ISSN 1818-1015 (Print)
ISSN 2313-5417 (Online)

MunucrepcTBo obpaszoBanus n Hayku Poccuiickoit Peeparm
Apocnascknit rocynapcrBennbiit yuusepcuteT uM. [1. I lemuiosa

MOJIEJINPOBAHUE 1 AHAJIN3
NHOOPMAIMOHHBIX CUCTEM

Tom 24 Ne2(68) 2017

Ocnosan B 1999 romy
Boixonut 6 pa3 B roj

Inasnwiti pedarmop

B.A. CokoJioB,

JIOKTOP (BU3MKO-MaTeMaTUIecKuxX Hayk, mpodeccop, Poccust

Pedaxuyuonnasn xornrezus

C.M. AGpamos, a-p dus.-mar. Hayk, wi.-kopp. PAH, Poccust; ABeno Jluabsu, npod., Ppanmus;
B.C. AdpaiimoBuy, npod.-uccienosarensb, Mekcuka; O.JI. Bamaman, 1-p Texu. Hayk, Poccus;
B.H. Beasix, ji-p dus.-mar. Hayk, npod., Poccusi; B.A. Bonmgapeunko, ji-p ¢us.-mMar. HayK, Ipod.,
Poccus; C.O. Tnbisul, g-p dus.-mar. #Hayk, upod., Poccus (3am. 1. pen.); A. Hextapsb, npod.,
CIHIA; M.T. dmurpues, j1-p dus.-mar. Hayk, npod., Poccus; B.JI. JoabHukoB, i-p ¢hus.-mMat. Ha-
vk, mpod., Poccus; B.I'. dypHes, 1-p ¢dus.-mart. Hayk, npod., Poccusa; B.A. 3axapos, 1-p ¢us.-mar.
Hayk, npod., Poccus; JI.C. KazapuH, 1-p ¢dus.-mat. Hayk, npod., Poccusa; FO.I'. KapnioB, 1-p TexwH.
Hayk, npod., Poccus; C.A. Kamenko, j1-p ¢us.-mar. Hayk, npod., Poccusi; A.FO. Kosecos, i1-p
dwus.-mart. HayK, npod., Poccus; H.A. Kyapsuios, g-p ¢us.-Mat. HayK, 1pod., 3ac/y>KEeHHbI 1esdTe/b
mayku P®, Poccus; O. Kymmnapenko, npod., @pannus; . A. Jlomazosa, 1-p dus.-mat. HAYK, 1pod.,
Poccus; I'.T. Manunenkuii, 1-p ¢pus.-mat. HayK, npod., Poccus; B.D. MadabIIKuH, 1-p TeXH. HAYK,
npod., Poccus; A.B. MuxaiisioB, 1-p ¢us.-mar. Hayk, npod., Bemukoopuranus; B.A. HemomHsi-
mmii, kan. ¢us.-mar. Hayk, Poccus; H.X. Po3os, j1-p dus.-mar. Hayk, npod., 4wi.-kopp. PAO, Poccust;
H. Cunoposa, ji-p Hayk, Hunepnauier; P.JI. CmenstHckuii, 1-p Gus.-MaT. HAYK, IPOd., LIEH-KOPP.
PAH, akanemuk PAEH, Poccus; E.A. Tumodees, 1-p dus.-mar. Hayk, upod., Poccus (3am. ri. pe.);
M.B. TpaxTteunbpor, 1-p koM. Hayk, zpawis, .B. Typaes, npod., Besmkoopuranus; ®@. ITlue-
6Jien, npod., Ppanrus

Omeemcmeennoiti cexpemaps E. B. KyspmuH, 1-p dus.-mart. Hayk, npod., Poccus
A npec pepgakimuu: SApl'Y, yi. Coserckasi, 14, 1. fpocaasin, 150003, Poccus
Website: http://mais-journal.ru, e-mail: mais@Quniyar.ac.ru; Tesedon (4852) 79-77-73
Hayusnble crarbu B »KypHaJ IPUHUMAIOTCS 110 9JIeKTPOHHON moure. CraTbu JOJKHBI cojepkarh YK,

AHHOTAIMN HA, PYCCKOM ¥ aHTJIMICKOM SI3bIKAX M COIIPOBOXKIATHCA HAOOPOM TeKcTa B pemakTope LaTEX.
Ilnara ¢ acnupaHTOB 3a MyOJUKAIINIO PYKOIUCEH HE B3UMAETCS.

12+ (©4pocraBckuit TocynapcTBEHHBIN
yuuBepcutetr uM. 1L.I. Hemmaosa, 2017



COEPXKAHUE

Modeauposarue u anaru3 unGopmayuorHur cucmem. 1. 24, Ne2. 2017

[TocTpoerre BBICOKOYPOBHEBOI MOJIESIN TIPOIECCA, IO XKYPHAJLY COOBITHI
Beeuuesa A.K., Jlomasosa U.A.

[MosuarpasbHble XapaKTEPUCTUKY 337849 O COAJAHCHPOBAHHOM M HeCOATaAHCHPOBAHHOM
JBYJOJBHBIX ToATrpadax
Bondapenxo B. A., Huxonaes A. B., Illoseenos /1. A.

AHajm3 TUNM3UPOBAHHBIX 3aBUCAMOCTEN BKJIIOUEHUS C HEOIPEJIeIeHHBIMY 3HAYEHUSIMU
Svxun B. C., Swxun C. B.

O 6udypKausax Ipu MaJblX BO3MYIIEHUSX B JIOTUCTUYECKOM YPaBHEHUU C 3al1a3/IbIBAHUEM
Kawenxo C. A.

PenlakcanoHHbie UKJIBI B MOJIEJIN CUHAIITUYIECKH B3aUMOIEACTBYOIINX OCIUJLISITOPOB
IIpeobpastcencrasn M. M.

O rumnorezax TaiiTa st AMBH30POB Ha PACCIOEHHOM MHOT00Opa3nn
1 ero obIIEM CXEMHOM CJIOE B CJIydae KOHEYHON XapaKTePUCTUKH
IIpoxoposa T. B.

Henybaukaliyst B CICTEME PE3EePBHOIO KOIMPOBAHUs C XpaHeHneM nHdopMaImn B 6a3e JaHHBIX
Taparnun C. M.

3aa9n ONTUMU3AINN C YCPEIHEHUEM 110 YACTH IIEPEMEHHBIX U YCIOBHUSA UX ONTUMAJIbHOCTU
B popMe IPUHIUIIA MAKCHMYMa
Lupaun A. M.

HexonupoBanne TeH30pHOTO MTponsBeaerus MLD-K0I0B 1 IpUIOXKEeHUS
K KOJIOBBIM KPHUIITOCHCTEMAM
Heynodsax B. M., Kocoaanos FO. B., Jleawx E. A.

125

141

155

168

186

205

215

227

239

Csugerennctso o perucrparuu CMU ITN Ne @C 77 — 66186 ot 20.06.2016 BbImamno PemepaabHONE CIIy K-
6oit o Haa3o0py B cdepe CBsI3u, HHMOPMAIIMOHHBIX TEXHOJOIHI M MACCOBBIX KOMMYHUKAIWA. Y Ipeau-
Tenb — PeepasibHOE TOCYIAPCTBEHHOE OIOMKETHOE 00Pa30BaTE/IHLHOE YIPEXKIeHNEe BBICIIIEro obpa3oBa-
uust " Apociasckuii rocynapcersennbiii yausepcurer uM. I1. I JTemumosa". Iloanucuoit namekc — 31907 B
O6bequnennom Karasore "Ilpecca Poccun". PemakTop, koppekrop A.A. Anaabesa. PegakTop mepesoaa
9.1. Coxkonosa. IToamucano B medgars 18.04.2017. /ara Beixoma B ceer 30.04.2017. @opmat 60X841/8.
Veu. ned. 1. 15,34, YVa.-uzg. a. 13. O6bem 132 c. Tupazk 46 sx3. CBoboauas nena. 3akaz 016/017. Aznpec
runorpacun: yi. Coserckas, 14, od. 109, 1. dpocmasin, 150003 Poccus. Anpec uznarens: pocaaBekuii
rocynapcrBennbliit yausepcurer uM. I1. . lemumosa, yi. CoBerckasi, 14, . dpociasiib, 150003 Poccus.



ISSN 1818-1015 (Print)
ISSN 2313-5417 (Online)

P.G. Demidov Yaroslavl State University

MODELING AND ANALYSIS
OF INFORMATION SYSTEMS

Volume 24 No 2(68) 2017

Founded in 1999
6 issues per year

Editor-in-Chief
V. A. Sokolov,

Doctor of Sciences in Mathematics, Professor, Russia

FEditorial Board

S.M. Abramov, Prof., Dr. Sci., Corr. Member of RAS, Russia; V. Afraimovich, Prof.-researcher,
Mexico; L. Aveneau, Prof., France; O.L. Bandman, Prof., Dr. Sci., Russia; V.N. Belykh, Prof.,
Dr. Sci., Russia; V.A. Bondarenko, Prof., Dr. Sci., Russia; S.D. Glyzin, Prof., Dr. Sci., Rus-
sia (Deputy Editor-in-Chief); A. Dekhtyar, Prof., USA; M.G. Dmitriev, Prof., Dr. Sci., Russia;
V.L. Dol’nikov, Prof., Dr. Sci., Russia; V.G. Durnev, Prof., Dr. Sci., Russia; L.S. Kazarin,
Prof., Dr. Sci., Russia; Yu.G. Karpov, Prof., Dr. Sci., Russia; S.A. Kashchenko, Prof., Dr.
Sci., Russia; A.Yu. Kolesov, Prof., Dr. Sci., Russia; N.A. Kudryashov, Dr. Sci., Prof., Russia;
O. Kouchnarenko, Prof., France; I.A. Lomazova, Prof., Dr. Sci., Russia; G.G. Malinetsky, Prof.,
Dr. Sci., Russia; V.E. Malyshkin, Prof., Dr. Sci., Russia; A.V. Mikhailov, Prof., Dr. Sci., Great
Britain; V.A. Nepomniaschy, PhD, Russia; N.H. Rozov, Prof., Dr. Sci., Corr. Member of RAE,
Russia; Ph. Schnoebelen, Senior Researcher, France; N. Sidorova, Dr., Assistant Prof., Netherlands;
R.L. Smeliansky, Prof., Dr. Sci., Corr. Member of RAS, Russia; E.A. Timofeev, Prof., Dr. Sci.,
Russia (Deputy Editor-in-Chief); M. Trakhtenbrot, Dr., Israel; D. Turaev, Prof., Great Britain;
V.A. Zakharov, Prof., Dr. Sci., Russia

Responsible Secretary E. V. Kuzmin, Prof., Dr. Sci., Russia

Editorial Office Address: P.G. Demidov Yaroslavl State University,
14 Sovetskaya str., Yaroslavl 150003, Russia
Website: http://mais-journal.ru, e-mail: mais@uniyar.ac.ru

© P.G. Demidov Yaroslavl State University, 2017



Contents

Modeling and Analysis of Information Systems. Vol. 24, No 2. 2017

Discovering High-Level Process Models from Event Logs
Begicheva A. K., Lomazova I. A.

Polyhedral Characteristics of Balanced and Unbalanced Bipartite Subgraph Problems
Bondarenko V. A., Nikolaev A. V., Shovgenov D. A.

Analysis of Typed Inclusion Dependencies with Null Values
Zykin V. S., Zykin S. V.

About Bifurcations at Small Perturbations in a Logistic Equation with Delay
Kashchenko S. A.

Relaxation Cycles in a Model of Synaptically Interacting Oscillators
Preobrazhenskaia M. M.

On the Tate Conjectures for Divisors on a Fibred Variety and on its Generic Scheme Fibre
in the Case of Finite Characteristic
Prokhorova T. V.

De-duplication on the Backup System with Information Storage in a Database
Taranin S. M.

Optimization Problems with Averaging over the Variables
Tsirlin A. M.

Decoding the Tensor Product of MLD Codes and Applications for Code Cryptosystems
Deundyak V. M., Kosolapov Y. V., Lelyuk E. A.

125

141

155

168

186

205

215

227

239



Modeauposanue u anaausd ungopmayuorror cucmem. T.24, Ne2 (2017), c. 125-140
Modeling and Analysis of Information Systems. Vol.24, No 2 (2017), pp. 125-140

(©Begicheva A. K., Lomazova I. A., 2017
DOI: 10.18255,/1818-1015-2017-2-125-140

UDC 517.9

Discovering High-Level Process Models
from Event Logs

Begicheva A.K., Lomazova I. A.
Received January 11, 2017

Abstract. Process mining is a relatively new field of computer science, which deals with process
discovery and analysis based on event logs. In this paper we consider the problem of discovering a
high-level business process model from a low-level event log, i.e. automatic synthesis of process models
based on the information stored in event logs of information systems. Events in a high-level model are
abstract events, which can be refined to low-level subprocesses, whose behavior is recorded in event logs.
Models synthesis is intensively studied in the frame of process mining research, but only models and
event logs of the same granularity are mainly considered in the literature. Here we present an algorithm
for discovering high-level acyclic process models from event logs and some specified partition of low-level
events into subsets associated with abstract events in a high-level model.
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1. Introduction

Process mining is a technology that provides a variety of methods to discover, monitor
and improve real processes by extracting knowledge from event logs [1]. Process discovery
and conformance checking are the two most prominent process mining tasks. Process
discovery is needed to construct a process model, based on an event log, without any
additional information. Conformance checking helps us in diagnosing and quantifying
discrepancies between observed and modeled behavior. Process discovery uses only an
event log for recovery view of a system as a model by behavior which is seen in the log.
The general goal is to find out main events of the system and relations between them.
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After this we can use other techniques of process mining for further work with the model
of our system.

There are many software products which allow us to use these two techniques of
Process Mining. ProM [2] is an open-source tool supporting many techniques of Process
Mining, which are represented as plug-ins. Due to the flexibility of this environment, it
can be used both for research and applications.

When working with business processes we typically use detailed logs, which present
the full report about sequences of executed activities. Since logs are generated automa-
tically in most information systems, keeping detailed records is not a problem. However,
large and detailed models are not good to deal with. Such models are not clear and
readable for experts. Experts prefer working with more abstract (high-level) models.
More abstract models are easier to construct, understand and analyze. Process models
developed by people are, as a rule, not very large and abstract from technical details.
Although the field of process discovery is well developed, process mining projects still
face the problem of different levels of abstraction when comparing events with modeled
business activities. Current approaches for event log abstraction most often try to abstract
from the events in an automated way which does not capture the required domain
knowledge to fit business process.

In this work we consider process models represented by workflow nets — a special
class of Petri nets [3] for workflow modeling. We assume that a model contains no
cycles for correct handling with concurrency. In an abstract model each separate activity
represents a subprocess built from a set of more refined activities. For the presentation of
intermediate results we use transition systems. A history of a detailed process behavior is
recorded in low-level logs. We present an algorithm for discovering process as an abstract
model from a low-level event log. The algorithm will be tested on groups of input data
with different characteristics.

The work is organized as follows. Section 2 introduces the situation with existing
researches. In Section 3 we give a motivating example of handling a request for compensa-
tion in a particular airline company, in terms of Petri nets. Section 4 contains some basic
definitions and notions, including Petri nets, event log, transition system, and theory
of regions. In Section 5 we present a method for discovering an abstract process model
from a low-level event log, and Section 6 gives a precise description and validation of
this method. Section 7 concludes the paper.

2. Literature review

Research topics related to this article can be divided into several categories: event log
and model abstraction, discovering algorithms and existing methods for abstract models
synthesis.

There are many ways of abstracting models by reducing their size in order to make
them more convenient to work with. Each method may be useful depending on a group of
interrelated factors: the abstraction purposes, the presence of certain patterns of routine
constructions, the specifics of modeling notation. Reducing the size of the model by
abstraction can be done as “convolution” of some groups of elements, or implemented by
losing some parts (which are non-significant in a particular case). The importance of event
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log abstraction is emphasized among others in [4]. The paper contains a more detailed
overview of models and abstraction techniques and formal definitions of this process
in general. In particular, the paper provides definitions for two prominent abstraction
operations: elimination and aggregation. A model which is generated by an elimination
operation contains no information about omitted insignificant objects. In contrast the
aggregation generates an abstract model, where relatively insignificant objects of abstrac-
tion combine together with several other abstraction objects into groups, each of which is
significant. According to this article, business process model abstraction is an operation
over the model, which transforms it into abstract model by the application of function
composition, where each component of the composition is some basic abstract operation.

The aggregation is divided into four types: sequential abstraction (Fig. 1 (a)), block
abstraction (Fig. 1 (b)), loop abstraction (Fig. 1. (c)), dead end abstraction (Fig. 1.
(d)). Based on these four aggregation rules and model transformation techniques a slider
approach is proposed in [5]. It provides a user control over the level of model abstraction
by different criteria, where the abstraction criterion is a pair: type of criteria and relation
between element property and its significance. A similar ability is used in many methods
of working with abstract models due to its convenience and an analogy with scalable
terrain maps.

Petri nets can be extended by adding a hierarchy e.g. in Colored Petri nets (CPN) [6].
The idea of high-level Petri nets was first described in [7] (1981), but only in 1987 this
idea extended to colored Petri nets. Hierarchy also allows construction of more compact,
readable and understandable models. Hierarchy can be applied as an abstraction, in the
case of two-level hierarchy there are two models of one process: a high-level abstract
model and a low-level refined model. In our paper the high-level model is a model with
abstract transitions. An abstract transition refers to a Petri net subprocess, which refines
the activity represented by this transition. The low-level model can be obtained from an
abstract model by substituting subprocess models for abstract transitions.

A “flat” synthesis (when model and log are at the same-level) is a popular process
mining task, and has been extensively studied in the literature. Each method [1, 8, 9|
has some advantages regarding a particular kind of data. For example the a-algorithm
[9] takes concurrency as a base, but this algorithm has some problems dealing with
complicated routing constructs and noise. The flat model, presented as a graph, becomes
more incomprehensible with each node. Hierarchical models are more suitable for humans
to work with because they are more structural.

Van Dongen et al in [10] described a Petri net discovery approach using transition
system. Firstly a transition system is constructed by deriving from an event log. It can
be modified to avoid over-fitting. Secondly, using the theory of regions [11], the Petri net
is synthesized. We note that currently only the theory of regions solves the problem of
Petri net synthesis from transition systems. The proposed in [10] method can deal with
complex control-flow constructs. It allows for duplicates, but does not allow for much
more behavior than is actually recorded in the log and produces models, which satisfy
some soundness requirements. The proposed algorithm also has some disadvantages, for
example it can’t deal with noise in an event log, unlike genetic [12] or heuristics [13]
miners.

There are some methods for discovering abstract models but they are based on finding
behavior patterns in event logs. For example in [14] the authors use recognition of
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behavior patterns of the process by a structural clustering algorithm and then define
a specific workflow schema for each pattern. This helps to divide one complex model
into several more understandable, smaller pieces, convenient to analyze and discover.
Clustering of activities by their relation and role in the process was also used in [15].
The terrain maps analogy is also used here: activities in a process correspond to a certain
location on a map and the relations between activities are like the roads.

In [16] a supervised event abstraction method was presented. This method takes
an event log at a lower level of abstraction and transforms it to an event log at the
desired level of abstraction, using behavioral activity patterns: sequence, choice, parallel,
interleaving and repetition. This technique allows us to obtain a reliable abstraction
mapping from low-level events to activity patterns automatically and construct a high-
level event log using them. Another supervised event abstraction method is described in
[17]. The essence of the proposed method is as follows: we annotated each low-level event
with the correct high-level event using domain knowledge from the actual process model
by special type of attribute in XES log file. Also in this paper authors make the working
assumption that multiple high-level events are executed in parallel. This enables us to
interpret a sequence of identical label attribute values as a single instance of a high-level
event.

In [18] a two-phase approach to mining process is presented. Process models here
are considered as interactive and context-dependent maps based on common execution
patterns. On the first phase the event log is transformed to the desired level of detail by
selecting patterns. An example of such pattern is the maximal repeat, that captures
typical sequences of activities the log. Every pattern is estimated by frequency, or
significance, or some other metric needed for accurate abstraction. At the second phase
the fuzzy miner algorithm adapted to process maps discovery is applied to the transformed
log. This two-phase approach has been implemented as a set of interrelated plug-ins in
the ProM framework, the application order of which is described in [19]. In our paper
we use Petrify plug-in from this set to synthesize Petri net [20].

All these papers provide no or only limited support for correct refining these mappings
based on domain knowledge. They do not allow to detect subprocesses in the synthesized
model. Some approaches based on subprocess detection for mining a process model with
a better structure were presented in [21, 22|, but these papers do not consider mining
high-level models.

Also there are different approaches that apply behavior abstraction in process discovery
and trace alignment |5, 23]. Besides there is an interesting method for discovering that is
discussed in [24]. The contribution of this research is a mapping approach which suggests
relations between events and activities in an automated manner using existing process
documentation as e.g. work instructions.

Thus discovering an abstract model from a low-level event log generated by an
information system is an important and challenging problem. In different applications
different views on the abstraction mechanism and different levels of abstraction are
needed. Here we consider one of many possible views on the problem.
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L ={ <t0,t1,13,t4,t5,16, t13,t14, 7,18, t15, 9, t16, t17, t18, 125, 126, 127 >,
< 10, 11,13, 4,113, t14, 15, 17,115, 16, 18, 19, t16, 17, t18, 124, 123, 122 >,
< 10,t1,¢3,£13,¢10, 11,14, 15,12, £16, £17, t18, t24, 123, 122 >,
< 10,12, 13,113, t4, t14, 115, 5,16, 17, 18,19, t16, t17, t18, 125, 126, 127 >,
< 10,12, 13, 4,113, t14, t15, 5, 7, 16, 18, 19, t16, 17, t18, 124, 123, 122 >,
< 10,t1,¢3,10,¢11, 13,12, 14, t15,£16, 17, t18, 19, 20, £21, 10, ¢11,

$13,¢14, 115,12, 16, 17, 18, 125, 126, 127 >,

< 10,12,13,13,¢10, t14, t15, t11, 112, £16, £17, t18, 124, 123, 122 >,

< 10,12,13,13,¢10,¢11,¢12, 14, t15,£16, 17, t18, 19, 20, £21, 10, 13,
14, £11, 415,412, 116, £17, 18, 124, 123, 122 >,

< 10,2, 13,113, 114, 10, £11, £15, t12, 16, ¢17, £18, £25, £26, t27 >}

Fig 2. An original event log £,

3. Motivation example

Let us consider some log, which describes in detail a half-hour period of handling a
request for a compensation from the airline service. The log is generated by a system, a
part of this los is shown in Fig. 2. Names of events are simplified to ¢t with some index,
because with real names the log was too bulky. Even if names of events have not been
replaced, it is not easy to understand from the log how customers requests are handled.
But there are algorithms allowing to discover (synthesize) a process model from this log.

After applying one of the known discovery algorithms we get the relatively large model
N presented in Fig. 3. This model is inconvenient to work with. Experts would prefer to
work with more abstract model of the same process, like the model N5 shown in Fig. 4.
Each transition in A5 corresponds to a subprocess, which includes transitions from N;.
For example, the abstract action 'register request’ indicates reading a request (transition
t0) and then recording it in one of two possible ways (transition 1, or ¢2). Note that
sets of low-level transitons corresponding to different abstract events do not intersect.
Low-level transitions in Fig. 3 are grouped into blocks (subprocesses) corresponding to

check ticket
register request

Fig 3. A low-level model N synthesized from the log £, in Fig. 2
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examine
thoroughly
pl p2 pay
_7 compensation
[ p5 p6
O =5
- Casualy
regist 3 ]
rgguest P p4 decide
reject
check ticket request

Fig 4. An abstract model N5 for handling compensation requests

high-level activities of the process.

We study the problem when given a low-level event log generated by a process and a
partition of the set of low-level events into subsets corresponding to high-level events , we
would like to construct an abstract model of the process. We suppose that the low-level
log is generated by an information system, and the event partition is defined by experts
or software developers

An abstract model cannot be directly obtained from low-level log since the log consists
of low-level events and the model should contain transitions labeled by high-level events.
So, a one-to-many correspondence between high and low-level events is needed for the
model synthesis. In our example the abstract event e0 corresponds to the set {0, t1,¢2}
of low-level events, el — to the set {¢13,¢14,t15}, etc. The full correspondence is shown
in Table 1. This mapping will be used in the algorithm for transformation of the original
log into its high-level representation, which we use as an input data for one of the known
discovery algorithm.

High-Level Activity | e0 | el | e2 | e3 | e4d | €5 | e6 | €7
t0 | t4 | t10 | t13 | t16 | t19 | t22 | t25

Low-Level Activities

t3 | t9 | t12 | t15 | t18 | t21 | t24 | t27

Table 1. The correspondence between low-level and high-level activities in N; and N,

4. Preliminaries

In this section we give some basic notions and definitions used in the paper.
Let S be a set. By S* we denote the set of all finite sequence (words) over S.
S=5USyU---US, is a partition of S iff Vi,j € [1,n]:S; C S and S;NS; =0.
A multiset m over a set S is a mapping: m : S — Nat, where Nat — is the set of
natural numbers (including zero), i.e. a multiset may contain several copies of the same
element.

Definition 1 (Petri net). Let P and T be disjoint finite sets of places and transitions
and F: (PXT)U(T x P) — Nat. Then N = (P, T, F) is a Petrinet. Let A be a finite set
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Fig 5. Extending WF-net with initial and final transitions

of activities. A labeled Petri net is a Petri net with a labeling function X : T — AU{e},
which maps every transition to an activity (a transition label) from A, or a special label
€ indicating an inuisible action.

A marking in a Petri net is a function m : P — Nat mapping each place to some
natural number (possibly zero).

For a transition t € T' a preset *t and a postset t* are defined as the multisets over P
such that *t = {p|F(p,t) # 0} and t* = {p|F(t,p) # 0}.

A transition ¢t € T is enabled in a marking m iff Vp € P m(p) > F(p,t). An enabled
transition ¢ may fire yielding a new marking m/’, such that m’(p) = m(p)—F(p,t)+F(t,p)
for each p € P (denoted m —» m/).

A Workflow net is a (labeled) Petri net with two special places: i and f. These places
are used to mark the beginning and the ending of a workflow process.

Definition 2 (Workflow net). A (labeled) Petri net N = (P, T, F \) is called a workflow
net (WF-net) iff:

1. There is one source place 1 € P and one sink place f € P, s. t. *i = f* = ().
2. FEvery node from PUT is on a path from i to f.
3. The initial marking in N contains the only token in its source place.

By abuse of notation we denote by i both the source place and the initial marking in
a WF-net. Similarly, we use f to denote the final marking in a WF-net N, defined as a
marking containing the only token in the sink place f.

Let N = (P, T, F,\) be a WF-net. Then we define the extended WF-net (EWF-net)
N = (P, T F',XN) as follows: P' = P/T' =T U{t;,t;} and F' = FU{(t;,7),(f.ts)},
where t;,t; are new (not occurring in P,7T) nodes. The new transitions ¢;,¢; are labeled
with invisible activity €, all other transitions in N’ have the same labels as in N. The
initial marking in an extended WF-net contains no tokens. Thus an extended WF-net
may start a new case at any moment (cf. Fig. 5).

The behavior of WF-nets can be represented with a state-based models, called Transition

System (TS), as they reflect the states of a process and transitions between them.

Definition 3 (Transition system). A (labeled) transition system is a triple (S, A, —),
where S is a set of states, A is a set of labels, and —C S x A x S is a transition relation.
Ifp,qe S and a € A, (p,a, q) €= is usually written as p——+q meaning that a transition
labeled by amoves the system from state p to state q. Furthermore, in this paper we
assume that a transition system is connected.
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Information systems can record all kinds of events with a wide range of properties,
but it entirely depends on the configuration. Moreover, systems can use a specific format.
For our study we abstract from additional information presented in event logs and define
a process log as a multiset of traces, where a trace is a sequence of events (only their
names).

In this paper a path is a sequence of events apart from the log, in the context of a
one of possible runs from initial state of a model to final state.

Definition 4 (Event log). Let A be a finite set of activities. A trace o is a finite

sequence of activities from A, i.e. 0 € A*. An event log L is a finite multi-set of traces,
i.e. L€ M(A¥).

A model represented as transition system T'S corresponding to a model represented
as Petri net PN iff T'S can be successfully run with all possible paths of T'S and vice
versa.

To apply the Petri net synthesis method, we need to transform event logs into
transition systems [10|. Using the translation from a single trace to a transition system,
we can translate an entire log to a transition system.

Definition 5 (Event log to transition system). Let A be a set of log events and let W be
an event log over A, i.e., W € M(A*). We define TS(W) = (S; A; —) to be a transition
system, such that:

o S=U,ew So, i-e. the union over the states of the transition system translations
of each individual trace,

o A=A, i.e the set of labels is the set of activities,

* = Uaew —4, 1.€. the trace is represented as a sequence of state transitions,
starting from the common initial state. The transitions between each two states is
made by activity at the given position in the trace.

The algorithm [8] for constructing a transition system is straightforward: for every

trace o, iterating over k(0 < k < |o|), we create a new state state(o, k) if it does not exist

k
yet. Then the traces are scanned for transitions state(o, k—1) ®, state(o, k) and these

are added if it does not exist yet. If we use the complete prefix sequence representation
of a state, i.e. state(o, k) = hd(o, k), where hd(o, k) is a prefix of trace o after executing
k steps.

Once a process log is converted into transition system, we can use the some synthesis
method to generate a Petri net from it, at the time of writing this article for these
purposes, you can apply only Theory of Regions.

For synthesis we use Theory of Regions, and to able using it we need to make an
assumption about completeness of the log. We assume also that the log shows all possible
behavior, since the resulting Petri net have to be exactly mimic the behavior shown in the
log. Since we work only with workflow process, we do not need to make any assumptions
about the uniqueness of initial state for each trace. More details about the application
of the theory of regions can be found in [10, 25]|.

The advantages of using theory of regions are the possibility to handle complex models
with routing constructions (such as concurrency), the possibility of deduplication in the



Modeauposanue u anaausd ungopmavyuornor cucmem. T.24, Ne2 (2017)
134 Modeling and Analysis of Information Systems. Vol. 24, No2 (2017)

construction of the resulting net, the flexibility, due to which the model does not allow
too general behavior and are not too “tight” for some concrete routing. The disadvantage
of theory of regions is high computational complexity, which makes it difficult to use
for synthesis models from large size logs. The model abstraction allow us to use all of
advantages of theory of regions faced with no disadvantages.

Second of the most prominent process mining tasks is conformance checking |1, 26,
27]. Given a model and an event log we would like to compare the process model behavior
and the behavior recorded in the event log. Several metrics for conformance checking were
defined in the literature [1]. Among the most important metrics is fitness. Informally
speaking, fitness measures the proportion of behavior in the event log possible according
to the model.

Definition 6 (Perfect fit). Let N be a WF-net with transition labels from A, an initial
marking i, and a final marking f. Let o be a trace over A. We say that a trace o =

ai,...,ay perfectly fits N iff there exists a sequence of firings i = myg 2 Mpy1 =
f in N, s.t. the sequence of activities A(t1), A(t2), ..., A(tx) after deleting all invisible
activities € coincides with o. A log L perfectly fits N iff every trace from L perfectly fits
N.

Workflows can be modeled with varying degrees of detailing. This idea is realized in
models of different abstraction levels. The correspondence between models of different
level, which describe the same process, is natural to match using refinements. When a
transition from the model is a reference to the sub process, this transition is an abstract
(high-level) one. In this case, we can obtain detailed (low-level) model by substituting of
corresponding sub-process model instead of high-level transition. This hierarchy principle
is used, for example, in colored Petri nets (CPN) [6]. Refinements allow us to develop a
more compact model with the composite structure of the network. Here we give precise
definitions introduced in [27].

Definition 7 (Substitution). Let Ny = (P, Ty, F1, A1) be a WE-net, t € T be a transition
in Ny. Let also Ny = (P, Ty, Fy, A2) be an EWF-net with the initial and final transitions
ti,ty correspondingly. We say that a WF-net N3 = (Ps, T3, F3, \) is obtained by a substi-
tution [t — Nay| of Ny fort in Ny iff Py = PLUP,, Ty = TYUTL\{t}, F3 = FLUE\{(p, 1) |
peti\{(t,p) [pet*} U{(p.t:i) [ p €t} U{(t;.p) | p €t}

Definition 8 (Refinement). Let N, N, be two WF-nets with sets of activities A, A,
correspondingly. Let A = ay,aq,...,a,, and A, = AL U A2U ... U A" be a partition of
A, into n subsets, and N*, N? ...N™ be EWF-nets with sets of activities Al,..., A"
correspondingly. We say that N, is a refinement of N wvia substitutions [a; — N} ay —
N2, ...a, — N"] iff N, can be obtained from N by simultaneous substitutions of N for
allt s.t. AN(t) = a;.

5. Synthesis of Abstract Process Model from a Low-
Level Event Log

In this section we describe, how to obtain an abstract model from a given low-level log
L. We suppose that the set A, of low-level events in the log L is partitioned into subsets
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Fig 6. Concurrent execution of two subprocesses (abstract transitions in a model)

A, = A U---UA,, and each subset A; is assigned an abstract event name a; from a
given set A of abstract names.

We would like to construct a model with transitions labeled by names from A, for
which there exists a refinement via some substitution [a; — N}, ag — N?,...a, — N"]
respecting subset abstract names (i.e. if a transition ¢ labeled by q; is substituted by a
net N!, then transitions in N’ are labeled by names from A;), such that the given log L
conforms the refined model.

We suppose also, that the model we discover is acyclic. This assumption is due to
the fact that several occurrences of low-level events belonging to the same subset A;
may be caused both by cyclic repetition of the abstract event a;, and by executing a;
concurrently with some other abstract event via interleaving (cf. Fig. 6). So, in this paper
we consider only acyclic case.

Discovery of a high-level model from a given event log will be done in two stages.
First we construct a high-level transition system corresponding to the given low-level
log, and then we use the well-known method based on theory of regions to discover a
WF-net model from the transition system.

Now we explain our approach, the detailed algorithm is presented in the next section.

To construct a high-level transition system we first replace each activity in the
given low-level log by the corresponding abstract activity. After this replacement we
obtain the log, containing only high-level activities. However obtained traces may contain
“stuttering” subsequences, when the same action occurs several times sequentially. This
happens when several low-level activities corresponding to the same abstract activity go
one by one in a trace. Such a “stuttering” subsequence should by replaced by one abstract
activity.

However, removing stuttering is not enough to obtain a correct high-level log, where
each abstract activity occurrence in a trace corresponds to one abstract event firing.
If there are concurrent abstract actions in a system, representing subprocesses run in
parallel, then low-level activities of these subprocesses may be interleaved in a trace.
Then after replacing low-level activities by abstract ones and after removing stuttering
we may still have a trace with several occurrences of the same abstract activity, which



Modeauposanue u anaausd ungopmavyuornor cucmem. T.24, Ne2 (2017)
136 Modeling and Analysis of Information Systems. Vol. 24, No2 (2017)

actually correspond to one abstract event. An example of this is shown in Figure 6,
where parallel high-level transitions al and a2 contain low-level transitions ¢1,¢2 and
t3,t4 respectively. Suppose the log contains the trace fragment: < ..., ¢1,¢3,¢2,t4,... >.
After substituting the corresponding abstract activities we get < ...,al,a2,al,a2,... >.
There is no stuttering, but two occurrences of al in the trace in fact correspond to one
firing. The same is true for a2.

Thus, interleaving generates several occurrences of an abstract activity in a trace, but
a repetition of activities may be caused also by cyclic behavior. To separate the concerns
we suppose in this paper, that our system does not contain cycles. This can be easily
checked: in acyclic system there are no repeated events in low-level logs.

So, we would like to construct an abstract log — a high-level version of a given
low-level log with the following properties:

1. each abstract activity occurs not more than one time in each trace;

2. replacing of low-level activities by abstract ones should preserve interleaving of
concurrent activities.

For that we propose the following solution. Each trace o with k occurrences of the
same abstract activity e is split into k clones of o, where each clone is obtained by
deleting all except one occurrences of e in ¢. This is done for all repeated activities.

Let us illustrate this procedure by a small example. Suppose that after replacing
low-level activities by abstract activities we have got two traces:

o1 =< e0,el,ed,el, el el,ed, el, el >,
o9 =< e0,el,ed,el,e3, el, ed,eb >.
Then by cloning these traces we get:
ol =< e0,el,e3, ed,eT >,
02 =< e0,e3,¢el,ed, eT >,
o3 =< e0,e3,e4,el, el >,
0y, =< e€0,el,e3, ed, eb >,
05 =< e0,e3,el,ed, eb >.

Figure 7 shows the transition system obtained by convolution of the obtained traces.
To synthesize a model we can just apply one of the known discovery algorithms to this
transition system.

The precise description of the algorithm, based on this idea, is given in the next
section.

6. Algorithm for Synthesis of Abstract Process Model
from a Low-Level Event Log

Let A be a set of abstract activities and L, be an event log (a finite multiset of traces)
over a set of low-level activities from A,., where traces do not contain repetitive activities.
Let 6 : A, — A be a function, which maps every low-level activity to some high-level
activity from A. Start with the empty transition system T'S.

Step 1. Convert L, into an event log L over the set of activities A by replacing each activity
a € L, in each trace with the activity d(a).
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Fig 7. Transition system for traces o; and o,

Step 2. Get rid of ’stuttering’ in every ¢ € L by replacing in each trace each substring of
consecutive entries of the same activity with one occurrence of this activity.

Step 3. For each trace o € L do:

Step 3.1 Check whether there are more than one occurrences of the same activity in
o. If there are such occurrences, go to the Step 3.2, otherwise go to the Step
3.3.

Step 3.2 For each occurrence of repetitive activity e create a new trace by deleting all
other occurrences of e in o and go to Step 3.1.

Step 3.3 Add the new trace to transition system 7'S using the complete prefix sequence
representation of a state.

Step 4 Apply an existing synthesis algorithm to the obtained transition system T'S.

The correctness of the algorithm is justified by the following statements.

Lemma 1. Let L, be a low-level log without repetitive activities in its traces. If after
Step 2 in our algorithm a trace o € L contains two occurrences of activity a; and an
occurrence of activity as somewhere between two occurrence of aq, then activities a; and
as are concurrent.

Proof. Each occurrence of an abstract activity in a trace from L after Step 2 is obtained
by replacing some low-level activity, corresponding to this abstract activity. So, occurrence
of as between two occurrences of a; means that at least a part of ay, was executed,
when execution of a; has started, but has not finished. Thus a; and as; were executed
concurrently. O

Theorem 1. Let Ngs be a WF-net with a set of activities Ay, and let Ny be a
refinement of Nups with a set of activities A, via substitutions [a; — Nlay — N2, ...,
ar, — MPF]. Let also L, be a log over the set of activities A,.p, and let L, perfectly fit

Nyes. Then each trace, added to the constructed transition system at Step 3.3, perfectly
ﬁts Nabs-
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Proof. Let 0 € L be a trace added to transition system 7'S at Step 3.3. Then o is
obtained from some trace o, € L, by replacing low-level activities with corresponding
abstract activities and removing some repetitions of activities. Trace o, perfectly fits
Nyep, and hence can be replayed with this model. Then o be replayed with Ny, in
parallel with replaying o, with N,.r. An activity a; with the only occurrence at Step 3.1
of the algorithm will be replayed in parallel with a sequence of activities of subnet N/ in
o, and since A, is a refinement of N via substitution a; — N, this replaying will
be correct. If an activity a; had multiple occurrences at this step, and the trace o has
retained one of this occurrences, it can be still replayed, since by lemma a; is concurrent
to its adjacent activities in o, and concurrent activities can be replayed in any order. [J

It can be also shown that the size of the constructed high-level transition system
does not exceed the size of the low-level transition system, since the depth of the tree is
shorter after abstraction. Note that if we want to keep real relative significance [15] of
each arc in our model, we have to take into account that every trace which we generate
at the Step 2.3 has an integer significance factor. This coefficient depends on the number
of traces which are generated from one original trace from L, (for k generated trace a
significance factor equals to 1/k for each new trace).

7. Conclusion

Information system usually generate detailed event logs, which are not easy to work
with. Detailed models discovered from these logs are often intricate and confusing.
Abstract models are much more clear and more convenient for experts. So, the problem
of discovering an abstract, high-level model from a low-level event log is important for
simplification of the experts work on analysis and enhancement of information systems.

In this paper we provide a discovery technique for solving this problem, which is
based on transforming a low-level event log into an abstract transition system and then
applying one of already known methods for Petri net synthesis. In the further research
we plan to evaluate this technique on artificial and real logs, using the fitness criteria
presented earlier in [27].
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Amnnoranus. Ussiedenne u anaius npoeccos (process mining) — 3To J0CTATOYHO HOBasd 00/1aCTh
KOMIIBIOTEPHBIX HAYK, U3YYaIOlIasl CHHTE3 M aHAJIM3 MPOIECCOB Ha OCHOBE »KYPHAJIOB coObIThit. B pa-
60oTe paccMaTpUBaeTCs 3ajada M3BJIEUYEHNs BBICOKOYDPOBHEBOI MOJIEIN 110 HU3KOYPOBHEBOMY XKYPHAJLY
cOOBITHIA, T.€. 337898 ABTOMATUIECKOTO CHHTE3a MOJIEIN MIPOIecca Ha OCHOBE MHMOPMAIINN, XPAHSIIEH-
¢ B KypHaJIaxX coObITHit nHMOPMAIMOHHON cucTeMbl. COOBITHSI B BBICOKOYDPOBHEBOI MOJIEI — 3TO
abCTpaKTHBIE COOBITUS, KOTOPBIE MOTYT OBITH JIeTAJIU3UPOBAHbI B BUJI€ HISKOYPOBHEBBIX IIOJIIIPOIECCOB,
[IOBeJIeHe KOTOPBIX IPEJCTABIEHO B XKypHasax cobbrruii. CuHTE3 MoJe/eii MHTEHCUBHO U3ydaeTcs B
paMKax HUCCJAEJIOBAHMIT 10 MATHUHTY IIPOIIECCOB, HO B OCHOBHOM B JINTE€PATyPE PACCMATPUBAIOTCS TOJIb-
KO JIOTH W MOJIEJIU OJHOI'O U TOTO K€ YPOBHS JETAJU3AINNA. 31eCh MbI MIPEJCTABJISEM AJTOPUTM JJIsi
W3BJIEYEHNs] BBICOKOYPOBHEBBIX AITUKINIECKIX MOJEJeil IIPOIECCOB Ha OCHOBAHUY YKYPHAJIOB COOBITUIN 1
3apaHee OIpPeeJIeHHOIO Pa30HeHNsT HUSKOYPOBHEBLIX COOBITHII Ha IIOJIMHOKECTBA, ACCOIMUPOBAHHBIE C
abCTPaKTHBIMU COOBITUSIMUA B BHICOKOYPOBHEBOI MOJIE/TH.

Kuarouessbie ciioBa: cetu [leTpu, BRICOKOYPOBHEBbBIE MOJIE/IN TIPOIECCOB, 2KYPHAJIBI cOObITHi, Process
Mining, cunTe3 Mozemeit
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BBenenue

PaccmarpuBaercs nzBectHas KOMOMHATOPHAS 33/a9a O CYIIECTBOBAHUU COATAHCUPO-
BaHHOTO ITOJTHOTO JIBYJ/IOJIBHOTO TOArpada.

CobanancupoBaHHbIN NOJHBIA AByHoabHbIN moarpad (balanced complete
bipartite subgraph, BCBS). 3anauns! asymnoasusiii rpad G = (U, V, E) u mosoxn-
resibhoe 1ies10e k < |U| + |V|. CymecrBytor jin rakue nogmuozkecrsa U, CU u V, C V),
aro |U,| = |Vi| = k u {u,v} € E nna moboit naper Bepims u € Uy, v € V.

K sroit 3a1aue cojuTes 3aj1a4a 0 KJMKe, U oHa saBjgerca NP-nosmoit [12, 14]. Ou-
TUMU3AIMOHHAS BEPCUA 3aJla9H, B KOTOPOIl Tpedyercs HallTu cOa/laHCUPOBAHHBIN T10JI-
HBII JIBYIOJIBHBIH TTOATrpad ¢ MAKCUMAJIBHBIM THCJIOM BEPIIUH, KpailHe TPYIHA ¢ TOUKH
3pEeHUsI AIMMTPOKCUMAIINH, JIJIsT Hee He W3BECTHO HU OJHOTO XOPOIIEro MpUOIMKEHHOTO aJl-
roputma [11|. BHaunTenbHOe YnCsI0 PAbOT MOCBSIIEHO U3YUYEHUIO MOJMHOMUATBHO pPas3-
PEIINMbBIX YACTHBIX cjydaes 3ajgaun [7,17]. 3amernm, 4To moJHbIA JBYI0JbHBIN Tpad
TaKzKe JIJIS COKPAICHNsT Ha3bIBalOT Oukinkoit [10].

Nurepecubim sBiisiercs ToT dakT, uTo On3Kas 3aj1a49a 0 HecOAJTaHCHPOBAHHOM I10JI-
HOM JIBY/10J1bHOM mojirpade (3amena yenosus |U,| = |V, | = k wa |U,| + |Vi| = k) nonn-
HOMUAJIBHO Pas3peliMa. B oCHOBe ajropurMa JIeXKUT u3BecTHas Teopema Kénura [10].

Teopema 1. (Kénuez) /s deydosvrozo epaga wucio pébep 6 MaKCUMAALHOM NAPOCOUE-
MAHUY COBNAJGEM, C YUCAOM BEPUWIUH 8 MUHUMANOHOM BEPUUHHOM NOKPOIMUL.

MakcumaJsibHOE TTapocodeTaHue B JIBYJI0JILHOM rpade MOKeT ObITh HailJIeHO 3a Bpe-
mst O(|E|\/|U| + |V|) mo anropurmy Xonkpodra—Kapma [16]. [TokazareabcTBo TeopemMsbr
Kénura KOHCTpYKTUBHOE U ITO3BOJISIET IIOCTPOUTH BEPINMHHOE OKPhITHE. Bee BepINUHBL,
HE TONABIINE B MUHUMAJbHOE BEPIINHHOE MOKPBITHE, 00PA3YIOT MaKCUMAJIbHOE HE3ABU-
cuMOe MHO2KeCTBO. Ec/in paccMOTpeTsh 0o THeHre JIBYI0IbHOTO rpada, TO He3aBUCUMOe
MHOKECTBO IIPEBPATUTCSA B TOJIHBIN JIBYIOJBHBIN MOArpad.

Bajiaun, cBsA3aHHBIE C TMTOCTPOEHUEM IOJHBIX JIBY/IOJbHBIX MOAIPAMOB, YaCTO BO3HU-
KaIOT B PA3/IMIHBIX MPUKJIAIHBIX 00acTaX. B qacTHOCTH, B BRIYUCIUTEIHLHON OMOI0rnn
JUUIsl OUMKJIACTEPU3AINI T'€HOB CTPOUTCH JIBYJIOJIBHBIN rpad, B OJHY J0JII0 KOTOPOIO II0-
MEIAIOTCS TeHbl, & BO BTOPYIO UX CBOMCTBA, M TPeOyeTcs MOCTPOUTH HAUOOJIBIITYIO OU-
kiuky [9]. Samasa BCBS BosHukaer Takzke Ip MPOEKTHPOBAHUN MHTETPAJIBHBIX CXEM
(VLSI) mrs MurmMusarmu pasmepa mporpaMMupyeMblx jorndeckux marpur (PLA) [18].

PaccmoTpum Tpu oNTUMHU3AIMOHHBIX BEPCUU 33/Ia9M O OMKJIUKE BO B3BEIIEHHOM JIBY-
JI0JIbHOM I'pade.

BaBemiennsblii cbasiaHCUPOBAHHBIN MTOJIHBIN ABY/10/1bHBII noarpad (weighted
balanced complete bipartite subgraph, WBCBS). 3aanbi: mo/sblil 1By10/1b-
welit tpap G = (U,V,E), |[U| = |V| = n, dyskuusa seco C' : E — R u noso-
xKurtenbHoe nenoe k < n. Haittu: cOasraHcupoBaHHBIN TOJHBIN JBYI0JIbHBIN ITOArpad
G, = (U, Ve, E;) ¢ MakCUMAJIbHBIM (MUHAMAJIBHBIM) CYMMapHBIM BeCOM pebep, Hpu
yeqosun, uro |U,| = |V, = k.

MaxkcuManbHBIN B3BEMIEHHBIN MOJHBIN JABYA0JbHBIN moarpad (maximum
weighted complete bipartite subgraph, maxWCBS). 3ajgaubt: ogHbBIH JIBY10/b-
ublit rpad G = (U, V, E), |U| = |V| = n, dyuknus secos C' : E — R u nmosoxuTesHOoe
nenoe k < 2n. Haiitu: nonustit aeynossusiii nogrpad G, = (U, V,, E,) ¢ MakcuMasb-
HBIM CyMMapHBIM BecoM pebep, npu yeiaosun, uro |Uy| + |V | = k.
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MunnManbHBI B3BEIIEHHBIN ITOJHBIA ABYHOJbHBIA moarpad (minimum
weighted complete bipartite subgraph, minWCBS). 3ajaubl: mosHblii JBY10/1b-
ueiit rpad G = (U, V, E), |U| = |V| = n, dyukuusg secos C' : E — R, u mosoxRuTe5HOE
nenoe k < 2n. Haittu: nosastit asynoasabiii noarpad G, = (Uy, V,, E,) ¢ MUHUMAJIbHBIM
CyMMapHbIM BecoM pebep, npu yciaosuu, aro |U,| + |V, = k.

OrmeruM, 9TO I 3a1a91 O cOATAHCHPOBAHHONW OMKJ/IMKE BOIIPOC O TOM, PACCMaTPH-
BaeTCs JIM 33/la9a Ha MUHUMYM WA Ha MAKCUMYM, HE sIBJISETCs IPUHIMITHAIbHBIM. B
obomx ciydasdx perrenueM OyjeT k-cOalaHCUPOBAHHBIN MOJHBIN JIBYIOJBHBIN T10/Arpad.
Jlastee orpaHIYINMCS PACCMOTPEHUEM TOJIBKO BapHaHTa Ha MAKCHMYM. 3a/iada Ha MUHU-
MyM MOKET OBbITH IOJIydYeHa U3 HEro MHBEPTUPOBAHMEM 3HaKa y BECOB pebep.

B 10 xe Bpemst 1151 HecOaIaHCHPOBAHHOTO CJIydas 3aJa9i Ha MUHUMYM U MAKCHAMYM
SIBJISIOTCS TPUHIUIIUAILHO pasubiMu. JleficTBuTe/ibHO, eciim Mbl paccmorpuMm rpad G ¢
OJIMHAKOBBIMU TIOJIOZKUTEIbHBIME BecaMu pebep (KOTOPBI MOXKHO JOCTPOHUTD JI0 TIOJTHO-
ro JIBYJ0JIBHOTO rpada HysaeBbIMU pebpamu Jjisd 3a/a9d Ha MAaKCUMyM U pedpaMu Beca
00 JIIsI 331490 Ha MUHUMYM ), TO MAKCHMYM JIOCTUIAeTCsl Ha cOATaHCUPOBAHHON TN T10-
9T cOAJTAHCUPOBAHHON OUKJINKE ¢ HAMOOIBITUM IUCIOM pebep, a MUHUMYM Ha HanboJiee
HecOATAaHCUPOBAHHON U3 BO3MOXKHBIX ¢ HAMMEHBIINM 4YucJIoM pebdep. s Toro, 4rodn
y9eCTb 3Ty OCOOEHHOCTD, Jajiee PACCMATPUBAIOTCS MOCTAHOBKY 3a/1a" ¢ HEOTPHUIATE b
HBIMU BecaMu pebdep.

1. KomycHble pa3buenus

OOBEKTOM HCC/IeIOBAHUS SBJISETCS KOHCTPYKIUs KOHyCcHOTO pasouenus. [lycrs X —
HEKOTOpOe KOHeYHOoe MHOZKecTBO Todek RY. PaccmarpuBaercs 3a/1a9a MaKCHMHAZAIAN JTH-
HelHOoM 1e1eBoit (pyHKIMKM Ha MHOXKecTBe X :

(c,x) — max, = € X.

O6o3naunmM
K(z)={ceR%: (c,z) > (c,y), Yy € X}. (1)

K (x) siBasieTcst MHOYKECTBOM DeIleHNi KOHEUHOl CUCTEeMbI JIMHEHHBIX OJIHOPO/IHBIX HEPa-
BEHCTB U IIPEJICTaB/IET COOON BBIMYKJIBIHI MHOTOI'DAHHBIN KOHYC. Y 9UTbIBasi, ITO

U K(z) =R,

zeX

COBOKYIIHOCTD BeeX Konycos K () HasbiBaeTcs KomychviM pasbuenuem mpocTpancTsa RE
o mHOkecTBY X. KoHycHoe pasbuenne siBjisieTcsi aHAJIONOM JuarpaMMbl BopoHoro, B
TOYHOCTH COBIIaJad C HeI'./‘I7 €CJIM €BKJIMJOBbBI HOPMbI BCE€X TOYEK MHOXKECTBa X PaBHDBI
MeXK/1y COOOii.

Paccemorpum rpad konycnoro pazbuenus. Ero BeprmmnaMu ciiyzKaT KOHYChI pasoune-
Hust, a JBa Kouyca K () u K(y) aBJIsioTcst CMEsKHBIMU TOT/Ia U TOJBKO TOTJIA, KOTrJIa OHI
UMeIOT OOIIYIO MUIEePIPaHb:

dim(K(x) N K(y)) =d— 1.

O6o3HaunM gepes w(X) MIOTHOCTH, WIH KJIUKOBOE YUCJIO, T.€. YUC/IO0 BEpIINH B HAW-
GosbIneil Kamke, rpada KoHycHoro pastmenns K mpocrpanctsa R? mo MHOXKecTBY X.
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UsBecTHO [2], 9TO TPYIOEMKOCTH AJITOPUTMOB HPSMOIO THIIA, UCHOJIB3YIONIUX TOJIBKO
JIMHEHHbIe CPABHEHHUS, 10 MOUCKY MaKCHMyMa (MJIM MHHHMYMA, €CJIM MMOMEHSTh 3HaK
HepaBEeHCTBA B OIPe/Ie/IeHIN KOHYyCa) JIMHEHHOI 1ieeBoit hyHKInu (¢, r) Ha MHOKECTBE
X, um, 9T0 TO XKe caMoe, HaXOXKICHHUIO KoHyca K (), KOTOpOMY IPUHA/IEXKUT IeIeBOIl
BEKTOD ¢, He MOXKeT ObITh MenbIe 3uadenns w(X ) — 1. Takmm obpazom, w(X) sBisercs
HEKOTOPOH yCJIOBHOM XapaKTePUCTUKOI CJIOKHOCTHU 38189 KOMOMHATOPHON OIITHMU3AIUK
B IIIHPOKOM KJIACCE AJTOPUTMOB.

Ompenennm wepe3 M (X) Boimykiyio obosouky X: M(X) = conv(X). Bermykiioit
060JI0UKOi KOHETHOIO MHOKECTBA TOYEK CJIY?KUT BBITYKJIbIi MHOIOTDAHHWK, KOTOPBIi
HA3bIBAETCsI MHOTOMDAHHUKOM 3ajaqdu. OTMeTHM, 9YTO JiIs KOHYCHOIO Da3OHeHUsi HaJl
BceM npocTpancTeoM RY (1) mmeeT MecTo cremytomiee yTBepsKaenue [2).

JIemma 1. Jlse sepwunot x uy mmozoeparnuka M(X) cmesrcnov, mozda u moavko moeda,
ko2da konyco, K(x) u K(y) umerom obwyro eunepepan.

TaknM 06pa3oM, I KOHYCHOTO pasbuenus mpocrpancTsa R? o muoxkectBy X rpad
COBIAJIAET ¢ MOJU3IPAILHBIM TpadoM MHororpantuka M (X)), MHOXKECTBOM BEPINUH KO-
TOPOT'O CJIy?KUT MHOXKECTBO T€OMETPUIECKUX BEPINH (B JIAHHOM cjrydae 310 X ), a MHO-
JKECTBOM pebep — COBOKYITHOCTH I'€OMETPUIECKUX pedep, T.e. MHOXKECTBO OJHOMEPHBIX
rpaHeit.

AHaJIOrmIHO CTPOSITCS KOHYCHBIE PA30MEHNsT TI0JIOKUTETLHOIO OPTAHTa, Ri JUTST 3818
Ha MaKCUMYM U MUHUMYM

Kiu(@) ={c € R {e,2) > (c,y), Yy € X}, (2)

(@) = {c € RL: (e,0) < (eyy), Vy € X}, (3)

m.

v

DTa KOHCTPYKIIN, B CBOIO OUEPE/lb, SIBJIAETCA IBOMCTBEHHON K IOJIUSAPY 3aa491, KOTO-
PBIiT olpeiesisieTcd KakK JOMUHAHTA BBITYKJIOW 000JIOUKH MHOXKecTBa X :

dmt(X) = conv(V) + R%,

¥ TIPUMEHSIETCS [IPU aHa/In3e 3a/[ad ¢ HeOTPUIATEIbHBIMI UCXOAHBIMI Janabivu [13]. B
HaIllEM CJIydae 5TO HeOTPHUIATe/bHbIe Beca pebep.

N3yuennio o [pajbHbIX TpadoB MHOTOIPDAHHUKOB, I'PadOB KOHYCHBIX pa3bueHuii
¥ MX B3AMMOCBSI3U CO CJIOKHOCTBIO 3aJ1a4 KOMOMHATOPHON ONTHMH3AIUK IOCBSIIEHO
6oJibImIoEe Yncsio padbot. B wacTHOCTH, OBLIN TOJIyYeHbl PE3YIbTaThl JII MHOIOTPAHHUKOB
3a/1a41 KOMMEBOsIZKepa [1] n 3a1a1 06 OCTOBHOM JIepeBe TIPH JIONOJHUTEIbHBIX OIPAHIIe-
HUSX 4], & TakzKe JJIs1 HEOTPUIATETbHBIX KOHYCHBIX PAa3OUEHH JIst 33/1a4 0 KpaTJaiirem
¥ caMoM JiTMHHOM 11y TH [5], 3a1a4u o paspese |3, 8] u MHOrHX Apyrux [2].

2. CoasaHncupOBaHHBIN MOJHBIN JBYI0JbHBIN IOATPad

Teopema 2. 3adavwa WBCBS asasemcsa NP-mpyonodi.

Joxasamenavcmeo. OrpaHuanMcsi paCCMOTPEHUEM 3a/1a’i Ha MaKCUMyM. PaccykieHust
JJId cJiydad Ha MUHUMYM IIPOBOAATCHA ITOJITHOCTBIO aHAJIOTUYIHO.
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Paccmorpum asymonbhbiit tpad G = (U, V, E), |U| = |V| = n. [loctpoum B3BeIeH-
HBIIT TTOJTHBIH JBY101bHBIH rpad G* = (U, V, E*) ¢ dyHkiueil BecoB Buja:

(i, ) = 1, ecim (i,j) € E,
7) =1 0, B nporueHOM cityuae.

B rpade G* naiinercs rakas 6ukiuka x, aro |U,| = |V,| = k, ¢ cymmapHbIM BecoM pe-
Gep k? (3T0 MakcMMaJIbHO BO3MOYKHBIH Bec k-cOa/laHCHPOBAHHOTO TIOJTHOTO JBY/I0JILHOTO
nojrpada) Torja U TOJBKO TOIJIa, KOrjia & siBjiseTcst bukimkoii B rpacde G. NP-nosmast
zagada BCBS nmosmmHOMuBamsHo cBoguTes K 3amade WBCBS, coorBeTcTBeHHO TOC/IEIHSAS
apisiercda NP-TpyaHoil. [

Sameuarue: B cTaThe /Ui yA00CTBa UCHOIB3YIOTCA Beca pebep Buga —1, 0, 1 u +o00.
OtmeTuM, 9TO B CHJIy KOHEYHOCTH UUCIa pedep B MOJHOM Tpade MOCeTHIe MOYKHO
3aMEHUTh Ha TaKWe IeJible TOJOKNTebHbIe Beca {ay, Gy, a3, a4}, ITO JIs JFOOOTO i BEC
a; cTporo 6OJIbIIle CyMMapHOTO Beca BceX pedep a;_1.

Kaxomy pmomycrumomy pemennio x 3agadun WBCBS, To ectsh kaxgomy k-cHaran-
cupoBannomy nojarpady rpada (G, comocTaBUM XapaKTePUCTUYECKHUIT BEKTOP U3 IPO-
crpancTsa R™ 10 cieiyomeMy npasuLy:

. { 1, ecmi € U(x),j € V(x),
,] T

0, B TpOTHBHOM CJIyYae.

O6o3na4nM "epe3 X, , MHOYKECTBO XapaKTEPUCTHYECKIX BEKTOPOB BCEX JOIYCTHMBIX
peleHnii 1 pacCMOTPUM MHOTOTPAHHUK 3aJa91 O B3BEIIEHHOM COAJIAHCHPOBAHHOM I10JI-
HOM JiByz0sibHOM niogrpacde W BCBS(n, k) = conv(X,, ), a TakKe KOHyCHOe pasbuemnue
K, npocTpancrsa R™ 1o mMHOKecTBy X, . Hepes ¢ € R™ OIPEJIEJTUM BEKTOP C BeCaMu
pebep rpacda G. Torma cymmapnsbiit Bec pebep nmoarpada (G, paBeH 3HAYEHHUIO IIEJIEBOI

byuknuu (c, ).

JIemma 2. /Jlse sepwunnve © uy muozoepannuxa W BCBS(n, k) cmeorcnv mozda u moav-
K0 moeda, Koeda coomeemcmeyruLue 06YAoAbHbIE N0J2PaPvl He UMENM 00wWUT doset:

Uz) # U(y) uV(z) # V(y),

Aub0 doau 6 0dHoTl wacmu cosnadarom, a 6 dpyzotl OMAUNAIOMCESA He bosee dem 00HOU
8EPULUHOU:

Ulz) =
1%

Jlokasameavcmso. B cuty Jlemmbl 1 emexknocTs Bepiina Muororpanuuka W BC BS(n, k)
PaBHOCHJIbHA CMEXKHOCTU KOHYCOB B pasbtuenun K, ;. [IpoBesem j1okazaTesbCTBO € TOUKN
3peHnsi KOHYCHOIO Pa30ueHus.

IIycte x,y € X, k. Cmexnocrs komycos K, () u K, (y) o3nadaer, uro maiiger-
cd TaKoOil BEKTOp ¢ € R”Z, 9YTO B KOHYCHOM pasbmeHHn K, ; BEKTOD ¢ IPUHAJJICIKUT
HCKJIIOUNTETbHO KoHycaM K, ,(z) u K, k(y) (KOHyCcBl nMeroT 00IIyto ruineprpans )

Je e RV Vz € X\, y}: (e,z) = (e,y) > (¢, 2). (4)
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[Tycrs moarpadsl o u y He nmeroT obmux goseit. [loctponm BekTOp Becos pebep ¢ 1o
caenytormemy npasuiy (Puc. 1):

(5)

0, B IPOTHUBHOM CJ/IydYae.

/ \

. _{ 1, ecmi€U(x),j € V(x)mmieU(y),jeEV(y),
1, —

Puc. 1: Oyuxius BecoB 1 cOaaHCUPOBAHHOIO Torpada 6e3 odImx j1oeit
Fig. 1. The weight function for a balanced subgraph without common parts

B Trakom cirydae moJrydaem

(e, x) = (c,y) = k?,

U 3TO MaKCUMaJILHO BO3MOXKHBIN Bec k-cOalaHCupOBaHHO# OMKJIMKHN B Tpade.
Pacemorpum nponssosbablit mogrpad z € X, \{z, y}.

e Eciu 2z Byoyaer xors Obl OJiHYy Bepiuuny B joJe U, we npunajexantyio U(x) U
U(y), To {c,z) < k?, Tax KaK Bce pebpa UHIUIEHTHBIE STON BepIIMHE UMEIOT HyJIe-
BOH Bec.

e Eciu z Brimovaer B jose U kak Beprmubl u3 U(x)\U(y), tak u u3 U(y)\U(x),
Torja B mpasoit jose V' smms Beprmnsl V(z) NV (y) uMeoT ¢ HEME HEHyJIeBble
pebpa onHospemento. Ho |V (x) NV (y)| < k, a 3Haunt, X0Ts1 661 0OJTHO PEOPO MMeeT
HyneBoit Bec, u {c, z) < k2.

e Ecom U(z) = U(z) (U(z) = U(y)), T0O cireiyer aHAJOTUYHO PACCMOTPETH JI0JI0 V'
¥ [I0Ka3aTh, 9TO 1Ipu 2 # = (2 # y) noayqaem (¢, z) < k2.

Takum o6paszom, konycsl K, x(x) u K, 1 (y) cMexkusl mo yerosuio (4).

[Iycts nogrpadsl © 1 y COBIAJIAIOT B OJHON JjloJ1e. Be3 orpanndenus obIiHOCTH OY-
neM cuanrars, aro V(z) = V(y). llycers |U(x)\U(y)| = 1. Ilocrpoum BekTOp BecoB c
caemytomero suja (Puc. 2):

1, ectui € U(x)NU(y),j € V(z)=V(y),
ci; =4 0, ecmieU(x)AU(y),j € V(z)=V(y),

—1, B mpoTUBHOM cJiiy4ae.
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Puc. 2: Oyukius BecoB 15 cbaIaHCUPOBAHHOIO Hojrpada ¢ odIeit JoJreit
Fig. 2. The weight function for a balanced subgraph with a common part

[To nocTpoennto mosrydaem
<C7 .T) - <C? y> = k(k - ]')
Paccmorpum npoussosbubiit noarpad z € X, x\{z, y}.

e Eciu z Britouaer xors Obl 0JiHYy BepriuHy B joje U, He npunasexantyo U(x) U
U(y), To Bce pebpa, HHIUJICHTHBIE 9TON BEPIINHE, UMEIOT OTPUIATE/ILHBIH BeC, 1

(c,2) <k(k—1)—k <k(k—-1).

e Ecsm z Brmouaer o6e Beprunst u3 U(x) AU (y), TO HHIUIEHTHbIE ©M pebpa IMEIoT
HYJIeBOW W/ OTPULIATEJILHBINA BEC, U

(c,2) < k(k—2) <k(k—1).

CoorsercrBenno, KoHycol K, x () n K, ;(y) ABISIOTCHE CMEKHBIMH.
Ocraercst pacemorpers ciydait |U(x)\U(y)| > 2. O6o3natdum depes

a=|Ux)NU®y)| <k-2.
Torga cummerpndaeckas pasnocts U(x) AU (y) cogepxkut 2(k — a) BepIIMH U3 KOTOPBIX

MO?KHO BBIOpaTh k — a BepIIuH
2(k —a) _
k—a ) —

pazimanbeiME criocobamu. CrefoBaresnbHo, HaitayTesa takue nogarpader z,t € X, \{z, y},
4TO

Takum ob6pasom,
(c,x) +{c,y) = (cxUy) + (e, xNy) = (¢, z2Ut) + (¢, 2Nt) = (¢, 2) + (¢, 1) ,

" XOTd ObI OJuH U3 nojArpadoB z win t uMeeT Bec He MeHbIHil, yeM x u y. Konycer
K (z) n K, x(y) He SIBIAIOTCA CMEXKHBIMI. O
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Teopewma 3. [Lromnocmov noausdparvhozo epaga mrozoepannura W BCBS(n, k) sadawu
0 836EULEHHOM COUAGHCUPOBAHHOM TONHOM 08YIOALHOM Nod2pade C8ePTNONUHOMUAALHA
no napamempam n u k:

w(WBCBS(n, k) > (Z) —Q ((%)k) .

Joxasamenavcmeo. PaccMoTpUM MOJIMHOXKECTBO k-COAIAHCUPOBAHHBIX JIBY/I0JILHBIX 10/I-
rpacdos Y, C X, ; cieryoniero Buja: 3alyMepyeM Bce BePIIMHbI B KazK10# JloJ1e Juc-
JlamMu ot 1 710 m, u OyJaeM paccMaTpUBATDh JIUIIb TOJArpadbl ¢ OJIMHAKOBBIMU HOMEPAMMU
BLIODAHHBIX BEPHINH B JIeBOH 1 mpaBoil monax. Jlobsle nsa moarpada z,y € Y, me
UMeIOT OOIuUX J10J1edl, cjieJIoBaTeIbHO, 1o JlemMe 2 cOOTBETCTBYIOIINE BEPIIUHBI MHOTO-
rpaunuka W BCBS(n, k) asasaiorcs cMexxubiMi. COOTBETCTBEHHO Y, j 00pa3yeT KInKYy
B HIOJIM3/IPAJILHOM I'pade MHOTOIPAHHUKA 3a/1a41

n
Yokl = .
ol = ;)

AcuMmroTriecKkast HUKHsISI OIEHKA SBJISIETCS CTAHIAPTHON I IMCJIa COUeTAHUI. O

3. MaxkcumaJibHBIl MOJHBIN JABYA0JbHBIN Toarpad
Terteps obpaTuMcst K HecOAJIaAHCUPOBAHHOMY CJIYYalo.
Teopema 4. 3adavwa maxW CBS sasasemca NP-mpyonofi.

Jloxazameavcmeo. Bocnonb3syemcst paccyzkiaeHueM it Teopembl 2. PaccmoTpum JiBY-
noabHBI rpad (G, BceM pebpaM HasHaIUM BeC 1 M JIOMOJIHUM €ro JI0 HOJIHOI'O B3BEIeH-
roro rpada G* pebpamu Hyaesoro seca. B rpade G* maiinerca 6ukamka  Beca k? Torma
1 TOJIBKO TOTJIa, KOTJa T sIBJIfeTcs k-cOaaHCHpoBaHHON OUKJMKoil B rpade G. 3amada
BCBS nonuaomuaabao ceoauTes K 3agade max WCBS. O]

[To anamorum co cOATAHCUPOBAHHBIM CJIYIAEM KayKIOMY JIOIYCTHMOMY DEIIEHUO 3a-

o 2
mgaan maxWCBS conocrasum xapakrepucruieckuii sexktop x € R . Obosznaunm uepes
X!, MHOKECTBO XapaKTePHUCTHIECKNX BEKTOPOB BCEX JOMYCTUMBIX PeIeHnii i paccMoT-

max

2
PUM HEOTPHIIATEIbHOE KOHycHOe pazbuenue K"i* nopoxurensaoro opranta R’ 1o muo-
JKecTBY X', JUUIA 3a/1a4d Ha MakCHMyM (2).

Teopema 5. [lromnocmov epaga kornycrozo pasbuenus K" zadavwu o 636ewen om noa-

HOM 06YAONOHOM Nod2pade CEEPTNONUHOMUANLHA TO Napamempam 1 U k:

w(Kmae) > (Z) :Q((%)) onn k = 2s,
W(KTe) > (”;1> :Q<(n;1)) on k=25 + 1.
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Aoxaszamensvcmeo. st geTHOro k MOYXKHO BOCIIOJIB30BATHCA KOHCTPYKITHEH U3 J0Ka3a-
TeIbeTBa TeopeMbl 3 ¢ OIMHAKOBBIM BLIDOPOM BEPINUH B JIEBOH U 1IpaBoil goJisax. Heorpu-
1aTe/IbHbIe KOHYChI S-COATaHCUPOBAHHBIX OMKJIMK O€3 OIMHAKOBBIX J10J1eil Oy 1y T IomapHo
CMEXKHBI 110 ycsioBuiO JleMmbr 2. OTMeTnM, 9TO IPH JOKA3ATEIbCTBE 9TOW YaCTU KPUTe-
pHsi CMEXKHOCTHU UCIIOJIb30BAINCH HeoTpunaresbhbie 0/1-seca (Puc. 1).

Bapuant ¢ meuernbiM k cBojiuTCd K UeTHOMY. 3adUKCUDyeM B JIEBOI U IIPaBOil J10-
JIgX 10 ojiHoi Bepmune. Hampumep, Bepmunbl ¢ HOMepoM n. PaccMOTpuM MHOXKECTBO
Yn%ax,Z[By,ZLOJIbeIX noArpadOoB CJIeAyIONero Buia;

U,| =s,U, C{1,2,3,...n— 1},
V()] =s+1,{n} € V(2),

COJIEPZKAIlAX BEPIIMHY C HOMEPOM 7. B IIPaBOil JI0JI€.

Hna mobeix aByx moarpados @ n y u3 Y} MOXKHO MOCTPOUTH BEKTOD BECOB C 110
npasuy (5). [loarpads! 2 1 y MeroT MaKCHMAaJIbHO BO3MOXKHBI BeC /711 OUKJINK ¢ 25+ 1
BEPIITMHAMMU:

(e,2) = (e, ) = (s +1).

JIroboit nBymonbHBIH noarpad z, BRIOUaonmii Bepumael e u3 U(z) U U(y), nm
onuospemenno Bepiunel 13 U(z)\U(y) u U(y)\U(x), 6yner umers menbmmii Bec. Ciie-
JIOBATEJILHO, 110 YCJIOBHIO (4), KOHYCHI p(z) m g"‘,‘jx(y) cMexkHbl, a Y™ obpasyer
KJINKY B I'pade KOHYCHOTO pa3dueHus. Y UNThIBasi UCK/IIOUEHIE BEPIINHBI C HOMEPOM N,
crydail HedeTHoro k CBOJIUTCA K 4eTHOMY B rpade ¢ n— 1 BepmmHoii B KaxK10i j1oae. [

BaMeTnM, 9TO BCe Pe3yJsIbTaThl U J0Ka3aTe/IbCTBA /I 331a9l O MAKCUMAaJILHOM I10JI-
HOM JIBYJIOJIHOM TO/iIrpade MOBTOPSIOT aHAJOTUYHbIE I ¢OATAHCUPOBAHHOTO CJIyYasi.
D10 0XKMTAEMO, YIUTHIBAs, UTO 1T MAKCHMU3AIMN qucia pebep (BecoB pebep) HMCKO-
MBI TToArpad J02KEH ObITh MAKCUMAJILHO OJIM30K K cOatancupoBannomy. [l 3amaqn
Ha MUHUMYM CUTYyallndsi Oy/1eT HECKOJIBKO UHOIA.

4. MwuHNMAJbLHBIA OOJIHBIN JABYIO0JbHBIN mmoarpad

Teopema 6. 3adavwa minWCBS asasemcs NP-mpyonot.

Joxaszamenavcmeo. Paccmorpum JByo b rpad G ¢ pebpamu JIBYX BO3MOMXKHBIX Be-
cos: 1 u n%. ByzeMm cuuTaTh, 9TO BMECTO BLIOOpA BEPIIMH B HOArpad MbLI HCKIIIOUACM
BEPIINHBI ¥ BCEe MHITUJIEHTHBIE UM pebpa u3 mostHoro rpada. Torma 3agada minWCBS o
MOUCKE JIBY/IOJILHOTO mojirpada na k BepIimHax MUHUMAJIHLHOTO BeCa SKBUBAJICHTHA 3a-
Jlade O TIOUCKE TIOJIMHOZKECTBA U3 21— k BEPIINH ¢ MAKCUMAJIBHBIM IUCIOM HHITAIEHTHBIX
pebep Beca n? I UCKJIIOUEHUA. 3aMeTHM, 9TO CyMMapHBIH BKJaJ Beex pebep Beca 1
MeHbIIIe BKJIaJ1a oJHoro pebpa seca n?. [TocTpouM HeB3BeIIeHHbI ABY10IbHbI Ipad G,
yrnauus u3 G Bce pebpa equHuvdHOro Beca. PaccMmarpuBaeMas 3a/1a4ua ABIICTCS 3a1a9ei
0 MAKCHMAJbHOM ¢-BEPINUHHOM TOKPBITUH B rpade G* 1isg g = 2n — k.

MakcumasbHOE ¢-BepIIMHHOE MOKpbITHE (maximum ¢-vertex cover). 3ajan
rpad G = (V, E) n nonoxuresnsnoe nenoe ¢ < |V|. Haiitu mogMHOXKeCTBO BepuimH
U C V ¢ HanbGoJIbIuM 9UCIOM UHIMJIEHTHBIX pebep, Takoe uro |U| = q.

Bajiata 0 MAKCUMAJIBLHOM @-BEPITUHHOM MOKPBITHH siBjisieTcst NP-TpyHoit gaxe jiist
JBYI0JBHBIX Tpados [6,15]. ]
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min n? u
PaCCMOTpI/IM KOHYCHO€ pa361/IeH1/Ie n.k IIPOCTPpaHCTBa R+ 110 MHOZKECTBY Xn,k Xa~
PaKTEPUCTUIECCKUX BEKTOPOB JOIIYyCTUMbIX peHIeHI/Ifl mmWCBS JJId 3aa91 Ha MUHUMYM

(3). O6ozHaTIM: .
- 2]

9
k:3su1m<k<3m, (6)

Teopema 7. [Iycmo

min

mozda naommnocms epaga Konycrozo pasbuerus K'Y 3adavu 0 MUHUMAANOHOM 636€UWeH-
HOM NOAHOM 08YJ0ALHOM Nodepade CEEPINOAUHOMUAALHA NO napamempam n u k:

ey (%) =2

Joxazamenvcmeo. Bes orpanndenust oOIHOCTU OYIeM CIATATh, 9TO N = 2m. B mporus-
HOM Cﬂyqae MOZKHO BbI6paTb I10 BepHII/IHe B Ka}K,ZLOI';I J0JIe 1 NCKJ/IIOYUTDb UX U3 ,Z[a.HbHefI—
IIUX [IOCTPOEHUil.

Pazobpem MHOXKeCTBa BepIIUH B KarKJIOH J10J1€ Ha JIBa PABHBIX HEIePeCeKaIONNXCs
noaMuoxkecTBa U = U U Uy, V = V3 U Vs, BHEyTpu KazKk10r0 MHOXKECTBa 3aHyMepyeM
BEPIIUHBI YUCIAMUA OT 1 710 m.

Paccmorpum MHOXKECTBO Yn’ﬁf" noaArpadOB CJIEAYIONIEro BUIA: I JIIOOOTO ITOIMHO-
ZKEeCTBa,

{z1,29,...,25} C{1,2...m}

MBI CTPOMM JIBYJIOJIbHBIA mojrpad =, BKIOYAIONINI BEPIIUHbI ¢ HOMEpaMU {1, ..., Ts}
u3 muoxkects Uy, Vi n Vs,
[ToxkazkeM, 9TO KOHYCBI peleHnit n3 MHOXKeCTBa Y,')" SBJIAIOTCH IIOIIAPHO CMEZKHBIMU.
min
Pacemorpum gBa npoussosibabix noarpada x,y us Y,'p". llocrponm dyHKnmio Becos
pebep ¢ caenytomero suga (Puc. 3):

0, ecm t € U(x)\U(y),j € V(x),

uma @ € U(y\U(z),j € V(y),
Cij = wi i € U(x) UU(y),j € V(z)NV(y),
1, ecmni € U(x)NU(y),j € V(x)AV(y),

00, B IIPOTUBHOM CJIyYae.
Iycrs |U(z) NU(y)| = a, Torna
{c,x) = (c,y) = 2a(s —a). (7)
OTrmeTnM, 9YTO IO MOCTPOCHUIO MHOXKECTBA Yn’%":
2s—m <a<s. (8)
PaccmoTrpuM nipons3Bo/IbHBIN ABYI0IBHBIN TIOJrpad z ¢ unciom BepmuH k = 3s.

e Ecin z Bkyouaer xorst Obl 0JiHy Bepiuty B jojie U, He npunayiexartyto U(x) U
U(y), o (¢, z) = 00, TaK KakK BCe MHIUJEHTHBIE 9TOIl BepimHe pebpa nMerT Hec-
KOHEYHBIA BEC.
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Puc. 3: Oyukius BecoB Jjisi MUHUMAJILHOTO HecOAJIaHCUPOBAHHOIO TO/rpada
Fig. 3. The weight function for a minimum unbalanced subgraph

e Eciu z Brmogaer B nojse U kak Bepruabl u3 U(x)\U(y), tak u u3 U(y)\U(z), T0
B mpaBoit goste V' mms Beprimusl V(x) NV (y) uMeoT ¢ HuMu pedpa KOHETHOIO
Beca OJIHOBPEMEHHO:

V(z) NV (y)| = 2a,
U(z) UU(y)| =25 —a,
(2s —a)+2a=2s+a<3s=k.

Hns nBynosibHOTO mosirpada 2z KOHEYHOTO Beca B JJAHHOM CJIydae He XBaTaeT Bep-
IIT7H.

e Ecim U(z) C U(z), n z BrinodaeT xorst 061 ofny Bepruny u3 U(x)\U(y), To B
OpaBofl JI0JI€ TOJIBKO BEPIIUHBLI U3 V(a:) UMEIOT C BBIOpAHHOI BepIINHON pebpa
KOHEYHOTO Beca. B manHoM cirydae ecan (¢, z) < 00, 1o z = x. Ciiydaii ¢ BepIinHoi
u3 U(y)\U(z) paccMaTpuBaeTcs aHAJIOIHIHO.

e Eciu U(z) CU(x) NU(y), Torga
(c,z) = b(3s — b — 2a), (9)

riae b = |U(z)|. Ilo mocrpoenuto Besmanna b ya0BI€TBOPSIET CJIEIYIONIUM OIPAHI-
YEHUSM:

3s—2m < b <a. (10)

[Tpeamonoxkum, aTo Bec noarpada z (9) He npesocxoaut BecoB x u y (7), Toraa, ¢
? Y Y
yaeroM HepaBeHCTB (6, 8, 10), BBINOJIHSIETCSI CJIeIyOMas CUCTeMA:
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b(3s — b —2a) < 2a(s — a),
Sm<s<m,

2s —m < a < s,

3s —2m < b <a,

m,s,a,b >0,

KOTOpas He MMeeT peIleHuil HU [pH KaKuX 3HAYeHHAX IapaMeTpoB m, s, a,b. Takum
obpazom, Bec Jioboro moarpada z crporo 6osbiine BecoB x u y. [lo yemosuio (4) KoHych
mn(x) m K (y) emexknbl, a Y™ obpasyeT KJIHKY B rpade KOHYCHOTO pa3OHeHHsI.

[To mocTpoenwuto, noyrydaem
k
, m 3n |3
ymin| o) e

5. 3akKJIloueHue

3ajiaun 0 MOCTPOEHUN ONTUMAJIBHBIX JIBYJAOJBLHBIX MOArPad OB MCCIETOBAIUCH MHO-
IUMH aBTOPAMU M UMEIOT MHOXKECTBO IPAKTUYEeCKNX IpuMeHeHwit. /[g Tpex paccmar-
pUBaMBIX 33/1a49 O cOaJIaHCHPOBAaHHOM Io/irpade ¢ MPON3BOJIBLHBIMU BecaMu 1 HecOaJsIaH-
CUPOBaHHBIX Ho;[rpacbax MHHUMAaAJIBHOTO U MaKCHMaJIbHOI'O BeCa C HEeOTpUullaTeJIbHBIMNI
BecaMm ycTaHOBJIeHBI NP-TiosTHOTa 33781 1 CBEPXIIOIMHOMAATbHbBIE IIJIOTHOCTH T'padoB
MHOTOI'DAHHUKOB M KOHYCHBIX pas0menmii. Bo Bcex Tpex ciiydasax HoJndpaJibHbIe Xa-
PaKTEPUCTUKN KOPPEJTUPYIOT CO CJIOKHOCTBIO 3aJaN.

OTMeTI/H\/I, 9To 3a/a49a O MHUHHUMAaJIbHOM IIOJIHOM JABY/IOJIbHOM Hozu“pacbe ABJIAETCA
NP-Tpyanoit, mpu ToM, 4yro G/im3Kad 3ajiada O CyIIECTBOBAHUM HECOATAHCUPOBAHHOIO
JIBYJIOJIBHOTO TIo/irpada Ha k BepIIMHAX OJMHOMHUAJILHO paspeninMa. Bo3MoKHO, nMeH-
HO B cBaA3u ¢ >tuM 3ajada minWCBS okazamach Hanbosiee TpymHONM i aHaIM3a, a
BOIIPOC O CJIO?KHOCTH JIBOMCTBEHHOU 3a/1a9M O MAaKCHMAaJbHOM @-BEPIIMHHOM HOKPBITUN
B JIBYJIOJIHHOM Tpade ObLI OTKPBIT B TeUeHHe MHOIHX Jietr [6).
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Abstract. We study the polyhedral properties of three problems of constructing an optimal biclique
in a bipartite graph. In the first problem we consider a balanced biclique with the same number of
vertices in both parts and arbitrary edge weights. In the other two problems it is required to find
maximum or minimum unbalanced bicliques with a fixed number of vertices and non-negative edges.
All three problems are established to be NP-hard. We study the polytopes and the cone decompositions
of these problems and their 1-skeletons. We describe the adjacency criterion in the 1-skeleton of the
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balanced biclique polytope. Clique number of 1-skeleton is estimated from below by a superpolynomial
function. For both unbalanced biclique problems we establish the superpolynomial lower bounds on the
clique numbers of the graphs of non-negative cone decompositions. These values characterize the time
complexity in a broad class of algorithms based on linear comparisons.
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Anam3 TUIIN3UPOBAHHBIX 3aBUCUMOCTEN BKJIIOUECHUS
C HeolpeJeJIC HHbIMI 3HAaYCHNAMN

3wikua B. C., 3pikun C. B.

noayuena 24 aszycma 2016

Awnunoramusi. Heompenesiennbie 3Ha9eHns CTaIN aKTyaJbHON MPOOJIEMOil ¢ MOMEHTa CO3/IaHUS Pe-
JISITIHOHHON MOJIE/N JIAaHHBIX. BiMsgHue HeolpeeleHHOCTe CKa3bIBAETCsT Ha BCEX BUJIAX 3aBUCHUMOCTEIR,
HCIIOJIb3YEMBIX [IPU IPOEKTUPOBAHUU M IKCILTyaTAInU 0a3bl MAHHBIX. B MOTHON Mepe 9TO OTHOCUTCS U
K 3aBHCHMOCTSIM BKJIFOUEHHS, KOTOPBIE SIBJISIIOTCSI TEOPETHIECKOW OCHOBOM CCHIJIOYHOM I€JIOCTHOCTH Ha
jganHble. [[oNbITKY pereHnst yKa3aHHOM MPOOJIEMbI COIEPYKAT HETOYHOCTH KaK B MOCTAHOBKE 3aJ[adu,
TaK M B CAMOM ee periernu. K moCTaHOBOYHBIM OIMTMOKAM MOXKHO OTHECTH HWCIIOJb30BAHUE B OIpeeie-
HAY HETUIIM3UPOBAHHBIX 3aBUCUMOCTEH BKJIIOUEHNUs, YTO IPUBOINUT K [IEPECTAHOBKAM aTPUOYTOB, XOTS B
TEXHOJIOTUSX 0a3 JaHHBIX aTPUOYTHI UACHTUMDUIINPYIOTCS IO UMEHH, a He 1Mo uX mo3uiun. Kpome Toro,
CBA3bIBaHNE 3aBUCUMOCTBIO BKJIIOYEHUA PA3HOPOIAHBIX, IIYCTH JlazKe OJHOTUIIHBIX, anI/I6yTOB ABJIAETCHA
[IPU3HAKOM IIOTEPSTHHOM (DYHKIIMOHAJIBHOI 3aBUCUMOCTUA M IIPUBOIUAT K B3aMMOJEHCTBUIO HETPUBHAJIb-
HBIX 3aBUCHUMOCTEI BKJIIOUEHUsT U (DYHKIMOHAJIBHBIX 3aBUCAMOCTE. 3aBUCUMOCTH BKJIFOUEHUS JOJIZKHBI
OIIPENIEJIATh KOJIMIECTBEHHOE COOTHEeCeHnE OOBEKTOB IPYT C APYTOM, a He 3HadeHuit arpudyTos. Herou-
HOCTH B DEINIEHUN yKAa3aHHOM MPOOJIeMbl cojiep:KaTcs B (hOPMYJIUPOBKAX AKCHOM U JIOKA3ATEIbCTBE UX
CBOICTB, B TOM 9HCJIE IIOJTHOTHI. B 3TOil craThe mpejjaraercs OpUrMHAJILHOE peIeHne 3TOoi mpobJre-
MBI TOJIBKO JIJIsI TUITU3UPOBAHHBIX 3aBUCUMOCTEN BKJIIOUEHUsI [P HAJIMYNN HEOIpele/IeHHBIX 3HAYEHUI:
[IpeJJIO’KEHA CUCTEMa AKCHOM, JIOKA3aHa ee IOJIHOTAa U HelPOTHBOPEeYNBOCTb. Ha OCHOBe mpaBuml BbI-
BOZla pa3pabOTaH aJrOPUTM MOCTPOEHUS He M3OBITOYHOIO MHOYXKECTBA THUIN3UPOBAHHBIX 3aBUCAMOCTEN
BRUnToueHUs. JloKazana KOPPEKTHOCTb ITOTO aJITOPUTMA.

KuroueBble cioBa: 0a3a JJaHHBIX, 3aBUCUMOCTHU BKJIIOUEHUsI, AKCHOMATHKA, HEOIPeIeIeHHbIE 3HATEe-
HUS
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upiMu 3HadeHuAMuU", Modeauposanue u arnaius urn@opmayuonnux cucmem, 24:2 (2017), 155-167.
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BBenenue

[esoctHOCTH Gasbl manubix (database integrity) — coorBercTBue nMmeroreiics B 6a3e jan-
ueix (B/1) undopmanun jioruke coorBercTBytoOIIei npuk/iaHoi obactu. CebliovHbe
OrpaHMYeHNus eJOCTHOCTH Ha, JanHble (referential integrity) siByistrorcest OHUM 13 OCHOB-
HBIX BUJIOB OTPAHMYEHNI, KOTOPbIE MO3BOJIAIOT COXPAHUTH CTPYKTYPHYIO IETOCTHOCTD
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B/I. B 6oJibImHCTBE CYIIECTBYIOMUX cUCTeM yiipasiienus Oazamu ganubix (CYB/) mosu-
JePXKUBACTCA TAaKOMl BUJ OIpaHUYCHUI, M 3a/[aI0TCA ITU OlpaHUYEHUd B BUJE CBA3CH
(relationship) ua cxeme BJI.

TeopeTndeckoit OCHOBOI CCHIIOYHBIX OIPAHUYEHUN SIBISIOTCS 3aBUCUMOCTU BKJIIOYE-
HUs U UX B3auMOJIeficTBUE ¢ ApyruMu Bujamu 3apucumocteii. [Ipobiieme ncciemoBanms
3aBUCUMOCTEN BKJIIOUEHHS /IO CUX TIOP V/eJsdeTcsd BHUMAHUE CO CTOPOHBI MCCJIe/I0BaTE-
JIell, TIOCKOJIbKY, C OJTHOl CTOPOHBI, OCTAIOTCA HEPEIIEHHBIMU HEKOTOPhIE TEOPETUIECKHE
pobsiembl. C Ipyroit CTOPOHBI, IPAKTUKa UCIIOb30Bannsa BJ1 ¢dopmyaupyer HOBbIE Tpe-
OOBaHUsI K CCHLIOYHBIM OIPAHUYIEHUAM IE€IOCTHOCTH.

JI1s1 MeTOJIMIeCKOTO COIPOBOXKIEHUS TTOCIEYIONNX (hOPMAJILHBIX TTOCTPOCHUI pac-
CMOTPHUM JBa Ipumepa cxem B /1.

IIpumep 1. Ilycrh 3a/1aHO0 HEKOTOPOE MHOYKECTBO OTHOIIEHHI — PPArMEHT CXEMbI
BJ1 y1ebuoro 3aBesienust, 1/1ie MOIIECPKHYTHI KJIIOUE€BbIe aTPUOYTHI OTHOIICHMI:
Ry = Cmydermui (Ne crymgenta, Ne rpymmst, @UO crynenta);
Ry = Chnucox epynn (Ne rpymmst, Kox rpymmsr, Ne criermasnbaoctr, Ne kypea);
R3 = Ipedmemw, (Ne mpeamera, [Tpeaner);
R, = 9xsamen (Ne crynenra, Ne rpymmst, Ne mpejmvera, Ornenka);
Rs = Ammecmayus (Ne crymenta, Ne rpymmb, Ne mpeamera, Bu arrecramum, Basur).

B npumepe 1 nHa cxeme JJO/KHBI ObITH YCTAHOBJIEHBI CJIEYIONINE CCHLIOYHbBIE Or'Da-
HUYIEHUS 1IeJIOCTHOCTU: HeJIb3sI MOCTaBUTH OIEHKY 3a dK3aMeH JuO0 Oasll 1Mo aTTeCTaIn
0 TIPeMETY, KOTOPOTO HeT B oTHomeHnn R3. Kpome Toro, Hesb3s MOCTaBUTH OIEHKY
3a 9K3aMeH JIM0O0 0aJlI 10 aTTECTAIlUU CTY/EHTY, HHMOPMAIINIO O KOTOPOM He BHEC/IU B
B1. C apyroit croponsl, Mexk/ 1y oTHOIeHusiMu Ry 1 R5 Moryia ObITh yCTaHOBJIEHA CBS3b
o arpubyram (N crymenta, Ne rpymmb, Ne mpevera), KOTopasi COIep:KaTe/IbHO 3a/1aeT
cJIeaytoliee OrpaHNYeHne [EeJIOCTHOCTH: aTTeCTaIlsl CTYJEHTOB MOXKET OCYIIECTBIATHCS
TOJILKO TI0 TeM TIpeMeTaM, 10 KOTOPBIM MPOcTaBjeHa oneHka. OHaKO 9TO MPOTUBOPE-
YUT TPUKJIATHON 00JIaCTH, M TAKOrO OIPAHMYEHUs ObITH HE MOXKET.

IIpumep 2. Paccmorpum dparmenT cxembl B/l kuHOTEaTpa:
Ry = Quavmue (Ne dunbma, Hanmenosanue duibma, 2Kaup duibma);
Ry = Pacnucanue ceancos (Jara ceanca, Bpems ceanca, Ne zama, No dbuabma);
R3 = Busaemu (Ne 6unera, Jlarta ceanca, Bpems ceanca, Ne 3ama, Ne psima, Ne mecra).

B npumepe 2 Ha cxeme JIOIZKHBL OBbITH yCTAHOBJICHBI CJIE/IyIOIIAEe CChIIOMHBIC OIDAHU-
YeHHUs IeJIOCTHOCTH: HeJIb3s B PAclMCaHUU Ha3HAUYUTDL CeaHC, eCIM Hen3BecTeH (bUJIbM.
O1HaKO BO3MOXKHO IPOAATL OHJIET co cBOOOAHOI (HEOIpeIeIeHHOlt) NaToil HoceleHnsl,
1/um CBOOOIHBIM BpPEeMEHEeM, /Ui HEOIPeJeIeHHBIM HOMEPOM 3aja U T.J. DTO O3Ha-
YaeT, YTO OLpPEJICJICHHBIM 3HaYeHUAM B OTHONICHHU [ly MOI'YT OBLITH IIOCTaBJIEHBI B CO-
orBercTBue Heonpesenrennbie 3uadenns (Null) B Rs. U1 econ mosiBuTcs HEoGXOIMMOCTD
3aMEHUTH Heolpeje/ieHHble 3HadeHns B [l Ha omnpejeenHble, TO BBIOOD MOXKeT ObIThH
cJle1aH TOJIBKO M3 COOTBETCTBYIONIUX OIPe/IeIeHHBIX 3HadYeHui B .

B nmannoit pabore rpejiaraercs ucciegoanue hopMaabHON Teopuu st TUITA3UPO-
BaHHBIX 3aBUCUMOCTEH BKJIIOYEHUS ITPU HAJTMYIUN HEOIpeJIe/IeHHbIX 3Havenuii. Pazpabo-
TaHHAA TEOPUs UCIOIB3YETCH JIJId TOCTPOCHUS He N30BITOYHOIO MHOYKECTBA CCHIJIOTHBIX
OTPAHUYCHUIl IIEJIOCTHOCTH.
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1. O630p pe3yabTaTOB

dopmupoBaHre CTPYKTYPBI oTHOIIeHuit (Tabmui) Ha cxeme B/l ocymectsisiercs ¢ uc-
[I0JIb30BaHnEM (QYHKIIMOHAJIBHBIX 3aBUCUMOCTEH, MHONO3HAYHBIX 3aBUCHMOCTEH U 3a-
Bucumocreii coequnenus |1, 2]. OHAKO 3TUX 3aBUCUMOCTEH HEJOCTATOYHO JIJI yCTa-
HOBJIEHUA CCBIJIOYHBIX OFpaHI/I‘{eHI/Iﬁ IEJIOCTHOCTU ME2KIY CCbOpMI/IpOBaHHbIMI/I OTHOIIIE-
HUAMMUA. IL.HH 9TOI'0 IIEPEYUCJICHHbIC 3aBUCUMOCTU AOIIOJIHAIOTCA 3aBUCHUMOCTAMUN BKJIIO-
genusi. PopMasibHOE OMpeJiesIeHne 3aBUCUMOCTell BKIIIOUEHUsI TIPUBEIeHO B pabore |[3]:

nycrs U = {Aq, As, ..., A,} — MHOXKecTBO arpubyToB, onpejenenubix B B/, [R;] — MHO-
JKECTBO aTpuOyTOB, Ha KOTOPLIX ompejeseHo oruomenune Ry, [R;] C U, 1 < i < k,
R = (R, Ry,...,Rr) — BI, S={[Ri],[Ra],...,[Re]} — cxema BJI.

Omnpepenenne 1. [Tycmo [R;] u [R;] — cxemv omuowenuti (ne 06a3amenvro pasaiui-
noe), V C [Ri] u W C [Rj], |V| = |[W|, moada coomnowenue R;[V] C R;[W] naswesa-
eMCA 3A6UCUMOCTIDIO BKANOUEHUA.

B onpenenenun 1 |V| — momuocts muoxkecrBa V', R;[V] = 7y (R;) — npoexist 0THO-
menust R; o arpubyram V. 3aBHCUMOCTD BKJIIOUEHHST CIUTACTCS TUITM3UPOBAHHOI, €CJIn
V =W, B IpOTUBHOM cJiy4ae — HETUIU3UPOBAHHOII.

B sroit ke pabote [3| mpeacrapiena cucTeMa aKCHOM 3aBHCHMOCTEN BKITIOYCHMST:

e IND1) (pediekcusrocts): R;[X] C R;[X], ecin X — moc/1e/10BATEIbHOCTD OTIEb-
HBIX aTpudyToB R;.

e IND2) (mpoeruposamne u nepecranoska): ecin R;[Ay, ..., A, € R;[By, ..., By,
rorga R;[A;,, ..., A | C R;[B;,, ..., B;,] U Kax 101 IOC/IeI0BATEIBHOCTH i1, . . . , iq
Pa3IMYHBIX EJOYUCIEHHBIX 3HAYeHUH u3 MHOKecTBa {1,...,m}.

e IND3) (rpansurusaocTs): eciun R;[X| C R;[Y]| u R;[Y] C R;[Z], Toraa BbIIOIHEHO
Ri[X] C Ri[Z].

Orrocuresbro cucrembr IND1-IND3 B [3| mpejicraBieHo 10Ka3aTeIbCTBO MOJTHO-
ThI. BBUJLy OU€BUIHOCTH JJOKA3aTETHCTBO HETPOTUBOPEINBOCTH (HAIEZKHOCTH ) OITYTIEHO.
JleficTBUTE/ILHO, TIPU YCJIOBUHM OTCYTCTBUS HEOIPEJICJICHHBIX 3HAUECHUN JTOKA3aTeIbCTBO
HaJIe?KHOCTU aKCHOM CBOJIUTCS K COIIOCTABJIEHUIO CBSI3AHHBIX KOPTEXKel B OTHOIIEHUSX.
Bormpocsl Bo3HUKAIOT IPH aHAJIM3e J0KA3aTEeIbLCTBA IMOJHOTHI cucTeMbl akcnomM IND1—
IND3. IIpu nokazarenbcrBe yejioBud X F 0 = X = 0 ecjiu 3aBUCUMOCTDb 0 BBITIOJTHUMA,
(mormvecku ciepyer u3 ), TO ¢ BBIBOAMMA U3 Y ¢ HCIOJb30BaHmeM akcuom IND1-—
IND3, paccmarpusaercs npasuio (Rule) dbopmuposanust mpejcrasienust b1, koropoe
VJIOBJIETBOPSIET 3aBUCUMOCTAM 2. 3aTeM IoKa3aHo, 4To ecjau B B/l BbIoineHna 3aBucu-
MOCTh 0, TO OHa BbIBOJUMa u3 Y. IIpn Takoii cxeme jgoKasarTe/ibCTBa HEOOXOINMO TOKa-
3aTh BBIBOJIMMOCTD 0 JIJIst JII0O0Tr0 coctosinust B/, a He ToJIbKO e IMHCTBEHHOTO COCTOSTHUS,
MMOCTPOEHHOTO 110 TTpaBuTy. HecOMHEHHO, MOXKHO TIOKA3aTh BBIBOJIUMOCTh 0 JIJIsI JIIOOOTO
cocrosinust BJ1, Ho 910 B pabore [3| He caenano. Bo Becex octanbHbIX paboTax, IOCBSIIEH-
HBIX 3aBUCHUMOCTSAM BKJIIOUEHHS, JIOKA3ATE/IHCTBO MOJHOTHI CUCTEMbI AKCHOM CBOJIUTCS K
ceplike Ha pabory [3]. DTo Obuia oJHA U3 IPUIMH HATIUCAHUS JIAHHONW CTATHH.

Pasnocroponnuii ana/jim3 HETUNM3UPOBAHHBIX 3aBUCHUMOCTEN BKJIIOUCHUS ITOKA3AJI,
YTO TOJIHAS AKCHOMATU3AINs CYIIECTBYET 10 OT/EJbHOCTH JIJId 3aBUCUMOCTeH BKJIIOUe-
HUsT 1 (PYHKIIMOHATBHBIX 3aBHCUMOCTEN, TOT/Ia KAK COBMECTHO JIJI 9THX 3aBUCUMOCTEIH
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[OJTHAsT aKcroMaTu3arysi oTcyTeryer [3-5|. B uacTHbIX cirydasix, B TOM ducie Jjist OJIHO-
MECTHBIX 3aBUCUMOCTE BKJIFOUEHUs] U TPOU3BOJILHBIX (DYHKITMOHAIBHBIX 3aBUCUMOCTEI,
CYIIECTBYET TIOoJIHAs akcrnoMaTu3sars [6,7].

[IpomomkenuemM npobIeMbl B3aUMOJICHCTBIS 3aBUCUMOCTEN sABJICTCA TTOCTPOCHHUE CO-
orBercTByoMmux HopMaabHbX popM (IDNF), ocHoBanHBIX Ha HOpMaJbHOIT hopme Boiica—
Komya u ¢ orpanmdenneM B BUJe 3aBUCUMOCTEH BKJIIOUEHUS I AIMKJIMYECKAX CXEM
B/I [7,8]. Buepsbie ycioBus amukiamaaoctu cxem B 6pimu uceneposannt B [9]. CTpyk-
TypHas MHTEPIPETAINs 3aBICHMOCTEN BKJIIOUeHUs B BHUje rpada mnpejcrasieHa B [10].
XoTs HCCaeAyIOTCa OTINYHBIe OT (8] yC/IOBHS AlUKJINIHOCTH, B padore [11] mokasama
CBS3b MKy HUMM.

OTcyTcTBrE TOJMHONW AKCHOMATH3AIMA TOBOPUT O TOM, YTO B OOIIEM Cydae HesIb-
35 ONPEJIEJINTH BBIBOJIMMOCTD TO¥ WM MHOH 3aBucHMOcTH. Kak cjejcTBue, Mmporeaypa
[IOCTPOEHUsT HOPMAJILHBIX (hOpM B 00IIleM ciydae He umeer perrenusi. Ha narn B3ris,
HMPUYIUHON TOMY SIBJISIETCS WCIIOJIH30BAHUE HETUIN3UPOBAHHBIX 3aBUCHMOCTEH BKJIIOE-
Hust. JleficTBUTEBEHO, 9TO O3HAYACT CCBHIIOYHAS IIEJIOCTHOCTh MKy JByMs (1 Gosiee)
HEOTHOPOTHBIME aTpubyTamu! PopMabHO 9TO HETpUBHUAJIbHAST (DYHKIIMOHAIbHAST 3aBHU-
CUMOCTB, KOTOPas MOIJIa ObITh pPeain30BaHa MPU MPOEKTHUPOBAHUU B CTPYKTYpE JIOTHU-
qecKnx 3armceil Ha cxeme B/, a me B Buze cchutouHoll nenocrHocTu. HeobxomumocTnb
UCII0JIb30BAHUS HETUITN3UPOBAHHDBIX 3aBUCUMOCTEN BKJIIOUCHUS B 9TOM CJIydae OTIIaIaeT.
C zipyroit CTOPOHBI, THITU3UPOBAHHBIM 3aBUCUMOCTSIM BKJTIOUEHUSI COOTBETCTBYIOT TPUBH-
aJIbHbIe (DYHKIMOHAIBHBIE 3aBUCUMOCTH, KOTOPhIE NP (DOPMUPOBAHUN CTPYKTYPHI JIO-
IHIeCKUX 3armceil He ncnosib3ytored. CreoBaTe/lbHO, TUITN3UPOBAHHBIE 3aBUCHMOCTH
BKJIIOYEHUS C HETPUBHAJIBHBIME (DYHKITMOHAJIHLHBIMU 3aBUCUMOCTIMU HE B3AUMOJIECTBY-
0T U MOTYT PACCMaTPUBATHLCs OTJIEIBHO JIPYT OT JIpyTa.

SHaunTeIbHAS YACTh PAOOT MOCBSINEHA Pa3pabOTKe U UCC/IEIOBAHIIO aJTOPUTMOB I10-
HCKa 3aBUCHMOCTell BKIItoueHns. B pabore [10] mpejcraBien moJmHOMIAIBHBI [0 BpeMe-
HU aJITOPUTM JIJI TIOUCKA M30BITOYHBIX 3aBUCUMOCTEN Ha OCHOBE I'PpaUIECKOro TeOPETH-
YeCKOTo 1ojxoma. lIpecraBieHnabplii aaropuT™ sBJISE€TCs TOJHBIM aHAJIOTOM aJrOPUTMA
HOMCKa M3OBITOYHBIX (DYHKIMOHATBHBIX 3aBucumocTeii. B paborax [11-14| npencrasiie-
HBI PA3JIUIHbIE aJIOPUTMbI [IOUCKA 3aBUCUMOCTEN BKJIIOUEHUsI, OCHOBAHHbBIE HA UCIOJIb-
3o0BaHUN CBOHCTB cxembl BJI, anayimse JaHHBIX 1 00pabOTKe BXOJANINX 3aIpocoB. Bce
9TH aJI'OPUTMBI HE TAPAHTUPYIOT KOPPEKTHOCTD U MOJTHOTY OOHAPYKEHUS 3aBUCUMOCTE
BKJIIOYEHHU, HO IMO3BOJISIIOT YACTUYHO aBTOMATU3UPOBATH ITOT ITPOIIECC.

[TomHas aBroMaTH3aWs TOCTPOEHNS 3aBUCUMOCTEN BKIIOUEHHS B 0OIIEM BHUJE HEpe-
aJim3yeMa, MOCKOJIbKY OHU OTPAaXKaroT Crelu@uKky Om3Hec-IpaBWJI B KOHKPETHOI TpH-
KJIaIHOI obstacTu. OHAKO CrIOCOOCTBOBATH UX MTOCTPOEHUIO TIO3BOJISIOT aJrOPUTMbI, KO-
TOPBIE OIPEJIEJIAIOT TTOJTHOTY YCJIOBU 38 CUET OIpee/IeHns] TOPOrOBbIX 3HAYEHUN Kade-
crsa [16,17].

B nacrosiee BpeMst ak THBHO PA3BUBAECTCS HAIIPpABJICHIE AHAJIN3a 3aBUCUMOCTEH BKJTIO-
qeHus. JIs1 yoydimennst 1 aBTOMATH3aIUN TPOBEPKH W JIMArHOCTUKN COOJTIOIEHHS TTpa-
BIJI HA OCHOBE OIMCAHUsI CEMAHTUKU JIAHHBIX (OU3HEC-JAHHBIX) MPEJIaralorcsi CTPYK-
TYpbl M JITOPUTMBbI JJI OOHAPYKEHUS BO3MOXKHBIX HapYIIeHUN OrpaHUYeHuil Ou3Hec-
JIAHHBIX, B TOM uwmcjie ipu Moaudukarmu cxembl B/1 [17-20]. 91o noguepkusaer akTy-
AJIbHOCTD ITPOBOJIMMBIX UCCJIEJIOBAHUN B HACTOSIIEE BPEMs U B OYIIyIIIEeM.

B nannoit pabore paccMaTpuUBaiOTCS OCHOBBI (DOPMAJIHLHOM TEOPUU JIJTsT TUITU3UPOBAH-
HBIX 3aBUCHMOCTEH BKJIIOUEHUsI. XOTs TAKWe 3aBUCUMOCTH CIUTAIOTCS JACTHBIM CJIyYa-
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eM HeTUIIM3UPOBAHHBIX 3aBUCUMOCTE BKJIIOYEHHSI, CUCTEMa aKCHOM ITOJIyIN/Iach HHOM:
BO BTOPOIl aKCHOME OTCYTCTBYET HEOOXOIMMOCTH HCIOJIb30BaHUs IepecTaHoBOK. Camu
o cebe nepectanoBku B cucreme IND1-IND3 apngiorcsa uckyccrBennbivu. [leficTBu-
TeJIbHO, B TexHosiorusgx B/l arpuOyThl maeHTUMUIUPYIOTCA IO UMEHU, & He 10 PAaCIo-
soxkennto. Torsia Kak mepecTaHOBKH (PUKCUPYIOT paciojoxkeHne arpudyTa. Bmecrto me-
PeCcTaHOBOK MOKHO HCIIOJIb30BATh IIepeMMeHOBaHNe aTpUOyTOB U T.II., UTO JIMIITHUI pa3
MIO/ITBEPKTAaeT UCKYCCTBEHHYIO IIPUPO/IY HETUITU3NPOBAHHBIX 3aBUCUMOCTEN BKIIOUEHUS.

Haymmune neonpeiesiennbix 3Hadenuit 8 B/ saBasercsa nensdexxkubiM. [Tosromy dhop-
MaJibHasl TeOpUsl JOJIKHA YUIUTHIBATH UX IIPH IpoeKTupoBanuu. B paborax [21,22] pac-
CMaTpUBAETCA ITPOOJIEMa BHIBOJUMOCTH COBMECTHO JIJIst (DYHKITMOHAJIBHBIX 3aBUCUMOCTET
1 3aBUCUMOCTEH BKJIIOUEHUSI, JOIYCKAIOIINX HAJIMIHe HeollpeIe/IeHHbIX 3HadeHuit. Kak u
B CJIy4ae OTCYTCTBUS HEOIPEJIEIeHHbIX 3HAYEHUT, yIaeTCsl IIOCTPOUTD ITOJIHYIO U HAJIE¥K-
HYIO0 aKCHOMAaTUKY TOJHKO B YaCTHBIX Caydasx. OCHOBHBIM IIPEIATCTBUEM JIJIs TOJIY e~
Hus 60J1ee OOIKUX PE3Y/ILTATOB SIBJISAETCH B3anUMOJIeiicTBUE (DYHKITMOHAIBHBIX 3aBUCUMO-
creil ¥ HETHITM3UPOBAHHBIX 3aBUCUMOCTEN BKoYeHus. B pabore [23] pacemarpusarorcst
[IPOCTHIE U YACTUIHbIE HETUITM3UPOBAHHBIE 3aBUCUMOCTH BKJIIOUYEHHS C HEOIIPe e IeHHbI-
MM 3HAUEHUSIME, UMEIOIIIe MecTo B cTtangapre s3bika SQL. [IpegcTaBiieHbl 1Be CUCTEMBI
AKCHUOM, COJIEpKAIIe aKCUOMBI C TIepecTaHOBKaMu aTpuOyToB. /lj1g 0benx cucreM akcuom
YTBEPIKJIAeTCs HAJIMYUe MOJTHOTHI CO CCBIIKOI Ha pabory [21], onHako B pabore [21] mpn
YTBEPZKJIEHUH TIOJTHOTHI CHCTEMbI aKCHOM CCBLIKA MJIeT yKe Ha YyIOMHYTYIo pabory (3.
B 6onbmmHCTBE pacCMOTPEHHBIX PAOOT MPE/INOIaraeTcs, YTO 3aBUCUMOCTH BKJIIOUEHUST
SIBJISTIOTCST HEIUKJIMIECKIMU.

2. OcnHoBBI PbopMaJILHOII Teopun

B omnpenenenun 1 mnpejcrasiena (pOpMyIUPOBKA JII THITU3UPOBAHHBIX 3aBUCUMOCTEN
BKJIIOUEHUS 0e3 ydeTa HeollpeJie/IeHHbIX 3HadYeHnil. PaccMoTpuM pacimmpeHne 3Toro mo-
udaTud. [IpegBapuTe/bHO ONIPEIe UM COOTBETCTBYIONIUE JIPYT JPYTY KOPTEXKU IIPU HAJIH-
YUY HEOIIPe/Ie/IEHHBIX 3HAUEHUN.

Omnpenenenue 2. Kopmeorc t;[X] coomeemcmeyem xopmeorcy t;[X]| no ampubymanm
X (]X] < 6[X]), ecau t;[A)] # Null, moeda t;[A)] = t;[A)] wau t;[A)] = Null; ecau
ti[Ai] = Null, mozda t;[A;] = Null das mobozo ampubyma A, € X.

OueBnmo, 9T0 33anH0e B onpeaenennn 2 ornomtenne t;[X]| < ¢;[X| asasgerca tpamn-
sutuBHbIM. To ecTb cupasemmBo yrBepkienue: ecian t;[X] < 4[X]| u t,[X] < 6,,[X],
torna t;[X] < tn,[X].

Omnpepenenne 3. 3asucumocmsv skaovenus o = R;[X| C R;[X] om eaasnott mabau-
yve R;[X] x nodwunennott mabauye R;[X]| no ampubymam X cywecmeyem, ecau 0as
mobozo kopmeorca ;| X| € R;[X] umeemes coomeememeyrowuti kopmeorc t;[X| 6 ommo-
wenuu R;[X]. Taxyro sasucumocmyv 6ydem Ha3ui6ams munuduposarnoli ¢ donyuseHuem
HeONPedeneHHBIT 3HAYEHUT.

Bameuanne. Koprex t;[X] € R;[X] MoxkKeT nMeTh MHOKECTBO COOTBETCTBYIOIIIX KOP-
texkeit B ornomennn R;[X]. [js 3aMeHbl HeonpeeIeHHbIX 3HadeHnil B Koprexe t;[X]
MOI'YT OBITH BBIOPAHbI TOJHLKO 3HAYCHUS OJHOMMEHHBIX aTpUOyTOB OJHOIO U3 COOTBET-
CTBYIOIUX KopTezkeil orHomenus: R;[X], Kak 570 6bLI0 MOKAa3aHO B MpUMepe 2.
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O6o3HaYnM MHOXKECTBO 3aBHCHMOCTEIl BKJIIOUEHUsI, OlpeaesieHHbIX Ha cxeme BJI de-
pe3 X, a ¢ 1ycTh OyJ/IeT IPOU3BOJIbHAS 3aBUCUMOCTD, BO3MOXKHO, 0 SIBJISIETCS 3JIEMEHTOM
MHOZKECTBa 2.

Omnpenesnenne 4. 3asucumocmsv 0 AGAACMCA A02UYECKUM CACICTNEUEM MHOHCECTNEA
sasucumocmet ¥ (X F o), ecau dannwe 6 B/ ydosaemesopaiom 6cem 3a6UCUMOCTIAM
6 X, moada darnvie YOOBAELMEOPAIOM 3A6UCUMOCTU 0. B amom cayuae 3a6Ucumocms o
6ydem Hazvieamov 6bNOAHUMOTU.

BaMeTI/IM, 9TO BCE 3aBUCUMOCTHU Y. II0 OIIpeJIeJIeHUIO 4 SIBJISIFOTCSI BBIIIOJIHUMBIMU.
Hpe,ILCTaBI/IM CUCTEMY aKCHUOM, JJId 3aBHUCHUMOCTeN BKIIOYEHNSI C BO3MOXKHBIMU HEOoIIpe-
JCJICHHbIMHI SHaYCHUAMM:

e INN1) (pedaekcusnocts): ecm X C [R;], Torma R;[X] C R;[X];

e INN3) (rpamsurusnocts): ecim R;[X| C R;[X] n R;[X]| € R)[X], Torma Bbimos-

=

(

e INN2) (mpoexkrus): eciin R;[Y] C R;[Y]| u X C Y, rorna R;[X]| C R;[X];
(
(X

ueno R;[X] C R[X].

Ormmune cucrembl akcuom INN1-INN3 or cucrembr IND1-IND3, kpowme gormyiie-
HUs HEOIIPEJIe/IEHHBIX 3HaYeHU i, B OTCYTCTBUU 1epecTanoBoK B akcuome IND2. B turu-
3UPOBAHHBIX 3aBUCUMOCTSX BKJIIOYEHUSI MOT'YT OBITH COIMOCTABJIEHBI JIPYT JIPYTY TOJIHKO
OJIHOMMEHHbBIE aTPUOYTHI, & HA KaAKOM OHM HAXOJATCHA MECTe — HE BasKHO. JTO COOTBET-
CTBYeT CyIIeCTBYOIIM TexHo orusaM B/1: Ha jormdeckoM ypoBHE aTpudyThl UIeHTUDU-
UPYIOTCS CBOUM MMEHEM, a He CBOeil mo3uineil B Habope 3HAYUEHUI.

Bamerum, uro akcrnomMbl INN1-INN3 3a1afor npaBuia BeIBOIA.

Onpepnenenne 5. 3a6ucumocms o 8u4800UMa U3 X 36 cvem cucmemuvt axcuom (3 o),
ecAl NPU NPUMEHENUL AKCUOM K 3GEUCUMOCTIAM X 3G KOHEYHOE “UCA0 Waz206 bydem
NOAYUEHA 3A46UCUMOCTIVD O .

JLnst mr000it cucTeMbl aKCHOM, IIPEXK/ie BCero, HeoOXOIMMO IT0Ka3aTh e HeIPOTHBO-
PeUNBOCTH (HAEKHOCTD). J1JjIsi 9TOr0 TOKaXKeM, 9TO eCJId 3aBUCHMOCTD 0 BBIBOJMMA W3
MHOYKECTBa, Y C UCIOJIb30BAHINEM CHCTEMbI AKCHOM, TO OHA SIBJISIETCS JIOTHIECKUM CJIe]T-
crBUEeM Y L F o= X Fo.

Teopema 1 (Hagexmnocrs). Cucmema arcuom INN1I-INN3 nadesicna.

HoxkazareabcTBo. [lociemoBarenbHo JoKaKeM HaJIEKHOCTD KayKJON M3 aKCHOM.

Pepaercua. PacemoTpum pon3BoJIbHBIN KOpTeK t € R;. B coorBercTBuu ¢ omnpeie-
JIeHusSIMU 2 U 3 KOpTexkK ¢ Bcerja Oy1eT cooTBeTcTBoBaTh cam cebe jyist oboro X C [Ry],
YTO JOKA3BLIBACT HaIeKHOCTL akcmoMbl INN1.

Ipoexyus. Ipeamonoxum, aro 3asucumocts R;[X| € R;[X| me Bomonnena. Torna
JIOIMyCTUMBI peanmsanuu [R; m R; Takume, 9TO CyIIecTByeT KopTex t; € R;, nmaa KoTo-
pOr0 HET COOTBETCTBYIONIETO KOpTeka B oTHOmeHnn R; o arpudyram X. [Tockomabky
BbIIOJIHEHA 3aBucuMocTh R;[Y] C R;[Y], st Koprexka t; CyMECTBYeT COOTBETCTBYIO-
muit Koprex t; € R; no arpubyram Y, to ects t;[Y] < t;[Y]. IHockomsky X C Y, 10
t;[X] = t;[X], 4T0 HMpPOTHBOPEUNT IIPEIIONIOKEHNIO 00 OTCYTCTBUH COOTBETCTBYIOIIEIO
KopTexKa Jyid t; o arpubyTram X. DTo IoKasbIBaeT HaJeKHOCTH akcmoMbl INN2.
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Tpansumusnocms. PaccMOTPEM IPON3BOJIBHBINA KOpTekK t; € R;. II0CKOIBKY BBIIIOJI-
nena 3asucumoctb R;[X] C R;[X], To cymectByer koprex t; € R;: t;[X]| < t;[X]. Tak
Kak nMeeT Mecto 3apucumoctb R;[X| C Ry[X], To cymecTByer Koprexk t; € R; Takoit, 4To
t;[X] < t[X]. B cuy TpamsutuBHOCTH Omepaln < BblnosHeHO yetosue ¢ X | < 6[X],
9TO J0KasbIiBaeT HajdexkHocTh akcnoMmbl INN3. Teopema j1okazana.

Bameuanue. 1 OTHONIEHUI, YIOBIETBOPSIONIMX yCIOBAIO aKCHOMBI TPAH3UTHBHO-
CTH, BBIIOJTHEHDI CJIELYIONE COOTHOIICHUS:

Ri[X] N B[ X] € Ri[X] N Ry[X],
Ri[X] N R[X] € R;[X] N Ry[X],
B[ X]n R[X] C R;[X] N Ry[X],

rje M — peJIAIUOHHBINA ollepaTop lepecedeHus].

B [1] mocste mokazaresbeTBa HAJEKHOCTH CUCTEMBI aKCHOM (DYHKIIMOHAJIBHBIX 3aBH-
CUMOCTEIl PACCMATPUBAIOTCSI TIPABUIIA (TEOPEMBI), KOTOPbIE TTO3BOJISIIOT COKPATUTD BbI-
BOJIl JIpYTUX IPaBUJI M IOJyYaTh IoJe3Hble cBoiicTBa cxembl BJI. Hawmbosiee mosie3HbI-
MU SIBJISIOTCS MPABUJIA JEKOMIIO3UIMK U OObeJMHEeHUs] (PYHKIIMOHAIBHBIX 3aBUCUMO-
creit. AHAJIOrOM IIpaBm/Ia JeKOMIIO3UIINN saABjsieTcs akcnoma npoeknnn INN2, a anasora
npaBuia O0beMHEHNs [IJIsT 3aBUCHMOCTEN BKJIIOUEHHS HE CYIIEeCTBYET: U3 3aBUCHMOCTH
R;[XUY] C R,[XUY] BuBoanmet 3aBucumoctu R;[X] C R;[X] u R;[Y] € R;[Y]. O6pat-
HOE yTBEpKJIeHNe, K COXKAJECHUIO, HEe BEPHO. DTO ABJIACTCH MPUHIUITHAIBHBIM OTIUINEM
GYHKIIMOHAJIBHBIX 3aBUCUMOCTEN OT 3aBucuMOcTeil BKoueHns. C OIHOI CTOPOHBI, 3TO
yIpoIaeT JokaszareabcTBo moJaHOThI cucteMbl akcuomM INN1-INN3, ¢ apyroit cropo-
HBI — OTCYTCTBYET BO3MOKHOCTH Y/IaJI€HUs aTPUOYTOB B 3aBUCUMOCTSIX TIPU TIOCTPOSHUN
UX MUHUMAJIBHOTO TIOKPBITHS (PACCMOTPEHO JaJiee).

PaccmorpuMm opurnaaibHoOe J0Ka3aTe/IbCTBO HOJMHOTHI cucTeMbl akcrnoM INN1-INN3,
B KOTOPOM YUTEHBbI paHee BbICKA3aHHbIE 3aMEeTaHUA.

Teopema 2 (Ilomnora). Cucmema arxcuom INN1-INN3 noana.

JoxkaszarenbcrBo. Heobxoaumo mokasaTs, 9To ecsn 3aBucuMocth 0 = R;[X]| C R;[X]
BBINIOJIHUMA: X F 0, TO OHa BBIBOIMMA: X - 0.

It TOro, 4TOOBI 3aBUCUMOCTD 0 ObLIa BBIBOJUMA, JOCTATOYHBIM YCJIOBUEM ABJIACTCS
CyIIECTBOBAHKE TIETIOYKU BBIIOJHUMBIX 3aBUCHMOCTEIH:

R;Vi] © Ry [Y1]

Ry[Y:] € B3IV "

Ry [Yiq1] € RilYiya],

rme X C Y, | = 1,k+ 1. Hdeiicreurensho, no akcuomam npoekimu (INN2) u Tpan-
surusHocTn (INN3), a B ciyuae ¢ = j u mo akcuome peduiekcun (INN1), momyaaem
BBIBOJMMOCTD 3aBUCUMOCTH O.

[TpeamosIozKuM, 9T0 3aBUCUMOCTD 0 He BhIBoAUMa. Torma mobas Moc/ie10BaTeIbHOCTh
(1) comepkut, 10 KpaiiHeil Mepe, OJ[Hy He BBIIOJHUMYIO 3aBHCUMOCTh, IIyCTh 3TO Oy/er
o =Rl _,|[Yn] € R, [Yn], tne Y, = X, u/um 3asucumocts o’ Beinonanma, 10 X Z Y.
B sTom caydae B R;,_, a ciie/loBaTeJIbHO, B R;, MOXKeT CyIIeCTBOBATh KOPTEXK ¢, KOTO-

POMY HET COOTBETCTBYIOIIETO KOpTexka B R, | a ciemoBaresnbho, B R;, mo arpubyram X.
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[Monyuwmmn, 910 3aBUCUMOCTH ¢ HE BBIIOJHUMA. J[omycTuM, 9T0 B X €CTh 3aBUCHUMOCTH,
KOTODBIE IIPEIATCTBYIOT MOABIeHHI0 KopTexka t B R, mo arpubyram X. Ilockobky
9TO JIOJIZKHO BBITIOJIHATHCS Jj1d JTI000r0 cocTosinusg B /I, yimoBiaeTBopsIoniero ., To 3aBH-
cumoctb R, [X] € R;[X] aBisiercst BBIIOJHUMON U €€ MOYKHO HCIIOJIB30BATH BMECTO
HEBBITIOJIHIMOTO y4acTKa mocienosareabaoctn (1). [lomyuennsie mporuBopeuns moka-
3BIBAIOT TEOPEMY.

BaMeTnM, 9TO MPEJJIOKEHHYIO CXeMY JIOKA3aTeIhCTBA JIOCTATOYHO MPOCTO PACIIPO-
CTPAHUTb HA HETUIIU3UPOBAHHbBIE 3aBUCUMOCTHU BKJIOUYeHUs. OJIHAKO IO BBIIIE HA3BaH-
HBIM IIPUYUHAM JIAHHBINA BUJI 3aBUCUMOCTEN B HAIllEll cTaThe HE PACCMATPUBAETCS.

Axkcrmombr INN1-INN3 3ajaoT npaBmia BbIBOJIA JJIs 3aBUCHMOCTEH BKJIIOYEHIUS.
CuietoBaTe/IbHO, OHU MOTYT OBITH MCIIOIB30BAHBI 71 TIOMCKA BHIBOJAUMBIX (U30BITOUHBIX )
3aBUCUMOCTE B 2.

3. MuHuMaJIbHOE IIOKPbITHE MHO2KECTBa 3aBUCHUMOCTEM

Ha mpakTuke ccblIoUHAS 11€TIOCTHOCTD, TEOPETUIECKOH OCHOBOI KOTOPOil ABJISIIOTCS 3aBH-
cumocTu BKJitoueHus, peaymsyercss CYB /I B Bujie nunekcubix daitio. 9tu daitasl Ha 10
XPaHUTh U MOAupuImpoBars B mporecce paborel CYB/I, aTo Tpebyer momoiHuTe IbHOM
namsaT U Bpemenu. [losromy 1menecoobpa3to n30aBUTHCA OT U30BITOYHBIX 3aBUCUMOCTEI
B .

B npeapiymem pasjese JoKa3aHO, YTO BBIBOJAUMAS 3aBUCUMOCTD SBJIAETCA BBITIOJI-
aumoit. CrieoBaTe/IbHO, ee MOYKHO YIAJIUTh 0€3 BCAKNX HeXKeJaTeJbHBIX MOC/Ie/ICTBIIA
g B/I: MmHOXKecTBO jonyctumMbix cocrosiuuii BJ1 ocranercs 6e3 namenenuit. [Touck BbI-
BOJMMBIX 3aBUCUMOCTEN HAIIPSAMYIO SIBJIAETCA IKCIOHEHITUAIBHOM 3a/1a4eil, 103TOMy BOC-
HOJIB3YEMCsI U3BECTHBIM AIIapaToOM MMOCTPOEHUS 3aMbIKaHuil 1] 1t byHKImoHATIBHBIX
3aBUCUMOCTEl. AHAJIOTUIHBIN anmnapar 0e3 J0Ka3aTeIbCTBAa KOPPEKTHOCTH UCIIO/Ib30BaH
B pabote [10]. AganTupyem 5Tu pe3yabTaThl JJisi THITN3HPOBAHHBIX 3aBUCHMOCTEH BKJIIIO-
YEHUs.

Omnpenenenne 6. Samvikanuem omuowenus R; na mHoocecmee 3agucumocmeti 3 om-
nocumeavno ampubymos X 6ydem nazvieamo muooicecmeo omuowenuti R [X], ede R; €
R} [X], ecau sasucumocmv o = R;[X] C R;[X] eweoduma us X 3a cuem axcuom INN1—
INN3, mo ecmv X F 0.

Paccmorpum ajroputM mocTpoeHus 3aMbIKaHUA. TeKyliee 3aMbIKaHUE ODO3HAYIM
R[X]. Bymem caurarh, 9TO HCMIOIB3yeMble B AJTOPUTME MHOYKECTBA MMEIOT II00aJlb-
Hble IMEHa U UX He HaJI0 Iepe/laBaTh B IIPOIEYPY depe3 HapaMeTphl.

PROCEDURE CLOSURE(R![X]);

R;[X] = 0;
IF X — [R] # ( THEN EXIT PROC;
R;[X] = R;;

substitution = TRUE;
WHILE substitution;
substitution = FALSE;
FOR EACH R,[Y] € R,,[Y] FROM %;
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IF R,, € R*[X] AND R, ¢ R¥[X] AND X C Y THEN;
R X]| = R[X] U Ry; substitution = TRUE;
END IF:
END FOR;
END WHILE;
END PROG;

Baerrauit ukst WHILE #e mmeer siBHOro orpanmyenusi. OHAKO 11T BBIIOJTHEHUSI CJIe-
JIYIOIIIEro IMUKJIa HeOOXOIMMO JOMOJIHEHNE XOTsd ObI OJTHONO OTHOIICHUS K 3aMBIKAHUIO BO
BayTpenreM 1ukjae FOR. CiemoBarebHo, MakKCUMaIbHOE KOJTMIECTBO UTEPAIil B aJl-
ropuT™Me paBHO Nk, TJie N — KOJUIECTBO 3aBUCUMOCTEH B X 1 k — KOJIMYIECTBO OTHOIIECHUIA

B B/I.

Teopema 3 (3ambikanue). Aszopumm CLOSURE xoppexmio gopmupyem mmoorcecmeo
RI[X].

Hoxkazarenscrso. Ilyers R; — npoussosibHOe OTHOIIEHHE U X IIPOU3BOJILHOE MHOZKe-
cTBO aTpudyToB. Heobxoumo nokasarTe, uro I; € R;r [X] Torma u ToapKO TOT/IA, KOrJA
R; € Ri[X], wm R [X] = R;[X].

1. (Heobxommmocts) Ilyere R; € R;[X]. Muoxecrso R![X]| dbopmupyercs B Tpex
orepaTopax:

a) Rf[X] = 0. Muoxecrso R;[X| ocraercs mycrbiM, ecin X COAEPKUT aTPUOYThI, KOTO-
pbix HeT B oTHOMIeHNN R;. [lo akcmomam INN1-INN3 B 3ToM crydyae TakzKe HUYETO HE
BeIBOIUMO: R [X] = ().

6) R:[X] = R;. llpu somonuenun ycnosua X C [R;] sambikanme R [X] Takxke Gyger
cojiepxkath R; 1o akcuome pediekcun INN1.

B) RI[X]| = Ri[X] U Ry, ecqm Beimonuenst yenosusa Ry[Y] € R,[Y] € ¥, R,, € R[X],
R ¢ R[X] uw X C Y. Ilo unayknun mokaxkem, 4ro R; € R;“ [X]. Baszuc unaykimn
coorBercTByer Bapuanty (6). IIpemmomoxkum, aro Bece ornommenust B R} [X| 10 mosiBire-
mus 3asucumoctu R[Y] C R,,[Y] coOTBETCTBYIOT BBIBOAMMBIM 3aBHCHMOCTSM, TO €CTh
sapucumoctb R, [X]| € R;[X] BeiBoguma. Torma mo akcmome mpoeknmn INN2 mwve-
eM R[X] € R,[X], tak kaxk X C Y, u mo akcunome tpansurusaoctu INN3 mveem
R[X] € R;[X]. Dro BepHO jyis joboro I, tne R, € R[X], B Tom umcie st | = j.
Cnenosarensno, RY[X] C RF[X].

2. (Hocrarounocrs) Ilycrs R; € R;[X]. Torma cymectyer k cTpoK BBIBOIA, Ijie
ocJie el CTpoKoii siistercs 3asucumoctsb R;[X] C R;[X]. Ilpu k = 1 umeem j = 4, 6o
R;[X] € R;[X] € ¥. B oboux ciydasx 110 aIropuTiMy oTHOIIeHHe R; Oy1eT IpucoeanHeHo
kK RI[X]. IlycTh yciioBHe BBIIOJHEMOCTH UMEET MECTO I BCEX 3aBUCHMOCTEl, BBIBOJ
KOTOPBIX cOJIepKUT He 60s1ee k—1 cTpok. Kpome BapuaHToOB, PACCMOTPEHHBIX JIJIS CITydast
k =1, saBucnmocts R;[X| C R;[X] MoxkeT ObITH OJTydeHa 3a CUeT aKCHOMBI IPOEKIINN
INN2 u3 zasucumoctu R;[Y] € R;[Y], rae X C Y. Ilockonbky R; yKe COIEPKUTCA B
R![X], u, ecu R; eme ner B R[X], To o anropurmy R; 6yaer npucoenuneno K R [X],
IIOCKOJILKY BBITIOJTHEHBI Bce TpU ycsioBus oneparopa [F.

Kpome rtoro, s3asucumocts R;[X] € R;[X]| MoxeT ObITb HOIyYeHA 3a CUET aAKCH-
omsl Tpamsurusaoct INN3 u R; noka mer B Rf[X]. Torma mo/KHO CyIIecTBOBATH
ornomrenne R, aro 3aBucumocts Ri[Y] C R;[Y], tne X C Y, BoBoguMa, U 3aBHCH-

=

moctb R;[Z] C R[Z], tne X C Z, nupunamnexur . Ilo npennonoxkenmo j # [. Torma
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R, € R![X], tak kak nemodka BbiBoga 3aBucumoctu R)[Y| C R;[Y] xopoue, uem k.
ITockobKy BHOBL BBINOJIHEHBI Bee ycsoBus omneparopa IF, To R; Oymer npunaijiexkarhb
R:[X]. Cnenosarenbno, R [X] C Ri[X]. Teopema jokazana.

Vmest B paclopsizKeHUU MOIMHOMUAAIBHDIH aJIrOPUTM ITONCKA N30BITOYHBIX 3aBHCH-
MOCTEfi, OCTAIOCh BOCIIOJIB30BATHCS UM [T TIOCTPOEHHsT HE M3OBITOYHOIO MHOZXKECTBA
TUIU3HPOBAHHBIX 3aBUCHMOCTEl BK/IIOYeHns. Takoe MHOXKeCTBO B |1| Ha3bIBaeTCH MUHI-
MAaJIbHBIM [TOKPBITHEM.

PROCEDURE MIN-COVER():
FOR EACH {R;[X] C R;[X]} FROM ¥
IF R; € CLOSURE(R![X]) THEN;
=X —{R;[X] € Ri[X]};
END IF;
END FOR;
END PROC;

C yuerom kosmmdaectBa ureparuit B aaropurme CLOSURE, pesynabrupytoree Kosmde-
crBo nrepanuii B anropurme MIN-COVER 6yner pasno n’k.

[Tocie pacemorpenus ajaropurma MIN-COVER 3akoHOMepHBIM SABJISIETCST BOIIPOC 00
9SKBUBAJEHTHOCTH 3aBUCUMOCTEH Y Ha BXO/Ie U Ha BhIXOe ajaropurMa. OgHAKO yiKe JToKa-
3aHHAA CBA3b MEXKLY 3aMbIKQHIEM 1 BBIBOJNMOCTBIO U TO, UTO BCE BHIBOJIUMbIE 3aBUCHMO-
CTH SIBJITIOTCSI BBIIIOJTHUMBIMU, TapAHTUPYET OJHHU Te K€ OrpAHWYEHUsI Ha JIOIyCTUMbIE
cocrosgaust B/l co cTOpOHBI 3aBUCHUMOCTEH BKJIIOUEHHSI 0 U II0C/Ie PpabOThl aJIlOPUTMA

MIN-COVER.

4. 3akJodeHUue

B pabore paccMOTpeHBI THITU3UPOBAHHBIC 3aBUCUMOCTH BKJIIOYEHUs, KOTOPLIE, 110 MHE-
HIIO aBTOPOB, HamboJiee MPUEMIEMbl IMPHU KJIACCHIECKOM IIOIX0Je K ITPOEKTUPOBAHUIO
B/ [1,2|. KosuvecTBeHHoe cooTHECEHNE 3HAYEHUN aTPUOYTOB JPYT € JAPYTOM, TIPEKJIe
BCero, onpeJiensieTcss (PyHKIMOHAIBHBIME 3aBUCUMOCTsAME. Torta Kak 3a/1a49a 3aBUCUMO-
cTell BKJIIOYEHHUS — OIPEIE/IATh KOJMIECTBEHHOE COOTHECEHNE OOBEKTOB JIPYT C JIPYTOM.
MCHOHBSOB&HI/IQ HETUIIM3NPOBaHHBIX 3aBUCUMOCTEN BKJIIOUEHUI IIpUBOAUT K CMEIICHUIO
9THUX JIBYX 0A30BBIX BUJIOB 3aBUCUMOCTEH U, KaK CJICJICTBHE, K IIPOOJIEMaM IIPU IMPOEKTH-
poBannu cxembl B/I. [Ipudem 3Ti 1pobieMbl CKa3bIBAIOTCA HE TOJILKO B TEOPHUH, HO U HA
pakTuKe, Korga oobekT B/l moamensieTcs cBI3bI0 Ha CXEMeE.

JL1g moTBepK IeHNS CKa3aHHBIX CJI0B pacCMOTpuM rpuMep cxembl B/1 na caiite pas-
paborankos MySQL: https://dev.mysql.com/doc/sakila/en/. OueBusno, aro mpu dop-
MUPOBAHUH STOI CXeMBbI HMCIIOJIB30BAJNCH B OCHOBHOM 3BPHUCTHKW, & 3aBUCHMOCTH HAa
JIAHHBIX MMeJIH BTOPOCTEIeHHOe 3HadeHMe WM UTHOPUPOBAJMCh BoBce. [losTomy cxe-
Ma COJIEPXKUT MHOYKECTBO HeTOYHOCTel. PaccMoTpuM oJiHy M3 HUX, KACAIOILYIOCS COJIEP-
»kanus Hareil crarbu. Ornorenue (Tabsmna) “film” umeer B cBoeM cocrase aTpubyThi:
“language id” u “original language id”. [yis 3TuX arpubyTOB yCTAHOBICHA CCHLIOYHAS
IeJIOCTHOCTD ¢ OTHOIeHneM “language” o arpubyTy “language id”. B pesynbraTe mveem
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HETUIU3UPOBAHHYIO 3aBUCUMOCTD BKJIIOYCHUS:
film|original language id| C language|language id|.

Bce dunbmbl nMeroT 3nadenne arpudyTa ‘sd3bIK OPUTHHAJA”, OJJHAKO TOJBKO HEKOTODBIE
U3 HUX UMeIOT nepeBojl. MoryT ObITh ere aTpubyThl: “aBTOp IepeBojia’’, “aTa BBIITYCKa
nepesoyia’ u T.7. He Oyzem BjaBarThcd B JieTajl KOPPEKTHOTO MPOEKTHUPOBAHUS CXEMbI
B/JI na ocnoBe 3aBucumocTeit, 310 3aiiMer MHOrO MecTa. OTMETUM TOJIBKO, UTO OTHOIIIE-
nne BJI 6b110 ckiteeno ¢ otnotrenneM “film”. B cxeme J0/12KHO CyIecTBOBaThH OT/IE/IHHOE
otHomenue “translate” ¢ TUNM3UPOBAHHBIMU 3aBUCUMOCTSAME BKJTIOUCHUS:

translate [language id] C language|[language  id|

translate[film_id| C film[film id],

a HEeTUIIM3UPOBAHHAS 3aBUCUMOCTD JIOJIKHA OBITH y/lajieHa BMECTEe C COOTBETCTBYIOIIUM
aTpUOyTOM.

OrmeTnM, 9TO NPU PACCMOTpPEHUU (HOPMAIBHON TEOPUU 3aBUCUMOCTEN BKJIIOYUEHUSI
B HaIllleil paboTe He MOTPeOOBATIOCH OTPAHNINBATHCS AIUKINIECKIMI 3aBUCUMOCTSMU 1
OrpaHUYNBATH APHOCTH 3aBUCUMOCTEI, UTO JleJIaeT MPEeJJIOYKEHHBII anmnapaT JJ0CTaTOYHO
yHuBepcasibHbIM. Ha npakTuke 1MuKIn4IecKre 3aBUCUMOCTU MOI'YT CYIIECTBEHHO CHU3UTD
dyukimonaabuble Bo3aMoxKHOCTH B/l Hatpumep mipu J1ono/iHeHnn HOBO# nHMOpMAIIeii.
Omako 310 mpobsema poekTuporInuka BJI, koTopsrit hopMupyeT MHOKECTBO X, U 9Ta
mpo0JieMa peraeTcs Ha CEMAaHTHIeCKOM YPOBHE. B KavuecTBe TEXHOJIOTMIECKOI O IePK-
KU [TPEJIJIOZKEHHBII alapaT MOyKeT ObITh PacIIUpeH MPaBUIaMU U aJITOPUTMaMU [TOUCKA
IUKJITYECKUX 3aBUCUMOCTEIN.
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Abstract. Null values have become an urgent problem since the creation of the relational data
model. The impact of the uncertainty affects all types of dependencies used in the design and operation
of the database. This fully applies to the inclusion dependencies, which are the theoretical basis for
referential integrity on the data. Attempts to solve this problem contain inaccuracy in the statement
of the problem and its solution. The errors in formulation of the problem can be associated with the
use in the definition of untyped inclusion dependencies, which leads to permutations of the attributes,
although, the attributes in database technology are identified by name and not by their place. In
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addition, linking with the use of the inclusion dependencies of heterogeneous attributes, even of the
same type, is a sign of lost functional dependencies and leads to interaction of inclusion dependencies
and non-trivial functional dependencies. Inaccuracies in the solution of the problem are contained in
the statements of axioms and the proof of their properties, including completeness. In this paper we
propose an original solution of this problem only for typed inclusion dependencies in the presence of
Null values: a new axiom system is proposed, its completeness and soundness are proved. On the basis
of inference rules we developed an algorithm for the construction of a not surplus set of typed inclusion
dependencies. The correctness of the algorithm is proved.

Keywords: database, inclusion dependences, axiomatic, NULL values

About the authors:

Vladimir S. Zykin, orcid.org/0000-0002-6492-2464, graduate student,
Omsk State Technical University,

11 Mira av., Omsk 644050, Russia, e-mail: vszykin@mail.ru

Sergey V. Zykin, orcid.org/0000-0002-0576-2149, doctor of sciences in technic, professor,
Sobolev Institute of Mathematics SB RAS,
13 Pevtsova str., Omsk 644043, Russia, e-mail: szykin@mail.ru



Modeauposarue u anaius ungpopmavyuorroir cucmem. T.24, Ne2 (2017), c. 168-185
Modeling and Analysis of Information Systems. Vol.24, No 2 (2017), pp. 168-185

©Kamenko C. A., 2017
DOI: 10.18255,/1818-1015-2017-2-168-185

VIIK 517.9

O Oudypkanusax IpH MaJIbIX BO3MYIIEHUSIX
B JIOTHCTUIECKOM yPaBHEHUH C 3alla3/IbIBaHIeM

Karmenko C. A.

noayvwena 12 aneaps 2017

Awnnoramusa. B crarbe paccmarpuBaroTcs 6udypKaIMOHHBIE 3329 JJIsi JIOTUCTUIECKOTO YpPaB-
HEHUsl C 3Ala3bIBAHUEM DU HAJAYAA MAaJbIX Bo3mymieHuii. Hanbosee mHTEpECHBI PE3yJbTATHI ISt
CJIydasi, KOrjia MaJible BO3MYIIEHUsI COepKaT OOJIBbINoe 3amas3ibiBanre. B KatuecTBe OCHOBHBIX Pe3yiIbTa-
TOB TIOJIyYeHbBI CIIeNUajIbHbIE HeJIMHEHHbIE 9BOJIIOIMOHHBIE HOPMAJIBHONH (DOPMBI YpPABHEHUS, HEJIOKAJIb-
Hasl IMHAMUKa KOTOPBIX OIIPeJeJisieT MMOBeJeHIe PEeIlleHil NCXOHOIO yPABHEHUsI B MaJIOi OKPECTHOCTHU
COCTOSTHVWSI PABHOBECHUS WJIU IUKJA. KaK OKa3bIBAETCsI, IPUHIIAIAATHLHOE 3HAYEHUE UMEET MOPSIOK Be-
JIMIWHBI OOJIBIIOTO 3ana3abpiBanus. st Hanbosiee mpoCTOro Cirydasi, KOTJa 9TOT MIOPSAIOK COBIIAIAET C
BEJIMIMHOI, 06paTHOI K GUTypUpYIOIEMy B yPaBHEHUH MaJOMy HapaMeTpy, HOpMaJibHast (pOpMa Ipe/I-
cTaBJIsIeT cOOOIf KOMILJIEKCHOE ypaBHEHME C 3ama3iblBaHueM. B ToMm ciydae, Korja MoOpsaoK Kodhdu-
[MEHTa 3aI1a3/IbIBAHUSI €IIle BBIIIE, B KAYeCTBe HOPMAJIbHON (DOPMBI BBICTYIIAET MHOTOIAPAMETPUIECKOE
CceMeiiCTBO CIEIUAJIbHBIX KPAEBBIX 33J/1a9 BBIPOXKIEHHO-IIAPabOINIECKOro THIIa. Bee 910 mo3Bodisier cle-
JIaThb BBIBOJ, O TOM, 9YTO B PACCMATPUBAEMBIX 3aa9aX C OOJIBIINM 3alla3IbIBAHNEM XaPAKTEPHO siBJICHUE
MYJIBTACTAOMIHLHOCTH.
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BBenenue

Jlorncruaeckoe YpaBHEHHE C 3alla3/IbIBaHNEM

ou

o, =Al—ult=Du (A>0, T>0) (1)

IPUHAJIEXKAT K IUCTy DYHIAMEHTAJIbHBIX YPaBHEHUN MaTeMaTu4deckoi sxojgorun. Mc-
CJICIOBAHUIO DEICHUiT 9TOr0 ypaBHEHHsI MOCBSAIIECHA 3HAYMTEbHAs Jaureparypa [1-8].
Hamomuum mipocTeiiiiime cBoiicTBa peIlieHnii 3Toro ypaBpaenusi. depes C[—T,O] HI2Ke 000-
3HAYAETCs] TPOCTPAHCTBO HeNpepbIBHbIX Ha orpeske [—T, 0] dyHkuumil co cranmapTHOI
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HOPMOI#i. DTO IPOCTPAHCTBO NIPUMEM B KadecTBe (hasoBOro, T.e. IPOCTPAHCTBA HAYAJIb-
HBIX yCJIOBUI ypaBHeHus (1).

[Tepeuncium psji yTBep:KaeHuii o pemennsx ypasaerus (1). IIpocteie qokazaresib-
cTBa UX OyJIeM OIyCKaTh.

1. Jlns ypasuenust (1) mMeer MeCcTO TeopeMa CyIIECTBOBAHUS U ¢IMHCTBEHHOCTH Pe-
LU, T. €. JIs KaKJI0ro 3HaUYeHns o 1 KazK10ii HavaspHoil dyHkimn ¢(s) € Cl_r,o) 1pu
BCex t > 1y CymeCTByeT U eJMHCTBEHHO pererne u(t, p) ypaBaenus (1), misg KOTOpPOro
u(to + s,0) = p(s).

2. Ilpu ycnoBun ¢(s) > 0 Boimosmeno zepasencTso u(t, p) = 0 (t > ty), a npu yciaoBuu
©(0) > 0 nmeer mecto cTporoe HepaseHcTBO u(t, ) > 0 (t > to). B nanbreitimem Tepyun
«pelleHnes IPUMEHSIETCs TOJIBKO K HeOTPUIIATE/IbHBIM perieHusaM (1) 1 cooTBeTCTBEeHHO
HavasibHble DYHKIUN p(S) IPenoIaraloTcs HeOTPUIATEbHBIMA.

3. JluHeapu3oBaHHOE B OKPECTHOCTH COCTOsiHME paBHOBecust u = 0 ypashenue (1)
UMeeT BUJI

U = A\u.

Orcrona citeryer, 9To ipu Bcex A > () HyJIeBOe COCTOSTHIE PABHOBECUsI HEYCTONIHBO.
Ypasuenue (1) nmeer cocrosiane papHOBecHs Uy = 1. JlmHeapusyem Ha HEM 5TO ypaB-
nenue. Toria moyiyanM ypaBHEHUE

v=—-XM(t—-T). (2)
Ero xapakrepucTuieckuii KBa3UIOJINHOM UMEET BUJL

= —Aexp(—uT). (3)

V3 oTpumaTessbHOCTH BEIIECTBEHHBIX YacTell BCeX KOPHeEHl 9TOro ypaBHEHHS CJIeyeT
ACUMIITOTHYIECKAsT YCTOWIMBOCTD DelieHuii (2), a 3HAUUT, U aCHMITOTHIECKAs YCTONIH-
BOCTb COCTOsIHNSI paBHOBecHs ug ypasrenus (1). Ecam ke mmeercs kopens (3) ¢ mosto-
JKUTEJIbHO BEIeCTBEHHON YacThio, TO pemnienue (2) u pemienue ug B (1) HeycTONYUBEI.

4. Jljist OTpUIaTEeIbHOCTH BEIECTBEHHBIX YacTeil BceX KOpHei (3) HeoOXOIMMO U J10-
CTATOYHO BLIIOJIHCHUEC HEPABCHCTB

0< AT < . (4)
2
Hokazkem 310 yTBep:kaeHne. CHavyajga OTMETUM, 9TO TPU BCEX JOCTATOYHO MAJIbIX U
MOJIOKUTEJIHBIX A BCe KOPHU (3) UMEIOT OTpHIATe/IbHbIE BElleCTBeHHbIe dacTu. [leii-
CTBUTEIBHO, Ipu A = () mMeercs HyJeBOil KOopeHb jip = 0 (a BelecTBeHHbIE YacTH BCEX
OCTAJILHBIX KOpHell «paBHbl» —0o0). [Ipn Mambix A ypashenue (3) mMeer Takoit KOpeHb
f1o(A), 1o 419(0) = (0). Torna
dro(N | _

d\  |\_o
Orcroza ciejyer, 9To MpHU BCEX MAJIBIX TTOJOKUTEIbHBIX A JJisl BCeX KOpHEdi (3) BBIIOJI-
HeHO HepaseHCTBO Re p < 0.

Bamerum, 9To ipu A > 0 KOpeHb ypaBHeHus (3) He MOXKeT 00paTUThCst B HYJIb. [lycThb
IpU HEKOTOPOM 3HAYEHUH A = \g ypaBHeHue (3) MMeeT Hmapy YUCTO MHUMBIX KODHe
/,LLQ()\O) = :I:’iO', T. €.

ic = —Xexp(—ioT).
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Orcrofia oJIygaem, 4ro
Acos(oT) =0 m o= AsinoT.

U3 nepsoro ypasuenust HaxognMm, uro o = (mn + 7/2)T~' (n = 0,1,...), a u3 Broporo
TOrjIa MPUXOJUM K BBIBOJLY, UYTO m — deTHOe U A = A, t1e A\, T = 7n + 1/2. Takum
0bpazoM, HauMeHblllee U3 3HaYeHU \, apiagerca \g = m(27)~!. Orcioma ciemyer, aro
pu Bcex A € (0, \g) Bce KopHE (3) UMEIOT OTPHUIATE/ILHBIE BEIIIECTBEHHBIE YaCTH.

[Tociiegnee, 4TO OCTAIOCH 3aMETUTD [ 3aBepLIeHIs 000CHOBaHUS c(OOPMYIUPOBAH-
HOTO BBIIe yTBEPZKICHMHsI, 3T0 TOT (baKT, YTO IPU YyBEIUIEHUN A KOPHH (3) MOIYT mepe-
CeKaTh MHUMYIO OCh, JIBUIasICh TOJLKO U3 JIEBOI KOMILIEKCHOM ITOJIYILIIOCKOCTH B IIPABYIO.
JleficTBUTEIBHO, TIYCTh [ HeKoToporo KopHs# p(\) Beimosneno yeaorue pu(\°) = iw, a
snaunT, iw = — A’ exp(—iwT). Torma

Re@i(—)Q = wh\°(1 +w*T?)] ! > 0.
dA [y

YTBepKIeHIe JIOKA3aHO.

5. Ormernm erre, 910 B ciaydae, korga dyHkiws v(t) = u(t) — 1 aBisiercsi, HadMHAST
C HEKOTOPOI'O MOMeHTa ty, 3HAKONOCTOSHHOM, T0 u3 (1) cienyer eé moHoTOHHOE (IPU
t > to+7T) crpemienue K Hyso pu t — 0o. O6paTuM BHUMaHUE, 9TO JIJIsT MOHOTOHHOT'O
CTpeMJIeHHs K HYJII0 HEKOTOPOTO pertieHns v(t) ypaBHeHus (2) HEOOXOIUMO 1 JIOCTATOTHO,
9T00BI ypaBHEeHHe (3) MMeJIo BEIeCTBeHHBI OTPHUIATEIbHBIN KOPEHb.

YciioBre CyIecTBOBaHUs OTPUIATEILHOIO KOPHS B (3) COCTOMT B BBIIIOJIHEHUH HEPa-
BEHCTB

0< AT <e .

6. Ypasuenue (1) sBI€TCS JAUCCUMATUBHBIM: TIPH JOCTATOYHO OOJIBIINX ¢ KaXKJI0e
pertierre u(t) 9TOro ypaBHEHUs! yJIOBJIETBOPSIET HEPABEHCTBY

u(t) < exp(AT).

Heiicrurensro, e dyukims u(t) — 1, HaunHas ¢ HEKOTOPOro MOMEHTA BPEMEHH, 3Ha-
KOIOCTOsHHA, TO u(t) crpemutes K 1 nipu ¢ — 0. Takum 06pa3oM, HEOOXOIMMO PACCMOT-
PETh JIUIIB TE PEIICHUST, Y KOTOPHIX GECKOHETHO MHOTO (IIpH ¢ — 00) KOpPHEH ypaBHEHHUSI
u(t) = 1. JIokasIbHbIe MAKCUMYMBbI PEIIeHHUT U, PeaIn3yloTcs Yepe3 oTpe3ok Bpemenn T’
nocste obparmenns u(t) B 1. ITosromy

tm

Um = exp[A(1 — / u(s)ds)] < exp(AT).

tm =T

B (2,3, 7] uccienopasicst Borpoc 06 OTHICKAHUY BCEX TeX 3HAYEHWH MapaMerpoB A U
T, ipu KOTOPbIX COCTOSIHUE PABHOBECHsI U TJI00AJIbLHO yCTORYIMBO, T. €. Bee pertenus (1)
crpemsres K 1 ipu t — 0o. B [2]| 66110 mokazano, 9To 06/1acTh TI06aIBHOI yeTORInBOCTH
BbIJIC/IAEeTCAd HEPpaBEHCTBaMU

O<AT<§. (5)
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B [3,7] npoBesier ajropursM, KOTOPBIH JOIycKaeT yiydinenue 51oil ornenku. Cpasy or-
METHM, YTO C €r0 MOMOIIbIO ONPEJIEISIOTCs OIEHKHU CBepXY Beex pernernit (1) maxe mpu
OTCYTCTBUH TI'JTIOOATBLHON YCTOWYIMBOCTU COCTOSHUST PABHOBECHSI.

B [4] mokazano, uro npu Bcex AT > 7/2 ypasrenue (1) mMeeT HEIOCTOSHHOE HEPH-
ommaeckoe perrerne. B Ttom ciaydae, korma AT Masio oTamdaeTcs OT /2, IPUMEHUMBI
craHJapTHBIE MeTOJIbI Teopun oudypkarmit. B pazene 1 s ypasaenus (1) paccmorpe-
Ha KJlaccu4ieckas 3ajiada o oudypkanuu Angponosa — Xorda. B pazaenax 2-4 ucciie-
JIYIOTC OUdypPKAIMOHHBIE 33/[a41, BO3HUKAOIINE IPU MaJIbIX BO3MYIIEHUSIX YPaBHEHUS
(1), mpudyeM OCHOBHOE BHUMAHUE YJIEJICHO CHTYAIUU, KOIJIa BO3MYIIAOIIAsl HeJMHeHHAs
JI0b6aBKa COJIEPKUT (PYHKITHIO 1 ¢ OOJIbIINM 3ama3apiBanueM. [Ipu sTom B pazjenax 2 u 3
pedb MOfIeT 0 JIOKAJIbHOM aHAJIN3e B OKPECTHOCTU COCTOsIHUSI PABHOBECHUSI, & B pasJielie
4 — B OKpeCTHOCTH IUKJa. B pa3jesne 5 B kKauecTBe IpuMepa IPUBEJICHBI Pe3YIbTaThl JIJIsd
KOMIIJIEKCHOT'O JIOTUCTHIECKOTO YPABHEHUS C 3aIa3/IbIBAHUEM.

1. budypkamua Argponosa — Xomda

[lpu A = Ao u T = Ty, tue \Ty = 7/2, xapakTepucTuieckoe ypapHerue (3) mmeer
napy 9MCTO MHUMBIX KopHeil +io : 0 = w(2Tp)"!, a Bce ocrambubie Kopuu (3) mMmeror
oTpHIaTesIbHBIE BelecTBeHHble dacTu. OTCIoa 3aKI09aeM, 9To ypaBHeHHe (2) mMmeeT
HePHOIUYIECKHE PEIICHUH,

Vo(t) = Eexpliot) + & exp(—iat),

e & — Ipou3BOJIbHAsT KOMILIEKCHAsT TTOCTOsTHHAS.

B sagade 06 ycToiIMBOCTH COCTOSIHUS paBHOBecHs Uy = 1 ypasHeHwus (1) mpu sToM
BO3HUKACT KPUTUYECKUN CIyYaill mapbl YMCTO MHAMBIX KOPHEH, T. €. PEan3yr0Tcd yCJIO-
BUs Tak HasbiBaeMoil 6udypkarun Anaponosa — Xonda. dng nsyuenns pemenuii (1)
npu A u T', GJIU3KUX COOTBETCTBEHHO K A\g U 1y, IPUMEHUM CTaHIAPTHBIE METO/Ibl TEOPUN
oudypKarmii.

[Tonoxkum B (1)

)\:)\0+€)\1, T:T0—|—€T1,

riae A\ u 1] Kak-To (DUKCUPOBAHBI, & TAPAMETD € SIBJISIETCS MTOJIOKUTETbHBIM U JIOCTa-
TOYHO MaJIbIM:
O<exk 1.

Tora npu Beex J0CTATOYHO MAJBIX € B JJOCTATOYHO MaJIOi U He 3aBUCAINEl OT € OKpecT-
HOCTH COCTOSIHHs PaBHOBECHH Uy = 1 CyIIECTBYyeT JIBYMEPHOE YCTOIYMBOE JIOKAJILHOE
MHTerpajbHOe MHBAPUAHTHOEe MHOToOOpasue (cM., Hanpumep, [9,10]). Ha s1om MHOr006-
pasuu ypasuenue (1) MOKHO 3aIUCATH B BUJIE CKAJISIPHOIO KOMILIEKCHOTO OOBIKHOBEHHO-
ro jguddepeHnuaabHOTO YpaBHEHUS

dg

= = (fa +0()g + (d+ 0(e)glgl” + O(lg]"). (6)

Ecau Reay # 0 u Red # 0, 1o B (6)y106HO TpoU3BECTH HOPMUPOBOUYHBIE 3aMeHbI §(t) —
Veg, T — e7. Torga ypasaenue (6) ¢ TOYHOCTBIO JI0 c1araeMbix nopsjaka O(€) npuHuMaeT
BU/L

dg

— 2
o = ol dEfef. (7)
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Pemenust ypasuenust (7) u ypaBuenust (1) cBsi3aHbI aCHMIITOTUYIECKON (hOPMYJIOit

u =1+ e[¢() exp(iot) + £(T) exp(—iot)]+
+ euy(t, 7) + e Pus(t, 7) + ..., (8)

re Gyuxmmn w;(t, T) ABISIOTCA MEPHOJANIECKIME C IEPUOIOM 27 /0 110 IIePBOMY apry-
MEHTY.

st Toro, uToObl HailTu KOI(MOUIMEHTHI vy U d, a 3HAYUT, OTBETUTh Ha BOIIPOC O
HoBeJIeHNN Beex perternii (1) B OKPeCTHOCTH Uy HPU JOCTATOYHO MAJIbIX €, MOJCTABUM
dopmamnbabrii pag (8) B (1) u Gymem mocsie10BaTeIbHO TPUPABHUBATE KOI(DMOHUITHEHTH
[PY OJINHAKOBBIX CTEIEHSIX € B JIEBOW M MPABOi YACTSIX IOJIyUUBIIErocs (hbopMabHOIro
TOXKJIECTBA.

Ha nepsoM mare, npupapHnBas Ko3bdUIHEHTH! Mpi € 7/2, mosydaeM BepHOE PaBeH-
CTBO, TIOCKOJIBKY yHKINs Vo (t) siBIsieTcs pereHneM ypaBHeHust (2).

Ha BTopoM mare cobepem KoabdunuenTs! npu . B pesyabraTe HosyanM ypaBHeHne
JUTsT HAXOXKJIeHust Us (T, T):

dUQ

- = —Noug(t — T, 7) — Xo[€? exp(2ic — ioT)+

+ &2 exp(—2io +ioT)).
Orcrofia oJIygaem, 4ro

uy(t, 7) = AE% exp(2iot) + AE? exp(—2iot)

2—1
F

Ha Tperbem mrare yautbiBaeM KOI(MDMUITUEHTHI IIPH €

A=
3/2_ B mrore mosydaeM ypaBHe-
HUe I U3
ug = _)\OUS(t — T, 7') + Al exp(z’ot) + Ag exp(3zat)+
+ Aj exp(—iot) + Az exp(—3iot). 9)

Buauenne Kodpdunmenta As HecymecTBeHHO, a 11 A; umeer mecto dhopmyiia

dg

A = % — 1§ — d|f‘2§; (10)

rjie )
ar=(1+ %)*[(g i) AT (1 — ig)], (11)
d=—Xo[3m — 2+ i(m +6)](10(1 + %))—1. (12)

Yenosue pasperumvoctu ypasHenus (9) B kiaacce 2m /0 -neprouaeckux GyHKIMA cOCTO-
uT B BiosiHenun pasencrsa A; = 0. Orciona, ¢ yaerom pasencts (10)—(12), npuxoqum
K MTOroBoMy ypasHenuto (7) ¢ Haiiyjenubivu koaddurmenramu o u d. Ypasuernue (7)
MHTEIPUPYyeTCs B IBHOM BHjle. BaKHO OTMETHUTD, ITO

Red < 0. (13)
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[Mosromy tpu yesosuu Re ap < 0 Bee pertternst (7) crpemsaTces K HYJIO pu 7 — 00. Ecin
ke Rea; > 0, To ypaBuenue (7) mMeer yCTONUUBBIA UK

§o(T) = &o exp(ipoT),
B KOTOPOM
T
& = [10(§A1 + 22T (3w — 2) 71V,
o =Imay + & Imd.
CdopmyupyemM UTOrOBBIN PE3Y/IbTAT.

Teopema 1. IIyemv Reay > 0. Tozda npu ecex docmamouno marwx € ypasherue (6)
umeem yemotuusvill yuka ug(t,€), 0aa Komopozo umeem Mecmo acuMNMOMUYECKoe
npedcmasieHue

up(t,e) = 1+ Ve(&(7) expliot) + & (1) exp(—iot)) + cuy(t, e) + O(e%/?). (14)

2. budypkammsa B OKpPeCcTHOCTH COCTOSHHSA PaBHOBe-
cusl B cJiy4dae, KOrJa MaJible BO3MYMIEHNS COJIepPKaT
OoJIbIIIOE 3ala3abIBaHUe

PaCCManI/IBaIOTCH JIOTUCTUYECKUE YDPaBHEHUA C 3alla3AblBaHUEM W C MaJIbIM BO3MYIIIE-
HHUeM

U= A1—u(t—T)u+ecF(u,u(t —h)), (15)

rJie HeKoTopas HeJuHedHas GyHKusg F'(x, %) sBisercs 10CcTaToqHO Tiajkoii. Insa na-
pameTpa €, KaK U BblIlle, BbIIOJIHEHO ycjoBue 0 < € < 1, mosTomy mocjie/iHee caaraeMoe
B (15) osnauaer maJsioe Bo3MmyteHue ypasuenus (1).

CHagajia OCTaHOBHUMCSI Ha IPOCTeIeM ciiydae, KOrja rapaMerp 3amnas3/bIBaHus h
KaK-TO (PUKCUPOBaH, & Jiyid KOIMDDUIUEHTOB A 1 T’ CHOBA BBITIOJIHEHBI YCJIOBUS

/\:/\0+€/\1, T:T0+€T1 u /\0T0:g. (16)

Beiesnm rirasnele ciaraembie dyaxmmn F(u, u(t — h)) B okpectnoctn 3uadenuii u = 1:
FA+V,1+V({t—h)=F(1,1)+aV +bV(t—h)+ f(V,V(t—h)), (17)

riae f(V,V(t — h) umeer B HyJie TIOPSJIOK MAJIOCTH HE HUZKE BTOPOTO.
Ypasuenue (15) mMeeT MOJOKUTETHHOE COCTOSTHIE PABHOBECHST

up(e) = 1+ X' F(1,1) + O(e?). (18)

Jluneapusyem (15) Ha ug(e). XapakrepucTnaeckuii KBA3HIOJITHOM TIOJIY IAIOIIErOCs yPaB-
HeHUs UMeeT BHUJ,

p=—(No+e\)exp(—u(To +eT1)) + ca + cbexp(—ph). (19)
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DTOT KBA3UIIOJIXHOM HMeeT J[Ba KOPHH (i1 (€) 1 po(e), 6imskue npu € — 0 K MHUMOI ocu:
Hi2 = +io + O(Z—:), (20)

a BCe OCTaJIbHbIe ero KOPHU MMEIOT OTPUIATETbHbIE BENECTBEHHbIE YacTH, KOTOPbIe OT-
siesienbl or Hysd npu € — 0. TeM caMbIM IPUMEHUMBI BCe Pe3y/IbTaThl MIPeJIbIIYIIero
paszgena. Vcnonb3ys B (15) dopmasnbHoe passioxkenue (8), IPUXOIUM K YPABHEHHUIO Ha
JIBYMEPHOM JIOKAJIbHOM WHBAPUAHTHOM MHTEIPAJILHOM MHOIOOOpa3uu
2
® (ot @t D1 - iD)0+ ) e+ defel, 1)

riae Koaddurmentsl oy u d Te ke, 9to u B (7). Ilo permenusiv ypasuenus (21) ¢ momo-
b0 HopMyIIbI (8) BOCCTAHABIMBAIOTCS pellieHnst ypaBaenust (15) Ha paccMaTpuBaeMOM
JBYMepHOM MHOrooGpasuu u dbopMmynupytorces crangaprbie (cm. Teopemy 1) BBIBOIBI O
CYIIECTBOBAHUU U YCTOHYMBOCTU MEPHOMIECKOro perterust (15).

BoJiee narepecna curyanus, korja napamerp h B (15) sBisiercst 1ocTtaToqHO 60JTH-
muM. [Iycrs y1s1 HEeKOTOpOro (pUKCHpPOBAHHOTO 3HAYEHUS hi nMeeM

_ M
=

h (22)
st cocrosinmst paBHOBecHst Uug(€) BepHa dopmyia (18), a crpykTypa KOpHei Xapakre-
pUCTHYIECKOrO KBasumoanHoMa (19) MeHsiercst cyiecTBeHHbIM 00pas3oM. Jlesio B ToM, 910
yke GeckoHedHO MHOrO KopHaeil B (19) crpemsarcs Kk muumoii ocu ipu € — 0. TTokarxkem
3T0.

[Monoxum B (19) g = io + epy. Torma mus py = po + O(e) npuxoaUM K ypaBHEHUIO

=1 gexp(—z'aT)rl[a — (M — ioATh) exp(—ioTy)+
+ bexp(ip(e)) - exp(—prha)]. (23)

Bnech ¢(g) = (—oh1)e ™ modar, ©(€) € [0,27). Ilpu € — 0 BeIpaxkenue p(e) GeCKOHEUHO
MHOT'O pa3 m3MmeHnsetcsd ot () 710 27.

Yparenue (23), 09€BUJIHO, MMeEET CUETHOE MHOKECTBO KOpHeil. OTciona yzke mpocTo
cJiejlyeT BBIBOJL O TOM, 4TO ypasHeHue (19) umeer 6eCKOHEYHO MHOIO KOPHEid, KOTOpPbIE
cTpeMsATcs K MHUMOI ocu 1ipu € — 0. D10 o3Hadaer, 4To B 3aja4e 00 yCTOHIMBOCTH
cocTostHUsI paBHOBecus Ug(e) ypaBuenust (15) npu ycinosuu (22) peajnsyercs Kpurude-
cKMit ciaydaii 6eCKOHeUIHOI pasMepHOCTH. Takoro pojia KpUTUYECKNe CJIydanl M3yJaIuch
B paborax aBropa [11,12].

[Tpumenum pesyabrarst u3 [11] masg ypasaenust (15). CHoBa pacemorpum dhopMaiib-
ublii psaj (3). [ogcraBum ero B (15) u Gyuem cobuparh Ko3hDhUIMEHTDI TP OJMHAKOBBIX
CTElleHsIX €, CUUTasl, 9TO BeJudnHa ¢ = ¢(¢) dpukcuposana. [loBropsis npeabiiyiiue mo-
CTPOEHUS, JIJIsl HeN3BECTHON aMILTUTY IbI & (7) MPUXOMM K YPABHEHUIO ¢ PUKCHPOBAHHBIM
3aIa3bIBAHIEM

d 2
= = (o +all - D)1+ ) et
2 .
Fh(1—im)(1+ ) exp(—Wh1 )E(T — ) + d|€f%, (24)

2 4
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rie 7 = et. Takum obpazom anasorom (21) 31ech sBisiercs: ypasaenue (24) B 6ecKoHeu-
HOMEPHOM (Pa30BOM IIPOCTPAHCTBE.

CdopmynupyeM OCHOBHBIE YTBEPXKJIEHUs, 0OOCHOBAHUS KOTOPBIX BBITEKAIOT U3 IPU-
BEJICHHBIX BbIIIE OocTpoenuii. PuUKcupyem Ipou3BoJILHO ¢y € [0, 27) u paccMOTpUM ypas-
HEHUe

dg

£ = (o + )€ + bexplip)E(7 — hn) + dIgPE (25)

e a = (1—im/2)(1+72/4)", b= b(1 —ir/2)(1 + 72/4) .
Teopema 2. [lycmv npu wekomopom o ypasrerue (25) umeem ozpanuverHoe npu
T — 00 pewenue &(T). Toeda cyuecmsyem nocaedosamenvrocmy €, — 0, onpedeasemas

pasencmeom p(€) = o, 4mo npu € = &, ypasnenue (15) umeem acumnmomuueckoe no
nesaske ¢ mounocmwio do O(e%?) pewenue

u=1+ e, (&(7) exp(im?) + &(7) exp(—iot))+
+ [N F(1,1) + %52(7) exp(2iot)]+

2+

7 £3(1) exp(—2iot)], T =&yl

st pocreiinux pemennit ypasuenust (25) Bujia

§o(T) = poexp(ivoT) (po > 0) (26)

MOZKHO IOJIyYUTh 60Jiee TOUHbIE YTBEPIKICHMUSI.

Urak, mycrb jijis HEKOTOPOTO o ypaBHeHHe (25) MMeeT, IpU BbINOJHEHUN HEKOTO-
PBIX YCJIOBHI THIA OOIIHOCTH ITOJIOYKEHUs, ycToitunBoe (Heycroitunpoe) pernenue (26).
Torga npu jocraTodHo MaJsibix £, ypasHenue (15) mmeer ycroifunmsoe (HeycTORUIMBOE)
[EPUO/IUIECKOE PEIIeHNe

ug(t,€) = 1+ v/2,2p0 cos((o + 00 + O(e2))t) + O(s,,).

OTmernM, 9T0 KOJIMYIeCTBO perternit Bujia (26) ypasuenus (25) TeM 6oJibiie, 4eM 60JbIIe
sHavyeHne mapamerpos b u hy. Takum ob6pazom, yciaosue (22) GOJIbIIMX 3HAYEHUI 3arias3-
JAbIBaHUA MO2KET IIPUBOJAUTDL K CYIIIECTBEHHOMY YCJIO2KHCHUIO JUMHAMHNYICCKUX CBOIICTB B
OKPECTHOCTH COCTOsIHHS paBHOBecus (15).

3. O JiokasibHO#I nuHamuke ypaBHenus (15) B ciaydqae
CBepPX00JIbIINX 3HAUEHU h

Koporko ocranoBumcst Ha cuTyarun, Korja napamerp h B (15) sBiasgercs «cBepxO0b-
MIUM», T.e. Tapamerp hy B (22) siBisiercst GOJIBIITIM:

hi=v"' mw 0<y<l (27)

[ToBTopsisi TpebIIyITe TOCTPOeHNs, moaydaeM ypapraenune (24). Huxke caumraem, 910
napamerp € B (24) Kak-10 PUKCHPOBAH.
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Orpanuuanmcst uccyieioBaaueM perenuii (24) w3 Majioif, HO He 3aBucsIeil 0T € u
7/ OKPECTHOCTH HYJIEBOTO COCTOSIHHS paBHOBecusl. YJI00HO B (24) mpom3BecTH 3aMeHy
Bpemenu 7, = v~ 7. Torja 1oayuUM CHHIYJISPHO BO3MYIIEHHOE ypaBHEeHHe

dg

Vo = () + bexp<i—j>s<n — 1) + dlefe. (28)

XapakTeprucTuIecKuii KBa3UIIOJNHOM JIJisl JINHEAPU30BAHHOTO B HyJsie ypaBHeHus (28)
uMeeT BU/I .
1o}
Th=Ar+ Ay exp(—g) exp(—p), (29)

e Ay = ap + (1 —in/2)(1 + 72 /4)ta, Ay = (1 —im/2)(1 + 7%/4)~'b. Tonoxum A; =
A+ A m Ay = |Ay] = [b|(1 + 72/4)71/2. Torna semauna A, mpejcTaBuMa B BUIE
A2 = AQO exp(igom).

[Tpu ycoBun Ay > 0 kBasunosmuoM (29) uMeeT KOPEeHb € MOJIOKUTEIbHON U oTj1e-
JIEHHO OT MHUMOI ocu 1ipu 7y — () BerecTBeHHoit YacTbio. [loaTomy 3a1a4ua o quHamMuke
(28) B OKpecTHOCTH HyJIsl CTAHOBUTCS HeJIoKasbHON. Hike mpemosaraem, 1ro

Au < 0. (30)

Hanee, pu ycionn |A;|Ay < 1 Toske mosydwaem, aTo y KpasumoimHoMa (29) ecTh
KOPEHb C MOJIOXKHTEIBHOI BeleCTBEHHO JacThio, paBHoil In Agg|A;|~!. OTmernm, uro
npu yeaosun |Aj|Ay > 1 ecth kKopenb (29) ¢ OTpHIATEILHON BEIECTBEHHON YacThIo,
OJTHAKO [IJIsi OTPUIATEJLHOCTH BEIIECTBEHHBIX YacTell BceX KOpHeil (29) aroro ycaoBus
Hesoctarodro. ChopMynmupyeM UTOroBoe yTBep:KaeHne 0 KOpHsx (29).

Jlemma 1. ITyemo swvinoaneno nepasencmeo (30) u nycmo
Ago < [An. (31)

Tozda npu ecex docmamowno masvx 7y ece kophu (29) umerom ompuyamenrvuvie u 0m-
desernvie om Hyas npu v — 0 sewecmesennvie wacmu. Fcau orce

Az > |Anl, (32)

mo npu docmamowo maavis y natidemes xopens (29) ¢ noaostcumenvrot u omoeaenot
om wyaa npu 7 — 0 sewecmeennotl wacmoro.

[IpocToe obocHoBaHME FTOI JIEMMBI OILyCTHUM.

Takum 0O6pa3oM, B M3yUeHNN HYKIAETCS TOIHKO Caydail, Korma 3HadeHue Agy 6/11m3K0
K |Aj1]. B cBa3u ¢ sruM HumKe mosaraem, 9TO IS HEKOTOPOro (hUKCHpOBaHHOTO Aj
BBITIOJTHEHO PABEHCTBO

A2 = ’A11| + ’}/2140. (33)

B srom cirydae GecKOHEIHO MHOTO KOpHeil (29) cTpemsarcst K MHUMOI OcH mpu 7y —
0, a Bce ocTaJibHble KOPDHU UMEIOT OTPUIIATEIbHbIE W OTJEJEeHHbIe OT HyJId TP Y —
0 BelecTBeHHBIE YacTH. TakuM 00pa30M, OIATH PEAU3yeTcsi KPUTHUECKU ciydail (B
3aj1a4e 06 yCTOWIMBOCTH CTAIMOHAPA Ug(€)) GeckonedHOl pasmeprocTu. MeTos n3ydeHust
TAKNX KPUTHIECKUX CaydaeB paspaborad B [13-16]. [Ipumenum 31ech cOOTBETCTBYOIIIE
Pe3yJIbTaThI.
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CHauaJia uccjejlyeM TOBeJIeHne KOPHel XapaKTepucTHIecKoro ypasHenus (29) mpu
~v — 0. Haiiiem acuMIIToTuKy T€X KOpPHEN, KOTOPbIE CTPEMATCH K MHUMOIT ocu 1ipu Y — (.
Beegem neckosbko obosnagenuit. [Tomoxxum B (29) p = iw 1 pe3ysnbTar 3alniieM B BHJIE

P(w) = Ay exp(ips — iw),
riae P(w) = i(yw — A1) — Aqp. Vmeem
H}jn |P(w)| = |P<WO)| = AH n Wy = Alg’}/_l.

Beenem eme onno obosnadenue. Uepes »x = () 0603HAUMM Takoe 3HAUYECHUE W3
nostyusTepsasia [0, 27), s KOTOPOro BeJUYnHa

o(ey) ™" + Ayt — a0 + 2(7)
gBysteTca 1esoit kpatnoit 2. Cdhopmympyem HTOTOBoe yTBEPZK ICHHE.

Jlemma 2. Ilpu yeaosusz (27), (30), u (33) ypasnernue (29) umeem beckonenwno mHo20
kopret fy(y) (n = 0,£1,£2,...), 04 KOMOPLT UMEIOM MECTO ACUMNMOMUYECKUE
npedcmasieHUs

i (7) = i[A(e7) 7+ Ayt — o0 + 3(Y) + 2] 4 Yeiny + Vhiny - (34)
ede
[, = —i(270 + 2) Ay,
fny = —%(27?71 4+ 20)2 Ayl +i(2mn + ) A + Ag.

JIuneitnoe ypasnenue

dg

T T)e(r — 1) (35)

= Alé + Ag exp(—a

umeet npu yesaoBusx (30), (33) GecKoHedHO MHOIO peleHunii Buga

§n(T1,7) = N exp(ipin(7)71), (36)

rae 1), — IPOU3BOJIbHbIE KOMILJIEKCHbIC ITOCTOAHHDbIC.
Dopmymy (36) 3ammrmem nHate

&n(1,7) = exp(iB(y)71) - exp(2mni(1 — 7 Az ) 71)na(s), (37)

B KOTOPOH

B(y) = —o(e7) ™ + Ay + (7)1 — 7Ay),
() = exp[—(n, +O())s], s =77
Perrenne HeJtTuHEIHOTO ypaBHEHUS (28) OyJIeM HCKaTh B BUJE JIMHEITHOW KOMOUHAIINN
BCex perrennii Bujia (37) ¢ HEM3BECTHBIMU AMILTUTYIAMHE 1), (S):

o0

&(m1,v) = vexp(iB(y)m) - Z N (s) exp(2mnix)+

n=—oo

+’y3/291(71,x,s)+..., T = (1—7A§01). (38)
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Bneck g1 (71, T, 8), . . . — MEPUOJUIECKHUE TIO TIEPBBIM JBYM aprymerTam dyukiuu. [Togcra-
BuM (38) B (28). [IpousBo/is crasmapTHbIE IEHCTBHS, TTOJIY UM ypaBHEHUE I g1 (71, T, S).
3 ycnoBust €ro paspenmMOoCcTi IPUXOAUM K YPABHEHUIO s (DYHKIUH

[e.9]

n(s,z) = Z N (s) exp(2mnix) :

n=-—oo

In _ 2 —18277 —2/. on
s (2435) 972 + Ay (i + 1)8x+

+ (Ao + 2 Agg' ) + Ay dnln . (39)

[Mockosbky dyHKIws 7)(s, ) 1-epuognIecku 3aBUCUT OT BTOPOrO apr'yMeHTa, yPaBHEHHEe
(39) mO/IKHO GBITH JOTIOJHEHO HEPHOIMICCKUMI KPACBBIME YCIOBHIME

n(s,x + 1) =n(s,z). (40)
3 npuBeIeHHBIX OCTPOCHMI BBITEKAET CJIELyIONIee YTBEPZK ICHHe.

Teopema 3. [lycmo svnoanenv, yeaosusa (27), (30) w (33). Ilyemov daa nexomopozo
% = 3 € |0,27) xpaesas 3adava (39), (40) umeem oepanuvenmoe npu s — oo, x € [0, 1]
pewenue 1o(s, ). Toeda natidemea maxas nocaedosamervrocms v, — 0, onpedeasemas
u3 yeaosus # (V) = o, wmo ypasuenue (28) umeem acuMnmomuueckoe no HeeA3Kke ¢
mounocmwio do O(?) pewenue

Em,y) = (s, x), s=7"n, o=1-74)m, 7="Tm

Ypasuenne (39) ¢ kpaeBbiMu ycaoBusMu (40) sABIseTCH KIACCHICCKAM YDaBHEHUEM
Cunszbypra — Jlangay. Ero auHaMuke HOCBSIIIEHBI UCC/IEI0BAHKST MHOTUX aBTOPOB (CM.,
wanpumep, [17-21]). I3BecTHO, B 4aCTHOCTH, YTO 9TO YPABHEHUE MOXKET UMETD JIOBOJILHO
CJIOZKHYIO, B TOM YHCJIe — HEPEryJIsIPHYIO JIMHAMUKY.

OrmernM, uro B Kpaesoil 3ajade (39), (40) mpocro HaXOAATCS pelleHusi — Geryiue
BOJIHBI — BUJIA

n = pexp(i2rmz + 1ps).

J171s1 HUX MOKHO TMOJIYYIHTb PE3YJIbTATHI O CYIECTBOBAHUU TOYHBIX perieHuit B (28) u
OTBETHUTH Ha BOIPOC 00 UX YCTOMIUBOCTH.

Takum 06pasoM, B 3TOM pasje/ie MOKa3aHo, YTO yBeJMYeHrne 3alas3jiblBanus hi co-
[JIACHO COOTHOIEHUIO (27) MOYXKET IPUBOJUTH K YCJIOKHEHUIO JTUHAMUYECKUX CBONCTB
MCXOJHOIO YPABHEHMS.

Ocobo oTMeTHM, 9TO MIPH PA3JINIHbIX 3HAYCHUAX ¢ auHamuka (39), (40) Moxker ObITH
pazimuHoil. D10 03Ha4YaeT, 9YTo upu Y — 0 MOKET NMPOUCXOJUTH HEOIPAHUYEHHBIH 11pO-
1ecc MpsiMbIX U obpaTHbIX Oudypkanuii B (39), (40).

asee BcTaer BONMPOC O CTPYKType pemteHuil (28) mpu jaabHeieM yMeHbIIeHn: Y
(yBesmaenun hy). Ha mepBbiil B3rIs IPUHINIMAIBHBIX U3MEHEHUIT He MPOUCXOJIHT, IO~
CKOJIbKY TapameTp 7 Gburypupyer TOJIbKO B BbIpaykeHUH » = (7y) ypasuenus (39).
OaHako 310 HE coBceM Tak. Jleso B TOM, 9TO BbIIIE UCC/IEI0BAHUS IIPUBEICHDI JJIsT CJIy-
Yasl, KOTJla «HAQIKPUTHIHOCTE» A cBs3ana co 3HadenneM As dopmyiioii (33).
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HeO6XO,ZLI/IMO, KOHEYHO, PaCCMOTPETDL 60.)'[66 06HLyIO CBsA3b, KOI'la
Ay =|An| +7°4,, 0<d<2. (41)

CootrBercrBytolue pe3yabTaThl O6buin moaydeHsl B [14, 15]. 3mech b ykazkeM, 9To
orimaue ciydaeB 0 = 2 u 0 < § < 2 gBjsieTcs CyIecTBeHHbIM. Hampumep, BOZHUKAKOT
6oJree CIOXKHbIE MHOTOIIAPAMETPUIECKIE ceMeiicTBa HeJIMHEAHBIX KPaeBbIX 3a/1ad, Urpa-
Ionwx posib kpaesoil 3agaqdu (39), (40). Bee sro rosopur o Tom, uro mpu v — 0 (B
yesoBuu (41)) MOXKET HIPOUCXOJUTH PE3KOe YCJIOXKHEeHHe JUHAMUKU. Harmpumep, CrioH-
TAHHOE YBEJIMYEHHEe KOJUIECTBA YCTAHOBUBIINXCS PEsKUMOB B (28).

4. MaJble BO3MYIIEHNA B OKPECTHOCTU ITUKJIA

Baech npepnonaraemM, uro mapamerpel 7 u T B (15) dukcuposanst u rT > 5, T.€. B (1)

UMeeTCs SKCIOHEHITUAIHLHO OPOUTAIBLHO YCTONINBBIH KT uo(t) epuoIa TO.

[Tpu ycyioBum MajocTu mapamMerpa -y MPUXOIUM K CTaHIapTHON 3a/1ade 0 MaJjIoM BO3-
MYIIEeHnH Ipydoro nukia. Beemem HeCKOIBKO 0003HAYMEHMIA.

Cravaja oTMeTHM, 9TO (DYHKIIH uo(t) ABJIETCdA pelleHrneM JIMHeapu30BaHHOI'O Ha
uo(t) ypasuenus (1)

0=7r(1—uy(t —T))v—rue(t)v(t —T). (42)
DopMasIbHO CONPSIZKEHHBIM K 9TOMY YPABHEHUIO SIBJISETCS yPaBHEHUE
g=—r(l—uo(t=T))y+ruo(t + Tyt +T). (43)

XeilJI0BCKOe CKaJIAPHOE IIPOU3BeIeHNe oIpeieidercs (hbopMyJIoit
0
<v(s),y(s) >=v(0)y(0) —r / up(s + v(s)y(s + 1)ds
-T

(v(s) € Clrg), Y(s) € Clor)). Ormernm, uro jtst moObIX JABYX permennii (42) u (43),
OIIpEJICJICHHBIX TP BeeX ¢ € R, clpaBeiyInBo TOXKIECTBO

< (s +1),y(s +1) >=<v(s),y(s) > .

Ypasuenue (43) numeer eMHCTBEHHOE (C TOTHOCTHIO JIO MHOYKUTEJISI) TIEPUOUICCKOE Pe-
menue Yo(t) (# 0). [Homoxum

o =< F(uo(t),up(t — h)),yo(t) > .

Cureytolee 1pocToe yTBEPXKJEHUE SIBJIAETCH 000OIIEHIEM XOPOIIO U3BECTHOI'O JIJIst
OOBIKHOBEHHBIX (D epeHITNATBHBIX YPAaBHEHN PE3yIbTaTa O BO3MYIIIEHUN IPyOOTO K-
.

Teopema 4. IIpu ecex docmamouwno marwx € ypasruenue (15) umeem opbumansvro
yemotuusol yuka ug(t, €), 0ad Komopozo
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uo(t,e) = up (1 + o + o(e))t) + O(e).
BoJtee unrepecuna curyarus, Korjia BMecte ¢ yeaoBueM () < € < 1 BBIIIOJTHEHO YCJIOBUE
h>1.

Pesynbrarsr o 6udypkalusax B OKpECTHOCTH IUKJIA IIPU MaJIBIX BO3MYIIEHUSIX ¢ GOJIBITIM
3amas/piBanueM mosrydensl B paborax [11,12]. IIpumennm nx x ypasuenuto (15).
IIycts h = hie™!. Beenenm B paccmorpenue popMabHbIE PsIIbI

u(t,e) = up(1) +ewr(r,8) + ...,

d
d—7t—:1—|—5g0(s)—|—...,

rae V;(t) — To-miepuouaet 1o 7, ¢(s) — CKaasApHas MOYTH [eprondecKas OyHKINs, s —
«MejieHHoe» Bpemsi: § = et. Ilogcrasum stu psajel B (15). Torma, cobupas koadbduru-
eHTBI IIPU OJIMHAKOBBLIX CTCHEHAX €, IPUXOAUM K yPaBHEHUIO

du1

- = r(1 —ug(t — T))uy — rugus (1 — T) + eR(7, s),
-

rae R(1,s) = F(uo(7), uo(7(t — hy/e))). YcaoBue paspenmmMocT Jjist STOr0 yPaBHEHUS

B yKa3aHHOM KJjiacce (DYHKIUIT COCTOUT B BBIOJIHEHUN paBeHCTBa < R(T, s), yo(T) >= 0.
O6ozHaunm vepes g(z) dyHKIMIO

9(2) =< R(uo(7), uo(7(t = 2))), o(7) > . (44)

Vuureast, uro 7(t — h) = 7(t) — hye ! — f (p(s1) + ...)dsy, u3z (44) npuxoaum K

YPABHEHHUIO [JIs1 OlIpe/ieieHust p(s): o
0
p(s) = 9(0 + / (s + p)dp), (45)
h
rie © = O(c) = {e'M}| q7, Hocme Toro, Kax perenue @(s) 9TOro ypaBHeHUs

HailJIeHO, aJIrOPUTM IIOCJIEI0BATEILHOTO HAXO0XKIeHUST KOI(MDPUIINEHTOB (DUTYyPUPYIOIINAX
BhIIIIEe (POPMAJIbHBIX PsiJIOB MOXKHO HEOIDAHUIEHHO IIPOI0JIXKATD.

Paccmorpum Bompoc o cocrosinusix paBHoBecust ypauerus (45). s nx zaxox qenus
MOJTy9aeM ypaBHEHUE

© = g(0 + hoyp).

Bompoc 06 ycToitumBOCTH HEKOTOPOI'O COCTOSHUS paBHOBecusl ¢y Ipu © = Oy 3Toro
ypaBHEHHS PEeNIaeTcs CTaHIaPTHBIM 00Pa3oM.

Teopema 5. [Tycmv npu nexomopom © = Oy ypasuenue (45) umeem cocmosnue pas-
HOBECUA Py U NYCMb BBINOAHEHO HEPABEHCTNEO

hlg/(@o + h1g00> 7£ 1.
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Toz0a cywecmeyem maxas nocaedosamesvrnocmo €, — 0, onpedessemas us Ycro6us
O(e) = Op, wmo npu € = &, u npu docmamoywno boavwur n ypasuenue (15) umeem
nepuoduueckoe pewenue ug(t,e) euda

up(t, ) = up(7) + eur (7, s) + o(e),
ede T = (1 + ey + O(£?)). Omo pewenue yemotinuso (neycmotinuso) npu
hog/(@o + ho(,@o) <1 (> 1)

Takum o6pazom, ypasHerue (45) MoxKeT uMeTh Jiroboe Iuciao (B 3aBUCUMOCTH OT N )
YCTOWYIMBBIX COCTOSIHUI paBHOBecHs, a ypaBHeHHe (15) COOTBETCTBEHHO TaKoe JKe UHC-
JI0 yCTOMUMBBIX mepuojgndeckux pertenuit. Kpome sroro, miuga (45) u (15) xapakrepen
HEOTIPAHMYICHHBIN IIPOIECC MPAMBIX M 00paTHBIX OudypKaruii npu € — 0, HOCKOIBbKY
© = O(¢e) Geckoneuno muoro pas meusercsa or 0 go Ty pu € — 0.

5. Ilpumep. KoMmnjekcHoe JIOTHCTHYECKOEe ypaBHEHHE
C 3ala3/ibIBaHuEM

PaCCManI/IBaeTCﬂ CKaJIAPpHOE KOMIIJIEKCHOE ypaBHEHHUE
w=r[l —dult—T)*u, d=1+iA. (46)
9TO0 ypaBHEHHE MMEET IMEPUOSTIECKOE PeIeHHe
uo(t) = exp(iAgt), Ay = —rA.
yCJIOBI/Ie yCTOP’I‘{I/IBOCTI/I 9TOI'0 pelIeHuA COCTOUT B BLIIIOJIHECHUMN HEPpaBCHCTBaA

T
T < —. 4
r <4 (47)

OrmeruM, 9TO TIOCTE 3aMeHbl v = |u|? ypaBHenue (46) nmpuHUMaeT BUJL
uw=2r[l—v(t—T)]wv. (48)

O6bekTamMu UCCIeI0BaHNs 371eCh SBJIsIeTCst ypaBHeHue (46) ¢ MaJIbIMU BO3MYIIEHUSIME C
OOJILIITIM 3alla3IbIBAHIEM

o =r[l —dut —T)*u+cau(t — %), a = agexp(ithy), (49)

rie hy > 0, a € — MaJIbIil TOJIOKUTE/IBHBII ITapaMer]:
O<exk 1.

Huzke B paszzese 5.1. uccieyercst BOIPOC 0 JIOKAJIBHOI (B OKpecTHOCTH g (t)) JuHAMEIKE
ypaBrenus (49).
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5.1. O pemienusx ypaBHenus (49) 6Ju3KuX K MUAKITY ug(t)

Ypasuenue Buja (49) uzydeno B padore [11]. IIpuvernm 31ech aaropuT™ UCCIe10BAHI
u3 [11]. Jos sroro BBeseM B pacemMorpenne (bOpMasIbHBINH ACHMITOTHYECKHUI Psil

u = exp(ilo7)[1 + eus (1) + .. ], (50)
rie Ay = —rA, 7 =71(t)
d
—T:1—|—E()00(S)—|—..., s = et. (5]‘)
dt
Orcrosia mostyaaem, 9To
h o
rt- ) =) -2 = [ (aulor) . )ds (52)
s—h1

[Momxcrasum (50) B (49) u 6yaem cobupaTh KO3hMUIMEHTHI TP OJMHAKOBBIX CTEIIEHSX €.
st uy(7) Torga moyvdaeM ypaBHeHHe

iDopo + U1 = —(1+iA)(u (t —T)+us(t —T))

+wmﬂ@+Ag/%@+ﬁmw} (53)

B (53) nmomoxeHo
O = O(g) = Aohi1e |modzr-

U3 yesioBust paspemumoctu ypasaenus (53) B KJiacce NepUOJAnIecKuX PyHKIMN JJIst
OIpeJiesIeHnsT HeM3BeCTHO M (DYHKIN g (S) IPUXOIUM K YPABHEHUIO

0

Agpo(s) = /1 + A2sin(© + Ay / wo(s + s1)dsy + 3¢), 2 = arctg(—Ay). (54)

—hy

Pacemorpim Borpoc o coctosinusix paBHOBecust ypaBaenust (54). /s nx HaXoxK IeHust
[IoJIy4acM ypaBHCHUE

© = g(© + hip), (55)
© = Nowo, g(z) = /1 + Afsin(z + ).

I[TycTh nipu HeKoTOpoM © = O, ypasnenue (55) umeer pemrenue ©°, T.e. ipu © = O
ypasuenue (54) numeer cocrostnue pasHosecust ¢(s) = Agp. Uccseryem Ha yeTORINBOCTD
3TO COCTOSTHTE PaBHOBecHs. [T 3TOr0 PaCCMOTPHUM JIMHEapH30BaHHOe Ha ¢ ypaBHeHHe
(55). B pesyibrare NpuxoiuM K ypaBHEHHIO

0

Y(s) = /14 A2 cos(0g + hi¢°) / (s + s1)dsy. (56)

—h1

Nnmeet MecTo cieytoriee MpocToe YTBEPKICHHE.
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JIlemmva 3. Ilpu ycaosuu

hiy/14 A2 cos(0g + hi¢°) < 1, (57)

6CE KOPHU TAPAKMEPUCTNUMECKO20 KEAZUNOAUHOMA YpasHerus (56) umerom ompuyamens-
HDIE BEULECTNBEHHDIE YACMU, A TPU

hiy/14 A2cos(0g + hi°) > 1 (58)

UMEEMCA NOAOHCUMENLHVIT KOPEHD IMO020 KEA3UNONUHOMG.
OcHoBHOI pe3ysIbTaT.

Teopema 6. [Tycmv npu nexomopom © = Oq ypasuenue (55) umeem cocmosanue pas-
nosecus ©° U NYCmMv GLINOAHEHO HEPAGEHCTEO

hiy/14 A2 cos(0g + hig°) # 1.

Toz0a cywecmeyem maxas nocaedosamervrnocmo €, — 0, onpedessemas us Ycro6us
O(e) = Op, wmo npu € = &, u npu docmamouwno boavwur n ypasuenue (49) umeem
nepuoduueckoe pewenue ug(t,e) euda

uo(t, &) = exp(ilo7)[1 + cus (1) + O(e)],

2de 7 = (1 4+ ¢ + o(e))t. Imo pewenue ycmotivnuso npu yeaosuu (57) u neyemotinueo
npu yeaosuu (58).

W3 s1oit Teopembl, B 9aCTHOCTH, CJIEIYET, 9TO KOJMIECTBO YCTONIUBBIX TEPHOITIe-
ckux perennii (49) MOKeT OBbITH CKOJIb YIOJHO OOJIBIIMM B 3aBUCHMOCTH OT BEJIMIUHbBI
napamerpa hi. Kpome sroro, s (49) xapakrepeH HeOrpaHUIEHHBIH TIPOIECC MPSMbIX U
obparubix 6udypkanuit or nukiIa ug(t) npu € — 0. DTO CBA3AHO € TEM, 9TO KOJUIECTBO
U YCTOWYIMBOCTh COCTOsiHUIT paBHOBecus B (56), a 3HAYNT, W MEPUOJANIECKUX DEITeHH
(49), 3aBucur or BesmunHbl © = O(g), KOTOpast GECKOHETHO MHOrO pa3 MeHgeTcs or ()
5o 27 npu € — 0.
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Amnnorarusi. B nacrosieit pabore paccMaTpuBaeTCst MaTeMaTHIecKast MOJIETh KOJIbIEBOI HePOH-
HOHM CeTH C CHHAIITUYECKUM B3aUMOJIEHCTBUEM 3JIeMEHTOB. MoJesb MpeJICTaB/IsIeT COOOI CHUCTEMY CKa-
JISPHBIX HEJIMHEWHBIX JuddepeHnnaIbHO-PA3HOCTHBIX YPABHEHUN, TPaBble YaCTH KOTOPBIX 3aBUCSIT OT
bousibimioro mapamerpa. HemsBectHble DyHKIMN, BXOISINAE B CUCTEMY, XapaKTepU3yIOT MEMOPaHHBIE 10~
TeHIMAaIbI HelipoHOB. [lpecTaBiser nwATEpEC MONCK B PAMKAX JAHHON CHCTEMBI YPABHEHUIT PEIAKCAIIN-
OHHBIX I[UKJIOB, 8 IMEHHO IEPUOIMIECKUX PEIIeHN ¢ ACHMITOTUYECKH OOJIBININM BCILIECKOM HA IIEPUO/IE.
C 310l 1IeJIBbI0 CTABUTCS 3a/1a49a OTHICKAHUSI PEIIeHUil B BUJIE JIMCKPETHBIX OErYIINX BOJIH, YTO [T03BOJISET
[epeiiTu OT UCCIEOBAHUSI CUCTEMbI K M3YyJIEHUIO OJHOIO CKaJISIPHOIO HEeJIMHEHOro auddepeHnnabLHo-
Pa3HOCTHOTO ypPaBHEHUS C JIByMs 3ama3abiBaHusMmu. Jlajee, npyu cTpemMyeHUn OOJIBIIOTO mapaMerpa K
OECKOHETIHOCTH OIIPEIEISIeTC MPEIEIbHBIN 00 BEKT, IPEICTABIISIONIII co00ii pesieiiHoe ypaBHEHUE C IBY-
M 3ana3/[bIBAHIUAMHU. KOHCTPYKTUBHO, C MCIOJH30BAHIHEM METOJA INaroB, JOKA3bIBAETCH, YTO MOXKHO
BbLICJIUTH IIECTH CJIyYaeB OFpaHI/I‘{eHI/Iﬁ Ha ITapaMeTpbl, B KazKJIOM M3 KOTOPbLIX peEHIeHue peﬂeﬁHOFO
YPaBHEHUsI C HaYa IbHOI (DYHKIMEN M3 MTOIXOSINEro KJIacca COBIAJIAeT C OIHOIM M TOU Ke IepHoImde-
ckoit pyHKIMeR ¢ TpeOyeMbIMU CBOMCTBAME. 3aTeM OIpeesseTcs: oneparop mocieaoBannii [lyankape
u ¢ ucnoJsib3oBanueM npunnuna [{laynepa moKa3bIBAETCs CYIIECTBOBAHNE PEIAKCAIIMOHHOIO IEPUOIITIe-
CKOT'O PeIeHUs CHHTY/ISPHO BO3MYIIEHHOTO YPaBHEHU C IByMsl 3ana3/(bIBaHusAMu. [{jis1 3Toro crponrces
ACUMIITOTHKA 3TOI'O DEIIEHUsI, & 3aTEM JOKA3bIBAETCA €0 OJIN30CTh K PENIEHUIO PEeJIEHOI0 YpaBHEHNU .
N3 skcnonennuaibHoil oreHku mpoussonoit Operie oneparopa [lyankape ciiemayer e IMHCTBEHHOCTH B
IIOCTPOEHHOM KJiacce (byHKIuil pernerus guddepeHnaaibHO-pa3sHOCTHOTO YPABHEHUS C JABYMS 3alas3-
IBIBAHUSIMHA, & TAK2Ke 0OOCHOBBIBAETCS €0 SKCIIOHEHITNAJIbHAST OPOUTAIbHAS YCTOWINBOCTh
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1. IlocraHoBKa 3a1a4n

B mactoseit paboTe MCIOIb3YeTCA MOAX0/ K MOJICTUPOBAHUIO XUMUYIECKUX CHUHAIICOB,
[peJUIOKEHHbIIT B cTaThe [1], B OCHOBE KOTOPOTO JIEXKUT pean3aliysi uaen ObICTPOIt Hopo-
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roBoit Moyssun. Beicrpast oporosast momysius (fast threshold modulation) — sTo
CIIEIUAJIBHBINA CIIOCOO CBSI3UM JIMHAMHYECKUX CHCTEM, JIJIsi KOTOPOTO XapaKTepHO CKad-
KOODOpa3HOe M3MEHEHMe MPaBbIX dacreil audpepeHImaabHbIX YPABHEHH IPU Iepexojie
HEKOTOPBIX YIPABJISIIONINX TIEPEMEHHbIX Yepe3 CBOM KpUTHUIeCKue 3HadeHust (eM. [2-7)).

HeckosibKo nHast MaTeMaTndecKas MOJIE/Ib IEeMOYKN HEHPOHOB ¢ CHHAIITHYIECKOI CBSI-
3b10 OblIa IpeJIo’KeHa B cTaThe [1]| m mMeeT BuT

U; = ()\f(uj(t - 1)) + bg(uj_l) ln(u*/uj)>uj, j=1,...,m, ug= Upy,. (1)

Brech wj(t) > 0 — HOpMHEpOBaHHLIE MeMOpaHHbLIE HOTEHIUAIBI HEHPOHOB, CBA3AHHBIX
B KOJIBIO, A >> 1 — GoJbIIoil mapamerp, XapakTepU3yIONHil CKOPOCTb IIPOTEKAHMSI
9JIEKTPUYECKHUX TIporieccoB, b = const > 0, u, = exp(cA) — mOporoBoe 3HaveHHE,
¢ = const € R, craraembre by (u;_1) In(u, /u;)u; MOIEIMPYIOT CHHAIITHECKOE B3aHMOIEii-
creue. Ornocurensio gyukmmii f(u), g(u) npeanonaraem, aro onn u3 kaacca C?(R,),
rie Ry = {u € R:u > 0}, u y1oBIeTBOPAIOT YCIOBHSIM:

f(0)=1; f(u)+a, uf'(u), v*f"(u) = O(u™") npu u — +00, a = const > 0; 5

g(u) > 0Vu >0, g(0) =0; glu) —1, ug'(v), uv*g"(v) = O(u™") upu u — +oo. (2)

Bynem uckarh mepuoautieckoe pentenne cucreMsl (1) Takoe, aro GyHKIUE u; OyayT
UMeTh OJMH BCIIECK Ha IEPHOJEe C Pa3sHOCThIO ¢a3s, pasuoit A = const > 0.

[TpuvuHb, ONKUCAHHBIE B cTaThe |1], M0 KOTOPBIM j1jIst MCc/ieI0BaHus BHIOpaHa CUCTe-
Ma (1), cocrosr B ciaemytomeM. Bo-niepBbix, cBasyomue caaraeMore bg(u;_q)u; In(w, /u;)
MEHSIIOT 3HAK C «+» HA «—» IIPH YBEJIMYEHUN IOTEHIUAJIOB U; U IIPU IPOXOXKICHUH
UX Yepe3 KPUTHIECKOe 3HAYEHUE 1U,. BO-BTOPBIX, i cucTeMbl (1) ymaercs KOPpeKTHO
OIIPEJIE/IUTE TIPEETbHBI 00BEKT, KOTOPBIM OKa3bIBAeTCs HEKOTOpas peJiefiHasi cucre-
Ma ¢ 3ala3/IbIBaHueM, 9TO OyJIeT MPOJEMOHCTPUPOBAHO BO BTOPOM pasJjiesie HACTOSAIIei
CTaTbHU.

AHamus cuHTYISAPHO BO3MYIIEHHOI cucrembl (1) OCHOBaH Ha CJIEIYIONINX JIBYX MaTe-
MaTHuecKux ujesx. [lepsast uz nux onucbiBaerca B [1,8-14| u cesaszana ¢ nepexoaom B (1)
K JIOrapudMUIecKoil MmKaje, To eCcTh ¢ 3aMeHoit x; := (1/))Inwu;, kpome Toro, BMecTo
GOJIBITIOrO apaMeTpa A BBOJIUTCS B pACCMOTpeHue MaJiblil mapamerp € := 1/\A < 1. Dra
3aMeHa MO3BOJIIEeT MepeiTH K OJIM3KOI K pesieiiHoil cucreMe

T = F(:L‘j(t — 1),5) + b(c — :L‘j)G(IL‘j_l,Z-Z), j=1,....m, xg= T, (3)

rie F(z,e) := f(exp(z/e)), G(z,e) := g(exp(x/e)).

Bropast ujiest COCTOUT B [OUCKE [EPUOJINIECKOrO PEIleHusl CUCTeMbI (3) B BUJE JIHC-
KpEeTHOI OeryIeit BOJHBI. DTOT CIIOCOD IMPECTaBACHUs PelleHns chOpMyIUpOBaH, Ha-
npumep, B cratbsx 1,12, 15, 16]. OcHoBHast wjiesi COCTOUT B CJIeytoleii 3aMeHe mepe-
MEHHBIX:

zi=z(t+(G—-1DAe), j=1,...,m, (4)

KOTOpad IIPUBOJAUT K 3a/1a49€ O IIOUCKE IIEPUOJNYIECCKOI'O pelieHnd CJICAYIOIEro ypaBHeHud
C ABYyM< 3alla3/IbIBAaHUAMU

i =F(z(t—1),e) +blc—2)G(z(t — A),e). (5)
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[Tepuos pemenust ypasuenus (5) noixken 6uith pasen T = mA/k, k € N, uro ciemyer
U3 YCIIOBUS Lo = Tppy.
st mostyuennoro ypashenusi (5) 3ajada cocrour B cieyromem. Heobxomumo 1o-

J06paTh napamerpsl a, b, ¢, A, Takue, 4TO IPU BCEX JOCTATOUYHO MAJIBIX £ ypDaBHEHHUE
(5) GyzeT UMEeTh SKCIOHEHIMABHO OPOUTAJILHO YCTORUUBBI UK & = X4 (¢, €) mepuoa
T.(¢), rae

lim T, (¢) = T, > 0.

e—0

[Tpu sTom Tpebyem, 4robbl GYHKIUS T, (t, €) HA OTPe3Ke BPEMEHU JIJTMHBI TIEPUOJIA HMe-
JIa OJINH TPOMEXKYTOK ITOJIOKUTEIbHOCTH U OJMH IPOMEXKYTOK OTPHUIATE/ILHOCTH. DTO
C y4eToM CJ/IeJIaHHOIl 9KCHOHEHIIMAJbHON 3aMeHbl U OyheT o3HadaTbh, YTO (DYHKIUN Uj
00J1aTaI0T OJTHUM BCILJIECKOM Ha TePHoje ¢ pa3HoCThio dha3 A.

2. Anaans3 BcroMoraTejabHOro YpaBHEHUA
U3 coiicts (2) dyukimit f u g ciegyer, 9To

lim (x,€) = R(x), lim G(x,¢) (x),

o 1, mpwmx <0, ] 0, mpux <0,

R(z) = { —a, upux >0, H(z) = { 1, mpum x > 0.
Hasee, nceemyem npejeabHoe peaeiiHoe ypaBHeHne

i =R(z(t—1)) +b(c—z)H (z(t — A)), (7)

JIUTsL 9ero ONpeJIesIUM KJlace HadaabHbiX dyHKImi. Tak ke, kKak B padorax [1,13,14],
dbukcupyem nocrostuubie oy > 0, q¢1 > 09, q2 € (0,00), OlEHKH HA KOTOPBIE GYyT yTOU-
HEHBI [03Hee, 1 0003HaInM depe3 S(0g, 1, ¢2) 3aMKHYTOE, OIPAHIYIEHHOE U BBIILYKJIOE
MHOKeCcTBO byHKIMA () (cM. puc. 1), onpemeseHHOe CIIeTyOMuM 00pa3oM:

S(00,q1,q2) = {p € Cl=1 —09,—00] : —q1 < ¢(t) < —q2 Vt € [~1 — 00, —00),
¢(—00) = —0o}. (8)

Yepes z,(t), t > —1 — 0y, obo3HaumM pemterne ypasHerus: (7) ¢ HPOH3BOJIBHOIL
HadaIbHol dynknuei ¢(t), yaoBrerBopsiomnieii (8).

Byzem unTepecoBaThCs MEPUOIMIECKHM PelleHneM Z,(t). O603Ha4nM 1epuos depes
T, U IOIOJHUTENBHO HpeanookuM, 4To Ha unrtepsaie (0,7,) dyskuus z,(t) mmeer
POBHO OJIMH HOJIb t.

[Toctpoum perierne MeTooM maros. OTMeTHM, 94TO B 3aBUCUMOCTH OT 3HaKa =(t — 1)
u x(t — A) ypasuenue (7) IpuHAMAaeT OJHY U3 YeThIpeX (HOpM:

t=1lupuz(t—1) <0, z(t — A) <0 (A)

t=—anpux(t—1)>0, z(t —A) <0; (B)
t=14+blc—z)mpuz(t —1) <0, z(t —A) > 0; ()
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Puc. 1. Buy waganbsHoit dyukiun ¢(t), yaosiaerBopsioreii (8)
Fig. 1. The form of the initial function ¢(t) satisfying (8)

t=—-a+blc—x)mpuz(t —1) >0, z(t —A) > 0. (D)

O6o3HaunM depes x4(t, T;t) pemenne 3anaan Kormm nis ypasaerus u3 ciaydast (A)
C HaYAJIbHBIM YCJIOBHEM x‘ ,_7 = T, Tjie t, T — HEKOTOPbIE U3BECTHbIC KOHCTAHTHI. Takim
00pas3oM, IoJIydaeM B KazKJOM CIydae PelleHre cooTBeTcTByIomedl 3aaaan Komm:

(A): zA(t,T5t) =t —t 4 7;

(B):

(C): zc(t,Tt) = (E—l/b—c)exp(—b(t—ﬁv)) +1/b+¢;
(D):

): ap(t,7;t) = (T +a/b—c)exp (—b(t — 1)) —a/b+c.

B nmavasie paccmoTpum citydait, Korja

rp(t,T;t) = —at + at + ;

. 0<A<I. (9)

Ha nepBom starme paccMoTpuM oTpe3ok [—ag, A]. Ha amoM mpomekyTKe apryMeHTbI
z(t—1), z(t —A) bynkunit R u H coBuagaror ¢ dyuxmuamu p(t— 1), o(t —A), KoTopsie
[IPUHUMAIOT OTPHIATEIbHBIC 3HAUCHUS, CJIJ0BATENLHO, 3/1eCh UMEEM JIeJI0 ¢ 3ajadeil
Komm (A) npu t = T = —0y. Takum 06pasom,

z,(t) =t upn t € [—op, Al (10)

OrmernM, 9T0 10 mocTpoeHuio T,(0) = 0, a 3HAYAT, B CHJLy HEPUOAUIHOCTH BBIIOJ-
ustercs T,(1,) = 0. Takum obpasom, ¢ yaerom (10) u mpeaonozkeHns 0 TOM, 9TO t, —
e/IMHCTBEHHBII KOPEHDb ypaBHeHus T,(t) na unrepsase (0,7,), Gyuxuus z,(t) ycrpoe-
Ha TaK, KaK [OKa3aHO Ha PUCYHKe 2, TO eCTh HosioKuTeabHa Ha unrepsaie (0,t,), a Ha
(ty, T,;) — orpunaresnbia. Kpome Toro, OCKOIbLKY pedb UIET O MEPUOIHIECKOM PEIICHU
T,(t), TO ZOHOMHUTEILHO TPeOyeM, BO-IIEPBBIX, YTOOBI BBIIOIHATIOCH YCIOBUE

T, —t,>1, (11)

a BO-BTODBIX, TOYKa 1, OTBeHalomas JIUHEe IIepuoja, J0JI2KHa IIONaJaTh Ha IIPOMEIKY-
TOK, TJle pelleHne omuchBaeTcst popmyioit @ 4(t, T; t).

Jasbheiiniee mocTpoeHue pelteHust T,(t) 3aBUCHT OT B3AaUMHOI'O PACIIOIOZKEHUS Ha
ocn Ot touek A, 1, t, + A, t, + 1 nepexmovenns pejelHbIX QYHKIHIT R(m(t — 1)),
H (a:(t — A)) ¥ IIePBBIX ABYX HyJIeil t,, T, pemenns z,(t). Yro xacaercs 3nadennit A,
1, t, + A, t,+ 1, T0o, IpuHNMas BO BHEMAaHUE Ipe/rosoxKenne (9), 1S HUX BO3MOXKHbI
JTBE CUTYaIllH:
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Puc. 2. TIpennomaraemstit Buj perenust T, (t) ypasaenus (7) ¢ HadaabHOI QyHKIHEI],
yJi0BJIeTBOpsomei (8)
Fig. 2. An assumed form of the solution z,(t) of the equation (7) with the initial
function satisfying (8)

I.1. xorma unrepsaisl (A, 1), (t, + A, t, + 1) He nepecexatorcs (puc. 3(a)),

[.2. u xorga mepecekatorcs (puc. 3(b)).

to+ A to+1 to+ A to+1
(a) (b)

Puc. 3. Caydan B3aMMHOTO PACIIOIOKEHUsT TOYEK MEPEKTIOUEHUs PeJIEHHBIX (DYHKITHI

R(z(t—1)) u H(z(t — A))
Fig. 3. The cases of the relative location of the switching points of the relay functions
R(z(t — 1)) and H (z(t — A))

B nepBoit cutyanun t, MOXKeT IOIACTb Ha OIUH 3 AByX yaacTkos: (A, 1), (1,t,+A).
Torna ¢ y4eToM BO3MOXKHOIO PACIOJIOZKeHHs 3HadeHns T, mosydaeM HATb BapUAHTOB

PACIIOJIOZKEHUST COOTBETCTBYOIIUX TOYEK:
[1.1.1 ¢t, € 1), T, € (1,t,+ A) (puc. 4(a));
[1.1.2 t, € 1), T, € (t, + A, t, + 1) (puc. 4(c));

(A,

(A,
[1.13 t, € (A1), T, > t, + 1 (puc. 4(e));
1121 t, € (1,t,+A), T, € (t, + A, t, + 1) (puc. 4(g));
11.2.2 t, € (1,t, 4+ A), T, > t, + 1 (puc. 4(i)).

Bo Bropoii curyarmu ¢, MOKeT IPUHA/IE’KATh TOIbKO HHTepBaly (A, t,+A), a T, —
OJIHOMY U3 TPeX MPOMEKYTKOB. Takum oOpazoM, J00aBIIAIOTCA €Ie TPU CITydasd:

121 t, € (A t, +A), T, € (t, + A, 1) (puc. 4(k));
122 t, € (A t, +A), T, € (1,t,+ 1) (puc. 4(m));

123 t, € (A t, +A), T, > t,+ 1 (puc. 4(0)).
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Puc. 4. Cinydan B3auMHOTO pacio/ioykeHust 3uadenuii 1, A, to+ 1,6, + A, ty,,
Fig. 4. The cases of the relative location of the values 1, A, ¢, + 1, t, + A, t
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Eciu npennosnoxkenne (9) 3aMeHATH 0OPATHBIM
I 1<A, (12)

TO HOJIYYUM €Ille BOCEMb BO3MOXKHBIX CJIyYaeB PACIOJIOKEHUsI TOYEK MMEePEKTI0YeHUsT pe-
JIEHHBIX (DYHKIUI 1 HyJIell peleHns, aHaJIOrnIHbIX npusegeHHbiM (puc. 4(b), 4(d), 4(f),
4(h), 4(j), 4(1), 4(n), 4(p)). OT™MernM, 9TO B 3TOH CHTyallil B KadeCTBE MHOXKECTBA
S(00, q1,q2) HAYATBHBIX (DYHKIUI CIeyeT PACCMATPUBATH KJIACC

S(00,q1,92) = {p € C[=A — 09, —00] : —q1 < 9(t) < —q2 Yt € [-A — 04, —00],
o(—0g) = —oo}, (13)

aHaJIOrM4HbI (8), HO ompejiesieHHbIl HAa oTpeske [—A — gy, —0g|. CBsi3aH0o 9TO € TeM,
4TO JUIMHA OTpe3Ka, Ha KOTOPOM 3aJaHbl HadaabHble (DYHKIIMHU, COBIAIAET ¢ HAMOO/Ib-
UM 3ana3jblBAaHUEeM PaccMaTpuBaeMoro ypasHenusi. [Ipu srom mpemnosioxenue (11)
3aMEHAeTCs Ha

T, —t,>A. (14)

asee, octaercss BBIOpATh U3 IMOJIYIEHHBIX MIECTHAIIATH CIy9IaeB T€, B KOTOPBIX
dbynkius x,(t) aBisercs 1,-epHOANYECKOil. DTO O3HAYAET, UTO BBIIOJIHAETCS YCJIO-
e (11) (B ciayuae I) mm (14) (B ciayuae II) u T, maxopures Kak perntenne ypaBHeHus
zA(t,T;t) = 0, Ipu HEKOTOPHIX HadadbHbIX ycsoBusax t > 0,7 < 0. Oba 31 ycaoBust
cobsmopatores B caydasax 1.1.1.3, 1.1.2.2, 1.2.3, I1.1.1.3, 11.1.2.2, I1.2.3. B kaxxjgom ciaydae
HAJIOXKUM Ha ITapaMeTpsl a, b, ¢, A orpanuteHuns, 06eCeInBaONe TPEOYEMbIil TOPsIIOK
TOYEK IIePEKJIIOUeHNsT U HyJsleil pelreHus T, (t), Heobxomumblil 3HaK GYHKIUH T,(t) B
TOYKAX MEPEKTI0YEHHS, TIOIXOIATIYI0 MOHOTOHHOCTh YYACTKOB PEIIeHns, 38 aHHbIX JKC-
noneraTaMu. Hike mepeduc/ieHbl orpannyaeHus Ha apaMeTphl JIJIst KazKJI0TO CJIydasd.

[.1.1.3 ]
0<A<, E+C<O’
1 bc — bA + 1 1 1
1—A< (X227 2) LAa<t A=b) (=2 —c+A)+-
<bn( berl )+ <1, exp(b b)( 2 c+ >+b+c<0,
(be+1)((a+ 1) expb — (bec — bA + 1) exp(bA)) exp(—2bA) te<?
b(be — bA + 1) S
[.1.2.2

0< A<, c<%,

bexp(bA) (exp(bA) — 1) (bc — a) < 0, exp (b(A — 1))(— % —c—l—A> +%+c > 0;

[.2.3 ]
0< A<, E+C<O
1 —bA+1
A< Eln (%) +A<1—A, blbc+1)exp(bA) (exp(bA) —1) <0,
c

bc —bA +1

—bA) — 2A—-1)+1
b(cexp(—bA) — ¢+ )+ n< be i 1

) + exp(—bA) — 1 > 0;
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I1.1.1.3 ) )
Srl<A< =42
a a

exp(b(—é%—A—Z)) (a(%—A+1>—c+1)+C<%,

—(1+a) exp<<2—|—é)b) + (14 bc) exp (b (1+£+A))+
+ exp(bA) (b — be + a(l + b — bA)) < 0;

I1.1.2.2

Y

1
I<A<—-—+4+1, ¢<
a

S e

(expb — 1) (bc — a) <0, be(exp(bA) — 1) + exp

—~

bA) —expbla+1)+a < 0;

I1.2.3 ] ]
- +2<A<a+-+2,
a a

1 1)b 1 1
Z4e<exp (et )b (a+—+2+—+c— A).
b a a b

B kadecTBe J10Ka3aTEIHCTBA COBMECTHOCTHU YCJIOBHI B KazK/IOM CJIydae IPUBEIEM ITPU-
Mep Habopa KOHCTAHT, YJIOBJIETBOPSAIONIUX JIAHHBIM YCJIOBUSIM:

[.1.13 A=0.7 a=4, b=30, c=—-0.3;
[.1.22 A=07,a=9, b=6, c=—0.1;
[.23 A=035 a=4, b=20, c=—1;
1113 A=2 a=3/2, b=8, c=—2
[I.122 A=3, a=1/4, b=5, c=-2;
123 A=3, a=8,b=8, c=—-2.

['paduku COOTBETCTBYIONIIX PEIeHIi pesieiiHoro ypapHenus (7) n306parkKeHbl Ha PH-
CYHKE .

Takum oOpasoMm, MmoxydaeM, YTO CIPABEIINBA CIIEYIOIIAsT

JlemMma 1. B xaowcdom u3 npusedeHHviT viuie cay4aes euvbopa napamempos a,b, c, A
pewenue pesetinozo ypasherus (5) ¢ navarvnol gynrkyued (6) cosnadaem ¢ 00Hol u
mot otce Kycouno Aunetnot T,-nepuoduyeckot Gynruyuet ., umerowet 00uH Hysb t,
na unmepesase (0,T,). Ipuvwem x.(t) >0 nput € (0,t.) vz (t) <0 npu t € (t,,T%).

Bo Bcex ciryuasix orpaHndeHnii Ha mapaMeTphbl Ha KayK/IOM yIacTKe MKy TOYKaMU
[IEPEKTIOUEHHsT PENIeHne T, (1) OIpeIesseTcs OAHO3HATHO U3 COOTBETCTBYIOMIEH 3a/atdi
(A), (B), (C) mm (D) ¢ HauanbHbIM ycioBHeM & | 7= T, 17e t — 5TO HAYAJIO OUEPE/IHO-
ro MpOMEeKyTKa, & HadalbHOe 3HAYEHUE T BBIOMPAETCsl U3 COOOParKEeHU HelPepbIBHOCTH
pemenus. Huke mpuseiennr (hopmyJibl Jutd (DYHKIIUN T, B KaXKJOM CJydae BbIOOpa Ia-
pamerpos a, b, ¢, A.
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Puc. 5. I'pacduknu permennii pejieiinoro ypaBHenus B pa3HbIX CIydasX BbIOOpa IapaMer-
poB a,b,c, A
Fig. 5. The graphs of solutions of the relay equation in different cases of the choice of
the parameters a, b, c, A
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[.1.1.3
x4(0, 0; t) npu t € [0, A],
zo, (t) == zc(A, A; t) upu t € [A, 1],
.(t) = ¢ xp,(t) :=2ap(l, z¢,(1); 1) npu t € [1,t, + Al (15)
wp, (1) ==zp(ts + A, zp,(t. + A); t) nput € [t + AL, + 1],
za,(t) :=xa(ts+ 1, zp, (6 +1); t)  wput€ [t,+ 1,7,
. (t+ T.) = x.(1),
rie
1 1/b+c
b= —In—L2 T A T =t 41— ap (t + 1) 16
b M bre—A =gt +1) (16)

[.1.2.2 Jdns x,(t) u T, cupaBemauBbl Te Ke (HopMysibl, 9To B ciaydae 1.1.1.3, Ho mpu

1 _
t*:——ln( a/b—c )+1.

b zo,(1)+a/b—c
[.2.3
z4(0, 0; t) upu t € [0, A],
zo, (t) == zc(A, A; t) npu t € [A,t, + Al
T (t) = 2a,(t) = xa(ts + A,z (t +A); t) wput € [t + A, 1],
wp,(t) == xp(1, za,(1); 1) npu t € [1,¢, + 1],
za(ts +1, zp,(t+1); t) upu t € [t. + 1,T,],
. (t 4 T) = x.(t),
e
1 —-1/b—c¢
cm I (T )V LA, To= 41—t + 1),
t bn(A—l/b—c>+ te+1—xp,(t.+1)
I1.1.1.3
(0, 0; t) upu t € [0, 1],
rp,(t) :=xp(1, 1; t) upu t € [1, 4],

. (t) = Jng() (A, (A 1 npu t € [A, ¢, + 1],
ze,(t) =zt + 1, zp,(t, +1); t) Hpnte[t+1t+A]
z4(ts +A zoy(te + A); 1) upu t € [t. + A, Ty,

. (t+ 1) = x.(1),
e

te=1+1/a, Tu =t. + A —zc,(t. + A).

[1.1.2.2 s z,(t) u T, cupaseymsel Te ke dhopMysibl, uto B ciaydae 11.1.1.3, o tpnu

13 ——lln afb—c +1
b \ap,(A)+alb—c '
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| A
—1—o0, —00; | | t
LW O O e @
Puc. 6. @ysxmusa x, B caydae 1.1.1.3
Fig. 6. The function z, in the case of 1.1.1.3
I1.2.3
z4(0, 0; t) pu t € [0, ],
zp,(t) :xB(l 1; t) npu t € [1,t, + 1],
. (t) = was(t) :=xalts + 1, zp,(t.+1); t) uput € [t + 1, A],
Tey(t) =0 (A, wa,(A); 1) upu t € [A,t, + Al
za(ts + xg(t*—i-A); t) npu t € [t. + A, Ty,

T (t + T,) = z.(t),
rje
te=14+1/a, T, =t. + A —xc,(t. + A).
B uacrroctu B cirydae 1.1.1.3 saBHBIe DOPMYIIBI JJist pelieHnst T, (t) UMeT Bu/

'IA(Oa 07 t) = t?

(17)

zo,(t) = (A—=1/b—c)exp (—b(t —A)) +1/b+c, (18)
zp,(t) = (zc,(1) + a/b—c)exp (= b(t — 1)) —a/b+c, (19)
rp, (1) = —a(t —t. — A) +xp, (t. + A), (20)

o) =t—t,—1—a(l—A)+xp,(t. + A). (21)

Cxemaruunbiit rpaduk GyHKIHN T, n300parkeH Ha PUcyHKe 6.
Teneppb HaJIOXKUM OrpaHUYECHUS HA JIO CUX [IOP HE BBIOPAHHBIN mapamerp og u3 (8),
(13). ByseM cumurarh BBINOJHEHHBIM YCIOBUE

oo <min{T, —t, — 1,7, — t, — A}, (22)

KOTOpOe 0DecIievnBaeT MPUHAIEKHOCTE QYHKIME Ty, (t + 1)) MuokecTBy (8) (mm (13)).

[Ipoenanublii BLIOOp HapaMeTrpoB M03BOJsAeT cHOPMYIUPOBATL YTBEPKICHUAE O CY-
[IECTBOBAHUM M YCTOMYNBOCTH TIEPUOJIUIECKOrO pellleHns ypasHenus (5).

Teopema 1. IIpu svinosnerut chopmysuposaHHbLT 02PaHUMEHUT HA NAPAMEMPBL A, b,
¢, A u npu ecex docmamouno marnxr € > 0 ypasruenue (5) obaadaem edurncmeermvim
0POUMANDHO FKCNOHEHUUAABHO YCMOTUUUBHM UUKAOM T4 (t, €), x.(—00, €) = —0g nepuoda
T.(g), xomopwti ydosaremesopaem npedesvHbM PAGEHCMEAM

lim max |z.(t,e) — z.(t)| =0, lirr(l) T.(e) = T.. (23)
e—

e—0 0<t<Ts(e)
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3. JlokazaTejbCTBO TeopeMbl 1

Obmas cxema JoKa3aTebCTBa JaeTcsd B crarbsx [1,13,14]. Jlns ee uznoxkenus BBejeM
HEKOTOpble 0003HaueHns. 3aduKcupyeM pou3BoJbHyo dyHkImo ¢(t) € S(og,q1,q2)
U PacCMOTDHUM peltenne r = ,(t,€), t > 0p, ypaBuenus (5) ¢ HAYAIbHLIM yCJIOBHEM
o(t), =1 — 09 < t < —0y. llpeanonoxum, uro ypaBuenue x,(t — 0g,€) = —0y UMeeT He
MeHee 2-X II0JIO?KUTEIbHBIX KOpHell n obosHauuM 2-it Kopenb 4yepes t = T;,. Kpome Toro,
3asa M orepatop nociaenosannii [lyankape Il : C[—1 — 0g, —og] — C[—1 — g9, —0¢),
OTIpeJIeIsist €r0 PaBEHCTBOM

(@) i=a,(t +Typ,e), =1 —09 <t < —0g (mmm — A — o0y <t < —0p). (24)

JlapHelmnii 11aH JJoKa3aTeIbCTBa TaKOI e, KaK B YIIOMAHYTBHIX cTaTbsaX. s ero
peaJin3aIy yCTaHAB/JIMBAIOTCS PABHOMEPHBIE 110 ¢ U T aCUMIITOTUYIECKIE PABEHCTBA JIJIsT
Ty (t,€) Ha Pa3IMIHBIX MPOMEKYTKAX M3MeHeHus t. V13 HuX ciejyer, 9To HpHu MOJIXO0/Is-
meM BbIOOpe IapaMeTpoB 0o, ¢1, ¢z omeparop Il ompenesren Ha MHOXKecTBe S(00, q1, G2)
U mpeobpasyeT ero B cebs, 9TO MO3BOJIAET UCIOIb30BaTh u3BecTHbINH punnun [Hayaepa.
3areM BBINIOJIHAETCA OlleHKa HOpMbBI pon3BojiHoit Pperre onepatopa ., u3 koropoit
CJIEJIYeT, UTO OH SIBJISIETCSI CKUMAIOIINM Ha MHOXKecTBe S(00, ¢1, ¢2) M, TEM CAMbIM, HETIO-
ABN>KHad TOYKa B 9TOM MHOXKECTBE €¢IMHCTBCHHA.

3.1. IlocTpoeHue acMMOTOTUKU peHICHUS

B kauecTse npuMepa MocTpouM acUMITOTHKY B ciydae 1.1.1.3.

[TocTpoenne acCUMITOTUKK peIleHns OyJeT BBIIOJHATLCA IIaraMi 110 IIPOMEXKYTKAM
u3MeHeHud t.

Pacemorpum criepBa oTpes3ok t € [—og, A — 0p]. Cuamraem, 910 HAPsAY ¢ OrpaHmHe-
HueM (22) BoimosHsieTcst yeosue g < A. Bgech t — 1 u £ — A IpUHAJIEKAT OTPE3KaM,
BJIOZKEHHBIM B [—1— 0, —0p|, niie dyukunu x(t—1,¢), z(t— A, ) coBnagator ¢ HyHKIHsI-
M p(t—1), (t—A). Cormacno (8), 910 o3Ha4aet, 4t0 x(t—1,£) < —qo, x(t—A, &) < —qa,
CJIEJIOBATEJILHO, YUUTBIBasl YCJI0BUs (2), TOIydaeM, 4To

F(z(t—1,e),¢) = 1+ O(exp(—g2/2)), (25)
G(z(t— Ae),e) = O(exp(—ga/e)).
Takum obpazom, HA paccMaTpUBAEMOM OTPE3Ke MMeeM J1es10 ¢ 3ajadeit Korn
=1+ O(eXp(—qg/s)), :17|t:_ao = —0y,
OTKY/la IIPpUXOAUM K PaBHOMEPHOMY I10 ¢ aCUMIITOTUICCKOMY PAaBEHCTBY
z,(t,e) =t + O(exp(—q/e)) upn t € [—09, A — o). (26)

B1ech 1 Jasee ¢ 0603HATAET MOXOAIILY IO OJIOKUTEIbHYI0 KOHCTAHTY, TOYHOE 3HAUCHUE
KOTOPOI He BarKHO.
[l masibHEN’Iero mocTpoeHnsl aCUMITOTUKI PelleHns &, (t, ) ypasHenus (5) 3a-

dukcupyem rmapameTp
ae (1/2,1).
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PacemarpuBas orpe3ok [A—oy, A—e?], mosytuaeM aHATOTHIHYIO IPEIbILY e 38,18y
Ko, HO ¢ ocTaTkaMu TOpsijiKa O( exp( —qeo‘_l)) B HEJIMHEIHOCTH:

i =1+ O(exp(—ge*™")), = A — 09+ O(exp(—g/e)).

x|t:A—UO

Taxkum 06pa3oM, Ha YKa3aHHOM [IPOMEXKYTKE JIJIs PEIeHus CrpaBeinBa popmMyIia
zy(t,e) =t + O(exp(—q/e)) nput € [A — 0o, A —£°]. (27)

Tenepb paceMoTpuM 0Tpe3ok [A —e® A +£%], Ha KOTOPOM pellleHue PeJIeiiHoro ypas-
Hernsl TepuuT uszoM. Ha stom yuactke s dynknun F(z(t — 1,¢),) coxpansercs
dopmyia (25), a dynkuust G(x(t — A, g),€) ¢ yaerom (26) npuHEMaeT BUL:

€

G(x(t — A,a),e) = g(exp t=a+ O(exp(—q/a))).

Ha rekymeMm yuactke nmeem jeso ¢ 3aadeit Komm

t— A+ O(exp(—g/e))
£
= A — &+ O(exp(—q/e)).

t=1+blc—x)-g| exp

> + O(exp(—g2/2)), (28)
x}t:A—tE“

Permenue 3amaun (28) GyaeMm uckarh B BHJIE

Tyt e) = A+ gwl(T)}Tz(th)/g +d(t, ), (29)
e byHKIust wy(T) 33/a€TCs PABEHCTBOM
wy(7) =7+ blc— A) / g(exp s)ds, (30)

—0o0

a 0(t,e) — mojyIeKaIuii OIpeJIeJIeHII0 OCTATOK.
JlokazkeM, 4T0 OCTaToK O(f,€) SIBIAETCS PABHOMEDHO IO (0 U t SKCIOHEHI[HATHLHO
MaJsbiM. C 3TOil 1e/IbI0 ClIepBa BBISICHUM aCHMIITOTHYIECKOE MOBeIeHne DYHKIUT W1 .
Jlemma 2. Jlaa dynruyuu wy cnpasediussl caedyowue acuMnmomuieckue paceH-
cmea:

wi(T) =7+ O(expT) npu 7 — —00, (31)

wi (1) = (14 be — bA)T + dib(c — A) + O(exp(—7)) npu T — +00, 2de (32)
1 400

dy = / ﬁs)du + / Wdu. (33)

OrmeruM, urto B paBercTse (32) koaddurment 14+be—bA 1pu 7 coBIajaer ¢ yriaoBbiM
K03 puImeHToM KacarebHol K byHKINN T, (1) B Touke A crpasa.
PasenctBo (31) BBITEKAaET HELOCPEICTBEHHO 13 CBOMCTB (2) dyHKIMHT g.
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s mokazaresnbcTBa pasencrsa (32) npegcraBumM nHTerpas (30) B BUIE CYyMMBbL:

T 0 T
/g(exps)ds: /g(exps)ds+/g(exps)ds.
—o0 —o0 0

1
[lepBBlit MHTErpas OC/IE 3aMEHBl U = exp s npeobpasyercs B [ %du, KOTOPBI B CHJIY
0

(2) pasen koreanomy uuciy. Jljist Broporo, yuauTbiBasi cBoiictsa (2), BEpHO

T +oo +oo

/g(eXp s)ds =1 + / (g(exps) — 1)ds — / (g(exps) — 1)ds =

0 0 T
—+00

:T—i—/%du—I—O(exp(—ﬂ),

1

+oo
g(u)—1 o
rJe MHTerpaJ f L2 —du cxomuresa B cuity csoiicTs (2) dymkmun g. Taxum obpason,
1
JIeMMa 2 JIOKa3aHa.

Hanee, mogcrasmss (29), (30) B (28) u yunThiBasi acCUMITOTHIECKHE CBOCTBA DYHK-
UK wp U3 JIeMMBI 2, ojtydaeM 3ajady Kormu jijist ocraTka 0:

5 be— ). (g(expt—A+0(exp(—q/s))) _g(expt—EA)> - (b(t_A)+

£
e t—A+O
pete= ) [ glexpslds +alte)) oo =R
_ea—1
5‘t:A_€a = —eb(c— A) / g(exp s)ds + O(exp(—gq/e)). (35)
[IpuHuMas BO BHUMaHHE HEPABEHCTBO
M,
lg(z1) — g(z2)| < |z1 — xa| mpu Beex xq, 9 € Ry, (36)

1 4+ min (1‘%, x%)

-

ACUMIITOTUYECKHE CBOIICTBa MHTErpaJia f g(exp s)ds 1 To, 9TO ¢ U3MEHSIETCsT HA OTPE3Ke
—0oQ

JIUITAHBI, TPOTIOPIMOHAIBHON £, TIOJIydaeM acUMIITOTHKY TPAaBBIX dacreil paBeHCTB (34)

u (35):

§=—0- g(exp fzaxt O(gexp(—q/s))) + O(e%), (37)
5‘t:A_5& = O(gexp(—ge™)).
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3 Buna sazaun Kommn (37) caexyer, uro 0(t,e) = O (e exp(—ge®™!)) paBrOMEpHO 110 (.

JasbHeiilee OCTpOEHNE ACUMITOTUKY PEIeHUs Ly, (T, £) MPOUCXOIUT AHAIOIHIHBIM
06pa30M, OITOMY OIPAHIYUMCH JIUIIE pe3ysabraTroM. [lepen ero hopmymupoBKoil BBeIeM
000O3HAYECHIE /1S KOHCTAHTHI

1

/f _1du+/f

0

Ormerum, uTo B cuity CBOACTB (2) dyHKIuU f COOTBETCTBYIOININE HECOOCTBEHHBIE HHTE-
rpasbl cxoigaTcesa. Kpome toro, onpegennm GyHKIUE Ws, W3, Wy, aHagoruarbe (30):

T

wo(7T) 1= 2, ()T + bdy(c — A) + / (f(exps) —1)ds, (38)

— 00

w3 (1) = dp, (t,(€) + A)T + bdi(c — A) + do+

T

+b<c—xD1( ()+A))/(g(exp((1+bc)s))—1>ds, (39)

—00

wy(7) = —at + bdy(c — A) + dy — ; jl-lbc + / (f(exp (1+ bc)s)) + a) ds.  (40)

— 00

HanomuumM, uro d; onpeesiercs popmyinoii (33). Chopmynupyem yTBepzKieHne, ONUChI-
Barolllee aCHMIITOTHIECKOE [IOBeJIeHNe BBeAeHHBIX dbynkuuii (38), (39), (40) upu 7 — —oo
U T — +00.

Jlemma 3. /Jlaa ¢pyrruyud wy, ws, Wy cNPasedsuss, CACOYIOUWUE ACUMNIMOMUYECKUE
PABEHCNBA:

wo(7) = e, (1)7 + bdi(c — A) + O(exp(7)) npu 7 — —o0,
wo(7) = @p, (1) + bdi(c — A) + dy + O(exp(—T)) npu 1 — +00;

ws(T) = &p, (t,(e )+A)T+bd1(c—A)+d2+0<exp(—(1+bc)T)> npu T — —00,

dy
w3(7) = —at +bdi(c — A) + dy — 15 be + O(exp ((1 + bc)r)) npu T — 400;

wa(T) = —a7 + bdy(c — A) +dy — % —|—O<eXp (- (1+bc)r)> npu T — —00,
dy + dy
1+ bc

wy(T) =7+ bdy(c — A) + dy — + O(exp ((1 + bc)7’)> npu T — 400.

KOHCTPYKTHBHO, METOIOM IIAIOB, a TaKXKe C MCIOJIL30BAHNEM JIEMMbI 3, YCTaHAB/II-
BAETCs CIIPABEJINBOCTD CJICILYIONIErO yTBEPZK ICHNS.

Jlemma 4. Vpasuenue (5) ¢ npouzeoavnot navwarvnol gynrkyuets ¢ us xaacca (8)
umeem pewenue T,(t,€) ¢ acumnmomurotl
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1. z,(t,e) =t + O(exp(—q/e)) nput € [—09, A — o0);
2. x,(t,e) =t+ O(exp(—q/a)) npu t € [A — o9, A —&%];

3. xy(t,e) = A+ 5w1(r)| e T O(€ exp(—qgo‘_l)) npu t € [A —e® A+ &%,

T=(t—-A
4. wy(t,e) = 2y (t) +ebdi(c — A) + O(e**) nput € [A+e%1—¢°;

5. wy(t,e) = e, (1) + ews(7)| ye T O(E®) nput € [1 —e* 1+ e%;

T=(t—1

6. 2,(t,e) = wp,(t) +e(bdi(c — A) +d2) + O(**) mpu t € [L + % t,(e) + A — €],
ede t,(e) — nepsvili noaoorcumesvnull Kopens ypasrenus Ty,(t,e) = 0, xomopwvid
aedrcum npu smom na unmepsane (A + e, 1 —e%) (cm. n. 4);

7. x,(t,e) = xp, (to(e) + A) + 5w3(7)|72(t7tw(8)7®/€ +O(E%) nput € [t,(e) + A —
€% to(e) + A +e°;

d;
1+ be

8. w,(t,e) = wp,(t) + 5<bd1(c “A)+dy—
% to(e) +1—¢€;

)+ 0 mpu t € [t,(e) + A +

9. x,(t,e) = wp,(ty(e) +1) + 5104(7)|T:(t7tw(€)71)/E + O(E*™) npu t € [ty(e) +1 —
€% ty(e) +14+¢€%;

dy +d
10. x,(t,e) = za,(t) + s(bdl(c —A) +dy — 11++b62> +0(e>) npu t € [ty(e) +1+

e, Ty(e) —00/2|, 20e T,(€) — 6mopoti norosHCUMENLHDLT KOPEHD YPABHEHRUA Ty (T —

00,€) = —00, 044 KOMOP0O20 CNpasediusa Hopmyia
To(e) = to(e) + 1 —zp, (tu(e)) + O(e). (41)

Bce ocmamxu 3decv pasnomepnv, no @ € S(0o,q1,q2) Ut u3 coomeememeyowus npo-
MEDACYMKOS.

Tem caMbIM, HOCTPOEHA ACUMITOTHKA PEIIEHUSs Ty, (1, ) ¢ HadaabHO DyHKIHEH ¢ €
S(00,q1,q2) (em. (8)). Ilpudaem u3 dbopmyst jeMMer 4 cirefyer, YTO [ PeleHns Ty, (t, €)
u xKopu: T,(€) BepHBI paBHOMEpHBIE 110 @ € S(00, ¢1, ¢2) OLEHKH

max |z,(t,e) — . (t)| = O(e), T,(e)="Ti+ O(e), (42)

tG[—Uo,T*—O'o/Q]

rie x,(t), mamomanm, — dyuxiys (15), a T, — nepuoj 31oit dyHKIMH, 33 aBacMBbIil
dbopmyoit (16).

3.2. CymecTBoBaHUe, €IMHCTBEHHOCTDb M yCTOMYMBOCTD IIEPUO/IN-
9YEeCKOIr'o pelineHuns

Cremyromuii mar Halllix Paccy K IeHN COCTOUT B JIOKA3aTe/IbCTBE CyIIeCTBOBAHNSA, € INH-
CTBEHHOCTU U YCTONYMBOCTU MEPUOIMIECKOTO PEIeHNS.
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U3 pasencts (42) 3aksrouaem, 9To oneparop (24) onpejeien na Muoxkectse S(0g, 41, G2),
IPUYEM PABHOMEPHO 110

max |z,(t+ Ty, ) — zu(t)] = O(e). (43)

te[—1—00,—00]

,HIIH JOKa3aTeJIbCTBa BKJIIOYCHUA

11 (S(00, q1,42)) C S(00, a1, 2) (44)

TaK ke, KaK B crarbsx [1,13, 14|, HajoxkumM Ha apaMeTpsl ¢, ¢o OrPAHUICHUS

1 >— min  2.(t), 0< g <— max  x.(t) (45)
te[flfaovfo'o] te[*l*UO,*UQ]

1 paccMoTpuM MHOXKecTBO dyukiuit S(og,qi,q2), noaydarworeecs u3 S(og, q1,q2) 0pu
3amene B (8) mectporumx paseHCTB crporumu. B cmity (43) tpebyemoe Bkiodenue (44)
Oy/IeT BBINOJHATHCS [PU BCEX JOCTATOYHO MAJIBIX £ > 0 Ipu ycjoBum

A

.(t) € S(00, 41, ¢2), (46)

9TO BepHO B cuity (45).

Taxum obpazom, orneparop Il saBageTcd KOMIAKTHBIM 1 ITPEoOpa3yeT B ceds 3aMKHY-
TOE OIPAHUYIEHHOE W BBHITYKJI0e MHOXKeCTBO S(00,q1,¢2). OTCIOMa, NCIONB3Ys IPHHIAL
Hlaynepa, moaydaem, 910 9TOT oneparop umeer B S(0y, q1,q2) 1O KpailHeil Mepe oy
HEIO/[BIZKHYIO TOUKY ¢ = ¢, (t,¢). A 3naunt, perenne z,(t, ) ypasuenus (5) ¢ HaIaIb-
Hoit dyukimeit . (t,e), —1 — 09 < t < —0y, ABIAETCH NEPHOIMICCKAM C IIEPUOIOM
T.(e) = T"”‘g{:’:ap* u B cuiy (42), (43) yaosmerBopsier cBoiicTBam (23).

EAMHCTBEHHOCTD U yCTOIMBOCTD MEPHOJAUIECKOTO PelieHns T, (t, £) TOKa3bIBAIOTCS
CTAHIAPTHBIM 06pa30M Ha OCHOBE OIeHKH IpousBojnoit Pperre omeparopa 11, momywa-
eMoii ucxo/s u3 Buna peueHns T, (t, e) (em. [1,13,14]).

4. 3akJodyeHue

HamoMHIM, 9TO [OCKOJIBKY peIlieHrne CHCTeMbI (3) OTBICKHBAETCSI B BUJie GeryIeil BOJIHbI
(4), To Ha MEPUOJT ICKOMOTO pellieHrst HaK/a piBaercs orpanndenne: T = mA [k, rie m —
qucsio ypasuenuii B cucreme (1), k& € N. B cBasu ¢ arum, jgajiee, 9robbl OYEPKHYThH
3aBUCHMOCTH 11epuojioB GyHKImMi (1), z.(t,) (em. (15) u (23)) or daszosoro cusura
A, 6ynem obosnadars ux Ti(A), Ty(A,€) coorBercrBenno. Otmernm, 910 U3 GHOPMYII
(16)—(20) cemayer crpaBeyIMBOCTD PABEHCTBA

1 1/b+c

L) === A

+1+a(—aA+a/b—c+ (1/b+ c)exp(—bA)—

_ (1{b++bz)£1bza) exp (—b(2A —1)). (47)

B cuny (23) Bepuo mpezcrasienue Ty (e,A) = T,(A) + O(e). Ilorpebyem, arobbr
T.(A) + O(e) = mA/k, vne T.(A) onucbiBaercst bopmysoit (47), m onpeessieT 9ucao
Heiiponos B mojenu (1), k € N.
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[TomBoast UTOT, OTMETUM, UTO HACTOSIIAs PaboTa AOIOJHSIET UCCACI0BAHUE, MIPOJIE-
nanHoe B pabote [1]. Jokazano, uro s ypaBHeHUs (5) MOYKHO BBIIEJIUTH POBHO IECTh
CJIydaeB 3HaYCHUI mapaMeTpos a, b, ¢, A, IpH KOTOPBIX CYIIECTBYET YCTONYMBOE MePHU-
OJITIECKOE PEIIEHKE ¢ OJHUM IIPOMEXKYTKOM IOJIOKUTETLHOCTH ¥ OJHUM [IPOMEZKYTKOM
OTPHIATEILHOCTU Ha Iepuoje (CM. puc. 2), npudeM JUIMHA OTPHIATENbHOM (hasbl He
MeHbIIe HaubOJILINEro U3 3anasjbBanuil ypasaenus (5). TakuMm o6pazoM, MOJHOCTHIO
U3y9eH BOIPOC CYNIECTBOBAHUS M YCTOHUMBOCTH IIEPHOIMICCKUX PEINCHNH yKa3aHHOrO
BUJIa JIs ypaBHeHus (5) B MIMPOKON 00JIACTH MApaMeTpOB.
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Abstract. In this paper the mathematical model of a neural network with a ring synaptic interac-
tion elements is considered. The model is a system of scalar nonlinear differential-difference equations,
the right parts of which depend on a large parameter. The unknown functions included in the system
characterize the membrane potentials of the neurons. The search of relaxation cycles within the system
of equations is interested. To this end solutions of the task are finded in the form of discrete traveling
waves. It allows to research a scalar nonlinear differential-difference equations with two delays instead
of system. Further, a limit a object that represents a relay equation with two delays is defined by large
parameter tends to infinity. There are six cases of restrictions on the parameters. In every case exist
alone periodic solution of relay equation started from initial function from suitable function class. It
is structurally proved by using the step method. Next, the existence of a relaxation periodic solutions
of a singularly perturbed equation with two delays is proved by using Poincare operator and Schauder
principle. The asymptotics of this solution is constructed, and then it is proved that the solution is close
to decision of the relay equation. Because of the exponential estimate Frechet derivative of the Poincare
operator implies the uniqueness and stability of solutions of differential-difference equation with two
delays.
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O rumotre3ax Taiita A1 AUBM30pPOB HA PaCCIIOEHHOM
MHOr000pa3uu 1 ero odIeM CXeMHOM CJIOe B CJIydae
KOHEYHOII XapaKTepUCTHKN

IIpoxopona T. B.
noayywena 12 dexabpsa 2016

Awnnoranmmsi. B pabore usyudarorcss B3aMMOOTHOIIEHHMsSI MKy ruriore3oi Taiita jjist JAUBU30-
POB Ha PACCIOEHHOM MHOrOOOpasuM HaJj, KOHEYHBIM IIOJIEM M runore3oi Taiita ais JuBH30pOB HA
O0IIEeM CXeMHOM CJIO€ TIPH YCJOBUM, YTO OOIIMIT CXEMHBINA CJIOW WMeeT MPPETYJISPHOCTH Hysb. 1lycThb
7 : X — C — CIOpbeKTUBHBIA MOP(MU3M INIQJIKUX MPOEKTHBHLIX MHOroOOpasuil HaJl KOHEYHBIM IO-
aem F, xapakrepuctuxu p, C' — KpuBasi, oOIIuit CXeMHBII €J10if MOpdU3Ma T SIBJAETCS [VIAAKAM MHO-
roobpasuem V maz mosmem k = x(C) parmmonanbubix dbynkmuit kpusoit C, k — anrebpamdeckoe 3a-
MbIKaHue nosst k, k® — ero cemapaGenbHoe 3ambikanne, NS(V) — rpymna Hepona — Cepepu kiac-
COB JIMBU30pPOB Ha MHOroobpaszum V' 1o Moy anrebpandeckoil SKBUBAJEHTHOCTH, TPUIEM BBINOJI-
menst crepyomue yenosus: H(V @ k, Oy o 5) = 0, NS(V) = NS(V @ k). Ecam ans npocroro wic-
na I, me gemsmero Card([NS(V)]gors) ¥ ommuHOro or xapaxkrepuctuxu monus Fy, BepHO coorHomeHne
NS(V) @ Q = [H?(V @ k%, Q(1))]2 /%) (npyrumu ciiopamu, ecim Bepua rumoresa Toiita st ju-
BI30pOB Ha V'), To myia moboro mpocroro uncia | # char(F,) rumoresa Tsiita BepHa I TUBH30POB
na X: NS(X) @ Q; = [H*(X @ F,,Q(1))]("e/Fa) | B wacrnocTu, u3 310ro pesysbrara ciieyer THIO-
Teza TaiiTa 1mIs IUBU30POB Ha apudMeTnIecKoir Mogean K3 — moBepxHOCTH HaJ, JOCTATOYHO OOJIBITUM
rJI00AJTHBHBIM [TOJIEM KOHEYHOH XapaKTEPUCTUKY, OTJUIHON OT 2.

KuaroueBble caoBa: rumore3a TaiiTa, robasbHoe mMoJe, rpymmna Bpayspa, apudmerndeckas MOIENb,
K 3 — moBepxmOCTD

Has nuruposanusi: [Ipoxoposa T. B., "O runorezax Taiita 11s1 fUBH30pOB Ha PACCIOEHHOM MHOI0O00pa3nuu 1 ero obriem
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BBenenue

[Iycts V' — mmajgkoe mpoeKTHBHOE MHOroobpasme Haj raobanbHbiM moseM k = k(C)
paImoHaJIbHBIX (DYHKIINI Ha IJIAIKON IPOEKTUBHOM KpuBoit C' HaJl KOHETHBIM II0JIEM F,
XapaKTepucTuku p. [Ipejnoyioxkum, 9To cymecTsyeT IpOeKTUBHbIH mtockuit F-mopdusm

205



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.24, Ne2 (2017)
206 Modeling and Analysis of Information Systems. Vol. 24, No2 (2017)

m: X — C, rme X — peryispHasi cxema, obmumii cxeMHbIil cyioit m u3oMopden Vo (Mbl
nasbiBaeM 7 : X — C apugmemuneckot modeavro V).

B pabore jgokazaHo, 9TO m3 rumore3bl 19iiTa /18 IUBU30POB HA PErYJISPHOM MHO-
roobpasun V' Haj J10cTaToYHO GOJIBIIIM TJI00AJIBHBIM 1oJIeM k ciieayer rumoresa Tiira
JIJIsl IMBU30POB Ha, X .

Asrop 6sarogapur C. I'. TankeeBa 3a 1eHHbIE COBETHI.

OcHoBHBIE PE3yJabTaThI

IIpensioxkenue 1. [1, npemnoxenne 0.3] [lyemo X — enadkoe npoexmuenoe mrozo06pa-
aue nad Konewrnom nosem F,. Ecau das npocmozo wucaa | # char(F,) eepra eunomesa
Tstima 0 JuGU30PUGNLHOLT UYUKAGT:

NS(X) ®z Q = HA(X @ F,, Q(1))™ /"

mo amo coommowenue eepro oan ecex | # char(F,).
IIpensioxkenune 2. |2, npemnoxenne 4.3 [lyems X — 2aadkoe npoexmueroe mnoz006-
pasue nad xoneunvim noaem Iy Caedyrouue ymeepoicoenua sK6U6ANEHHDL:

a) NS(X) ®z Q = HX(X ® F,, Q1)) ™",

b) epynna Br'(X)(l) xoneuna;
¢) Kanonuneckoe omobpasicenue Zy @ Pic X — H* (X, Zi(1)) 6uexkmusmo ;
d) nopadox noaoca 036ma dynxyuu Xacce — Betiaa

Z(X,t) 6 mouke t = q~ U pasen paney epynnw Pic X.

B sroit paboTre MBI JIOKayKeM CJIeYIONUH OCHOBHON Pe3yJ/IbTarT:
Teopema 1. Ilycmv 7 : X — C — cropsexmushoili Mophudm 2Aa0KUT NPOEKMUCHDIT
MH02000pasutl nad xKornewnovwm nosem F, zapaxmepucmuru p, C' — kpusas, obujut cxem-
Holll A0t MOPPUBMA T AGAAEMCA 2Aa0KUM MHo2000pasuem V' nad nosem k = k(C),
HYV ®@k,Opyz) =0, NS(V) = NS(V ® k). Ecau das npocmozo wucaa I, ne deasujezo

Card(INS(V)tors) u omauunozo om xapaxmepucmuky noss F,, sepro coommnowenue
NS(V)®@ Q= [H*(V @k, Qu(1))]5*/P

( dpyeumu caosamu, ecau sepra eunomesa Tatima das dususopos na V'), mo das 106020
npocmozo wucaa | # char(F,) eunomesa Totma eepra das dususopos na X :

NS(X)® Q = [HA(X @ F,,Q(1))]¢Fa/Fa),

Joxazamenvcmeo. Bynem obo3nadaTs depes £(y) mose BEIYETOB TOUKA § € X.
Ilycts iy : Spec k(y) — X — xamonmdeckoe Bioxenue y € X u

Vert .
Divy @ [/

yeX\V
codim x (y)=1
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— IyYOK BePTHKAJLHLIX auBH30poB Kaprhe. CymiecTByeT TOUHASA IIOCIIEI0BATEILHOCTD
IIy9KOB (B 9TaJIbLHO TOMOIOrHN cxeMbl X )

0 — Gux — hG,yv — DivE™ — 0, (1)

rae h @V — X — Biozkenue o6IIero cXeMHOro ¢j1ost Mopdusma 7 [3, mocseamss hopmyia
Ha c. 637).

Mebr nmeem

Divy = P inZ= P i.zZ|EPDivet.

yeX yev
codim y (y)=1 codim y (y)=1

Xopomto uzsectno, uto H' (X, Divy) = 0 [4, r1. 3, § 2, npumep 2.22|. CiienoBarebHo,
HY(X,Div§") = 0. SuauuT, (1) 1a8T TOUHYIO MOC/IEI0BATEILHOCTD

0— H*(X,G,,) = H*(X,h.G,,v) — H*(X,Div§™)

2
— H3(X,G,,) —» H*(X,h.G,,y) — H*(X,Div{"™). @)

CrexkTpaJsibHasi IOC/Ie0BaTeIbHOCTD Jlepe
Eg,q = HP(X’ th*Gm,V) = Herq(V, Gm,V)

,ZLaéT TOYHYIO IIOCJ/IEJOBATE/IbHOCTD

401
0= E° s E' B 25 B2° 5 B2 5 By — B,

0,2
e B} = Ker[E? — FEy°| |4, npunoxenue B]. CienoBaresbHo, MbI HMeEM TOYHYIO
II0CJIE/[OBATEIHOCTD

0— H' (X, hGpyv) = H(V,Gyy)

0,1
dy

— HO(Xy th*Gm,V) — HZ(X’ h*vav) (3)
— Ker[H*(V,Gv) — H(X, R?h.G,,v)]
— HY (X, R'h,G,y).

C npyroii cropousl, R'h,G,,y = 0B ety aprymentos 1. (b) nokasareabersa JeMMbl
4.4.1 B [3]. [losTomy (3) maér mzomopdusm

H*(X,h,G,,y) = Ker[Br' (V) = H*(X, R°h.G,, )]
u (2) 1aéT TOYHYIO TI0C/IEI0BATEILHOCT
0 — Br'(X) — Ker[Br'(V) — H°(X, R*h.G,,v)] — H*(X, Div§™). (4)

B nasbreiiiem Mbl 0603HaYaeM depe3 1) OBIILyI0 CXeMHYIO TOUKy KpuBoil C' u depes
k(y)® cenapabeibHOE 3aMbIKAHUE TI0JIsI BBIYETOB K(Yy) B aJrebpandeckoM 3aMbIKaHuu (Y ).
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CymectByer Kanonudeckoe orobpazkenue Br(k) — Br'(V), unmgynuposannoe cTpyKTyp-
HbIM MOpduzmom V' — Spec k. C apyroit CTOPOHBI, CYIIECTBYET KAHOHUYECKA TOTHAS
II0CJIEJIOBATETHHOCTD

0 — Br(C) — Br(k) — @5 Homeon (Gal(k(v)*/k(v)), Q/Z)

vel
v#£N

— H*(C,G,,) — H*(Spec(k),G,,)

[4, i 111, § 2, mpumep 2.22(a)|, rige Homeoy, 0603HAUAET MPYIIILY HEIIPEPBIBHBIX TOMOMOD-
dusmos. B mamem ciygae C' — nosnag riagkas aarebpandeckas KpUBas HaJl KOHCUHBIM
nosiem F,, mosromy Br(C) = 0 u H*(C,G,,) = Q/Z [4, vor. 111, § 2, npumep 2.22(g)|. Mbt
IPUXOMM K XOPOIIO U3BECTHOI TOYHOM IOC/IeI0BATeILHOCTH IIOOAIBHON TeOPHUH oIt
KJIACCOB

0 — Br(k) — @Homcont(Gal(fi(v)S//ﬁ(v)), Q/z2) — Q/Z. (5)

st samkryTO# TOUuKN v € C' pACCMOTPUM KAHOHUIECKOE BJIOYKEHHUE 7, : Spec k(v) <
C. CuekTpaJibHas TOCIe0BaTe/IbHOCTE Jlepe

EP? = HP(C, R%i,,Z) — H""(Spec k(v), Z)

Ja€T TOYHYIO II0CJIe0BATE/IbHOCTD

401
0— E,° - F' = EJ' 25 B3 5 B2 5 B

0,2
rie B = Ker[E? — Ey”] [4, upunoxenne B|; cienoBaresbHo, MbI UMeeM TOYHYIO T10-
CJIEZI0BATEIHHOCTD

0 — H'(C,i,.Z) — H'(Speck(v),Z)
201

— H°(C, RYi,,Z) 2 H*(C,i,.7) (6)
— Ker[H?(Spec k(v), Z) — H°(C, R*i,.Z)]
— HY(C, RYi,.7).

Xopormo usBecrro, uro R%,.7Z = 0 ns seex ¢ > 0 [4, ror. 11, §2, npumep 2.22(a);
nosromy (6) maér nzomopduzm

H*(C,i,,Z) = H*(Speck(v),Z).
C npyroit CTOpOHBI,
H*(Spec k(v),Z) = Homeon (Gal(k(v)*/k(v)), Q/Z)

[4, v 111, § 2, npumep 2.22|. CiieroBaTesibHO,
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H*(C,Dive) € H? | C,Pin

vel
v#n

= PH(C.in2)

vel
v#n

= @D Homeon(Gal(x(v)* /(1)) Q/2)

[4, v 111, § 2, npumep 2.22(a)]. TTosromy (5) maér ToUHyIO MOC/IEI0BATEIHLHOCTD
0 — Br(k) — H?*(C,Dive). (7)
C nmpyroit cTOpOHBI, UMeeTCsI KAHOHMIECKH Mophu3M
. H*(C,Dive) — H*(X, 7" (Dive)).
Kanormdaeckoe saoxkerne 7 (Dive) — Divi™ naét xanonmdeckoe oTobpaskeHne
H*(X,7*(Dive)) — H*(X,Divy™).
CireroBaTe/IbHO, UMEIOTCA KAHOHHIECKHE MOP(hU3MBI
¢ : Br(k) — Br'(V), (8)

H?(C, Dive) — H*(X, DivE™). (9)

[ycrs B = Ker[Br'(V) — HY(X, R*h.G,,v)]. Ouesugno, uro (4), (7) — (9) mawor
KOMMYTATHBHYIO JITArPAMMY € TOYHBIMH CTPOKAMHU

0 — Br(X) — B s H2(X,Divie)
1 P17 1 (10)
0 — Br(k)ne(B) — H?*(C,Dive)

ITo ycmoBuio Teopemer 1 jyist npocroro umcna [, me messmero Card([NS(V)iors) 1
OTJIMTHOIO OT XapakTepuctuku mnoss F,, Bepra runoresa Taiira 1 qususopos Ha V

NS(V) @ Qr 5 [HA(V @ e, Q1) 44/,

[ostomy B cuy [5, Teopema 2.2] rpymma Br'(V @y, &%)+ /F)(]) koneuna.
XOpOIIo U3BECTHO, ITO CHEKTPAIbHAS IIOCIEI0BATEILHOCTL Xoximiba-Ceppa

HP(Gal(k*/k), HL(V @1, k°,G,,)) = HL(V,G,y,)

JAET TOYHYIO IIOCJIe0BATEIbHOCTD

401
0— E,° - F' = EY' 25 B3 5 B2 5 By — B,
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rae E? = Ker[E'2 — Eg ’2]; OYEBHUJIHO, UYTO 3Ta IIOCJIEI0BATE/ILHOCTD UMEET B,
0 — Pic(V) = Pic(V ®, k*)GalE/R)
— Br(k) — Ker[Br'(V) — Br'(V @y k)G /0]
— HY(Gal(k*/k), Pic(V @4 k°)) — H*(Gal(k®/k), G,,).
[ostomy u3 komeunoctu rpymbl  Br'(V @y k%) /E)(]) u rpusmamsrocTn rpymms:
HY(Gal(k*/k),Pic(V ® k*))(I) (rax xax [ He JeJUT HOPSIOK TPYIIILI KPYyHEHHS B
Pic(V ®g k*)) cnenyer, uro rpynna [Br'(V)/Im(Br(k) — Br'(V))](l) xoneuna.

SHauuT, rpyma
B/[¢(Br(k)) N B)(I) = Coker[Br(k) N ¢~ (B) - B|(I)

KoHeuHast. [[09TOMy JIOCTATOYHO MOKa3aTh, 9To nepecedenue rpymsl Br'(X)(1) ¢ obpa-
30M MoOpdU3Ma TPy

[Br(k) N~ (B)I(1) == B(D)

KOHe4HO. B crry komMmyTtaTuBHOCTH nuarpaMmbl (10) 1octaTodHo JoKa3aTh KOHEIHOCTD
A71pa KaHonuueckoro orobpaxenus H2(C, Dive) — H2(X, Divig™).

Ouesn,tHo0, uTo s11po orobpaxenus H?(C, Dive) — H?(X, Div§™) ssistercst npsimoit
CYMMOIi TI0 BCEM 3aMKHYTBIM TOYKaM v Kpuboit C' sjep oToOpazkeHuit

©* : H(Spec (v), Z) — @ H*(Spec k(D), Z), (11)
D
KOTOPbBIE TaK>K€ MO2KHO 3alliCaThb B BUIE

Homon (Gal(k(v)/k(v)), Q/Z) — @D Homeon (Gal(r(D)*/(D)), Q/Z).

31ech D mpoberaeT HEIPUBOIUMBIE KOMIIOHEHTHI ¢Jiog Mopdusma X — C' HaJI TOYKOMH v,
nosie K(D)® siBisieTcst cenmapabeIbHbIM 3aMbIKaHUEM 110J1st (D) pannoHaabHbIX (DYHKIMI
Ha D.

IIycts kp — menoe 3ambikanue (v) B nose k(D). Torna k(v) C k(D) — Takoe pacum-
peHue 1oJieit, YTo MHOrooOpasue [ SBJIsIeTCs TeOMETPUIECKH TEJBIM HaJl Kp. Mbl nMeeM
KOMITO3HITIIO KAHOHUIECKIX MOPMU3IMOB TOJIeit

k(D) = kp(D) < kp + k(v),
WH/LY [IUPYIONLYI0 KOMIIOBUIUIO OTOOPaKeHui
H?*(Spec k(v),Z) — H*(Spec kp,Z) — H*(Spec kp(D),Z) = H*(Spec k(D), 7).
OueBUIHO, UTO KOMIIO3UIIUS

H?(Spec k(v), Z) i @I—F(Spec k(D),Z) — H*(Speck(D),Z) (12)

orobparkenus 7 B (11) 1 KaHOHIYIECKOI TPOEKIHN

GB H?*(Spec k(D),Z) — H*(Spec k(D),7Z)



IIpoxoposa T. B.
O runoresax ToiiTa Ui AUBU30POB HA PACCIOCHHOM MHOTOOODA3WM ... 211

ABJIACTCHA KOMHOBHHHGﬁ KaHOHNYICCKUX OTO6pa}KeHI/II71

H?(Spec k(v), Z) — H*(Spec kp,Z) — H?*(Spec kp(D),Z) = H*(Spec k(D), Z)

meultﬂ_l(v)(D)w

H?*(Spec k(D), Z), (13)

rzie mult,—1(,) (D) — kparHOoCTL HOAMEOr006pasus D B cioe X, = 7 (v).

[Tycts F, — KoHeuHOE MOJIE TOPAIKA ¢ U IycTh W — qu — TeOMeTPUIECKN HEITPUBO-
JINMOE MTPOEKTUBHOE TIOJIMHOT000pa3ne pasMepHOCTH I U cTerneHn d. XOpoIIo U3BECTHDII
pesyibrar Jlenra u Beitsist [6, Teopema 1] nokassisaer, 4to

| Card(W(F,)) —¢'| < (d—1)(d~2) ¢ +c(n,d,r) g

JJTst KOHCTAaHTHI ¢(n, d,r) > 0, 3aBuUCHIIEl TOJBKO OT n,d u .

B cuny onenku Jlenra—Beitns u jiemmbl ['enzens muoroobpasue V' umeeT TOYKH TO-
YTH BO BCEX MOIOJHEHUAX TJIOOABLHOTO 1oJst k. Ipyrumn cjoBaMu, nMeercss TaKoe KO-
HEYHOEe MHOXKECTBO S 3aMKHYTHIX Touek Kpuboil C, uto jig Bcex v ¢ S Mopdusm
X — C, orpaHnveHHbBIH Ha CIEKTP JIOKaJIbHOTO Kosibiia O, , nmeer cedenne 6 : Spec O, —
X x¢ Spec O,. B cuny cinencrsus 2.2 B 7], Touka 0(v) fBIseTcsa perysApHOil TOUKOIL
exemuoro ciaod mH(v). Hosromy Or-1(,)0(y) — PEIYISAPHOE JOKAILHOE KOJLIO U CJIOI
7! (v) ananuTuuecku nenpusognM B Touke O(v) [8, rr. 11, 3ameuanue 1 K IpeIoKeHuo
11.24]; B wacrroctu, 0(Spec O,) nepecekaer 00Hy HENPUBOJAUMYIO KOMIIOHEHTY CXEMHO-
ro cios 7 H(v) (To, 4TO ceveHme Ha PEryJAAPHON MOJEIM TIepeceKaeT B TOUHOCTU OJHY
HEIPUBOJAUMYIO KOMIIOHEHTY KPaTHOCTH 1 ¢Jios, JoKa3aHo Takxke B |9, jsemma 1.1, b|).
[osTomy smo6oit BepTukaabubiil gususop Kaprhe D ¢ mocureneM B cioe 7' (v) MoxKeT
OBITh €JIMHCTBEHHBIM 00pa30M 3alliCaH B BHUIE

D= ng - 7T_1(U) + Z?’Ll : Di7

re n; € Z u D; — Takue HENPUBOJMMBIE KOMIIOHEHTBI CJIOs T '(v), 9TO BBIIOJHEHO
pasenctBo D; N O(Spec O,) = &. CiefoBaresibHO, TI0JIyYaeM PA3JIOKEHHE My YKOB

;. vert X : .
DlVXXcSpeCOU =7 (DIVSPGCOU> @ @ Zy*Z . (14)
yEX X Spec Oy \V, COdimXXCSpeC O (y)=1,
mﬂG(Spec Oy)=2
Coornomenne 7 o § = idgpec 0, MOKa3bIBACT, YTO KOMIIO3UIIHA
* : L * * :
H*(Spec Oy, Divspeco,) — H*(X x¢ Spec Oy, 7" (Divspec 0, )
0 N .
— H*(Spec O,, Divgpec0,)

ABJIAETCA TOXKIAECCTBEHHBIM OTO6pa}K€HI/I€M. HOSTOMy MBI IIOJIyY9aeM BJIO2KEHUE

H%(Spec O, Divepec,) = HA(X x¢ Spec Oy, 7 (Divspeco,))-
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C apyroii ctoponsl, paszyoxkenue (14) maér Biaoxkenue

H?*(X x¢ Spec O, 7 (Divspeco, ) — H*(X x¢ Spec O, Diviet ).

X x cSpec O,

CuestoBaresibHO, st v & S siyipo orobpazkenust (11) TpuBuaIbHO.

Ocraéres okazarh, 9To st v € S siapo Kommosuiwn (12) KoHedTHo.

Jliis mavasta sametuM, aro orobpazkenne H2(Spec kp,Z) — H?*(Spec k(D),Z) B KoM-
nosuruu (13) uabekTuBHO. JleficTBUTEIbHO, 9TO 0TOOparKeHNe COBIAJIAeT ¢ 0TOOparKe-
HUEM

H'(Gal(Rp/kp),Q/Z) — H'(Gal(k(D)*/k(D)), Q/Z).

Omno mHBEKTUBHO, TOTOMY UTO K(D) 1 r060€ anredbpanveckoe 3aMbIKaHue OIS K JIH-
HEfHO pa3/IeJIeHbl, TaK YTO MMeeTCsl KaHoHuYIecKuii nzomopdusm [10, ra. V, §10, m. 4,
Teopema 1|

Gal(75/kp) = Gal(F5(D)/r(D));

OCTaETCA MCIIOJIb30BATH KAHOHUIECKYIO TI0C/IEI0BATEILHOCTh NH(JISIUT — OrPAHIICHHUST
[11, ror. IV, § 5, npemioxenue 5.1]

0 — H'(Gal(rp(D)/x(D)),Q/Z) 5 H'(Gal(k(D)*/x(D)),Q/Z)
2% HY(Gal(x(D)* /7p(D)), Q/Z).
Cﬂe,ZLOBaTeJIbHO, JIOCTATOYHO JIOKA3aTh KOHEIHOCTH sIJIpa KOMIIO3UIINKA OTOOParKeHuii

wmult, 1, (D)-

H?(Spec k(v), Z) — H?(Spec kp, Z) Y H*(Speckp,Z). (1)

[Iycrs d = [kp : K£(v)]. TIocKOJIBKY KOMIIO3UIINS OPPAHUYEHUsT U KOOIDAHWYECHUS SIBJIsI-
ercs YMHOXKEHHEeM Ha d, TO Mbl BUJMM, 4TO AApo KoMmrosunuu (15) copepKures B spe
ymuozkenus Ha mult,-1(,y(D) - d : Q/Z — Q/Z, xoropoe, ouennHo, Koueuno. Teopema
1 nokazana.

Teopema 2. [Tycmo 7 : X — C — cropsexmusholii MOpPHusM 2Aa0KUT NPOEKMUSHDIT
MH02000pasutl nad Koneuwrnovm nosem Fy newemmot xapaxmepucmuru p, obwut crem-
noli caoti Komopozo aeasemes K 3—noseprrnocmoro Vo nad nosem k = k(C) payuonans-
nworr ynryuts xpusoti C. Ipednonoocum, wmo NS(V) = NS(V ® k). Tozda das aoboeo
npocmozo wucaa | # p

NS(X) ® Q = [HA(X @ F,,Q(1))]¢Fa/Fa),

HeiictBurennno, g K3 — nosepxuoctu V' Bepna runoresa TaiiTa s TUBU30POB
[12], mosTomy Teopema cieyer u3 npesioxKenuii 1 — 2 u TeopeMsr 1.
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Abstract. = We investigate interrelations between the Tate conjecture for divisors on a fibred
variety over a finite field and the Tate conjecture for divisors on the generic scheme fibre under the
condition that the generic scheme fibre has zero irregularity. Let m : X — C be a surjective morphism
of smooth projective varieties over a finite field IF, of characteristic p, C' is a curve and the generic
scheme fibre of 7 is a smooth variety V over the field k = k(C) of rational functions of the curve C,
k is an algebraic closure of the field k, k* is its separable closure, NS(V) is the Néron - Severi group
of classes of divisors on the variety V modulo algebraic equivalence, and assume that the following
conditions hold: H*(V @ k, Oy, 3) = 0, NS(V) = NS(V ® k). If, for a prime number I not dividing
Card([NS(V)]iors) and different from the characteristic of the field F,, the following relation holds
NS(V) @ Q; = [H*(V @ k®,Q;(1))]921K /%) (in other words, if the Tate conjecture for divisors on V/
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holds), then for any prime number [ # char(F,) the Tate conjecture holds for divisors on X: NS(X) ®
Q = [H*(X®F,, Qi(1)))G21(Fa/Fa) In particular, it follows from this result that the Tate conjecture for
divisors on an arithmetic model of a K 3 surface over a sufficiently large global field of finite characteristic
different from 2 holds as well.
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JlenyOnmkanys B cICTEMe Pe3ePBHOTI0 KOIMMPOBAHNS
¢ XpaHeHneM MHQPoOpPMAaIUN B 0a3e JaHHBIX
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Awnnoramusa. Ilpodunakruka morepu JaHHBIX C UG POBBIX HOCUTEIEH BKJIOYAET TAKOU MIPOIIECC,
Kak pesepBHOe KonmpoBanwe. OH MOXKET MPOBOJUTHCS BPYUYHYIO MPOCTHIM KOIMMPOBAHUEM JIAHHBIX Ha
BHEIITHIE HOCUTEJIM UM ABTOMATH3UPOBAHHO 0 PACIICAHUIO C [TOMOINBIO CIENUAIBHBIX IPOTPAMMHBIX
cpeacTB. CyIIecTBYIOT CUCTEMBI YIAJIEHHOTO PE3EPBHOTO KOIMPOBAHUSI, KOTJa JAHHBIE COXPAHSIIOTCS 110
CeTH B yAaJieHHOe XPaHWIUIe. Takue CUCTeMbl sIBJISSIOTCS MHOT'OIOJ/IB30BATEIbCKUMEI 1 00pabaAThIBAIOT
6osbIie 00bEMBI TAHHBIX. B 00IeM XPaHWININE MOTYT BCTPETUTHCs (DAMIBI, COAEPKAIINE OIMHAKO-
Bble (bparMenThl. JIJIsT UCKIIIOYEHNsT TIOBTOPSIONIMXCS JIAHHBIX MPUMEHSIETCST MEXaHU3M JIe/1yOJINKAIIT
(anrur. de-duplication). On upencraBisier coboii MeTox, cxKaTust HHGOPMAIH, KOIJIA IIOUCK KOIMIA I1PO-
U3BOJMTCS 110 BCEMY MAaCCHBY JIAHHBIX, & HE B IIpeJleJIaX OJIHOrO (baiiyia. [JIaBHBIM IIPEUMYIIECTBOM KC-
[TOJTb30BAHUsI JAHHOM TEXHOJIOIUY ABJISIETCs CYIeCTBEHHAs 9KOHOMUS JIMCKOBOrO ripocTpancTia. OmHako
MEXAHU3M HMCKJIIOUYEHUs] TIOBTOPSIONINXCS JAHHBIX MOXKET CYIIECTBEHHO CHU3UTH CKOPOCTHh COXPAHEHUSI
U BoccTaHOBJIeHUsT nHpOpMaruu. Hacrosimas craThs MOCBAINEHa TpobjieMe peau3aiud TaKOro MeXa-
HU3Ma B CHCTEME PE3epBHOIO KOIMPOBAaHUs C XpaHeHHeM WH(MOPMAIUU B PEJISIIIUOHHON 0Oa3e JTaHHBIX.
B nannOil pabore paccMaTpuUBaeTCs IPUMEP PEAJM3AIME TAKOW CHCTEMBI, pabOTaIOIIel B JBYX PeXKU-
Max: ¢ jenybsimkanyeil JaHHbIX 1 O6e3 Hee. B craTbe mpuBejieH mpuMep CXeMbl KJIACCOB Jjisl pa3paboTKu
KJIMEHTCKOM 9aCTH TPUJIOYKEHNS, & TAKYKe OIMCAHNE TabJIUI] U CBA3el MeXK Iy HUMHU B 0a3e JaHHBIX, 9TO
OTHOCHTCsI K cepBepHOil qactu. /lajiee aBTop mnpeiaraeT aaropuT™M COXPaHEHUs JAHHBIX C J1e/1yOJInKaIm-
eil, a TaK»Ke NMPUBOJIAT PE3YJIHTATHI CPABHUTEJBHBIX TECTOB CKOPOCTH PAbOTHI aJrOPUTMOB COXPAHEHUS
U BOCCTAHOBJIEHUsI MH(OPMAIUH ITpU paboTe € PEJISIIUOHHBIMY CHCTEMAMY YIIPABJIEHUsT 0a3aMU JAHHBIX
PAa3HBIX ITPOU3BOIUTEJIEI.
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BBenenue
OOl U3 Yyrpo3 1EJI0CTHOCTH JAHHBIX HA aBTOMATU3UpOBaHHOM pabouem mecte (APM)

SIBJISIETCS BBIXOJI U3 CTPOsi IU(POBOr0 SHEProHE3aBUCHUMOI'O YCTPOWCTBA XpaHEHUS WH-
dopmarpn. [Tpumepamn Takux ycrpoiicTs siBisiioTcs »kectkue jqucku (anria. hard disk
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drive HDD), TBeprorenbubie nakomuresn (anri. solid-state drive, SSD), a rakzke rubpui-
Hble ycrpoiicTBa (anru. solid-state hybrid drive, SSHD), npeacrasisioniue coboit Kom-
IIPOMECCHOE PeIeHne MeXK Iy CTOMMOCTBIO TIEPBBIX M ITPOU3BOIUTETBHOCTHIO TIOCTIETHUX.
Hapyrenune 1eocTHOCTH JTAHHBIX Ha MU(MPOBBIX HOCUTEIAX MOXKET ITPOU30NTH BCJIEI-
CTBUE PA3/JIMIHBIX NPUIHH. [J1aBHBIM (aKTOPOM, OrpaHUINBAIOIIIM JJIUTEIHHOCTD Xpa-
HeHUsl WHOPMaIUl Ha IUQPPOBBIX HOCUTENISIX, sIBJASETCS CPOK UX CJIy:KObl. OH MOXKeT
OBITH PA3HBIM B 3aBUCUMOCTHU OT IIPOM3BOJUTE/IsI, OJHAKO JIA2Ke Y CAMBIX Ka9eCTBEHHBIX
1 JIOPOTUX YCTPOHCTB CPOK CJIYZKOBI COCTABJISIET B CPETHEM IIATH JIET.

[IpodunakTuka morepu JJAaHHLIX ¢ NUMPOBLIX HOCUTE I BKJIIOYAET TAKOM Iporiecc,
Kak pesepBHOe Komuposanue [2|. OH MOXKeT POBOJAUTHCS BPYIHYIO MIPOCTHIM KOMUPOBa-
HUEM JIAHHBIX HA BHEIIHHE HOCHTE/]N WU aBTOMATUYECKU 10 PACIUCAHUIO C ITOMOIIBIO
CIEIUAIbHBIX ITPOrPpaMMHBIX cpeAcTB. CyIIeCTBYIOT CHCTEMBI VAAJEHHOI'O PE3epPBHOIO
KOIIUPOBAHMUS, KOTJIa JAHHBIE COXPAHAIOTCS 110 CeTH B yAaJeHHOe XpaHuuiie. Takue cu-
CTEeMBI SIBJISTIOTCSI MHOTOIIOJIb30BaTEIbCKIMU 1 00pabaThIBalOT O0JIbINNE O0bEMBI JJAHHBIX.
B obmem xpanmmine MOTYT BCTPETUTHCS (DAIBI, CO/IepIKAIIe OJMHAKOBbIE (hparMeH-
ThI. JI19 UCK/TIOUEHNsT TTIOBTOPSIONINXCs JTAHHBIX TPUMEHSETCS MeXaHU3M JIe/TyOJIMKaIum
(aurs. de-duplication)[7,8]. On npejcrasisier coboit MeTos1 czkaTHst KHOOPMAIMH, KOIJIA
IIOMCK KOIIHMil IIPOU3BOIUTCS 110 BCEMY MACCHBY JaHHBIX, & HE B IIpeJiesiax oJHOro (aiiia.
[naBHBIM TPEUMYIIIECTBOM MCIIOJIB30BAHUS JIAHHON TEXHOJIOTUH SIBJISIETCS CYIIECTBEHHAST
9KOHOMMUS JIMCKOBOTO MpocTpancTBa. OIHAKO TIPU 3TOM CHUZKAETCS TPOU3BOIUTETHBHOCTD
CUCTEMbI PE3€PBHOTO KOIMPOBAHUSI.

Hacrosiias crarbs mocBsimeHa mpodjieMe pean3alui MexXaHu3Ma HCKII0UeHns 1y0-
JINPOBAHUSA JAHHBIX B CHCTEME PE3ePBHOTO KOIMPOBaHUs ¢ XpaHeHHeM HH(MOpPMAIIUKA B
6aze mannbix (B/1). B pamkax manHOil paboThl pACCMOTPEHO UCIIOJIL30BAHKE DEJISIIIMOH-
HBIX cucTeM yrpasienus 6asamu qanueix (CYBI), aro cBs3aHO ¢ UX MIMPOKOI pacipo-
CTPAHEHHOCTBIO U BCTPOEHHBIME MexaHum3Mamu obecriedenus meioctHocrn [10,11,12]. B
X0J1e pabOTHI OYJIET TPEJIJIOYKEHA, CXeMa PeaJM3allid KJIUNEHTCKON U CepBEPHOI YacTh CH-
crembl |9], aaropuTs™ coxpaHeHus JaHHBIX ¢ Jeayonnkarmeii. Takzke OyyT IpUBEJIEHbI U
[IpOaHaIN3UPOBAHbI PE3Y/IbTaThl CPABHUTEIBHBIX TECTOB IIPOU3BOIUTEIHHOCTH CHCTEMbI
€ BKJIFOYEHHBIM M BBIKJIIOUEHHBIM MEXaHU3MOM UCKJIIOUEHUS TyOINPOBAHUS TAHHBIX IIPH
pabore ¢ CYB/I pasHbIX IPOU3BOIUTEIEN.

1. PeaJII/I3aI_[I/IH CHUCTEeMbI pe3€epPBHOI'O KOIIMPOBaHMNA

B pabore [1] onucan noaxos K peajnsaliy CHCTEMbI PE3EPBHOIO KOIMMPOBAHUSI ¢ XPa-
nenuem B B/ 6e3 nenybsmkanuu. B takom ciydae i XpaHeHHs MOJIb30BATEIHCKIX
JIAHHBIX Ha cepBepe Iipejyiaraercsd 3asectu B b/l e Tadmunst Model n Data. B nepsoit
xpanurcs wHdopMaIus 00 00bekTe pailjIoBoil cucTeMbl, a BO BTOPOl — JIAHHBIE 9TOIO
obbekTa, pazdbuTbie Ha OJOKN pUKCHpoBaHHOM JuHbI. CBa3b Mexk Ty Taburavu M odel
n Data «oauH KO MHOTUM» COOTBETCTBEHHO. TaknM 0Opa30M, Ha KarKJblil OJIOK JTaHHBIX
YKa3bIBAET TOJILKO OJIMH (hailJI.

Jl1st mckJiovuenHus MOBTOPSIONINXCA JAHHBIX B Tabsmie Data, ee CBA3b ¢ Tab/IUIEiH
Model nomxkua ObITH «MHOI'HME KO MHOTHMM», KOTJIa Ha OJWH OJIOK JJAHHBIX MOTYT CChI-
JIaThCs HECKOIBKO (haitiioB. [l opranmsaum Takoil CBSI3M Ipe jIaracTcs BBECTH JIOTIOJI-
HUTeJbHYIO Tabauiy Link.
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Onmucanne tabmuier Model ocraercs Kak B IepBOHAYAIbHOM Bapuante |1], a u3 tab-

smtbl Data ynaseno none FILETD. Tabmuna Link coaep:KuT cJieyIoniie moJis:
1. ID IlepBu4HBII KJIIOY.
2. FILEID Buemmunit kao4a. nearudukarop 3amnucu B Tabauie M odel.

3. DATAID Bremmnunii xmrou. Uneatudurkarop 3anucu B Tabuie Data.

4. ORD Ilopsnkosrit Homep 6J10Ka ¢ uaentugukaropom DATAID B daiiie ¢ naen-

tuduraropom FILEID.

[Topsimok Gs10k0B BHYTpH (haitia obecreunBaercs 3a cdet 3uadennit O RD. Cremyrommmii
SQL-3amnpoc no npentudukaropy 3amucu Tabdbaumbl M odel BepHeT 1mocsenoBaTe/IbHOCTD

0JIOKOB B TOM TIOpsIJIKe, B KOTOPOM OHU UJIyT BHYTpPH aiiia:

select Data.BLOCK
from Link
inner join Data
on Link.FILEID = [upenTudukatop| and Link .DATAID = Data.ID

order by Link.ORD;

Kimmenrckast 9acTh cUCTEMbI PE3EPBHOIO KOIMUPOBAHMSA MTPEJCTAB/IIET COOOH MPUIIo-
JKeHHe, KOTOPOe JIOJIZKHO YMETh YUTATh U 3alUCHIBATH COJIEPKUMOE MOJTb30BATETHCKIX
daitnos, BlanmoseiicrBoBarh ¢ CYBJI myrem Bbinosinenusi S()L-3a11pocoB, a TakKe
mudpoBaTh JAaHHBIE IPU HEOOXOIMMOCTH. BBIIe/ MM OCHOBHBIE KOMIIOHEHTHI KJTUEHTCKO-
r'O TPUJIOKEHUS:

1.

Anpo. ComepkuT peanns3anuio KJIACCOB JJIs MPEJCTABICHUS I0IH30BATEIHCKIX
JIAHHBIX B Bujie HaOOpa 3amuceil TabjuIbl, a TakyKe orucaHue nHrepdeiicoB s
B3aumoyieiicteust ¢ CYB/I u daitioBoii cucremoil moib30BaTeS.

Konrpostep s BzanmogeiicrBus ¢ CYB/I. Peamusyer unrepdeiic s B3auMo-
neticteust ¢ CYB/I. Takux KOHTPOJLIEPOB MOXKET OBITh HECKOJIBKO, TI0 KOJTHIECTBY
noyiiepkuBaemMbix CYBJI pasubix mponszsoguteseir. OOIy0 9acTh, KOTOpas O~
nakoBa Jijist Bcex CYB/I, MOKHO BbIHECTH B OA30BBIil KJjacc.

Konrposutep jyist paborsl ¢ daiisiosoit cucremoit [15]. Peamusyer unrepdeiic st
B3auMoJIeiicTBusI ¢ (ail/;IoBOil cHCTEMOI 1OIb30BaTE s, PEATU3aIUI0 AJITOPUTMOB
coxpanenust (¢ jepybukarueil 1 6e3 Hee), BOCCTAHOBJICHUS JIAHHBIX, & TaKyKe CKa-
HUPOBAHUA NUPEKTOPUH HA HAJIUINE U3MEHEHUI.

Kpunronposaiizep. Peamuzyer ajropurmbl mudpoBanusd 1 XeMTUPOBAHUS JTAHHBIX.

Moyiesib KonmpyeMoii JmpekTopun. fBjagercd TpeJcTaB/IeHrneM Hadopa 3allrceit
tabymuiel Model Ha cTOpoOHE K/IHEHTA.

Ha pucynke 1 npejcraBiieH IpuMep CXeMbl KJIACCOB JIJIsI Pean3alliid KJIXEeHTCKOIO
[IPUJIOKEHUSI.

fAnpo cucrembr coctapisiior Kiaacchl Record n RecordSet. Knace Record neobxomum
JIUTsI TIpEJICTaB/IEHNs JAHHBIX Ha CTOPOHE KJMEeHTa B Buje 3amucu, a RecordSet — B Buje
YIOPSAJIOYEHHOTO HAOOPA 3aITHCE.
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b3 FsController FSController CryptoProvider | % CryptoProvider
- >
1 1
FSController 4 1 PSContrc-IIer’l
DBCUnh’nIIer___ 1 Record3et J2
¥  DBController ¥ RecordSet

¥ LinterController ¥ MssQLController

Puc. 1: Cxema K1accoB KIMEHTCKOTO TPUIOKEHUST

Fig. 1. The classes schem of client application

Kmaccer MSSQLController nu LinterController npeactaBiasioT cobOil peaTn3anuto
KoHTpOJIIepoB g B3anmogeiicteus ¢ CYBI MSSQL u Linter coorBercrBenno. [Ipu
HEOOXOIMMOCTH MOYKHO PACHIUPATH CucoK nojyiepxkusaembix CYBJL, peanusys 1o100-
HbIE KJIACCHI 110 HEeKoTopomy obiemy unrepdeiicy. Takoit uarepdeiic MokeT BKJIIOYATD
dyHKIUN coXpanenus, OOHOBJIEHU, yJ/IaJl€eHUs U YTE€HUs 3aluceil TabJIUIL IO UJIeHTU(U-
KaTopy, (PYHKIN YIAJCHUT U CO3JaHusd Tab/IuI, (DYHKIINIO BRIOOPKY 3aIuceil mo 3nade-
HuIO ToJtelt u apyrue. Abcrpaktabiii kiacc DBController copep:kuT onmcanne o0IIEro
unrepdeiica Bzanmozeiictsus ¢ CYBJ/l u dynkiun, peasmsanus KOTOPHIX OJINHAKOBA
JJIs BCeX Tojiep:kuBaeMbix cucreM. Hanpumep, dyHKIms yiaienus Tabauibl 10 UMEHI
st Beex CYB/I Boimonasier SQ) L-3atmpoc Buja:

drop table [ums_ Tabnuus];

Knace CryptoProvider comep:KuT peagu3aliio aJrOpUuTMOB MIMPOBAHUS XEIIPO-
BaHAd JaHHDbIX.

Knace F'SController npencrapisier coboil peann3aiiuio KOHTPOJLIEPa it paboThl ¢
draitiosoit cucremoit osib3oBaresisd. OH COJIEPKUT aKTYaJIbHYIO Kormio Tabsmibl M odel
B BuJle 00beKTa Tuna RecordSet, sK3eMILIsp Kaacca KOHTPOJLIepa JIJIsi B3auMOJIeHCTBUS
¢ CYB/I u sx3eMIuIsip Kjacca KPUIITOIIPOBAiiiepa.

1.1. CoxpaHeHue U BOCCTAaHOBJIEHUE JaHHBIX

[Ipenaraercs cieayoOnuil peKypCUBHBIN aJrOPUTM COXpaHEHUs JAHHBIX C ey nKa-
ueit:

1 s kaxkioro daityia u3 TeKyIiei JUPEeKTOPUH:

1.1 Cozmaem zammch s Tabsmnsl M odel n coxpamsieM ee insert-sampocom K B /1.
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1.2 Tlomyuaem mjenTrdUKATOP COXPAHEHHON 3aIUCH.
1.3 Coxpansiem 3amuch B Tabsiuiie Model na cropone KaneHTa.

1.4 Ywuraem daitn ¢ gucka 610Kamu, GOpMUPYsT MACCUB 3aIUCeil JIJId COXPaHEHU
B Tabauity Data.

1.5 g xaxkoro 6J10Ka coxpaHsgeMmoro daiiia:
1.5.1 Cumraem xemr-Koz 0Ji0Ka

1.5.2 Eciu B Tabmune Data mer 6ji0Ka ¢ TaKUM XeI-KOJIOM, COXPAHIEM HOBYIO
zaruch B Tabsiuiy Data insert-anpocom K B/I.

1.5.3 Cozmaem 3amnuch s Tabauisl Link u coxpansem ee insert-zampocom K BJ1.
2 Jlnsg KaxKJ10ii Mmanky u3 TeKyIeil TUPeKTOPUN:

2.1 ®opmupyem 3anuch s Tabsminsl Model n coxpansieM ee insert-3ampocoM K
BJI.

2.2 3amyckaeMm JAHHBIN aJTOPUTM JIJIsi (DAMIOB B 9TOH JIUPEKTOPUN.

3 CunmraeM X3II-KOJ JjIsd TEKYyIIel JUpeKTopun u coxpaHsem ero B nojge HASH
cootBercTByIomeit 3amucu tabunbt Model update-3amnpocom.

Kak u B ciydae 6e3 jieyOukanum, BbIBEJIEM 3aBUCUMOCTDH KOJUYIECTBA 3alIPOCOB K
B/l or pa3mepa 6Ji0Ka IIpu IOJHOM COXpaHEHMH BCeX JAaHHBIX. IlycTh n — KoamdecTBo
daitIoB B TeKyIIe INPEKTOPHUH, 1, — KOJMIECTBO TMAITOK B TEKYIIeil IUPEKTOPUH, a SGm —
jguHa 6sioka. Yuesao 6710koB daiiia JIMHbL [ paBHO:

l -1
sgm

rie floor(x) — DyHKIWS HAXOXK IEHUS OJIMKANIIEro 1eJIoro, He IpeBbimaoniero «. Torma
KOJIMIeCTBO 3a11pocoB K b/ ipu coxpaHeHnn co/IepKUMOro TeKyIIeil TUPEeKTOPUN MOYKHO
BBIPA3UTH CJIeytomieit hopmyiioii:

n

F(m,n) =Y (2si+e&+1)+m+1,

=1

rae sgm < l;, l; — nuHa 1-ro daitaa B TeKyIeil JUPeKTOpUun, §; — INUCI0 OJIOKOB 2-I'0
daitna, a 0 < ¢ < 5; — KOTTIECTBO COXPAHEHHBIX OJIOKOB.

Jitsg Kazkjioro aiiia BBIIOJIHAETCS S; Select-3anpocoB sl OIpejie/IeHUsT HaJIATHIsT
O/10Ka ¢ 3aJlaHHbIM XereM B Tabsmuie Data u CTOJIBKO 2Ke insert-3alpocoB B TabJIUILY
Link, €; insert-3ammpocoB jjid 3anucu 0JI0KOB B Tabuiy Data, OJuH 3a1Ipoc JIJisd 3aIlliCh
nadopmaruu o gaitie B Tabsmiy Model, m 3a1mpocoB Jijisd 3aliuc nHGOPMAIUN O Tall-
kax B Tabsmiy Model n eme oguH 3ampoc it oOHOBJIeHHs 3amucu B Tabsuie M odel
(coxpaHeHHe Xerla TEKYIIeld JUPeKTOpun). € OyJeT paBeH HYJIIO B CIydae, eCd JIUPeK-
TOPHUS COAEPIKUT TOJBKO KOIHMHU YK€ COXPAHEHHBIX (DaiiIoB, U IIPUMET 3HAYEHHE S;, €CJII
B JINPEKTOPUHU OTCYTCTBYIOT KOIIUU COXPAHEHHBIX (DailIoB.
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Kommaecrso 3anmpocos k B/l mipu coxpanennu coJIep:KUMOTO JTUPEKTOPUU U BCEX €€
BJIOYKEHHBIX ITAIIOK MOYKHO ITPEJICTABUTH CJeIyIomeil (hopMyJIoit:

Nk

my
F, = Z (2sg, + €x,) + ZF(mkj,nk].) +m+1,

i=1 j=1

rjae k — uneHTnduKaTop TeKyIei JUPpeKTOPHUH.
B ciygae coxpanenus JaHubIxX 0e3 jeayoukanun, popMysia uMeeT BU/I:

nk my

Fk: = Z(Skl) —l—ZF(mkj,nkj) +m+41.

i=1 j=1

Takum obpasom, 3a cuer jieayOJUKAIUN, CKOPOCTDL COXPAHEHUs] YMEHDLIITUTCH W3-3a
JIOIOJIHUTEJIBHBIX Yo%) (Sk, + €x,) 3aIPOCOB.

AJIropuT™ BOCCTAHOBJIEHUS JIAHHBIX OCTAETCS TAKMM Ke, KaK U B CIydae 6e3 j1e1y0.u-
kaiuu [1]. Mensiercst TOJILKO TEKCT 3a1poca, KOTOPbIii BO3BpaInaeT cojep:kumoe daiiia.
COOTBeTCTBeHHO ,ZLe,ZLy6J'H/IKaHI/IH IIPpaKTUI€CKU HE BJINACT Ha CKOPOCTbH BOCCTaHOBJIECHUA
JTaHHBIX.

1.2. TecTtupoBaHue

[Tocmorpum, Kak 910 padboTaer Ha MpakTUKe. TeCcTOBBIN CTEHJ IPe/ICTaB/IsIeT CODOM TBa
nepcoHasbHbIX KoMmbiorepa (I1K), obbemurentpix B cerb. OMuH U3 HUX UrpaeT POJIb
cepsepa ¢ ycranosiennoit CYB/I (mpomeccop: Intel Core i5-2500K 3,3 GHz L3 6MB,
namsith 8 GB). Bropoit TIK npescrasiser coboii KIMEHTCKYIO 9aCTh CHCTEMbI, KOTOPast
COJIEPKUT T0JIb30BaTesbekie Janubie (mporeccop: Intel Celeron 2,8 GHz L2 256KB,
namath: 3 GB). ZKecrkue mucku oboux IIK ordopmarupoBanst 1o/ daitioByio cucremy
NTFS(3,15). Pasmep kiracrepa cocrasiser 4 KB.

Cucrema tecrupyercs ¢ npumenenneMm CYB/I Linter 6.0.18.9 Demo n MSSQL 2008
R2 ¢ macrpoiikamu o ymosraanuio [13,14].

CYB/ MSSQL cojepKuT KOMIIOHEHT yIpaB/jeHusd OydepoM, COCTOSIIUN U3 JIBYX
MEXaHU3MOB: jucierdep O0ydepoB Jijis JTocTyla U OOHOBJIEHHS CTPAHUI] Oa3bl JAaHHBIX,
a Takke OydepHbIii K311 (M3BeCTHBINH KaK OydepHBIi IyJ1) [ COKPAIeHUs Oneparuii
BBOJIa-BbIBOJIa (haiiia ba3wl maHHbIX. Ha TecToBOM cTeH e 3a/1aHbl CJIe/IyOIIe HaCTPONKM
OydepHOro KaIa: KOJIMIecTBo H0CTyIHON dhusmaeckoit mamsit (bpool commit target)
530358 KB, o6bem dusndeckoii mamsitu B qucterdepe (bpool committed) 8945 KB.

CYB/I Linter myst cBoeit paboThl HCIIOIB3YET TaK Ha3bIBaeMble ouepein TabJmil, daii-
JIOB, KOJIOHOK TaOJIUI U TI0Jib30BaTe eil. PazMepnl ouepe/ieit 3a/1a10TCst KOJIMIECTBOM dJIe-
MEHTOB, pa3Mepbl KOTOPBIX B PA3HBIX ouepe/iax Kojebmored B cpeganeM ot 50 1o 1500
OaifT, coriacHo JOKyMeHTaIn. TecToBble JaHHbBIE OBLIH MTOIYIeHbI IPY CJIeIYIOMNX Ha-
cTpoiikax: K31 ¢aityioB — 20 s/1eMeHToB, K311 Tadaui; — 100 371eMeHTOB, K31 KOJIOHOK —
500 snmemeHnTOB, K311 KaHayoB — 100 371eMeHTOB.

Ha cTopone kjnenTa 3aiyckaeTcs IpUIoKeHe, KOTopoe 00padaThiBaeT JaHHbBIE T0Thb-
30BaTeIs U OTHPABJISIET UX Ha cepBep 0Oe3 mpeaBapuTebHoro mudposanus. [locte Toro
KaK BCe JJAHHBbIE YCIIEITHO COXPAHEHBI, KJIMEHTCKOe PUJIOYKEHIEe 3aIpallinBaeT nx o0parT-
HO U COXpaHdeT WX Ha CTOPOHE KJMEHTa B JIPYToil gupekTopun. B KadecTBe TECTOBBIX
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JIAHHBIX ObLIN BbIOpaHbI (hailjibl pa3Horo pasmepa. [ljis mepBbIX JIBYX TECTOB OBLIO OTO-
opano 76 daiisiop pazmepom 0,6 MB u cronbko ke daitio o 3 MB. B Tpéx apyrux
TecTax IPOUCXOJUT coxpaHeHue oiHoro daitia pasmepom 22 MbB, 162 Mb u 1,36 I'B.
s xkaxkjoro Ttecra Bce (ailbl pacloJIOKEHBI B OJIHON JTUPEKTOPUN 0e3 BJIOYKEHHBIX
TIATIOK.

Harmra 3aja1a 3ak/odyaercs B BBIOOpPE ONTHMAJILHOIO pasmepa OJioKa st haiiyioB
pa3Horo pasmepa MpU BKJIIOYEHHOM MeXaHU3Me HCK/IIOYeHUs JTyO/IMpOBaHUs JTAHHBIX.
CkopocTh 00pabOTKM JIAHHBIX IpU uctoJib3oBanuu pa3ubix CYB/I cunbHO oTymaaercs,
OJTHAKO XapaKTep BJUIHUS JeTyOTNKaIul Ha CKOPOCTH COXpPaHEHHsT B OOOWX CIydasx
nienTudern. Yem Oosibine pazmep 6J10Ka, TeEM MEHbIIE Jie/1yOJIMKAIS BIUIeT Ha CKOPOCTD
coxpanenus Janubix. C jiemy0/mKaryeil, Ipu yBeJindeHnn pa3mepa 0JI0Ka, CKOPOCTh pa-
OOTBI COXpaHEHUsT AJITOPUTMa PacTeT OBICTPee 0 ONPEIEICHHOI0 MOMEHTA.

Munumasibablit pasmep 6s10ka, 4 KB, paBen pasmepy kJiactepa »KeCTKOTO JIUCKA, OT-
dopmartupoBannoro oy daitiosyo cucremy NTFEFS, a makcumanbubiit — 1 MB. Bwibop
MaKCHMAJIbHOIO pa3Mepa 0JI0Ka CBsI3aH ¢ TeM, 9T0 00beKThl pa3dMmepoM 1 MB u 6ostee ad-
dexTuBHEE XpaHuTh B (haitnoBoit cucreme, gem B b/1, mockosbky NTFS sryurire cripabiisi-
ercd ¢ pparmeHTanueit Takux oobekToB. [l xpanenus Janubix pazmepom 256-1024 Kb
uu daityioBas cucrema, Hu B/l #e mator asaoro npeunmytiecrBa. O6bekTo Menee 256 Kb
s¢derrusnee xparnuts B B/ [5].

Pacemorpum pesysbrars! mepsoro tecta (pucynok 2). s CYBJ/] MSSQL ckopocts
COXpaHeHUs JAHHBIX PACTeT NpU yBeJndeHnn JmHb 010Ka 10 16 KB, a moTom He nzme-
usiercs. CKOPOCTh BOCCTaHOBJIeHUs HaunHaeT naaath cpasy ¢ 4 KB. g CYB/I Linter
npu Jyinae 6si0ka 6osee 32 Kb ckopocTh coxpanenus JaHHBIX PACTET MeJIJIEHHEe, a CKO-
POCTH BOCCTAHOBJIEHUsI HAYMHAET YBEJIUUUBATHCA. TakuMm oOpa3oM, ONTUMAJILHBIN pa3-
mep Osoka coctapisger 32 KB mra Linter m 16 KB mma MSSQL. Ilpu stom daitsr
nojiesiaTed mpuMepHo Ha 19 n 38 JacTeil cOOTBETCTBEHHO.

0:11:31

0:10:05

0:01:26

Linter

Linter
0-05-46 0:00:52 (AenyGanKaLma)

Bpema, mic

MSS0L

0:02:53 MsSaL
0:00:17 {memyGnukaumMa)

4 g 16 32 64 128 4 B 16 32 64 128

Anuna cermenTa, Kb Dnuna cermenTa, KB

Puc. 2: Coxpanenue (ciieBa) n BoccranoBsierne (cupasa) 76 daiiios mo 0,6 MB

Fig. 2. The saving (left) and recovery (right) of 76 files by 0,6 MB

Pacemorpum pesysbrarsl Broporo tecra (pucynok 3). Jias CYBJ] MSSQL npu yse-
JIMIeHun JInHbI 0J10Ka 6ojiee 16 KB ckopocTh coxpaHeHus JaHHBIX pacTeT Me/lJIeHHee,
a CKOPOCTHh BOCCTAHOBJIEHUSI, TAK K€ KaK U B IIEPBOM TeCTe, HAMMHACT 1aJaTh cpa3y ¢ 4
KB. Ina CYB/I Linter ysemaenne 610ka 6osbiie 64 KB e Biusier Ha ckopocTh BoccTa-
HOBJIEHUSI, & CKOPOCTh COXPAHEHUsI pacTeT MejjeHHee. TakuM oOpa30M, ONTHMAJIbHBIH
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pasmep Os1oka MoxkeT coctapiaTh 64 KB g Linter u 16 KB myra MSSQL. [Ipu stom
daitabl OyayT pa3zdouThl npuMepHo Ha 47 n 187 vyacTeil COOTBETCTBEHHO.

Linter

=)
s
pre}
iy
=}

Linter
{neayBaukauma)

MssaL

Bpema, m.c

MSssaL
{neayBaukauma)

4 8 16 32 64 128 4 8 16 32 64 128

Anuna cermenTa, KB Onuxa cermenTa, KB

Puc. 3: Coxpanenmue (ceBa) n BoccranoByienne (cupasa) 76 daitros mo 3 MB

Fig. 3. The saving (left) and recovery (right) of 76 files by 3 MB

s CYBJ MSSQL, upu coxpanenun daiina pazmepom 22 MB (pucynok 4), cko-
POCTb COXpaHEHUsI pacTeT OBICTPO, a CKOPOCTb BOCCTAHOBJIEHUSI HE MEHSIETCs IIPU yBe-
JmdeHun Jmnabl O710Ka. g Linter mpu yBenudennu 6Jioka 6osibiie 64 KB ckopocTb
COXPaHEHUsI PAacTeT MeJJIEHHO, & CKOPOCTh BOCCTAHOBJIEHWS HE MeHsieTcs. Lakum obpa-
30M, ONTUMAJILHBIN paszmep 6jioka MoxkeT cocTaBiadTh 64 KB s Linter u 128 KB s
MSSQL. IIpu stom daitn 6yaer pazout npumepro Ha 344 u 688 yacTeil COOTBETCTBEHHO.

0:03:36

Linter

0:02:53
Linter
(AemyBAnKaLMA)

Bpema, m:c

0:02:10
MSSOL
0:01:26
MSSaL

(menybamnkaLpa)

0:00:43

=]
1=}
=
=]
=

4 8 16 32 64 128 4 B 16 32 54 128

AnuHa cermenTa, KB [nuHa cermenTa, KB

Puc. 4: Coxpanenue (cieBa) u Boccranossenue (crpasa) daiina, 22 Mb

Fig. 4. The saving (left) and recovery (right) of file, 22 MB

g CYBJL MSSQL, npu coxpanenun daiiia pasmepom 162 MB (pucynok 5), cko-
POCTH COXPAHEHNUs U BOCCTAHOBJIEHUS PACTET OBICTPO U PABHOMEPHO JIJIs1 OJIOKOB OOJIBITIE
64 KB. [Inga Linter ysesmuenne jnummnnt O10ka 6osee 256 KB nesnaunTesbHo BiInseT Ha
CKOPOCTH COXPaHEHUs JAHHBIX, a yBejndenue 6osee dem Ha 128 KB neznauutesbno Bu-
deT Ha CKOPOCTHh BOCCTAHOBJEHUHA. TakmMm oOpaszoM, ONTHUMAJILHBINA pa3Mep OJIOKa JijIsd
Linter moxxer cocraButh 256 KB, a a1 MSSQL — 1 MB. IIpu srom daiir 6ymaer paszour
npuMepHO Ha 633 m 158 JacTeit cOOTBETCTBEHHO.
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0:50:24 0:05:02
0:43:12 0:04:1%
0:36:00 0:03:36
—— linter
Y
= 0:23:48 0:02:53
3 Linter
i (neayBnukaLma)
B 0:21:36 0:02:10 ne Ay GAMKaLY
= MSSaL
0:14:24 0:01:26
N MssaL
(oeayBaukaLma)
0:07:12 0:00:43

4 B 16 32 64 128 256 512 4 8 16 32 54 128 256 512

AnuHa cermendTa, KB AnuHa cermenTa, KB

Puc. 5: Coxpanenne jganneix (1 daiir, 162 MB)
Fig. 5. The data saving (1 file, 162 MB)

B nocsiennem recre (pucysok 6) miast CYB/I Linter xapakrep 3aBHCHMOCTH HE H3Me-
uuicsa. Jla MSSQL ysenuuenue pmuaer 610ka 6ostee 1 MB HesnaumTebHO BnsieT Ha
CKOPOCTb COXpaHEHUs JIaHHBIX, a CKOPOCTh BOCCTAHOB/IEHUSA OBICTPO PacTeT Jijist OJIOKOB,
jumaa Kotopbix 6osbiie 64 KB. Onnako mist 6osiee 3ddekTuBHOrO XpaHeHus He0OXO-
JIIMO OCTaBUTH JINHY Osioka Ha ypoBHe 1 MB. Takum ob6paszoM, onTuMaIbHBIN pa3mMep
6s1oka MoxkeT coctaBaaTh 256 KB mms Linter w 1 MB s MSSQL. Ilpu stom aiin
OyzeT pas3but nmpumMepHo Ha 5312 u 1328 gacTeii cOOTBETCTBEHHO.

2:52:48
2:24:00

1:55:12

0:14:24 ——Linter
1.26:24 0:11:31 Linter
(oenyBnvKaLmMa)

057:36 \ 0:08:38 MSsaL
0:05:46 MssaL

0:28:48 (oenyEaukaupma)
0:02:53

Bpems, m:c

16 32 654 128 256 512 1024 2048 4056 16 32 64 128 256 512 1024 2048 4096

DNnuHa cermenTa, Kb Jnuna cermenTa, KB

Puc. 6: Coxpanenue nannbix (1 daitr, 1,36 I'B)
Fig. 6. The data saving (1 file, 1,36 GB)

Takum obpazom, YTOOBI J10OUTHCA HanbOsbIIEH dPHEKTUBHOCTU PabOTHI CUCTEMBI
PEe3epBHOIO KOIIMPOBAHUs C JiejlyO/iuKalueii, HeoOXoIMMO MEHATh pa3Mep 0JIOKa B 3aBU-
cumoctn ot pasmepa daitia u CYB/l, kotopas ycraHoB/IeHa Ha cepsepe (ajanTuBHAs
neny6inkanust) [4]. Pesyabrarer Tectos npusenensl B tabsmie 1.
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Tabnuma 1. Pe3ynbrarsr TecToB

Table 1. The tests results

TecTnr CYBA
Tests DBMS
MSSQL ‘ Linter
Jlamubie
Homep | xommdectBo daitios / pasmep daitna, MB | Onrumanssiii pasmep 610ka, KB
Number Data The optimal size of block, KB
the files count / the size of file, MB
1 70 / 0.6 16 32
2 76 /3 16 64
3 1/ 22 128 64
4 1/ 162 1024 256
5 1 /1360 1024 256
3akJIroueHmne

B crarbe 6bLT TTpeJ/IOZKEH TOJXO/] K Peain3aliul MeXaHu3Ma, JIe/lyOTUKAIlU B CHCTEME
Pe3epBHOIO KOMMPOBAHUS ¢ XpaHeHueM wHpopMannu B 6a3e JTaHHBIX. APXUTEKTypa Ta-
KOl CHCTeMBI ITO3BOJIsIET BHEJIPUTH JTAHHYIO TEXHOJIOTUIO O€3 CyIeCTBEHHOIO N3MEHEHUS
IpOrpaMMHOTO Kojta. B 3aBucuMocTn ot cereBoit nHMPACTPYKTYPHI, B KOTOPYIO YCTaHAB-
JINBAETCS JIAHHAS CUCTEMA, MEXaHU3M UCKJIIOUEHUs JyOJUPOBAHNS JAHHBIX MOXKET ObIThH
BBIKJTIOYEH JIJId JIOCTUZKEHNS MaKCUMAJIBLHON IMpon3BonTesbHocTu. Eeym nemybmkanms
HeO0OXO/IMMa, TO JIJIs TIOBBITIEHUS 3(PMHEKTUBHOCTU PAOOTHI CUCTEMBI CJIEIyeT MEHATH MeJI-
KOCTh pa3bmennst GailjloB B 3aBUCUMOCTH OT MX pasmepa, a Takxke or CYB/I, koTopas
obpabaTbIBaeT JaHHbIE Ha CTOPOHE cepBepa. B crarbe ObLIM MPUBEIEHBI PE3YJILTATHI CO-
OTBETCTBYIOIIUX TECTOB.

Hanpasjennem jrasibueiinneit paboThl siBJISIETCs UCCIIEI0OBAHNE TTOBEICHIS KJINEHTCKON
U CEepBEPHOIl YaCTH IIpe/jIaraeMoil CHCTEMBI TTPU U3MeHeHnn (haiijioB Ha KJIMEHTE, a TAKKe
CETEeBOI HAIPY3KU IIPU ITOM.
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Abstract. Prevention of data loss from digital media includes such a process as a backup. It
can be done manually by copying data to external media or automated on a schedule by using special
software. There are the remote backup systems, when data are saved over the network to the remote
repository. Such systems are multi-user and they process large amounts of data. Shared storage can
meet files containing the same fragments. The elimination of repeated data is based on the mechanism of
de-duplication. It is a method of information compression, when the search of copies is performed in the
entire dataset rather than within a single file. The main advantage of using this technology is a significant
saving of disk space. However, the mechanism of eliminating repetitive data can significantly reduce the
speed of saving and restoring information. This article is devoted to the problem of implementing such
a mechanism in the backup system with information storage in a relational database. In this paper we
consider an example of implementation of such a system working in two modes: with the de-duplication
of data and without it. The article illustrates a class diagram for the development of a client part
of application as well as the description of tables and relationships between them in a database that
belongs to the backend. The author offers an algorithm of saving data wiht de-duplication, and also
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gives the results of comparative tests on the speed of the algorithms of saving and restoring information
when working with relational database management systems from different manufacturers.

Keywords: file, data, backup, de-duplication, database
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3agaun ONTUMHU3AIWN C yCPeIHEeHneM 10 JacTh

nepeMeddbiX 1 yCJA0BUA UX OITUMAJbHOCTH B (l)opMe
IIpUHIAIIA MaKCUMYMa

Hupmua A. M.

noayuena 30 aseycma 2016

Awnnoramus. PaccMoTpens 3a7a9u HEJTMHEIHOTO IPOrPAMMUPOBAHNS, KPAUTEPHUl U OrPAHUICHUS
KOTOPBIX YCPETHEHHO 3aBUCAT OT YaCTU IepeMeHHbIX. 1loKkazaHo, 9To eciau B 9THX 3a/a4ax CYIIECTBY-
er pemienue, To yHKImsa JlarpaH)ka Ha HeM JOCTHATaeT MAKCHMyMa II0 Te€M I[E€PEMEHHBIM, IO KOTO-
PBIM [POMCXOMUT ycpeiaHenue. [Ipu 3ToMm (yHKIMM, ONpeesonue 3a1ady, MOryT ObITh He audde-
PEHIUPYEMBIMH, & HEIIPEPBIBHBIMHU 110 3TUM II€EPEMEHHBIM, MHOXKECTBO UX JOIYCTUMBIX 3HAUYEHUN MOXKET
COZIEPKATH M N30 IMPOBAHHBIE TOUYKN. B BADUAIIMOHHBIX 33/Ia9aX MOXKET OTCYTCTBOBATH PEIIEHNE B KJIAC-
ce KyCOYHO-HEIPEPBIBHBIX (DYHKIIMIA 10 YaCTU IIEPEMEHHBIX, HO CYIIECTBOBATHL OOODIIEHHOE PEIleHIe, Ha
KOTOPOM 3TH IIepeMeHHble U3MEHSAIOTCH B CKOJIL3AIIEeM PexKuMe, a KPpUTepuil oTUMaJIbHOCTH CTPEMUTCA
K CBOeii BepxHeii rparu. Eciu ke B TaKUX 3a/[a4ax pelleHne B KJIacce KyCOYHO — HelIPEPBIBHBIX (DyHKIUI
CYIIIECTBYET, TO YCJIOBUSI OITUMAIBHOCTHU ITOTO PEIIeHNsT UMEIOT (hOPMY IIPUHIIAIIA, MAKCUMYMa (PyHKITUN
Tlamuaprona. PaccmoTrpena ¢Bsi3b yCcpeaHeHNs 1T0 BPEMEHH U 110 MHOYKECTBY 3HAYEHUI IEPEMEHHBIX.
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Beenenue

Huke Oy/ryT paccMOTpeHbI SKCTpeMaJIbHbIe 3a/1a9i, Y KOTOPBIX KPUTEPHUii ONTHMAIbHO-
cru I u orpaHuYeHrsl YCPEJIHEHHO 3aBUCAT OT YaCTH [epeMEHHBbIX. Takue 3a/1auu BO3HU-
KalT OObEKTUBHO, KOTJ[a B TEXHOJOIUIECKHUX [POIECCaX HEKOTOPbIE TI0/IezKallue BbIOo-
Py HepeMeHHbIE JIOJKHbBI ObITh HEM3MEHHBI (KOHCTPYKTHBHBIE TTADAMETPbI), a JPyTue —
MOI'YT U3MEHsIThCsl BO BpEMEHHU, IPUYeM HaJIMIie eMKOCTel IpuBoIuT K 3hdexTy yepe-
HEHUsl BJIVSHUSI STUX U3MeHeHui [1].

OHM BO3HHUKAIOT TaKyKe KaK BCIIOMOTaTesbHbIE, OIEHOUHbIE, KOIJla BBEJICHUE YCDEl-
HEHUsl PACIIUPSAET MHOYKECTBO JIONYCTUMbIX DENIeHHil U yIPOIIAeT pelieHne. 3HadeHne
TaKoil PACIIMPEHHON 3a/IauM 3aBEJIOMO «He XYKe», UeM 3HadeHHe UCXOMHOH. A orru-
MaJIbHOE ee PellleHHe COJEPXKUT I0JIe3HYI0 MH(MOPMAIUIO O XapaKTepe ONTUMAJIbHOIO

227
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pertieHnst ncxoaHoi. st onpeesieHHOCTH Oy/IeM paccMaTPpUBATh 3aa9l HA MAKCHMYM
Kpurepud OIITUMaJIbHOCTH.

J11st HEKOTOPBIX KJIACCOB 3aJa4 yAaeTCsl J0Ka3aTh, YTO TOUHbIE BEpXHIE I'PaHN KPUTEe-
pUeB ONTUMAJIbHOCTH MCXOIHON M pacIIupeHHO# 3a/1a4 coBaaaoT. Pacimmpenne B 35ToM
c/ydae Ha3bIBAIOT 9K6UBAAEHMHbIM. B 9aCTHOCTH, yCpeITHEHHOE pacIupeHne Bapuallu-
OHHBIX 3a/1a9 SKBUBAJEHTHO II0 TE€M II€PEMEHHBIM, CKOJIb YIOIHO OBICTPbIE U3MEHEHMUS
KOTOPBIX ,,CIVIAXKUBAIOTCA " yCJAOBUAMU 3a/1a4u. /{1 9KBUBaAJIEHTHOrO pacIIupenus: Haii-
JIETCA OJIHA WJIN HECKOJILKO IMOCJICJIOBATEILHOCTEN JIOILYCTUMBbIX PEIIEHUI NCXOHON 3a1a-
91, H& KOTOPBIX €€ KPUTEPUil OIITUMAJIBHOCTU CTPEMUTCA K CBOEI BEepXHEN I'paHu (TaKoe
perienne Ha3bIBAIOT o6o6meHHb1M), paBHOI MaKCUMyMy KPUTEpHs pacHIupeHHoil, jubo,
€CJIU pellleHrne UCXOIHON 33/1aUi CYIIEeCTBYET, OHO COBIIQJaeT C PEIleHUEeM PAaCIIUPEHHOM.

[IepBoHavaIbHO paccMOTpEHa CBA3b MEXKJIy YCPEJIHEHUEM 110 BPEMEHU W 110 MHOXKe-
CTBy. 3areM 3ajiada HeJMHEHHOro MPOrpaMMUPOBAHUS (HH) C yCpeIHeHHeM II0 JacTu
IEPEMEHHbBIX, HAKOHEIl, BapualmoHHble 3aja4un. [[okazaHo, 910 MeXKy YCJIOBUSIMHU OII-
TUMAaJILHOCTH 3TUX 3aJa49 €CThb MHOI'O ODIINEro M BO3MOXKHOCTH IIPUMEHEHUS IIPUHITHIIA
MaKCUMyMa B BapUAllMOHHBIX 3a/1a49aX 110 HEKOTOPOBIM IEPEMEHHBIM CBA3aHA C 9KBUBA-
JICHTHOCTBIO YCPEJIHCHHOI'O PACIIUPEHU O 3TUM IIEPEMEHHDLIM.

1. YcpeaHeHue mo BpeMeHH 1 IO MHOXKECTBY

1.1. Bpewmsa He BXOAWUT SIBHO B yCJIOBUS 33aJIaYN

Cpennee snauenne dyuxipn f(u(t)) va narepsase (0,7) MOXKeT ObITH BBIMHCICHO 110
BPEMEHH KaK

fi(u) = -

! / £ (u(t))dt (1)

WIN 110 MHOYKECTBY, ecJiu Jijis jiioboro t u € V € R™

folw) = [ fu)p(u)du, (2)

rie p(u) — BEepOATHOCTHAS Mepa

I
—_

p(u) > 0, / plu)du

Jut Jjioboro Vy € V', Besmmauna
So = / p(u)du
Vo

paBra jioJie uaTepsada (0, 7), B Tedenne KOTopoii 3Havdenus u(t) npuuaiekar Vj.
Kycouno-tiocrostaHoit dbyHKImn u(t), TPUHIMAIONIEH HCKPETHbIE 3HAYCHUS U; € V,,
COOTBETCTBYET BEPOATHOCTHAsA Mepa BUIA

plu) = Z%é(u —w), %20, Y w=1 (4)
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Uurerpas (2) B 9T0M ciiydae NpUMeET BT
o) =Y vf(u). ()

Ha esmaumny unrerpasos B (1), (2) me BiMSET HOCIEZOBATENILHOCTL, B KOTOPOi u(f)
npuHnMaeT 3HaveHus u'. Takum obpasoM, KarzKJoil BepodTHOCTHOH Mepe p(u) MozKer
COOTBETCTBOBATL MITOTo (bymKIwmit u(t), s Koropwix fi(u) = f,(u). Ecmn p(u) = 6(u —
u®), To u(t) = ug = const. Ecim uncyio 6a30BbIX 3HaUeHHil GOJIbINE €IMHUIIBI, TO TUCIIO
bynkiwmit u(t) CKoJIb YroJHO BEJMKO, T.K. KasK/I0e U3 3HaueHnil u' oHa MOKeT IIPMHUMATh
HEOJIHOKPATHO, JINIIL Obl CyMMapHast JoJis naTepBasa [0, 7], B TedeHne KoTopoit u(t) =
u®, cocTaBasAIA ;.

[Iycrb craBuTcs 3a/1a9a 0 MaKCcUMyMe cpesiHero 3uadenus byskmmn fo(u) va V. Ecin
5Ta GYHKINSA YHUMOJAIbLHA U JOCTUTAeT MaKCUMyMa, B Touke u’, TO peleHne eJMHCTBeH-
HO

ut(t) =u’, pi(u) =0(u—u’), (6)

HO eciu dyHKus fo(u) jgocTHraeT MakCuMyMma B T TOYKax u', TO permeHuit u*(t), mo-
CTABJIAIONINX MAKCUMYM €€ CPEJHEro 3HadeHWsi, CKOJIb YIOJHO MHOIO, OHU KYCOYHO-
[OCTOSIHHBIE ¥ BCEM UM COOTBETCTBYET OJIHA U Ta YK€ BEPOSITHOCTHAS Mepa

p () = Y dlu =) ")

IpUYeM JIJIs BCEX 7, Y/IOBJIETBOPAIOMNX ycaoBusiM (4), 3Hadenne f*(u) onnHakoBo. By-
JleM Ha3blBaTh 3HAYCHUs U’ — Ga30BBIMU.

TTostBIIsIETCST BOSMOYKHOCTD, He ,, yXymmas® f7 (1), HaJIO0KHTE JIOMOMHATEbHbIE YCPE/i-
HEeHHbIe OrPAHUIEHUS U BBIIIOJIHUTH UX 3a CYeT BLIOOPA ;. TUC/I0 m TaKux orpaHndeHuit
He 6osiee 4eM r — 1, Tak Kak IepeMeHHbIe 7y; HEOTPUIATEIbLHBI U B CYMMe PDABHBI €JINHUIIE.

Taxum o6pasom, 4mobv, ObLAO BHINOAHEHO M YCPEOHEHHBLT YCA0BUT 6Uda

)= vf(w)=0, v=Tm, (8)
i=1
dyrxyua fo(u) doasrcna umemo ne menee wem (m + 1) makcumym.

1.2. Ycpeanenue (pyHKIUA, SBHO 3aBUCAIINX OT BpEMEHN

[Iycrs f = f(t,u(t)) HenmpepbiBHA 10 COBOKYIHOCTH TlepeMeHHbIX. Ee cpenHee 3natdeHme
110 BPEMEHH

ﬁ@@:%/}@mmm,ueV@. (9)

JTio6oit Kycouno-nenpepbisHoit bynxuuu u’(t) coorsercrByer BeposiTHOCTHAsA Mepa p (u, t)

p(u,t) = 0(u—u’(t)), (10)
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u®) = %/ / f(t,w)p°(u, t)dudt. (11)
0 V()

B 6Gostee obmiem cirydae BepositTHOCTHast Mepa p(u,t) He cOCPeOTOYeHa TIPU KA JIOM
t B equncTBennoft Touxe u’, kKak p°(u,t), a yJI0BIeTBOPSAET TOMBKO TPEOOBAHUSIM

TaKasgd, 9TO

/p(u, tydu =1, p(u,t) >0 Vte]|0,7]. (12)
V()

Pacimmpentoe MHOXKECTBO BepOoATHOCTHBIX Mep p(u, t) Brmogaer pY(u, t). s moboit
p(u,t) HalijeTcs Takas mocjeoBaTeIbHOCTh (hyHKIwit {u” (t)}, Ha KOTOpOIt

lim fi(t,u) = //f (t,u)p(u,t)dudt. (13)

vV—00

Cnenys JI. dury [2], 6ynem HasbiBaTh Mepy p(u,t) 06obwernot nepemerod.

2. 3agaua HII ¢ ycpeanennem
II0 HEKOTOPbIM IIepeMeHHbIM

Paccmorpum 3a1aay

Tolw,w)" — max / fiww) =0, i=Tm (14)

weV CRF, xecRvF

3tech depra Hal GYHKIUAMEA fo, f; COOTBETCTBYET UX YCPEIHEHUIO 110 1U:

fi(az,u)u:/fi(a:,u)p(u)du, i=0,m. (15)
v

B 3ayaqe (14) jBa THna nepeMeHHBIX: BEKTOP T U BEPOSITHOCTHast Mepa p(u), y1oBiie-
TBOpsiforas ycaousiM (3). OyHKIMK f; HEMPEPBIBHBI 10 &, U U HEIPEPBIBHO uddepeH-
MUPYEMBI 110 T, MHOYXKeCTBO V' — KOMIIakT. /[j19 TpOCTOTHI He paccMaTpuBaeM 3aJlady C
HEpPaBeHCTBAMU, T.K. X HAJIWYNE HUYETO B CYIECTBe Jiejia He MEeHsET.

Badurcupyem x € R" % u paccMoTpEM ceMelCTBO BCHOMOTATeILHBIX 33,141

)=c¢, i=1m

€ V C RF. (16)

fo(z,u) —>max/ filw

O6Go3HauuM ONTHMaJIbHOE pelleHne 3Toil 3ajaunm depe3 u*(x,c), a 3HadYeHHe dUepe3
fi(z,e) = folz,u*(z,c)). Oyurmmo f(z,c) HazpBaoT GyHKIUEH gocTukumocta [5].
Ormernm, 9TO JIst HEKOTOPBIX ¢ 33/a4a (16) MOKeT He UMEeTh pelrteHnst (MHOXKECTBO ee
JOIYCTUMBIX pelteHnii mycto). MHOXKECTBO TeX ¢, /I KOTOPBIX 3a/1a9a IMeeT DeIleHHe,
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obosnaunm depes V. € R™. OueBujHO, 9TO Jijis JIIOOOrO T ONTHMaJbHAst Mepa p(u) B
sazgade (14), (15) cocpemorouena ToabKO Ha perennsx u*(x, ¢) 3amaqn (16).

C ucnosib3oBaHueM BBeJeHHBIX 0603HaYeHui 3a1a9y (14) MOXKHO mepenucarh B Hhop-
Me

fo(z,¢)” — max
p(z,0)

/ci:0, 1=1,m, (17)

ceV.(r) e R™.

Ho a0 — 3a/aua 06 opuHaTe BBITyKII0i 06010uku dbyskimn fo(z, ¢) B Touke ¢(z) = 0.
Cornacuo Teopeme Kapareomopu [3] onrumasibHoe perierne Takoii 3a1a4qu nMeeT BU/

m

pr(ae) =) ()dle—d (), () 20, Z%(l’)zl,

j=0

T.e. OHO COCPEJIOTOUEHO He Gostee ueM B (m + 1) TOUKe HE3aBHCHMO OT Pa3MEPHOCTH U, .
[Ipu 3TOM KazKJOMy U3 3Ha4eHuil ¢/ (x) cooTBeTcTBYeT BeKTop U/ ().

DroT dakT mosBosser nepenucarh 3a1ady (14) Kak 3a7ady HEJIMHEHHOrO MporpaM-
muposanust (HIT)

m —
Yoyifile,w?) =0, i=1m,
m . 7=0
Zvjfo(x,u]) —max / w eV CRF xeRHK (18)
’ > =1 79 =0,
7=0
[IEPEMEHHBIMU B KOTOPOW ABJISIIOTCA BEKTOP I, BEKTOP BECOBBIX KO(D(DUIIMEHTOB v U

BEKTOPbI U/ .
Bagade (18) coorBercryer dyukius Jlarpanzka

R:i%‘ zm:)\ifz‘(%uj)—/\ g (19)
j=0 i=0

B KOTOPOIT \g = 1 mym 0.

C ucrnosibzoBanueM GyHKIEH R MOTYyT ObITH c(HOPMYJIMPOBAHBI YCIOBUS OINTHMAJIb-
HoCTH pemenns 2* = (x*, w/*,~}) samaun (18).

HocraTtounoe: /lis mozo umobv, pewerue z* 6oti0 onmumassHvim, doCcmamoyo,
YmobvL naweacs marol eexkmop muootcumenets Jlaezpanoca N = (1, Ay, ..., X5, A*), wmo-
ool pynkyua R docmueanra marxcumyma u 6viau 6vnosnenv ozpanuvenus 3adavu (18).
OTMeTHM, 9TO IHCIIO TAKUX MAKCHMYMOB He TpeBbiiaer (m+1) u paBHO ducIy 6a30BbIX
SHAMCHTi U/ .

JlokazaTeIbCcTBO 9TUX YCJIOBUIT OYEBHUJIHO, HO CYIIIECTBOBAHUE TAKOI'O BEKTOpA HE Ira-
PAHTUPOBAHO.

Heobxoaunmoe:

Ecau z* — onmumanvhoe pewerue, mo natidemes maxoti nenyaecoti éexmop \* =
(Aoy -y A)y Ao =(0;1), wmo

OR 0 & .
5=0
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m
W = argmax Lz, u, A"), j =0,m, 7 >0, > =1 (21)
j=0
3nech

L(z,u,\) = i Aifi(z, u)
i=0

dyukiuda JlarpanKka HeycpeIHEHHON 3a1a9u.
Taxum obpazom, no ycpeduaemvim nepemennoim u gyrnkyus L docmueaem marcumy-
MG HG ONMUMANDHOM PEWEHUU, G ee cpedree MO U 3HAMEHUE CMAUUOHGPHO NO T .
Jloka3aTeIbCTBO HEOOXOUMBIX YCIOBUIT OIITUMAIBLHOCTH CIeayeT u3 TeopeMbl Kyma —
Takkepa [4] npumenurensio k 3agade (18). Ilo yemosuio yokaabHoil Heytydmaemocru R
110 BECOBBIM KO3 DUIUEHTaM 7y, C yIeTOM UX HEOTPUIATELHOCTHU IIOJTY IHM BBIPAZKEHUST

OR gE<0 s ;=0
507 <0= 1 GH ’ (22)
0v; oy = 0 mma ;> 0.
A rTak Kak g—f = L(z,u’,\) — A, To u3 (22) BBITEKAET, YTO C TOJOKUTETLHBIMA BECAME
J

B byHKImio R Ha ONTUMAJILHOM PEIIeHH BXOJAT TOJILKO Takue 3Hadenust u/ (6a3oBbie),
Ha KOTOPBIX L MakcumaJsibHa 110 u Ha V u paBHa A i Beex j.

DTO 0OCTOATETHCTBO TIO3BOJISET OC/Ia0NTh TPeOOBaHUs K yCJIOBUSIM ONTHUMAJIbHOCTH
3aJIa9u: He TpebOBaTh TIAKOCTH (DYHKIWI f; 1O U; MHOXKECTBO V MOXKET COCTOSITh U3
N30/ TUPOBAHHBIX 3HAYCHUN U U TIP.

3. Bapmammonnble 3aJa49n

PaCCMOTpI/IM 3a/da91, B KOTOPbIX MCKOMbBIMHU PCIICHUAMUN ABJIAIOTCA (byHKHI/II/I

3.1. 3ajmavya ¢ MHTErpaJIbHBIMU OTPaHUYEHUSIMU

1= /fo(x,u(t),t)dt — max, (23)

0
Ji= [ B0 =0, i=Tm )€V, wer
0

B sroit 3a1aue dyukium f;(¢ = 0,m) HENPepbIBHBI 110 4 1 HENPePbIBHO- T b epeHInpyeMbl
o x,t, V(t) — komnakT, u(t) — KyCOUHO-HEIPEPHIBHAS.
Conocrasum 3a1a4e (23) ycpeaeHnyio mo u 3agady (cm. 5], [6])

T

7—/ / fo(z,u,)p(u, t)du dt — max, (24)
0 Vi)

T

7F//ﬁmwmmwwhaizma

0 V(t)
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/p(u,t)du =1, p(u,t)>0, Vtel0,r7].
%0

Kaxnoit dyuximn ug(t) B 3amatde (23) MOXKHO COIOCTABUTEH MePY
po(u,t) = 0(u — up(t)). (25)

Ipu srom [ = I, a J; = J;. B xmacce pemtennit, mmetormux s (25), sagadn (23) u
(24) ornmmuarorces ToJabKO GOPMOI 3a1ucH, a 1o CyIeCTBY OHU OJJMHAKOBbI. MeK 1y MHO-
JKeCTBaMHU JIOIYCTUMBIX perennii 3ajaqu (23) u 3agaun (24) B opme (25) cyiecrByer
B3aMMHOO/THO3HAYHOE COOTBETCTBUE, TaKOe, 9TO HA COOTBETCTBYIOIIUX JIPYT JAPYTY DPe-
[IEHNSIX 3HAYEHUsT KPUTEPHs U OrPAHUIeHIH OJMHAKOBbI. Takue 3a/1a1u1 HA3bIBAIOT M30-
mopdubMu (5], [7].

MHOKeCTBO JOIYCTUMbIX pelieHnii 3ajaqu (24) mupe, 9eM MHOYKECTBO PeIleHuii Biia
(25). Tak uro 3amaua (24) sBisierca pacimmpenueM st (23)

T >r. (26)

OsHAKO KaxKJIOMy pereHuio po(u,t) 3amaun (24) MOXKHO COMOCTABUTD MOCJIEI0BATEb-
Hocth pemmennit {u,(t)}, Ha KOTOpOIt Ipeses M0O0ro U3 OrpaHMYeHuit J; CTPEMUTCA K
nymo, a npejen I crpemurcs X 1(z*, po(u,t)). Tak uro, ecim mom I* MOHUMATH TOYHYIO
BEPXHIO I'paib | Ha MHOMKECTBE JIOIYCTUMBIX PEINeHuii, T0 HepaBeHCTBO (26) MOXKHO
3aMEeHUTh paBeHCTBOM. TakumM 06pazom, paciupenne (24) 3agadn (23) SKBUBAJEHTHO.

CupaseyBa cienyromas JI e M M a: [lyems pacwuperue ucrodnoti akempemasvHol
sadavu sxsusarernmmo. Tozda Heobxodumvie YCAOBUA ONMUMANHOCTIU PEULEHUS DACULU-
pernoti 3a0auu AGAAIOMCA HEOOLOOUMBIMU YCAOCUAMU ONMUMANLHOCTIU DEULEHUS UC-
TOOHOT, eCAU OHO CYULLCMBEYEm.

HeitcTBuTeIbHO, HEOOXOJMMbIE YCJIOBHsI ONTUMAIBHOCTU pelteHns 3ajaun (24) cos-
[aJIal0T ¢ HEOOXOIMMBIMU YCJIOBUSIMHU ONITUMAJIBHOCTH 3ajaqu (23) B Kiacce 0000IIeH-
HBIX pemteHuil. B ToM ciydae, ecam B 3ajade (23) cyliecTBYeT ONTUMAJIbHOE DEIleHne
(SupI = max I), To HEOOXOUMbIE YCJIOBUs ONTUMAJBHOCTH 33a9u (24) BBIIEJISIOT Pe-
menne Buja (25), a 3HAUNT, U ONTUMAJLHOE pereHne 3agaqdu (23).

Cdopmymmpyem stu yenosusi: [Tycmo x*,p*(u,t) — onmumasvroe pewenue 3a0aqu
(24), mozda cywecmesyem makot nenyaesol eexkmop X = (Ao, ..., Am), Ao = (0;1), wmo
PpyHryuUOHANA

S=XI+ Y Nl (27)

CMAYUONAPer No T, o GYHKYUA

L= Nfi(z,ut) (28)

=0

docmuzaem makcumyma no u € V (t):

T a m *
/%Z /)\ifi(x,u,t)p (u,t)dudt =0, (29)
o v
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u*(t) = arg maX E Aifi(x™ u,t). (30)
ueV(t

CrpaBeyIMBOCTD TUX YCJIOBHUIA CJIEIyeT W3 TOro, 4ro 3ajada (24) mo OTHOIIEHUIO K
BEKTOPY & SBJIAETCA 3aja4eil HeJMHeHOro IporpaMMupoBanus ¢ ¢pyukimeit Jlarpamn:xa

f t) | plu,t)dudt = ff Z)\flxut)
0 40, i=0 (31)

FA() | plu, t)d _j [ 1L = A@)Jp(u, t)du dt,

a Jist ¥ MOJIbIHTErPAIbHOE BhIpazKeHne (hyHKIMOHAA S JIOJZKHO ObITH JIOKAJIHHO HEYJTy -
maemo 10 p(u, t)

%{[L — A@Ip(u,1)}3p < 0. (32)

OTKY/I&
L(z*,u*,t) = A(t) mpu p(u,t) >0, }

L(z*,u,t) < A(t) upu p(u,t) =0. (33)

Takum 06pasoM, ¢ HEHyJIeBOil Mepoil B 3ajady BOWIYT TOJBKO Te 3HadeHus u(t), Ha
KOTOpBIX L MakcuMasbHa 1m0 u € V().

Ecmm 5T0T MaKCHMyM €UHCTBEHHBII, TO ONTHMAJIbHASA Mepa uMmeeT Buj (25) n coor-
BercTByommas dbyaknusa u*(t) npeacrasisger coboii perenne 3ajgaun (23), eciu Ha HEKO-
TOPOM MHOKECTBE 3HAUCHUIl ¢ HEHYJIEBOl Mepbl MAKCUMYM L 10 % HE €JMHCTBEHHBIH, TO
OITHMATBLHOMY DEIIeHHUIO 3aja4du (24) coorBeTcTByeT 0606IIeHHOE pereHne 3a1a4du (23),
Ha KOTOpPOM [ JIOCTUTaeT CBOEW BepXHell IpaHu.

[MomuepkHeM, 9TO SKBUBAJIEHTHOCTH DACIIMPEHHs CB3aHa € TeM, 9T0 u(t) BXOAUT
B yCJIOBHS 3aJlad¥l TI0J] 3HAKOM HHTETpaa, a CJICOBATEIBHO, CKOJIb YIOIHO OBICTpBIE
M3MEHEHNUs ITOil IIePeMEeHHOM yCPeIHAIOTCH.

3.2. 3ajmava onTUMAaJILHOTO yIPaBJIEHUS

B 3ajade onTtuMasibHOTO YIIPaBJICHUS TEPEMEHHbIE COCTOSHUS X U YIIPABJISIONINE BO3-
OeMCTBUS U 3aBUCIAT OT t

I = /fo ), t)dt — max, (34)

x(t) u u(t) ceazausl quddepeHIalbHbBIMUI YPABHEHUSIME, KOTOPbIE MOTYT ObIThH Tepe-
MHACAHbI KaK

Oyuknun f;(i = 0, m) HempepbIBHBI 0 U 1 HelpepbiBHO muddepernupyemsl o x, t; V() —
KOMIIAKT.
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,HJIH 3alliCHu pach/IpeHHoﬂ 3a /a9 BBEIEM 0003HAYCHU:

fi(a:auat) = /fi(x>u7t)p(u>t)dua Z:0>_m (36)

V(t)

Pacmmpennas 3ajaua npumer popmy
1= /fo(:z:,u, t)dt — max (37)
m7p

IIPA YCJIOBUAX

f{ zi(t) — 2;(0)]0(ty — t) — h(t — t1) fi(z, u, t; }

0 - 38

Jnt1(t) = [ p(u,t)du—1=0, Vtp(u,t)>0, i=1,m (38)
V(t)

VcKoMBIMU TIepEMEHHBIMU B 9TOM 3aJ1a4e siBJISIIOTCsT BeKTOP-(hyHKIUs (1) 1 BeposTHOCT-
Hast Mepa p(u,t).

HeobGxomumbie yea0Bus ONTUMATBLHOCTH paciimpennoit 3aaadn: [Tyemo x*(t), p*(u, t) —
onmumanvroe pewenue sadavwy (37), (38), moada natidemes makxas nenysesan 6exmop-
PpynryuA

A) = Aoy AL(t), ooy A (8), A(2)), (39)
YMO HA ONMUMAALHOM DEULEHUY

T

0
8:151-

Aofo(z,u,t) + f: Ai(t)xi(t) — /)\i(tl)dtlfi(%uat) =0,i=1,m, (40)

t

p*(u,t) >0, 1z

u*(t) = argurél‘%() o fol(x,u,t) + Z filx,u,t) - /)\ (t)dt — N(t)z;(t) | p.  (41)

JleiictBurenbho, byuknnonas Jlarpan:xka paciimpeHHON 3a1a9i UMeeT BHL

S =Nl + i / (M) Ji(t) + A(t) Jnga (1)) dt. (42)

Bo Bropom ciaraemom S

T T

—/)\i(t)h(t—tl)dt: —//\Z-(t)dt i=T,m. (43)

0 t1

C yduerom (43) mospbIHTErpaIbHOE BhIpayKeHne B S MOXKHO 3alicaTh Kak

T

R = Mo fo(z,u,t) + Z Ni(t)x;(t) — /)‘z’(tl)dtl il u, t) | — A(t)p(u, t). (44)

t
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Beenem oboznadeHus:

T

! m - 45
H = Xofo(w,u,t) + > i) fi(w, u, t).

=1

Toria HeOOXOAMMBIE YCIOBUST ONTUMAIBLHOCTH pacIIMpenHoii 3agaqn (37), (38) mpumyT
bopmy

o8~ 9 |H+ ;zbi(t)x,- =0,i=1,m

(46)

ui(t) = arg maxgev(t) H(z,v,u,t).

v

Ecim juis kazkoro ¢t MmakcumyM H 110 U €JJMHCTBEHHBIN, TO B CUJIY HEIIPEPHIBHOCTH TI0
w dbyukuumit f;(x,u,t),i = 0, m, pemenne UCXOAHON 318491 CYIIECTBYET U YIOBJIETBOPSET
yeaosusiM (46), coBnagaromnum ¢ npuHnunoM Makcumyma [ourpsiruna. Ecim makcnmym
He eJIMHCTBEHHBIN, TO UCXOJHAs 3ajada uMeerT 00OOIIEHHOE pellieHure (CKOJIb3AIIMNA pe-
JKIM), Ha KOTOPOM JIOCTUTAETCsI

Sup I = max /.

Takum obpazoM, BO3MOXKHOCTH TpeboBaHusg MakcuMyMma dynkiun [amuibrona 1o
VIIPABJIAIONIUM BO3JAEHCTBUSAM CBS3aHa C T€M, UYTO YCPE/IHEHHOE PAcIIMpeHne 3a/1a49u 110
STUM IepEeMEHHBIM SKBUBAJJIEHTHO.

4. 3aKJo4dnuTe/bHbIe 3aMeYaHUsd

Ucnonp3oBaHHblii 3/1€Ch TOJX0J, Ha3BaHHbIA B 8] | Bapualiueil CKOJIbKEHUA, IO CyIIie-
CTBY CBOJIUTCS K 3aMeHe HCXOJIHON 3aJladui ee YCPeTHEHHBIM PACIIUPEHUEM I10 TOW dYa-
CTU TEPEMEHHBIX, JIJIsi KOTOPBIX 9TO PACIIUPEHNe SKBUBAJIEHTHO, T.€. JIIOOOMY PEIIeHUIO
YCPEJIHEHHOIT 381811 COOTBETCTBYET JINOO PEIIeHne UCXOHOMN, MO0 MOCIeI0BATEILHOCTD
TaKUX peIIeHnii, Ha KOTOPOH YCJIOBUs MCXOJIHON 3a/iauM BBIIIOJIHEHBI C JIIO0O0I Halepe]
3aJIAHHON TOYHOCTBIO, & BEJIMINHA KPUTEPHS MCXOMTHON 33/1a4l CKOJIb YIOJIHO OJM3Ka K
BeJINUMHE KPUTEPHUS yCpeIHEeHHON. B 3ToM ciiydyae npu JOMOJTHUTETHHOM IPEJITOIOXKE-
HUU O CYIIECTBOBAHWY DPEIeHUs] UCXOIHOM 3a/Ia1i OHO YJIOBJIETBOPSET YCJIOBUSIM OIITHU-
MaJIbHOCTH PacIIupeHHoil. B mpoTuBHOM cilytae 9TU yC/I0BUS BBIJICISIOT ONTHMAJILHBIIHI
CKOJIB3AIINA PezKUM.

B [8] mammame cMmerraHHbIX OrpaHUYEHIH HA YIIPABJIAIONE U (ha30Bble epeMeHHbBIE
IPUBEJIO K HEOOXOIMMOCTHU Pa3/Ie/isiTh YIPABJICHUS Ha JIBa KJIacca U U U, 1O MEPBOMY
U3 KOTOPBIX JIOMYCTUMBI CJIa0ble BapUAIIHH.

Uznozxkennslii Boiiie moaxor |9], B ormdme ot urossdaroii Bapuaruu (cm. [10]), npu-
TOJIEH I BAPUAIIMOHHBIX 33/1a4 C COYeTaHUEM YCJIOBUIl pa3HOIrO THIIA.

B 3asavax ¢ orpaHUYeHUSIMI PA3HOIO TUIA, & He TOJIbKO B (hopme muddepeHimaib-
HBIX YpaBHEHUIl, HET CMbIC/IA BBIJIEIATD YIIPABJILIONINE IIEPEMEHHbIE U IIePEMEHHbBIE CO-
CTOSIHUS WJIM JIEJIUTH yIPABJICHUS HA KJIACChl. BaKHO BBIJIC/IUTH T€ IIEPEMEHHBIE, YCPE/I-
HEHHOe PACIIMPEHne 38 1a41 110 KOTOPBIM 9KBUBaJIeHTHO. /{11 9TOr0 11e/1ecoobpa3Ho ycJio-
BUs 33/1a49H [IEPeINCaTh B KAHOHIMYECKON HHTerpabHOil hopMe [11], Kak 910 cestaHo Bbl-
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e s auddepeHnuaibHbIX ypaBuenuii. Paciupenue 3aja4uu 110 HEKOTOPOIl IepeMeH-
HOI 9KBUBAJIEHTHO, €CJIU IIPU TaKO 3allCH OHa BO BCE YCJOBUS U B KPUTEPUI ONITUMAJTb-
HOCTU BXOJUT TIOJT 3HAKOM HMHTErpaJja, a 3HAYHUT, €€ CKOJIb YI'OJIHO OBICTpPbIe U3MEHEHU S
BJINAIOT Ha HUAX yCPEJHEHHO.
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Abstract. The problems of nonlinear programming, criteria and limitations depend on the vari-
ables averaged. It is shown that if these problems have solutions, the Lagrangian reaches the maximum
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for the variables, which are averaged. The functions defining the problem can not be differentiable and
continuous on these variables, the set of possible values may contain isolated points. In variational prob-
lems there can be no solution in the class of piecewise continuous functions of the variables, but there
can be a generalized solution in which these variables change in the sliding mode, and the optimality
criterion tends to its upper edge. If in such problems the solution in the class of piecewise - continuous
functions exists, the conditions of optimality of this solution are in the form of the Hamiltonian function
of the maximum principle. The relationship between the average over time and across multiple variables
is considered.

Keywords:  The average optimization, expansion of the set of admissible equivalence extension,
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JlekoaumpoBaHue TEH30PHOTO IIPON3BEICHIS
MLD-konoB 1 nmpuiokeHns K KOJOBBIM
KPHUIITOCHCTEMAaM

Heynnsak B. M., Koconanos FO. B., Jlemok E. A.

noaywena 7 anpeas 2017

Annoranus.

JlJ1si IpaKTUYIeCKOro NMPUMEHEHUsI KOJIOBOM KpunrocucreMbl Tuita Mak-Djmuca He0OX0INMO, YTOOBI
UCITIOJIb3YEMBbIil B OCHOBE KPHUIITOCUCTEMBI KOJ UMeJT OBICTPHIH aJropuTM jexkoaupoBanusi. C apyroii cTo-
POHBI, UCIOJIB3YEMbIH KOJT JIOJXKEH OBITh TAKUM, 9TOOBI HAXOXKJIEHUE CEKPETHOIO KJTI0UYa IO U3BECTHOMY
OTKPBITOMY KJIIOUY OBLIO MPAKTHIECKU HEOCYIIECTBUMO [P OTHOCUTEJIHHO HEOOJIBITIOM pa3Mepe KJroda.
B cBsa3u ¢ atuM B HacrosIel pabore mpeiaraeTcs B KpuirrocucreMe Tuia Mak-DJica uCnoJib30BaTh
Ten3opHoe npoussenenune C7 ® Co rpynmnoseix MLD-komos C7 u Cy. Anrebpandeckasi CTPYKTypa Koja
C1 ® (5 B 0011EM CiTydae OTIMYaeTcst 0T CTpYKTYpbl KojoB Cp u Ca, MO3TOMY IIPeICTaBIIsIeTCS] BO3MOK-
HBIM IIOCTPOEHUE CTOHKUX KpumrocucreMm tuia Mak-Dumca maxke Ha ocHOBe KOmOB Cj, JJIsi KOTOPBIX
U3BECTHBI YCIIEITHbIE aTaKy Ha K04, OJHAKO HA TOM IIyTH BO3HUKAET MIPODJIEMa JIEKOIUPOBAHUS KOJa
C1 ® C3. OcHOBHOII pe3ysIbTaT HACTOsIIIEH PabOThI — MOCTPOEHNE U 0DOCHOBaHUEe HabOpa HEOOXOIUMBIX
JUTsT JIEKOJMPOBAHUS 9TOTO KOJA OBICTPBIX aJiropuT™MoB. lIporecc mocTpoeHust JAeKojiepa CyIecTBEHHO
ommpaeTcsl Ha IpymnoBbie cBoiicTBa Koja C7 ® Cy. B kauecrse npuyioxkenusi B paboTe MOCTPOEHa, KPUTI-
tocucreMa tuma Mak-Oiuca Ha Koge C7 ® Co U NPUBOIUTCS OIEHKA €e CTOMKOCTH K aTake Ha KJIHY
B TIPEJIITOJIOKEHNUH, 9TO JIJIsi KOJOBBIX KpHITocucTeM Ha kojax C; Bo3zMoxKHa 3hdeKTUBHAs aTaka Ha
k04, [Tosrygennbie pe3yIbTaThl YUCIEHHO TPOMIIIOCTPUPOBAHbI B ciiydae, korja C, Cy — Koapl Puma—
Mamntepa—Bepmana, /111 KOTOPBIX COOTBETCTBYIONIAS KOOBasI KpUnTocucTema B3jaomana JI. Muraepom
u A. lokposaxu (2007 1.).
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BBenenue

CTORKOCTD TPUMEHSIEMBIX B HACTOMAIIECE BPeMs Ha MPAKTUKE aCUMMETPUIHBIX KPHUIITO-
CUCTEM OCHOBaHa Ha CJIOYKHOCTH 3aJ1a4 (PAKTOPU3AIUY IEJIbIX YHCeJI WM JTUCKPETHOTO
JorapudmMupoBanust B KoneuHoit rpymie. OpHako B 1] mokazaHo, 9To 9T1 387291 MOTYT
OBITH pEIeHbI 3a MMOJMHOMHUAJIBHOE BpeMs Ha KBAHTOBOM KomibioTepe. Kpurnrorpadu-
YeCKHe CHCTEMbl, B OCHOBE KOTOPBIX JIEXKUT IIPUMEHEHNE TIOMeXOYCTONINBBIX KOJIOB (J1a-
Jlee — KOJIOBbIE KPHUIITOCKCTEMBI), PACCMATPUBAIOTCS B HACTOsIINEEe BPeMsl KaK OJlHA W3
AJIbTEPHATHUB UCIOJIb3YEMbIM B HACTOAIIEE BPEMS aCHMMETPUIHBIM KPUIITOIPAOUIECKIM
cucremam [2|. HeocTarkoM KOJIOBBIX KPUIITOCUCTEM sIBJISIETCS GOJIBINON pasMep KJIoUa.
B wacTtHoCTH, paszMep KJjo4a I epBOil KOJIOBOI KPUIITOCHCTEMBI HA OCHOBE KOJIOB
Tommbr, mpejytozkenHoit Pobeprom Mak-Dumcom B [3], cocrapisier nopsijka 65 Ko6ailr.
[TonbITKN yMEHBITUTH pa3Mep KJIo4a 3a CYeT HCIOJIB30BAHUSA KOJOB, OTJIUYHBIX OT KO-
n1oB [ommibl, He @/ JTIO2KHOTO pe3y/IbraTa, TaK KakK ITPeJIO?KeHHbIE CHCTEMbI OKA3aJIICh
HecTOMKNMEU. K HeCTORKNM OTHOCSTCH TaKyie M3BECTHbIE CHCTEMbI, KAaK KPUITOCHCTEMA
Hugyieppaiirepa 4], kpunrocucrema abuymmna—Ilapamonosa—TperbsikoBa [5], kpunro-
cucrema CujenparkoBa [6]. [1ist mepedncaieHHbIX KPUITOCHCTEM UMEIOTCsT 3D ek THBHBIE
CTPYKTYPHBIE aTaKM, TO €CTh aTaKW, HAIIPABJICHHDbIE HA HAXOXKJICHUE IOIXO/AIICIO CeK-
PETHOTO KJII0Ya [0 M3BECTHOMY OTKpBITOMY Kiody (cm. [7]- [11]).

[IpencraBisercs, YTO yCHJIMTh CTOMKOCTH KOJIOBBIX KPUIITOCUCTEM K CTPYKTYPHBIM
aTakaM BO3MOXKHO IIyT€M HCIIOJIb30BAHUS ITOMEXOYCTONUIUBBIX KOJOB, JIJI KOTOPBIX, C
OJIHO¥ CTOPOHBI, UMEETCsl OBICTPBII AJTOPUTM JIEKOJAUPOBAHUS, & C JPYTrOil CTOPOHDI,
KOTOpbIEe He 00/1aJIal0T SIBHO BBIPayKeHHON ajiredbpandeckoir cTpyKTypoii. Takoil 1mojaxo/r
npuMeHeH, HanpuMep, B [12], rae npemiaraercs B KpuirocucreMe Tuna Mak-Diwca nc-
M0JIH30BaTh KOJIbI, MHIYIIMPOBAHHBIE TPYIIIOBLIMUA KOojgaMu. B Hacrodieir pabore mpu-
BOJIUTCS OJTHO 0DODIIEHNE ITOr0 MOJIX0/IA: B KAUECTBE IIOMEXOyCTOWUNBOI0 KO/a IIpe/ijia-
raeTcs IPUMEHSThH TeH3opHoe mnpoussejierne C7 ® Cy JBYX T'PYIIIOBLIX MayKOPUTAPHO-
nekoupyembix koo Cp u Co (MLD-komo0B). Ho Ha 9TOM IIyTi BO3HUKAET 3a/1a4a JeKO-
nupoBanus koja C @ Cy, perreHne KOTOPOi B 00IeM CIydae He U3BECTHO JayKe TOrJa,
KOTJ1a U3BeCTHBI 3 dekTuBHbIe J1eKoIephl it KojoB Cf, Cs.

[lenbio Hacrosiieir pabOTHI ABJIAETCS ITOCTPOCHUE U 0OOCHOBaHUE HabOpa HEOOXOIH-
MBIX JIst JiekojmpoBanus koja C @ Cy ObICTphIX ajroputMosn, korda C7 u Cy — rpy-
noBble MLD-kosbr Ha rpymmax G u H coorBercrBeHHO. OTMETHM, YTO B 9TOM CIydae
ko7 C ® Cy gBjsgeTcs IPYIIOBBIM KOJIOM Ha IpsiMOM 1poussefieHnn G x H. IIpormecc
MMOCTPOEHUS JIEKOJIEPa CYIIECTBEHHO OMMPAETCS Ha IPYIIOBBIE cBoiicTBa Koma () ® Cy u
Ha PE3y/IbTaThl PaboThI [13], B KOTOPOii MOCTPOEHBI AITOPUTMBI JIEKOJANPOBAHUS JIJIs UH-
JIyIIIPOBAHHBIX I'PYIIIOBBIX KOJOB. B KavuecTBe MPUJIOKEHUS [TOCTPOEHA KPUIITOCUCTEMA
turta Mak-9umuca Ha kojie C7 ® Cy 1 NPUBOJIUTCI TEOPETUYECKas OICHKA ee CTONKOCTH
K aTakKe Ha KJII0Y B MPEJIIOJIOKEHNHN, ITO JJIsI KOJIOBBIX KpuirrocucreM Ha Kojpax C; BO3-
MOKHa 3 PeKTUBHAs aTaka Ha KJI04. B padore moJiydeHnbie pe3yIbTaThbl O CTOWKOCTU
IUCIEHHO TPOMJLIIOCTPUPOBaHbI B ciydae, korma C; — koi Puma—Masutepa—Bepmana,
OIpeJieJIEHHbI Ha aJquTUBHON rpymne mossd Fom,, 1 < m; < 8, 11 KOTOPOro KpUITo-
cucrema tuna Mak-Duuca B3iomana JI. Mungepom n A. [lokposutaxu (2007 1.).

Pesyabrarsl paboThl 1pejicTaB/eHbl B IIEPBOM U BTOPOM pa3zjiesiax. B mepBom pasjie-
Jie TIPUBOJISTCS HeoOXoMMble cBejieHus o rpynunoBbix MLD-komax n jajee crposTest u
00OCHOBBIBAIOTCS KOHCTPYKTUBHBIE aJITOPUTMbI I JIEKOJIMPOBAHUSA TEH30PHOI'O TTPOU3-



Heyunsix B. M., Kocomanos 0. B., Jlexok E. A.
JlexkonupoBanue Ten30pHOro npoussenenus MLD-komoB 241

BeJIeHUsI TaKUX KOJI0B. Bo BTOpoM pasjiesie MpoBOINTCS aHAIN3 CTOMKOCTH KPUIITOCHCTE-
MbI Trta Mak-9mnca Ha Koje C ® Cy K HaXO0XKACHUIO TOIXOISIIEr0 CEKPETHOTO KIII0Ua,
€CJIM M3BECTHA, aHAJIOTUYHASI CTPYKTYPHAsS aTaka XOTs Obl 1711 oHOro n3 KoaoB Ch u Cy.

1. Tenzopnoe npousBeaenne MLD-kogoB

1.1. MLD-koamb1

st HaTypasbHOro n cuMBoJioM 1 Gyem obosHadaTh MuOKecTBO {1,...,n}. Ilycrs V' —
BEKTOPHOE IIPOCTPAHCTBO Ha/| KoHedHbIM mosieM F. 3aduxcupyem B V' 6asuc B u cum-
BosioM (V) dp) 0603HaIMM MeTpHIeCcKOe IPOCTPAHCTBO V' ¢ MeTpuKoil XaMMuHra dpg, M0~
CTPOEHHO! OTHOCHTENIBHO Oasmca B. s BekTopa X(€ V') MHOXKeCTBO OA3MUCHBIX BEK-
TOPOB, KOI(DMDUIMEHTHI IIPU KOTOPHIX B Pa3JIOKeHUH X = » . . rpb Hemyiesble, Ha-
3bIBAETCS HOCHUTEJIEM BEKTOPA X OTHOCHTEIbHO Gasuca B u obosnavaercs suppp(X);
kK03 durmenTsl o Oy/ieM Ha3bIBaTh 3HaUYeHHEM b-KoopamHAThI BekTOpa X. Bec wp(x)
BEKTOpa X OIpesessieTcst Kak [suppg(x)|. (3mecs u nanee cumBosiom |A| obosnataercs
MOIIHOCTh MHOXKecTBa A.) Besgkoe smueitnoe nopmnpoctpanctBo C' METPHYECKOTO MTPO-
crpancrBa (V,dp) HasbBaercst JMHEHHBIM KOJOM. PasMepHOCTh U JJMHY Koja Oy/eMm
obosnadars coorsercrento k(C) u n(C'), a MurnMaIBHOE KOJ0BOE paccrosnue koja C
oboznaunm distg(C). poiicTeenublii koj K Koy C oboznauum C. MHOKECTBO BEKTO-
pos M, = {vV ... . v("}(C V) nasbsaerca M-oproromaibubiv Bekropy v(€ V), ecim
lsuppg (V)| > [suppp(V)| s Beex i = 1,...,7

Vi#j: suppg(v?) Nsuppy(v?) = suppy(v). (1)

[Iycrs c(€ C') — KOIOBBIN BEKTOD, X = C + € — IPUHATHINA U3 KaHasta BeKTop, wg(e) <
| (distp(C') — 1)/2]. Paccmorpum pasioxenne Y . epb BekTOpa 0mmboK € 1o 6azucy
B. Ecim jga b-koopaunatrsl cymecTyer dexodupyrouwsee depe6o WBy, ., 1., TaKoe, 4TO
|rb/2] > wgp(e), To 3HaveHUE e, 1yisi b-KOOpAMHATEHL BEKTOPa € HAXOJUTCs OJIHO3HAYHO C
HOMOIIBIO MayKOpUTApHOTro Jekoepa (em. [13], amropurm 3 Decoder2). dexoaupyromnm
nepesom WBy ., 1, = WBy 1, [C] 115t b-koOpaunaTe! 37ech 1 gajee OyuaeM Ha3bIBATH
B cooTBercTBHN C |13| moMedeHHOe jiepeBo ¢ KopHeM b, obJaiaroree Ce/yonMu CBO-
CTBAMU:

1) MHOXKeCTBO BEpIIUH TOrO JepeBa coCTouT u3 Ly + 1 ypoBHS; KOpEHb ¢ METKOii
b(€ B) naxomurca Ha yposHe 0, a JIUCTbsi — HA YPOBHE Lp; METKU BEPIIUH i-I'0 YPOBHSI
obpasyror nabop V;, © =0, ..., Lp;

2) JMCThs JlepeBa moMedeHbl saementavu u3 C;

3) KaxKJiasl BEPIUHA, He SBJSIONAsICS JUCTOM, uMeeT He MeHee 1h(€ N) Hemocpes-
CTBEHHO CJIEYIOIINX 32 Heil BEPIIUH;

4) ¢ MeTKOil P KazKJI0il BEpPIIMHBI JepeBa CB3bIBaeTca ducyoBoe 3nadenue [(p)(€ F)
METKH, BBIYUC/AAEMOE B 3aBUCHMOCTH OT 3HAUYEHHs NPUHATONO U3 KaHaja BEKTOpa X:
JIsl KasKJIOrO JINCTa P JiepeBa 3HadeHue [(p) paBHO CKAJISPHOMY MPOU3BEIEHUIO (P, X)
BEKTOPOB P U X, a jijist BepiruH Ha ypoBHe (0 < ¢ < [y, —1) 3Havenue [(p) BbIUUC/IIETCS B
COOTBETCTBHU C TIOCTPOEHHBIM B [13] asropurmom MajorVote (s1st TIOJHOTBI H3I0XKEHsT
asroput™ MajorVote npusejieH Hike);
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5) METKHM BEpIINH, HEIOCPEJICTBEHHO CJIEIYIOIUX U3 MPOU3BOJIbHON BEpIIMHBI P, Ha-
xopsmieiica Ha yposre (0 < ¢ < Ly,), 00pa3yioT B COBOKYIHOCTH MHOXKecTBO My, M-
OPTOroHaILHOE P; cuMBOJIOM [[My] oboznauaerca nabop (1(q))genm, -

Wcxopnabie mapaMmerpsl: A — 1ocie0BaTe/IbHOCTD dnces u3 F
Pesynbrar: snement v(€ F), koropelit B nmocsenoBarebuoctu A BeTpedaercs
HanbOJIbIIee TUCI0 Pa3
JJIsE KaxXKJ10ro a € F BbIMOJIHATH
BBIYHCIUTD BEJTMINHY count(a), PABHYIO YHCILY HOsIBJIEHUsI JIEMEHTa (. B
nocjaenosareabnoctn A
KOHeIl, IINKJIa

ecsim natidemes moavko odun a'(€ F), wmo count(a’) > [|.A]/2] Torma
| vi=d

nHaYe
| v:=0

KOHEI] YCJIOBUSA

BO3BPATUTh U
AnropurMm 1: MajorVote

Ecmu nia koma C' cyrmecTByer Takoii Habop
WB(C) = {WBb,y,,1, }bes; (2)

A koroporo dmajz(C) = mingepy{rp} = distp(C) — 1, To kox C mazpiator MLD-
koziom (Majority Logic Decodable). 3amernm, uro dmajgz(C) < distp(C) — 1, unave B
IPOTUBHOM CJIydae MOJIyYHJId Obl, YTO KOJ MOXKET FapaHTHPOBAHHO UCIPABJIATH Gojee
| (distg(C) —1)/2| omuboxk.

[Tocrpoenne nabopa WB(C') npejcraBisiercst B obIeM ciaydae cJIoxkHOI 3amadeii. C
OJIHOIl CTOPOHBI, CJIOKHOMN IMPEJICTABIIAETCS 3aada IIOCTPOEHHsI JepeBa it (DUKCHpPO-
BAHHOI KOODJIMHATEI, & C JIPYToil CTOPOHBI, JIE€PEBbs JJIs PA3HBIX KOOPJMHAT CTPOATCS
HE3aBUCUMO. B TO 2Ke BpeMsi BTOpast 3ajada PeaeTcs MpOCTO JJIsi TPYIIIOBBIX KOJOB,
ecJin MMeeTCs JIeKOJMPYIoIiee JepeBo XOTs Obl Jijist OJHON KoopauHaThl. Heobxoqumbie
CBeJIEHMsI O TPYIIIOBBIX KOJIax U mocrpoennu Muoxkectsa WB(C') 1jst rpynmoBoro Koja
C npuBOIATCS HUKE.

1.2. TI'pynnosbie MLD-kombI

[Iycrs G = {g1 = 1. glg|} — KOHeYHas IPyIIa ¢ 3apUKCHPOBAHHBIM JIMHEHHBIM TI0PsI-
KOM HA MHOMKECTBE €€ 9JIeMEHTOB, 1 — HefiTpaJIbHbI 9/IeMEHT IPYIIIbL; 3apUKCHPOBAH-
HBI{I TOPSAJIOK Ha rpytme Oygem obosHadarh ord(G). Pacemorpum rpymmoByio aarebpy
FG, snemenTaMu KOTOpPO# siBjIsifoTCst (hopMasibHbIe CyMMbI (DyHKIIH):

Z g9, Qg eF. (3)

geg

B koneunomepnoit rpynnosoii anrebpe FG saduxcupyem 6azuc B = B :={g = 6,},eq,
riae 0, = lg — dynknna upaka; 1 := 11. 910 nossosger paccmarpubarh B FG merpn-
Ky Xammuara dg. OTMeTnM, 9TO B KATErOPUH KOHETHOMEPHBIX JIMHEHHBIX TTPOCTPAHCTB
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FG u Fl9 usomopdmsr; coorBercTByomuit n3oMopdusM 0603uaunM vg. Takzxe oTMeTHM,
4TO IpousBeieHne QyHKIH d, u 0, B FG paBHO 0,0, = 04y. [losTOMY 3/1€MEHTEI IDyTI-
HOBO{T arebpbl MOYKHO 3aIMCHIBATH B BUJIE: Y 9eG agy04,ay € F. I1a ynobcrsa 3nauenne
dbyukunn ¢(€ FG) B Touke g(€ G) Oymem obosnadars ¢(g).

B coorBercrBum ¢ [14], c¢. 39, Beakuit ormmuneiii o {0} seswid umean C' B rpyn-
nosoit anrebpe FG naspiBaerca epynnosvim kodom (FG—komom) mmuner n(C) = [G|.
Unean B rpynnosoii anrebpe FG gapisgerca mMoAIpoCTPAHCTBOM IPOCTPAHCTBA (DYHKIUIA
]Fg pa3MepHOCTb k(C) xoma C' — 310 pasMepHOCTb 9TOro moanpocrpancrsa. [lycrs

= {e1, ..., e H(C FG) — 6azuc nueana C. Bamerum, uTo nopsaok ord(G) mumiy-
UpyeT HOpH/IOK Ha Gazuce BYY rpymmosoit anre6pst FG, 9T0 103BOJIAECT BBINICATH TI0-
poxgatontyio marpuiy G(C') rpymnmosoro kogia C:

vg(€1)
G(C) = L (4)

vg(ex(c))

I'pynmna G geiicrByer cieBa Ha rpymioBoit anrebpe FG ciemyommm ecrecTBEHHBIM
obpaszom (cm. [14], c. 32):

GXFG3(g,0=Y dnh) > dg "= ¢ng1h €FG. (5)

heg heg

Ormernm, uro O — Takzke rpymmoBoii koj 14|, r.e. sieBblit ugeas. B cuity sroro jeit-
creue Tpymibl G no npasuay (5) Ha snementax koga Ct me BeIBOAMT 323 Koj Ct. C
JIPYToil CTOpPOHBI, Ipynna G JeficTByeT TPaH3UTHBHO HA 3jeMeHTax n3 BYY u ne Ha-
pymaer M-oproronasbraoctr [13]. D10 m03BOISET TTOCTPOUTH HAGOP (2) MO OJHOMY U3
JEKOJIUPYIOIINX JIEPEBLEB (COOTBETCTBYIOIIHE aJIrOPUTMbI mocTpoeHbl B [13]). B wact-
noctn, ecan s Gasucnoit bynkmun 1 = §; = 11 yaamoch mOCTPOUTD AEKOIUpYIONTee
nepeso WBy ., 1,, T0 nepeso WBg , 1. Junsa b6asucnoit ynknum g = d, = lg moxer
OBITH IIOCTPOEHO IyTeM JeiicTBust smeMenToB ¢ (€ G) Ha ysabl mepesa WBy ., 1, 110
upasuity (5). [Ipu stom 1y =rg u Ly = Lg 1151 Becex g € G.

1.3. TenzopHoe nmpousBegeHNEe I'PYNIIOBBIX KO/OB

Ilycts G = {g1, .. 96/}, H = {P1, ..., hjpj} — KOHEUHBIE TPYIIIEI ¢ 3aPUKCUPOBAHHBIMU
Ha Hux JmHeiiHbMu nopsakamu ord(G) m ord(H). B rpymmoseix anrebpax FG u FH
saurcupyem Gasucer B = {0,,,...,05,} u B = {o,,...,0n,,} coorBercTBEHHO.
Paccemorpum tenzoproe npoussejienne FGQplFH rpymmossix aaredp FG u FH na mosiem
F (cm. [15], €.79). Ormernm, uro FG @p FH = F(G x H).

B rpynnossix anrebpax FG u FH pacemorpum rpymnmnossie kKogast Cy (C FG) u Cy (C
FH) ¢ coorsercrsytomumu Gazucamu B = {ey, ..., excy} 1 B = {¢1, ..., drcn) }» 1€
€ = D geg Uiglg Qig EF U@y =3, 3 bin0n,bjp € F. TensopubiM npoussejienuem ko108
Cy u Cy Gynem nazbiBath Ko C) @ Co(C F(G x H)) ¢ Gasucom BAE2 = {e; ® ¢;]i =

Lk(Ch),j = 1,..,k(Cy)}, tae (6, @ ¢;)(g9,h) = €(9)9;(h), (9,h) € G x H. Ilon
TeH30pHBIM npousBeferneM A ® B marpuner A = (a;;) pasmepa (r X s) u marpuipt B
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6y,ZL6M IIOHMMaTb, KaK O6bI‘{HO, MaTpHUILy BHJa:

al,lB .o sB

)

A@B: CLQ’lB GQ’SB

a, B ... a. B
Torma G(C; ® Cy) = G(C}) ® G(Cy) — nopoxatoniasg marpuna kojaa C7 @ Cy, e,

coriacuo (4), nopoxkjpatorue mMarpuilbl KojgoB C7 u Co MOryT OBITH HPEJCTABJICHBI B
BHUJIE COOTBETCTBEHHO:

ai,q, a179|g\ bth bl,hm\
G(Cl) _ a2 g a'2,g|g‘ 7 G(CQ) _ b2,h1 b27h‘7_”
k(1)1 @k(C1)gpg) bi(Co) by - bk(Cg),hm‘

Bamermym, k(Ch ® Cz) = k(Ch)k(C2), n(Cr @ Ca) = n(C1)n(C2) 1
diStBF(ng)(Cl & Cg) = dist grg (Cl)diStB]F’H(CQ), (6)

rae BYOH) = L5, ), e O(gu ) O(ga,ha)s -5 (i hypey) . — OA3HC TPYNIOBOfH areOphbl
F(G x H) na rpynne G X H ¢ JUHEHHBIM MOPSIKOM, WHJIYIIHPOBAHHBIM JIMHCHHBIMU
nopskamu ord(G) u ord(H).

1.4. JlekoampoBanue TeH30pHOTrO npou3Besienus MLD-komoB

ITycrs c(€ C) ® Cy) — KOJOBBIIT BEKTOP, KOTOPBIH Ha BBIXOJE U3 KaHAIA IIPHHIMAET BUJL
x=c+e, ecF(GxH). (7)

B sTom pa3jgesie CTpodTcd aJrOpuTMBbI, IIO3BOJIAIONIME IIPaBUJIBHO HaXO/JUTLH 3Ha4Y€HME
BEKTOpPa oInboK €, €CJIM BE€C 9TOI'0 BEKTOpPa YIOBJIETBOPAET CJICAYIOIEMY HEPaBEHCTBY

(em. (6)):

dist grigx) (C1 @ C) — 1J _ (8)

wgrexn (€) < \‘ 5
[Ipexe Bcero copmynupyeM BCIOMOTATENIHHYIO JIEMMY.

Jlemma 1. IIycmo ¢y € F™, M., — M-opmozonanvroe mnoocecmso 0as eexmopa Cq,
cy € "2 M., — M-opmozonansvroe mroocecmso daa eexmopa Cz, mozda M -opmozorans-
HOE MHOAHCECTNBO OAA BEKMOPA C1 & Co COCTNOUM U3 6EKMOPOS 8uUIA:

ey @ w,
2)v ® cq,
3)ci QW+ VR®C+ VAW,

ede v e M., weMe,,.

Joxazamenvcmeo. Dta semma BoITeKaer u3 [14], ¢. 121-122. O
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Hs Bekropos ¢ € C1(C FG) u ¢y € Cy(€C FH) paccMOTpuUM COOTBETCTBYIOIINE
uM M-oproronasibubie MuoxkectBa Mg, 1 M,,. Huxke mocrpoen asropurm M orth,
KOTODBINl KOHCTPYUPYET Jisl KazKJI0ro BeKTOpa ¢ @ ¢ € O ® Co(C F(G x H)) rakoe
M-oproronaabHOe MHOKECTBO M, gc,, ITO

|MC1®C2| = |MC1| + |MC1|' (9)

MNcxonnbie napaMeTpbl: BeKTOpHI €1,Cy U COOTBETCTBYIOIINE MM
M-oproronanbubie MuoxkecTBa, M, Me,.
PesynbpraT: M-opToronanpHoe MHOXKECTBO M, ge, /111 BEKTOPa €1 & Ca.
Mege, =0
ISl KaXKJI0T0 W € M, BBIIOJIHATH
| K M, ge, 100aBUTH €] @ W
KOHell, [INKJIa
JJISI Ka>K/10r0 vV € M, BBINIOJIHATH
| K M, gc, A00aBUTH V & Co
KOHeIl [IMKJIa

BO3BPATUTb M gc,
Anroputm 2: M_orth

C npumenennem ajroputma M orth mocrpoen amroputm MakeTensorTree, xkoTo-
pBIi 71T KOPHSA ¢ MeTKOi 1lg ® 1y 1O JEKOIUPYIONIUM JI€PEBbSIM WB1g7r1g7L1g [Cy] u
WB1H7T1H7L1H [Cy] crpout HEKOTOpPOE BCnomozamenvhoe dekodupyrouee Jepeso, KOTOPOe
0003HAYUM CJIEJYIOMUM 00Pa30M:

WB®1,61,, C) ® Cy). (10)

r1g@14L1go1y [

Iosgcnum, nouemy Jsiepeso, crposiieecs B anropurme MakeTensorTree, umeer Ly, +
Li,, — 1 yposneit. B srom asropurme c nomomipio ajgropurma M_orth g kaxioit
BEPIIMHBL V = €} ® C% na yposre k nepesa (10), rae i € {0,..., L1, — 1} — i-if ypoBens
nexogupyiorero gepesa aist kopa Cy, j € {0, ..., Ly, — 1} — j-it ypoBeHDb AE€KOAUPYIOIIEro
nepeBa s Koga Cy, CTPOUTCS MHOXKECTBO BEKTODOB Ha ypoBue k + 1 mepesa (10),
COCTOSAIIEE W3 TOJMHOYKECTB JIBYX THUIIOB:

1) ¢ ® e}’
2) ci' ®cl.

Takum 06pa3oM, MaKCUMAJIbHBINH ypoBeHb jepesa (10) Gymer jgocTUraThest, HapUMep,
eCJIM CHAYAJIA I00YePEeIHO IPOHTH L1, — 1 BEKTOPOB BTOPOIO THIIA, KazKIbIil 13 KOTOPBIX
HAXOJUTCS Ha CJIEIYIOMEM yPOBHE JepeBa, 3aTeM HPOHTH L, BEKTOPOB IIEPBOIO THIIA.
Torna riybuna gepesa (10) 6ymer pasua L1, + L1, — 1.

Ecim C; u Cy — rpynmosbie MLD-kompr, To ecth dmajgre (C1) = distgre(Ch) — 1 u
dmajgre (Co) = distgrs (Cy) — 1, TO B 00IIEM CiIydae BCIIOMOTaTebHOE JEKOIUPYIOIIee
JiepeBo, roctpoerHoe 1o anroputMmy MakeTensorTree, He 1103BOJIsIET HANTH C TTOMOIIIHIO
MazkopuTapHoro jekonepa (cm. [13], amropurm 3 Decoder2) smadenust ommboK e, Bec
KOTODBIX YJIOBJIETBOPsieT HepaBeHCTBY (8). [lesto B ToM, uro u3 cpaBaenust papeHcTB (6) 1
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HcxonHble mapamMerpsbl: WBlg,rlg,ng [C4], WBis1,,,14,, [Cy].

Pesyabrat: nepeso (10).

V1® = M_Orth(].g, 17.[, Mlg, MIH)

kg 1 < k < Ly, + Ly, — 2 BBIIIOJIHATD

s Kaxkzaoro vF = (¢} @ cb) € V¥ spmonuasars

ecm vF ¢ (O ® Cy)t Torma

Ha yposenb V&, 106aBuTh [ M| - |Meg| Bepumn u coeuuuTh nXx ¢
BepHIMHOl, nMmeromeii MeTky v na yposue V,7;

HOMETHUTD 100ABJICHHBIC BEPIINHLI METKAMU M3 MHOXKECTBA

Mk = M_orth(c’f, Cg, Mcllc, Mdgv)

KOHeIl yCJIOBUd
KOHeI[ [IUKJIa
KOHeII ITUKJIa
®
BozBparuth WBy oy, 0, o1y oy [Ch ® Cs]
AnropurMm 3: MakeTensorTree

(9) BBITEKAET, ITO MOITHOCTH | M, |+ | M., | mocTpoentoro anropurmom MakeTensor Tree
M-oproronaabHoro MuoxectBa Me, gc, MEHBIIE

dist groxm) (C1 @ Ca) — 1 = [ M, [|[Me,| + [ Me, | + [Me,|

JUUTsT KazKJI0r0 y3Jj1a ¢ METKOH €1 & Cs.

Benomorarenbhoe gekoaupytomiee jepeso (10) MoKeT GbITh JOCTPOEHO JI0 TOJHOIO
nekoaupytorero nepesa MLD-koma C] ® Cy Ha OCHOBaHWE KOHCTPYKIMH 3) JeMMbI 1
myTeM J00aBIeHNs HEJIOCTAIOINIINX BEPIINH, OJHAKO MPEICTABIISIETCS yI0OHBIM paboTaTh
TOJILKO CO 3HAYEHUSIMU MeTOK HejocTatonmx Bepimua. Anropurm AddVals s kazxgoro
y3Jia V. = €1 ® Cy 110 IPUHATOMY U3 KaHaJIa BEKTOPY X W BCIIOMOTaTeIbHOMY JIEKOIUPYTO-
memy sepeBy (10) Beramcisier jgononaauTebabe |Me, || Me,| 3HaUEHUMH MeTOK HemocTa-
IONUX BEPIIHH, HO, HomdepKHeM, K jepeBy (10) npu Beimosnennn agropurma AddVals
JTOTIOJTHUTE/IbHBIE BEPIINHBI He JTOOABJISIOTCS.

Asnroputm AddVals npumensierca B asgropurme jekoaupoBanust DecodeTensorBit,
KOTODEII 10 IIPUHATOMY BEKTOPY X HAXOAUT 3HAMCHHE €1,g1, BEKTOpPa OIMHMOOK € B
KOOp/IMHATE, cOooTBeTCTBYoMIEil 6asuchoit dyukimu 1g ® 1y. (Ormerum, uro B ajro-
purme DecodeTensorBit ucnosib3yercs orepariusi KOHKATEHAIIUT HAOOPOB YUCET, KOTO-
pasi ob6o3Havdaercs cuMBosioM W.) Takum obpasom, anropurm DecodeTensorBit B ciryuae
TEH30PHOI'0 IIPOU3BEIEHNsT KOJIOB BBIMOIHAET (PYHKIMIO YIOMAHYTOI'O BBIIIE aJITOPUTMa
MarKOPUTAPHOI'O JIEKOJNPOBAHMS U IIPABUILHO HAXOJIUT 3HAYEHHE KOOPIMHATHI BEKTOPA
omuboK €, KOrjia Bec OMUOKH Y/IOBJIETBOPSIET HEPABEHCTBY (8).

Bamernm, aro aaropurm MakeTensorTree cTpouT BeromMorarebHOE JIEKOIUPYIOIIEe
JIEPEBO 1T KOOPIMHATHI, COOTBETCTBYIOIIEH 1eMeHTY /1\g XTH(E GxH). B [13] pst rpymi-
MOBBIX KOJIOB TIOCTPOEH IPUBEIEHHBIN HIZKEe Bcriomoraresbubiil ajgroputm CloneTree,
[IO3BOJILIONIUI 110 BCIIOMOTATE/ILHOMY JIEKOJUPYIOIIEMY JIePEBY C OJHON METKOH y KOp-
Hs TIOCTPOUTH BCIIOMOTaTe/IbHOee JIEKOIUPYIOIee JIePeBo st KOPHs ¢ JIF000# JIpyroit
METKO.
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Ucxomable mapameTpbr: X — Bekrop Buja (7), Myx — M - opToronaibuoe
MHOYKECTBO /It VF = c’f ® CS,
WB150150,m1 sty Lagery, [C1 @ Co] — nexomupyroree
nepeso, k — Tekymmit ypoBeHb JepeBa

Pesynbrat: Haop uncern I, mommoctu [M | - Mgl

ecim k = Ly, + Ly, — 2 Torga

muka 1 <i < \./\/lcg\ BbIINOJIHATH

ik (M| +1 < j < [Meg| + | Mex| BermomasTs |

K [, mobasuth [(v; = (¢} @ ch)) +1(v; = (¢] ® ¢}))+ < ¢] ® ch,x >, re

Vi, Vj € ka, C{ ® Cé S (Ol & CQ)J_

KOHeIl [IMKJIa

KOHeIl [IUKJIa
nHa4e
nuka 1 <z < |MC§| BBIIIOJIHATDH
uukg (M| +1 < j < [Meg| + [Mex| BeimonnsTs |
K I nobasuth [(v; = (¢} @ ch)) +I(v; = (¢] ® b)) +1(c] @ c}), e
Vi, Vj € Mk, C]i &® Cé S V®k+2
KOHeIl MKJIa

KOHeIl ITUKJIa
KOHeIl YCJIOBUSI

BO3BPATHUTH [},
AnropurMm 4: AddVals

Wcxoaubie mapaMeTpsr: X — BeKTop Buja (7),
WB®[Cl ® 02] - WB®1Q®1H7
JIEKOJIUPYIOITIEe JIEPEBO

T1g®1H,ng®1H [Cl ® CQ] -
Pesynbrart: 1,41,
kg 1 <k < Ly, + L1, — 1 BbINOJHATD
IS KaXKJ10ro vy, € V', BBIIIOJHATH
ecam vy, € (O] @ Cy)*t Torma
‘ l(Vk> =] Vg, X >
nHa4de
| I(vy) := MajorVote(I[M,x] & AddVals(x, M », WB®[C} @ Cy], k))

KoHeIl yCJioBuA

KOHeI] ITNKJIa
KOHeIl IUKJIa

e1501, = MajorVote({[Mi,e1,,] W AddVals(x, M1 g1,, WBZ[C1 @ C],0))
BO3BPATUTD €1,51,

AnroputMm 5: DecodeTensorBit

Takum O6pElBOM7 Ha6op BCIIOMOTI'aT€JIbHBIX JEKOAUPYIONIUX JI€PEBHEB

WB®(01 (059 CQ) = {WB® }5(g"h)eB]F(Q><H)

8(9.h) 75,0y L3(g 1)

st rpynmosoro koja O ® Cy MoxkeT ObITh mocrpoer 1o JepeBy (10). Umenno, mis
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/

Ucxonubie mapamerpsl: G, WBE”Tb’ .. [C], b
Pesynbrar: WBS%’ 1, [C]
WBE’,T{J,L}J, [C] = WB%,rb,Lb [C]ﬂ
Haiitu g(€ G) rakoii, uto (g,b) = b’;
IJ1st KaoK 1ol memxu p depesa WBY, o Ly [C] BBIOTHATH

// HetictBue smementom g Ha p 1o npasuiy (5);

P = (9,P);
KOHeI| [[UKJia

®
Bossparute WBy, , | [C]
Aaropurm 6: CloneTree

moboit 6asucuoit byHkiuu §(,p) € BFI*H):

WRE = CloneTree(G x H, WB®1_ 01,

0 .
8(g.m) 8 (g 1y L3 (g1 rgely Ligeoiy (g,h))

[To anasoruu ¢ agropurmom Decoder3 usz [13| moctpoen asropurm DecodeTensorVector
JIEKOJTUPOBAHUS IIPUHATOIO BEKTOPA X, B KOTOPOM KaKJIasi KOOP/IMHATA, JTEKOIUPYETCS C
oMoIibio ajaropurma DecodeTensorBit.

HNcxonubie mapaMeTpsl: IPUHATHI BEKTOP X = € + €, HabOP BCIIOMOTaTeTbHBIX
JIEKOJIUPYIOIINX JI€PEBHEB
WB@(Cl ®Cy) = {WBgrb,Lb}beBF(QXH)
Pesysbrat: BekTOp €' — PE3YIIBTAT JICKOIUPOBAHUA
st Kaxkoro b € BF 9 primonuars
a := xp — DecodeTensorBit(x, b;, WBy . | )
KOHeI| INKJIa

BO3BpaTUTh C’
AsaropurMm 7: DecodeTensorVector

Takum obpasoM crpaBeJIMBa CJIeIyIONas TeOPEMa.

Teopema 1. IIycmo C7 u Cy — epynnosvie MLD-x0dv ¢ nabopamu dexodupyrowux
depesves WB(C1) u WB(Cy) coomeememeenno, WB®(C, @ Cy) — nabop ecnomoza-
meavHur dexodupyrouwur depesves koda Cr @ Cy, nocmpoentwvlii ¢ NOMOULDLIO AN20PUM-
mose MakeTensorTree u CloneTree ¢ ucnoavsosanuem WB(C1) u WB(Cs). Tozda, ec-
au (€ C1 ® Cy) — k00061l 6eKMODP, KOMOPHIT HA BHITO0E U3 KAHAAL NPUHUMAEM, 6UJ
X = ¢ + e, 2de 6ec sekmopa owubok € ydosaemsopaem ycaosuro (8), mo

DecodeTensor Vector(x, WB%(C; @ Cy)) = c.

2. Kpwunrocucrema tuna Mak-Jmca Ha OCHOBE
ITPON3BEeeHNS KOIOB

2.1. Kpwunrocucrema tuma Mak-manca

Iycte C(C F") — smueiinstit [n, k, d|-xkox jmust n = n(C), pasmepnoctu k = k(C'), ¢ ko-
noBeiM paccrosiaueM d = distg(C'), G(C') — nopoxnatomas marpuiia koga C'. Tlog kpur-
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tocucTeMoii Tumra Mak-Dunca #a ocHose [n, k, d)-koaa C' 3/1eCh MOHIMAETCST ACUMMETPH -
Hasl KPHITOCHCTEMA, B KOTOPOi OTKPBITHII K104 Ky, — 9T0 mapa (G,t = [(d—1)/2]), a
CeKpeTHBII KITI04 Ky — mapa marpuir (S, P), rue S — ciyuaiinast HeBbIpokK ieHHast (kX k)-
Marpulia, P — ciaydaiinas nmepecTaHOBOUHAs (1 X 1 )-MaTPHIIA, TIPHYEM G=S5-G (C)-P.
[Ipasusio mudpoBanus npoussosbHOro coobmenns s(€ FF) uveer su;:

z=sG +e, (11)

rje Bec XsMMUHIa J106aB/IgEeMOl oMbk € = (eq, ..., €,) yJIOBJIEeTBOPsieT HEPABEHCTRY:
wg(e) < t. Jnga pacmmdpoBanusi € CEKPETHBIN KITI0Y Kgoe HCIOIB3yETCH 10 MPABUILY:
s = Decg(zP71)S™1, rue Dece : F* — F* — nexomep koma C, rapaHTHPOBAHHO HC-
HpaBJdoNuil ¢ 1 MeHee OIMIMOOK M BOCCTaHABJIMBaIOIMil BekTop S. /lasee mpe/irosia-
raeTcsi, YTO0 BEKTOP OIIMOOK € BBIOMpAEeTCsl CIyYailHO M PABHOBEPOATHO M3 MHOXKECTBA
! = FH(C ), cocrogmero u3 BekTopos Beca t, [F™| = C} (¢ — 1)".

2.2.  Amnanu3s croiikoctu McE(C; ® () K aTakaM Ha KJII04

Paccmorpum kpunrocucremy tuna Mak-Dmca McE(C), tne C' = €7 ® Cy — TeH30pHOE
npousBesierne [ny, ki, di]-koma C u [ng, ks, ds]-koma Cy. B KauecTBe Momenn HapyIin-
TeJIsT PACCMOTPUM ITPOTUBHUKA, IIEJIBI0 KOTOPOI'O SIBJIAETCS HAXOXKJEHHE ITO/IXOISIIEro
CEeKPEeTHOro KJI04a JJIs MPaBUILHOTO pacmndpoBaHust KpurorpaMmm. [lpeamoraraercs,
910 HabJIO/IaTe b UMeeT ajroputM Attack, ¢ TOMOIIBIO KOTOPOro MOXKET OBbITh I deK-
TUBHO HaWJICH MOAXOIAIINNA CEKPETHBIA KJII0Y JJisd KPUIITOCUCTEMbI MCE(OQ).

[Mopox natomast marpuiia koga C' = C) @ Cy nmeer Bug G(C) = G(C) @ G(Cy), a
pasmeprocTh K koja C' paBra kiky. Torma (kiks X kiks)-marpuria S (4acTh ceKpeTHOrO
K09 Kgec) MOZKET OBITH IIpejICTaBjIeHa B GJOTHOM BHUJIE:

50,0 Soa || Soki—1
g S1,0 Sia || Stk 7 (12)
Ski=10 | Ski=11 | - | Sk1—1k1-1

rae S;; — (ko X ko) -marpuna, 4, j = 0, ..., k; — 1. Ilosromy mast marpunst S - G(C') umeer
MECTO TIPeJICTABJICHHE:

k1—1 k1—1
;} Song;’lG(Cg) ZO Sojjgjl-mlG(Og)
Jj= Jj=
k1—1 k1
gl s
S ) G(C) _ J;) Slng%lG(Og) jz:%Sldgij(C'g) ‘ (13)
— —
> Ski-19;1G(C2) | oo | 22 Sky-1,970, G(Co)
7=0 7=0
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st kazxoro i € {1,...,ny} 6iounslii crosbern marpurst (13) npeacraBum B Buje:

k1—1

J]=

> 50,9;:G(Ca)
=0
e _ Soo _ Sok-1
Sy gL G(C g S
];0 1i95G(Cs) = S,G(Cy), Si= |~ | gl A | L gl
T Ski-10 Sk—th-1
Svlng}7iG(02)
0

(14)
HemnocpeicrBento mposepsieTcst, 9To i Kaxkjoro i € {1,...,m;} marpuma S; umeer
panr ko. Torma c/10:KHOCTb HAXOXKJICHUS MTOJIXO/SIINEr0 CEKPETHOrO KJ/II0YUa HE IIPEeBbIIIa-
eT COOTBETCTBYIOMIEi ciokHOCTH IpuMenenust aaroputma AttackInduced us [12] s
KPHUIITOCUCTEMBI THIa Mak-DJmca Ha WHIYIIUPOBAHHOM KOJIE C IOPOK/IAIOIIel MaTpH-
neit I,, ® Girr Nwmenno, ecmu () — BBIYUCINTEIBHAST CJIOKHOCTE ajaropurma Attack mrs

McE(Ch), To .
o (("? ) (mQ + k1k2)3) (15)

e

— OIlEHKA CBEPXY Ha CJIOXKHOCThH HaxoxkKeHus kioda st McE(Cy @ Cs).

Tabsuna 1. Snavenns sesmannbl [log, (K (ny, ng))], tae K(ny, ne) — KoamdecTBo nepebu-
paembix Kiodeil B arake AttackInduced ma xpunrocucremy McE(C) ® Cs), 3necs C; —
koj, Puna—Masnepa RM(r;,m;), n; = 2™ ry <m;, m; = 1,...,8, i € {1;2}

Table 1. Values of [log,(K(ny,n2))], where K(ni,ng) is number of probed keys in
attack AttackInduced for McE(C; ® Cy) cryptosystem, where here C; — Reed-Muller
code RM(r;,m;), n; = 2™ r; <m;, m; =1,...,8, i € {1;2}

n;

n; 2 4 8 16 32 64 128 256
2 0 0 8 25 o8 122 250 506
4 0 16 48 112 240 496 1008 2032
8 8 48 152 344 728 1496 3032 6104

16 | 25 112 | 344 928 1952 | 4000 8096 16288
32 | 52 | 240 | 728 | 1952 | 4896 | 10016 | 20256 | 40000
64 | 122 | 496 | 1496 | 4000 | 10016 | 24064 | 48640 | 96000
128 | 250 | 1008 | 3032 | 8096 | 20256 | 48640 | 113536 | 237000
256 | 506 | 2032 | 6104 | 16288 | 40000 | 96000 | 237000 | 512000

B rabiune 1 npusesen npumep pacdera CIOKHOCTH aTaKWd Ha KJIOY /IS KPHIITO-
cucrembl McE(Cy ® Cy), e C; — xox Puna—Maiuiepa, @ € {1;2}. B kaxoil aueiike
Tabsmipl npuseaeno duciao [logy (K (ny,n2))|, tne K(ny,ne) — KommdecTBo mepebupae-
MBIX Kmodeii B ataxe AttackInduced (mmoxurens (nf? te=1)™ B (15)), rae nq u ngy —
nmabl KogioB C u Cy coorBercTBeHHO. ZKUPHBIM BBIJIETIEHBI Te ST9eiiKi TabIuIbl, JIIs

KOTOPBIX [log, (K (n1,n9))] > 128, Tak kak nepebop Kitodeil jymHbl 128 6ur n Gosee
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B HACTOSIIIEE BPEMsI sIBJISIETCsI BBIYUCIUTEIHHO HEOCYIeCTBUMOI 3a1adeit [16]. Samerum
Takxke, 910 A ® B = @1 - (B ® A) - @2, tie (1 u Q2 — 1mepecTaHOBOYHBIE MATPHUIIHI
nojxosiero pasmepa. [losromy mapam (nq,ns) u (ng,nq) B TabJaUIEe COOTBETCTBYIOT
staeliku ¢ opuHakoBbIM 3HadeHneM min{[log, (K (ny,n2))]|; [logy (K (ng,n1))]}. Ha ocho-
BaHUM PE3Y/ILTATOB, MPEJICTABJICHHLIX B Ta0/MIe 1, MOXKHO CIeJaTh BBIBOZ, YTO JIJIA
kosoB Pua—Masutepa C7 u Cy kpunrocucrema McE(C) ® Cy) tpescrabiisercs: CTORKOM
K CTPYKTYPHBIM aTakKaM Ha K09 yKe 1pu n; > 8, rie n; — jaymna koxa Cy, 1 = 1,2.
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Abstract. For the practical application of code cryptosystems such as McEliece, it is necessary
that the code used in the cryptosystem should have a fast decoding algorithm. On the other hand, the
code used must be such that finding a secret key from a known public key would be impractical with a
relatively small key size. In this connection, in the present paper it is proposed to use the tensor product
C1 ® Cy of group MLD codes C7 and C5 in a McEliece-type cryptosystem. The algebraic structure of
the code C7 ® C5 in the general case differs from the structure of the codes C7 and Cs, so it is possible to
build stable cryptosystems of the McEliece type even on the basis of codes C; for which successful attacks
on the key are known. However, in this way there is a problem of decoding the code C; ® C5. The main
result of this paper is the construction and justification of a set of fast algorithms needed for decoding
this code. The process of constructing the decoder relies heavily on the group properties of the code
C1 ® Cy. As an application, the McEliece-type cryptosystem is constructed on the code C7 ® Cs and an
estimate is given of its resistance to attack on the key under the assumption that for code cryptosystems
on codes C; an effective attack on the key is possible. The results obtained are numerically illustrated
in the case when C7, Cs are Reed—Muller—Berman codes for which the corresponding code cryptosystem
was hacked by L. Minder and A. Shokrollahi (2007).

Keywords: majority decoder, Reed—Muller—-Berman codes, tensor product codes
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