 3w¢ + w3 + 2w = 0. (23)

Ucnonb3yst (22) u obimee pernienne ypasaerus (23) (cM. [7]), npuxoanm K obiemy perire-
amio ypasuernus (1) mpu k=3 —m, =1 —m u a3 = 2C%/9:

ie_(G'CO)cn{e_(erco)—C'7,1/\/§}, z 3 y™dg, (24)

T3V e

rJie ¢ — HJUIMNTHIECKuit cunyc, (o, C7 — IPOM3BOJIbHbBIE OCTOSHHBIE.
Paccemorpum cinyuait Cy = 0. Torma tpu k = 4n —m+3,l =2n—m+ 1 u ag =
2a2/(9(n + 1)) ypasuenue (1) ¢ nomormpio npeobpazoBanuii

w:3 al(n—l—l)ynH’ d(::

aq 3

ﬂy"_mdz, (25)

MOXKHO IIpeobpa3oBarh K ypapaenuto (23). Mcnonb3ys obiiee perienne ypapHenusi (23) u
nupeobpazoBanns (25), HaxouMm obree pertenne (1) npu k =4n—m+3,1=2n—m+1
uaz = 2at/(9(n+1))

1
n+1
_ @ ¢+ e fe—C+O) _ (1 1/4/3 _3 / m-n
= | ———¢ cn{e —Cg,1/v?2 , 2= — dc, 26
V= 37mma T { 5, 1/V2} ol IS (26)

rie (g, Cs — IpOU3BOJIbHBIE ITOCTOSHHBIE.

B nannOM pasjese mokazaHo, 9To obmiee pemtenue ypasuenus (1) npu af + CZ # 0
MO2KeT ObITh HailJIEHO TP HEKOTOPBIX OIPAHMYEHUX Ha ero napamerpnl. Paccmorpeno
[SATh PA3IMIHBIX CAyYaeB, W Jisl KaxKJ0ro M3 HUX HaiijgeHo obmiee pernenue (1), BbIpa-
JKeHHoe JIOOo Yepes3 MoKazaTebHbIe, JIMOO Yepe3 SJUIUITHIeCKue (PyHKITIH.
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3. 3akJjrouyeHue

B pabore paccMOTpeHO ceMeilcTBO HeJMHEHHBbIX JuddepeHImaIbibIX YpaBHEHUH, dB-
JIIIoITeecs PeayKIneil K IepeMeHHBIM Oeryineil BOJIHBI JjIs HEJUHEHHOrOo ypaBHEHUS
KOHBeKIMI—Tn(dYy31un ¢ TOJNHOMUAIBHBIM ncTOYHUKaMU. [[okazano, 9To B cTamuoHap-
HOM cJiyuae 0e3 ydeTa KOHBEKIUH JIjIs JJAHHOTO yYpaBHEHUs 00Ilee pelieHne MOXKHO 110~
CTpOUTHL 0e3 OrpaHrYeHuil Ha ero napaMerpbl. B obimiem cirydae HailJeHbl OrpaHuYeHnsd
Ha IapaMeTpbl ypaBHeHus (1), P KOTOPOM BO3MOXKHO ITOCTPOUTH €ro 00IIee peleHue.
Bo Bcex caydasx HaiiJleHbI COOTBETCTBYIOIINE (DOPMYJIbI JIJI PEIICHUi, BbIPaKeHHbBIE
yepes3 MoKa3aTe/IbHbIe U SJUIMIITHIECKHe (DYHKIINN.
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Abstract. Nonlinear convection—diffusion equations are widely used for the description of various
processes and phenomena in physics, mechanics and biology. In this work we consider a family of
nonlinear ordinary differential equations which is a traveling wave reduction of a nonlinear convection—
diffusion equation with a polynomial source. We study a question about integrability of this family of
nonlinear ordinary differential equations. We consider both stationary and non-stationary cases of this
equation with and without convection. In order to construct general analytical solutions of equations
from this family we use an approach based on nonlocal transformations which generalize the Sundman
transformations. We show that in the stationary case without convection the general analytical solution
of the considered family of equations can be constructed without any constraints on its parameters and
can be expressed via the Weierstrass elliptic function. Since in the general case this solution has a
cumbersome form we find some correlations on the parameters which allow us to construct the general
solution in the explicit form. We show that in the non—stationary case both with and without convection
we can find a general analytical solution of the considered equation only imposing some correlation on
the parameters. To this aim we use criteria for the integrability of the Lienard equation which have
recently been obtained. We find explicit expressions in terms of exponential and elliptic functions for
the corresponding analytical solutions.
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YIK 517.9

IIpumenenne merona auddepeHnuaIbHbBIX
HEepaBEHCTB JIJIE 000CHOBAHNS PENIeHNs CHCTEMbI
napadboJIMYecKnX ypaBHEHWIA B BUJIE JIBUXKYIIETOCS
¢dponta

JIepamosa H.T.!, Menbnukosa A. A.!, Bemmopa C. B.

noayvena 20 masn 2016

Awunoramus. lVccrnenoBanme pemreHnii HAYAJIbHO-KPAEBBIX 38144 I TapaOOIMIeCKuX yPABHEHUH
SIBJISIETCST BAXKHOW COCTABJIAIONIEH MaTeMaTudecKoro momeaupoBanus. OQcoOblit mHTEpeC Jjis MaTeMa-
THYECKOTO MOJIEJIMPOBAHUS TIPEJICTABIISIIOT KPAEBBIE 3aJ[a9l, PEIIeHns] KOTOPBIX IPETEPIIeBAI0T PE3KOe
U3MEHEHNE B KaKOU-1ubo 00JIacTy POCTPAHCTBA. Takue 06JIacTU HAa3bIBAIOTCS BHYTPEHHUMU IIE€PEXOJI-
HBIMHU CJIOSIMU. B TOM ciiydae, eciin MMOJIOyKeHNe MMePEXOHOIO CJIOsT U3MEHSIETCSI CO BPEMEHEM, PeIlleHre
mapaboImIecKoil 3amaun uMeeT BUJ JBUXKYyInerocs ¢dporrta. Ilpm gokazarenbcrBe CyIMeCTBOBAHUS Y
HaYaJbHO-KPAEBBIX 33J1a9 PEIeHnil TaKOro Buja BechbMa >(P@EKTUBHBIM OKa3bIBaeTCsd MeTof mudde-
PEHIMATHHBIX HEPABEHCTB, COIVIACHO KOTOPOMY JIJTsl JAHHON KpAaeBOil 3aJladd CTPOSATCS TaK HA3bIBAE-
Mble BepxHee u HuzkHee perneHus. CyTh aCUMIITOTHYECKOrO MeToma jnddepeHInaIbHbIX HEPABEHCTB
3aKJIFOYAETCSI B TOM, YTOOBI IOJIyYaTh BEPXHEE M HUXKHEE PEIleHMs KaK MOIUMPUKAINA aCUMITOTHIE-
CKUX IPEJICTABJIEHNIT perreHnilt KpaeBbix 3aa4. CyIecTBOBaHNE BEPXHErO U HUXKHETO PEIIeHU siBJIsieT-
Csl JIOCTATOYHBIM YCJIOBHEM CYIIECTBOBAHUS PENIeHUs] KPAEBOil 3amaun. B Xojie TpOBepKH BBIIOJIHEHUST
nuddepeHIaIbHBIX HEPABEHCTB CYTIECTBEHHBIM OKA3bIBAETCSI TAK HA3BIBAEMOE «YCJIOBHE KBA3UMOHO-
TOHHOCTH». B HacTosiieil pabore pacCMOTPEHO, KAKIM 0OPa30M MOXKHO IIOCTPOUTH BepXHee U HIXKHEee
PeIleHust JIJIsl CUCTEMbI apabOoIMNYecKUX YPaBHEHUN IIPU Pa3/IMIHBIX YCIOBUSIX KBa3UMOHOTOHHOCTH.

KuroueBbie cioBa: cucrema mapabO/MIeCKUX YpaBHEHUM, MEPEXOIHbIN cJIoil, MeTon auddepeHiim-
aJIbHBIX HEPABEHCTB
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BBenenue

B nacrosieit pabore ncciejyercs: perenne Buja JIBUKYIIerocs ppoHTa KpaeBoil 3a1a4um
JIJIS CUCTEMBI TapabOJIMIeCKNX ypPaBHEHU BUIA

Mgy — 3y = [ (u,v,1,8), %04 — vy = g (u,v,1,€)
x € (0;1), te (0,77, 1)
uz(0,t) = u,(1,¢) =0, v,(0,¢) =v,(1,t) =0, te (0,71,
(2,0) = u’(z), v(x,0) =1(z),z € [0;1],

£
8
@)

e € — MaJblii mapaMerp, f m ¢ — JOCTATOMHO IyaJKue (byHKIMH B objacTu () 1=
{(u,v,2,¢) € I, x I, x [0;1] x (0;&0]}, a I, m I, — HEKOTOPBIE TIPOMEKYTKH M3MEHEHHU
nmepeMeHHbIX u u v, €9 > 0, T" > 0.

Pertennie kpaeBbix 3a/1a9 B 10I00HOM TOCTAHOBKE SIBJISIETCS] BAYKHON COCTABJISIIONIEH
MaTeMaTHUIeCKOro MOJCJIUPOBAHUA. B JaCTHOCTH, K 3aJad9aM TaKOro THIIa OTHOCUTCA
uzBectHas cucreMa PunXwio-Harymo, Ha ocHOBaHUU KOTOPOil BO3MOXKHA pa3paboTKa
MOJIeJIell, OIUCHIBAIONINX PA3JIMIHBIE IIPOIECCHl CAMOOPraHU3aIliN, HAIPUMED, BO30YK-
JIeHUe B cep/ieaHoi Mbiiie 1], obpasoBanue msiteH Ha MKypax >KMBOTHBIX 2] win o6pa3zo-
BaHMe TOpo/ICKuX MaccuBoB [3|. Ocobblit mHTEpeC st MATEMATHICCKOTO MOJICTHPOBAHI
MPEJICTAB/IAIOT KPAEBBIE 33JIa9M, PENIeHUs] KOTOPBIX MIPETEPIIEBAIOT PE3KOe N3MEHEHUe
B KaKoOi-1n00 00/1acTH NpocTpaHcTBa. Takue 00/1aCcTH Ha3bIBAIOTCS BHYTPEHHUMU TIepe-
XOIHBIMHU CJIOSIMHU. B TOM cilydae, ecu IOJIOXKEHUE IePEeXOHOIO CJIOF M3MEHSIETCS CO
BpEMEHEM, pelleHne mapabo/ImIecKoil 3a1adil UMeeT BHJ JABIKYInerocs ¢gpponra. Kak
IIpaBUJIO, HaJIUYINE IIEPEXOAHbIX CJIOEB XapPaKTEPHO IJId «2KECTKUX» CHUCTEM, YUCJICHHOE
pellieHrne KOTOPBIX BCTPEUIAET OIpeJie/IeHHbIe CI0KHOCTH. [losToMy aHamuTudeckoe uc-
cJjeJ10BaHne peH_IeHI/Iﬁ KpaeBbIX 3a/la49 C BHYTPEHHUMU ITEPEXOAHBIMU CJIOAMU ABJIACTCIA
KpaiiHe BaXKHBIM 3TAIIOM IIpU pa3paboTKe MOJeJIeil.

AHI‘OpI/ITMbI IIOCTpOEHUA aCUMIITOTUYICCKUX Hpe,ZLCTaB.HeHI/If/'I pemeHI/Iﬁ B BHUJEC JABU2KY-
merocsi (pporTa 3aaa9 THia (1) Ipu pasIndHBIX YCIOBHIX HA QYHKIUE f ¥ ¢ B IPAaBBIX
JacTAX ypaBHeHuit onucanbl B paborax [4,5]. JlokazareaneTBo CyIecTBOBaHMs TAKIX Pe-
mennii B pabore [4] mpoBeIeHO TIPU MOMOIIU ONEPATOPHOTO MeTo/ia, a B pabore [5| ¢ aroit
LEJIbI0 IPUMeHsLIcA MeTo, auddepeHajibHbX HepapeHcTB. ODOCHOBaHIE 3TONO METO-
Jla JIUT PA3JINYHBIX HAYATbHO-KPAEBBIX 3a/a4 puBeieHo B paborax [6,7]. Cyrs mMeTona
3aKJIIOYAETCS B MMOCTPOCHUH [t 3a1a49u (1) JAByX Iap HEIpepbIBHBIX QyHKIHT U, Vn
U, V, Ha3bIBaeMBIX, COOTBETCTBEHHO, BEPXHUM W HUKHUM PEIIEHUSIMU, U YIOBJIETBOPSI-
IOIUX CJIeIyIoIel cucreMe auddepeHuajIbHbIX HEPABEHCTB:

Ycaosue H1. Y1ops1049€HHOCTD.

U<U; V<V; (x,t) €0;1] x (0;T).
Ycaosue H2. JleiicTBue oreparopa Ha BepxHEE W HUXKHEE PEITeHU.

Lla(Ua U) = €4Umc - 53Ut - f (U,U,$,€) <0< Lls(ga U)a K S v S Va
Loc(u,V) =V —eVi— g (u,V,2,6) <0< Lo(u,V), U<Lu<
(x,t) € 10;1] x (0;T7.

=l

9
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YcaoBue H3. Eciu BepxHee perienne He sBJIseTCd TJIQJKUM B HEKOTOPOH TOYKe
= Z(t), B MOMEHT BPEMEHH ¢, TO BBIIOJHAIOTCS CJIE/IYIONIIE HEPABCHCTBA:

ou oU v ov
>0, 2
o |-

O Z(t)—0 Oz 240 Z(t)

>0

o O FO)+0 7

aHaJIOTUYHO, €CJIM HHZKHEe pelIcHrue He ABJIAdeTCdA IVIaJIKUM IIpU T — &(t), TO BBIIIOJIHA-
I0TCAd HEPpaBEHCTBa

ou oUu ov ov
= - <0 -Z= <o
O 2(t)—0 O 2(t)+0 T {z(t)—0 Oz ()40
Ycaosue H4. B rpannvnbix TOYKax
ou ou ov oV
- <0< — T <0< — )
3:1: z=0 ax =0 8$ =0 833' =0
ou oUu oV ov
— <0< — , — <0< —
or|,_,~ ~— Ox|_, Ov|,_, 0 |,_,

VYcaoBue H5. B Hava/bHBIT MOMEHT BpeMeHM
U(x,0,¢) <u’(z) < U(x,0,¢), V(x,0,¢) <’(x) < V(z,0,¢)

Kaxk nokazano B pabote |7], cyriecTBoBanne BepXHEro u HUKHEro pernennii 3amadu (1)
JIOCTATOYHO JIJIsI CYTIECTBOBAHMSI KJIACCHIECKOrO pereHus 3a1aqu (1), KoTopoe 3aKJo-
YEeHO MEXKJIy BEPXHUM U HUKHUM PEIICHUSIMU.

B paborax [5,8-10| npe/jioKen aaropuT™ IOCTPOEHHsI BEDXHENO U HUZKHETO PereHuit
JUTIS 3329 ¢ MaJIbIMHU TIapaMeTpaMu IIPU ITPOU3BOIHBIX, CONJIACHO KOTOPOMY (DYHKITHH
U, VuU, V, crpogrcss Kak MOnH(UKAINN aCHMITOTHUECKUX IIPEICTABICHUI perie-
HUII HCCJIEIYEeMBIX 3aJad. DTOT AJTOPUTM HOCHUT Ha3BAHUE ACHMIITOTHIECKOTO METOJIA
nuddepeHIaabHbBIX HEpaBeHCTB. B xoze mnmpoBepku BhIoIHeHHS auddepeHImaabHbIX
HEPABEHCTB CYIINECTBEHHBIM OKA3bIBAETCs TaK Ha3bIBAEMOE <«yCJIOBHE KBA3MMOHOTOHHO-
cruy GyHKIWHA [ W g B IpaBbIX YacTax ypaBHeHuil (1), a UMEHHO YCJIOBHIl HA MTPOU3-
BoaHble byHKINN f, U ¢g,. B Hacrosimeir paboTe paccMOTPEHO, KAKHM 0OPa30M MOXKHO
[OCTPONTH BEpXHEe U HIKHee perteHnst 3ajaqu (1) mis pasindHbIX yCIOBU HA 3HAKH
9THUX MPOU3BOHBIX.

1. AcwmMmrTorndeckoe IIpeJcTaBJIeHIE PelleHns

Acumrirorndeckoe mpejicTaBIeHne pereHns 3a1a9u (1) 6yeM cTpouTh, canuTast, ITO Bbl-
HOJTHSAIOTCS CJICLYIONIAE YCIOBHA:

Ycaosue Al. Ypasuenue f(u,v,z,0) = 0 umeer OTHOCUTENLHO U €JIUHCTBEHHOE
perrerne u = (v, x) € I, upuaem f,(¢(v, z),v,z,0) > 0.

Ycaosue A2. Ypasuenue h(v,z) := g(¢(v,x),v,2,0) = 0 nMeeT POBHO TPH U30JIH-
poBaHHBLIX KOpHe v = v'(x) € I,, i = 1,2,3, npudem nHa Bcem orpeske [0; 1] BbIOHEHDI
nepasenctsa v'(z) < v?(z) < v3(z); by (vi(z),2) >0, i=1,3; h,(v*(x),z) <O0.
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VcioBue A3. (Yeiosue kBasuMonoToHHOCTH). [lycTh Beiomy B 2 BbIIOIHAETCS O/THA
U3 CJICJIyIONIMX CUCTEM HEPaBeHCTB:

A3.1 f,(u,v,z,¢) <0, g(u,v,2,6) <0 A3.2 f,(u,v,2,¢) >0, gy(u,v,z,€) > 0;
A3.3 f,(u,v,z,¢) <0, g(u,v,2,6) >0 A3.4 f,(u,v,z,¢) >0, gy(u,v,z,¢) <0,

U B KazKJIOM CJIy4dac CIIpaBE€IJ/INBbl HEPpaBECHCTBA

g0 (0 (017, 2) 0", 2,0) fu (o (0%, 2) 01, 2,0) +
+9u (90 (U1’37$) 7’01’373:7 O) fv (90 (’Ul’Bax) 71)1’371'7 0) > 0.

[Iycts B KazK/1blit MOMEHT BpeMeHHU ¢ BHYTPEHHUI IePeXOIHbII CJION coCpeIoTOYeH B
okpectHoctu Toukn ¥ € (0;1), a B HauabHbIi MoMeHT BpeMenu z*(0, ) = x¢y. Kpubas
xr = x*(t,e) nenmr obnacts D = {[0;1] x [0; T'|} Ha miockoctu (z,t) Ha aBE MOIOGIACTH:

To= {0527 (t, )] x [0; T} m D= {2 (2, €); 1] x [0; T}
Acumirrorndeckoe mpejicraBiienue pentenust 3aa4qu (1) B KaxK/(blii MOMEHT BpeMeH!
CTPOUTCS OTJ/IEJILHO B KaKJIO# U3 3TUX 10100 1acTeil:
u=), (z,t) € D7, . v (x,t) € D7,
v ), (x,t) € DY,
Corutacuo anropurmy Bacuiabesoit [11] jyist onucanust pereHusi B OKPECTHOCTH Tepe-

XOJIHOTO CJIOsi, & TaKyKe B OKPECTHOCTH I'DAHUYHBIX Touek orpeska [0; 1] BBojaTCst pac-
TSHYTbIE TIepEMEHHbBIE

¢ = x—x*(t,a)’ C =

€

) C+ = :

3

T 1—=zx
€

+)

Kaxnas uz dyukimmit ul™) u wt) npencrasiser coboit cymMmmy Tpex caraeMbix:

u® =0 (z,¢) + QP u (€, t,e) + PFPu(Ce,e), 9
o) =5 (2 2) + QP (E1,) + PF(Cee). )

Bnech 4P (2, ), 8F)(z,€) — perynapHble 9acTn aCHMITOTHIECKOTO Hpe,ZLCTaBJIeHI/IH
QT u(&,t,¢), QFv (€,t,e) — dbynkumm, onucniBatomue nepexoanbiit cioit, Pul™ (4, ),
Pv¥)((4,€) — DyHKIUE TOrPAaHUYHBIX CJIOEB B OKPECTHOCTSX TodeK ¥ = 0 u x = 1,
COOTBETCTBEHHO.

Kazxioe ciaraemoe B cymmax (2) MpejicTaBiIsgeTcs B BUJIE PA3JIOXKEHUS 110 CTEleHAM
MAaJIOro IapaMerpa €, HallpUMep

QT u(x,t,e) = Qov' (1) + Qv 7 (1) + 2Qov ) (w,t) + - + " Qv (w, 1) + .
Oyukuus x*(t,€) TakKe MPEICTABISETCA B BUJIE PA3JIOKEHHUSI
¥ (t,e) = xo(t) + e (t) + 2ma(t) + - -+ "ap(t) + . .. (3)

KowmmioneHTbl acUMITOTUYECKUX IIPEJICTABIEHNI IJIaJKO CIMUBAIOTCA B TOYKEe X* B
KazKJIbIli MOMEHT BpEMEHH t.
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O6o3unaunmM yepes 0(&, x*) HysieBoe MPUOJINKEHNE aCUMITOTHIECKOTO TIPEJICTABICHIUS
U-KOMIIOHEHTHI perenns 3a1aqau (1), a gepes $ (&, x*) ero npoussognyio 1o & :

e ot + Qe (g ), (x,t) € D bl ) () = gg £<0;
MO e +Quien, @hens O T g ?;g £>0.

Jns HyseBoro npubIMKeHnsT U-KOMIIOHEHTBI PEIIeHnsT TT0JIyIaeTcsi Bbipazkerue [4]

(& x%) = (0(§ z%),27).

DOynknus 0(€, x*) siBisiercs perieHreM 3a/1auu

gl W@ = h(0,2"); B(—o0,2*) = v'(z%), ¥(+oo,z*) =v*(z*) (4)
862 85 - 9 ) 9 - 9 9 - N
dx*
Bnech gepes W obozHavueHa CKOPOCTH JBUKeHus (pporTa: W = T

Cupase/ymBa ciejyiomias jemma (cm. [6]).

Lna waorcdozo snavenus x*(t) npu purcuposarnom snavernuu t € (0; 1] cywecmeyem
edurncmeennasn eesununa W makas, wmo zadaua (4) umeem eduncmeennoe peuwenue
0(&,2*). U3 yciioBust MIQJKOIO CHIMBAHUA ACHMITOTUYECKHUX IPEJICTABICHUIl HyJIeBOIO
IIOP#/IKa HOJIydaeM CJIe/LyIollee ypaBHEeHHe:

O (0, z0) = (0, ). (5)

B1ech yureno pasnoxkenne dbyskimn x*(t, ) B pa (3).
Vcaoue A4. Ilycrs cymecrByer perenne ypasHeHusi (5) ¢ HAYaJbHBIM YCJIOBHEM
Z)L’()(O) = Zo0-

[Ipu BeioHEHUN yesouit A.1 — A.4, ucnosb3ys aiaroputm BacuibeBoil, MOXKHO
noryauThb pyumun U, V,, — acUMITOTUYECKOE TIPEJICTaBICHIE IPOU3BOJIHLHOTO TIOPSIJIKA
n perrenns 3ajaaqn (1), a Takrke passoxkenue (3) Hopsaka n.

2. BepxHee m HU2KHee pelIeHNs

Beenem obosznagenusa
n+1 ) _ (4
B(t) = S cimy(t) — e a(r), €= T2,
il

2(t) = 3 ela(t) + e 5(t), €= 2,
1=0

Kpusasi Z(t) aemur obmacrs D na noxobnactu Dy, = {[0;Z(t,e
{[_(t e);1] x [0;T]}, a kpusas x(t) — Ha Ho;Lo6J1aCT1/1 D,,. = {[0;
Dy, = {lz(t,e); 1] x [0; T}

B obnacru D, Gysem crpouts (yHKIuI U(_)(x,a) u V(_)(x,a), B obmactu D
— dyHKIHi g (r,e) m v (x,€); aHAJIOTUYIHO JIJIsi HUYKHErO pelleHnst — (QyHKIMi
Q(:F)<x,€) n K(qﬁ)(x’g).

Oynknus §(t) BoIOUpaercs: TaKMM 00pa3oM, 4ToObl BhIONHsIICEH yeaoust H1 u H3
JIUIST BEDXHErO M HUYKHErO PelleHuii.
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2.1. BepxHee u HI>KHee pelIeHUs B CJIydae OJUHAKOBbIX 3HAKOB
MPOU3BOJIHBLIX f, U g,

Ecnu Beimostasiiorest nepaserctsa A3.1 wim A3.2, BepxHee U HUXKHEE PENIeHUs CTPOSTCS
Iy TeM MOJIM(DUKAITIT ACUMIITOTUYECKHUX IIpejicTaBenuii permenns U, 1 B opsake n+1 :

T = UREe) +em (aP(2) + <¢>u<€ B) + P u(G 9,
V= VEREe) + = (B7@) + g PulE 1) + V)
UP = UF(e,e) - et (a(x)(x)+q(¥> ft)+5”+1 u(s,€),
V® = Vige) - (B90) +4PuE 1) + e Pu(Gr ).

31echb uepes Ufi)l (&, £) obo3HAUEHBI ACUMIITOTHIECKUE TTPEJICTABICHUST (byHKLLI/Iﬁ uF),

B KOTOPBIX ApIyMEHT & 3aMeHCH Ha, £, aHAJIOMHIHbBIA CMBICIT IMEIOT 0003HAMCHH S vF N (f ,E).
Oynkmun a(z) u f(x) upegcraBisiior coboil MOIUMUKAIINIO PEryJIspHOil dacTu. DTn
GYHKIINN SBJISIIOTCST PENIEHNEM CUCTeMbl yPaBHEHMI

AP 4 BP@8T = & gD @a™ + 4P @BY =B, (©

rae A u B — 10JI0KHUTEIbHBIE KOHCTAHTBI U BBEJIEHO 0OO3HAUEHUE
F (@) = flp('3(x),2),v"3(x), z,0); aHATOTMUHBL CMBICI UMEIOT 0603HAteHHs [y (1),
g (z) m g7 ().

Ecsu Beimosnensr yenoust A3.1 wim A3.2, o dyskmun «(x) u [f(r) npuHIMAOT
IOJIOKUTEIbHBIE 3HavdeHnst Ha oTpeske = € [0;1].

Oynkimn ¢ u n ¢Fv yerpansior nesaskn nopsaxa e" | Bo3HUKaIONIHE B Pe3yIIbTa-
Te Mo UKAIINI PETY/ISPHOIl YacTu B HepaBeHcTBax U3 yeaosus H2, u 9tu nepaseHcTBa
OKa3bIBAIOTCS BBIIOJIHEHHBIME TIPH BBIOOPE JOCTATOYHO GOJIBINUX 3HAYCHUN KOHCTAHT A
u BB paBeHCTBaX (6).

Oynxmm pFu(C, e) n pFu((s,e) mopduparoTcst TakuM 06pa3oM, 9TOOBI KpaeBbie
yesioBust 3a7adn (1) BBINOIHSUINCH TOYHO, Toria yeiaosrne H4 okasbiBaeTcs BBITOJIHEH-
HBIM.

[IpoBepka ycioBus yrnopsi;IOUeHHOCTU OCYIIECTBIISETCA B TIOJIHOM aHaIoTnn ¢ paboToit
[12]

2.2. BepxHee u HHXKHee pellleHUs B CJIydae Pa3JIMYHBbIX 3HAKOB
IMIPOU3BOJIHBLIX f, U ¢,

Ecnu Bemmonnsitorest HepapercTBa A 3.3 ninn A 3.4, BepxHee U HUXKHEE PEIIeHUs CTPOSITCS
CJIEJIYIOIIAM 0Opa30M:

U7 = U e) +=aPu@n) + e (aP (@) + a7 uE ) + e pPu(G, ),
VP = VAo + Pt + e (3P (@) + 7 0(E D) + PTG o)
U = (2) + ¢ Pulg, t>)+s”+1p<¢>u<¢¢,e>,
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Dynkiun qi_)u(z, t), qi_)v(g, 1) SIBJISIFOTCSI PeIlieHneM CJIe/TyIOIIel 3a1axdu:

. . ¢\ u= 0, (0 (€) ,20) ¢\ v;
0%qy dxo gy — — (— - = _
% %% — 90 (&) ¢ — g, (€) v = £260, (7 (€) , 20) @), € < 0;

¢ v(0,8) =p, g v(—o00,t) = 0.

(7)

311ech 0603HAYEHO g, (E) = gy (gov (17 (E) ,:UO) , 0 (E) , L0, O) 7 aHAJIOTUYHBIN CMBICTT IMEET
obo3HavueHne ¢, (E) .

BHak «+» B npasoil wactu juddepeHmuaibHOro ypasuenus us (7) cTraBUTCsH, eCIu
BBITIOJTHEHO yejioBue A3.4, a eciu BbIIOJHEHO ycyioBue A3.3, TO CcTaBUTCS 3HAK «—».
Beimunna p B rpanmunoM yciosun npu & = 0 samaun (7) BbGHpaeTcs TakuMm obpa-
30M, 9TOOBI BbINIOJHAIOCH yesoue H3. [locranoka 3amadn g yHKIMi qgﬂu, qgﬂv,
onpeienenubIxX mpr & > 0 MoTydaercs, ecim 3aMeHuTh B (7) BepxHIe HHIeKCH «(—)» Ha
«(+)».

Oyukiun o(x) u f(x) B ciydae BoinoHeHus ycaoBus A3.3 sBISIIOTCS perrieHneM
CUCTEMBbI ypaBHCHUN
) (x)a(ﬂF) + ﬁng)(x>B(:F) = A; _ggﬂF)(x)a(ﬂF) + gq(}jF) (m)ﬁ(jF) = B,

u

a ec/ii BBITOJHEHO yeaoBue A3.4, 93tu DYHKIUKA CYyTh PEIIeHUs CUCTEMbI

FP@)a® — (D@5 = 4 ()0 + 5P (@) = B,
rae A u B — mOJIOKHUTENIbHbIE KOHCTAHTEL B KaxkoM ciydae a(z) u f(r) npuHIMaioT

HOJIOKUTENIbHBIE 3HadYeHnst Ha oTpeske = € [0; 1] B cuiy BbInosHeHus1 ycioBust A3.

OyHKIMN qf)u n qéjF)v YCTPAHAIOT HEBA3KH Nopsaaka ", BosHmKalomue B pesyib-

TaTe MOAUMUKAIUN PErYJISIPHON YacTh B HepaBeHCTBax u3 ycjosus H2.
CymecTBOBaHIEe BEPXHErO U HUZKHErO perenuii 3a1a4n (1) mo3Bosiser 1oka3aTh cie-
JIYIOILYIO TEOPEMY
Teopema 1. Ilpu svnosnenuu ycaosuti A1-A4 ors aobvix docmamouno 24a0Kux
navaavnor yrxuud ul(z), v0(x), resrcauuzs meorcdy seprrum U,V u wusicrum U,V
PEULEHUAMU:

Uz, t,e) <u’(x) < Uz, te), V(rte)<o'(z)<V(te),

cywecmsyem pewenue u(x,t, ), v(x,t,e) 3adauu (1), komopoe npu arwbom t € [0;T]
3AKAOMEHO MENHCOY IMUMU GEPTHUM U HUHCHUM PEULEHUAMU U ONL KOTOPO20 PYHKUUL
Un(x,t,¢), Vilz,t,€) asamomea pasromepnvim 6 obaacmu Dy : (z,t) € [0;1] x (0;T]
acumnmomuneckum npubiusicenuem ¢ mounocmyro O(e"+1).
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Abstract. Investigations of initial boundary value problems for parabolic equations solutions are
an important component of mathematical modeling. In this regard of special interest for mathematical
modeling are the boundary value problem solutions that undergo sharp changes in any area of space.
Such areas are called internal transitional layers. In case when the position of a transitional layer changes
over time, the solution of a parabolic equation behaves as a moving front. For the purpose of proving
the existence of such initial boundary value problem solutions, the method of differential inequalities is
very effective. According to this method the so-called upper and lower solutions are to be constructed
for the initial boundary value problem. The essence of an asymptotic method of differential inequalities
is in receiving the upper and lower solutions as modifications of asymptotic submissions of the solutions
of boundary value problems. The existence of the upper and lower solutions is a sufficient condition
of existence of a solution of a boundary value problem. While proving the differential inequalities the
so-called ”quasimonotony” condition is essential. In the present work it is considered how to construct
the upper and lower solutions for the system of the parabolic equations under various conditions of
quasimonotony.

Keywords: parabolic equations system, internal transitional layer, differential inequalities method
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MonenupoBanne HEM30TEPMUIECKOTO TE€UEeHNIS
AHOMAJIbHO BSA3KOM KMJIKOCTH B KaHaJIaX
C Pa3JIMYHOIl reoMeTpUell IPAHMI]

JIursunos K. B.

noayyena 22 mapma 2016

AnnoTtauusi. B naHno#t paboTe IIpoBejieH aHAIN3 IJIOCKOTO HEM30TEPMUHYECKOTO CTAIMOHAPHOTO
TeueHHs] AHOMAJBLHO BS3KOH YKIJIKOCTH B KAHAJAX C HECHMMETPHYHBIME TDAHIYHBIME YCJIOBUSIME H
HEeH3BeCTHOl IpaHmIeil Bhxoga. I eoMeTpus KaHaoB, B KOTOPLIX PACCMATPUBAETCH 3aJa4a, — 9TO TaKUe
06TaCTH, KOTOPLIE IPH IIepexoe B GHIIOIAPHYIO CHCTeMy KOOPIHHAT OTOOPArKAIOTCS B IPAMOYTOILHIK.
DTO CyIEeCTBEHHO YIPOITAeT IPAHNTHEIE YCIOBHH, T.K. IOSBIAETCS BO3SMOKHOCTD HCHOIB30BATH OPTOTO-
HaJBHYIO CeTKY W I'DAHHYHBIC YCIOBUSA 33al0Tcs B ee yamax. OBIacTi TAKOTO THIIA JaCTO BCTPEYAIOTCS
B IPUKJIAIHBIX 3aa49aX. | panmdnble yCIOBUs 3a0aI0TCs CIICLYIOIIM 00pa30M: KIJIKOCTD IIPHJIMIIAET K
IPaHHIAM KAHAJIOB, KOTOPLIE BPAIAIOTCA C PA3HOI CKOPOCTBIO B MMEIOT PA3HLIH PaJIyC I TEMIICPATYPY;
KpOMe TOT0, H3BEeCTHA TeMIIepaTypa IpH BXOIe B 061aCTh JedpOpPMAINH, 3 Ha TPAHHIIE ¢ IOBEPXHOCTLIO
MaTepHaI HMeeT TeMIIepaTypy HOBEPXHOCTH; JaBJIEHHe Ha BXOJE W BBIXOJe U3 OOJACTH obpaImaeTcs B
Hy/Ib. Peosormdeckas MOJEIb yINTBIBAET TOJILKO aHOMAJNIO BASKOCTH. MaTepual HecsKIMaeMbIil.

JlamHbIii IIPOIECC OIMCHIBACTCH CHCTEMOI, COCTOAMIEH M3 yPaBHEHHi Hepa3pBLIBHOCTH, YPaBHCHIA
COXpaHeHMsI MMITY/IbCA ¥ ypaBHeHus sHeprum: V;v' = 0, pv'Vol = —g¢¥V;P 4+ V,;79, \V'V,T —
pe,v' T + 7% e;; = 0, cBOMCTBA JKU/IKOCTH OIUCHIBAIOTCS PEOJIOTMYECKUM ypaBHenneM: P = —gii P 4
T4, 19 = e’ rme u,v — KOOPOWHATLI CKOPOCTell ABIXKEHHS Cpembl, P — IHIpOCTATHIECKOE IaB-
nenne, T — TeMIeparypa, ¢, — yledbHas TelIOeMKOCTDb, p — IIOTHOCTb, A — TeILIOHPOBOIHOCTDL, T —
TEH30p BASKUX Hampskenmit, P — Tensop mampsizkenns, e/ — remsop ckopocreit medopmarmm, g+ —
METPHYUECKHI TEH30D.

B mammoit paboTe ImpejIoXKeH aJrOpUTM pacdeTa HeH30TePMHUYECKOro TeUeHHs /IS IPOM3BOJILHOI
HeIpepHIBHOH (YHKITNH, OMUCHLIBAIONIEH KPUBYIO TeUeHHs.

Kirouesble ciioBa: HEU30TEePpMHUIECKOEe, aHOMAaJIbHO BA3Kad KHUJIKOCTHb, YpaBHEHHNE HEPA3PBbIBHOCTH,
YpaBHEHUA COXPaHEHUsA UMITYJIbCa, YPaBHEHUA dHEPIUU, PEOJIOTnA

ns puruposanus: Jlursunos K. B., "Mojenuposanue HEM30TEPMUYECKOTO TEUEHUSI AHOMAJIBHO BSA3KOH YKHUJIKOCTU B
KaHaJaxX ¢ pasJIndHoil reomerpueii rpanun, Modeauposanue u anaius un@opmayuornur cucmem, 28:3 (2016), 326-333.
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BBenenue

PaccmatpuBaercs m10CKOE€ HEM30TEPMUYECKOE CTAIlMOHAPHOE TEeYeHHEe aHOMAJILHO BS3-
KOl KMJIKOCTH B KaHasIaxX. ' eoMeTpns KaHaIOB, B KOTOPBIX PacCMaTPUBAETCsd 3a/1a9a, —
9TO Takue 00JIaCTH, KOTOPBIe MPU Iepexojie B OUIIOISAPHYIO CUCTEMY KOODJUHAT OTOD-
pPaxKaroTCsd B UPAMOYTOJbHUKH. DTO CYIIECTBEHHO YIIPOIIACT I'PAHUYHBIC YC/IOBUS, T.K.
HIOSIBJISIETCs BO3MOXKHOCTh UCIIOJIb30BATh OPTOI'OHAJBHYIO CETKY U I'DAHUYHBIE yCJIOBUS
3a1af0TCs B ee y3ymax. O0/1acTu TAKOro THUIIA YaCTO BCTPEYIAIOTCS B MPUKJIATHBIX 33/ 1a9aX.

Puc. 1: Cxembr obsacreit gedpopmarun

Fig. 1: Deformation areas schemes

["'panuanbie ycaoBus st obJiacTeil, n300pasKeHHbIX Ha PUC. 1, 3a/1al0TCsI CJIe 1Y FOIIUM
00pa3oM: KIIKOCTh NMPUJINIIaeT K I'PaHUIAM KaHaJOB, KOTOpPble BPAIIAIOTCA C PAa3HOI
CKOPOCTBIO U UMEIOT Pa3HbIA paJuyC U TeMIIePpaTypy; KpoOMe TOro, U3BECTHA TeMIIepaTypa
pu BXozie B obJiacThb jiebopMaliuu, a Ha TPAHUIE € MOBEPXHOCTHIO MATEPHAJ HMeeT
TeMIIepaTypy MOBEPXHOCTH; JABJICHUE HA BXOJE U BBIXOJE U3 00JIACTH O0PAIaeTcs B
HYJIb.

JIaHHBII TIPOIIECC ONMMCHIBACTCA CUCTEMOI, COCTOAIIEN U3 YpaBHEHUIT HEPA3PBIBHOCTH,
yDaBHEHUsI COXPAHEHUs UMITYJIbCa M ypaBHeHUs sHeprun [1]:

V' =0, pu'Va' = —¢V,P + V79, (1)

)\VZVlT — pcvaViT + 7—2]61']' = O, (2)
CBOICTBA 2KUAKOCTHU OITUCBIBAIOTCA PEOJIOTMICCKUM YPaBHCHUEM:
PV =—g"P+71Y 19 =pe, (3)

rJe U, v — KOOPJIMHATHI CKOPOCTEl JIBUZKEHUsI CPeJibl, PP — TujIpocTaTuvdeckoe JiaBjeHue,
T — Temuieparypa, ¢, — yJieJibHas TEIIOEMKOCTD, ) — IJIOTHOCTh, A — TEILJIOIIPOBOIHOCTD,
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79 — TeH30p BABKUX HanpszkeHnii, PY — Tenzop HaupszkeHus, e — TeH30p cKopocTeil
nedopmalyn, g¥ — MeTpUUecKuii TeH30p.

B obmmem cirydyae koapdurment p — QyHKIMS Tpex HepBbIX WHBAPUAHTOB TEH30Pa
ckopocteit medopmanun e u mapaMeTpoB TePMOIMHAMUYICCKOTO COCTOAHUA MaTepHala.
Taxk kak paccMaTpuBaeTcs IUIOCKas 3ajlada il HECXKUMAaeMOW YKUJIKOCTH, TO IEePBBIil
U TPeTUil MHBAPUAHTHI OOPANIAIOTCA B HYJIb U KOIMPUIUEHT 1 ABIACTCA ITPOU3BOIHOMN
dbyHKImelt TOIBKO BTOPOro MHBApUaHTa € u TeMiepaTyphbl.

Cy1iecTByeT MHOTO PEOJIOTUYIECKUAX MOJIE/IEH, YIUTHIBAIONINX aHOMAJILHO BA3ZKUE CBOM-
cTBa moJimMepoB. B KadecTBe npuMepa UCIoIb30BaHa Hanbosiee yrnorpedsgeMast MOJIEb
OcBasibia—1e Buiisi, KoTopasi onmchIBaeT MOBEJIEHNE HEKOTOPHIX BI3KHX MaTePHAJIOB B
JIOBOJILHO TITMPOKOM JiMara3one ckopocreii casura [6], [7]:

i = (D)) GBI G, (4)

B nannoit pabore npejjiozKeH aJropuT™M pacdera HEM30TePMHUYECKOrO0 TeUeHUs JIJIsd
[IPOU3BOJILHON HEIPEPbIBHON (DYHKITUHU, OMUCHIBAIOINIEH KPUBYIO T€UEHUS.

OcHoBHBIE Pe3yJIbTaThI

Ucexoanyto cucremy 3armiineM B OUTIOIAPHOI cucTeMe KoopauHaT. [Ipu 9ToM KoopInHATE
X M Y JTeKapTOBOW CUCTEMBI CBSI3aHBI C v U 3 OUIOJISIPHOM CJIe Ty TOIIM 00pa30M:

asin ash a
r=—  y=—. (5)
cha —cos cha — cos 8

COCT&BHHIOHLH@ METPpHUYIECKOI'0 TeH30pa UMEIOT BH/I:

2
a 2

o — = :h, a — Ya :0: 6
[% 9pp (char — cos )2 9p Jap (6)

T.e. CUCTeMa OpTOroHasbHa, h — Koaddunuent Jlsme.
Benmunna a BbIpakaeTcsl 4epe3 reoMeTpUdecKue rnapamMeTpsl npomecca Ry, Ry u hy,

h27

a4 = hi1(h14+2R1)+ha(h2+2R2)
= 5 .

[Iycth u m v — pusnyUeckne KOMIOHEHTHI CKOPOCTH, OPTOTOHAJIbHBIE COOTBETCTBEHHO
a u (. Beraucasiem cumBosibl Kpucroddes [8| 6umosspHoii ciucTeMbl KOOPIMHAT, TOTIA
ypasHenus (1), (2) umeror Bu;

0 0
e —(hv) + 85(hu) =0, (7)
0 ,u 0 ,u 0 [,u v Oh uv
p{ )G+ o )+ g [ = () 4 2ngl i = .
8P+8 0 5. o0 1@+(Tﬁ_ )18h
B 357 T T e s h 0B

X\ (0T 0*T\ pc, [ OT T
(5o + ) 0 (25 v e =0 )
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1 0v u Oh 3 1 0u v Oh 0 u 0 v
o =2 =el = —(7)+==() (10)
“  Oa h h

€a=2<ﬁa—a+ﬁ@>7%— <E%+ﬁa_a)’e a8

Pemenne ypaBuenuit paccMarpuBaeTcst B TPUOINZKEHNN, TJI€ PACCTOTHUE MEXKTY TI0-
BEPXHOCTSIMU MHOT'O MeHbIe objiactu jedopmariu. Jlajgee BBeieM MaJiblil mapamMerp &,
e

PaBHBI OTHOIIEHUIO ITUPUHBI 001aCTH JIeOPMAIIUK K €€ JIJTUHE £ = B—}

Bsejiem HOBBIE TIepeMeHHBIE § = % , 1 = 5 ¥ Pa3JIoKUM 00€ KOMIIOHEHTBI CKOPOCTH
110 CTEIeHSIM MaJIoro IapaMerpa €.

=R

u="V(u(&n) +ew(n)+...), v=V(wv(&n) +...). (11)
[Tapamerp h y00HO PA3JIOKUTH O CTEIIEHAM OTHOIIECHUS ((fﬁg‘o;lﬁ)), HUMEIOIIEro mops-

TIOK €2

a cha —1
h=———|[1-"—+... ).
1—008@’( 1—cosﬁ+ )

[oxpcrassst (11) B (7) — (9) u npenebperasi 4jeHAMEI MOPSIIKA BBIIIE €, TIOJIYIUM

%(hv) + %(hm — 0 (12)

= rea]: 52 =0 (13)

0= %% (Ag—Z) - p;” <vg—z +ug—g> + [ue%(%)r (14)
pe = p(l2),  pre = po(T) a%(%) o (15)

[, M, A, ¢, — DYHKIMKU TeMIepaTyphbl, CJIeI0BATENILHO, KOOPIUHATHI (V.

Perenne cucremsr (12) — (15) ¢ cuMMeTpUYIHBIME TPAHUIHBIMU YCJIOBUSIME U PA3JIAY-
HBIME PEOJIOTHIECKAME MOJIeIsMu u3BecTHO [1], [2]. B mamnoit pabore paccmarpuBaercs
CYIIECTBEHHO HECUMMETPHUIHBIN C/Iydail TPAHWYIHBIX YCJIOBUIl, KOTOPbIE 3alNCHIBAIOTCS
CJICJTYIONUM 0Opa30M:

T=T, u=V, v=0(a=ay), T=T, u=V,(a=a); (16)

P=0, T=T, =8+ a»<a<a), P=0(8=p"),
rje (q, g — TPAHUILI 00IaCcTH 1O ¢ (MOBEPXHOCTH); (1, [_ — KOOpAMHATHI BXOJIA W
BBIXOJIa 13 00J1acTu j1ebopMaliim.

Cucrema (12) — (15) ¢ ycnoBusivu (16) oka3biBaeTCs HE3AMKHYTOM: He XBATAET YCJIO-
BUA JIJIS OLPeJIe/IeHIsT KOOPAMHATEL BBIXOa MaTepuasia u3 objaactu aedopMaiuy, Wil,
YTO TO K€ CaMoe, He XBATACT YCJIOBUS OIPEICICHIS BEJUIUHBLI PACXO/IA, T.e. PeNIaeTcs
3aJa4a ¢ HEM3BECTHOI CBOOOJIHOI TpaHuieil Buixoga. OYeBHIHO, YTO MaTeMaTHIecKast
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MOJIEJIb JIOJIZKHA ONPEJeIATh [ WM BeJIMYUHY PacXojia MaTepuasia He3aBUCUMbBIM 00-
pasoM B XOJie pellieHns. YCIOBHe, O3BOJIAINIee 3aMKHYTh cucremy (12) — (15), MoxKHO
3a/1aTh B BUJE

P =0, or =0. (17)
op

Ha BoIxoze 13 obnactu gedopmarun = [S_. DTO yCJIOBUE IMOAPA3YMEBAIOCH B PSIIE
JPYTUX UCCTIEJIOBAHNUIT, B 9aCTHOCTH B 2], IIOCKOJIBKY, IIPU yUIeTe TOJHKO aHOMAJIUHN B3~
KOCTH, ycJIOBUE OOpallleHusl B HyJIb I'PaJUeHTa JaBIeHns Ha BBIXOe U3 obsacTu jedop-
MaIIMU PABHOCHJILHO IIPEIIIOJIOKEHHIIO O CYIIECTBOBAHUM ILJIOCKOTO (DPOHTA IIPU YCIIOBUH,
4TO OTCYTCTBYET IIPOCKAJIb3bIBAHUE MaTepI/IaJIa Ha noBepxHoctu. Takum oOpazom, BeJn-
YUHA PACXOJA OLPEIE/IIeTCa B BUIE f "(hu)da = Q = hy(ar — ) (Vi + V3), tae h,
suHavenne h npu f = [_.

[Tosyauwm ere oJHO ypaBHEHUE f - ap dﬂ = (), 3aMBbIKaloIlee UCXOIHYIO cucTtemy. B
KaJecTBe MMEPBOT0O MPUOTNKEHNs [3_ 6epeM U3 aHAJIUTUIECKOI'O PENeHns] CUMMEeTPUIHON
samaan [2|. Cucrema (12) — (15) ¢ rpannunbivMu yesaoBusamu (16) permaercs Inuc/eHHbI-
Mu Merogamu. [TocKoJIbKY M3BECTHO pacipeieeHne TeMIIepaTyphbl IIPU BXOJIe B 00J1acTh
nedopMaIuy, IPOUHTEIPUPYEM YPABHEHUE JIBUKEHUS 110 (v

a5y = heg () + COB) (18)

rie C(f) — nocrosiHHAsST MHTErPUPOBAHUsI, UMEIOIIAs CMBICJI HANPSI?KEHUs CIABHUIa [PU
a=0.

[IpounTterpuposas (18) eme pas mo « U ONPEJIEIUB BTOPYIO IIOCTOSHHYIO U3 TPAHUY-
HBIX YCJIOBHM, HOJIyIMM cHCTeMy ypaBHeHuii (19), omuchIBaiOIMUX JUHAMUKY TEUCHHUS,
9KBUBAJIEHTHYIO UCXOJHOMN crucTeMe ypaBHennit (12) — (13):

// (t— - 0(5)) o) e = 22 (he(Vi + Va) (e — aa) — 2Va(e — a) )

Vy— Vi = h2/< g]; - C(ﬁ)) uel(t)dt (19)

[ g

VYpaBHEeHUE TEIIONPOBOHOCTH OCTAHETCs 0e3 M3MeHeHWs. AJITOPUTM peIleHus] 0~
CTaBJIEHHOI 3aJ1a4N IIpeJICTaBIsgeT coboii ciemyrorntyo cxemy. Obmacts aedopMalun pas-
OuBaeTcd JBYMEPHOI CETKOI ¢ PABHOMEPHBIM IITaroM IO KasKJIOH U3 IMepeMEeHHBIX € y3-
namu «; u ;. B y3max sroit cerku u GyneM HCKaTh pelieHne cHCTeMbl. Ypasrenus (19)
HPEJICTABIAIOT cO00# crucTeMy HEeJUHEHHBIX yPaBHEHUN OTHOCHUTE/IHHO g—g u C(B). Pe-

a2

IeHNs] IPU KazKJioM GukcupoBanHoM [ mimyTes MerojioM Bpoitnena (3], [4], [5]. Takum
06pPa30M, MOCJIOHHO JOXOUM JI0 TPAHUILI BBIXOAA [, IIPOBEPsIEM BBIIOJHEHHE YCJIOBUIL
(17) m BosBpamaeMcst B Hadaao obsmactu Jgedopmanuu. U3 permennii BbIYUCAIIOTCS B
y3JlaX CeTKU 00e KOMIIOHEHTBI CKOPOCTH:
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[1(.0P IR
von =+ [|(55-00) sgm) 4 o
a2
1 [*0
= — —— (hu)dt. 21
IR (21)

Torma ypaBHeHne SHeprun Jjisi HEKOTOPOro (PUKCUPOBAHHOTO [3(] = const) 3anuimeT-
cd CJIeIyIonuM 00pa3oM:

0=

ﬁW—F 3 ——|—U— (22)

A O*T  pe, [ OTY o1’
(o5 + s ) + ot

hea] = o

riie ¢(u) — dyuxiws guccnnanun. OHO Tak ¥Ke perraercs YUCIeHHO, ¢ TOMOIIBIO PA3HOCT-
HbIX cxeM. Ho jij1st TousoTro perienust ypapaerus (22) He0OXO MO 3HATH 06€ KOMIIOHEHTbI
CKOPOCTH Ha TOM Ke cjioe 1o 3, rie unryres 1.

Jlnist perienust 9Toit 3a@4K peIosaraeTes cieryomuii ajgropurm. C yderoM pac-
[peJiesieHnst TeMIiepaTypbl pu gukcupoBanuoM [(j = const) BBIYUCHSIIOTCT U W U U
dbyHKIMA guccunanuu. 3aTeM M0 U3BECTHOMY TIOJII0 CKOPOCTEH pacCUMThIBAETCS pacIpe-
JleJIeHre TeMIepaTypbl Ha ciaeayonieM (j + 1)-m cioe. VHade roBopst, BMECTO perrieHust
ypaBHeHUs (22) peraercsi ypaBHEHHe

X 0¥ pe, TV —T771 o1’
0= -2~ FCv - x * *
mo T T ag TV e W)

rie

Tj :T(Oé,ﬁ_,_ +] Aﬁ)? u’ :U(Oé,ﬂ_;,_—i-(j—l)Aﬂ), v* :U<O‘76++(j_1)Aﬁ)'

Ypasuenue (22) npejcrasisger coboil 0ObIKHOBEHHOE JIHEHHOe TuddepeHiuaibLHoe
ypaBHeHue otHocuTebHo T7 (), rjie — dbyHKIme quccunanuu. Ero MOXKHO peruThb JIio-
OBIMU YUCJIEHHBIME METOJIAMU JIOCTATOTHO TOYHO.

Ha pucynkax 2 u 3 npuBejieHbl TPUMEPHI MMOJTyYE€HHBIX T10JIeil TeMiepaTyp npu 17 =
Ty = 40°C, T, = 60°C, R1 = 30, R2 = 20, V1 = 38, V2 = 45, [, = 0.64. U3
HUX BWJIHO, 9TO PACCTOSTHUE MK,y IMJINHIPAMHU CyIIeCTBEHHO MeHSeT I0Jie TeMIepa-
Typ. Ecim paccrosiane majio, To mOrpaHUIHBIE 00JIACTH, Ie HAOIIOMAI0TCs JTOKATIbLHBIE
IPUPOCTHI TEMIIEPATYP, COMMKAIOTCI U TeMIlepaTypa cpebl OJn3Ka K Cpe/IHell Temiie-
parype. Ha pucynke 3 BuHO, 9TO MaKCUMaJIbHBIE JIOKAJIbHbBIE IIPUPOCTHI TEMIIEPATYPhI
Ha0JII0/1al0TCsT BOIN3KM 00JIee XOJIOMHOTO IIAIUHIPA.

JlanHast MOJIeTb MTO3BOJIAET PACCINTHIBATH I0JIE CKOPOCTEH, ToJIe TeMIeparyp, J1aB-
JleHne B obsactu jiepopMaliui U 3aTPpadnBaeMylo MOITHOCTh, UTO MPEJCTABISET CyIIle-
CTBEHHBIIl UHTEPEC /IS PUIOKEHHIA.
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Puc. 2: Pacupenenenue Temmeparypbl B 00-  Puc. 3: Pacupeesenue Temmneparypbl B 00-
nactu gedopmaruu(hy + he = 0.01). nactu gedopmanuu(hy + hy = 0.1)

Fig. 2: The distribution of a temperature Fig. 3: The distribution of a temperature
in deformation region(h; + he = 0.01). in deformation region(h; + he = 0.1).
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Abstract. In this paper, we analyzed the flat non-isothermal stationary flow of abnormally viscous
fluid in the channels with asymmetric boundary conditions and an unknown output boundary. The
geometry of the channels in which the problem is considered, is such regions, that at the transition to
bipolar a system of coordinates map into rectangles. This greatly simplifies the boundary conditions,
since it is possible to use an orthogonal grid and boundary conditions are given in its nodes. Fields of
this type are often found in applications.

The boundary conditions are set as follows: the liquid sticks to the boundaries of the channels,
which rotate at different speeds and have different radius and temperature; moreover, temperature at
the entrance to deformation is known, while on the boundary with the surface the material has the
surface temperature; the pressure on the enter and exit of the region becomes zero. The rheological
model only takes into account the anomaly of viscosity. The material is not compressible.

This process can be described by a system consisting of continuity equations, the equations of con-
servation of momentum and an energy equation: V;v' =0, pv'Vy! = —¢g¥V,;P + V;79 \VV, T —
pe, v, T + 79e;; = 0, rheological properties of the liquid are described by the equation: P¥ =
—gY P74, 19 = /e¥ where u, v - coordinates of environmental speeds, P - the hydrostatic pressure,
T - temperature, c, - specific heat, p - density, A - thermal conductivity, 7% - a viscous stress tensor,
P - 3 stress tensor, e - a rate of the deformation tensor, g%/ - the metric tensor.

In this paper, we propose an algorithm for calculating a non-isothermal flow for an arbitrary con-
tinuous function that describes the flow curve.

Keywords: non-isothermal, abnormally viscous fluid, continuity equation, momentum equation,
energy equation, rheology
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Introduction

Singularly perturbed parabolic problems often feature narrow boundary and interior
layers (stationary or moving fronts). Their numerical treatment by means of difference
schemes requires meshes with a very large number of nodes. In some cases it leads
to unacceptable CPU-times and unreliable solutions due the accumulation of round-
off errors. To overcome both problems we propose an effective asymptotic-numerical
approach for problems with moving interior layers in nonlinear reaction-diffusion-advection
equations. Its motivation comes from the following observations: the smaller the parameter
¢ in singularly perturbed problem, the more rough and unstable the constructed numerical
solution we obtain; but the more precise a prior: information about the exact solution
we can get from the asymptotic analysis. So, an appropriate combination of asymptotic
analysis and numerical schemes should improve the effectiveness of numerical calculations,
increase its speed and stability.

This idea has been used recently for problems with stationary interior layers in [1, 2,
3, 4, 5, 6, 7], where special grids have been used. In the case of moving interior layers,
fairly complicated difference schemes has been constructed in the papers |2, 8, 9, 10| and
[11] where one example of periodic problem was considered.

In this paper we present an effective analytic-numerical approach for the numerical
approximation of periodic solutions with moving interior layers in reaction-diffusion-
advection equations. This approach exploits the asymptotic results obtained in [12, 13,
14] and is based on the construction of dynamic adapted mesh(DAM).

Note, that numerical investigation of time-periodic problems generates a number of
specific features. The main of them is that there is no information about the location of
the interior layer at the initial time moment. To determine the initial conditions, which
are necessary for further numerical calculations with the dynamic adapted mesh, we can
use asymptotic analysis of the problem.

Another approach for numerical solving of periodic problems is to use the method
of relaxation count. However, in this case it is necessary to know the stability of the
periodic solution and investigate its domain of influence for the correct choice of the initial
approximation. This proof and related estimates also can be done using the asymptotic
analysis of the periodic problem by the methods developed in [12, 13].

The paper is structured as follows. In Section 1. we discuss methods by which we can
obtain a prior: information that will be used for the process of constructing a DAM. In
Section 2. we briefly describe the main ideas for constructing DAM.

1. Asymptotic analysis and a prior: information

To demonstrate our approach we consider the following problem

( (0%u  Ou ou

gu_gu) _ 4 M B

5 (81'2 0t> (u,z,t) e + B(u, x,t)

for (z,t) € D:={x € (—-1,1); t € R}, (1)
w(—1,t) = wep(t), w(l,t) = tupigne(t) fort € R,

L u(z,0) =u(z,t+1T) forz e [-1,1], t € R,




Modeauposanue u anaausd ungopmayuoror cucmem. T.23, Ne3 (2016)
336 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

where the parameter ¢ is sufficiently small (0 < ¢ < 1) and the functions A(u,z,1t),
B(u,z,t), wes(t) and ugn(t) are sufficiently smooth and T-periodic in ¢.

The methods of asymptotic analysis for singularly perturbed time-periodic parabolic
problems was developed in [12, 13]|. It is known [13] that under certain conditions
this problem has a solution of moving front type: in the interval (—1,1) there is some
periodically moving point (¢, ) which is connected with a thin transition layer containing
x4, (t,€) such that the solution for z < wx,(t,¢) is close to some level w,z(t) and for
r > x4(t) close to some level wign(t), where wepi(t) # wrigni(t) for all t. The main
purpose of this paper is to present an effective numerical method for the solution of
the moving front type which is based on the asymptotic a prior: information such as
location and /or speed of the internal layer (front), width of the internal layer and structure
of the internal layer. This information can be obtained by the asymptotic analysis of
the problem (1) which was developed in [13]. Here we recall some ideas and formulas
from [13].

If we put € =0 in (1) we get the reduced equation and define two functions

d

O t): Al x,t)é + Bu,,t) =0, w(—1,1) = wep(t);
(2)

d

Oz, t): Alu, a:,t)ﬁ + Bu,w,t) =0, u(l,t) = tpigne(t),

where t has to be considered as a parameter.

Condition 1. Suppose that for (x,t) € D := {x € [~1,1],t € R} there exist T-
periodic in t solutions ©'(x,t) and ¢"(x,t) of the problem (2) satisfying the following
inequalities for all (v,t) € D

a) oz, t) < ¢ (x,1),

l r <3)
b) A(¢'(z,t),x) >0, A(¢"(x,t),z) <O0.

Let us define the function

" (@,t)
I(x,t) := A(u, x, t)du (4)
@l(z,t)
Condition 2. The equation
I(z,t)=0 (5)

has a T-periodic solution xy(t) satisfying for allt € R

a) —1 <uzo(t) <1,

s

b) / A, zo(t), )du > 0 for s € (¢Hzo(t), 1), " (zolt), 1)) . (6)

@' (wo(t):t)

Condition 3. The solution zo(t) of equation (5) obeys the condition

%(xo(t),t) <0 forall teR. (7)
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In [13] under Conditions 1-3 the existence of the solution of (1) with moving internal
layer was proved and rigorous asymptotic analysis of this solution was presented.
Asymptotic of the solutions of (1) was built in the form

U (w,t,e) = " (w,t,6) + Q7 (& t,e) = f:si (@ @n+QrEn),  ®

1=0

where @"(x,t, €) are regular functions which represent the solution far from the transition
point x,,.(t,€); the functions Q' (&, ¢, €), where & = (x — x4,.(¢,€)) /e, describe the moving
front located near this point; & < 0 is related to a function with the upper index [ and
¢ > 0 to a function with the upper index r.

Location of the transition point zy,.(t,€) presented in the form of a power series in &

Ty (t,e) = xo(t) +ex1(t) + ... (9)

where z;(t), © = 1,2,... are T-periodic functions. The terms of series in (8) and (9)
can be determined by the asymptotic procedure [13]| from CW-matching conditions
for functions U!(x,t,¢) and U"(x,t, ) — continuous matching for functions and its first
derivatives at the point x = x4,(¢,¢) for all orders of ¢.

It was also proved in [13] that functions Q'"(,t,¢) exponentially tend to zero if
¢ — t00. So the front width can be estimated as d = Ce|lne].

In Section 2. we use this information and illustrate our analytic-numerical approach
by means of the following particular case of problem (1): A(u, z,t) = —u and B(u,z,t) =
ub(t), where b(t) =2+ cos(4nt) ; wepe(t) = —8 4 sin(4nt), Upign(t) = 8 — 2sin(4nt).

For this example we have

o'(x,t) = =8 +sin(4nt) + (v + 1) (2 + cos(4nt)) ;
" (z,t) =8 — 2sin(4nt) + (x — 1) (2 + cos(4t)).

Condition 1 is satisfied because it holds for all z € [—1,1]
O (2, 1) — " (2, 1) = —16 4+ 2 (2 + cos(4nt)) + 3sin(4rt) < 0;

AP (x,t),2,t)) = 8 — (x + 1) (2 + cos(4nt)) — sin(4rt) > 0,
A" (z,t),x,t) = =8 — (x — 1) (2 4 cos(4nt)) + 2sin(4nt) < 0.
The function I(x,t) defined in (4) reads
" (@,t)
I(x,t) = / —udu =

@l (z,t)

% (22 (2 + cos(4nt)) — sin(4nt)) (=16 + 2 (2 + cos(4nt)) + 3sin(4nt))

and (5) gives the following expression for the zero order term of moving front position

sin(47t)

=——F—"—¢€[-1;1 for all R. 1
Zo(1) 4 + 2 cos(4rt) € =11 o te (10)

Conditions 2 and 3 hold true for this x(t).
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At first order of € we have from [13]

(1) = ~ g - [255(0) + (3 an(0). ) + T ol0).1)] (1)

where

ul(r,t) = % {ul%;gt) -In (1 + blt) (x+ 1)> + % [In(b(t))] - (x + 1);

@ (x,1) = % [“b@'(—"tt)(t) ‘In (1 + %(x - 1)) + % n(b(t)] - (z — 1).

2. Dynamic adapted mesh construction

Our idea of dynamic adaptive mesh construction is quite simple. If we know the width
of the transition layer, we can introduce a basic uniform mesh with steps equal to this
width. Then refine two intervals that are nearest to the transition point x,(¢,¢) which
location we estimate by asymptotic analysis as xg(t) + ez1(t). Next, if we know the
position of the transition layer for each time step, we can track whether the transition
layer is located in these intervals or not. If the transition layer starts to leave one of these
intervals, we refine the following or previous basic interval, perform an interpolation of
the function on these additional nodes. In the following calculations we discard the nodes
of the refined interval that are farthest from the position of the transition point. For an
appropriate interpolation we need an information about the structure of the transition
layer. As a result, we have again only two refined basic intervals. Some example of the
constructed DAM by this approach is represented on Figure 1.

Another approach is to construct classical "Shishkin mesh"(see Figure 2).

A crucial assumption for this constructing process is the possibility to obtain a
corresponding a prior: information. This problem was discussed in Section 1. for one
type of reaction-diffusion-advection equations.

Some example of numerical calculations is represented on the Figure 3.

3. Conclusion

Asymptotic analysis of a singularly perturbed problem gives the a priori which can be
used for efficient mesh construction. This fact provides the possibility for a productive
combination of asymptotic and numerical approaches in order to substantially improve
the effectiveness of numerical calculations.

Based on these ideas we propose an efficient analytic-numerical algorithm for a
singularly perturbed reaction-diffusion-advection equations that allows significantly to
reduce the complexity and to enhance the stability of the numerical calculations in
comparison with classical approaches. As a result, we can essentially save CPU time and
significantly speed up the process of constructing approximate solutions with a suitable
accuracy.
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Fig 1. Some result of the process of dynamic adapted mesh construction: [J — node that
is used for calculations; o — node in which function was interpolated; x — node that was
discarded from the process of calculations on the following steps
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Fig 2. Some result of the process of dynamic adapted mesh construction in the case of
constructing classical “Shishkin meshes”
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Fig 3. The example of calculation for ¢ = 1072, Ny = 43 (has been calculated

automatically), N, = 100 (control parameter that has been set manually)
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Abstract. Parabolic singularly perturbed problems have been actively studied in recent years in
connection with a large number of practical applications: chemical kinetics, synergetics, astrophysics,
biology, and so on. In this work a singularly perturbed periodic problem for a parabolic reaction-diffusion
equation is studied in the two-dimensional case. The case when there is an internal transition layer under
unbalanced nonlinearity is considered. The internal layer is localised near the so called transitional curve.
An asymptotic expansion of the solution is constructed and an asymptotics for the transitional curve is
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part. In this work we focus on the interior layer part. In order to describe it in the neighborhood of
the transition curve the local coordinate system is introduced and the stretched variables are used.
To substantiate the asymptotics thus constructed, the asymptotic method of differential inequalities
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asymptotic expansion of the solution. The Lyapunov asymptotical stability of the solution was proved by
using the method of contracting barriers. This method is based on the asymptotic comparison principle
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Introduction

The main objective of the paper is the development and application of the asymptotic
comparison principle in a new class of problems for nonlinear parabolic singularly
perturbed equations in the two-dimensional case. These equations can have solutions
with boundary and internal layers. These problems have been actively studied in recent
years in connection with a large number of practical applications: chemical kinetics,
synergetics, astrophysics, biology, and so on. Solutions of these problems, under natural
assumptions, have narrow domains of rapid change, namely, boundary and internal layers,
and they are difficult both for numerical solution and for asymptotic search.

1. Problem statement

In this work we consider a singularly perturbed problem. It is a parabolic nonlinear
differential reaction-diffusion equation:

N:(u) := <Au — %) — F(u,z,y,t,e) =0,

(z,y,t) € Dy := {(2,y,t) € R*: (z,y) € D,t € R}, (1)
;Tur(x,y,t,s) =0, (z,y)el,teR,
u(z,y,t,e) =u(x,y,t +T,e), (x,y) € D,t€R,
where A = a Z T y2 , and the derivative ai is taken along the inner normal to the smooth
boundary I' of the given two-dimensional 'domain D, and € > 0 is a small parameter.
Assume that the following conditions hold:
(A1) Let F(u,x,y,t,¢) be a function sufficiently smooth with respect to its arguments
and T-periodic with respect to ¢.
(A2) The degenerate equation F'(u,x,y,t,0) = 0 has precisely three isolated solutions
T-periodic with respect to t, =) (z,y,t) < 0 O(z,y,t) < ¢ (2,y,t), (z,y,t) € D,.
(A3) F,(o®) 2, y,t,0) > 0,F, (o, 2,9,t,0) < 0, (z,y,t) € D,. Using in the
standard way the local system of coordinate (r,6) near the curve Cj (how to find this
curve is explained below), let us introduce a new function

o) (r,0,t)
I(r,0,t) := / F(u,r6,t,0)du.

() (r,0,1)

and impose the following conditions:

(A4) Suppose there exists a sufficiently smooth simple closed curve Cy(t) lying in
D, such that in the considered domain I|,_, = 0, § € [0; O], where [0; O] is the domain
of variation of the coordinate 6 on the curve Cj.

(A5) &L | < 0, which means that the nonlinearity is unbalanced.

We search for the interface curve C(t,¢) in the following form: r = A*(0,t,¢).

As is known (see [15], [11], [10], [1]), problems similar to (1) can have solutions
both with boundary layers near I' and the internal transition layers. In the present paper,
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we consider a solution such that, for every time moment ¢, as € tends to 0, it tends to the
root ¢©*)(z,y,t) in the domain bounded by some smooth closed curve C(t,¢) C D and
tends to another root ¢(=)(x,y,t) in the other part of the domain D. A domain of rapid
change of the solution occurs in a neighborhood of the curve C(t,¢), and the solution
in this domain is referred to as an internal transition layer. Solutions of this kind are
called contrast structures and the curve C(t, €) is the curve of the transition layer, or the
interface curve; its position is not known in advance. Let us define the position of the
curve of the transition layer by the condition of intersection of the solution and the root of
the degenerate equation ¢ (x,y,t), C(t,e) = {(z,y) € D : ¢O(z,y,t) = u(x,y,t,e)}.
The curve C(t,e) partitions the domain D into subdomains D~ and D™) which are
correspondingly the outer and the inner domains for the curve.

2. Construction of the asymptotic

2.1. The asymptotics for the solution

A formal asymptotical expansion was constructed in the following form:

US(z,y,t,e;\) = aB(z,y,t,e) + QP (7,0,t,e; \*) + (€, 0p,t,¢), where the regular
part is a™®) (z,y,t,¢) = ﬂ(()i) (x,y, t)+5ﬂ§i) (z,y,t)+.. .—1—6”1153[)(1:, y,t)+. .., the boundary
layer part is II(§, 0r, t,e) where & = "I (here (rr, 0r) - a local system of coordinates for

the curve I') and the interior layer part is
QW (r,0,t,6:X°) = Qg7 (1, 6,6:3) + Qi (1.0, 5X) .+ " QU (T 0,5 X) + .

where 7 = (r — A\*(0,t,¢))/e. The part Q™) (7,0,t,; \*) depends on A\*, but in general
case is not a function depending on \*, thats why the notation ";"is used.

The method of boundary layer functions (see |[6]), taking into account the specific
features of a parabolic operator (see [1] and [15]), leads to a sequence of problems for
determination of the coefficients of the asymptotic series (3), from which, in particular, we

see that ’I_L(i)(LE, y,t) = o)z, y,t), '&éﬂ (z,y,t) = o) (x,y,t). The functions ﬂz(-i) (x,y,1),
i=1,2,3,..., and also the boundary layer functions II;(, fr, t), are constructed in the

standard way, and we do not consider this construction in the present paper.

For the part of the internal layer in zero approximation we have problems

02 (()i)(T,G‘,t; %)

or? )

69(0,0, 1 X%) + a5 (A 0,1) = O (A", 0, 1), 2)
&) (00,6, A%) = 0.

— F(e® (X, 0,1) + Q5 (7,0, 1%), \*,6,1,0)

wich have unique solutions monotone with respect to 7.
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In the next approximation, we obtain the linear problems
PR OF iy _

87—2 au 1 1 9
QY(0.6.6: 1) +ar (A, 6,1) = 0,
QY (00, 0,1:37) = 0,

(3)

(£) s o (E) [
(£) ey L 90 e s oF* duy oF
ry (7,0, N7 = - (T,Q,t,/\)s(/\,ﬁ,t)JrT(au By (A5, 0,t) + - +
OF*  OF*
U (A%, 0,t)——
+U1( s Uy )au + 88 5
where s(r,0,t) = Ar(r,0,t) — %(T,@,t)‘xy:wnst, the symbols 7 ~ 7,7 x” above and

to the right of a function mean that the value of the function is taken at the argument
(@F (A%, 0,1) + Q(()i) (1,0,t; X*), A\*,0,t,0). The solution of problems (3) is represented
in an explicit form (see [15]).

Q-functions of subsequent orders are defined in a similar way.

2.2. The asymptotics for the interface curve

The asymptotics for the interface curve we will search in the following form:
r=X(0,t,e) = eXi(0,t,6) = e(M(0,t) + X (0, 1) +*X3(0,1) + ...). (4)

The coefficients of the series are found from the condition of C'-matching of the
asymptotics on the curve C,

oU-)
or

U
or

€ =c (5)

r=\*(6,t,e)

r=\*(6,t,e)

By substituting the asymptotics into condition and equating to zero the terms before
every power of £, we obtain the tasks for determining A;. Namely, for A\;(6,t) we have
the following problem:

+o00

o1 . OF  OF
E)\l + / (—(I)(T,e,t, O)S + ET + g) (I)(T,@,t, O)dT =0. (6)

—0o0

Here the symbol ” A7 above a function mean that the value of the function is taken
at the argument (0,60,t). The coefficients \;(0,t),i = 2,3, ... are determined from the
analogous tasks

~

ol
=\ J— > 1
5 i+ fi=0, i>1, (7)

By virtue of assumption (A5) problems (6), (7) have the unique solutions.
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3. Substantiation of the asymptotics thus constructed

We denote by Uqgi)(x,y,t,s; A*) the partial sums of order n of the asymptotic series
constructed above in which the argument 7 of the Q-functions is replaced by 7, =

nt+l n+l _ _
(r—>2e"X\(0,t))/e and \* by Xt = > &'\;(0,t) In the DS and DS into which the
i=1 i=1

domain D is partitioned by the curve r = \* when constructing Ur(li)(x,y,t, g; "), we
use the functions Q) and Q) respectively. The following theorem holds.

Theorem 1. If conditions (A1)-(A5) hold, then, for sufficiently small €, there is a
solution u(x,y,t,e) of problem (1) which is a contrast structure of step type, and the
following bound holds:

|Un(x7y7t7€;)\*) - u(x7y7t7€)| < C€n+17 (xuy) S D7t € R.

The proof of this assertion is carried out using the asymptotic method of differential
inequalities. We shall construct the upper and lower solutions of problem (1) by modifying
the terms of the asymptotic series, similarly to the way in which it was done in [4]. For
example, for the upper solution, one can take the function

Bn(z,y,t e) = Eéi) (x,y,t) + &ﬂgi) (x,y,t)+ ...+ 6"+20£i)2(a:, y,t)

+ QE):‘:) (Tg, ‘97 t; Anﬁ) + ‘EQY‘:) (Tﬁa 67 t; /\nﬁ) T+ 6n+1Q$1:i)2<7—ﬂ7 97 t; )\nﬁ)
+ Hﬂ(€7 61—‘7 t? 8) + €n+2(/7 + QS.?ZB(TB; 97 ta Anﬁ))a

where \,5(0,t,2) = Ni(0,t,8) + "2 (N\y2(0,t,6) —v(60,t)), v > 0 is a constant ensuring
the validity of the necessary differential inequality, and v > 0 is a function ensuring the
validity of the inequality for the jump of derivatives on the curve of transition layer.
The functions QS_?Z s are obtained by the scheme of [4] by modifying the equations for
QS?Q in which 7 is replaced by 75 = (r — A\5(t,0,¢)) /e, the functions Iz ensure the
validity of the differential inequalities near I" and are not considered in this work. A
lower solution o, (z,y,t,€) has a similar structure. All necessary inequalities are verified
by the immediate calculations.

4. Stability of periodic contrast structures

The periodic solutions to the problem (1) can be considered as the solutions to corresponding
boundary value problem with an initial condition:

N.(v) := & <Av — %) — F(v,z,y,t,e) =0,

(z,y,t) € Diy = {(2,9,t) € R*: (z,y) € D,0 < t < 00}, (8)
0
—u(x,y,t,e) =0, (x,y) el 0<t<oo,
8np
v(x,y,0,¢) =1%x,y), (z,y)€ D.
Obviosly, if v°(z,y,¢) = u(x,y,0,¢), where u(z,y,t,¢) - the solution to the periodic
problem (1), then the problem (8) also has the solution v(x,y,t,e) = u(x,y,t,¢).
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The problem of the Lyapunov stability of this solution is based on the asymptotical
method of differential inequalities. We will seek upper and lower solutions to problem ()
in the form a(x,y,t,e) = u(z,y,t,e) + e O a, (2, y,t,6) — u(x,y,t,¢)), Bz, y,t,€) =
u(z,y,t,e) + e 2B (z,y,t,e) — u(x,y,t,¢)), where A\(e) > 0 is sufficiently small. It
can be shown that N.8 < 0 for n > 0. The inequality N.a > 0 can be checked similarly.
Thus, the above constructed periodic solution is stable with the influence domain being
at least [, Bol.

Theorem 2. Let conditions (A0)-(A5) hold. Then the solution u(z,y,t,e) is Lyapunov
asymptotically stable with the domain of stability containing at least (v, Bo), and hence,
u(z,y,t,e) is a unique solution of problem (1) in this domain.
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1. Introduction

There have been many recent publications on parameter-uniform numerical methods
[9, 2| for singularly perturbed linear problems of the convection-diffusion form

—eAu+a-Vu+bu=f a> 0,

where the domain is the unit square. In contrast, there have been few publications for the
case when the domain is non-rectangular and the problem is of convection-diffusion type.
In the case of elliptic problems posed on arbitrary convex domains, several theoretical
difficulties arise in designing a parameter-uniform numerical method [1]. An invertible
transformation can sometimes be designed to map a non-rectangular domain to the
unit square. However, in general, the differential operator in the transformed variables

349
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will contain a mixed second order derivative term. The construction of a parameter-
uniformly stable discretization of a mixed second order derivative on a layer-adapted
highly anisotropic mesh remains an open question. In this paper, we examine a circular
domain for which the standard transformation using polar coordinates can be utilized
throughout the entire domain. For this particular geometry, there are no mixed derivative
terms present in the transformed problem.

The issue of compatibility conditions at the characteristic points and the construction
of an e-uniform asymptotic expansions have been studied by Jung and Teman [6]. In
[3], we impose more stringent constraints on the problem data in a neighbourhood
of the characteristic points, in order to exclude the potential presence of additional
singularities near these two points. Under these data constraints, a parameter-uniform
numerical method can be constructed [3|, which captures the boundary layer at the
outflow boundary. Here, we present numerical results for a problem which does not satisfy
the minimal compatibility conditions. These experimental results suggest that some
positive order of uniform convergence may be retained in the case of no compatibility.
However, a theoretical justification for this conjecture remains an open question.

Notation: Our interest lies in designing parameter-uniform numerical methods and
so throughout this paper, C' denotes a generic constant that is independent of the singular
perturbation parameter £ and of all discretization parameters. We will always use the
pointwise maximum norm, which we denote throughout by || - ||.

2. Continuous problem

Consider the singularly perturbed elliptic problem:

Li = —eNt+a(zv,y)a, = f, in Q:={(z,y)|2* +y* < 1} (1a)

=0, on 09 a>a>0. (1b)

Assume that the data are sufficiently smooth so that @ € CS"’(E). For this problem, a

boundary layer will form in the vicinity of the outflow boundary T'p := {(z,y)|—1 < z <

1,y = V1 — 22} and there will be no layer present in the vicinity of the inflow boundary
Fy={(z,y)| - 1<z <1ly=—v1-—2?}

Polar coordinates are a natural co-ordinate system to employ for this problem. In

these coordinates, the continuous problem (1) is transformed into the problem: Find

u(r,0) € C°(Q) N C3(Q) such that

- %Ug’g — ety + a(r, 0)((sind — i)ur + Coseug) = f, in (2a)
r ar

u(1,0) =0,  0<8<o2m, (2b)

u(r, 2m) = u(r,0), ug(r, 2m) = up(r,0), 0<r<1. (2¢)

The solution u can be decomposed into the sum of a regular component v and a
singular component w such that

Lv=f, in Q, v=wuon [';; vsuitably specified on I'p;

Lw =0, in Q, w=0on I'y; w=u—von [p.
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This type of decomposition of the solution was first introduced by Shishkin [9] for a
large class of singularly perturbed partial differential equations. The decomposition is
related to an asymptotic expansion [8], but note that there is no explicit identification
of a remainder term. Moreover, the components v and w are not explicitly identified.
From a numerical analysis perspective, the advantage of this type of decomposition is that
parameter explicit pointwise bounds on the partial derivatives (up to and including third
order) of these two components can be established. These bounds on the derivatives of the
components are central to establishing informative pointwise bounds on the truncation
error associated with any proposed numerical method.
The reduced problem is defined as: Find 7y such that

% =f in Q\Ij; dp=a=0, only.

As identified in [6], singularities appear in the vicinity of the points (£1,0) unless
compatibility conditions of some level m
oiti ]?
oxtoy’

(£1,0)=0, 0<2i+j<m, m>0 (3)

are imposed on the data. The first order correction to the reduced solution is given by

01 (z,y) = /y M dw.

w=—vizz a(z,w)

Requiring a certain regularity on v; places additional regularity requirements on vy.
Explicit compatibility conditions on the derivatives of the regular components vy, v; are
given in [5, Lemma 2.2| to ensure any desired level of regularity of these components.
The outflow boundary conditions for the regular component are taken to be vy + cvy
in order that the partial derivatives (up to second order) of the regular component are
bounded independently of €. For example, compatibility conditions of level m = 9 suffice
for 7 € C°(Q) and ¥; € C°(Q). However, to obtain pointwise bounds on the boundary
layer component w, additional constraints were imposed in [3]:
Assumption Assume that there exists a 0.5 < d < 1 such that

fle,y) =0, 1-6<|z| <1 (4)
Note that this assumption supersedes the compatibility conditions (3) of any order.

Theorem 1. /3] The solution u of problem (1), (4) can be decomposed into the sum
u = v + w, where the derivatives of the reqular component v satisfy the bounds

C(1+e* "), i+ 7 <3,

H aer]U

ortog7

and the boundary layer component satisfies (for some positive )

asin(0)(1—r) ¥

lw(r,0)] < Crle= 2= +Ce =.
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3. Discrete problem

A popular assumption within the literature on numerical methods for singularly perturbed
problems is to assume that
e<CNL

In this case a classical finite element method will generate large oscillatory solutions and
thereby fail to capture accurately any layers present in the solution. This is one reason
why this case is often viewed as the case of most interest. For certain classes of singularly
perturbed problems, one can generate a uniformly valid asymptotic expansion for the
continuous solution. In addition, there are problem classes for which a combination of a
simple numerical method and the analytical expression for the leading order term for the
layer function can be utilized to generate an approximation, to the continuous solution,
of O(N™1). For example, in the case of problem (1), (4), we observe that

_a(1,0)sin(0)(1—r)
€

i = Vo(w,y) — To(z, V1 — 22)(2* + y*)e + O(e).
Coupling this asymptotic expansion with the restriction on the parameters of e < CN~!,
means that we only require a sufficiently accurate approximation to the reduced solution
Uo(z,y). This can be easily generated by simply discretizing the first order problem
defining the reduced problem and then interpolating these nodal values to produce a
global approximation. However, these mixed numerical /asymptotic approaches only have
validity under the assumption e < CN~!. In [3], we have designed a parameter-uniform
numerical method, which is valid for all values of 0 < ¢ < 1.

We discretize problem (2), (4) using simple upwinding on a tensor product mesh, with
M mesh elements uniformly distributed in the angular direction and N mesh elements in
the radial direction distributed across a piecewise uniform Shishkin mesh [9]. The mesh
points (r;, 0;) are defined by:

2

Qj:iK,j:O,]_,...,M, :M (5&)
N N
T’Z:ZH,Z:O,l,,E, 7“1:1—0'4-(2—]\[/2)}1,2:?4—1,,]\[ (5b)
2(1—o0) 20 o1 4
H=——> h:=— = —, Cieln N}; > .
I . h N ° mln{Q,Csn b C >am (5¢)

The numerical method on this mesh is: For 0 <r; <1, 0 <6; < 2m,

— :;253[] — 62U + (asinf; — ;)DriU + % cos0; Dy U = f; (6a)

(2

where 2(aD*)Z := (a — |a|)DTZ + (a + |a])D~Z and

U(l,Hj) :O, OSHJ §27T, (6b)
U(ry, 2m) = U(ry,0), Dy U(r;,27) = DfU(r;,0), 0<r; <1; (6¢)
M—-1
1
U(O,QJ) = U(O) = M U(?"l,ej), 0 S 9]' S 2. (Gd)

Jj=0
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The finite difference operators Dt, D~ are the standard forward and backward first order
difference operators and §? denotes the standard discrete approximation of the second
derivative. Once the nodal values have been determined, a global approximation U can
be generated using the bilinear interpolant

0r6) = 3 Ul 6)6:(r)5(0),  (r.6) €0,

i,j=0
where ¢;(r),1;(0) are piecewise linear basis functions, defined by the nodal values of
Gi(ry) = dix = ¥i(0).

Theorem 2. [3] Assume M = O(N). If u is the solution of the continuous problem (1),
(4) and U is the bilinear interpolant of the discrete solution U, then

|lu—=U|| < C(N"'+M Y (InN)>

4. Numerical results

In this section, we examine the performance of the numerical method as applied to two
particular problems. However, these problems do not satisfy the constraint (4) imposed
in [3]. Observe that the choice of the transition parameter o in (5¢) depends on (4). For
the problems examined in this section, we have simply replaced (5c) by

1
o= min{§, deln N'}.

Approximations to the uniform order of convergence are estimated using the double mesh
method |2|. The numerical method was applied for ¢ € {277}2° and N € {27}1°. The
maximum pointwise two-mesh differences DY and the parameter—uniform maximum
pointwise two-mesh differences D¥, are computed from

DY = ||UYN =T ||ox o, DV := max DY
' ee{2-7}20

Approximations pY to the local order of convergence and approximations p" to the
parameter—uniform order of local convergence are subsequently computed from

DN DN
pév = log, 2N pY = log, DN

Example 1 (Compatible problem) Motivated by the test example from [4, equation
(61)], we consider the following problem

—cAu+u, = 671‘@%*92), in Q= {(v,y)2*+y* <1}, u=0,on 90 (7)

This problem is not covered by the theory presented in [3]. However, it is highly compatible
at the characteristic points. In Table 1, we present a corresponding table of computed
orders of convergence and in Figure 1 we present a sample computed solution and
a comparison between the computed solution and a fine mesh solution. We observe
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Table 1. Computed double-mesh orders for (7) for some sample values of (N, )
pY
16 32 64 128 256
0.9726 0.9828 0.9911 0.9954 0.9977 0.9988
0.9831 0.9915 0.9958 0.9979 0.9989 0.9995
1.0070 1.1536 1.0959 1.0535 1.0286 1.0148
0.8941 1.1250 1.1220 1.0737 1.0393 1.0202
0.8709 1.1697 0.8094 0.8506 0.9293 0.9647
0.8336  1.1413 0.1646 0.7814 0.8888 0.9449
0.7334 1.1615 0.6512 0.5114 0.7289 0.7194
0.6157 1.1146 0.8905 0.5192 0.7304 0.7233
0.5836  1.0358 1.0265 0.5194 0.7289 0.7273
0.5863 0.9855 0.9939 0.6061 0.7261 0.7302
0.5926 0.9584 0.9647 0.6550 0.7268 0.7312
—1110.5969 0.9443 0.9474 0.6808 0.7271 0.7318
12 105993 0.9373 0.9376 0.6944 0.7273 0.7321
13 10.6005 0.9337 0.9323 0.7015 0.7274 0.7323
—14 1 0.6012 0.9320 0.9295 0.7052 0.7275 0.7324
0.6015 0.9311 0.9281 0.7070 0.7275 0.7324
—16 1 0.6017 0.9307 0.9274 0.7079 0.7276 0.7325
—17.10.6018 0.9304 0.9271 0.7084 0.7276 0.7325
—18 1 0.6018 0.9303 0.9269 0.7086 0.7276 0.7325
—1910.6018 0.9303 0.9268 0.7087 0.7276 0.7325
~20 1 0.6018 0.9303 0.9268 0.7088 0.7276 0.7325
pY [ 0.6018 0.9303 0.9268 0.7088 0.7276 0.7325

)
—
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(a) Computed Solution U128 (b) Fine mesh comparison U128 — {71024

Fig 1. Plots of numerical solution and approximate error for Example 1 with ¢ = 2715,

convergence in the Table. This suggests that the theoretical constraint (4) may not be
required in practice.

Example 2 (Incompatible problem) Motivated by the test example from [4, equation
(63)], consider the following problem

—eNu+tu, =1, in Qi={(z,y)|z* +v*<1}; u=0, on 9N (8)

In Figure 2, we see some significant difference (between the computed solution and a fine
mesh solution) in the vicinity of the two characteristic points. In Table 2, we present a



Hegarty A.F., O’Riordan E.
Circular domain 355

corresponding table of computed orders of convergence. We again observe convergence
in the Table. This suggests that the lack of compatibility in the reduced problem does
not appear to have a significant detrimental effect on the performance of the method
in the outflow region. These numerical results indicate that the question of whether the
above numerical method is parameter-uniform or not, for incompatible problems like (8),
warrants further investigation.

(a) Computed Solution U'%® (b) Fine mesh comparison U128 — {71024

Fig 2. Plots of numerical solution and approximate error for Example 2 with ¢ = 2715,

Table 2. Computed double-mesh orders for (8) for some sample values of (N, ¢)
Y

e\N 8 16 32 64 128 256

270 10.9984 0.9986 0.9992 0.9995 0.9998 0.9999
2 0.9923 1.0005 1.0000 1.0000 1.0000 1.0000
272 109156 0.8106 0.8600 0.9386 0.9699 0.9851
273 10.7233 0.6661 0.8192 0.9120 0.9576 0.9792
274 | 0.4440 0.5900 0.7581 0.8792 0.9408 0.9699
275 | 0.6701 0.4357 0.0832 0.8009 0.8945 0.9470
56
P §
2
2

0.5775 0.8902 0.3358 0.4911 0.7178 0.7078
0.4678 1.1707 0.3489 0.4917 0.7189 0.7080
-8 10.3690 1.1901 0.5374 0.4959 0.7192 0.7092
=9 102946 1.1123 0.7616 0.4986 0.7193 0.7097
2710 1 0.2345 1.0235 0.9476 0.4996 0.7197 0.7100
27111 0.1947 0.9385 1.0912 0.5002 0.7199 0.7102
2712 1 0.1722 0.8686 1.1931 0.5005 0.7199 0.7104
2713 1 0.1602 0.8194 1.2461 0.5133 0.7202 0.7105
2714 10.1539 0.7897 1.1939 0.6037 0.7204 0.7106
2715 1 0.1507 0.7734 1.1456 0.6726 0.7206 0.7106
2716 | 0.1491 0.7648 1.1147 0.7143 0.7206 0.7106
2717 1 0.1483 0.7604 1.0970 0.7375 0.7207 0.7106
2718 1 0.1479 0.7582 1.0874 0.7499 0.7207 0.7106
2719 1 0.1477 0.7571 1.0824 0.7563 0.7207 0.7106
2720 | 0.1476 0.7565 1.0799 0.7595 0.7207 0.7106
pN | 0.1476 0.7565 1.0799 0.7595 0.7207 0.7106
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Abstract.

Error estimates of finite element methods for reaction-diffusion problems are often realized in the
related energy norm. In the singularly perturbed case, however, this norm is not adequate. A different
scaling of the H' seminorm leads to a balanced norm which reflects the layer behavior correctly.
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1. Introduction

We shall examine the finite element method for the numerical solution of the singularly
perturbed linear elliptic boundary value problem

Lu=—cAu+cu=f inQ=(0,1)x(0,1) (1a)
u=0 on 0, (1b)

where 0 < ¢ < 1 is a small positive parameter, ¢ > 0 is (for simplicity) a positive
constant and f is sufficiently smooth.

The problem has a unique solution u € V = H}(Q) which satisfies in the energy
norm

lulle = e*July + [lullo < 1| £llo- (2)

Here we used the following notation: if A < B, there exists a (generic) constant C'
independent of ¢ (and later also of the mesh used) such that A < C' B. The error of a
finite element approximation u” € VN C V satisfies

N . N
o=l % minflu=o"].. 8

357
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When linear or bilinear elements are used on a Shishkin mesh, one can prove for the
interpolation error of the Lagrange interpolant u! € V

Ju—u'|. < (eY*N"'InN + N72). (4)

It follows that the error u — u!¥ also satisfies such an estimate.

However, the typical boundary layer function exp(—x/c'/?) measured in the norm
| - ||z is of order O(¢'/*). Consequently, error estimates in this norm are less valuable
as for convection diffusion equations where the layers are of the structure exp(—z/¢).
Wherefore we ask the fundamental question:

Is it possible to prove error estimates in the balanced norm

lollo = ol + [lvllo 7 ()

2. The basic error estimate in a balanced norm and
some extensions

The mesh QV used is the tensor product of two one-dimensional piecewise uniform
Shishkin meshes. Le., QY = Q, x Q,, where Q, (analogously ©,) splits [0,1] into
the subintervals [0, A.], [A\z,1 — A;] and [1 — A;, 1]. The mesh distributes N/4 points
equidistantly within each of the subintervals [0, A\,], [I — A;, 1] and the remaining points
within the third subinterval. For simplicity, assume

A=\ =\, =min{l1/4, \p\/e/c*In N} with \g =2 and ¢* < c.

Let VY C H}(€) be the space of bilinear finite elements on QV or the space of linear
elements over a triangulation obtained from Q¥ by drawing diagonals.
A standard formulation of problem (1) reads: find u € V| such that

e(Vu, Vv) + c(u,v) = (f,v) Yv e V. (6)

By replacing V in (6) with V¥ one obtains a standard discretization that yields the
FEM-solution «". The following estimates for the interpolation error of the Lagrange
interpolant hold true:

|u —u'ljp < N2, Y4y —ully, < N"'InN (7)
and

HU'_UIHOO,QO j N_27 ||u_u1||0079\90 j (N_l IHN)Q, (8)

here Qy = (Az,1 — A;) x (A, 1 —A,). Let us also introduce 2y := Q \ .
Instead of the Lagrange interpolant we use in our error analysis the Ly projection
7mu € VY from u. Based on

u—u =u—7mu+mru—u
we estimate & = mu — u':

16112 = el VE[ + e li€ls = e(V(mu —u), VE) + ¢ (tu — u, ).
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Because (rmu — u, &) = 0, it follows
Imu — uN| < |u — 7l (9)

If we now could prove a similar estimate as (4) for the error of the Ly projection, we obtain
an estimate in the balanced norm because we have already an estimate for ||u — uy||o-

Lemma 1. The error of the Ly projection on the Shishkin mesh satisfies
| — mul|os < |l — ' ||oo, Y4 u —wuly < N71(In N)*/2. (10)

The proof uses the L.-stability of the Ly projection on our mesh [4]. Inverse inequalities
are used to move from estimates in W1 to Ly, for details see [5].
From Lemma 1 we get

Theorem 1. The error of the Galerkin finite element method with linear or bilinear
elements on a Shishkin mesh satisfies

|u—uM|, < N"'(InN)*? + N2, (11)

Remark that for Q); elements with & > 1 one can get an analogous result.
It is easy to modify the basic idea to the singularly perturbed semilinear elliptic
boundary value problem

Lu=—eAu+g(,u)=0 inQ=(0,1)x(0,1) (12a)
u=0 on 0f). (12b)

We assume that ¢ is sufficiently smooth and dyg > > 0.
A standard weak formulation of our semilinear problem reads: find u € V', such that

e(Vu, Vo) + (g(-,u),v) =0 Yo eV (13)

By replacing V in (13) with V¥ one obtains a standard discretization that yields the
FEM-solution «V. In the error analysis we now use the projection wu defined by

(g(-,mu),v) = (9(-,u),v) forallve VN, (14)
Our assumption 0yg > p > 0 tells us immediately that 7u is well defined, moreover

— < inf — . 15
= wullo % inf[lu = vl (15)

It follows from the definition of our projection
Imu — uN| < |u — 7l (16)

If we now could prove a nice estimate for our projection error in the H' seminorm, we
would obtain an estimate in the balanced norm because it is easy to estimate ||u — uy||o-
Based on Taylors formula we can prove

Lemma 2. The projection defined by (14) is Lo, stable.
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Similarly as in the linear case we get

Lemma 3. The projection error of (14) on the Shishkin mesh satisfies
lu— mulloo < |Ju—ul||lso, Y4 u—7u)y < N7(In N)*2, (17)
Consequently, we get the same error estimate as in Theorem 1 also in the semilinear
case.
Next we consider the anisotropic problem
—EUgy + Uyy + cu = f in Q=(0,1) x (0,1) (18a)
u=0 on 0f). (18b)

Now we have only boundary layers at x = 0 and x = 1. If we want to estimate the error

in the balanced norm

1/4|

[vllp.0 = & lluallo + luyllo + [lullo,

we start for € := mu — u” from

ell€allo < e((mu —u)s, &) + ((ru — w)y, &) + ¢ (7w — u, §).

Now we define in the anisotropic case the projection onto the finite element space by
((ru =)y, &) + ¢ (ru—u,€) =0 Vg € VY,

Consequently it remains to estimate for that projection ||(7u—u),|lo. But the projection
satisfies
v =7 (7" v),

where 7% is the one-dimensional L, projection and 7¥ the one-dimensional Ritz projection
(with respect to a non-singularly perturbed operator on a standard mesh), compare [2].
Consequently, the projection is L., stable and we can repeat our basic idea to prove
estimates in the balanced norm.

3. Supercloseness and a combination technique

We come back to the linear reaction-diffusion problem

Lu=—cAu+cu=f in 2=(0,1) x (0,1) (19a)
u=70 on 0f). (19b)

For bilinear elements on the corresponding Shishkin mesh it is well known that we have
the supercloseness property (assuming Ay > 2.5)

[u —u'[|l. = (£A(NT'InN)2+ N7?). (20)

Can we prove a supercloseness property with respect to the balanced norm?
With vy := v — ITu we start from

€|7JN|% +c ||vN||(2) < e(V(u—Tu), Voy) + ¢ (u — Hu, vy).

Next we use the decomposition of u into a smooth part S and the layer terms F, i.e.,
u = S+ FE, decompose also [Ty = IIS +IIE and use different projections into our bilinear
finite element space for S and E. We choose:
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o I1S € V¥ satisfies (with given values on the boundary)

(ILS,v) = (S,v) Vv e V{".

e [IF is zero in €y and the standard bilinear interpolation operator in the fine
subdomain with exception of one strip of the width of the fine stepsize in the
transition region

With this choice we obtain

eloy|? + ¢ ||UN||(2) = e(V(u—1u), Voy) + ¢ (E —11E,vx)q, .
In the second term we hope to get some extra power of ¢, in the first term we want to apply
superconvergence techniques for the estimation of the expression (V(E — IIE), Voy).
First let us remark that I1E satisfies the same estimates as the bilinear interpolant E’
on Q; and (based on Lin identities)

e|(V(E —11E), Voy)| = N2/ 4|uy);.

It is only a technical question to prove that for our modified interpolant using the fact
that E is on that strip is as small as we want and that the measure of the strip is small
as well.

Summarizing we get the supercloseness result

eY4uN — Muly < /AN~ + (N "'In N)2

It is no problem to estimate the Lo error.

Next we present an application of the supercloseness result to the combination technique.
We analyse the version of the combination technique presented in [1].

Writing N for the maximum number of mesh intervals in each coordinate direction,
our combination technique simply adds or subtracts solutions that have been computed
by the Galerkin FEM on N x /N, v/N x N and v/N x v/ N meshes. We obtain the same
accuracy as on a N x N mesh with less degrees of freedom. In the following we use the
notation of [1].

In the combination technique for bilinear elements we compute a two-scale finite
element approximation u% 5 by

N N

U —uN7N+u U

NN NN

NN T
Later we will choose N = v/N. We proved (in our new notation)
lu —unn|p = NH(In N)¥2? + N2, (21)

The question is whether or not u% ¢ satisfies a similar estimate (in the case N = V/N).
And indeed our supercloseness result yields finally

H“%N —unn|lp < eANTV2 L N In N, (22)
That means so far we can only proof the desired estimate for the combination technique
ife < N2,
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4. A direct mixed method

The first balanced error estimate was presented by Lin and Stynes [3] using a first order
system least squares (FOSLS) mixed method. For the variables (u, ¢) with —g = Vu and
its discretizations on a Shishkin mesh they proved

51/4|(j—(jN|1+Hu—uNH0jN’llnN. (23)

Introducing ¢ = —Vu, a weak formulation of (1) reads:
Find (u,q) € V x W such that

e(div g, w) + c(u, w) = (f,w) for all w € W, (24a)
e(q,v) — e(divo,u) =0 for all v € V, (24b)

with V' = H(div,Q), W = L*(Q).

For the discretization on a standard rectangular Shishkin mesh we use (u”,g") €
VN x W, Here W is the space of piecewise constants on our rectangular mesh and
VN the lowest order Raviart-Thomas space RTy. That means, on each mesh rectangle
elements of RT, are vectors of the form

(span(1,z), span(1,y))".
Our discrete problem reads: Find (v, g") € V¥ x W¥ such that

e(div @, w) + c(u™,w) = (f,w) for all w € WY, (25a)
e(@V,v) —e(divo,u™) =0  forall v e VYV, (25b)

For the error estimation we introduce projections IT: V + V¥ and P : W — W,
As usual, instead of u — u" and ¢ — ¢V we estimate Pu — u” and Il — ¢V, assuming
that we can estimate the projection errors. And indeed we can finally prove

g —g"lo = N"'InN, Y4 Vu—¢g"[o = N InN. (26)
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Introduction

Let us consider the singularly perturbed plate bending problem given by the fourth-order
differential equation

e2A’u—bAu+ (c-Vu+du=f inQ:=(0,1)% (1a)

where b > by > 1, d — L(dive+ Ab) > § > 0 and f € L*(Q) are smooth functions, with
the boundary conditions

u:@:() onI':= 00. (1b)

on
The solution of this problem lies in H? which means, a conforming finite element discreti-
sation requires C'-elements. They are not very popular in 2d or 3d, which leads to the
widely usage of mixed or non-conforming methods. In this paper we want to study mixed
finite element methods of order p. For non-singularly perturbed problems (¢ = 1) and

p-th order finite-element approximation for v and w = Awu, the classical error estimate

[ = unlls + hllw = wallo < CAP[[ullprs (2)

364
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for the discrete solutions u;, and wy on a standard shape-regular mesh with p > 2, is
known, see [3, 11].

Here we want to consider the singularly perturbed case and estimation in energy and
balanced norms. We use standard notation for Sobolev spaces, where |[|-||o is the L?-norm,
|- |x the seminorm in H* and ||-|x the full H*-norm. Furthermore, we denote by (u,v)p
the L%-scalar product over a domain D C €2, a subscript we drop if D = €.

1. Solution decomposition and meshes

For our numerical analysis to work we assume a decomposition of the solution u of
problem (1a)+(1b) into a smooth part, boundary layers and corner layers:

u=S+Y E where T={1,23412233441}.
kel

Here S stands for the smooth part, Ey with £ = 1,2, 3,4 for a boundary layer and Ej,
with £ = 12,23, 34,41 for a corner layer. More precisely, we assume

105855 lo < C, 0200 By (2, y)| < Ce' e /e,
0500 B (x, )| < Cel=dev/e, 10500 Ena (2, y)| < Celimiema/eemv/e,

and similarly for the other components of the decomposition. These assumptions are
reasonable, see e.g in 1d in [12] or for smooth domains in [2, §12.4.3].

Using the information on the layers we generate a layer-adapted Shishkin mesh [15].
With the transition points A = oeln N < }1 the interval [0, 1] is now partitioned with a
piecewise equidistant mesh, that is constructed by equidistantly dividing [0, A] into N/4
subintervals, [A,1 — A] into N/2 and [1 — A, 1] into N/4 subintervals again. The tensor
product of two such one-dimensional meshes gives the Shishkin mesh.

With above assumption on the solution decompositions we have |E} (A, y)| < CeN~°.
These layers are therefore weak layers as their influence vanishes with decreasing ¢ in a
pointwise sense. Note also that the small and the large meshwidths satisfy

4\ 1 -2\

h:WSC%N_llnN and H =2 < CN L

2. Numerical method and analysis

Using w = eAu € H*(Q), we rewrite the fourth-order problem as a system and obtain a
weak formulation:

Find (u,w) € H}(Q) x H'(Q) such that for all (p,v) € H'(Q) x H}(Q)

e(Vu, V) + (w, ) =0,
(OVu, Vi) + ((c - V)u + du, ) — e(Vw, Vo)) = (f,¢),

where ¢ = ¢ + Vb. The associated bilinear form is given by a : (H} x H')* — R with

a((u,w), (¥, ¢)) = e(Vu, Vo) + (w, ) + (bVu, Vi) + (¢ - Vu+ du, ) —e(Vw, Vi)).
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and a corresponding energy norm by
2
1w, )II” = [l + bl Veel[§ + ]l
By a direct calculation we have coercivity of the bilinear form w.r.t. the energy norm
2
a((u, w), (u, w)) = ||| (u, w)||”.

Therefore, above mixed formulation has a unique solution. Now let us define the discrete
space on a rectangularly divided mesh T . We use

Vi={ve H(Q): v|, € Q,(1)Vr € Ty}, Vo:=V N Hi(Q).

Here Q,(7) is the polynomial space on 7, with polynomial degrees at most p in each
coordinate direction. The discrete problem now reads: Find (uy,wy) € Vo x V such that

a((un, wn), (¥, ) = (f, ) forallp eV, v €W (3)

2.1. Estimation in the energy norm

The analysis of our method works, as usual, with the help of suitable interpolation opera-
tors and their error estimates. Let us define the interpolation operators I : C(Q2) — V,(€2)
and J : C(Q) — V() in the sense of [5, p. 108] and [8]. For these interpolation opera-
tors hold the anisotropic interpolation-error estimates by [1, 10]. Using these, standard
techniques and the definition of the mesh, see i.e. [14, Section II1.3.5], we obtain the
following interpolation-error estimates.

Lemma 1. We have foro >p+1
|luw — Tullp < C(N~'1In N)PH, |V (u— Iu)|jp < C(N"'In N)P,
|w — Jwllo < C(N~'In NP IV (w — Jw)|lo < Ce™Y2(N~In N)P.

We can also use supercloseness estimates based on integral identities from [7, 6, 17,
16]. They yield on each cell 7

{(Tv = 0)zs Xa)r| < ORZ |vgy0a

0,7 Xz ||0,7'- (48“)

Let us now consider a rectangular domain 7' = [ J{7} with ¢, 7 and {5 being its left and
right boundary. With inverse and Holder inequalities we conclude also the estimates

K,
(70 = v)orxadrl < € k7 (3Nl + loanrolor ) Il

TCT

k. 1/2
+0Y Y w (h_> syt 2 @romyIXllor. (4D)

2
i=1 TCT T
Tﬁ€i7T¢@
If v, =0o0r x =0on ¢ for i =1 or ¢ = 2, then the sum containing 7 in (4b) can
be omitted. The proof of the following theorem is based purely on interpolation-error
estimates, supercloseness estimates and standard techniques for singularly perturbed
problems.
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Theorem 2. Let (up,wy) € Vo x V. Then it holds for the discrete error on a Shishkin
mesh with o > p+ 2 the supercloseness result

Il(Tu — up, Jw — wp)|]| < C(N~Hn NP,

Having these discrete-error and interpolation-error estimates, it is easy to conclude
the following error estimates.

Theorem 3. On a Shishkin mesh with o > p+ 2 holds for the exact solution (u,w) and
the discrete solution (up,wy) € Vo x V

Il(w = up,w —wy)|[| < C(N"*In N)P.

2.2. Estimation in a balanced norm

For a typical layer function E; and a non-layer function S the energy-norm yields
(B, eAB|IP = [ AB§ + bol[VE[ + 0l Eallg < Ce and [[|(S, eAS)|I* < C
and the the layer is not seen for € — 0 in the energy norm. Introducing a balanced norm
Il (s )l = & Hlwllg + boll Vull§ + 8]llls

with

(v, eAE)|, = | AB[§ + bo [ VEL 5 + S| Erlls < C and  [[|(S,eA8)], < C,
the layer is seen in this balanced norm. Unfortunately, our method is not coercive with
respect to this norm. In order to prove error estimates we have to combine some more
ideas. In [9] a special interpolation operator is constructed which uses different inter-
polants for a decomposition of w = eAwu into smooth and layer components and is for
layer components zero in the subdomain where the layer components are small enough.

In [13] the idea of using suitable projections in estimating balanced norms is introduced.
For this purpose we define the Ritz-projection mu € V; by

(bV(mu —u), V) + (c - V(ru — u),¥) + (d(mu — u), ) =0
for all v € Vi. Then we have for ¢ = mu — up € Vy and ¢ = Jw —wy, € V.
||| (rw — wp, Jw — wh)H|2 < e(V(ru—u), Vo) + (Jw —w, p) — e(V(Jw — w), V).
Using these ideas we can prove error estimates in the stronger balanced norm.

Theorem 4. [t holds for the error of the discrete solution (un,wp) € Vo x V in the
balanced norm
1w — up,w —wy)l, < C(N"'In N)P~

Remark 5. Comparing the results of the Theorems 3 and 4 we observe a reduction of
the convergence order by one when measuring in the stronger norm. Numerically, there
15 no reduction visible.

Moreover, combining Theorems 3 and 4 we obtain

llu — up||ls + (N*1 lnN)éfl/QHw — wpllo < C’(N*1 In N)P

which s the corresponding uniform result on Shishkin meshes to the classical estimate
(2) fore=1.
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2.3. Further problems

The techniques used for the error estimates presented here can also be used for related
problems. One of these examples is

2 A — bAT+ (¢ V)a +d
{L:

i=f inQ:=(0,1)
At =0

on .

These boundary conditions introduce even weaker boundary layers, but above analysis
can be adapted for this case too, and the same results in the energy norm hold. This
norm is again not balanced, but can be made stronger by properly defining the weights
in its definition. In this stronger norm an error estimate of the same order as in the
energy norm holds in the case of constant b.

The extension to problems of type

A% 4 da=f inQ:=(0,1)%

with either of the boundary conditions considered above, can also be done. Here the
boundary layers are stronger than the ones considered so far. Still the analysis can be
applied.

Further information, the full proofs and numerical results can be found in [4].
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Abstract.

A two-point boundary value problem on the interval [0, 1] is considered, where the highest-order
derivative is a Caputo fractional derivative of order 2 — § with 0 < § < 1. A necessary and sufficient
condition for existence and uniqueness of a solution u is derived. For this solution the derivative u’ is
absolutely continuous on [0, 1]. It is shown that if one assumes more regularity — that u lies in C?[0, 1]
— then this places a subtle restriction on the data of the problem.
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Introduction

Fractional derivatives are very fashionable at present: they are used in many recent
models to give results that seem to be unattainable by classical integer-order deriva-
tives. Consequently there is a huge amount of current research activity in the area of
numerical methods for the solution of differential equations that involve fractional-order
derivatives. Unfortunately, many papers analysing numerical methods for fractional-
derivative problems neglect to discuss existence, uniqueness and regularity of the the
solution to the problem they are solving — these fundamental and crucial properties are
simply assumed to be true!

In the present paper, which is partly based on [5], we consider a Caputo two-point
boundary value that is defined in Section 1.. This problem models superdiffusion of
particle motion when convection is present; see [3, Section 1] and its references. In Sec-
tion 2. we shall derive a necessary and sufficient condition for existence and uniqueness
of a solution to this problem in a certain space of functions that lies between C*[0, 1]
and C?[0,1]. Then in Section 3. we show that if one assumes that u lies in C?[0,1] —
i.e., one assumes more regularity of the solution — then this places a subtle restriction
on the data of the problem.

370
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Notation. All functions are real valued. C(I) comprises those functions that are
continuous on an interval I, and C*(I) denotes the space of functions defined on I
whose derivatives up to order k lie in C'(I), for k = 1,2,... We follow the convention that
C°(I) = C(I). Denote by L1[0,1] the standard Lebesgue space of integrable functions
defined almost everywhere on [0, 1].

1. The Caputo two-point boundary value problem

The following definitions are needed to describe our boundary value problem.
For r € R with » > 0, and all g € L]0, 1], the Riemann-Liouville fractional integral
operator J" of order r is defined by

(J'g)(x) = [%r) /:O(x — )" g(t) dt} for 0 <z <1. (1)

Let the parameter § satisfy 0 < § < 1. Let g € C[0, 1] with ¢’ absolutely continuous
on [0,1]. Then the Caputo fractional derivative D*=°g of order 2— ¢ is defined for almost
all z € (0,1) (see, e.g., [4, Theorem 2.1]) by

1

D?0g(z) = (J°¢")(z) = (o) /:0(37 — )7 1g"(t)dt for 0 <z <1. (2)

Since the integral in D?~%g(z) is associated with the point = 0, many authors write
instead Dfaég(x), but for simplicity of notation we omit the subscript 0.
We shall consider the two-point boundary value problem

—D*u(z) + b(x) (x) + c(x)u(z) = f(x) for x € (0,1), (3a)
subject to the boundary conditions

u(0) — agu’(0)
uw(l) + agu'(1) =

0 (3b)
1, (3C)

where the constants ag, a1, 79,71 and the functions b, c and f are given. We assume that
b,c, f € C?0,1] for some integer ¢ > 1.

Remark 1. If one also assumes that ¢ > 0 on [0,1], ap > 1/(1—0) and oy > 0, then (3)
satisfies a comparison/maximum principle, from which existence and uniqueness of the
solution u of (3) follows; see [7]. But if the Robin boundary condition at v = 0 is
replaced by a Dirichlet boundary condition, then the comparison/mazimum principle may
no longer be true: a counterexample is given in [7, Example 2.4).

A more general class of boundary value problems is considered in [6]. Numerical
methods for the solution of (3) are presented and analysed rigorously in, for instance,
3, 5, 6, 7].

The present paper will discuss some theoretical aspects of (3): existence, uniqueness
and regularity of solutions. Existence and uniqueness of a solution using the space



Modeauposanue u anarud ungopmayuoroir cucmenm. T.23, Ne3 (2016)
372 Modeling and Analysis of Information Systems. Vol. 23, No 3 (2016)

C%°(0,1] defined below was proved in [5] by means of a reformulation in terms of Volterra
integral equations of the second kind, under the additional hypotheses that

c>0, ag>0 and oy > 0. (4)

We shall use the same Volterra reformulation here but interpret its conclusions in a
more general way that yields conditions on the data that are necessary and sufficient for
existence and uniqueness of a solution to (3).

When discussing solutions of (3), the following setting is natural [1, 8]. Let C%°(0, 1]
be the space of all functions y € C[0,1] N CY(0, 1] such that

q

lyllgs == sup [y()[+ > sup [z" D |yP(@)] < oc.
0<z<1 1 0<z<1

That is, one has |y(z)| < C and |[y®) (2)] < C20=9F for k =1,...,q. By [8], C%(0,1]
is a Banach space. Note that C?]0, 1] C C99(0, 1].
Define the space of functions

C#(0,1] := {y € C'0,1]NCT(0,1] : yf € C*°(0,1]} .

We are interested only in those solutions  of (3) that lie in C%°(0, 1]. This is a reasonable
class of candidates for solutions of (3), since then D?~°y is defined everywhere in (0, 1]
by Lemma 1 below, and as we shall see in Section 3., imposing more regularity on u” by
requiring v € C?[0, 1] would lead to certain difficulties.

Lemma 1. Let y € C*°(0,1]. Then D2 %y(z) is defined for all z € (0,1].

Proof. Let z € (0,1]. Then DX °y(z) = (1/T(0)) [i_,(x — t)°'y"(¢) dt, provided this
integral exists. Invoking the hypothesis that y € Cf’a(O, 1], one has

by a standard formula for Euler’s Beta function [2, Theorem D.6]. Hence the integral

exists in the Lebesgue sense, i.e., D> y(z) is defined. O

Example 1. Consider the simple problem D?>~%u = T'(3—3) on (0,1), u(0) = 0, u(1) = 1.
From [2, pages 55 and 193] it is easy to see that the unique solution w of this problem is
w(z) = 2279, Hence u € C7°(0,1] for any positive integer m, but u ¢ C2[0, 1].

The regularity of the solution of Example 1 is typical of solutions to the general
boundary value problem (3).

2. Existence and uniqueness of a solution

Define the Volterra operator L by

Lz(z) = 2(z) — ﬁ /:0(:15 —1)7° {b(t)z(t) + c(t)/o 2(s) ds] dt for0 <z <1,
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It is shown in the proof of [5, Lemma 2.1] that L : C%°(0,1] — C%°(0,1] is a compact
operator.
Consider now two Volterra integral equations of the second kind: for 0 <z <1,

1

Lo(z) = m /txo(:c — ) 7°[b(t) + (t + ag)e(t)] dt (5)

and

mmw—faéglim—w5m4w—ﬂmw. (6)

From [5, Lemma 4.1], the solutions v and w are well defined and lie in C'%°(0, 1].

Theorem 1 (Existence and uniqueness of a solution to (3)). Set
1
0 =y + aq[1 +v(1)] +/ 1+ v].
0
1. If 0 #0, then (3) has a unique solution
) =0+ oo+ [ [u(1+ o(0) + ()] de
t=0

with uw € C°(0,1], where

/L:'Yl_'YO_Oélew(l)_fow. (7>

2. If 0 = 0, then (3) has either no solution or infinitely many solutions in C*°(0,1].

Proof. The analysis of [5] shows that for any p € R the function
u(z) = u(0) + px + / (pv 4+ w)(t) dt (8)
0

lies in C9°(0, 1] and will satisfy the differential equation (3a) and the boundary condition
(3b); it is also shown in [5] that if a function u € C*°(0, 1] satisfies (3a) and (3b), then
satisfies (8). Thus it remains only to choose p in (8) such that u satisfies the boundary
condition (3c): u(1) + aqu/(1) = 1.

Using (8) and eliminating «(0) by means of (3b), one has

MU+@W@J—M®+M+mm+uww+w@ﬂ+A(W+w)
=%+mw+ww+u+mm+uwﬂ+wﬂﬂ+é(w+w)

1
= + pf + ajw(l) —i—/ w.
0
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If 0 # 0, then the unique choice of u given by (7) yields u(1) + a;u’(1) = 7, and the
solution of (3) is then specified by (8).

If § = 0, there are two possibilities: if vy + ajw(1) + fol w # 1 then the boundary
condition (3c) cannot be satisfied and (3) has no solution, while if yo+ajw(1)+ fol w =1,
then the boundary condition (3c) is satisfied for any choice of  and we have infinitely
many solutions given by (8) where 1 € R is arbitrary. O

In [5, Theorem 4.1] it was shown that when (4) is satisfied, one then has 6 > 0
and consequently (3) has a unique solution, but the more general situation described in
Theorem 1 was not discussed.

3. Effect of assuming that u € C?[0, 1]

In Sections 1. and 2., solutions of (3) lying in the space C%°(0, 1] were considered. These
solutions are smooth on (0, 1] but typically much less smooth on the closed interval
[0,1]. The present section examines the effect of assuming that the solution w lies not
just in C°(0,1] but in the space C2[0,1] for which u” is bounded on [0,1]. We show
that with this assumption, the class of problems under consideration is restricted more
severely than one would expect.

Higher regularity of solutions on the closed interval [0, 1] is commonly assumed in
numerical analyses of fractional-derivative problems, but many researchers seem unaware
of the consequences of this assumption. We describe here what v € C?[0,1] implies for
our problem (3); our results can easily be generalised to Caputo differential equations
(boundary value problems and initial-value problems) of any order.

The crucial observation is the following result (see, e.g., [2, Lemma 3.11]), whose
short elementary proof we include for completeness.

Lemma 2. Let g € C?[0,1]. Then
lim D?>™°g(z) = 0.

z—0t

Proof. For any x € (0, 1),

T

D2g(a) = 7 [ =07 )

=0
But g € C?[0,1] implies that |¢”(t)] < C for 0 <t < 1 and some constant C. Hence

B * N Cax®

|D>% 6g(x)‘§W/ (l‘—t)é 1dt:m—>0asx—>0+
t=0

O]

Remark 2. The converse of Lemma 2 is false. For suppose g(z) = x>~ with 0 < § < .
Then g € C*°(0,1] but g ¢ C2[0,1], and

where we used the standard formula for Euler’s Beta function [2, Theorem D.6] to eval-
uate the integral.
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Remark 3. By imitating the calculation of Remark 2, one can replace the hypothesis
g € C2[0,1] of Lemma 2 by the weaker assumption that g € C2*(0,1] for some § € (0,0).

Assume now that (3) has a solution u € C?[0,1]. Then by Lemma 2 we can apply
lim, ,o+ to (3a), obtaining

b(0)er (0) + c(0)u(0) = £(0). (9)
One also has the boundary condition (3b); combining this with (9) yields
£(0) = [b(0) + oc(0)]u'(0) + 70¢(0). (10)

Assume that u is the unique solution of (3), i.e., assume that 6 # 0 in Theorem 1. Then
the value of w/(0) is given by (7). Thus f must satisfy the equation

5(0) + c0c(0)][1 =20 — caw(l) = fyw]

O L o T [+

70¢(0). (11)

As w depends on f by (6), the necessary condition (11) places a difficult-to-verify restric-
tion on f that is completely unnatural, and is due entirely to the arbitrary assumption
that u € C?[0, 1].

Remark 4. In the special case where b =0 and oy = 0, the problem (3) becomes
—D?>u+cu= f on (0,1), with u(0) =7, u(1) + ayu'(1) = 7.

If u € C?[0,1] here, we can work directly from Lemma 2 without appealing to [5]: taking
the limit of the differential equation as x — 0% shows that

F(0) = e(0)u(0) = c(0)0
is a necessary condition for a solution u in C?[0,1].

The analysis of this section shows that making excessive regularity assumptions on
the solution to a fractional-derivative is not only unjustified (recall Example 1) but also
restricts the class of problems under consideration by imposing a condition (11) on the
data that may be difficult to check in any concrete example.
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Introduction

Lagrange polynomials for interpolation of functions are widely used. However, accord-
ing to [1], application of Lagrange polynomials for interpolation of functions with large
gradients can lead to large interpolation errors. We suppose that the function under in-
terpolation has the representation as the sum of regular and boundary layer components.
Derivatives of the regular component are bounded up to some order. The boundary layer
component is known to within a multiplier and has large gradients. It is known that the
solution of a singularly perturbed boundary value problem has such representation [2].
We construct the interpolation formula which is exact on the boundary layer component.
Then we use the constructed interpolation formula for the creation of formulas of nu-
merical differentiation and integration of functions with the boundary layer component.
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Through the paper C' and C; denote generic positive constants independent of ¢ and
mesh size.

1. Interpolation formula and its properties

We suppose that function u(z) has a form:
u(z) = p(x) +7®(x), © € [a,b], (1)

where the function u(x) is smooth enough, the boundary layer component ®(x) is known,
but its derivatives are not uniformly bounded. Regular component p(x) and its deriva-
tives are uniformly bounded up to some order, the constant v is not known.

The solution of the following singular perturbed problem has the representation (1):

eu(x) + ay(x)u/(x) — az(z)u(z) = f(z), w(0)=A, u(l) =B, (2)

where a;(z) > a > 0, as(z) > 0, ¢ € (0,1], functions a;(z), az(z), f(x) are smooth
enough, the constant « is separated from zero. According to [2, 3], the solution of
problem (2) has exponential boundary layer near point z = 0 and can be written in the
form (1).

For example, we will define

() = exp(—ape '), ag = a1(0), v = —eu'(0)/ao.

Then for some Cy |p/(z)]| < Cy, |v| < Cp. Derivatives of function ®(z) are not e-uniformly
bounded.

Let us Q" be an uniform grid of interval [a, b]:
Q" ={2,: zn=a+n—-1Dh, z1=a, 2 =0, n=1,2,...,k}.

We suppose that the function u(z) with the representation (1) is given at mesh nodes,
Up, = u(zy).

Let L,(u,x) is Lagrange polynomial for function u(z) with interpolation conditions
at nodes x1, T, ..., x,. Now we will show that application of a polynomial of Lagrange
for interpolation of function (1) can lead to considerable errors. We define u(z) = e~%/¢.
Then for e < b Lo(u, h/2) —u(h/2) ~ 1/2. The accuracy of the interpolation doesn’t
increase with decrease of a step h.

In [4] for the interpolation of function of a form (1) the following interpolation formula
was constructed:

[:Ula s 7$k]u
Los(t,2) = L (v, —[cp — L (@, ] 3
oal18) = Lia(,3) + (722 E 00) - Lia(0.) 3)
where [x1, ..., zg]u is the divided difference for a function u(z) [5, p. 43].
It is possible to verify that the formula (3) is interpolation at nodes of z1, xo, ..., xy,

which is exact for polynomials of degree of (k—2) and for component y®(x). This formula
is correctly defined if ®*~V(z) # 0, x € (a,b). In [4] the following lemma was proved.
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Lemma 1. Let

O(x) — Lyp_1(P, )

My(®,z) = P(xy) — Lp—1(P, )

(4)

Then
Lo x(u,7) — u(x)| < max|p®(s)] [|Me(®, 2)] + 1] (5)

According to estimate (5), the constructed interpolation formula (3) has the error of
order O(h¥~1) uniformly in ®(z) if the function M (®,z) is bounded. We proved in [6]
that |My(®,z)| < 1if &' (z) # 0,2 € (a,b).

Lemma 2. Let
¢ (2) >0, @V (x) 20 or ¢ V(@) <0, @ (2) <0, w€(ab).  (6)

Then
| M (P, z)| < 1. (7)

Proof. Consider the first case in conditions (6). According to [5, p. 44]
O(x)—Lip_1(P,x) = rp_1(x)[x1, T2y . ., Tp1, 2] P, TR_1(x) = (z—21)(T—22) - - (T—T)_1).
Therefore, from (4) we obtain

Tk,1($)[$1,$2,...,.’L‘k,hl‘]q)
M, (D = . 8
H® ) Te—1(Tr)[T1, T2, .. ., Ty, 7] P ®)

According to [5] for some s € (a,b)
[21, T, ..., T, 2] = F V() /(k — 1)L 9)

Considering the condition ®*~1(x) > 0, we obtain z(z) = [x1,7,..., 251, 2]® > 0.
According to [5, p. 79] 2/(x) = [z1, 2, ..., 7k_1, 7, 2]®. We use the condition ®*)(z) > 0
and (9) to obtain 2'(z) > 0, = € [a,b]. So, the function z(x) is positive and increasing
on the interval [a,b]. Using the inequality |ry_1(z)| < 7x—1(x) we obtain (7) from (8).
The lemma is proved.

Conditions (6) are satisfied in a case of function ®(z) = =1/ corresponding to
exponential boundary layer [3].

Using the relation [5, p. 45]

Li(u,x) — Ly (u, ) = rp_q(2)[z1, 22, . . ., k1,
the interpolation formula (3) can be written in a form

['xla ce 7xl€]u

Lo i (u,z) = Li(u, z) + O(x) — Li(P,x)|. (10)

[5131, ce ,xk]Q)
From (10) obviously follows that Lg j(u,x) is interpolation, which is exact for ®(x).
We will notice that the formula (10) uses Lagrange’s polynomials of bigger degree in
comparison with the formula (3).
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2. Formulas of numerical differentiation

Classical difference formulas for approximate calculation of derivatives are based on
polynomials of Lagrange. However, in the case of the function with large gradients
the interpolation error of this polynomials can be considerable that affects the accuracy
of difference formulas. For such functions it is offered to build formulas of numerical
differentiation on the basis of the constructed interpolant (3).

Differentiating the interpolant (3), we obtain

[‘rh s ,Z’k]u

W (z) — LY (d >0, (11
D (z) = Li2(®,2) |, j > (11)

u (z) ~ LY (u, ) = LY | (u,x) +

The formula (11) is exact for function ®(x). The analysis of accuracy of the formula (11)
is of interest.

We investigate the accuracy of calculation of the first derivative of function u(z),
when the difference formula uses two nodes of any grid interval [z,,_1, z,].

The classical formula for a derivative has the form

Up — Un—1

h 9

u'(z) ~ Ly(u,z) = Tpog < < Ty (12)

Let u(z) = e=®/¢. Then ¢|(u; — uo)/h — u/(0)| = e~! if ¢ = h. So, the relative error of
formula (12) doesn’t decrease at decrease of a step h.
Now we consider the formula (11) with j =1,k =2

Up — Up—1

mqy(l’), Tp—1 S i S Tp. (13)

u'(w) & L o(u, ) =

Lemma 3. Suppose that the function u(z) has the representation (1) on the interval
[0,1], where

§(@)] < Cr, ()] < Cr /e, B(x) = e 7/° or B(x) = e/, £, a9 > 0.
Then for some constant C
|lLgo(u,z) —u'(2)] < Ch, 2y <2 < . (14)

Proof. We consider the case ®(x) = e~%%/¢, We take into account that the formula (13)
is exact for y®(x) and obtain

e[ Ly o(u, x) —u'(7)] = €Ly o (p,x) —p'(x)| < €Ly o(p, x) — Ly(p, v)| + €| Ly(p, x) — p'(z)].
For the second module we have

elLy(p,x) — p'(x)| < eh max Ip"(s)| < Cih. (15)

Now we estimate first module. We use the inequality |p'(z)| < Cy and obtain

elLga(p, ) — Ly(p, o) < CrLh|F(2)], (16)
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where
€

F(:C) — _aoefaox/e/ [efaoxn/a . efaoxn_1/5:| . E
It is obvious that function F(z) decreases on the interval [z,_1,z,]. We will show
that this function is uniformly bounded at the ends of the interval. Let 7 = agh/e. Then

F(zp,-1) = %[1 _TeiT —1], 0<7<o0.
Considering separately cases 7 > 1 and 7 < 1, we prove that |F(x,_1)| < 2aq.

The similar estimate is correct for |F'(x,)|. Therefore, |F(z)| < 2ao. We obtain (14)
from (15), (16). The lemma is proved.

Thus, in the case of exponential boundary layer the advantage in accuracy of the
offered formula (13) over classical formula (12) is proved.

3. Construction of the quadrature formula

Now we consider a question of creation of the quadrature formula for the integral

I(u) = /u(x) dx (17)

in the case of the function u(z), having the form (1).
We show that application of formulas of Newton-Cotes can lead to the essential errors.
For this purpose we consider the composite Simpson’s formula

N-1
h
S5(u) = 3 Z (un,l +4un—|—un+1>, To=a, 2y =b,Nh=b—a, a=0,b=1.
n=1,2

It is known that the composite formula of Simpson has the error about O(h*) if the
derivative u¥)(x) is uniformly bounded.

We consider function u(z) = exp(—e~'x). Derivatives of this function are large for
small €. We write the error of Simpson’s formula for the interval [0, 2h]

2h
h
A= /exp(—a_lx) dx — 5(1 + 4exp(—e'h) + exp(—2¢7'h)).
0

It follows that A = O(h%) if e ~® 1 and A = O(h) if ¢ < h. So, in the presence of a
boundary layer component the error of Simpson’s formula can increase to the quantity
about O(h).

In [7] is offered to build quadrature formulas for functions of the form (1) which
are exact on the boundary layer component ®(x). For this purpose the function under
the integral was replaced by interpolant (3), as a result the quadrature formula was
constructed. Quadrature formulas with two and three nodes have been constructed. In
8, 9] has been similarly constructed quadrature formulas with four and five nodes. In
these works it is proved that the constructed composite formulas have the error of order
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O(h*=1), where k is the number of nodes of the quadrature formula. There was only
restriction ®*~V(z) £ 0, x € (a,b).

In [10] the quadrature formula with & nodes, which is exact on a boundary layer
component, was constructed.

Substitution of the interpolant (10) into integral (17) leads to a quadrature formula:

b b
(1, X9, ..., Tu

[xl,xg,...,xk]é[/q}(x)dx_sk(q))}’ Sk(u):/Lk(U,x)dx, (18)

a a

S(p,k(u) = Sk('LL) +

where Si(u) is closed Newton-Cotes formula with £ nodes. It is obvious that the quadra-
ture formula (18) is exact for the function ®(z).
In [10] the estimate of the error of formula (18) is proved.

Lemma 4. Suppose that the function u(x) has the form (1) and the derivative pt*=1)(x)
is uniformly bounded on [a,b],

FV(z) >0, z € (a,b), Sp_1(P) < I(P) < Si(P)

" d*-D(1) <0, 2 € (a,), Sp(P) < I(®) < Sj_1 (D).
Then 5
Sa4(00 = 1(0)] < =5 max (5 b= o) (19)

The error estimate (19) does not depend on the boundary layer component ®(x) and
its derivatives. The composite quadrature formula, based on a formula (18), has the
error of order O(h*™1).

As it was told above, in the most usable cases 2 < k < 5 the estimate (19) is fullfiled
under one condition ®*~1(x) £0, a < z < b.

If at creation of a quadrature formula to use the interpolation formula (3), then we
will receive simpler quadrature formula. In particular, at odd k& Newton-Cotes’s formula
in (18) changes on a quadrature formula of open type with smaller number of nodes.

4. Numerical results

Consider the function u(z) = cos &F + e~ @) g e [0,1], € > 0.

Table 1 contains the maximum error of piecewise polynomial interpolation in the case
k = 4, computed at the midpoints between the nodes. At small values of ¢ the accuracy
does not increase with decreasing of step h.

Table. 2 contains the interpolation error and the computed order of accuracy of the
interpolation (3) with k = 4, which is used in subintervals of the length 3h. At small ¢
the order of accuracy becomes third, which corresponds to the estimate (5).
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Table 1. The error of piecewise-polynomial interpolation with & =4

€ N
24 48 96 192 384 768

1 4.43e —7 | 2.80e —8 | 1.84¢ — 9 | 1.16e — 10 | 7.31le — 12 | 4.58e — 13
107! [ 4.04e —4 | 2.85¢ —5 | 1.88¢ —6 | 1.2le—7 | 7.64e —9 | 4.80e — 10
1072 [ 2.03e —1|7.14e —2 | 1.28e —2 | 1.44e —3 | 1.23e —4 | 8.99% — 6
1073 [ 3.12e — 1| 3.12e—1 | 3.07e—1| 244e—1 | 1.08e —1 | 2.4le —2
10741 312e—1 (312 —1[312e—1] 3.12¢e—1 | 3.12e—1 | 3.1le—1
1075 [ 3.12e —1 {312 —1|3.12e—1| 3.12e—1 | 3.12¢e—1 | 3.12e —1

Table 2. The error and the order of accuracy of interpolation formula (3) with k& = 4

€ N

24 48 96 192 384 768

1 |120e—5]|755¢e—7|47le—8|294c—9 | 1.84¢ — 10 | 1.15e — 11
3.99 4.00 4.00 4.00 4.00 4.00

10T [ 4126 —5 | 2.50e — 6 | 1.52¢ — 7 | 9.44e — 9 | 5.87¢ — 10 | 3.66¢ — 11
4.04 4.04 4.01 4.01 4.00 4.01

102 [ 468 —4 299 —5 | 1.70e — 6 | 9.81e — 8 | 5.86c — 9 | 3.57¢ — 10
3.97 4.14 4.12 4.07 4.04 4.01

103 | 6.89c —4 | 8.72¢c —5 | 1.08¢ —5 | 1.08¢ — 6 | 7.46¢ — 8 | 4.28¢ — 9
2.98 3.01 3.32 3.86 4.12 4.12

107689 —4 872 —5|1.09¢ —5 | 1.37e—6 | 1.7le—7 | 2.13¢ — 8
2.98 3.00 2.99 3.00 3.01 3.17

107° | 6.89c —4 | 8.72¢ —5 | 1.09¢ —5 | 1.37e — 6 | 1.7le — 7 | 2.14e — 8
2.98 3.00 2.99 3.00 3.01 3.00
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Annorarus. Mareprnossinust HyHKIMI HA OCHOBE MHOIOWIEHOB JlarpaH»Kka IOJIydd/ia IIMPOKOE
npumenenne. OHAKO B Cydae, KOT/Ia WHTEPIOupyeMas (DyHKIUS uMeeT 00/1acTu OOJIBINTUX IPaIieH-
TOB, IPUMEHEHNE MHOTOYWICHOB Jlarpam:ka IPUBOIUT K CyIIECTBEHHBIM ITOTPEITHOCTSAM. B pabore mpe-
[I0JIATAeTCs, YTO UHTEpIoIupyeMast (DyHKINS 0/IHOM IepeMeHHON IPEICTABIMA B BUJE CYMMBI PEryJIsp-
HOH ¥ TOTpaHC/IONHOMN cocTaBsaomuX. [Ipeamosaraercs, ITO TPOU3BOIHBIE PETYJISPHON COCTABJIAIONIEH
JI0 OIIPEJIEJIEHHOTO MTOPSIJIKA OTPAHUYIEHBI, & MOTPAHCIONHAS COCTABJISIIONIA SIBJIsIeTCsl (DYHKIMEH 00I1ero
BHJA, U3BECTHAs C TOYHOCTBHIO JO MHOXKHTEJd, €€ IIPOU3BOAHbBIC He SBJIAIOTCS PABHOMEPHO OIDaHUYECH-
HBIMH. TaKOe MpeICTaBIeHNEe NMEET PellleHrne CHHTYISPHO BO3MYIIIEHHOH KpaeBoii 3agadn. CTpodarcs nH-
TEePIOJISIINOHHBIE (DOPMYJIbI, TOYHDBIE HA IOIPAHCIONHON COCTABJISAIONIEN, IOy I€HBI OIEHKH ITOTPENTHO-
CTU MHTEPIONIANNN, PABHOMEPHBIE 10 TIOTPAHCJIONHON COCTABIIAIONIEN U ee TPOU3BOAHBIM. VlccieroBano
MIPUMEHEHNE MOCTPOEHHBIX UHTEPIOJIANMOHHBIX (GOPMYJT K MOCTPOEHUIO (hOpMYJI YuCIeHHOro qudde-
PEHIINPOBaHWS U MHTEIPUPOBAHUS (DYHKIUI pacCMaTPUBAEMOIO BUIA.

KuroueBbie cjoBa: (QyHKIUs OJHOI IepEMEHHO, TOrPaHC/IONHAS COCTABJISIIONIAS, HEITOJTMHOMUA Th-
Hasl MHTEPIIOJIANNS, KBAIPATyPHbIE (DOPMYJIbI, (DOPMYJIbI YUCIEHHOTO juddepeHITnpoBaHms
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