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OT PE€AaKTOPOB CIIeIUAJIbBHOI'O BBIITYCKaA

B. A. Baxapos, H. B. Illunos

21-22 wrona 2018 1. B fpocitaBne mporesn JeBATHIA MeXKIYHAPOIHBIN HAy9IHO-HCCIIET0-
BaresibcKuit cemuHap «CeMaHTHKa, crenuduKaIus 1 BepuMOUKAIUsT TPOIPAMM: TEOPUsT U IIPU-
noxennst» (9-th Workshop on Program Semantics, Specification and Verification: Theory and
Applications, PSSV 2018). Opranusaropom cemMuHapa BbICTYNUJ (haKyabTeT HHMDOPMATUKE U
BBIYUCIUTEIbHON TEXHUKHU POCIABCKOrO ToCyIapcTBeHHOTO yHuBepcuTera umenu [1.IN. Temu-
goBa. [Iporpamma cemunapa PSSV 2018 Bkirouasia 8 peryisipHbIX JOKJIAJI0B, 3 JEKIUH TPU-
IJIAINEHHBIX JOKJIATIAKOB, 8 TaKyKe MEMOPUAJIBHYIO CECCHIO, TIOCBSIIEHHY 0 mamsitu bopuca Ao-
pamosuua Tpaxrenopora (1921-2016), Muxanina Nocudosuuaa dexrsaps (1946-2018) u Mapca
Kotnycopuua Basmesa (1942-2018). B BblcTyIIeHHSIX YIACTHUKOB ceMUHApa ObLIN HPEJICTaB-
JIEHBI PE3YJILTATHI 3aBEPIIEHHBIX U MIPOJIOJIXKAIONIIXCS UCCJIEIOBAHNI PA3HOOOPA3HBIX 33184 B
0o6JracT MaTEeMaTUIeCKOTO MOJIE/IUPOBAHUS, BEPUMPUKAIIUN TPOTPAMMHBIX CUCTEM, IPUKJIAIHBIX
JIOTWK, aBTOMATHU3AINY JIOTHIECKOI'O BBIBO/IA, TEOPUN ABTOMATOB. JHAYUTEIHHOE BHUMAHUE ObI-
JIO YIIeJIEHO METOJaM IeIyKTUBHOM TPOBEPKU IPABUILHOCTH IIPOrPaMM, BepUMUKAIIMYT MO/Ie el
[IPOTrPpaMM, IPUMEHEHHUIO METOJIOB TEOPUH ABTOMATOB K TECTHUPOBAHUIO IIPOI'PAMM, a TaK¥Ke Py
BOIIPOCOB TIOCTPOEHUS U aHaAIu3a (POPMAJIbHBIX MoJjieseil nHMOPMAITMOHHBIX cucTeM. JlaHHBI
BBIMIYCK 2KYPHAJIA BKJIIOYAET b cTaTell yaacTHHKOB cemuuapa PSSV 2018.

22-25 mas 2018 1. B ome otabixa MI'Y «KpacHoBHI0BO» TIpoILIa jJecaTas MeXKTyHapOo/I-
Has KoH(epenius «/luckpernbie Mozenu B Teopun yupasisomux cucrem» (JIMTYC 2018).
Oprannzaropom kKoH(pepennuu BoeicTynmI ¢akyabrer BMK MockoBckoro rocymapcrBeHHOTO
yuuepcutera nmenu M.B. Jlomonocosa. Pabora KoHdepeHIy MpoBOINIACEH IO TPEM CEKITUSIM
7 BKJTIOUAJIa 8 TIJIEHAPHBIX U 75 CEeKIMOHHBIX MOKIa0B. OmHa 13 cexmmit KoudepeHmn Oblia
[TOCBSIIIIEHA JTUCKPETHBIM MOJIEJISIM B 3a/1a9aX [IPOIPAMMUPOBAHUS, HCKYCCTBEHHOTO MHTEJIJIEKTA
¥ Teopuu yrpasiienus. V30paHubie JOKIa/Ibl YyIACTHUKOB 9TON CEKINK ObLIN PEKOMEHI0BAHDI
[IPOTPaAMMHBIM KOMUTETOM KOH(EPEHITNN Jjis IyOuKaluu B )kypHaJie «MojenpoBanue u ana-
Jin3 MHMOOPMAITMOHHBIX CUCTeM». /[aHHBIM BBIIYCK KypHAaJa BKJIOYAET 2 CTATbU YIACTHUKOB
koHdepeHnun «/{MCKpeTHbIe MOJIESIN B TEOPUU YIIPABJIAIONIUX CUCTEM.

B crarbe T. Baapa u C.M. CrapojieroBa onucad MeToOJ BepUPUKAINNA TMOPUIHBIX IIPO-
IPAMM C HUCIOJIB30BaHIEM MHTEPAKTHBHOIO CPEJICTBA JOKAa3aTeIbCTBa TeopeM KeYmaera. ABTo-
PBI IIpeJiIaraloT UCI0JIb30BaTh I'PapUIECKUil SI3bIK IIPEICTABACHUs aHAIU3UPYEMBIX IIPOIPAMM
¥ MPOBOJUTHL PA3METKY COCTOSHHI TI'pad-cxeMbl IPOTPaMMbl HHBAPUAHTAMUA U KOHTPAKTAMU.
3a cyer Takoi pa3sMETKH OKa3bIBAETCsl BOZMOXKHBLIM IIOJIyYaTh Iopasio 0ojiee IPOCThIE JOKa-
zaTesbeTBa. OnucaHne MpeJIoKEeHHOr0 MeTOJa e/ IyKTUBHOM BepU(MUKAIINN UJIIIOCTPUDPYETCS
npumepamu. CTaThbs HaIMCAHA [0 MaTepUAJaM JIOKJaJia, IpeacrasieHHoro na PSSV 2018.

B crarpe X.JI. Bera Buce u B.FO. MuxaiijsioBa ncciemyercs 3ajada aHaJH3a IPOrPAMM
pa3BUTHUsI CETbCKOXO3UCTBEHHBIX TeppuTopuit. [l ee perreHus MpUMeHsIeTCsT almapaTr OIH-
caHUs W aHaan3a (GopMabHBIX cucTeM. B paboTe mpejiaraercst akCHOMaTUIeCKasl CEMaHTUKa
IpOrpamMM Pa3BUTHSI, ONMUPAIONIALCS Ha JIOTUKy Xoapa. st mporpaMMbl pa3BUTHsT CTABUTCS
3aja4a IPOBEPKU JIOCTHKUMOCTH 3aJJaHHOIO KOHEYHOI'0 Habopa 3HAYEHMI IepeMeHHBIX U3 3a-
JaHHOrO HadasbHoro. OuucaH MeToJl pelleHUs] 3TOl 3aJla4l ¢ UCIOJIb30BaHueM si3bika PDDL.
Crarbs HalucaHa 1o MarepuajaM JoKJaja, npejcrasiennoro va JMTYC 2018.

Craresa I.A. Kongpareesa, I.B. Mapsbsicoa u B.A. HenoMmHusitiiero nocesimeHa pasBuTHIO
METO/I0B Bepu(pUKAINN ITUKJIOB CIenuIeckoro Buaa Ha s3bike C, He TpeOyomux aHHOTAIlUN
KOJIa MHBAPpUAHTAME U OIEHOYHBIMI (DYHKIIIME. [IpeicTaBieHHast TEXHUKA PACIIUPSIET METO/I,
ONMCAHHBII aBTOpaMU B PaHee OIyO/JIMKOBAHHBIX paboTax 10 9TOH TeMe Ha, CIydail IUKJI0B, OIle-
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PUPYIOIMX M3MEHSEMbIMIA CTPYKTypaMu JaHHBIX. CTaThbs HAIUCAHA 10 MaTephaJjaM JTOKJIala,
npejcrasiaersoro va PSSV 2018.

B crarne A.P. l'narernko u B.A. 3axapoBa MpOBOIUTCST CPABHUTETHLHBIN AHAJNS BHIPA3UTE b=
HBIX BO3MOXKHOCTE! HEKOTOPLIX PaCIINPEHUN IIPOIO3UIMOHAJIBHON JIOTUKY IPEUKATOB JINHEeH-
HOT'O BPEMEHU C JPYTUMHU JIOTUKAMHY, UCIIOJIb3YEMbIMU JIJIsi CIIEIU(MUKAIINY [TOBEICHUS Pearupy-
romux cucreMm. CTarbs HAIIMCAHA 110 MaTepHraJiaM J0KJjaja, IpejcraBjieHHoro na PSSV 2018.

C.M. lymaxoB IpeIcTaBU B CBOEil cTaTbe HOBBbIE PE3Y/IbTAThl UCCJIEIOBAHUS BOIPOCA O
CYIIECTBOBAHUU T.H. MHMJIAIUOHHON HenojprkHO# Touku (IFP), Beramcisiemoii nureparuBHOi
HPOLEAYPOIi I OIEPATOPOB, BLIPAXKEHHBIX (DOPMYJIAMHE JIOTHKH IIPEIUKATOB U COOTBETCTBY-
01X pekypcuBHbIM SQL 3anmpocaM, B 3aaHHBIX ajredbpandecKux cucreMax (yHUBEPCyMax).
CraTbs HallMcaHa 10 MaTepuaJaM JI0KJaja, Ipeacrasientaoro na PSSV 2018.

B crarbe C.A. I'pevannka BBeIEeHO IOHATHE IOJUIPOrPpaMMbI B KadecTBe 0ObekTa (hop-
MaJIn3allil 1 3KBUBaJICHTHBIX HpeO6pa?>OBaHI/II'7I7 uccjaeayeMbIiXx aBTOPOM, W OIIMCaHa CHCTeMa
9KBHUBAJEHTHBIX [IPe00PA30BaHU MOJIUIIPOrPAMM, COCTOSINAS U3 ABYX YacTeil: JIOKAIbLHBIE Ipa-
BUJla 1N 6HCH1VIy.H5{H,HH. OCHOBHoe BHUMaHHE YyJIe/JIeHO HUCCJIEJJOBAHNUIO OTHOIIEHU A 6I/ICI/IMy.H5H_H/H/I
nounporpamM. CTaTbs HamrcaHa 0 MaTepuaIaM JIOKIaa, npeacrasiaennoro Ha PSSV 2018.

H.B. IlInnos B cBOEIi cCTaThe BHOBH ITPUBJIEKAET BHUMAHKE K BOIIPOCAM O TOM, HACKOJIBKO IIy-
60OKO 9KBUBaJIEHTHBIE 11PEOOPA30BAHUS MOTYT 3aTPAruBaTh yCTPOUCTBO HPOrPAMM H YIIYUIIATh
UX TPOU3BOJIUTEJIFHOCTD U KAKYIO POJIb B 9TOM UT'PAIOT CIIEIUAJIBHBIE CBOMCTBA TeX 6A30BbIX OTle-
panuit ¥ OTHONIEHUI, KOTOPbIE UCIOIL3YIOTCS B TpOrpaMMe. 3a/1ada, pacCCMaTPUBAEMasi B 9TOMH
CTaThe, 3aCJIy?KUBAET TOrO, YTOOBI C Heil O3HAKOMUJIUCH UCCJIEOBATENN, 3aNHTEPECOBAHHBIE B
M3y9YEeHUH BOIIPOCOB BBISIBJIEHHS OOIIUX ITPUHIIAIIOB TOCTPOEHNUS ONTHMAaJIbHBIX TPE0OPa30BaHMt
IIPOIPAMM.

B crarse E.B. XBopocryxunoit u B.A. MosuanoBa ucciieryorcsi HEKOTOPbIE CBOWCTBA I'd-
neprpaduIecKux aBTOMATOB, B KOTOPBIX B KadeCTBE MHOYKECTB COCTOSHHUN M BBIXOIHDLIX 3JI€-
MEHTOB UCHOJIB3YIOTCs THieprpadbl. DTa PA3HOBUIHOCTH aBTOMATOB BKJIIOUAET B ce0si MHOTHE
paHee U3BECTHBIE U U3YYEHHBIE KJ/IACChI ABTOMATOB, PAOOTAIOIMINX HAJI CJIOYKHBIMHU CTPYKTYpPaMU
JIAHHBIX, 1 MOXKET OBITH UCIIOJIb30BAHA B KAYECTBE MATEMATUIECKON MOJIESIN HEKOTOPBIX KJIACCOB
nHMOPMAITMOHHBIX cUCTEM. B cTaThe paccMarpuBaeTcs 3a/1a49a BEIOOPA MOIXOISIIETO IPEICTaB-
JIEHUSI JIJIsE YHUBEPCAJIBHOTO THIIEPrPAMDUIECKOr0 aBTOMAaTa, PAbOTAIOIIEr0 HAJI OJTHUM KJIACCOM
runeprpagob. CTaTbst HaIIMCAHA 110 MaTepUaiaM J0KJaa, npeiacrapierroro va JIMTYC 2018.

B sakmounrenbroit cratbe C.. Dnbzuaa u E.A. MapymkuHoit paccMaTpuBaeTcst MOIE/b
HEAPOHHOI acCOIUAalMi U3 TPEX MMILYJIbCHBIX HEPOHOB C BeIaTeIbHON 3alla3 bIBaoIIeil CBsI-
3bIO Me)KILy HUMMN. Ha OCHOBE€ JIOKAJIBHBIX aCUMIITOTUNYECKUX WU CBA3aHHBIX C HUMU YHNCJIECHHBIX
METOOB U3yUeHa IIepUOANIecKasl, KBa3UIIEPUOANIECKas U Xa0TUIeCKasl IMHAMUKA 3TOH CETH.
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A Control Flow Graph Based Approach to Make
the Verification of Cyber-Physical Systems
Using KeYmaera Easier

Baar T., Staroletov S.
Received September 10, 2018

Abstract. KeYmaera is an interactive theorem prover and is used to verify safety properties of
cyber-physical systems (CPSs). It implements a Dynamic Logic for Hybrid Programs (HPs), while a HP
models a CPS very precisely. Verifying properties of a given system in KeYmaera can become a challenge
for a user since the proof is authored in a classical sequent calculus framework and a successful proof
requires from the user intimate knowledge of the available calculus rules. Another barrier for widespread
application of KeYmaera is the purely textual representation of current proof goals, what requires from
the user very good training, experience, and patience.

In this paper, we present an alternative verification approach based on KeYmaera, which drastically
improves usability and minimizes user interaction. The main idea is to let the user annotate invariants
and contracts to states of the hybrid automaton.

Thus, the user can employ the graphical representation of the modelled system and is not bound to
the purely textual form of hybrid programs as in KeYmaera. Based on the user-provided contracts, one
can generate proof obligations, which are much simpler than the original proof goal in KeYmaera.

The article is published in the authors’ wording.

Keywords: CPS, KeYmaera, proof contracts, verification, hybrid systems, usability, interactive provers

For citation: Baar T., Staroletov S., “A Control Flow Graph Based Approach to Make the Verification of Cyber-Physical
Systems Using KeYmaera Easier”, Modeling and Analysis of Information Systems, 25:5 (2018), 465-480.

On the authors:

Thomas Baar, orcid.org/0000-0002-8443-1558, PhD,

Hochschule fiir Technik und Wirtschaft Berlin University of Applied Sciences, Germany

75 A Wilhelminenhofstrasse, D-12459, Berlin, Germany, e-mail: thomas.baar@htw-berlin.de

Sergey Staroletov, orcid.org/0000-0001-5183-9736, PhD,
Polzunov Altai State Technical University,
46 Lenina avenue, Barnaul, Altai region, 656038 Russian Federation, e-mail: serg soft@mail.ru

1. Motivation

A cyber-physical system (CPS) is a system that tightly combines software with physical
components. The state of a CPS consists of the discrete state of its software and the
analogous state of its physical parts. Safety analysis of CPSs must take into account
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physical laws, which apply to physical parts as well as the code structure of the software
part [8].

The notion of hybrid automaton (HA) [3, 9] has proven to be useful for the precise
description of the behaviour of CPSs. Like a classical UML state machine [5], a hybrid
automaton consists of states, transitions between states, and state variables. Transitions
can carry annotations for both an execution condition and an action. An action changes
the value of a state variable upon executing the transition. New in hybrid automata is,
that the value of (some) state variables (called continuous state variables) can change
according to given differential equations when the system has entered a long-running
state. This extension of hybrid automata to classical UML state machines reflects the
physical parts of the modeled system. For examples, the current position (z) of the system
changes according to the current velocity by 2z’ = v, where 2z’ denotes the derivation of z
over time.

Logic-based analysis of a given hybrid automaton has been thoroughly investigated
by Platzer in [12] and became practically feasible by the tool KeYmaera [14]. This tool
is an interactive theorem prover and allows the user to formally prove safety properties
taken both discrete and continuous state variables into account. However, KeYmaera
does not work directly on the hybrid automaton but needs as input a so-called hybrid
program (HP). A hybrid automaton can be seen as the control flow graph of a hybrid
program.

In this paper, we propose an approach to overcome some of the obstacles the user
faces when authoring a proof using KeYmaera. One enormous problem is the complexity
of proofs due to the length and complexity of the system implementation represented
by a hybrid program. KeYmaera expects a proof goal of form preCond — [a]postCond,
where « is the hybrid program representing the whole system implementation.

Instead, our approach applies the idea already formulated in 1967 by Robert W.
Floyd [7] for flowchart verification on the verification of a CPS: The user is allowed
to annotate the control flow graph of hybrid program « with fine grained knowledge
about intermediate states. This additional knowledge can be given in form of invariants
(similar to loop invariants) and contracts for long-running states. Based on the provided
invariants and contracts, one can generate proof obligations, which are much simpler
than the original proof goal in KeYmaera and can often be automatically discarded.

2. Verification of CPSs using KeYmaera

In KeYmaera, a CPS is modelled in form of a Hybrid Program (HP), for which properties
expressed in Dynamic Logic can be proven. A HP is built on variables (always of type
float), derivations of (continuous) variables, arithmetic expressions, first-order formulas
for conditions on the current state, and a simple execution language with operators for
assignment (:=), sequential execution (;), non-deterministic repetition (), and others.
For a detailed introduction to HP and the logic of KeYmaera, the reader is referred to
[13].
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2.1. Running Example: Simple Velocity Controller

As an illustrative example, we introduce a simple velocity controller. The velocity v of
the controlled system (e.g. a car or a train) is set by the controller either to a fixed
velocity vy or to 0 (zero). Note that the controlled system is moving if v > 0, i.e. the
system’s position (encoded by z) changes for a time-period A with z = z 4+ v * A. The
change of the system’s position based on the current velocity v is a physical law, which
holds independently from the considered controller and has to be taken into account for
all long-running states the systems can be in. An alternative (and widely-established)
notation for this law is 2 = v, what is more general than the above z = z + v x A, since
velocity v might now even change over time.

Our simple velocity controller periodically updates the chosen velocity based on the
information how far away from an obstacle (whose position is encoded with m) the
system currently is. If the distance to the obstacle m — z is greater than what the system
can move within a period € (encoded in our program as variable SB), the system will
keep velocity v = vy. Otherwise controller sets v = 0, what means that the system stops
(very abruptly). The safety property we want to prove is, that the controller never stops
the system too late, i.e. under all circumstances we will have z < m.

Our example is actually a simplified version of the tutorial example given in [13| and
formulated as a Hybrid Program « as follows:

{

SB :=m — € * vy,

vf z2< SB

o= then {v:i=wvyt:=0;2' =v,t/ =1&t <€}
else  {v:=0;2 =v}
endi f

}x

The Hybrid Program « has the form of the nondeterministic repetition * of a block
{...} while within the block we have a sequence of statements (separated by ;). Nondeter-
ministic repetition means, that the annotated block can be executed arbitrarily often,
including 0 times.

Inside the block, the first statement is the assignment SB := m — € x vg. The second
(and last) statement in the block is an if — then — else statement.

The then-branch is a block consisting of assignments v := vy and ¢t := 0 followed
by the last statement in the block: a reference to a long-running state with properties
2= v, t' = 1&t < e. Note that after entering a long-running state, the system can
remain in this state as long as the state’s domain constraint (here t < ¢€) permits.
However, the system can leave the long-running state at any time (nondeterministically)
and the program « proceeds with executing the next statement. The differential equation
2z = v is the physical law already discussed above while ' = 1 is a helper equation for
a new variable . Each long-running state can be annotated with an already mentioned
domain constraint, which indicates conditions that must hold as long as the systems
stays in this long-running state. In other words: The system must leave the long-running
state at latest when the domain constraints flips from true to false. In our case, the
domain constraint is ¢t < e. Together with the equation ¢ = 1 the domain constraint
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ensures, that the system stays a maximum period of € in this long-running state.

The else-branch v := 0;2' = v is similar to the then-branch and consists of an
assignment and a long-running state.

In the remaining paper, we would like to prove for our hybrid program « the safety
property that the system will never reach the obstacle at position m, when it is started
in a position smaller than m. Formally, this safety property reads as:

z<mAe>0Avy>0—[a]z<m

3. Our Approach: Graphical Representation and
Contracts

Starting with the textual hybrid program a shown above, we extract the control flow
graph (CFG) of a as shown in Fig. 1. The only difference to the original definition of
a, that the two long-running states in the program are now named with driving and
stopped.

driving

zZ'=v
t=1
t<e

stopped

zZ'=v

Fig. 1. Control Flow Graph for a (Hybrid Automaton)

The program « is executed by entering the graph via the start node (left side)
and following the transitions between the nodes. Transitions can be annotated with an
assignment (e.g. SB := m—exwp) or with a condition (e.g. z < SB). The diamond in the
graph represents an if-then-else statement. The nodes for the long-running state contain
the annotated differential equations and the domain constraint (gray background). Note
that our CFG is very close to the notation of Hybrid Automata [9].

In a second step, our diagram is extended with the safety property to be proven as
shown in Fig. 2. This diagram contains notes for a pre- and a post-condition. The tool
KeYmaera is supposed to prove now pre — [a]post, but due to the complexity of «, it
often becomes a challenge to manually create a proof using KeYmaera for this claim.

In a third step, we want to make the work of the KeYmaera user much easier. The
idea is to provide a system description that already contains key facts for proving the
correctness as shown in Fig. 3.

We allow the user to add so-called proof contracts. A proof contract can be a pre-
/post-condition attached to a long-running state or an invariant attached to a normal
state. For example, the desired property z < m basically holds in every state of the
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«requires»
z<m
£>0
vo>0

«ensures»
-
z<m

N
«requires»

z<m
£>0

Vo> 0
«inv»
z<m

«onEntering»

z<m-g*v,

@ «ensures»
z<m

«onEntering»
v=0

Fig. 3. Proof contracts have been added

control flow graph and especially in the nodes after the start state and before the end state
(indicated in Fig. 3 by notes with stereotype «invs). The long-running state driving
has now attached a pre-condition z < m — e *xvg Av = vy A z < m (indicated by note
with stereotype <onEnterings; the lines within the note are implicitly connected with
logical conjunction A) and the post-condition z < m (indicated by a note with stereotype
<onLeavings).

3.1. Generation of Proof Obligations for the Control Flow Graph

Once we have annotated the control flow graph with additional proof contracts, we want
to know whether the annotated graph is still correct. Correctness basically means, that
between any annotated states s,,. and s,.s, which are connected by a transition path
t1,...,ty, the property specified for sp,s holds, whenever the system evolves from state
spre With its specified properties and executes transitions ¢y, ..., %,.

To illustrate the approach, all transition paths resulting into proof obligations are
marked in Fig. 4. The proof obligations can be grouped according to their characteristics.
We discuss here only the most important aspects of the proof obligations. The full version
of all proof obligations can be found in appendix A. They are written in the input syntax
of KeYmaera.
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«requires»

z<m
£>0
Vo> 0

Bl b
z<m

' topped

Z=v

Fig. 4. Transition paths resulting into proof obligations

Transition paths between <requiress/<ensuress properties and
first /last state of the system (@, @)

The control flow graph starts always with a start node and finishes with a final node.
The start/final node has a successor /predecessor node respectively, which are annotated
with an invariant (in our case, the invariant is in both cases z < m, cmp. Fig. 4). Two
proof obligations must now ensure, that

e the «requiress properties entails the invariant of the first node (i.e., the successor
node of the start state) — see transition path (1)

e the «ensuress properties is entailed by the invariant of the last node (i.e., the
predecessor node of the final state) — see transition path (2)

In mathematical notation we have:
REQUIRES — INV tipst
INV 4t — ENSURES

Transitions paths between invariant nodes (3), @)

There are two nodes in the system that are annotated with an invariant (called the
first/last node, see above). Both nodes are connected by a direct transition in each
direction. In our case, these two transitions connect the two states directly and they
do not have any annotation (no condition, no assignment). However, annotations would
be allowed as well as a sequence of transitions to establish the connection between two
invariant nodes.

If two invariant nodes ni, ny are connected with a transition path t,...,t,, then
the proof obligation has to ensure that the invariant of ny is entailed by invariant of n;
followed by the execution of {t1;...;t,}

In mathematical notation we have:

INV ., — [{t1;.. 5t} INV,,
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Transitions paths between invariant node and <«onEnterings
property (®, ©)

There might be also a transition path ¢,...,¢, connecting an invariant node n; with a
long-running state no. The long-running state must be annotated with an <onEnterings
property. The proof obligation has to ensure that the «onEnterings property is entailed
by invariant of n; followed by the execution of {t;...;¢,}

In mathematical notation we have:

INV,, — [{t1;...;t,}JONENTERING,,

Note that this is the first proof obligation in our example, in which {t;;...;,} is not
an empty sequence since the transitions are really annotated with condition/assignment
(cmp. appendix A).

Relating <onEnterings and <«onLeavings properties for each long-
running state (@), ®)

For each long-running state n, there is a proof obligation that the «onLeavings property
is entailed by the given «onEnterings property and the differential equations including
the domain constraint attached to the long-running state. Proving this entailment might
be non-trivial and usually needs some additional help from the user.

Let’s consider node stopped for a rather simple example. We have to prove that
from the <onEnterings property v = 0 A z < m and the differential equation 2z’ =
v the <onLeavings property z < m follows. However, the value of variable z in the
<onLeavings property might be different from the value for z in the «onEnterings
property. Furthermore, we have to deal with the differential equation 2z’ = v, for which
our formalism for proof obligations (first-order logic) is not made for.

To cope with this problem, we introduce separate versions of the variables in the
<onLeavings> property and substitute the original variables with the new version. For
example, the «onLeavings property z < m become z,,; < m when we introduce z,,; for
z. In addition, we let the user formulate additional formulas to resolve the differential
equations attached to the long-running state. In case of state stopped, the user might
resolve 2/ = v t0 2oy = 2 + v x A, where A encodes the time the systems stays in the
long-running state stopped. Sometimes, it is important to know that A >= 0 holds.

For the long-running state stopped, we come up with the following proof obligations:
(V=0Az2<M)AzZou =2+ V* AN0<=A — 2,y <M

In mathematical notation we have:

(ONENTERING, N AXIOMS FOR_DIFFEQSN

DOMAIN CONSTRAINT, N DOMAIN CONSTRAINT ,[v < vou])
— ONLEAVING ,[v < Uput]

for all variables v that might change their value in state n. Note that f[v <— vu]
denotes the substitution of v by v, in f.
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Transitions paths between <onLeavings property and invariant
node ((®, (10))

If a long-running node n; is succeeded by a transition path t,...,t, going to an invariant
node no, we need a proof obligation showing that after leaving n; and executing the
transition path tq,...,%,, the invariant of n, is entailed.

In mathematical notation we have:

ONLEAVING,,, — [{t1;...:t,}]INV,,

3.2. Discarding the generated proof obligations using KeYmaera

We used KeYmaera version 3.6.17 to show the validity of generated proof obligations.

Our KeYmaera installation was 'pure’ in the sense that no background prover such as
Reduce, Z3, or Mathematica was configured.

K KeYmaera -- Prove

File View Proof Options About

Start Prune Proof Reuse

mm[H

[/ Inner Node

Tasks
@ pssvi1B8PaperAnnotated_ invPathd key - 5
.@' pssvi8PaperAnnotated__invPath4 key %
@ pssvi8PaperAnnotated  invPath4 key -
[ ] [Iv]

e BB L R L S S s s |

[v]

==>

VI
R v0, ep, m,
VI

. -

SB, v, z, Lt
0 A vD > 0
Z < m
> \[

SB =

Proof Search Strategy | Rules | i »
1 Proof r
Proof

ii Proof Tree
1:declare variable .
2:—rimply right t
3:Aland left
4-—rimply right : \I o
5:;compose :
6:5B ;= (m-ep *v0)
7:.compose

8:7z < SB

9:Update Simplification
10:;compose

111=0

12:Update Simplification
13v =v0

Hybrid Strategy r Goals

(m — ep
PZ < SB ;
=0 ;
v = v0

* vo)

D

z €« m — ep

m))

vl A Vv =v0 ALt =20

FA- S

Proof closed X

@

Property proved!
Statistics:
Nodes: 22
Branches: 1

lication:
e decl {

14:Update Simplification
15:close equality
16:close equality

17 simplify &true
18:simplify &true
19:replace_known_left
20:simplify true&
21:axiom_close

& 22-Closed goal

altr}

7| TUETT

| \endmodality post

1)

| \replacewith ( post )

| Vheuristics ( simplify )
1}

[4]

4]

ﬁy Strategy: Applied 21 rules (0.0 sec), closed 1 goal, 0 remaining

Fig. 5. Automatic proof of obligation using KeYmaera
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Nevertheless, all generated obligations except of one could be proven automatically
without any additional user interaction. Fig. 5 shows as a typical example the automatic
proof of the non-trivial obligation (5). The only proof obligation that could not be
discarded automatically was obligation (7), because the proof exploits transitivity of the
< relationship. Nonetheless, the prover PRINCESS [15] could prove also this obligation
fully automatically.

4. Related Work

According to the nature of CPSs, we can identify three main layers for their specification:
(1) transition automata with discrete jumps, (2) continuous dynamic calculations in each
state (what makes the system to be a hybrid system) and (3) safety properties which
are interesting for a user to check.

In this section we browse among some known techniques to verify such specifications
and describe issues one can face. We use a simple demo system with the velocity controller
and the simple goal z < m.

Firstly, the user’s goals about constant or unexpected behaviour can be easily trans-
formed into LTL(Linear Time Logic) formulas with temporal operators "always" and
"eventually". For example, if the property z < m is supposed to hold in all reachable
states during execution of the CPS, then we can express this as [z < m.

But after expressing the goals we will get a major issue when we try to describe the
behaviour model of a system: It is near to impossible to implement the continuous (or
at least close to continuous) dynamic behaviour in each state, even if we hard code the
mathematical expressions and solve it without loose of accuracy. The main problem here
is an explosion of the number of internal states and memory being used in a verifier to
express such a system.

According to the design of a well-known tool in Model Based Checking world, Spin’s
Promela language doesn’t include floating point arithmetic to the models, because the
purpose of the language is to encourage abstraction from the computational aspects and
focusing on the verification of process interaction [2|. So we need a more than integer-
based arithmetic and it cannot be done in most of the cases.

Next, we can move to tools that use rather complex automaton models, especially
timed automata. One great representative is Uppaal [4]. It offers construction of such
extended automata, check invariants and can verify properties expressed with modalities
(i.e. always predicate). For example, if we would like to test z < m during a particular
system run, we can check it dynamically by putting z < m as an invariant in desired states
or statically verify that goal by using a query with E[|(z < m). To describe the system
in the Uppaal, we should implicitly create the behaviour automaton. We can introduce
control variables and during transitions we can update them by calling our functions
that are being written in a code which almost looks like C. The creators of Uppaal made
a big step from ordinary discrete automaton — they introduce a SMC(Statistical Model
Checking) extension [6] that offers making controlled non-determined transitions, adds
double datatype to user’s code, adds floating-point clocks type (user can specify the delta
step for it in the settings) and they even target to model and verify hybrid systems by
introducing time based derivatives in the invariants.
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The main disadvantage of writing code for hybrid systems in Uppaal (as in some other
tools) is that we should program it almost implicitly using the offered language and it is
hard to write complicated ODESs or other types of mathematical models. Uppaal supports
time-based derivatives, we can use for checking invariants when staying in a state (as an
additional way to check the correctness of a mathematical model implementation, see
Figure 6).

g_driving

Fig. 6. Derivatives of an invariant on a Uppaal model

Lastly, we refer to the rich world of verification tools for C. Note, that a huge amount
of mathematical libraries has been written in C. The modular platform for static analysis
Frama-C [10] can prove a lot of types of C programs, it uses the deductive approach and
extends the Hoare logic to work with pointers, memory and various type conversions. The
floating point arithmetic is supported. They use a Weakest Precondition (WP) method
and the verification of the program in this case will consist of calculating the weakest
precondition from the end to the beginning of the function code and setting up the
problem of proving the reverse derivation to the theorem prover (an internal and some
externals interactive provers can be used). So, it is a very strict method and to prove
the function, all the precondition, post-conditions, changes the variables, loops, internal
function calls must be annotated in a special form (see the invariant with z < m on
Figure 7). The ISO-standardized language ACSL [1] is used.

To verify the hybrid system with Frama-C, the mathematical model for it should be
solved (by direct or numerical methods) and annotated in C (and annotations can occupy
huge places in a code). There is no explicit way to write it in the terms of mathematics.

A similar approach is pursuited by Ariadne [11], a framework implemented in C++.
The user can encode a CPS in form of a hybrid automaton including its requirements as
instances of C+-+ classes. More precisely, there are special classes for declaring states,
transitions and invariants of the modeled system. After defining the system, the user
can execute code to do reachability analysis and prove properties of the described
system, especially for safety verification. Ariadne allows parametric verification, which
exhaustively checks all possible values of the parameters and determines for which values
the component obeys the guarantees. For setting up physical formulas in a model, the
user has to use overloaded operations, which are not fully supported by the framework
yet. Also, a graphical system representation is not supported yet and enforces the user
to work with plain C+--code all time.
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0 /*8 requires z0 0 = 0
O requires z0 0 < m
O requires eps > 0:
O 0
O
0

-

requires vo 1 =
requires dt > 0;
ensures ‘\result < \old(m):

#
r

*/
double model (double z0 0, double v0 1, double m, double eps, double dt)
{

double SB = (double)d:

double z 0 = =z0 0;

double v = v0 1;

states g = g start:

double £t 0 = (double)d:

int weRun = 1:

/*8 loop invariant
loop invariant
loop invariant
loop invariant we
loop assigns z 0,

o MO
Hooo
[=]= =]
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=1 v weRun = 0;
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u
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while (t 0 <= eps)
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~

}
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t

L

a
a

Fig. 7. Annotations in the simple hybrid model in C

5. Conclusion and Future Work

In this paper, we discussed one of the biggest barrier of verification tools such as
KeYmaera to get widely acceptance in industry: They assume the user to be highly
trained in mathematical logic and to know in detail the system’s proof rules. In addition,
a particular problem of KeYmaera is the representation of a proof. The actual proof of
a system property can be saved by KeYmaera, but inspection of it by the user is very
hard, since the key ideas of a proof are cluttered by many other proof rule applications,
which are necessary to get a formal proof right.

Based on a simple but typical example, we illustrated our new approach to let the
user annotate key proof facts to the system description itself. As a result, there are much
more proof obligations to be proven by KeYmaera, but they are much simpler now and
require much less user interaction while the formality of the proof is preserved.

So far, we treated the illustrated example as a pen-and-pencil case study. The next
step will be to build a prototypical front-end tool, that allows the user to specify the
system graphical as shown in Fig. 3 and which will generate the proof obligations for
KeYmaera automatically.
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Generated Proof Obligations

For the running example of this paper introduced in Sect. 2. and for the additional proof contracts
formulated in Sect. 3. the following proof obligations were generated (in KeYmaera syntax). For the
numbering of each proof obligation (PO) the reader is referred to Sect. 3.1.

1.1. PO1

\problem {
\[ R vO, ep, m, SB, v, z, t ; \] (
z<mé&ep>0&v0 >0

->
z <
)
}

m
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1.2. PO 2

\problem {

\[ R v0O, ep, m, SB, v, z, t ; \] (
z <m

->

z <m

)

}

1.3. PO 3

\problem {

\[ R vO, ep, m, SB, v, z, t ; \] (
ep >0 & v0O >0

-> (

z <m

->

(z<m

)

)

}

1.4. PO 4

\problem {

\[ R v0, ep, m, SB, v, z, t ; \] (
ep >0 & vO > 0

> (

z <m

->

(z < m

)

)

}

1.5. PO5

\problem {
\[ R vO, ep, m, SB, v, z, t ; \] (
ep >0 & v0O >0

-> (

z <m

->\I[

SB :=m - ep * vO; 7 2z < S8B; t :=0; v :=v0
\]
(z<m-ep*xv0O&t=0&v=v0&z<m
)

)

}
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1.6. POG6
\problem {

\[ R v0, ep, m, SB, v, z, t ; \] (
ep >0 & v0O >0

-> (

z <nmn

->\[

SB :=m-ep *xv0; 27! z<SB; v :=0
\1

(v=0%&2z<m

)

)

}

1.7. PO7

For this proof obligation on node driving the user provided the additional formula
Zout = 2 FVxtdif f Ntoys =t +tdif f

\problem {

\[ R vO, ep, m, SB, v, z, t, z_out, t_out, tdiff ; \] (
ep >0 & v0O >0

-> (

(z<m-ep*xv0&v=v0&t=0&z<m&

(0 <= tdiff) &

(t <= ep) &

(t_out <= ep) &

(z_out = z + v * tdiff & t_out = t + tdiff)

->

z_out < m

)

)

}

1.8. POS8

For this proof obligation on node stopped the user provided the additional formula
Zout = 2 +vxtdif f

\problem {

\[ R vO, ep, m, SB, v, z, t, z_out, t_out, tdiff ; \] (
ep > 0 & vO > 0

-> (
(v=0&z<m&

(0 <= tdiff) &

(true) &

(true) &

(z_out = z + v * tdiff)
->

z_out <m

)

)

}
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1.9. PO9

\problem {

\[ R vO, ep, m, SB, v, z, t ; \] (
ep >0 & v0 >0

-> (

z <m

->

(z<m

)

)

}

1.10. PO 10

\problem {

\[ R vO, ep, m, SB, v, z, t ; \] (
ep >0 & v0O >0

-> (

z <m

->

(z<m

)

)

}

Baap T., CraposeroB C.M., " Viuporienue mporecca Bepudukaiinu Kubep-pu3nieckmx
CHCTEM C UCTIOJIb30BAHNEM TI0/IX0/1a ¢ Tpad oM IMOTOKa yipasjeHus B cpejacTse KeYmaera",
Modeauposanue u anarusd ungopmayuonnvr cucmem, 25:5 (2018), 465-480.

DOTI: 10.18255/1818-1015-2018-5-465-480

Awnnoramusi. KeYmaera siBisieTcss CpeJiCTBOM MHTEPAKTUBHOTO JOKA3ATEIbCTBA TEOPEM U UCITO/Th-
3yercs JJis IPOBepKH cBoiicTB 6e3onacuoctu kKubep-busndeckux cucreM (CPS). IIposepka Takux cBoiicTB
B MHTEPAKTUBHOM PEKMME MOXKET ObITh OCJIO?KHEHA, MOCKOJIbKY JI0KA3aTELCTBO OCYIIECTBIIAETCS C MC-
[TOJIb30BAHUEM KJIACCHYIECKOIO CEKBEHTHOI'O JIOTMYECKOIO UCUUCJIEHNs U YCIIEITHOE JI0KA3aTeHLCTBO TPe-
OyeT OT 1oJib30BaTe sl IIyOOKUX 3HAHUII O JOCTYIIHBIX [PaBUJIAX, UMEIOIIUXCSA B JIOTUKE NCUUCJIEHUSI.
FEie omauM npensitcTBreM Jitst IMIUPOKOro mpuMeHeHnst KeYmaera siBjisieTcst MpeiCTaBIeHNe TeKYIINX
1eJieil TOJIbKO B BHJIE TEKCTA, UTO IPEJINOJIATaeT XOPOIIYIO TOJATOTOBKY TOJIB30BATENs JJIs TOCTPOCHUST
YCIIEIITHBIX TI0KA3aTEBCTB. B 9T0it craThe MBI IIPeCTaB/IseM aJIbTEPHATUBHBIN METO/ BePUMPUKAIIAN [IJTsT
KeYmaera, koTopbiit 3HAYUTETHHO TOBBIMIAET YI00CTBO MCIOJIH30BAHUS U MUHUMHU3UPYET PabOTy MOTb-
zoBareseit. OCHOBHAs Ues 3aK/II09A€TCs B TOM, ITOOBI TIO3BOJIUTD MOJIH30BATEIO JI00ABIATH AHHOTAIIUH
B BUJIe MHBAPUAHTOB U KOHTPAKTOB K COCTOSIHUSIM IM'MOPU/IHOM IIporpaMMbl. B HaleM moixozie moab30Ba-
TeJIb MOXKET UCIIOJIb30BaTh I'PaGUIECKUil sI3bIK IIPEICTABIEHUs] MOJIEIUPYEMON CUCTEMBI, ITO TIO3BOJISIET
eMy He paboTaTb C YHCTO TEKCTOBBIM (DOPMATOM THOPUIHBIX ITPOCPAMM, SBJISIOMIMMCS BXOIHBIM JJIsT
cpeacrsa KeYmaera. Vcxons n3 mpenocTaBieHHBIX TOJIH30BATEEM KOHTPAKTOB, MOXKHO IIOJIy9aTh J0-
Ka3aTeJIbCTBa, KOTOPhIE TOPA3/0 IPOIIE, YeM HUCXOAHAs IeIb J0Ka3aTeabcTs B KeYmaera, u KOTOpbIe
MOI'yT ObITH 0OpabOTaHbI B OOJIBIIMHCTBE CJIyYaeB HOJHOCThIO aBroMaTudeckKu. Crarbs IyOIMKyeTCs B
ABTOPCKON PeJIaKIIUU.

Kuarouesbie ciioBa: kubep-dusudeckue cucreMbl, KeYmaera, KOHTPaKkThl, BepuuKalius, TaOpuIHbIE

CUCTEMbI, THTEPaKTHUBHbIC JJOKa3aTeJIn TeOpeM
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O meromax BepupuKaIuym 1 pa3padoTKu MporpamMm
Pa3BUTUA CEJIbCKOXO34MCTBEHHBIX TEPPUTOPHUil

Bera Buce X. JI., Muxaitios B. FO.

noayyvena 20 urwoan 2018

Awnnaoranumsi. B Hacrosiiiiee BpeMst IIOBCEMECTHBIMU CTAJIM METO/IbI IIPOrPAMMHO-IIEJIEBOTO YIIPaBJIe-
HUsI PA3BUTHEM PA3JIUIHBIX COIUAIBHO-9KOHOMUYIECKUX CUCTEM CJIOKHOM CTPYKTYPBI, HAIIPUMED, TAKUX
KaK TEPPUTOPUU CEJIbCKOXO3sIHCTBEHHOIO Ha3HadeHns. 1[09TOMy aKTya bHBIMA 3a/a9aMy SBJISIOTCS Be-
puduKanus yke CO3JAHHBIX IPOrPAMM Pa3BUTHSA U Pa3pabOTKa «IPABUIBHBIX» IIPOTPAMM PA3BUTHUS
TaKUX CHCTEM, II0 aHAJIOIUHU ¢ Bepudukanueit 1 pa3paboTKOil MPABUIBHBIX KOMIIBIOTEPHBIX IIPOTPAMM —
Pa3BUTBIMU JIUCIUILJINHAME B TEOPETUYECKOM IIPOrPaMMUPOBaHUK. B j1aHHO paboTe Jisi pelleHns 3a-
Jladu BepUpUKAIAN IPOI'PAMM Pa3BUTHS CEJIbCKOXO3CTBEHHBIX TEPPUTOPHI CHAYA A CTPOUTCS CTPYK-
TypHas CXeMa IPOrPAMMBI, IO KOTOPOH CO3/aeTCsd aKCHOMATUIECKAs TEOPHUsi, UCIIOJIb3YIONAs AIapaT
AJITOPUTMHUYECKUX JIOTHK Xoapa. OCHOBHO# MPOOJIEMOi TP TOCTPOEHUN aKCHOMATHIECKON TeOpHUn sIB-
JisieTcs pa3paboTKa aKCHOM TEOPUU, OTPAKAIOIIMX IPeycsoBusd U 3GMOEKTH BBITOIHEHNS COIepKa-
TeJIbHBIX JIEWCTBUI, yKa3aHHBIX B TEKCTE MPOrpaMMbl pa3BuTus. Bepudukaliius mporpaMMbl Pa3BUTHUSI
COOTBETCTBYET IIPOBEPKE JI0KA3yeMOCTU HEKOTOPOI TPOiiKu X0oapa, COOTBETCTBYIOIIEN HAYAJIBHBIM U IIe-
JIEBBIM YCJIOBHSAM mporpaMmbr. [ 3a1a4un pa3pabOTKU TPABUILHBIX IIPOIPAMM Pa3BUTHUS OIUCHIBAETCS
MEXaHU3M OCTPOEHUS MOJIEIU IIPEAMETHON 00JIACTH C UCIOJIH30BAHUEM SI3bIKOB OIMCAHUS MOJIEJIEi ce-
meiictBa PDDL. Onrcanne KOHKpETHON MOJIEJIN HMEeT YHCTO JIEKJIAPATHBHBINA XapaKTep U IIPeJICTaBIISeT
coboit Habop omnucaHuit IPeINKATOB U JIeHCTBUM BBIOpAHHOI TipeMeTHON obacTu. [lokaspiBaeTcs, Kak
Ha ONMCAHHON MOJIEJIN C IOMOIIbI0 MHTEJLUIEKTYAJBHBIX IIJIAHUPOBIIUKOB, BKJIOUas TEMIIOPAJIbHBIE 118~
auposiuky tuna OPTIC, aBromaTuaeckn cTpouTh pelieHust MeJeBbIX 3a/1ad nporpaMM passutus. Ha
OCHOBE KCIIEPTHBIX 3HAHUI M OTPACJIEBBIX CTAHIAPTOB IOCTPOEHA MOJIEb CEIbCKOXO3ANCTBEHHON Tep-
puTopun, KpaTkoe OnucaHue KOTopoit mpuBomuTcsa B pabore. IIpoBenennble SKCIIEpUMEHTHI MTOKA3AIN
3¢ HEKTUBHOCTD IIPEJJIAraeMOr0 IOAX0/1a K pa3paboTKe IPABUIBHBIX IIPOI'DAMM Pa3BUTHUS.

KurogyeBbie ciioBa: mporpaMmbl pa3BuTHsA, BepudHUKaIus IPOrpaMM Pa3BUTHs, pa3paboTKa IPABUIb-
HBIX MPOrPaMM Pa3BUTHUs, JIOTUKU Xoapa, a3blik PDDL, wHTe/IeKTya/bHbIE TIJIAHUPOBIIUKHA, MOJIE/H
CEJIbCKOXO3AUCTBEHHOA TePPUTOPUAN

Jas qurupoBanusi: Bera Buce X. JI., Muxaiiios B. FO., "O Mmeronax Bepudukanyuu u paspaboTKH MPOrpaMM Pa3BUTHUS
CeJIbCKOXO3ANCTBEHHBIX TeppuTopuil", Modeauposarue u anaaus uHPGopmayuorHur cucmem, 25:5 (2018), 481-490.
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BBenenue

Cpe/i MHOTOYUC/IEHHBIX 3HAYEHUN CJIOBA «IIPOTPpaMMay B TOJKOBBIX CJIOBapsSX PyCCKO-
ro A3bIKa BbLIEJsIIOTCA Tpu: (1) KpaTkoe cojepxKanue pabOThl WIN JesTeTbHOCTH (Ha-
puMep, IIPorpaMMa Iepeiad PaJIro WM TeJIeBUICHUs, MPOrpaMMa KOHIEPTa W T.II.);
(2) mwIaH JedaTeSbHOCTH, COBOKYIHOCTD JEHCTBUI U MEPONPHUATHI JJisi OCYIIECTBIICHHS
[IOCTABJIEHHBIX 11eJ1eil, (DOPMYITMPOBKA KOTOPBIX TAKKE YACTO SBJISIETCA IACTHIO ITPOrPAM-
MbI (HarpuMep, mporpamma naprtuu, nporpamma «500 JHeil», mporpamma yueOHOd juc-
UAIUIHBL); (3) mporpamma Jijis KOMIIbIOTepa, KOTopas HpejcTaBisier coboil 3aIich Ha
HEKOTOPOM (DOPMAJIBHOM sI3bIKE aJTOPUTMAa PEIIeHNs OIIPe/IeIEHHON0 MHOYKECTBA 3a/1ad.

[Tporpammbr passutus (ITP) Teppuropuii, ecrecTBEHHO, He SBJISIFOTCS IIPOIPAMMAMU
JIJI KOMIIBIOTEPOB, HO pa3pabaThbIBAIOTCA CTOJIb MOJAPOOHO, UTO 3HAYEHUE CJIOBA <IIPO-
rpamMMay B HUX COJICPZKHT sIBHBIC IPU3HAKU KaK 2-T0, TaK U 3-T'0 3HAYEHUI U3 BbIIIEYKa-
3aHHOTO cnucka. [losTomy mpejcraBisieTcss eCTeCTBEHHBIM IPUMEHSTH K UX BepudUKa-
IUU ¥ pa3pabOTKe COOTBETCTBYIOIINE METO/bI, PA3BUTHIE B TEOPETUIECKOM ITPOI'DAMMIU-
POBAHUU JIJIsI KOMITBIOTEPHBIX ITPOIPAMM.

B janmnoit pabore mpe iraraioTcs moJixo 1 K MPUMEHEHUTO IPOBEPKH JIOKA3YEMOCTHU TEO-
peM B OJiHO# u3 anzopummuneckur aozux Xoapa 1| nyist Bepudukauu [TP reppuropuit,
a TaKyKe OIHCaHWe MoJesu peamerHoit obsactu Ha s3pike PDDL (Planning Domain
Definition Language) [2] u ucnosb3oBanue nporpaMm memnopasbHulir NAGHUPOSULUKOSE
[3] mtst mostydenHnst mocsie10BATEIbHOCTH AEHCTBUIA, TO3BOIAIONIEN JTOCTHIb YKEJIAeMOT0
COCTOSIHUSI TEPPUTOPUM, HA OCHOBE KOTOPOI JIEFKO CTPOUTCH HEOOXOIMMAasd ITPaBUIbHA

IIP.

1. Bepudukamnga IIP

Jliobas 1P paccMmarpuBaeT TeppUTOPUIO KaK 00bEKT yIIpaBJIEeHUSA, KOTOPBINT HEOOXOIMMO
MePeBECTH U3 JJAHHOTO HAYAJBLHOTO COCTOSTHUS Sy B HEKOTOPOE IEJIeBOE COCTOSHUE Sy 3a
k meproioB BpemMeHu (MecsIeB, KBapTasos, Jjier). CocTosiHIe TepPUTOPUU MOJIETUPYETCsT
KOHEYHBIM CIUCKOM NapaMeTpoB P=<pi, ps, ... , pp>, HAIIpUMED, TAKUX KaK <«COJIEP-
xanne ocdopa B MOUBE», «CO/EPKAHNE a30Ta B MIOUYBE», «BJIAXKHOCTDb HOYBBIY», «IUCJIO
00pabaThIBAIONINX MEXAHU3MOBY, «00bEM UMEIOIMNXC (PMHAHCOBBIX PECYPCOB Ha Pa3BU-
THE» U T.II. BBIIEISIOTCS COCTOSTHUST TEPPUTOPUN, OTHOCSIIUECST K KOHILY OIPEICICHHOTO
BpeMenHoro nepuoja. CocrosHue Teppuropuu S; B KoHIie nepuoja t B [IP onmcbiBa-
ercs HabOOPOM JIEHCTBUTEIbHBIX YUCeS Py =< Dy, P2, .-+ Pin >, THE D1, Pi2y - - - > Pin —
KOHKDETHBIE 3HAYEeHUs TapaMeTPOB P1, P2, ... , Pp COOTBETCTBEHHO.

B kaxoit [IP ykassiBaeTcss HEKOTOpOe MHOKECTBO 6a30BbIX neiicTeuit E={eq, ...,
€5}, 4acTO Ha3bIBAeMble MEPOIPUATUSIME, BBIIIOJHEHIE KOTOPBIX B KayKJIblii IEpUOJT Bpe-
MEHU JIOJI?KHO ITPUBOJUTH K U3MEHEHUIO COCTOSTHUS TepPUTOpUN. Boimomnenus neificTBus
€; B pa3uble IepHUOoJIbl BPEMEHN MOT'YT OTJIMYATLCS JAPYT OT JAPYra UHTEHCUBHOCTHIO, KOTO-
past 3aBUCHUT, HAIIPUMED, OT BbIJIEJTEHHBIX (DUHAHCOBBIX CPEJICTB HA BHIIIOJTHEHUE JIAHHOTO
JleficTBrs B TOT WM WHOH nepuo Bpemenu. Onepatop e;(a, ag, ..., ax) 0003HAUAET
BBITIOJIHEHUE JIEWCTBUSA €; ¢ arpudyraMu ap, ag, ..., ag. B [IP Meponpustusa B 10001
MEPUOJT BpEMEHN MOTYT BBIOJHATHCA JINOO MOCJIETOBATEIHHO, JINOO MapasIebHO JIPYT
JPYTY.

Beesem moHsiTHE BBIIIOJIHUMOM MPOTrPaAMMBI.
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1) JIrwoboii orieparop e;(ay,as,. . . ,a;) ABJISIETCS BBITOJTHUMON TPOrPAMMOIi.

2) Eciu 71 1 Ty — BBIIOJTHAMBIE TPOTPAMMBIL, TO (71; o) U (71 || m2) TaKKe SBIISIOTCS
BBIIOTHUMBIME IIPOIPAMMAMU.

CopiepKaresibHO (71; o) O3HAYAET MOCJIEI0BATEIHHOE BbINOJHEHNE POIPAMM Ty U
7o, a (71 || m2) — napaJuiesibHOE BBINOJIHEHUE TIPOIPAMM T U To. Hampumep, BBIIOIHU-
mast iporpamma ((eq(aq)]|e2(az)); (es(as)||es(as)) cooTBETCTBYET MAPATIIETBHOMY BBIIOJ-
HEHUIO OIIepaToOpoB €1(a1) 1 e€3(ay), 38 KOTOPBIM [APAJIIETBHO BBIIOJHIIOTCS OIEPATOPHI
eg(ag) n e4(a4).

O630p MHOIOYHUC/ICHHBIX IPOIPAMM Pa3BUTHUS TEPPUTOPUI IIOKA3aJI, ITO CTPYKTYPY
Kazk 101t ITP TeppuTopuyu MOXKHO IIPEICTABUTD B BUJE CXEMBI S:

Py —7n(1) =Py - 7(2) - ... =Py = 7(t) =Py — ... =Py — 7(k) =Py,
rae vacrb Py — w(t) — P, coorBercTBYeT CTpPYKType BpeMeHHOro mepuoja i,
t =1, ..., k, P,y — cocroganue teppuropun B Hadaje nepuoja t, P, — cocroanme
TEPPUTOPUN B KOHIIE meprojia t, m(k) — BBIIOJHIMAsSI TIPOIPAMMA.

[Tox crienmcukarueit cocrogauus Py Oyaem moHnMarh ero onucaHue ¢; Ha HEKOTOPOM
dopmasinzoBannom s3bike L.

[Iycts ¢ Y — popmybl sa3bika L, a m — BBIMOTHUMAS TTPOTPAMMA.

Bynem roBoputh, 4ro crpasemiinBo yreepxKaenue {¢}r{y}, ecaun Beskuii pas, Korjaa
mepeJ1 BBITOJTHEHNEM T UCTHHHA (DOPMYJIa ¢, TTOC/Ie BBIIOJHEHUsT 9TOH TporpaMMbl Oy 1er
ucTuHHA HOpMyIIa 1.

Taxkum obpazom, mposepka npasuiabHoctu [IP Teppuropun 3akiovyaercd B IpoBepKe
cripasejyiuBocT yrBepxKuennit: {¢,_1}m(t){¢p:}, t=1,... k. A cupasejymBocTh yTBEp-
w®aenuit {¢p_1}m(t){¢:} Mbr OyjeMm moHMMATH Kak JOKA3yeMOCTb 9THX yTBEPKJCHUIT B
onpeesiennoit reopun T, coorBerctrBytorieii [IP u ocHoBanHOil Ha ompejiesieHHON aaro-
PATMHAYECKON JIOTHUKE.

B kauectBe #3bika cnerudukanmii j1a Teopun T BeiOepeMm hOpMyJIbI BUIA

p1 = 1&pe = ke &py 2 1y, (1)

TJI€e P1, ..., Py — IEPEMEHHbIE, COOTBETCTBYIOIIME [apaMeTpaM, a 11, Tg, ..., T, — HEKOTO-
pble apudMeTHIECKUe BbIPAYKEHHUSI.

[TpaBUILHO MOCTPOECHHBIMU BBIPAYKEHUAME TEOPHU T SIBJISIIOTCS BbIPAKEHUsT BUJIA
{p}m{1}, rie bopmynst ¢ u ¢ umeror Bug (1).

Akcromamu reopun T SIBIAIOTCS BbIparKeHUsT BH/Ia

{pin = x1& .. . &pim = T te(ay, ... ar)
{pil 2 1+ gl(al, Ce ,ak)& e &plm 2 Tm + gm(al, Ce ,ak)}, (2)

TIE Pils - - -, Pim — HEPEMEHHDIE, COOTBETCTBYIONINE APAMETPAM, L1, . . . , Ly, — IPOU3BOJIb-
HbIE 3HAUCHUS APAMETPOB Pi1, - - -, Pim » §5(a1, - . ., Q) — U3MEHEHHE IIApaMETPa p;;j IOCJIE
BBILIOJIHEHUS onieparopa e(ay, . . ., ax), j=1,...,m. 3amerum, 4T0 ecyiu Bce aTpubyThl Ole-
paropa e(ay, ..., ay) 3aJaHbL, TO KaXKI0€ ¢;(ai, ..., a;) eCTb HEKOTOPOe JeHCTBUTEIBHOE
quCII0 (MOJIOXKUTETHHOE UM OTPUIIATEIBHOE).
AKCHOMBI JTMHEHHOIO MOPSJIKa TaK¥Ke ABJSIOTCA akcuoMamu Teopun T.
[IpaBusia BeIBOsIA Teopun T.
- {ohr{e}, (6 — 1) - {6}()
M2 - {ohr{v}, (v = 6) F {1hr{)
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13 : {g}mi{v}, {v}me{eo} = {@} (m1; ma) {2}
4 : {p}mi{in}, {o}ma{tha} b {o}(my || m2){tn&eba}

31ech CUMBOJT «—» 03HAYAeT UMILIMKAIMIO, CHMBOJI «F» - JIOTMYECKYIO BHIBOJUMOCTD,
CHMBOJI «&;» — onepanuto HaJl dhopmynamu Bujaa (1), BEIYUCISIEMYIO [0 IPABUILY: €CJII
Pi = G; BXOTUT B ¢ , p; = b; BXOIUT B 1)y , p; > ¢; BXOJUT B Py , TO p; = a;+(bi—a;)+(ci—a;)
BXOJIUT B (pOPMYILY wl&(—;wg.

Hukaxne rue 1oadbopMyiIsl B dhopmyry ¢ & 1)y He BXOTAT.

¢
METHUM, 9TO B CXEM nennUKanIuAMu COCTOAHMI Py apisioTes MYJIBI BY,
BameTnM, 9TO B CXeMe S CIie a COCTO P oTcsa o a

(1), B KOTOPBIX BCE BBIDAXKEHUS T'1,T3, ..., Ty — JEHCTBUTEIbHbIE YUCJIA, U B BBIIOJHU-
MBIX [IporpaMMax m(t) arpubyThl BCEX BXOJAININX B HUX ONEPATOPOB 3aJaHbl. He TpyIHOo
[OKa3aTh, YTO 3aJ1a9a Olpe/eJieHns Jokasyemoctu Tpoek {¢y 1 ym(t){¢:}, t=1,... k, B

Teopun T gBiisgercsa 3pOEKTUBHO Pa3pernMOi.

OTrmMmeTnM, 9TO TIOCTPOEHNME MHOYKECTBA aKCHOM Teopun T SBJIsIeTcst caMbIM COJIepKa-
TEJIbHBIM U TPYA0EMKIM TAIIOM TOCTPOEHUS Teopuu T', co3/1aBaeMoil /1J1sl TPOBEPKH ITpa-
suwibHOCTH [IP. OveBuHO, 9TO OHU JOJIZKHBI OTPAXKATh MHEHUs SKCIIEPTOB 110 PA3BUTHUIO
TEPPUTOPUIA, COIVIACOBBIBATHCS C JIAHHBIMHU CTATUCTHKU U COOTBETCTBOBATDH OIIPEJIECJICH-
HOI MeTOJI0JIOrnU 0OPabOTKU PECypPCOB It YCTONYUBOIO TEPPUTOPUAIHLHOTO Pa3BUTHUS

[4]-

2. Pazpaborka IIP

st paspaborku TP ¢/x Teppuropun namu npejyiaraercst Ha s3bike PDDL co3paBath
MOOEAD ITOM TEPPUTOPHH, COCTOSIIYIO U3 HAbOpa MPEIUKATOB U JICHCTBHIT, COOTBETCTBY-
IOIUX OIPEIeIEHHBIM CcII0cobaM 0OPabOTKU PA3JIMIHBIX PECYPCOB TEPPUTOPHUATHLHOTO
pa3BUTUA, U UCIIOJIb30BaTh IJIA HOCTpOGHHOﬁ MOZeJ/In aJITOPUTMbI «MHTECJIJICKTYaJIbHOI'O
IJIAHUPOBAHULAY, T.€. &JITOPUTMBI ITOUCKA IMOCJEIOBATEILHOCTE NEHCTBUI, peam3anud
KOTOPBIX IIEPEBENIET HAYATBLHOE COCTOSTHIE TEPPUTOPUN B IIEJIEBOE.

2.1. 43wk PDDL (Planning Domain Definition Language)

fAzpik PDDL [5] — s3bIk ommcanus obacteil  3a/ad IUIAHNPOBAHMUS, MOSBUBIINICA B
OTBeT Ha IOTPEOHOCTH B €JMHOM, YHUBEPCAJIBLHOM JIJIS BCEX IIJIAHUPOBIINKOB g3bIKe. Oc-
HOBHYIO CTPYKTYpY u cuaTakcuc PDDL ynacienoBas or 0HOrO U3 CBOUX IIpe/IIIECTBEH-
ko — sa3bika STRIPS (Stanford Research Institute Problem Solver) [6], koTopsiit 6611
CO3JIaH I PeIleHrs KOHKPEeTHO# 3aJadn ynpasjenusd podborom. Aspik PDDL mocur
OIUCATEJILHBII XapaKTep, He COJACPKHUT aJrOPUTMOB KaK TaKOBBIX W IIpeJjlaracT CTaH-
JlapT IPEeJICTaBIeHNs KOMIIAKTHBIX U IIPOCTBIX Mojeseil aid cruenudukanum obaacteil n
3a/1a9 IJTaHIPOBAHUSL.

2.2. Omnucanne moaeau B8 PDDL

Mogens 8 PDDL Bcerna mpejicrasiisiercs B AByX daitnax: daitn gomena u daiia mpo-
ostembr. Daitn JoMeHa COIEPKUT OMUCAHUE TTPEIMETHON 00/IACTH B TIEJIOM: OITUCAHUS TH-
OB CYIIECTBYIOMNX 00BEKTOB, OMUCAHMsT KOHCTAHT, ONUCAHUS TIPEINKATOB (CBOHCTB) U
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olnmcaHus JAefiCcTBUI, NCIIOJIB3yEeMbIX B JJaHHOI 00/1acTh. Pait1 mpodJIeMbl COJIEPKUT KOH-
KPETHYIO ITOCTAHOBKY 3a/lavu IJIAHMPOBAHMUS: OIMCaHNe KOHKPETHBIX B3alMOJIEHCTBYIO-
mux OOBbEKTOB, HaYaJbHOE U IeJIeBOe COCTOAHUS MojeaupyeMmoit cucrembl. OTaesnenne
OIMCaHUs JIOMEHa OT OIUCAHUsI IPOOJEMBI ITO3BOJIIET HCIIOJIb30BaTh MOIEIb OIHOTO U
TOIO K€ JIOMeHa MHOI'UMH I10JIb30BATE/IIMI B PEIIEHNN CBOUX 3a/a4 Pa3spabOTKU ILJIAHOB
pa3BUTHSI.

Qaiis1 JoMeHa COJIEPKUT BCE BO3MOYKHBIE TPEJUKATHI U JIEHCTBUs, KOTOPhIE HYXKHBI
JIJIsT OIuCaHust cucTeMbl. [IpeuKkaThl OnnChIBalOTCS B CTaHIaPTHON Ha3bIBaloIeil popme,
rje MocJjie Ha3BaHUs IPeInKaTa IIePEeYUCISIOTCA €ero apIyYMEHThI C YKa3aHUEM UX THUIIOB.
[Tocne ommcanns npegukaTroB B paiiie goMeHa UaeT OJIOK ommcanus geiicTuii. Ommca-
Hue KaXkKJI0TO W3 JeUCTBHUII COCTOUT M3 TPEX OCHOBHBIX YacTell: ImapaMeTpbl AelCTBHSI,
[IpE/LyCJIOBUE BBITIOJIHEHU JeficTBUus 1 3 eKT BhIoiHeHns JeiicTBus. [lapameTpsr co-
Jep2KaT JIOKaJbHbIE UMEHA IIEPEMEHHBIX C YKa3aHUEM UX TUIIOB; IIPEJIYCA0BUE COTEPIKUT
BbIpazK€HHE U3 IIPEANKATOB U JIOTUYECKHUX CBA30OK MU JJOJIZKHO 6bITb HUCTHUHHDBIM, LITO6bI
JieiicTBre OBLIO BBITIOJIHUMO; 3(DEKT COEPKUT NPEIMKATHI, COSJIMHEHHBIE CBA3KOM «U»,
KOTOPbIE CTaHYT UCTUHHBIMU ITOCJI€ BBLIITOJITHECHUA ﬂ@ﬁCTBI/IH.

Heobxoumo ormeruTsh, uro PDDL mocTogHHO 9BOJIIOIIMOHUPYET, PACIIUPsAS CBOU BbI-
pa3uTe/IbHbIE CPEJICTBA ONucaHus Mojeseii. B HacTosiIee BpeMs CyIIecTBYET JIOBOJIHLHO
0O0JIBbITIOE KOJIMIECTBO ILJIAHUPOBIIUKOB, KOTOPhIE CIIOCOOHBI MHTEPIPETUPOBATH MOJIEIH,
oupenenenubie B PDDL. Cpean vux moxkuo Bbiaenntsb SGPlan, TFD, LPD, VHPOP,
HSP, CTP, POPF, OPTIC, COLIN, FastDownward [7,8,9]. [ljis1 Hamux 1esieii caMbinm
YIAOOHBIM ¥ TIPOM3BOJUTEIBHBIM OKasaJicsi Temropasbhblii mianuposimk OPTIC [10],
paspaboTanHbIil 1ist pacimpenus s3bika PDDL2.1 [11], Ha KOTOPOM MBI 1 TPOU3BO I
9KCIEPUMEHTBI C MOJIEISIMU.

[IpuBesiem hopmaT omucanus MPOCTOro U TeMropaJjbHoro jeiicteuit 8 PDDL2.1 co-
OTBETCTBEHHO.
(:action <mms jeficTBus >
:parameters ( <CIHCOK IapaMeTpoB JefcTBus > )
:precondition (and ( <ycyoBue> ) ) /* ycjoBue, KOTOpOE JIOJXKHO BBIIOTHITHCS

[IpU 3allyCKe JeficTBud
-effect (and ( <mpemukar> ) ... )
) /* kower jeficTBus
(:durative-action <wmms geifcTBus >
:parameters ( < CIHCOK MapaMeTpoB JeHCTBHs > )
:duration ( <IpOJOZKUTETBHOCTD JeiicTBISA > )
:condition (and (at start ( <yciome> ) ) /* ycioBue, KOTOpO€ JOJZKHO BBIIOJIHATHCS
IIpU 3allyCKe IeficTBud
(over all ( <ycaoBue> ) ) /* yciioBue, KOTOPOE JOJIZKHO BBIIOJIHATHCS
BO BpeMsl UCIOJIHEHUST JIeHCTBUS
(at end ( <ycioBme> ) ) /* ycioBue, KOTOpOE JOJXKHO BBIITOTHATHCS
B KOHIIE MCIIOJTHEHST JIeHCTBUST
) /* KoHery ycsioBuii
-effect (and (at start ( <upemukar> ) ) ...
(at end ( <mpemuxar> ) )

) /* xoner ahderTonB
) /* Kowmer meficTBIs
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asee, B KagecTBe MIPOCTOrO IpUMeEPA PUBEIEM (DPATMEHT SKCIIEPUMEHTATBHON MO-
Jiesi paboOThI CETLCKOXO3ANCTBEHHON (hepMBI.

(:action to-applyFertilizer
:parameters (7f - fertilizer 7p - plot)
:precondition (and (it-has THE-FARM 7f) )
-effect (and
( when (it-has ?f nutrient-P) (it-has ?p nutrient-P) )
( when (it-has 7f nutrient-N) (it-has ?p nutrient-N) )
( when (it-has 7f nutrient-K) (it-has ?p nutrient-K) )
(not (it-has THE-FARM 7f))
)
) /* Komery meficTBUs
(:durative-action to-sowPlot
:parameters (7p - plot 7c - crop ?s - seed)
:duration (= ?duration (time-to-sow-crop 7c) )
:condition (and
(at start (plot-isUnsown 7p) )
(at start (it-has THE-FARM 7s) )
(at start (it-for ?s ?c) )
(at start (it-has ?p plHumidity) )
(at start (seed-forCrop 7s ?c) )
(at start (it-has ?p nutrient-P) )
(at start (it-has ?p nutrient-N) )
(at start (it-has ?p nutrient-K) )
(over all (not (it-has ?p plSalinity) ) )
(over all (not (it-has ?p plHeavyMetals) ) )
(over all (not (it-has 7p plOil) ) )
)
-effect (and
(at end (plot-isSown 7p) )
(at end (not (plot-isUnsown 7p) ) )
(at end (plot-isSownWithCrop ?p 7c 7s) )
(at end (not (it-has THE-FARM 7s)) )
(at end (increase (total-elapsed-time) ?duration))

)

) /* Kowmer geficTBus

B neiicrBun «to-applyFertilizers ucrnonbsyercst npemukar «(it-has 7x 7y)», KoTopsrit
He OrPaHMYUBAECT THUII €r0 11apaMeTPOB H II03BOJISIET YTBEPXKIATh, YTO «?X UMEET y».
B npesyciosun sroro geiicrBus Beipakenue «(and (it-has THE-FARM ?f))» osmauaer,
9TO JeficTBIE MOXKET OBITh BBITIOJHEHO, TOJIBKO ecyin Ha 00bekTe « THE-FARM» (dbepma)
nmeercst yiobpenne «?f». B adbdekrax meiicteust Boipaxkenue «(when (it-has ?f nutrient-
P) (it-has ?p nutrient-P))» oznavaer, uro eciu yjobpenue «?f> comepKuT murarebHOe
BemecTBo «nutrient-P» (dbocdop), To yuactok «?p» Gyler colepKarb 3T0 MUTATETHLHOE
BEIECTBO (TO YK€ caMoe C MUTaTeIbHBIMI BemecTBamMu «nutrient-N» (aszor) n «nutrient-
K» (xammit)).
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HeiicrBue «to-sowPloty siBisiercst remmopasibubiM («durative-actions ) u Tpebyer yka-
3aHUs MTPOJIOJIKUTETHHOCTU €r0 BBITIOJTHEHUSI, UCIIOIb3YsI B 9TOM CIydae MPOCTYIO TUC-
JIeHHYT0 (hyHKIHUIO «time-to-sow-crop 7c¢», KoTopasi 03HadaeT, Kak JOJINO JJINTCS MPO-
[eCC MOCeBa KYJIBTYPhI «7C». DTO JIefiCTBHE BBINOJHSIETCs, ecii B Hadale («at starts)
y4acTOK «?p» He 3acesH, Ha (pepMe eCcThb ceMeHa THUIla «!S», YIACTOK UMeeT HeOOXOJH-
MYIO BJIAJKHOCTb, CEMEHa THUIIa «7S» MpeJIHA3HAYEHBI JIJIs KyJIbTUBUpOBaHust «C» («it-for
7s 7c»), W eCM MOUBA yUaCTKa COJEPKUT HEOOXOIMMBIE MUTATEIbHBIE BemecTBa «Py,
«N» 1 «K», HO He comep:KuT 3arpsi3usifonne BerecTBa «plSalinity», «plHeavyMetals»
u «plOil» nmocrosiuHo («over ally). B pesynbrare 3aBeprienns jnefictsust («at ends) yda-
CcTOK «?p» Oymer 3acaxkeHn cemenamu tuna «’s», a B « THE-FARM» 0Gosibiite He Oymer
CeMsIH Takoro tura. B KoHre jeficTBust 3nadenne Beipakenus «(increase (total-elapsed-
time) ?duration)», paBHOe IIPOJOJZKUTEILHOCTH BBINOJHEHUS JefCTBUs, T06aBIIsIeTcs K
qHUCcJeHHOMY 3HadeHuio (yHKiun <«total-elapsed-time», Koropasi KoHTposmpyer obiee
BpeMs BBIIOJIHEHUA [EJEBON ITOCIIEI0OBATEIbBHOCTU JEHCTBUAN.

OTrmeTuM ompejiesIeHHOe CXOACTBO phopMmaTta omucanus Jeiicteuit B PDDL n Buja ak-
cuoMm B Teopun T, cTposineiics /it KOHKPETHOI ITporpaMMbl pa3BUTHs TIPU ee BepuduKa-
1. C MOMOIIBIO ONMUCAHHBIX KOHCTPYKIWil s3bika PDDL2.1 nam yiaaiocs pazpadborarsb
MOJIE/Tb PA3BUTHsI C/X TEPPUTOPUIl, KPATKO OIHUCAHHYIO HUKE.

C ToukmM 3peHus aJrOpUTMOB IIaHUpOBaHUsA B craHgapTHOM PDDL moctymnubr 1Ba
BWJIa TIOWCKA PEIeHNs: OT Ha9aJIbHOTO COCTOSTHUSA B TIeJIeBOe U U3 IeJIeBOTr0 B HAYAIBHOE.
B nepBoMm cirydae, eciin eCTh HECKOJIBKO CIIOCOOOB JIOCTUYb TeJTH, OY/IET BbIJIaH KpaTdaii-
Uil 0 yCTAHOBJIEHHOI MeTPHKe (eCjI He OTOBOPEHO — MO KOJIMYECTBY JCHCTBHI) My Th.
Bropoit Bu oncka (o6parusiii, backward search) mocrynen 8 PDDL B cuity crpykTyphi
CaMoro si3blKa, a UMEHHO — ero jeiicrBuii. [Tpsavoit monck (forward search) obpabarbiBaer
JIeCTBUSI B YKa3aHHOM TMOpsijike (CHAYaJa MpejycjioBre, 3aTeM IpuMeHsiercs 3¢ dekr),
B TO BpeMs Kak oOpaTHbIil Kak Obl MeHdAeT 3(DMEKT U MPEyCIOBHE MECTaMU.

2.3. Mogeau pa3BuTus CeJIbCKOX03CTBEHHBIX TEPPUTOPUit

eficTBytomas Kiaaccudukaiud 3emeabHoro dounjga PO mpegycmarpuBaeT BblJe/IeHAe
CJIEJIYIONIUX KaTeropuii mpurojHocTu 3eMesib [12|: I — 3emim, npuroabie mojy MaIiHIo;
IT — 3emutn, IpUroIHBIE IPEUMYIIECTBEHHO 1101 ceHOKOChI; I11 — 3eMut rmacTOuIHbie, 1mMo-
cJ1e YJIyUIIeHnsT MOT'YT ObITh IIPHUTOIHBI IO/ APYTHE CeTbCKOX03siCTBEHHBIE yroubs; [V —
3eMJIM, ITPUTOJIHBIE TIOJI CEJIbCKOXO3AICTBEHHBIE YIOIbs MOCIE KOPEHHBIX MeJIMOPAIIU;
V — 3eMi1H, MaJIOIIPUTO/THBIE TIOJT CEJILCKOXO3AMCTBEHHbIE YTo/Ibd; VI — 3eMiin, HETpUTro -
HBbIE TI0JI CeTbCKOXO3sIicTBeHHbIe yrombs; VII — Hapymenasie 3emu. OCHOBaHUEM T
BBIJIeJICHUS KATErOPHUil IMPUTOHOCTU SBJIAETCA KAadeCTBEHHOE COCTOSIHUE 3eMejb U BO3-
MOYKHOCTb UX MCIIOJIb30BaHUSA I10JI OCHOBHBIE CEJIbCKOXO3AMCTBEHHBIE YIOAbsd. B oT/ie/1b-
HBIX CJIYYasdX B 3aBUCHMOCTH OT SKOHOMHUYECKUX U JPYIuX (haKTOPOB CYyIIECTBYIOIIEe
UCIIOJIb30BaHUE 3eMejb MOXKET He COOTBETCTBOBATH MX HaMedeHHON mpuromHoctu. Ha-
[IPUMED, 3€MJIU, IIPUTOJHbIE O] MAITHIO, €CJIU OHU PACIIOJIOXKEHbI BOJIM3U HACETEHHBIX
MIYHKTOB WJIH YKIBOTHOBOTIECKUX KOMILJIEKCOB, MOT'YT UCIIOJIb30BATHCH JIJIsI TIOCA KU MHO-
TOJIETHUX T1JI0JIOBBIX HACAXKJIEHWI WU CO3/IaHUA JIOJTOJETHUX KYJIbTYPHBIX CEHOKOCOB 1
IACTOMIIL.

MpbI KpaTKo oxXapaKTepu3yeM MO/Ie/Ib PA3BUTHA TEPPUTOPUIL MEPBLIX Tpex Tumos. K
pa3paboTKe aJIeKBATHOW MOJIe/IN ITPUBJIEKAJIUCH SKCIEPTHI 110 CEJILCKOMY XO3dWCTBY U
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TEPPUTOPUAJBHOMY Pa3BUTHUIO U YUUTHIBAJIUCh OTPACJEBble CTaHJAPThl MUHUCTEPCTBA
cesbekoro xozsiicrea PO OCT 10 294-2002 - OCT 10 297-2002. Huxxe OyeMm cauTarh,
9TOo uccjeayemMad HaMu C/X TEPppUTOPUA COCTOUT U3 OTAEJIbHBIX YYIaCTKOB.

Omnuriiem coziepzkanue gating domena mogenn «C/X TeppuTOpHs».

[TapameTps! 1 IpeIMKATHL:

1) Dkostorndeckue HaKTOPHI yuIacTKa, HEOOXOMMBbIE JIJIsT HOPMAJIBLHOTO POCTA U Pa3-
BUTHUs pacTenuii, popMupoBaHus ypoxKad U €ro KadecTBa, HEJONYIIEeHUS JIerpajialiun
3eMeJib (3aKUCJIeHUe, 3aCOJIeHne, MepeyIIoOTHeHe, 5po3ust, AedJIsiysi, UCTOeHne 3a-
MaCOB OPTraHUYIECKOI'0 BEIIECTBA U JIOCTYIHBIX JIJI PACTEHUN MUTATEILHBIX 9JIEMEHTOB,
3arpsi3HeHNe BPEJIHBIME BEIIeCTBAMUI U T.JI.).

2) @akTOphl yIACTKA, YI0BJIETBOPSIOINIIE TIOTPEOHOCTH CETLCKOXO3HCTBEHHBIX KYJIb-
TYp € yUeTOM UX OHOJIOTHIecKIX ocobeHHocTell B muTaTeababix saementax (N, P, K| Ca,
Mg, S, MUKDPO3JIEMEHTHI ), BOJIE, BO3LyXe, Terlie, PUTOCAHUTAPHBIX U SKOJIOTO-TOKCHKOJIOT U~
YEeCKUX yCJIOBUM.

3) BobIcOKOIIPO/IyKTUBHBIE, JIAITHPOBAHHBIE K MECTHBIM YCJIOBUSIM cOpTa (THOPU/IHI)

C/X KyJbTYP.

HeiicTBus:

I'pynna deticmeut 1: OcyinecTBIeHNe arPOTEXHUIECCKUX, AalPOXUMUIIECCKUX, METOPa-
TUBHBIX, (DUTOCAHUTAPHBIX, IIPOTUBOIPO3UOHHBIX U MHBIX MEPOIPUATHI 110 00ECTIeIEHIIO
ILJTOJTOPOIHST TTOUB;

[TpeyciioBust: onpe/ie/ieHHbIE TIOTPEGHOCTH C/X yIACTKA B MUHEPAJILHBIX YI00PEH-
X, XUMHIECKIX MEeJIHOPAHTaX, MEeCTUINIaX U JPYIUX arpOXMMHUKATaX, OPraHUmIeCKIX
yA00peHusIX, 00OPY/IOBAHUHN W MAIlTHHAX.

P deKThI: MOBBINIEHNE TLIOOPO/IASA TOUBDI.

Ipynna deticmeuti 2: Meponpus st 110 peabUIUTAIINN 3eMeTh CeTbCKOX03sIHCTBeHHO-
IO Ha3HAYEHU, 3aTrPI3HEHHBIX TSKETBIMU METAJLIAMU, TECTUTIAIAMEI, PAIMOAKTHBHBIMI
BEIECTBAMU ¥ JIPYTUMU TOKCUKAHTAMU;

[TpeyciioBust: 3arpsi3HEHHOCTD C/X y4YaCTKa, HAJUINE COOTBETCTBYIOIIErO 060PYIO0-
BaHUM W MalllWH;

DddeKThI: HOpMAIU3AIUA IKOJOTTIECKOTO COCTOSHUS TTOYBHI.

Ipynna deticmeutd 3: Mepoupusitus 10 ONTHMAJBLHOMY Pa3MEIEHUI0 MOCEBOB C/X
KYJIBTYD, (DOPMUPOBAHUIO CEBOOOOPOTHBIX MACCHBOB, BBIIBJICHHIO MaJIOIPO/LyKTHBHBIX
3eMeJib, TpaHcOpMaIuy TAITHE B MEHee WHTEHCUBHBIC BUJIBI YOI

Ipynna deticmeuii 4: Texuosiorndeckne jIeiicTBUS BO3/IEIBIBAHNS CEJILCKOXO3SIICTBEH-
HBIX KYJIbTYP C YYE€TOM CKJIaJbIBAIOIINXCS ITOTOHBIX U XO3SHCTBEHHO-9KOHOMUYECKNX
yCJIOBUI, MIUHEPAJIHLHOTO MUTAHUS PACTEHU, (PUTOCAHUTAPHOTO OOCJIE/IOBAHNS [TOCEBOB,
3aI1aCOB IPOJAYKTUBHON BJIarW M IIOTHOCTHU IIOYBBI B IIEPUOJ, BETeTAIllNU PACTCHUM.

Db deKThI: TOBBINIEHNE KAYeCTBA U yPOXKANHOCTH KYJIBTYD, COKPAICHNE 3aTPaT Ha
X IIPOU3BOJICTBO, IIPEIOTBPallleHNe 3arPsI3HEHUSI OKPYZKAIOIIeil cpe/ibl CpeJICTBaMU XU-
MU3AIIN.

Omnucanue gatina npobaemor Mojesu «C/X TeppUTOPUST».
3/ech ommchIBaeTCsT HAOOP 3€METbHBIX YIaCTKOB, COCTABJISIONINX TEPPUTOPHIO, U UX
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Ha4daJIbHbIEe XapPaKTEPUCTUKHU, BKJ/IIOYAlOIUe COCTaB IIOYB, 6.HI/I3OCTb PBIHKOB, 6JTI/I3OCTb
UCTOYHUKOB YUCTON BOABI U JIP.

Kpome sToro, B 9T0M daiiie yKasbBAIOTCS MeIeBble MOKA3aTeN PA3BUTHST TEPPUTO-
pu:

1) Viyurienue kauecrBa y4acTKOB.

3/1ech Ka4ecTBO y9IacTKa — 9TO KOMILJIEKCHASI XaPAKTEPUCTUKA, YIACTKA T10 YPOBHIO €10
ILJIOJIOPOJIUST U TIPOU3BOUTEILHON CIIOCOOHOCTH, BBIYHC/IsieMasi Ha OCHOBE CTaHIAPTHBIX
XapaKTEePHUCTUK 3eMJIH (TPaHyJTOMETPUIECKUIl COCTaB, pO3Usl, 3aCOJI€HNe, U30BITOTHOE
YBJIa’KHEHUE, KAMEHUCTOCTD U T.11.).

2) Ilnanupyemasi SKOHOMIYECKasi BBINOJIA C/X TPOU3BOJICTBA HA JAHHON TePPUTOPUHL.

Harmm skcrepuMeHTsI ¢ ToCTpoeHHo Mojiebio «C /X TeppUTOpUsT» U UCIIOJIB30BAH-
em wiranuposimuka OPTIC, pazpadorannoro B King’s College London, nokazau ycmeri-
HOCTh TIPUMEHEHHUsI OIMCAHHOTO Mojxo/a K co3aanuio [P kak mjist ¢/x kommanuii, Tak u
JUIS ClIenuPUYIeCKUX TePPUTOPUATHLHO-IKOHOMUIECKUX KJIACTEPOB.
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Abstract. Nowadays, the methods of program-targeted management for the development of var-
ious socio-economic systems of complex structure, such as agricultural areas, have become universal.
Therefore, the current tasks at hand are the verification of already created development programs and
the development of ”proper” programs for the development of such systems, by analogy with the ver-
ification and development of proper computer programs through developed disciplines in theoretical
programming. In this paper, in order to solve the problem of verification of development programs for
agricultural territories, a structural scheme of the program is first constructed, through which the ax-
iomatic theory is created, using Hoare’s algorithmic logic system. The main problem in the construction
of the axiomatic theory is the development of the axioms of the theory reflecting the preconditions and
effects of the implementation of meaningful actions indicated in the text of the development program.
The verification of the development program corresponds to the probability of some Hoare triplet, ac-
cording to the initial and target conditions of the program. For the task of elaboration of the right
development programs, the mechanism for constructing a domain model using the PDDL family de-
scription languages is described. The description of a specific model is purely declarative in nature and
consists of descriptions of predicates and actions of the chosen subject area. In this paper, it is shown
how on the described model with the help of intelligent planners, including temporal planners such as
OPTIC, solutions to the targets of development programs can be automatically built. Based on expert
knowledge and activity standards, a model of an agricultural territory is constructed, a brief description
of which is given in the work. The conducted experiments showed the effectiveness of the proposed
approach for the development of proper development programs.

Keywords: development programs, verification of development programs, development of proper
development programs, Hoare’s logic, PDDL language, intelligent planners, model of agricultural terri-
tories
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ABromarm3anmg Bepudukanym C-mmporpaMm
C MCII0JIb30BaHUEM CAMBOJJIMYECKOT0 METO/IA
9JIMMHUHAIAY MHBAPUAHTOB ITUKJIOB

Konaparses 1. A.', Mapbsicos U. B., Henomuasmmii B. A.

noaywena 10 cenmasaodps 2018

Awnnoranus. [lpu gegykTuBHON BepruduKaIy TPOrpaMM, HAITMCAHHBIX HA NMIIEPATUBHBIX SI3BIKAX
[IPOrPaMMUPOBaHMs, OCOOYIO CJIOXKHOCTH BBI3BIBAET IOPOXKJIEHUE U JIOKA3aTe/IbCTBO YCIOBHUIl KOPPEKT-
HOCTH, COOTBETCTBYIOIIUX ITUKJIAM, IIOCKOJbKY KaXKJbIl U3 HUX JIOJ2KEH OBITH CHAOKEH MHBAPUAHTOM,
ITOCTPOEHNE KOTOPOTI'O JaCTO sIBJISE€TCS HETPUBUAIBHOM 3a1a4eil. MeToapl ciHTe3a MHBAPUAHTOB ITUKJIOB,
KaK [IPABUJIO, HOCAT IBPUCTUYECKUIT XapAKTep, 9TO 3aTPY/IHIET UX IPUMeHEHHe. AJIBTePHATHBON sIBJIsI-
€TCsI CHMBOJIMYECKHIT METOJT SJIMMUHAIINN WHBAPUAHTOB IUKJIOB, IpeioykeHubiit B.A. Henomusimum B
2005 romy. Ero wmuesi cocrouT B IpeJ/CTaB/I€HUU Teja [UKJIA B BHJE CIEIUAJBHON OepaIiy 3aMEeHbBI
[IpY BBINIOJIHEHUU OIPEIEIEHHBIX OrpaHuveHuil. Takas omeparust B CUMBOJIMYECKON (popMe BbIparkaer
JefiCTBUE NIUKJIA, 9TO IMO3BOJISET BBECTH B AKCHOMATHIECKYIO CEMAHTUKY IIPABUJIO BBIBOJA JJISI IIUKJIOB,
He WUCIOJIB3YIolee NHBapUaHThl. B anHoi paboTe mpecTaBieHo JajbHellee pa3BuTie 3TOr0 MeTo/Ia.
OH pacmupsieT MeTO, CMENIaHHON AKCHMOMATHYIECKONW CEeMaHTHUKU, IIPEJJIOKEHHBIN JIJIsT BePUMOUKAIN
C-light nporpamm. /lanHoe paciupenue BKJOYaeT B cebsi MeTo | BepUDUKAIIUA UTEPAIil HaJ| h3Me-
HsIEMBIMI MACCHBaMU C BO3MOXKHBIM BBIXOIOM u3 Teja 1mukja B C-light mporpamvax. Meron comepxut
[IPABUJIO BBIBOJA LTI UTEpalnyd 0e3 MHBAPUAHTOB IUKJIOB. J[aHHOe mpaBmiio OBLIO pPean30BaHO B Te-
HEpAaTOpPEe YCJIOBUN KOPPEKTHOCTH, SIBJISIIOIIEMCST YACTHIO CHCTEMBI aBTOMATU3UPOBAHHON BepUpUKAIIH
C-light nmporpamm. [Ijist IpoBeieHNsI aBTOMAaTUYECKOIO JI0KA3aTeIbCTBa B UCHoJib3yemoii cucreme ACL2
ObLIM pa3paboTaHbl U PeaJIM30BaHbI JBA aJrOPUTMA: IIEPBBINA MOPOXKIAET OIEPAIINI0 3aMEHbI Ha, SI3bIKE
cucrembl ACL2, a BTropoii renepupyeTr BCIIOMOTaTeIbHBIE JIeMMBI, TT03BoJIstiomue cucreme ACL2 yemerno
JIOKA3aTh TOJIy9IaeMble YCIOBHUS KOPPEKTHOCTU B aBTOMATHIECKOM pexkume. [Ipuvenenne Bbieyka3an-
HBIX METOJIOB U aJITOPUTMOB ITPOUJITIOCTPUPOBAHO TTPUMEDPOM.

KuaroueBbie caoBa: Cu-jiaiiT, ”HBApUAHTHI IUKJIOB, CMEIIAHHAS aKCHOMATUYECKas CeMaHTHKa, (pu-
nnTHas ureparus, maccusbl, ACL2, cenndukaryst, BepuduKalys, JOruka Xoapa
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BBenenue

B nacrositiee Bpemsi Bepudukaius C-iporpamMm sB/IseTcst aKTyaJIbHON 1pobIeMoil mpo-
rpammupoBanust. Hekoropsie mpoekTsl (Hampumep [2,4]) npejiaraior pasaudHble M0jI-
xozpl. Ho HU OJlUH M3 HUX HE COJIEPKUT KAKUX-JIMOO METOJI0B aBTOMATUYECKOIN BepH-
dukanuu TporpaMm ¢ IMUKJIaMu 6e3 MHBAPUAHTOB. Kak m3BeCTHO, JJIsT TONO YTOOBI Be-
pudUIIPOBATH TPOrPAMMBI C IIUKJIAMH, M0JIH30BATEb JIOKEH PEeJIOCTaBUTh MHBAPU-
AHTBI, IOCTPOEHNE KOTOPBIX YaCTO sIBJISIETCS CIOXKHON 3amaqeii. Tyspk [15] mpesroxu
UCII0JI30BaTh IPEJI- U IOCTYCJIOBU JJId IUKJI0B Tuna while, ognako nx mocrpoenue
TaKKe TEJIMKOM JIEKUT Ha nosib3osaresie. Jlu u jgpyrue [10] paspaboranu obydaommii-
cd aJIT'OPUTM I'e€HEepalluy MHBAPUAHTOB IUKJIOB, TEM HE MEHee, UX METOJI He JIOIyCKaeT
Hajm4ue oreparopa break B Tese nukia, a Takyke oneparuii HaJi MacCUBaMU.

Mpbr paccMaTpuBaeM TUKJIBL ¢ OpeTeléHHbIME orpannderusMu [14]. Mbr pacimpsiem
HAIIl METOJI CMEIIAHHO akcrnoMaTHdeckoii cemanTukn s3bika C-light [1] mpasmrom s
BepudUKaIUl TaKUX IUKJIOB, OCHOBAHHBIM Ha oneparuu 3amensl |9, 14]. C momorsio
9TOTO MPABUJIA TOPOKIAIOTCH YCIOBUS KOPPEKTHOCTU CIEIMAIBHOIO BUJIA.

B mameit crarbe [12] MbI IpecTaBuIm:

1. Meros Bepucukamum mporpaMM HaJ HEM3MEHAEMbIMA MaCCUBaMU C BBIXOJIOM U3
[UKJIA.

2. PexypcuBHBIIT aJrOpUTM MTOCTPOEHUS OIEPAITUN 3aMEHBI.

3. Crpareruto HHTEPAKTUBHOIO JIOKA3ATEIbCTBA YCIOBUN KOPPEKTHOCTH.

B nporiecce Hammx uccsie0BaHnil MOABUJINACD JIBE TIEJTH: PACCMOTPETD CITydail U3MeHsI-
€MBIX CTPYKTYP JIAHHBIX U pa3paboTaTh aBTOMATH3UPOBAHHBIE METO/IbI JI0KA3aTEIbCTBA
YCJIOBUIT KOPPEKTHOCTHU. /laHHas cTaThsd IPEJACTABIISIET CJIEIYIONINe PE3YIbTATH:

1. Meros Bepudukaimn mporpamMM Ha/l U3MEHsIEMbIMIA MAaCCHBaAMU C BBIXOJIOM U3 ITUK-
Ja.

2. PekypcuBHBIil aJI'OPUTM ITOCTPOEHUS OIEPAINH 3aMEHBI JIJIs TAKUX ITPOI'PAMM.

3. Crpaterusi aBTOMATH3aIUN JIOKA3ATEIHCTBA YCIOBUII KOPPEKTHOCTH.

Ha cragmn nokasaresnbcrsa Mbl ucrosbsyem cucremy ACL2 [6] Bmecto SMT-permare-
Jsteii. [TosTomy ObLT pazpaboTaH HOBBIN AJTOPUTM ITOCTPOEHUS OTIEPAIUHA 3aMEHbI, KOTO-
pBIil TpaHCJIUpYeT MHCTPYKIN Tesa IukJa Ha g3bike C-light B koHCTpyKITMU BXOIHOTO
s3bika cucreMbl ACL2. Takyke Obl1 pa3zpaboTan U peajn30BaH IBPUCTUUECKHUI METOJ
reHeparyuu BCIOMOraTe/IbHBIX yTBEPK/IeHUi, To3Bossonumx cucreme ACL2 ycnernao m0-
Ka3bIBaTh yCJIOBHUA KOPPEKTHOCTH B @BTOMATUYECKOM DEXKUME.

1. QPuHHUTHaAdA UTepalusd HAJA U3MeHsAeMbIMU
CTPYKTypaMu JIJAHHBIX 1 Ollepalus 3aMeHbI

Meroz s/IMMUHAIMN HHBAPHAHTOB IUKJIOB [T (DUHUTHON HTepanun OBLT IIPEJJIOKeH
B [14]. O cocTont U3 4eTHIPEX CIIydacs:
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1. @unurHas ureparus HaJ[ HEM3MEHAEMbIMUA CTPYKTYPaMU JIAHHBIX 0€3 BBIXOJa 13
IIUKJIA.

2. QunuTHag UTEPAIUS HAJl HEU3MEHIEMBIMU CTPYKTYPAMM JIAHHBIX C BBIXOJOM W3
IUKJIA.

3. OuHuTHAZ UTEpaIUs HAJ[ U3MEHSIEMbIMHU CTPYKTYPAMU JIAHHBIX 6e3 / ¢ BBIXOIOM
I3 IAKJIA.

4. OuHUTHAA UTEPAIUA HaJ[ NePAPXUIECCKUMU CTPYKTYPAMU JIAHHBIX C BBIXOJIOM W3
IUKJIA.

[lepsoiit cayuait 6611 pacemorped B [11], Bropoit — B [12]. B sroit crarbe mbl pac-
CMaTpUBaeM TPETUN CJrydail.

HamoMuum noHsAITHE CTPYKTYP JAHHBIX, KOTOPBIE COAEPZXKAT KOHEYHOE HUCJIO 3JIe-
MeHToB. Ilyctb memb(S) obosnavuaeT MyJIBTUMHOMKECTBO 3JIEMEHTOB CTPYKTYPHI S, a
|memb(S)| — momtaOCTL MysabTEMHOKeCTBa memb(S). s cTpyKTypbl S olpejieeHbt
CJIEJLYIOIINE OIICPAIH:

1. empty(S) = true Toryma n ToabKO TOrA, Korja |memb(S)| = 0.
2. choo(S) Bozspammaer sement u3 memb(S), ecim —empty(.S).

3. rest(S) = 5’ re S” — crpykrypa tuna S u memb(S’) = memb(S) \ {choo(S)},
ecamn —empty(.S).

MHozKecTBa, MOC/Ie/I0BATEIBHOCTH, CIIMCKH, CTPOKH, MACCUBBI, (DANIbI U JIePEBbsI B
JISIFOTCs TUMUYHBIMU PUMEPAME CTPYKTYD JAHHBIX.

[Tycte —empty(S), Torma nomoxum vec(S) = [s1, S, . . ., Sn), rie memb(S) = {s1, sa,
ooy Sut 1 8; = choo(rest™(S)) mai=1,2,...,n.

Pacemorpum oreparop

for x in S do v := body(v,x) end,

rjie S — CTPYKTypa, & — IepeMeHHas TUIa <«3JeMEeHT S», ¥ — BEKTOP MePEMEHHBIX
IUKJIA, HEe cojiepKaIiuil z, a body npejcrapiisieT BbIYUCIEHUE, DEAJIM3YEMOe TEJIOM ITUKJIA,
KOTOPOE HE U3MEHSET T ¥ 3aBepIIaeTcs Jjid Kaxkaoro x € memb(S). Crpykrypa S MoxkeT
OBITH U3MEHEeHa CJIEIyIoNuM 00pa3oM. TeJio IuK/1a MOYXKET COJIEPKATh TOJIHLKO OIIePATOPbI
[PUCBANBAHWsl, YCJIOBHBIE OIEPATOPBI (B TOM UHCJIE BJIOXKEHHBIE) U ONMEPATOPhI BBIXOJA
n3 nukia break. Takoit nuki for HasbpiBaeTcss GUHUTHON UTEpaIueii.

Omneparnonnasi ceMaHTHUKa TAKOT'O OTIepATOPa BBITJIAINT caeayomum oopasom. [1ycTh
U9 — BEKTOP HAYaJIbHBIX 3HAYEHWil IepeMeHHbIX u3 v. Eciaum empty(S) ucruuno, To pe-

3yJabTaT UTepanun v = vy. Uuade vec(S) = [sq, Sq,..., S|, TOrIA TEIO MUKJIA MOCITE-
JIOBATEJILHO UTEPUPYET TAKUM 00Opa3oM, 4YTO o MPUHUMAECT 3HAYEHUSA S1,S2,...,Sp, &
body(v, s;) MOKET U3MEHATH 51, S2, . - ., Sj_1.

st Toro 9To6bl BBIPA3UTHL PE3Y/IbTAT JCHCTBUSA UTEPAIMU, OLPEICINM OINEPAIIAIO
samenbl rep(v, S, body,n), rue rep(v,S,body,0) = v, rep(v,S,body,i) = body(rep(v, S,
body,i — 1), s;) mist Beex © = 1,2,...,n, ecm ~empty(S).

B [14] 6b1m1 10Ka3aHBI TEOPEMBI, BBIPaZKAOIINE BayKHbBIE CBOMCTBA OIIEPAIINI 3aMEHBL.

[Tpamio BeIBO#A JUIst (DUHUTHON MTEPAIMA UMEET B
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E,SPFA{P} A{Q(v  rep(v, S, body))}
E,SPF{P} A; for xin S do v := body(v,x) end{Q}

rje A — omepaTopbl IPOrPaMMbl TIepe] IMUKJI0M. Mbl HCIIOIb3yeM 00paTHOE ITPOCIEsKU-
BaHUe: MbI JIBUTAEMCsI OT KOHIIA IIPOTPAMMBI JI0 €€ HadaJia, YIaJdsd CAMbIi IIpaBbIil orre-
patop (Ha BepXHEM YPOBHE), IIPUMEHsIsl COOTBETCTBYIOIIEE IPABUIIO BBIBOJIA CMEITAHHOM
akcroMaTnieckoii cemanTuku [1] s3pika C-light. F HasbiBaeTcst OKpy:KeHHEM, KOTOPOE
cofiepxkuT nHbOpPMAIUIO 0 TeKyieil byHKImN (€€ miaeHTndUKATOpP, TUIT U TeJO0), KOTO-
pPyI0 BepuDUIUPYIOT, NHMOPMAIMIO O TEKyIeM OJI0Ke U MIACHTU(MUKATOP METKU, €CJIN
panee ObLI BCTpedeH oreparTop Iepexojia goto. SP — cruernudukalius MporpamMmMbl, KO-
TOpas BKJIIOYAeT BCe MPEIYCI0BUsI, TOCTYCJIOBHUS 1 WHBAPUAHTHI IUKJIOB M ITOMEUEHHBIX
OIIepPaTOPOB.

2. Bxonanoii a3k cucrembl ACL2

Bxonubim s3bikoM cucrembl ACL2 [6] siBisiercst anmmkaTuBHbIN uajiekT s3bika Com-
mon Lisp, B KOTOPOM TOJJIEPKUBAETCH TOJBKO (PYHKIIMOHAIbHAS MAapaurMa U OTCYT-
CTBYyeT mojjep:kka ummeparusuoii. Jasee oy a3pikom ACL2 Oymem moHuMATH BXOIHOIM
s3bIK cucreMmbl ACL2.

Vno6HBIM cITocOO0M 3a/IaHus ONEPAINN 3aMEHBI Tep SBJIAETCH TPAHCIIINS KazK 0
KOHCTPYKITUU ITUKJIA B CEMAaHTUIECKN SKBUBAJIEHTHYIO KOMITO3UITMIO KOHCTPYKITUIl S3bIKa
ACL2. Tak KaK KOHCTPYKITUH [TUKJ/Ia HAITUCAHBI B IMIIEPATUBHON MAPAJIUTME, TO IPAMBIX
anajoroB uM B s3bike ACL2 ner. [losromy pacemorpum Te kKoucTpykimn si3bika ACL2,
KOTOPBIE TTO3BOJIAIOT MOJIEINPOBATE NUCIOJIB3yeMble B (DMHUTHBIX UTEPAIUIX KOHCTPYK-
mun si3bika C-light.

Tax kak g3pik Common Lisp opuenTtupoBan Ha 00pabOTKYy CIIUCKOB, TO MaCCHBBI
s3bika, C-light MBI MogeupyeM ¢ momorbio crckoB. [Ipu 9ToM MBI HcmoOB3yeM JiBe
orreparuu i 00pabOTKN WHIEKCHPOBAHHBIX TOCIe0BaTeIbHOCTeH. Pacemorpum hyHK-
i nth u update-nth, peaymsyrormue 3Tu oneparuu. Keaum ¢ — uHgEKe, | — CIHUCOK, TO
(nth i |) — 3uadenue i-ro s1emenTa crucka (. Ecim expr — Boipaxkenne sisbika ACL2, To
(update-nth i expr [) — HOBBIN CIIHCOK, KOTOPBIH COBIIAJAET CO CIMCKOM [ 33 MCKJIIO-
YeHHUEM {-TO 3JIEMEHTa, 3HAYeHUEeM KOTOPOIO sIBJII€TCsS 3HAYEHUE expr.

Paccmorpum ucnosibsyembie B sizbike ACL2 omepariun Hal CIIMCKaME, TO3BOJISIIONTIE
MO/IEJINPOBATH COOTBETCTBYIOIINE onepanun HaJl MmaccuBamu. [Ipenuxar integer-listp nc-
TUHEH TOIJIa U TOJIbKO TOTJIA, KOIJa apryMEHTOM SIBJISICTCS CIUCOK U BCE €r0 3JIEMEHThI
UMeEIOT TestouncaeHubit Tum. [Ipenukar equal mcTuHeH TOrAa W TOJBKO TOTJA, KOTJIA
PaBHBI U JIJINHBI CIIUCKOB, U UX 3eMeHThl. DyHKIMA length BBIYUCSIET JIJIMHY CIUCKA.

MogeiupoBaTh HOBBIE THIIBI JIAHHBIX TO3BOJisieT OuOmoreka fty si3bika ACL2, B
KOTOpPOiT paboTa ¢ THUIM3UPOBAHHBIMU IIEPEMEHHBIMU CBOJIUTCS K HCIIOIB30BAHUIO CIIe-
nuabHbIX (GyHKImiA. Kaxk1oMy THUIy COOTBETCTBYET MPEIUKAT, OIPEIE/IAIONINN IpH-
HaIJIE2KHOCTD K JAHHOMY THITY, (PYHKIIsT TPUBEJICHUS K JAHHOMY THILY U OTHOIIEHUE
SKBUBAJIEHTHOCTU. TaKkne THUIIBI MOYKHO 33/aTh C IMOMOIIBIO CIEIUAIBHBIX KOHCTPYKITAN
oubsmoreku fty. Makpoc fty::defprod 3amaér Tun, anajoruvnblii nHCTpyKInn struct
s3bika C-light. Eciun st — rtakoit Tur, To OyJIyT CreHepUpOBaHBI CBI3aHHBIE C TUIIOM
st byHKIUE ¢ HA3BAHUSIMU St-p, st-fix U St-equiv COOTBETCTBEHHO. Tak:kKe ¢ ITOMOIIBIO
fty::defprod Gyner cremepupoBaH KOHCTPYKTOD, MaKpochl make-st, change-st u GpyHKIIN
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JocTyna K 3uHadenusam roJeit. [lyers fd — mosne crpykrypst s, umeromieit tun st. Torma
(change-st s :fd expr) — HOBas cTpyKTypa THIA St, COBIIAQJAIONIAT CO CTPYKTYPOH S
3a WCKJIIOYeHneM ToJist fd, 3HadeHneM KOTOpPOTO siBjseTcs 3Hadenme expr. Ecmm fd —
eJINHCTBEHHOE TI0JIe CTPYKTYPHI St, To (make-st :fd expr) — HoBas crpykTypa THna st, y
KOTOpOIt 3HauerueM nojs fd sBisiercst 3Hadenue expr. Torga (st->fd s) 3nadenue noJist
fd ctpykrypsr s. pyrum criocobom gocTyna K JaHHOMY 3HAYEHUIO dBjsgeTcsd S.fd.

Makpoc b* 1mo3BOJIsIeT MPOMOJIETUPOBATH IIOCIEI0BATE/IbHOE MCIIOJTHEHIE UHCTPYK-
muit. OH gBjsgeTca pacmmpenneM Makpoca letx si3bika ACL2, T03BOISIONIEro yIo0HbIM
oOpa3oM 3a/1aTh BJIOKeHHbBIH [et. PaccmoTpum obmnii B KOHCTPYKITUH [et:

(let* ((vary termy) ... (var, termy,)) body),

e BCe var; sIBJISIIOTCS epeMeHHbIME (He 00sg3aTeIbHO pasinaabiMi), body u Bee term;
SABJSIOTCA BbIpakeHusamu s3bika ACL2. DTa KOHCTPYKIHMs SKBUBAJIECHTHA CJIE Ty TOTIEH:

(let ((vary termy)) ... (let ((var, termy)) body) ...).

Takum obpaszoM, CBA3BIBAHHE HEPEMEHHBIX val; CO 3HAYCHUSIMU COOTBETCTBYIOIIUX
BBIPAXKEHUN term,; MPOUCXOUT IIOCIEI0BATE/IHLHO. SHAUYEHNEM TaKOi KOHCTPYKIIUU SIB-
JisteTcs 3HadeHune BuipaykeHus: body. Ormernm, uro Kaxkjaas mapa (var; term;) Ha3biBa-
eTCsl CBA3bIBAHUEM IIePEMEHHON var; U 3HaUYeHUd BbIpaKeHUd term,;, a IepeMeHHas var;
Ha3bIBaETCs JIOKAJbHON IIepeMeHHO#l B OJI0Ke letx.

PaccmoTrpum obmmumii BU KOHCTPYKITUU bk

(b* <list-of-bindings>. <list-of-result-forms>) .

rjie <list-of-bindings> — cuucok KoHcTpyKinit binding, <list-of-result-forms> — criimcox
Boipazkennit si3bika ACL2. 3HadenneM KOHCTPYKINU b sIBJISIETCs MOC/IETHEE BHIPAYKEHUE
ciucka <list-of-result-forms>. Ilo amanorun ¢ koncrpykiueit letx oneparuu binding BbI-
HOJTHSIFOTCS TIOCIeI0BATEeIbHO. [Ipu 9T0OM, 00IIUM BUIOM KOHCTPYKIHE binding siBjisieTcst

(<binder-form> [<expression>]) ,

rae <binder-form> — koncrpykuus b*-binder, <expression> — BbIparKeHue s3bIKa
ACL2. Tak kak bk sBJIsIeTCsl pacHIupeHueM letx, TO YaCTHBIM CJIydaeM KOHCTPYKIIUU
binding sBJIsieTcs CBA3BIBAHME IEPEMEHHON M 3HadYeHus BbIpaxkenud. [Ipu srom mepe-
MeHHasI CTAHOBUTCS JIOKAJIbHOW ITepeMeHHO OJ10Ka bx.

Takum obpa3om, OJIHUM U3 BO3MOXKHBIX BHJIOB KOHCTDPYKIUU <binder-form> aBjs-
ercsl TiepeMeHHast. JIpyruM BO3MOXKHBIM BHJIOM KOHCTPYKIUU <binder-form> sBisiercs
(when condition), rne condition — snorudeckoe Boipazkenne sa3bika ACL2. Ilycrs 610K
bx conepxut binding-koucrpykuuio ((when condition) expression). Ecau Beipaxkenue
condition MCTUHHO, TO CJEIYIONIUE 3a JTAHHON KOHCTpYKIMeH oneparuu binding He uc-
TTOJTHATOTCA, & 3HAYeHeM 0J10Ka bk saBysgeTcs expression. Takas KOHCTPYKITUS TO3BOJISET
MOJICTUPOBATh U3MEHeHue 1MoToka yupasaenus C-light nmporpammbr.

Aszpik ACL2 mopjep:kuBaeT MHOrO3HaYHbIe (DYHKIMK. KOHCTPYKIIUS MY MTO3BOJIAET
GYHKIIMU BO3BpATUTH OOJIee OIHOTO 3HadYeHus. /I cBA3BIBaHMS MHOIHUX I€PEMEHHBIX
C Pe3y/IbTATOM WCIIOJTHEHUS MHOTO3HAYHBIX (DYHKITUI UCIOJIB3YeTCs CJIeLYIONas KOH-
cTpyknus binding:
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((mv x1 T3 ... Tp1 T,) (form-returning-n-values))

rje r; — nepemMenHas Jiis kaxkoro i (1 < i < n), (form-returning-n-values) — BbI30B
dyHKIIN, BO3BpAIAIONINI 1 3HaUeHN. TakuM 0Opa3oM i-d ImepeMeHHasd T CBA3bIBETCH
¢ i-M 3HaUeHueM (form-returning-n-values).

sk ACL2 obecrievnBaeT MOIEPKKY MMOJIB30BATETLCKUX Teopuit. PopMyIbl 3a1a-
I0TCS C MOMOIIBIO JIOTUYECKUX CBA30K not (Jlormueckoe «Hey ), or (JOTHYecKoe <«UJIm» ),
and (noruveckoe «u» ), implies (uMmiLuKarus ). B Takux JJOrHIeCKUX BbIPAZKEHUSIX Y100~
HO UCIIOJIL30BATh PEJIUKATHI JIJIsI IIPOBEPKU TPUHAJJICKHOCTU TIEPEMEHHON OIpe/ e IeH-
Homy Tuity. Hampumep, npeaukar integerp mpoBepseT TPUHA/JIEXKHOCTh apryMeHTa I1e-
smouncyiennomy tuiy. Kouncrpykius de fine 3amaér dyaxknuo Ha sa3bike ACL2, a Takxke
[I03BOJIAET BBOJUTD JIeMMBI O Hell. C MOMOIIbIo KOHCTPYKIUH de frule 3a1ai0Tcs JTeMMBbI,
TEOPEMBI U CIIEIUAJIbHbBIE CEeKINHU, cojiepzKaiine nHdopmarmio, Kotopas momoraeT ACL2
JloKazarh TeopeMy. Hampumep, B cekiuu prep-lemmas MOXKHO 33/1aTh JIEMMbI, [TO3BOJIsI-
fOIIKe JI0Ka3aTh ompeaeaseMyio Koucrpykimeit de frule reopemy. Cekiust enable 1mo3Bo-
JISIET TIPHU JIOKA3ATE/IbCTBE UCIO/Ib30BATH JIEMMbI O (DYHKITUSIX, ONPEIEIEHHBIX B de fine.
Cexknust induct paspernaer MpoBeeHNe T0Ka3aTe/IbCTBA 110 WHIYKINN. APTyMEeHTOM JIaH-
HOI CEKITUU CJIY2KHUT IPUMEHEHNe CIeNnaIbHOl (DYHKINN K IIepeMeHHbIM TeopeMbl. Pe-
KYPCHBHOE OIpeJieJIeHIe TaKoi pyHKIINU 3a/1aéT cxeMy nnykiuu. Harnpumep, pekypcus-
HOE onpejiesierne 6udbanorednoit byukimu dec-induct onpeesieT KIaCCUuICCKYIO0 CXEMY
UH/TyKIUHU 110 HATYPAJIBHOMY HapaMeTpy C Imarom 1.

3. T'emepanug omepanuu 3aMeHbI JJIsI OJJHOMEPHBIX
MaCCHUBOB Ha BXOMHOM s13bIKe cucteMbl ACL2

[TycTs S — ogHOMEpPHBII MacCHB U3 N 3JIEMEHTOB TPOCTOTO THua a3bika C-light m S € v.
PacemorpuMm crienma ibabI cirydait GUHUTHON UTepaIuyu HaJl MACCUBOM S':

for (i=0;i <n;i++) v:=body(v,i) end,

IJie TeJIO LUKJIA ABJIAeTCd JOILyCTUMON KOHCTPYKIIMEH.
HomycTumast KOHCTPYKITUST — 3TO OJINH U3 CJEAYIOMNUX omepaTopoB s3bika C-kernel:

1. Ilycroit omepaTop, B TOM 9HCJE IIYCTOM OJIOK.
2. Omepatop BbIXOIa U3 MuKJIa break;.

3. Omeparop npucBauBanusi a = b;, rje a — mepemMeHHast IPOCTOr0 THIIA, JIHOO IMe-
er Bux S|i], b — Beipaxkenue s3pika C-kernel.

4. ¥Yenosubiii onieparop if (a) b, riue a — Beipaxkenue si3bika C-kernel, b — momycru-
Mast KOHCTPYKIHS.

5. Yesosnbiii oneparop if (a) b else c, e a — Boipaxkenue s3bika C-kernel, b u ¢ —
JIOIYCTUMbIE KOHCTPYKITAH.

6. Biok {a; ag ... ax_1 ax}, e a, — JOIMycTUMAs KOHCTPYKIMS [T KayKJOro 7'
1<r<k.
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B BekTOp v BXOAUT MaccuB S W IE€PEMEHHbBIE IIPOCTOIO THIIA, KOTOPbIE MOTYT HU3-
MEHSIThCS B TeJie IMuKJa. BBeaéMm (QyHKIUIO w, €€ apryMeHTOM SABJIAETCS JIOIYyCTUMAsT
KOHCTPYKIISI, 1 OHa BO3BpaIllaeT MHOXKECTBO 3JIEMEHTOB BEKTOpa v JijIsl JIAHHON KOH-
crpykimu. Onpeaeum Takyo (hyHKIUIO 171 KazKJI0r0 BHAIa JIOIYCTUMONR KOHCTPYKITUT

op:
1. Ecim op — 310 mycToit onepatop (B ToM uuce mycToit 6,10k ), To w(op) = (.
2. Ecim op — 310 break;, To w(op) = 0.

3. Ecim op —s10 a = b;, rjie a — nepemeHHast IpocTOro Tula Jaubo umeer Buj Sli,
b — Beipazkenue s3biKka C-kernel, To BO3MOXKHBI J[Ba, BapUaHTA:

(a) Eciu a — nepemennas mpocroro tuna, 1o w(op) = {a}.

(b) Eciu a nmeer Bug S|i], To w(op) = {S}.
4. Ecmau op — sro if (a) b, To w(op) = w(b).
5. Ecim op — s10 if (a) b else ¢, o w(op) = w(b) U w(c).
6. Ecmop —s1o {a; az ... ax_1 ax}, Tow(op) = w(a;)Uw(az)U...Uw(ak_1)Jw(ag).

[Iyctes T' — pesynabrar npuMeHneHus GYHKIUMH W K Ty IUK/IA. PaccMoTpuM mpouns-
BOJIBHOE yIIOPSIJIOUYNBAHNE 3/IeMeHTOB MHOXKecTBa 1. OO03HAYNM €ro Kak BEKTOP v.

[eneparus dyukun rep cocrout U3 TpeX stanoB. Ha mepBoM mare ocymiecTBisgeTcs
reHeparus TUIA JAHHBIX frame ¢ IOMOINIbI0 KOHCTpyKIuu fty::defprod. dror Tun nan-
HBIX [IPEJICTABJISET COOO0H CTPYKTYPY, HOJISMI KOTOPOII sIBJIAIOTCS 9JIEMEHTHI BEKTOPA U, a
Takzke OyeBckoe nojie loop-break. Tak:ke koHcTpykmust fty::defprod renepupyer Max-
pocel make-frame u change-frame, dbyukuu frame-p, frame-fir, frame-equiv n QyHKITIR
JIOCTYTIa K 3HAYEHUIM TIOJIE.

SHadeHus 1oJ1eit mepeMeHHol Tuia frame sSBJIsOTCI 3HAYCHUSIMI COOTBETCTBY IOIIAX
IIepeMEHHbBIX B X0J1e ucnoynennd nukia. [lone loop-break ncrtunno rorna n Tosibko To-
r71a, Korma cpaboras oneparop break. Takum obpa3om, mepeMenHas Tta frame XpanuT
3HaYEHNs BEKTOPA U B XOJIe NCIOJIHEeHN KA. [JoaToMy Heobxommm crocob 3aaHns Ha-
JaJIbHBIX 3HAYEHUIT 9JIEMEHTOB BEKTOPA U, TO €CTh 3HAYEHUN [Tepej] UCIIOJTHEHUEM ITUKJIA.
JL1st 5TOTO HAa BTOPOM 3Talle ¢ IMOMOIIbI0 KOHCTPYKIUu make-frame mpoucxoiuT renepa-
nust pyHKIUu frame-init. Yra QyHKIUS BO3BpAIIAET CTPYKTYPY TUIA frame ¢ 3aaHHbI-
MU HaYa/JIbHBIME 3HAUEHUSIMU 10j1eil. 3HaderuneM o loop-break y Takoit cTpyKTyphI
sIBJIsSIeTCsT nil. DTo 03HAYaeT, 4TO Iepe]] UCIIOJHEeHNeM IINKJIa onepaTop break me cpaba-
THIBAET.

Ha tperbem srane npoucxonut rerepariust GYHKIMA rep MO TETy MUKJIA CJICIYIONUM
obpazom. [lepBbiM aprymenTom byHKIUM rep siBiageTcd HoMep ureparuu. 1Ipu ncrosbzo-
BaHUU (DYHKIUK Te€p B YCJIOBUU KOPPEKTHOCTH B KAIeCTBE 3HAYEHUS TIEPBOTO apryMeHTa
UCIIOJIL3YETCS M, TaK KaK M — HOMED I0CJIe/IHell uTepanuu. Bropbim apryMmenToM (OyHK-
IIUU Tep SABJIIETCS IMepeMeHHas TUIa frame, MoJjis KOTOPOil COOTBETCTBYIOT HAYAIbHBIM
3HAYEHUSM 3JIEMEHTOB BeKTOpa v. Takum oOpazoMm, MpH UCIHOJIb30BAHUN (DYHKIUUA T7ep
B YCJIOBUU KOPPEKTHOCTH 3HAYEHHEM BTOPOTO apryMeHTa sBJseTcs frame-init(vg), Tae
Vo — BEKTOP HaYaJbHBIX 3HATYEHUN IJIEMEHTOB 0.
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[IycTs 3HAUeHUEM 1epBOro aprymenTa (pyHKIUU rep spisercd m. Torma dyHKIms
rep JOJIZKHA BO3BpAIATh TAKYIO CTPYKTYPY THIIA frame, 9TO 3HAUEHUS ee 1MoJjeit OymayT
3HAYEHUSM BEKTOPA v MOCJe 1M UTePalUil TUKJIA.

Bynewm cunrarh, 9TO HysIeBas uTeparus IUKJa COOTBETCTBYET 3HAUEHUSM SJIEMEHTOB
BEKTOpa v Iepe]] ucriojnenneM nukia. [losromy

rep(0, frame-init (vo)) = frame-init (vy) .

OTO OrpaHHYIUBaAET IVIyOUHY PEKYPCHUH.

B ciyuae Boixoga u3 mukia #a urepaiun [ (0 < [ < n) Opu UCHOJTHEHUH Oll€pa-
Topa break OygeM cumTaTb, UTO MTEPAIUM IUKJIA HPOJIOJIKAIOTCA, HO 3HAYEHUA U He
U3MEHSIIOTCSI Ha, TakuxX ureparusx j, 9ro | < j < n. 3agaanM rep Tak, 910

rep(l, frame-init (vy)) = rep(j, frame-init (vo)) .

[TosToMy HEOOXOIMMO HTPOBEPTH HA UCTHHHOCTD 3HadeHue 1ojis loop-break y Bo3spa-
MIEHHONW Ha TPEeJbLIYIeil urepanun CTPYKTypbl Tuia frame. B ciiydae, Korja BBIXO/L
U3 IUKJIa ITPOUCXOJUT HA TEKYIeill ureparuu, HeOOXOAMMO MPEKPATUTh UCIIOJIHEHUE U
BEPHYTH TaKyIO CTPYKTypy Tumna frame, aro eé noje loop-break Oymer nctuHHbBIM.

Kaxkayro nepemennyo hyHKIUN rep n ee apryMeHT Tuiia frame obO3HAYINM depes
fr. llpu HEOOXOMMOCTH M3MEHUTH 3HAYEHHS II0JIel IepeMeHHoi fr co3maéTcs HoBas
nepeMeHHas fr ¢ HOBBIMU 3HAYEHUAMU T0JIeH. DTO MO3BOJISET yI0OHBIM 00pazoM obpa-
OaThIBATH 3JIEMEHTHI BEKTOPA V.

Anroputm renepanuu (GyHKIIUU rep COCTOUT u3 AByX Imaros. Ha mepBom mrare mc-
nostb3yercs (bYHKIUs generate_rep one, KOTOpasi CTPOUT CUTHATYPY (DYHKIUUA Tep U
KOHCTPYKIINIO b%. DTa KOHCTPYKIUS bk SIBJISIETCS CaMbIM BEPXHHUM TI0 YPOBHIO BJIOKEH-
HocTu 010KOM Kojia byHKInu rep Ha g3bike ACL2. DToT 6/I0K COOTBETCTBYET COCTaBHO-
MY OII€paTOpy, SABJSIONIEMYCSA TEJIOM IMHUKJa. Takas KOHCTPYKIIAS O3BOJIAET IIPOMOJIE-
JINPOBATH IOCJIE/IOBATEILHOE UCIIOJTHEHUE CJIC/IYIONUX WHCTPYKITHUT: TPOBEPKY YCJIOBUSA
BBIXOJ[a M3 PEKYPCUU C MOMOIIbI0 KOHCTPYKIUU when, PeKypCUBHBIN BBI3OB Tep s
MPEeJIBIYINENl UTePAIN, Pe3Y/IbTaT KOTOPOr0 COXPAHSIETCS B TIEPEMEHHO fr, MpoBepKy
C TIOMOIIBIO KOHCTPYKIIMK when BBIXO/a U3 MUKJIA Ha TMPEIbIIYIIel NTepaIii.

Kazktas Takas mHCTPYKIUs OJ10Ka bk siBsieTcs KOHCTpyKueit binding. Chemxytoriue
3a HUMU B 9TOM OJI0Ke bk mHCTPYKIUU binding MOAEIUPYIOT MOCIeI0BATEIbHOE HUCIIOJ-
HEHUE TeJIa IUKJIa, COBEpIIas orepalun HaJ1 cTpyKTypoit fr. Ouu Oy/IyT creHepupOBaHbI
dyuknmeit generate rep Ha BropoM Imare ajaropurva. Kpome Toro, Ha mepBoM Iare aJ-
roputMa QYHKIUS generate_rep one TeHepUpyeT BhIparKeHue fr, sBIIsIOeecs 3Hade-
HUEeM JaHHOro 0J10Ka bx. Takum oOpazoM, eciin He ObLIO BBIXOIA U3 UK, TO 3HAUECHUEM
byHKIUN rep Ha TEKyIei nreparuu OyaeT nepeMenHas fr, MoJydeHHas P IIpUMeHe-
HUU K PE3yJIbTaTy UPeIblIyIeil uTepainn KOHCTPYKIUi, COOTBETCTBYIOIINX TEJTy KA.

Ha Bropom miare ajnropurma uctnosib3yercs (hyHKIUS generate rep, TeHEPUPYIOIIAs
KOHCTPYKIINU, COOTBETCTBYIOIIHUE TeTy nukJa. OTMeTuM, ITo 1 JiIo00i (hUHUTHO nTe-
paruu JJAaHHOTO BU/Ia Ha IIEPBOM IIIare aJilfOPUTMa MeHEPUPYETCs OJIMH U TOT Ke KOJI Ha
si3pike ACL2. To ecTh pazimudust MexKIy pPasHbIMU (PUHUTHBIMU UTEPAIUAMEI YIUTHIBA-
I0TCS HE Ha IIEPBOM, a Ha BTOPOM Iare aJrOpuTMA.

Oy generate _rep OCYHIECTBIIsIET TPAHC/IANNIO Teja IuKaa Ha sa3bik ACL2.
Ona mpuHUMAET B KAYeCTBe apryMeHTa JIOIMYCTUMYI0 KOHCTPYKITHIO U TPAHCJIUPYET e€ Ha
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sa3pik ACL2. Jlastee 1oy obbemtomumM OJIOKOM it KOHCTPYKIuu binding Oyaem OHU-
MaTh 6JIOK b, B KoTOpoMm ona Haxojutcda. Oyukiug ¢ _kernel translator ocyiiecTsiisier
rpancanuio C-kernel Boipakerus wa s36ik ACL2. Onpenemum dyHkno generate _rep
JUUTST KaXKJIOTO BUJIA JIOMYCTUMOM KOHCTPYKIIUU Op:

1. Ecim op — 310 mycroit orepatop (B TOM dUmcse IycToil GJIOK), TO pPe3yIbTaToM
generate _rep(op) 6yner (fr fr). Jannas 3anuce sBisgercst KOHCTpYKImeil binding
B oObemtionieM Os10Kke bx. OHa o3HavaeT, 9T0 BHYTPHU OJIOKA CO3aeTCA HOBasl Iepe-
MeHHasl fr co 3HAYEHHEM IIPeKHel 1 ¢ HOBOI 001aCThI0 BUIANMOCTH. 10 €CTh IIyCTOM
orneparop (B TOM 4ucjie mycToil 6/10K) He MEHSIeT 3HAUYEHUsI 9JIEMEHTOB BEKTOPA V.

2. Eciim op — sto break;, To pesynbsrarom generate rep(op) Gymer
(fr (change-frame fr :loop-break t)) ((when t) fr) .

lamHast 3ammch mpeJicTaBiger coboil JBe MOC/IeI0BATEIbHO UIYIINE KOHCTPYKIUN
binding B obbemsiomeM OJioke bkx. IlepBast koHCcTpykius binding o3Hadaer, 4TO
BHyTpH 6JIOKa CO3j[aeTcsl HOBas IepeMeHHas fr co 3HadenueM (change-frame fr
:loop-break t) m ¢ HOBOW ObaCTHIO BuguMOcTH. TO ecTh y HOBOW TepeMeHHON fr
rosie loop-break cTaJio NCTUHHBIM.

Bropas konctpykiusa binding o3HadaeT, 9TO pHU COOJIOJIECHUN YCI0BUA when mpo-
HCXOJIUT BBIXOJ 13 o0bemionero 6jioka bx. Tak Kak TaKuM ycjaoBueM when sBJis-
eTcs t, TO BCerjia MPOUCXO/IUT BBIXO/T 13 00HLEMJTIONIETro OJI0Ka bk Tpu cpabaThiBaHIH
JIAHHO# BTOPOil KoHCTpyKImu. To ecTh mipu cpabarbiBanuu orneparopa break mpo-
UCXOJINT BBIXO] U3 ITUKJ1a. Bo3BpaliaeMbiM 3HAUCHIEM TaKOT'0 00bEMITIONIEro HJI0KA
bx OyneT sBIATHCs TepeMenHast fr, moje loop-break KoTopoii Oymer yKa3bBATH HA
TO, 9TO HeO6XOILI/IMO TaK2Ke ITPOU3BECTU BLIXO/I U3 6J'IOKOB7 B KOTOpPbIE€ BJIOXKEH JTaH-
HbIiT OObeMTIouil 610K (ec/in OHE CYIIECTBYIOT).

3. Ecim op — 310 a = b;, e a — nepemenHas npocTtoro tuma jubo numeer sug S[i,
b — BeIpakenne s3bika C-kernel, To BO3MOXKHBI 1Ba BapuaHTa:

(a) Eciim a — mepemeHHasi IPOCTOTO THUIIA, TO pe3ysabTaToM generate rep(op)
oyer

(fr (change-frame fr :a c_kernel translator(b))) .

Jlannas 3anuch sBiisieTcd KOHCTPyKImel binding B obbemiioneM OJi0Ke bx.
Ona o3HagaeT, 9T0 BHYTpU OJIOKA CO3/1aETCsl HOBas IepeMeHHasi fr co 3Ha-
yenueM (change-frame fr :a c¢_kernel translator(b)) n ¢ HOBOI 00GIACTBIO
BIIMMOCTH. 1O €CTh y HOBOI IEpEeMEeHHOW f7 ToJie @ MPUHUMAET 3HATECHUE
BhIpaxkeHus: b. Takum obOpasom, omepaTop NPUCBaMBaHUA MeEHSET 3HadYeHNe
epeMEHHON a BEKTOPa v.

(b) Ecnu a numeer Bug S[i], To pesynbratom generate rep(op) Gyaer

(fr (change-frame fr :S (update-nth i c_kernel translator(b)
(frame->S fr)))) .
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Jlannas 3anuch sBjisieTcss KOHCTpyKiumei binding B obbemtonieM OJioKe bx.
Omna o3HavaeT, 9TO BHYTPHU OJIOKA CO3/IA€TCsT HOBasl TIepeMeHHast f1 o 3Hade-
HUEM

(change-frame fr :S (update-nth i c_kernel_translator(b)
(frame->S fr)))

U ¢ HOBOI 00/IaCThIO BUAUMOCTH. 10 €cTh y HOBOH IlepeMeHHOU fr mose S
IpPUHUMAET 3HAYEHHe IOCIeI0BATEIbHOCTH S, B KOTOPOil HAa MecTe 3SJieMeH-
Ta ¢ WHJEKCOM ¢ CTOUT 3HadeHue BhIparkeHusi b. Takmm obpasoMm oreparop
[IPUCBAMBAHNS U3MEHSIeT MacCuB S U3 BEKTOpa v.

4. Ecau op — sro if (a) b, To pesynbsrarom generate rep(op) 6yner

(fr (if c_kernel_translator(a) (b* (generate_rep(b)) fr) fr))
((when (frame->loop-break fr)) fr) .

JlamHas 3a1mch mpeJicTaBisgeT coboii JBe MOCIe0BATEILHO UYIIUE KOHCTPYKIUN
binding B obbemutiomeM Osoke bx. IlepBas kKoHcTpyKnnsa binding o3HavIaeT, ITO
BHYTpHU OJIOKa CO3JIaeTcd HOBas IepeMeHHas fr ¢ HOBOH 00/IaCThIO BUJIMMOCTHU W
CO 3HAYEHHEM

(if c_kernel_translator(a) (b*(generate rep(b)) fr) fr) .

To ecTb IIPpY BBLIIIOJIHEHUMW YCJIOBUA G SHaYCHUEM HepeMeHHOﬁ f’f’ CTaHeT

(b* (generate_rep(b)) fr) ,

rie generate _rep(b) — pesyabrar Tpancasnun b Ha BXoAHON si3bIK cucrembl ACL2.
OrmeruM, 9To 11060t orepaTop b (B TOM duciie COCTaBHOl) TPAHCIUPYETCs B OJIHY
i jBe binding koucrpykiuu. Biok bx B ACL2-koze jiyist onteparopa i f siBjisiercs
obbeMJTIOMUM Jijist 9Tux binding xoucrpyknuit. TakuMm oOpa3oM, TIPU BBIIOJTHE-
HUU YCJIOBUS @ 3HAYEHUE BEKTOPA U OYIET ONpPeIeIaThCs MOJ0KUTETHHON BETBBIO
YCJIOBHOTO OIIEPaTOpaA.

[Ipr HeBBITOTHEHUN YCIOBUS  3HAYEHWEM IEPEMEHHOW f7 CTaHeT IpeJblIyIee
suadenue fr. Takum oOpa3oM, IpU HEBBIIOJIHEHUH YCJIOBHUSA ¢ 3HAYUECHUE BEKTOPA U
He U3MEHUTCS.

Bropas koncrpykius binding o3HadaeT, YTO P COOIOICHUN YCI0BUs when mpo-
HUCXOJIUT BBIXOJ, U3 obbemiomniero 6sioka bx. Tak Kak Takum ycjoBueM when sB-
ngercst (frame->loop-break fr), To BBIXO M3 00bEMITIONIETO OJIOKA b% IIPOUCXOIUT
[P UCTUHHOCTHU 110/ [oop-break mepemennoit fr. To ecTb eciim pu MCIIOTHEHWH
orepaTopa cpaboTaja UHCTPYKIUs break, TO MPOUCXOIUT BBIXO/ U3 00BHEMJIIONIE-
ro 6Jsioka bx. BoszBpalaeMbIM 3HaYeHHEM TaKOro OObEMJIIONIEro OJioKa bk Oyaer
SABJIATHCS TlepeMennas fr, moje loop — break koropoit OyJeT yka3blBaTb Ha TO,
YTO HEOOXOINMO TaKzKe IMPOU3BECTU BBIXOJ U3 OJIOKOB, B KOTOPbIE BJIOYKEH JIAHHBIIM
obbemsTIonTHil 6JIOK (€CIM OHU CYIIECTBYIOT).
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5. Eciim op — 9ro if (a) b else ¢, To pesyiabratom generate rep(op) Gyuer

(fr (if c_kernel_translator(a) (b*(generate rep(b)) fr)
(b*(generate_rep(c)) fr))) ((when (frame->loop-break fr)) fr) .

JlanHas 3amnmch mnpejcTaBisger coboil JIBe MOC/IeI0BATEIbHO ULy IIHe KOHCTPYKITUN
binding B obbemtiomem OJ10ke bx. [lepBas koncrpykius binding onpeaeasgeTcs 1Mo
AHAJIOTUM C ITYHKTOM 4.

Omnpetesierne BTOPOH KOHCTPYKIMK binding COBIIaIaeT ¢ OMpeJie/IeHneM U3 MyHK-
Ta 4.

6. Eciau op — s1o {a; az ... ax_1 ax}, 1o pesyiasrarom generate rep(op) bymer

(fr (b*(generate rep(ay) generate rep(as) . ..generate rep(ax_1)
generate _rep(ag))fr))((when (frame->loop-break fr)) fr) .

Januas 3ammch mpeJicTaBigeT coboil JBe MOC/IeI0BATEIbHO UIYIINE KOHCTDPYKITNN
binding B obobemsmiomeMm OJioke bkx. IlepBas koncTpykius binding o3HadaeT, 4TO
BHYTPH OJIOKa CO3J1aeTcsd HOBas NepeMeHHasi fr ¢ HOBO 00JIACTBIO BUJIUMOCTHU U
€O 3HAYCHUEM

(b*(generate _rep(ay) generate rep(az) ...
generate _rep(ai_1) generate rep(ay))fr) ,

riae generate rep(a,) ansg xkaxkgoro r (1 < r < k) — pe3ysabraT TPAHCISIUHA A,
Ha BXOJHOM s13bIK cucteMbl ACL2. OTmernm, uro Jr060it omeparop ¢ (B TOM dmc-
Jie COCTaBHOlT) TpaHCaUpyercss B ofHy wian jse binding KoOHCTpyKIimu. BIoK bk B
ACL2-ko/1e JjIsT COCTABHOI'O OIlepaTopa ABJSIeTC 00bEeMITIONINM JIId 9TuxX binding
koHCcTpyKumid. Takum obpasoM, 3HaUYeHHE [T€PEMEHHON fr IpPU UCIOJHEHUU KOH-
CTPYKIUH bk SIBJIZETCA 3HAYEHHEM BEKTOpa U IIPHU MCIOJHEHHH COCTABHOI'O OIllepa-
Topa.

Bropas koncTpykius binding onpejensercsa Kak B IIYHKTe 4.

Bompoc cymecTBoBanus 00HEMIIIONIETO OJIOKA PEIIAeTCs IIOCTPOEHUEM JI€PeBa BJIO-
JKEHHOCTH OJIOKOB JIJIsT KOJIa, CPEHEPUPOBAHHOTO HAa BTOPOM Ifare ajropurma. B kadectse
KOPHS TaKOI0 JIepeBa BO3bMEM OJIOK bk, creHepupOBaHHbBIH (DYHKINENR generate _rep one
Ha [IEPBOM ITIare ajropuTMma. IToT OJIOK COOTBETCTBYeT Tesry MuKia. OTMETHM, 9TO KaxK-
JIOMY OTIepaTopy TeJia IUKJIa MOYKHO COIIOCTAaBUTH OJIOK B JIAHHOM JIepEBE BJIOXKEHHOCTH
6siokoB. Hanpumep, ecsu ¢ f-BeTBb IpejicTaB/ieHa €IUHCTBEHHBIM OIEPATOPOM, TO 00b-
eMJTIOIUM JIJ1s Hero OyjieT OJI0K b, CreHepUpOBaHHBIH IPU TPAHC/IAINN JAHHOTO if. A
eCJTH OIIePATOP BXOJUT B MOCIEI0BATE/ILHOCTh HHCTPYKITHI COCTABHOIO OTIepaTopa BeTBU
if, To obbeMITIOIUM JJIsT Hero Oyjer OJIOK b, TOJy9IeHHBIH P TPAHC/ISIIINN JTAHHOTO
coctaBHOro omeparopa. [lonck obbemiioniero 6J0Ka st ONpPEIEIEHHOIO OlepaTopa B
TaKOM JIepeBe BJIOYKEHHOCTU MOXKHO ITPOBOJUTDL B IVIyOMHY, IIOKA He Oyjer HaiijieH OJI0K
bk, ojiHa M3 KOHCTPYKIWiT binding KOTOPOro OYJET COOTBETCTBOBATH JIAHHOMY OIIEPaTO-
py. Tak kak cambIii oObeMJIIOIINIT OJIOK — TeJIO IUKJIa, TO TaKoil MOMCK Oy/JeT Bcerja
3aBEePINATHCS.
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4. Crparerusgd aBTOMaTHYECKOI'O /JJ0Ka3aTEJIbCTBA
ycyaoBuii KoppeKtHoctn B ACL2

[Ipu nokazarebCTBE yCJI0BUN KOPPEKTHOCTH HAIIUM METO/IOM BO3HUKAET HEOOXOIUMOCTH
UCIIOTb30BaHUS WHJIYKIIUUA U3-3a PEKYPCUBHOI'O OIPeeIeHUs ONepPaIuy 3aMeHbl. XOTs
ACL2 nojiep:KuBaeT J0Ka3aTeIbCTBA 10 UH/TYKITUH, Mbl CTOJIKHYJ/IUCH C OTIPE/Ie/IEHHBIMU
TPYIHOCTSMU TIPU IIPOBEJICHUU SKCIIEPUMEHTOB. MbI IIpe/iyraraeM 9BPUCTUIECKUN METOI,
MO3BOJISIONIN YCIENTHO JOKAa3aTh YaCTUIHYI0 KOPPEKTHOCTD psJa MPUMEPOB ¢ (PUHUT-
HOIT uTeparyeil Ha i N3MeHIEeMbIMI MACCUBAMU C BBIXOJOM U3 IUKJIA.

Wnest cocTonT B IpoBepKe MPEJIITOIOKEHNUS], YTO MOCTYCJIOBHUE ITPOTrPAMMbI OITACHIBAET
ciaydan B (hopMe KOHBIOHKIIMH UMILIMKAIIANA, CJIYUUJICA WM HET BBIXOJ, U3 Tejia IUKJIA.
ACL2 cnocobHa MPOBEPUTH MCTHHHOCTH TAKOTO IPEIIOJIOKeHus . Ecim OHO MCTHHHO,
TO 3TO MOMOTraeT 0oJiee TOYHO ONUCATH CIydad B MOCTYCJIOBUU. J/loKa3aTesbcTBO BeeX
YTOYHEHHBIX CJIyYaeB IIOMOTAET JIOKA3aTh YCJIOBHE KOPPEKTHOCTH.

Ha Bxosm asropurma mocrynaer ycjoBue KOPPEKTHOCTH ¢, IEPEMEHHas 1, Olpeiesie-
HUe (PYHKIUU rep, TEOPUs MPEJIMETHON 00JIACTU U IIOCTYCJIOBUE.

B pesysnbprare paboThl aJrOpUTM BBIIAET JTUOO «¢@ UCTUHAY, TTOO «HEU3BECTHOY.

JIaHHBIN aJIrOPUTM BBITJIAUT CJICTYIONUM 00pa30M:

1. Ilyctp M obo3HadaeT KOPTEK UMILIUKAIIAA, ABJISIONINXCA KOHBIOHKTAMHU TOCTY-
ciiopugd. Paccmorpum koprexk N, Takoil 4To i-if sjieMeHT N 4gBJISIETCA MOCBLIKOM
1-ro 3nementa M. Ilepexon na mar 2.

2. st kaxkjioro sjeMenTa w3 N BBINOJHUTH mar 3. Ecim pesyibrar UCTHHEH, JO-
6aBUTHL B TEOPUIO JIEMMY, IPEJICTABIAIONIYIO COOOI KOHBIOHKIUIO ¢ U PAaBEHCTBA
i-ro ssementa N ¢ rep(...).loop-break. Unaue nepeiitn wa mar 4. Ecim pesynbrart
UCTUHEH, JI0OABUTH B TEOPHIO JIEMMY, IPEJICTABIAIONLYI0 COOONH KOHBIOHKIIUIO ¢ 1
paBencTBa i-ro gementa N ¢ —rep(...).loop-break. Ilepeiitn ma mar 5.

3. Ilycte 0 obosnauaer i-it smement N. Ilycth w saBIseTcs KOHBIOHKIMEH ¢ U pa-
senctBa 0 ¢ rep(...).loop-break. Tlposepurs uctunuocts w B ACL2. Eciin w 6blia
JIOKa3aHa, TO BEPHYTb «UCTUHAY, HHAYUE — <JIOXKb>.

4. Ilycte 0 oboznauaer i-it ssmement N. IlycTh w sBiisieTcsds KOHBIOHKIINEH ¢ U paBeH-
crBa 0 ¢ —rep(...).loop-break. ITposepurs uctunnocts w B ACL2. Ecim w 6bL1a
JIOKAa3aHa, TO BEPHYTb «UCTUHAY, MHAYE — <JIOXKb».

5. Ilposeputrs uctunnocts ¢ B ACL2 ¢ momoIpio moydeHubx jgemMM. Ecau ¢ Oblia
JIOKa3aHa, TO BEPHYTb «¢ HUCTUHA», NHAYE — «HEU3BECTHO>.

JlaHHBIN aJITOPUTM MOXKET OBITH OOOOIIEH /IS UCIIOJIb30BAHUS C JIPYTUMUA HHTEPAK-
TuBHbIMEI Jokazareaaymu u SMT-pemarenavu, nanpumep CVC4 u Z3.

5. IKCIIepUMEHT IO aBTOMaTU4YeCcKOii BepuduKammm

B nmannOM pa3zjiesie MbI IPOJEMOHCTPUPYEM IPUMEHEHUE HaIX MeToJIoB. PaccmoTpum
caenyromyio dyskimo negate first [5], koropas B 3ajaHHOM OJIHOMEDHOM MAaCCHBE
MEeJIBIX 9ucesl MeHIeT 3HaK MePBOTro 1O MOPSJIKY WHJIEKCOB OTPHUIIATEILHOTO JIEMEHTA.
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void negate_first(int n, int* a) {
int i;
for (i = 0; i < n; i++) {
if (ali] < 0) {ali] = -alil; break;}}}

[IpemycioBue nmeer BU/I:

(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0)))

[TocTycmoBue BBITISIUT CJIELYIONMNAM 0OPa30M:

(let (((mv found-spec index-spec) (count_index n a_0)))
(and (implies (not found-spec) (equal a a_0))
(implies found-spec (equal a
(update-nth index-spec (- (nth index-spec a_0)) a_0)))))

Oupegenenne count index nano B 8], npuioxenue E. Jlannas (pyHKIMs BO3Bpanaer
mapy: €€ MepBbIil KOMIIOHEHT UCTHHEH TOT/Ia W TOJILKO TOTJIa, KOT/Ia MACCUB G COJIEPYKUAT
OTpI/IHaTeHbHBIﬁ QJIEMEHT. B 9TOM CJIydae BTOpOﬁ KOMIIOHEHT COJCP2KUT MHIAEKC TaKOI'O
9JIEMEHTA.

CrpyKTypa JaHHLIX TUIA frame, peKypCUBHOE OIpee/IeHIe OePAlii 3aMEHbI I'ep
(em. [8], npusioxkenue F) u ocHoBaHHOE Ha Heil yc/ioBHE KOPPEKTHOCTU OBbLIM CreHepH-
POBaHLI € IIOMOIILIO METOA, M3JIOKEHHOTO B pasjieie 3. YCIOBHE KOPPEKTHOCTH Iy-
theoreml1 gaBisgercs KOHBIOHKIMEH JABYX CJIy4YaeB: UMeeT JIU MACCHB OTPUIIATETbHBIN
9JIEMEHT WA HeT. 3aMeTHM, UTO MOCTYCJIOBHE BEPUPUIUPYEMON (DYHKITHH TAKZKe OIIH-
CBIBAET 3TH JBa CJaydad. TakuMm o6pa3oM MbI HIPUMEHUIN SBPUCTUICCKHUNA METOI U3 pas-
nena 4. B nrore 6puia creHepupoBaHa JieMMa, 06 3KBUBAJICHTHOCTH YTBEPXKICHHUA O BbI-
XOJIe U3 IUKJIA U YTBEPXKJICHUS O CyIIeCTBOBAHNN OTPUIATEILHOIO 3JIEMEHTa B MACCUBE.
YcioBue KOpPEKTHOCTH (BMeCTe ¢ JAHHOMN JIEMMOIi) MMeeT BUI:

(defrule my-theoreml (b* (((mv found-spec index-spec)

(count_index n a_0)) ((frame fr) (rep n (frame-init a)))) (implies

(and (integer-listp a) (integer-listp a_0) (equal a a_0) (integerp n)

(< 0 n) (<= n (length a_0))) (and (implies (not found-spec)

(equal fr.a a_0)) (implies found-spec (equal fr.a

(update-nth index-spec (- (nth index-spec a_0)) a_0))))))

:prep-lemmas ((defrule lemma (b* (((mv found-spec index-spec)
(count_index n a_0)) ((frame fr) (rep n (frame-init a)))) (implies
(and (integer-listp a) (integer-listp a_0) (equal a a_0)
(integerp n) (< 0 n) (<= n (length a_0))) (and (equal fr.loop-break
found-spec) (implies (not found-spec) (equal fr.a a_0)) (implies
found-spec (equal fr.a (update-nth index-spec (- (nth index-spec
a_0)) a_0))))))

:enable (frame-init count_index rep)

:induct (dec-induct n))))

Cucrema ACL2 ycrenmHo j1oKa3aja yCcJIoBue KOPPEKTHOCTH B MTOJIYIE€HHON TEOpHUH.
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SaKJII0YeHHue

Jlannast cTaTbd MpeJCTaB/sgeT pacimupenue cucrteMbl Bepudukaiun C-light mporpamm
[13]. B citygae dpuruTHOI MTeparyu Hal U3MEHSIEMBIMI MaCCHBAMU C BBIXOJIOM W3 IUKJIA
JIAHHOE PACHINPEHUE TO3BOJISIET MOPOXKIAThH YCJIOBUS KOPPEKTHOCTH 0€3 MHBAPUAHTOB
IIAKJIOB.

OTa reHepalidsi OCHOBaHa Ha TpaBuUje BbIBOja Jis orepartopa for saspika C-light,
HCIIOJIB3YIONEM ofepalinio 3ameHbl. OHa BbIparkaeT (pUHUTHYIO UTEPAIMI0 B CHMBOJIU-
qeckoM Buje. Orepaliusi 3aMeHbI TOPOXKIAeTCsI ABTOMATUYIECKN CIEIUAIbHBIM aJIrOPHUT-
MOM.

[Tonydennble ycioBusi KOPPEKTHOCTH aBTOMaTmdeckn jgoka3biBarorcs B ACL2 ¢ mo-
MOIIIBIO TPEJIIOKEHHOTO IBPUCTHIECKOT'O METO/IA.

OrmeruM, uro Bepudukanus GyHKIWA, peanusyomux uarepdeitc BLAS [3], sBiis-
eTcsl M3BECTHON 1pobJieMoii. Panee Mbl yCIIENTHO BBIIOJHUIN TaKUe SKCIIEPUMEHTHI | 7).
Hamm merospr o3Bosnm BepuduiinpoBarh MOYHKIIMIO aSUmM, Pean3yollyi0 COOTBET-
cTByfoIyto pyHKIMO n3 narepdeiica BLAS, Koropast BeAmcasgeT cyMMy aOCOJIOTHBIX
3HAYECHUN BEKTOpA.

B nmanbreiiiemM Mbl IJIaHEPYEM pacCMOTPETH ciIydan 0oJjiee CJI0XKHBIX CTPYKTYP JlaH-
HBIX U Bepuduimposath japyrue dyukimn narepdeiica BLAS.
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Abstract. During deductive verification of programs written in imperative languages, the genera-
tion and proof of verification conditions corresponding to loops can cause difficulties, because each one
must be provided with an invariant whose construction is often a challenge. As a rule, the methods
of invariant synthesis are heuristic ones. This impedes its application. An alternative is the symbolic
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a loop body in a form of special replacement operation under certain constraints. This operation ex-
presses loop effect in a symbolic form and allows to introduce an inference rule which uses no invariants
in axiomatic semantics. This work represents the further development of this method. It extends the
mixed axiomatic semantics method suggested for C-light program verification. This extension includes
the verification method of iterations over changeable arrays possibly with loop exit in C-light programs.
The method contains the inference rule for iterations without loop invariants. This rule was imple-
mented in verification conditions generator which is a part of the automated system of C-light program
verification. To prove verification conditions automatically in ACL2, two algorithms were developed
and implemented. The first one automatically generates the replacement operation in ACL2 language,
the second one automatically generates auxiliary lemmas which allow to prove the obtained verification
conditions in ACL2 successfully in automatic mode. An example which illustrates the application of
the mentioned methods is described.
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O BBIpa3uUTEILHBIX BO3MOKHOCTIX HEKOTOPBIX
pacIMpeHnii JTUHEITHON TEMIIOPAJIbHON JIOTUKNI

I'marenko A.P., 3axapos B. A.

noayywena 10 cenmasabpa 2018

Annoramusa. Komeunbie aBTOMAaTHI, 33/1a10111He TPE0OPA30BAHUS IIOTOKOB BXOJHBIX CUTHAJIOB B IIO-
CJ1€10BATEJIbHOCTU JIEMEHTAPHBIX JCHCTBUI, ABIAIOTCA IIPOCTEMIICH MOAE/IbIO BBIYUCICHU, ITPUTOIHO
JIJIsI OIIMCAHUsI TIOBEJIEHUsI PEAruPYIOIIMX CUCTEM. DTO IMOBEIEHUE IIPOSIBJISIETCS B COOTBETCTBUU MEXK LY
IIOTOKOM BXOJIHBIX CUTHAJIOB U ITOCJIEIOBATEIbHOCTHIO JIEMEHTAPHBIX JIEHCTBUIl, BBIMOJIHSIEMBIX CHCTe-
moit. Mbl mostaraeM, 9To Jijisi (PDOPMAIBLHOTO OIUCAHUS MTOBEIEHUS PEATHPYIONIUNX CHCTEM TaKOro POIa
TpedytoTcs OoJiee CIIOKHDBIE U BBIPA3UTEIbHBIE CPEICTBA CHEIMMUKAIINN, HEYKETH TPAUITHOHHAST TEMIIO-
panbHas jgoruka jauneiinoro spemenu LT L. B aToit paboTe paccMaTpuBaeTcst HOBBIH SI3bIK (hOPMATHHBIX
cunenndukanuit LP-LT L, npencrapistionuii coboil pacimpenne reMopabaoii joruku LT L, crermuaib-
HO pa3paboTaHHOE [Ijisl OIMCAHWS CBOWCTB BBIYUCJIEHUIN aBTOMATOB-IIpeobpaszoBaresieil. TeMmopasbHbe
oneparopsl B hopmynax LP-LT L cHabKeHbI TapaMeTpaMu, B KAI€CTBE KOTOPBIX UCIIOIb3yIOTCS MHOYXKE-
CTBa CJIOB (sI3bIKHU ), ONUCHIBAIOIME IOTOKU CUI'HAJIOB YIIPABJIEHHsI, IOCTYIAIONINX Ha BXOJ PEArnPYIOIel
cucrembl. bazosble npegukaTer B hopmynax LP-LT L takKe OIPeIesiOTCs sI3bIKaMi B ajipaBuTe dJie-
MEHTapPHBIX JEHCTBUIL; 9TU SI3BIKM OIKMCHIBAIOT OXKUJIAEMYI0 PEAKIIUI0 CUCTEMBI B OTBET Ha BO3JEHCTBUSI
OKpYy2Karoleiil cpeipl. B 6ojiee paHHUX paboTax aBTOPOB 9TOIl CTaThU M3yYaJach 3aJaua BepuUKAIUU
KOHEYHBIX aBTOMATOB-IIPE00Pa30BaTe/iell OTHOCUTEILHO CIenuUKAINi, TPEICTABICHHBIX (DOPMYyIaMu
goruk LP-LTL u LP-CTL. Bouto mokazano, 9To Iy 00enx JIOTUK 3Ta 3a/a49a aJrOPUTMUIECKU Pa3-
pemumMa. Ienb gaHHOM PabOTHl — OIEHUTH BbIPpA3UTe/bHbIE BO3MOKHOCTH jjoruku LP-LT L u cpaBHUTH
€€ C HNIUPOKO M3BECTHBIMU JIOT'MKaMW, IIPUMEHAIOIIUMUCA B I/IHCI)Opl\/Ia.TI/IKe JIJISL CIIGLH/I(I)I/IKaL[I/II/I pearu-
pytomux cucrem. B jroruke LP-LT L 6bumn Bbenens! asa dpparmenta LP-1-LTL w LP-n-LTL. Ham
yIaJ0Ch YCTAaHOBUTDH, 9TO s3bIK cremudukarnuit LP-1-LT L 6osee Boipasurenen, yem LT L, B To Bpe-
Ms Kak pparmernt LP-n-LT L obiamaer TOYHO TAKAMU K€ BBIPA3UTEIbHBIME BO3MOXKHOCTSIMU, ITO U
MOHA/IMYeCcKast JJOIMKA BTOPOro mopsijika S1S.

KuroueBble cjioBa: TeMIIOPaJIbHbBIE JIOTUKU, BHIPA3UTEIHLHOCTD, ClIeNnMUKAIUs, BepuMUKAIINs, aBTO-
MaThl Broxu, 6eCKOHEeYHbIE CJIOBa

s uuruposanusi: ['Harernko A.P., Saxapos B. A.,; "O BbIpasuTeIbHBIX BO3MOXKHOCTSX HEKOTOPBIX PACIIUPEHUN JIu-
HeifHON TeMnopasnbHoil goruku", Modeauposarue u anarus ungopmayuornvir cucmem, 25:5 (2018), 506-524.

O6 aBToOpax:

Iuarenko Auron Pomanosuu, orcid.org/0000-0003-1499-2090, cryent,
MockoBckuii rocygapcrBeruslii yuusepcurer uMm. M.B. Jlomonocosa,

Jlenunckue ropsel, 1, . Mocksa, 119991 Poccusi, e-mail: gnatenko.cmc@gmail.com

Baxapos Bragumup Anarosnbesud, orcid.org/0000-0002-3794-9565, nokrop ¢dbus.-Mar. HayK, Ipodeccop,
Hanumonanbublii uccienoBaTeIbCKuil yHUBEPCUTET «Bhicimas mKoa SKOHOMUKHT >,
ya. Mscuunxkast, 20, r. Mocksa, 101000 Poccus, e-mail: zakh@cs.msu.ru

BuaaromapHocTu:
Pa6ora Boimosninena npu dunamcoBOR nogaepxkke rpanra POPU N 18-01-00854

206



I'matenko A.P., 3axapos B. A.
O BBbIPa3UTENIBHBIX BO3MOXKHOCTSX HEKOTODBIX PACIIUPEHUI JIMHEHHONW TEMIIOPAJIBLHON JIOMHMKY 507

1. DBsenenne

ABTOMATBI-TIPEOOpPA30BATEN ABJISIOTCA OJIHOM U3 CAMBbIX PAHHUX MOJIE/Ieil BHITUC/ICHUIT;
OHM HAXOJAT NPUMEHeHHe B WHQOPMATHKE, TPOrPAMMUPOBAHUN, MUKPOJEKTPOHUKE,
JuHrBUCTHKE. B 9T0i1 cTaThe Mbl Oy/1eM UCIOJIB30BATh UX B KadecTBe (hOPMAILHON MOJIe-
JIN pearnpyronmx THOOPMAIMOHHBIX cucTeM. Ha KaxKmIoMm Imare BBIUNCIEHUS aBTOMAT-
IpeoOpPa30BaTeNb TOIyJaeT Ha BXOJIE OJMH N3 CUMBOJIOB BXOTHOTO ajiaBNATa 1 BBIJAET Ha
BBIXOJI€ [OCJIEI0BATEIbHOCTD CHMBOJIOB (CJI0BO) BBIXOJHOIO aipaBUTa. BYKBBI BXOJHO-
ro ajdaBuTa COOTBETCTBYIOT CUTHAJIAM YIIPABJIEHUS, TOCTYIIAIONINM U3 BHEITHEN CPeJIbl,
a OYKBBI BBIXOJHOI'O ajipaBUTa — SJIEMEHTAPHBIM JIEHCTBUSM, BBIIOJTHSIEMbIM Dearupy-
omeit cuctemoii. Ha MHOXKeCTBe 3/IeMEHTAPHBIX JIEWCTBUI, BBITIOJHAEMBIX aBTOMATOM-
peoOpas3oBaTeseM, MOXKHO BBECTH OIEPAIINI0 KOMIIO3UINH, c(pOPMUPOBAB, TAKIM 00pa-
30M, TOYTPYyIIy JeficTBuii aBToMaTa. [loBeeHne cucTteMbl B 9TOM ciiydae XapaKTepH-
3yeTcsl OTHOIIIEHHEM TPeo0Pa30BaHts MOTOKA YIIPABJIAIONINX CUTHAJIOB B JIEHCTBUS, BbI-
noJtHsgeMble cucTeMoit. Mosersb mocseoBaTe/IbHBIX PeArupyoNInX CUCTEM TAKOro BUJIA
ObLIa TIPeJJIoKEHa U UCCIIeI0BaHa B cTaThiax [6,21-23).

Ho ny1s1 mpoBepKy MpaBUJILHOCTH TIOBEIEHUS PEArUPYIONINX CUCTEM, MOJIETUPYEMBIX
KOHEYHBIMU aBTOMAaTaMU-TIPEOOPA30BATE/IAMI HAJL MOJYTPYIIIaMU, HEOOXOIUM aJIeKBaT-
HBII 3TON Momjenn si3blK (hopMasibHBIX crenudukamnuii. [IpemraraemMbrii HaMu TOJIXO/T
K IIOCTPOEHUIO TAKOI'O S3BbIKA OCHOBBIBAETCS Ha CJEAYIOMNX coobparkeHusx. TunudaHoe
TpeboBaHue MPaBUJILHOIO MOBEJIEHUS PEArupyrolieil CUCTEMbI COCTOUT B TOM, UTO JIJIs
KazKJIOr0 BXOJIHOIO CJIOBA (IIOTOKA CUTHAJIOB YIIPABJICHUS ), MOJNAJIAONIETO MO, HEKO-
TOPBIN 3aJIAHHBINA TA0JIOH, BHIPAOATHIBAETCA PeakIlidd, KOTopas TaKxKe IOJIITaJIaeT TIO]T
HEKOTOPBIN 3a/IaHHblil 11adsoH. /[j1g BbIpakeHus Takux TpebOOBaHU TOHAIO0ATCI He
TOJIBKO TeMIIOPAJIbHBIE OIIEPATOPHI, IIPU IOMOIINA KOTOPBIX MOXKHO OIHUCHIBATH MOPSIOK
cJieJIoBaHusi COOBITHI (yIPaBJISIIONIUX CUTHAJIOB M JIEHCTBHI ), HO TaKyKe ¥ CPeJCTBa JIJIs
OlMCAaHUs U ydeTa YKa3aHHBbIX I1ab/ioHoB. [l 3a/iaHus 1mabj0HOB IOTOKOB yIIPaBJIs-
IONAX CUTHAJIOB TOJATCH JIIOOble CIOCOOBI OMUCaHUsA (DOPMAJIBHBIX T3BIKOB — aBTOMAa-
ThI, (hOpMaAJIbHBIE TPAMMATUKU, PEryJIApHbIE BhIpaxKenus u up. g onucanusa peaximn
aBTOMaTa-1Ipeodpa30BaTE s, PAOOTAIONIEr0 HAJl HEKOTOPO 38 IaHHO ITOTyTPYIIIOi d1e-
MEHTapHBIX JefCTBUI, MOXKHO UCIOJb30BATH JIIOObIE MIPEINKATHI, OIIPE/Ie/IEHHbIE B 3TON
nosiyrpynne. B ciaydae ¢cBOOOHON MOIYTrpyHIbI TaKue TPEIUKAThl (PaKTUIECKU IIPeJI-
CTABJISIIOT COOOM MHOXKECTBA CJIOB (SI3BIKH) HAJ| aJi)aBUTOM IJIEMEHTAPHBIX JICHCTBUIL.
Jlna ux 3aJlaHusg TakyKe TOJIATCs JIIoOble CpeJicTBa 3aJaHnd (POPMabHBIX S3BIKOB. B
9TOM CJIydae CBOMCTBA MOBEJICHUS pearupyIioniux CUCTEM MOYKHO OIMUCHIBATE, HAIIPUMED,
IIPU ITOMOIIN TeMIOpaJIbHBIX (hopmyn Buma G P, o3HAYAOMNX, YTO 718 KazK/I0TO BXO/I-
HOT'O CJIOBa W, TPUHA/JIEYKAITETO A3BIKY L, BBIXOJIHOE CJIOBO h, KOTOpOe BbIPpAOATHIBAET
aBTOMAT-IIPe00PA30BaTe/Ib B KAYeCTBE PEAKINH, IPUHAJJICXKUT A3bIKY P.

Takoit oaxo/1 06J1aaeT ABYMS JOCTOMHCTBAMU. Bo-1IePBBIX, OH TIO3BOJISIET SIBHO BbI-
pazKaThb COOTBETCTBUS MEXKTy BXOHBIMHU U BBIXOHBIME CJIOBAMU aBTOMATOB-11PE00Pa30-
BaTe el ¥ OMUCHIBATH TEM CaMbIM TUIINYHBIE TPEOOBAHUS TPABUIHLHOTO MTOBEJICHUST pea-
rupyiommx cucreM. U, Kpome TOro, OH 1MO3BOJIIET aJIAITHPOBATH METO/IbI BepUMDUKAIIH
MoJIeJieli TIpOrpaMM, IPUTOJIHbIE JJIsl TPAJUIMOHHBIX TEeMIOPAIbHbBIX Jioruk (cM. [2]). B
crarbe [11] aTor 3ambIicest ObLT OCyIeCTBIIEH M si3biKa crenudukanuii LP-LT L, ocHo-
BAHHOI'O Ha TeMIopasbHoil joruke LT L, a 3ateM B crarbe |7| OH 6bLI pacupocTpaHeH Ha
s3pIK crieruuranmit LP-CT' L, pacmupsioniuii JIOruky jgepeBbeB Beraucyenuit CT'L.



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.25 Ne5 (2018)
508 Modeling and Analysis of Information Systems. Vol. 25, No5 (2018)

Hesib rammoit cTaThU — OIEHUTH BHIPA3UTEIbHBIE BOSMOXKHOCTU HOBOI TEMITOPAJILHO
soruku LP-LT L, cpaBHUB ee ¢ JIPYTUMU TPUKJIAIHBIMA JIOTHKAME, UCTIOIb3YEMbIMU JJIsT
BepuduKaruu mporpamm. [IpoBeieHne Takoro cpaBHEHUST OCIOKHSIETCS T€M, 9TO CeMaH-
tuka LP-LTL n cemanTuka HanboJiee N3BECTHBIX TEMIIOPAIbHBIX JIOTUK OIPE/IEISTIOTCS
HA Pa3HBIX CTPYKTypax. UToObl MpeojiosieTh 3Ty TPYAHOCTb, MbI BBIJIEIUIN B JIOTHKE
LP-LTL na dparmenta LP-1-LTL n LP-n-LT L, ceManTUKN KOTOPBIX MOXKHO a/Iall-
TUPOBATH K DECKOHEUHBIM CJI0BaM (CBEPXCJIOBAM), U 3a CYET ITOrO CJEIaTh BO3SMOKHBIM
cpaBHeHHe 3TUX (pparMeHTOB, TeMIIOpaJbHON JIOTUKOIl JimHeliHoro BpeMeru LT L n mMo-
HAINIECKON JIOTHKOI BTOporo mnopsgaka S1S. B pesynbrare yjaanoch oO0HAPYXKUTH, 9TO
LP-1-LTL saBnsiercss crporo 6osiee BbipasuTebHoil, Hexxkean LT L, a LP-n-LTL u S1S
00J18/1aI0T OJIMHAKOBBIMU BBIPA3UTE/ILHBIMU CIIOCOOHOCTSMH.

Cratbs ycTpoena ciemytomum obpaszom. B paszesne 2 ormpejiesiena Moje/ib KOHEIHOTO
[I0CJIEJIOBATEILHOIO aBTOMaTa-Ipeobpa3oBaresid. B ciemyromeM pasjese OnucaHbl CHH-
TAKCUC U ceMaHTHKa TeMropasibaoit joruku LP-LT L. B paznesne 4 Boijiesnenst hparmeH-
o1 LP-1-LTL v LP-n-LTL noruku LP-LT L, ceMaHTHKY KOTOPBIX MOYKHO OIPEJICTUTD
Ha CBepxcjioBax. B cieyiomumx JIByX pasjiesiax IpeJICTaB/JIeHbl OCHOBHbBIE PE3Y/IbTaThl
9TOM cTaThbu. B 3aK/II0UeHnN MPOBEJIEHO KPATKOE COIMOCTAB/ICHIE BBEJIEHHOTO HAMU Pac-
mupenus jJoruku LT L ¢ IpyruMu pacuimpeHusMu TOW Ke JIOTUKU U HaMedeHbl HalpaB-
JIGHUS JTaJbHEHINX UCCIeI0BaHuil cBoiicTB TeMopaibhoit joruku LP-LT'L.

2. MogennpoBanue pearupymoninx CHUCTEM
aBTOMAaTaMU-IIPeodpa3oBaTEaAAMM

Pearupyroriasi cucrema Mpou3BOANT BBIYUC/IEHNE, MOJIyYas BXOJIHBIE CUTHAJBI OT OKPY-
JKaromieil cpesibl ¥ BBINOJIHASA B OTBET Ha HUX OIpPEJIeJIeHHbIE dJIeMeHTapHbIe JeiCTBUS.
Pacemorpum korednoe MHOXKeCTBO C 8L0OHBIT CU2HAA068 T KOHETHOE MHOXKeCTBO A ane-
menmaproir deticmeut. Kornearnnie ciaoa B andasure C Mbl OyIeM Ha3bIBATH NOMOKA-
MU CU2HAN08, KOHETHBIE cioBa B ajdasure A — cocmasHbimu deticmeusmu, KOTOPbIE
MOKHO pPacCMaTpuBaTh KaK IOC/eI0BaTe/bHbIE KOMIIO3UIINN 3JIEMEHTAPHBIX IeiCTBUIL.
MHozkecTBa BCEBO3MOYKHBIX ITOTOKOB CUTHAJIOB M BCEBO3MOXKHBIX COCTABHBIX JIEHCTBUI
oboznaunMm samucsamu C* u A* coorBercrBeHHO. MBI HCIIOJIB3YEM CTaHIapPTHBIE 0003HA-
YeHUs, IPUHATHIE B TEOPUH (POPMAJIbHBIX SI3bIKOB: 3aIMCh UV 0003HAYAET KOHKATEHAIUIO
CJIOB U U v, & 3HAK £ — IIyCTOE CJIOBO.

Onpenenenne 1. Koneunbim aBromaroM-tipeobpaszoBareieM Had aspasumamu C u A
nasweaemesn namepka 11 = (Q,C, A, @init, T'), 20e 1) QQ — amo mmoocecmso ynpasasio-
wux cocmoanud, 2) qmy € @ — mavaavroe cocmosnue, 3) T C Q x C x QQ x A* —
OMHOWEHUE NEPETOJO8.

Mpb1 GyzeM mosiaraTh, 9TO OTHONICHHE MepeXonoB 1 ABISeTCsa TOTAILHBIM, T.e. IS
KaskKJIOrO COCTOSIHUS ¢ M CUTHAJIA YIPABJICHUS ¢ CyHIECTBYIOT TaKUE COCTOSHUE ¢ M JIeii-
crBue h, Jjisi KOTOPBIX BBINOJIHSAETCS OTHOIIEHUE 1epexoios (¢, c,q' h) € T. Yersépka
(¢',c,q", h) € T nasbiBaercsa nepexodom: npedbIBas B COCTOSIHUA ¢’ U MOJIYIUB CUTHAJ C,
ABTOMAT IEPEXOJUT B COCTOAHME ¢’ M BBIIOIHAET cocTapHoe aeiicTeue h. aa marmis-

c,h
HocTH OyaeM 0b603HadaTh Iepexo 3ammucbio ¢ — .
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,Z[.HH OIIMCaHnA IIOBEACHUA aBTOMaTa—HpeO6pa30BaTe.H§I HaM HOH&,ZLO6HTC5{ IIOHATNA

poroHa u Tpaekropun. [Ipozon aBroMara Il — 3T0 GeckoHevYHaAsT MOCTIETOBATENBHOCTD

L 1, ha 2, ha cn, hn I "
IePEXOJIOB: P = (1 > (o e Gni1, - - - 1IPOroH, HAUMHAIONMIUICSI B COCTOSI-

HUU (4, HABBIBAETCSI 0CHOBHbIM.

Ounpenenenne 2. [Tycmv sg — mexkomopoe cocmachoe deticmeue, a p — YKa3aHHbLll
eovie npozon asmomama I1. Tozda Tpaekropueit asmomama II na npozone p nasviea-
emca napa tr = (S, @), 2de nocaedosamesvrocmsv o = (cq,81), (C2,82), .-, (€, 8i), -,

ydosaemeopaem ycaosuro s; = S;_1h; das xascdozo namyparvrozo i.

TpaekTopus npeacrasisger coboil BO3MOXKHYIO PEAKIIUIO CUCTEMBI, PaHee BbIIIOJIHUB-
meit geiicTBUe Sy, B OTBET Ha IIOTOK BXOJHBIX CHUT'HAJOB W = C1C3...C;.... B ciyuae,
€CJIN TIPOTOH p BJIAETCA OCHOBHBIM IIPOT'OHOM aBTOMATa, & Sy = £, TO COOTBETCTBYIO-
mas TPAeKTOpUs TaKzKe Ha3blBaeTcad 0cHo6HoU. MHOXKECTBO BCeX OCHOBHBIX TPAE€KTODHIl
asTomata I Gyjem obosnauats ¢ nomomibio T (IT). Tlog 3anuckio tr|" nonumaercs Tpa-
eKTOpUS, NPEJICTABJIAIONIAsA COOON «XBOCT» TPAEKTODPHU IT, T. €. TpaeKTopus (s;, a|’), rae

al" = (ciyr, siv1), (Civa, Sita), - -

3. dA3wik cnenmmdukaruit LP-L1TL

J11s1 TpOoBEPKHU TPABUJILHOCTH TOBEICHUS PEAarupyIoninx CUCTeM HeOOX0IUMO UMETH (Dop-
MaJIbHBIH sI3bIK CIIeNUKAII, Ha KOTOPOM 3allUChIBAIOTCS TPeOOBaHUs ITPABUIbHOCTH.
[ToBeienne pearupyioleit cucTeMbl IIPeJICTaBIsIeT coOOI ITPOIIECE, MPOTEKAOIIN BO Bpe-
MEHU " HpOHBJISIIOILLI/IfICH B COOTBETCTBUU ME2KIAY IMIOTOKaMM CHUI'HaJIOB YIIpaBJICHUA, I10-
CTYIAIONUMK Ha BXOJI CUCTEMBI, U JIEHCTBUSIMHE, BBITIOJTHAEMbIMH €10. [I 15 crierudukamm
MOBEJIEHUsST TAKOTO POJia OOBIYHO HUCIOJIB3YIOTCA T€ WJIM HUHbIE PA3HOBUIHOCTH TEMIIO-
pasbHBIX JIOTUK. [Ipu BbIOOpE MOIXOMINEHl TeMIIOpaIbHON JIOTUKU I (DOPMATBEHOTO
OIIMCaHnd IIOBEACHUA aBTOMaTa—HpeO6pa30BaTeJIﬂ HY>KHO UMETH B BU/IY CJICAYIOHIUE JIBE
OTJINYUTEIbHBIE OCOOEHHOCTH IIpejlaraeMoil MOJIE/IM PearupyioninX CUCTEM:

1. pesysbTaT paboThl aBTOMATA-IIPe0OPA30BATEId — ITO MOCTIETOBATETBHOCTD BBITIOJI-
HEHHBLIX UM JIeHCTBU 13 MHOXKecTBa A; 1103TOMYy aroMapHbie (hOpPMYJIbI (6a3OBble
IPEeJINKATHI) JIOJIZKHBI HMHTEPIPETHPOBATHCs Ha MHOXKecTBe A

2. IIoBeJcHNE aBTOMaTa 3aBUCUT HEe TOJILKO OT T€YCHHA BpEeMEHH, HO TaK>Ke 1 OT II0TO-
Ka BXOJHBIX YIIPpABJIAIONINX CUT'HAJIOB] IIO9TOMY TEMIIOPaJIbHBIE OlIEPpATOPLI CJIeAYyeT
napamempu3oeaimsv, TO €CTb CH&6,HI/ITID OllMCaHuEeM TeEX IIOTOKOB YIIPpaBJIAIOIIUX CUI-
HaJIOB, Ha KOTOPLIX IIPOBEPACTCHA IIOBEJICHUE aBTOMaTa.

Y100bI IpUIaTh A3bIKY CHENUMUKAIINI TTOBEJIEHNS PeAruPYIONINX CUCTEM YKa3aHHbIE
cBoiicTBa, aBTOPHI |11] mpemozkmm HOBoe pacmpeHre TeMITOPaJIbHO JTOTUKN JTHHEHHO-
ro BpeMmenu LT'L. B ocHoBy 9TOro pacuimpenus moJIOXKeH cJie Iy ortuii 3ambicest. [Iposep-
Ky MPaBUJIBHOCTH PeakInii aBToMaTa-1peodpasoBaTess HEOOXOIUMO yMETh IMPOBOJIUTH
Ha TIOTOKAX CUTHAJIOB ylipaBsenud. [l croponnero nab/iojiaresis oBeeHre aBToMaTa
Ha 3a/aHHOM II0OTOKE CHATHAJIOB YIIPaBJICHUA IIOJHOCTLIO OIIPEJIEIAETCd TPACKTOPUAMUA
[IPOTOHOB aBTOMATa Ha 3TOM MMOTOKe. COOBITUSMU, JTOCTYIHBIMU HADJIIOIEHUIO, SIBJISIOT-
¢ JIeiCTBUSA, BBINOJIHAEMbIE aBTOMATOM TI0 XOJy IPOTroHOB. [IpaBUIbHOCTDL TOBEIEHUS
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aBTOMAaTa IPOABJSETCA B TOM, YTO 3TU COOBITHS IIPOMCXOIAT B HEKOTOPOM XKEJIaeMOM
nopsiike. J[i1s onmcanus mopsijika OCyIIecTBIEHUS COOBITHII MOXKHO IIPUBJIeYb (DOPMYJIBI
LT L, B KOTOPBIX T€ WU UHbIE TUIIBI COOBITUI BBICTYIAIOT B POJIU JIEMEHTAPHBIX BbICKA-
sbiBaHuil (6a30BbIX TpeanKaToB). [Ipu 5TOM MHOXKeCTBa TIOTOKOB CUTHAJIOB YIIPABJIEHUS,
HA KOTOPBIX IPOBepsieTcs TpeboBaHMe MPABUJILHOCTH IOBEJIEHUs] aBTOMATa, YKa3bIBa-
I0TCd B KA9eCTBe [apaMeTpPOB TEMIIOPAJIbHBIX OlepaTopoB. TakuMm obpaszom, oOpasyercs
napamerpusoBanioe pacimpenue LT[, B KOTOpOM OTHOIIEHUE BBITOJTHUMOCTH (DOPMYJT
orpesiesigeTcd Ha TPAEKTOPUAX aBTOMATOB-IIpeodbpazoBaTeseil. Bosee moapodHoe omuca-
HUE 9TOTO PACIIUPEHNS TaKOBO.

JIr000e MHOXKECTBO MMOTOKOB CUT'HAJIOB YIIPpaBJIeHUs Oy/IeM PACCMaTpPUBATH KaK A3BIK
B ajipasure C. BoimesnM HEeKOTOpOE OT/E/IbHOE ceMelicTBO sA3bIkoB L B asdasure C
(HampuMep, peryssipHble A3bIKH) U Oy/IeM Ha3bIBaTh BCSKHN sI3bIK U3 9TOTO cemeiicTBa
wabsorom nosederus oxpyscenus. 111abmoHbl TTOBeIeHNsT TPU3BAHBI OIUCHIBATD JIOILY-
CTUMBIE BO3/eiicTBUA BHEIIHE cpeJbl Ha PearupyIolLylo CUCTEeMY.

CocraBHble JIeHCTBUsA, BBIOJIHIEMbIE CHCTEMONH B OTBET HA CUTHAJBI YIIPABJIECHUS,
TaKzXKe SBJISIOTCd cioBamu B ajidasure A. Bbeiaieany HEKOTOPBI Kiace sA3bIKOB P B
ayndasure A n OyjieM Ha3bIBATH BCSIKHUIl SI3BIK U3 9TOrO KJIacca 06a306biM NPEIUKamom.
Kazkiprit 6a30BbIi IpeIMKAT MOYKHO PAaCCMATPUBATH KaK HEKOTOPBIN THI HabJII0IaeMbIX
COOBITHIT-OTK/IMKOB PEArNPYIONIeil CUCTEMbI B OTBET Ha BO3JIEHCTBUE BHEITHETO OKPY-
xerusd. [Ipn ncnosnbzoBanmy 1mab/I0HOB MMOBEJIEHNS OKPYKEeHHUs U OA30BBIX MIPEUKATOB
B JIOTUYECKUX (POPMYJIaX MbI IPEJIIOJIaraeM, YTO COOTBETCTBYIONINE A3BIKU OIPeIe/IeHbI
KaKIM-JTH00 KOHCTPYKTUBHBIM 00pa3oM (HaIpuMep, ¢ MOMOIIbIO aBTOMATOB, TPAMMATHUK,
MarniH ThIOpUHTa, U T. IL.).

Onpenenenune 3. [lycms 3adarno nexomopoe cemelicmeo L wabronos nosedenus oxpy-
slcenus u Kaacc P 6a306ur npedurxamos, Jonyckaouur KoOHCMpPYKmMueHoe OnUCGHUE.
Mmnootcecmeo opmys soeuxu LP-LTL — amo naumenvuiee MHOHCECTNBO Sbipastcenul,
KOmopovie Mo2ym 6vmb noCmpoerv. no cAeOYOUUM NPABUAAM.:

1. xaorcoutl 6asoswiti npeduxam P € P asasemca dopmyaots;
2. ecau p1, p3 — GOPMYABL, MO BVPANHCEHUSL —P1 U P1 N\ P ABAANMCA HOPMYAAMU;

3. ecau p1 u py — Ppopmyan,, ¢ € C, u L € L, mo swvipasicenun Xop1, Y1, Fren,
Grpr u o1 Upps asasomes popmyramis.

Cemanrura LP-LT L onpenesisiercss Ha OCHOBE OTHOIIECHUS BBIITOJTHHMOCTH (DOPMYJI
Ha UHTEPIPETAIISIX, B PO KOTOPHIX BBICTYIAIOT TPAEKTOPHH aBTOMAaTOB-IIpeobpa3oBa-
teneit. [IpeamonoxkumM, 9T0 mMeeTcst HEKOTOpBI aBromar II m ero TpaekTopust tr =
(s0, ), te a = (c1,81), (¢2,82), ..., (¢i,8i),... Torma mas smoboit dbopmysbl ¢ 3amuch
tr = 1 6ymer o3navdarh, 9o (hopMmysia Y BBINOIHSETCA Ha TpaekTopun tr apromarta I1.

Onpepenenne 4. Omnowenue svinoarumocmu = 6 aoeuxe LP-LTL onpedeaum um-
dyruuet no eayoure Gopmyaoe:

1. ecau P — 6asoswviti npeduxam, mo tr = P <= s¢ € P;

2. tr =~ <= nesepno, wmo tr = @;

3. trE o1 N g <= tr =@ utr = ps;
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4. tr EX o= c=c utr|' & p;

5. tr EYwp < c# ¢ utr|' E o;

6. tr EFpp < Ji>20:cica...c; € Lutr| = o;

7. trEGrp <= Vi>0: ecaucicy...c; € L, motr|' = ¢;

8. tr E ULy <= Ji>0:cicy...c; € L, maxoe, wmo tr|" = u Vi, 0<j <1,
ecau ¢icy . ..c; € L, mo trll = .

Brepssie noruka LP-LT L 6buta BBefeHa B crarbe [11]. B ormuawne or LTL, B 9100
JIOTHKE BO3HUKAaeT HEOOXOJIMMOCTH MCIOJIH30BaTh JIBa PA3HBIX OllepaTopa oOpalleHns K
ciepytomemy MomenTy Bpemenu (NextTime) X, u Y, B 3aBUCHMOCTH OT TOrO, HACKOJIBKO
00s13aTeIbHBIM SIBJISIETCS MOSIBJICHIE B TPACKTOPHUH B TEKYIIUI MOMEHT BPEMEHU yIIPaB-
JIAIOIIEro CUI'HAJIA ¢, UCIOIb3YyeMOro B KadecTse apaMerpa. Oneparopst X, u Y, JIBOii-
CTBEHHBI JIpyT Jpyry. JIBoiicTBeHHBIMU siBJIsitoTCsT Takzke u onepatopbl Fp u Gp. C mo-
MOIIIBIO OTPUIAHUS — U KOHBIOHKITUU /A MOYKHO BBIPA3UTh JIPyTHe OyJIeBbI CBA3KU, TaKUe
kak V, —, =. [lo100H0 TOMy, Kak 3T0O OBLIO CJe/IaHO B IPUBEIEHHOM BBIIIIE OIIPEIeIeHIN
qist oneparopa U (Until), B sioruke L£P-LT L MOXKXHO BBeCTH HapaMeTPH30BaHHbIE aHA-
JIOTU JIpyrux Temiopasibabix oneparopos LT'L, nanpumep R (Release) nmm W (Weak
Until). B craree [11] mokasamo, 9T0 MHOTHE IIOJI€3HBIE COOTHOIIECHNST PABHOCH/ILHOCTH
Mexk Ty opmynamu LT L, namogodue TOXKJIECTB HEIOJBUKHON TOYKH, OCTAIOTCS CIIpa-
BEJINBLIMU U JIJIs TTAPAMETPU30BAHHBIX AHAJIOINOB TUX TOXKIECTB.

B noruke LP-LT L 3anada BepuduKaium aBroMaToB-1Ipeodbpa3oBaTesieil uMeer cje-
JIYIOILYIO IIOCTaHOBKY: JIJIsT IIPOU3BOJIBHOIO 33/IaHHOIO aBTOMaTa-IIpeobpaszosaresisa 11 u
(bOPMYIIBI ( TPOBEPHUTD, BBIIOJIHSIETCS JI OTHOIIEHHE {1 = ¢ JJist KasKI0# OCHOBHOM Tpa-
ektopun tr w3 muoxecrsa 1r(I1). B crarpe [11] mokaszano, uro sra 3amada paspernmma
3a JIBaXKJIbI SKCIIOHEHIINAILHOE BPEMs B TOM CJiydae, Korja cemeiictBa L u P ABIAIOTCS
KJIACCAMH PETryJIAPHBIX A3bIKOB U IPU ITOM IMabJIOHBI MTOBEJICHUS OKPYXKEHUs U 0a30-
Bble TIpeuKaThl B popmynax LP-LT L omuchBalOTCs C MOMOIIBIO JIETEPMIHIPOBAHHBIX
KOHEYHBIX aBTOMATOB-paCIIO3HaBaTE el .

B crarbe |7| unes mapamerpusalyu TeMIOpaJIbHBIX OMEPATOPOB IabIOHAMEI OBe-
JIEHUsT OKPY2KeHUs ObLla paclpocTpaHeHa Ha JIOTHKY jepeBbeB Bbruuciaenuit CT'L. B
9TO#l cTarhe OBLIN ONpeJeIeHbl CUHTaKCHC u ceMaHTuka joruku LP-C'T'L u nokazano,
4TO 33/1a4a BepuHUKAIUI aBTOMATOB-1IPe0Opa3oBaTe/ieil OTHOCUTEJILHO ClieluduKaImii
uX MoBeJIeHus, TpecTaBieHHbxX hopmynamu LP-CT L #Hat pery/isipHbIMUA ceMelcTBaMM
sa3bIKOB L 1 P, pa3permMa 3a 3KCIIOHEHIINAILHOE BPEMS.

MokHo npe/yIoKUTh U H0Jiee U30IMIPEHHYIO0 WHTEPIPETAINIO JIEHCTBUMN, BBIIOJIHSIE-
MBIX aBTOMATaMU-TIPeoOpa30BaTe/isl, HeKeJIu MPocToe (DOPMUPOBAHUE BBIXOIHBIX CJIOB.
Hamnpumep, stu jefictBusi MO2KHO paccMaTpuUBaTh KaK 3JIEMEHThI HEKOTOPOH HOJIyTIpyII-
bl WM TPYIIIBI C Pa3pernmMoii TpobaeMoii ToXK1ecTB (4TOOBI MOKHO OBLIO 9D hEKTHB-
HO CPaBHUBATH PE3YJILTATHI BBIIOJHEHNU JieficTBril). B 9T0M cityuae 6a30Bble IPEIUKATHI
MOXKHO 33/1aBaTh CIIENINATLHBIMUI aJrebpamdecKUMI CPeJICTBAMU, XaPaKTEPHBIMHA JIJIsI TO-
r'0 WX UHOTO BUJIA MOIYTpyHIl. 3ajada BepuduKaIluu aBToOMaTOB-IIpeodpa3oBaTesieil Mo-
JKET TOTJIA CYIIECTBEHHO YCIOKHUThCS: B cTaThe [6] ycTaHOB/IEHO, HAIIPUMED, UTO 3a/a1a
BepupUKAIUU aBToMaTa, pabOTAIONIEro HaJl CBOOOIHON KOMMYTATUBHON TOJIYTDYIIIION,
AJTOPUTMUYECKN Hepa3permMa.
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4. JIBa ¢dparmenta jioruku LP-LTL

CytiecTByeT HEMAJIO JIOTUK, KOTOPBIE UCIOJIB3YIOTCH [T ONUCAHUS TTOBEJCHUS BBIUNC-
JINTEJILHBIX cucTeM. B 9Tux jrornkax kazkjias (hopMysia aBJIsIeTCs ONMUCAHUEM MHOYKECTBA
BCEX TeX BBIUUCJICHUI-UHTePIIPeTaIuil, Ha KOTOPBIX OHA BBINOJIHAETCH. Takum obpazom,
BO3HUKAET BO3MOYKHOCTb CPABHUBATH BbIPA3UTE/IHLHBIE CIIOCOOHOCTH PAa3JIUYIHBIX JIOTUK B
3aBUCUMOCTH OT TOTI'0, KAKNE MHOYKECTBA, BBITUCJICHUN MOT'YT OBITH OIMMCAHBI (DOPMY/IaMU
9THX JIOTUK. BoJiee cTporo oTHoIEHNE CPaBHEHHS BbIPA3UTE/IHHBIX BO3MOYKHOCTEH JIOTUK
OIIPEJIETISIETCS CIIEYIOIIUM 00Pa30M.

Onpeneaenune 5. [lycmo umeromes dee aozuku Ly u Ls, Y KOMOPLIT OMHOWEHUE
BLINOAHUMOCTIU POPMYA ONPEVENAEMCA 6 0OHOM U MOM dHCE KAGCCE UHMEPNPEMAUUT.
Bydem 2060pumsv, wmo dopmyia 1 00not ud amur so2uk SKBUBAJIEHTHA opmyae o
KaKoU-Aub0 U3 Imux aoeuk, ecau coommowenue I = 1hy < 1 = by 6epro daa kaosrcdot
unmepnpemavuu 1. Jloeuxa £ cuumaemcs He MeHee BBIPA3UTEIbLHON, wem ao02uka Lo
(0bosnavaemes Lo < L1 ), ecau dan 060t dopmyave so2uru Ly cyuecmeyem IK6u-
sanenmmuasn et gopmyra sozuxy L. Joeuxu L1 u L5 umerom paBHbIE BbIPA3UTE -
HBIE BO3MOXKHOCTHU (0603navaemca Ly = L), ecau éepuve coommnowenus Ly < L1 u
L L. Jloeuka L) cuumaemces Gosiee BBIDA3UTEIBHOI, wem aozuka Lo (0603Hava-
emea Ly < L), ecau Ly X Ly, o npu amom u Lo £ L.

Pazmedennbie cucTeMbl IEPEX0/I0B MIMPOKO UCIIOIB3YIOTCS B KAYeCTBE MOJIeIeil pearu-
pyfomux cucrem. Habiroiaemoe moBejieHre TaKuX CUCTEM MPECTaB/IIeTCst OECKOHETHO
[IOCJIEI0BATEIHHOCTBIO HADJII0IaeMbIX cOObITHI. Ha MHOYXKECTBE TAKUX MTOC/IEI0BATETHHO-
creil MOXKHO OIPENIeNINTh CEMAaHTHKY TPeX JIOTHK — Teopun JmHeitHoro nopsaka (N, <),
TEeMIIOPAJILHOM JIOTUKK JTuHEeliHOTO Bpemenu LT[ u MOHaIM4eCKO# JIOTUKH BTOPOT'O I10-
psijika ¢ ofHOl dyHKmeit cienoBanns S1S. B padore [10] 661710 yeTaHOBIEHO, YTO JIOTUKA
(N, <) u LT L umeror paBHble BbIpa3UTEJIbHbIE BOSMOXKHOCTH, & B cTarbiax [17,19] 6buio
MOKA3aHO, ITO Jioruka S1S siBiisieTcst 6oJtee BeipasuTeabHoit, yem LT'L.

ABromMaThI-Ipeobpa3oBaTe Il TaKyXKe sIBJISIIOTCS MOJICISAMUA PearupyroinX CUCTEM, a
UX IOBEJIEHNEe MOYKHO OIUCBIBATH MTOCPEJICTBOM HOBOT'O PACIIUPEHUs JIOTMKU JIMHEHHO-
ro Bpemenn LP-LTL. llenb jgaHHOi cTAThU — CPABHUTH BHIPA3UTEIbHBIE BO3MOKHOCTH
TPeX JIOTUK, IIPUMEHIEMbBIX JIJIsd OIUCAHUS TOBeieHns pearupyfomux cucrem — LT L, S1S
u LP-LT L. Oxnako OTHOIIEHUE BBITOJIHUMOCTH 10 popmyn LP-LT L onpeensiercs Ha
HHTEPIPETAIIAX, KOTOPhIE OTJUYIAIOTCS OT TeX, ITO HCIOJIB3YIOTCS B OIPEJIEJIEHUSIX Ce-
manTukn Jioruk LT L u S1S. Yrobsr cpasuuBats LP-LT'L ¢ LTL u S1S, Mbl BbIjIe/ UM
nBa ¢parmenta LP-LT L, ceMaHTUKY KOTOPBIX MOYKHO PABHOCHJIBHBIM OOPa30M OITpe-
JIeJINTh Ha OECKOHEYIHBIX ITOCJIeI0BATETbHOCTSX COOBITHII, W CPABHUM BBIPA3UTETbHBIE
BO3MOKHOCTH 9THX (PParMeHTOB C ONUCATETbHBIMI criocobHOCTsIMU jtjoruk LT L n S1S.

@opmyibl eporo u3 3rux dparmentoB LP-1-LTL crposites Haj 0HOOYKBEHHBIM
asdasurom C = {¢} BXOJHBIX CUIHAJOB M IIPOU3BOJILHBIM KOHCUHBIM aJIpaBUTOM 3Jic-
MeHTapHbIX neiictBuit A = {aj,as,...,a,}. B kagecTBe cemeiictBa L 1mabIoHOB MOBe-
JIEHUsT OKpYy2KeHns B (hopMyJsiax 9TOro (pparmMeHTa pa3perraeTcs HUCI0/Ib30BaTh JIFOObIE
peryJsipHble g3bIKH HaJl ajndgasutoMm {c}, a B KadecTBe cemeiicTBa P 6Ga30BbIX PeJn-
KaToB OyJIeM MCIOJIb30BaTh HAOOP M3 N PEryJsipHBIX S3bIKOB Buja P, = A*a;. Bymem
FOBOPHUTH, 9TO CBEPXCJIOBO W = @4 A4, - . . Q;, ... yJOBJIETBOpsieT dopmyise ¢ u3 dpar-
menta LP-1-LTL Torjga m TOJBKO TOTJA, KOTJa i Tpaektopuu tr' = (e,al), Tae

/

al, = (c,a;,), (¢, a;,a5,), ..., (¢, a4, . .G ), ..., BepHO, uTO tr' = .
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Oparment LP-n-LT L onpenensercs aHAJIOITIHO, ¢ TOM JIMIIb pasHUIEi, aTo ajada-

Buthl C n A cosnamaror, 1.e. C = A = {ay,as,...,a,}. CBePXCIOBO W = @, Gy - .. G;,, - - .

yaosyierBopsier popmyiie ¢’ u3 ¢pparmenra LP-n-LT L Torja u TOJBKO TOTIa, KOIJA JIJIs
1 " 1

tpaekropun tr’ = (g,al), tae o) = (ai,, i), (Qiy, Qi Qi )y ooy (@i s Qiy iy - -Gy )y e ey

BepHO, uto 1’ = ¢”.

Y1006b! cpaBHUBATH BhIpa3UTEIbHBIE BO3MOKHOCTH JIOTUK LT L, S1S 1 1BYX BbIJIEICH-
HbIX bparmenToB jioruku LP-LT L, npuBejieM ajbTepHATHBHOE OIPEJIC/IEHAE CeMAHTUKH
dbopmysr U3 paccMOTpeHHBIX GparMeHToB Ha cBepxcioBax. Ilyers ¥ = {aj, aq,...,a,}
— HEKOTOpDLIil KoHedHbiit andasut. Ceeprcaosom OyIeM HA3BIBATH BCIKOE OTOOpaKeHMe
w: N = X, rne N obo3HagaeT MHOXKECTBO HEOTPUIIATEIbHBIX IEIbIX drces. MHOXKecTBO
BCeX CBEPXCJIOB 0603HAYMM 3amuchio Y¢. 3amuch w|® Gymer obosnavars cydduxc cio-
Ba W, HAYMHAIONINICS ¢ OYKBBI ¢ HOMEPOM Kk, T. €. OECKOHEUHOTO CJIOBA U, JIjIsi KOTOPOT'O
v(1) = w(i+k) mpu srobom 4, i > 0. 3amuce w|0. .. k| 6Gymer obo3navdaTh MpeduKe w, T. €.
koneuHoe cyioBo w(0)w(1l) ... w(k). B cayvae, korma L siBisieTcst peryJisipHbIM sI3BIKOM
Ha,1 OHOOYKBEeHHBIM ajibasuroM {c}, GygeM BMecto ¢! € L nmucarh KpaTko i € L.

[Iepedopmysiupyem ompesenenue cemanTuku dopmyna dgparmenta LP-1-LTL xkax
MHOXKeCTBa (POPMYJI, OCTPOEHHbIX U3 OYKB ajidaura Y. (HCIOIB3yEMBIX BMECTO Oa-
30BBIX [PEUKATOB) C TIOMOIIBLIO GY/IEBBIX CBSI30K —1, A U TEMIIOPAJILHBIX OlIepaTopoB X,
F;, G, u Uy, napameTpu30BaHHbIX PEryJIIPHbIMU A3bIKAaMU L HaJ| OJTHOOYKBEHHBIM AJI-

dasurom C = {c}.

Onpegnesnienne 6. Omnowerue svnoarumocmu = gopmys LP-1-LT L na mmoorcecmee
CBEPTCA0G ONPEIENAEMNCA CACOYIOUUMU NPABUNAMU:

1. daa amomaproli dopmyave a € 3X: w = a <= w(0) = a;
W D <= nesepro, wmo w = p;
wEPAY S w g uw

w k= Xp <= wl' | g;

wEFrp < 3i >0, maxoe, wmoi € L uw|" | ¢;

wEGLp < Vi>0, ecaui € L, mow| = ¢;

NS v o e

wE U <= Ji >0, maxoe, wmo i € L vw|' E ¥, uVyj, 0<j <1, ecau
jJEL mowl E .

IIpmvepom dopmynsr dparmenta LP-1-LTL moxer ciyKuTh BeipazkeHne Gigq«a.
Kak MOXXHO TIOHSITH W3 OIPEJIe/IeHNsI, CBEPXCJIOBO W Y/OBJIETBOPSIET JAHHON (hopmyste
TOT/Ia ¥ TOJIBKO TOTJIA, KOrja Jiisd Jroboro i, ¢ > 0, Bepuo w(2i) = a.

Cunrakcuc LP-n-LTL ornuuaercs or ciaydasa LP-1-LTL B Tpex acrekrax:

1. mommmo oneparopa X ("NeXttime" , B ciierytonuii MOMEHT BDEMEHH ) TIOSIBIISIETCST
JIBOMCTBEHHBIH eMy oniepaTop Y ;

2. oneparopsl X u Y mapamerpu3oBaHbl OyKBamu ajidasuta >: X, Yp;

3. oneparopsl Fr, Gy u Uy mapameTpu3oBaHbl PEryIsPHBIMU sI3bIKAMU HaJ| ajida-
BUTOM X..
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Ounpenenienne 7. Omnowenue svinosnumocmu = gopmyas LP-n-LTL na ceepreaosax
onpedeasemcs credyrowum 0opasom:

1. 8HNOAHUMOCTIL AMOMAPHBIT HOPMYA, OMPUUGHUA — U KOHBIOHKUUY /N onpedend-
10MeA MowHo mak oce, kax 6 caydae LP-1-LTL;

wE Xep <= w(0) =cuw|' E p;
wE Yo <= w(0) # c uw w|' E@;
w = Fre < 3i > 0, maxoe, wmo w|0...i| € L uwl|" | ¢;

whkEGrp <= Vi>0, ecau wl0...i € L, mo w|® = p;

S s e e

wlE eUry <= Ji >0, maxoe, wmo w([0...i| € Luw|" & ¥, uVj, 0<j<i,
ecau wl0...j] € L, mowl’ E .

5. LP-1-LTL vs LTL

Jlerko 3ameTuThb, 9TO TeMIopaJsbHasd Joruka LT L aBisiercs moamuoxectBoMm LP-1-LT L,
B KOTOPOM B KadecTBe IapaMeTpa BCeX TEMIIOPAIbHBIX OIepPaTOPOB MCIIOJIb3YETCsI Pery-
napubiii a3eik C*. Otciona caemyer, urto LT L < LP-1-LT L. Bosee Toro, cupaseinBo
caejyionee 0oJjiee CUJILHOE YTBEPKICHUE.

Teopema 1. LTL < LP-1-LTL

B crarne [19] mokazano, uro dopmysnamu joruku LT L HEBO3MOXKHO OIUCATH MHOYKE-
CTBO OECKOHEUYHBIX CJIOB, UMEIOINX 33/[aHHYI0 OYKBY BO BCEX MO3UINAX, HOMED KOTOPBIX
KpaTeH HeKOTopoMmy uuciy k, k > 2. Mbl npuBOMM 3/1€Ch JIPYyToe J0KA3aTeIbCTBO 3TOTO
pesysbTaTa ¢ MOMOIILIO uzpbe Ipengotizma—DPpewe (cm. [3]).

Berony nanee B dopmynax LTL Bmecro oneparopa G OylieM UCIOJIb30BATH IKBU-
BajieHTHYI0 KoMOuHanuio — F —. Texuuka uep Ipengoirma—Dpewe Jjisi TEMIIOPATHHBIX
JIOrUK ObLIa BBEJICHA aBTOpaMu cTaTbu [3| st moctpoenus nepapxuu dopmya LT L. Tna
OIMCAHWS ITOI TEXHUKN HAM ITOHAIO0NTCS MTOHATHE 24Y0UHDL BA0HCEHHOCTNU ONEPAMOPOS

dopMyIIbI.

Onpepenenne 8. Onpedeaum TayOUHY BIIOKEHHOCTH orepatopos depth(y) dopmyav
p € LTL undyrxyuet no ee cmpoenuto:

1. dasn amomaprot opmyav, a € ¥ cuumaemces, wmo depth(a) = 0;
depth(—p) = depth(y);

depth(p A ) = max(depth(yp), depth(v));

depth(Xp) = depth(p) + 1;
(
(

depth(Fy) = depth(p) + 1;

S T e e

depth(pU) = max(depth(p), depth(v)) + 1.
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B urpe Dpendoitxra-Pperie npuHuMaoT yuactue ja urpoka: Urpok 1 u Urpok 2;
OJINH M3 HUX B pe3yJIbTaTe BLIUTPLIBAET, a JAPYToil mpourpniBaeT. Mrpa Bemercsa na nape
CBEPXCIIOB (W, w1 ), KOTOpasi Ha3blBaeTCs kondueypayuet urpbl. Urpok 1 crpemmrest
MOKa3aTh, UTO CBEPXCJIOBA Wy W W1 Pa3AUYUMb, HEKOTOPOI dpopmystoit LT L, B TO Bpems
kak rpok 2 mbltaercs Jg0Ka3aThb 0OpaTHOE.

Omnpegnenienne 9. Uepa Dpendoizma—DPpewe, cocmoswasn us k paywnos (k-uzpa) ¢
HauaavHol Kongdueypayuetd (wo, wy), onpedessemcs undyrkuuet no k:

o epox 1 evuzpwisaem 6 uzpy us 0 payndos, ecau wo(0) # wi(0). B npomusrom
cayuae eviuepovisaem Hepox 2.

o Uzpox 2 sviuepuisaem 6 uepy uz (k+1) payndos, ecau wy(0) # wi(0). B npomusrom
CAYUaE Pasviepuieaemcs paytd, wmo npusodum aubo x nobede Hepoxa 1, aubo %
H0600 Konpuzypayuu (wy, w)), na Komopol pasviepvsaemcsa uepa u3 k payndos.

B kaxxmom paynde mpoBoauTcsa n3Menenne kouduryparmii. Irpok 1 Beibupaer oauH
13 TPeX BO3MOXKHBIX L0006:

e X-xox. B kauecTse HOBOI KoHdUrypaun ycranasiusaeT napy (woll, wi|');
e F-xon.

1. Urpok 1 Beibupaer cioso wg, s € {0, 1}, u nosunuio i; > 0;

)

2. Urpok 2 orBevaet, BhIOUpasi MO3UNHIO 41_¢ > 0 B CJIOBE Wi_g;

3. B kadectBe HOBOII KOHMUTrYpanuu ycraHaBauBaercs napa (ws|™, wy_g|"=*).
e U-xox.

I

1. Urpok 1 Beibupaer ws, s € {0,1}, u nozurmio i >

0
2. Urpok 2 orBedaer, BbIOUpast TAKYIO MO3UIAIO 41_¢ > 0 B CJIOBE Wq_g, UTO €CJIH
1s =0, T0 11_5 = 0;

3. Urpok 1 BeIOMpaeT OJIMH U3 JIBYX BapUAHTOB PA3BUTHUSA COOBITHIL:

(a) B xauecTBe HOBOIT KoHbUTYpanun ycraHapmBaeT napy (ws|, wy_¢|"=*);

)

(b) Urpok 1 Bbibmpaer mosuimio i) _, B cioBe wi_g, tiae 0 < @), < i1, u
Urpok 2 orBevaer, BbIOMpas HO3UIHIO i, € ws, 0 l< il < zls B kauecrse
HOBO#1 KOHbUrypanuu yeranapiuBaercs napa (ws|', wy_|"1-+).

['oBopsar, uro y Urpoka 2 ecTb @uiuzpvliusHas cmpamezus B UTPe, cOCTosIeil u3 k
payHJIOB, ¢ HadaJbHOI KoHdUrypaimeit (wy,w;), €cii OH MOXKeT BBIUTPATb B 9TON WI-
pe HezaBucuMo oT X0s0B Urpoka 1. Dror dhaxkT obo3HAUAETCS 3alUCHIO Wy ~) Wp. B
MPOTUBHOM CJIyYae TOBOPAT, UTO BBIMTPHINIHYIO cTpaTeruio nmeer Mrpok 1.

B [3] mokazano BaxkHOe cBoiicTBO urp DpeHdoiixra—Dperre:

YrBepxKaenue 1. Jlis 1100020 44020 HEOMPUUAMENLHO20 K U A100VIT 06YT C8EPLCA0E
Wo U W OMHOUWEHUE Wy ~f W1 6EPHO 68 MOM U MOABKO 6 MOM CAYYUAE, ECAU 0L N1000T
dopmyave p € LT L eaybunn depth(p) < k eepro, wmo wy = ¢ <= wy | ¢.
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Terrepb MOXKHO HPHUCTYIUTH K JIOKA3aTeILCTBY TeopeMbl 1. [Tokaxkem, 410 cBONCTBO
W2 = {w € 3 | w(2i) = a, i € Ny} cepxciior B andasure ¥ = {a, b}, onucsiBaemoe
LP-1-LTL dopmymnoit G.e-a, nespipaszumo dbopmyaamu goruku LT'L.

Jlokasamenavcmeo. PaceMoTpum mapy ciios u, = a**tba” € W2 u v, = a**ba*” ¢ W?2".
YVoemumest, UCHob3ys Texuuky urp dpendoiixra-Pperre, aro npu 2n > k Gopmysibt
LTL ue paznuvaior u, u v,. dnxa ymodbcrBa mpeduKcbl CIOB U, U U, 10 OyKBbI b Oy-
JIEeM HA3bIBATb X HA4AAGMU, & TTocae OYKBBI b — xeocmamu. B ocHOBe mpejaraeMoro
CTPOTOTO JIOKA3aTeIbCTBA JIEXKUAT UJesI, 3aKTI0UIaomascs B ToM, 91o Vrpoky 1 He yaact-
ca pasmmanuTh 6710ku a?" 1 u a?" 3a k paymjoBs, U MO3TOMY OH He CMOYKET yCTAHOBHTD
Pa3HUILY MEXKIY U, U Up.

st cTpororo 060CHOBaHUS OIUIIIEM BBIUTPHIIMIHYIO cTpaTeruio rpoka 2:

1. Ecimu Urpok 1 nenaer X-xog, To VIrpok 2 j10/12KeH UTpaTh B COOTBETCTBUU C TTPABU-
namu (npoucxogut "capur" KoHGUrypaIuy Ha OJHY OYKBY, B TO BpeMsi KaK IHCJIO
payH/IOB yMEHbIIIaeTCsT Ha eJIUHHUILY );

2. Ecmu Urpok 1 nemaer F-xo

(a) B xeocm, To VIrpok 2 1OKEH TOXKE CeaaTh X0/ B T60CM HA TY JKE CAMYIO
no3uIMIo (cumrast OT 1epBoil OYKBBI £60CMa);

(b) B Hauaso, To Irpok 2 MOJIZKEH CIeIaTh X0/ B HA4a.40, TaK, YTOOBI PACCTOSTHIE
OT HOBO MO3UITNY JIO MTOCJIeIHEN OYKBBI Ha4a.Aa OBLITIO TAKUM K€, KaK B CJIOBE
Urpoka 1.

(c) B nosuyuto 6yxev, b, To VIrpok 2 TakKe JOJIKEH XOIUTh B No3uyuto 6ykeo b;

3. Ecim Urpok 1 nemaer U-xon, To Urpoky 2 ciejyer urparh aHAJOIUTHO CJIyYal0
F-xoj1a, 3a uckiouenuem curtyaruu, korja Urpok 1 jenaer xXoj B epByIo OyKBY
nayaaa (T.e. ocTaeTcst B IpeIbLayIeii mosurmn); Torga VIrpok 2 1o/KeH urpath
COTJIACHO TIPaBUJIaM U TOXKE CJIeJIaTh XOJI B IEPBYIO OYKBY HAYAAG.

Awnajytornano, ecoim 3arem Urpok 1 caenaer "xox vazan" (IpuMeHUB TpeTHil IyHKT
ommcanus U-xoma), To Urpoky 2 ciiejryer orBedaTh Ha €ro JIefCTBUsI, KAK OIMICAHO
BBIIIIE, 38 UCKJIIOUYEHNEM crydad, Korjia rpok 1 jmemaer xo/1 B IEPBYIO OYKBY HA4AAG
(Torma VIrpoky 2 ciiejtyer Tak:Ke JIeJIaTh X0/ B TIEPBYIO OYKBY HA4AAG).

JIerko 3aMeTUTh, 9TO CIPABEJIUBO CJIETYIONIEE

YrBepxkaenue 2. [Ipu ucnoavdosaruu Hepoxom 2 onucannoli eviuie cmpamezuy, KoH-
Pueypayus (u,v) Ha 6cem NPOMAAHCENUU UPbL YOOBAETNEOPAEM, CACOYIOULUM CEOTCTNEAM:

1. ul0] = v[0];

2. ecau u # v, Mo OAUHBL KPAMUGTUWUT 6A0K08 OYKE A 68 CA0BAT U U UV HE MEHLULE,
YeM OCTMABULEECH KONUMECTNBO PayHI06;

3. meorcdy emopoti u mpemwveti yacmamu U-xoda 0as 210000 no3uyuy j 6 CA06E Wo
Hzpoxa 2, xomopas meHvuwe mexywet no3uuul, CYuLeCmeyem coomeememelyio-
) )
was el nosuyua i 6 caose wy Uepoxa 1, maxas, wmo xondueypayus (wil|', wel’)
ydosaemsopsaem ceoticmeam 1 u 2.

Takum obpasom, TeopeMa 1 ToKa3aHa. O
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6. LP-n-LTL vs S1S

[lepeiiiem Ternepb K MCCIE0BAHUIO BhIPA3UTEIBHBIX BO3MOXKHOCTeH (bparmenta LP-n-
LTL. OueBngno, uro dparment LP-n-LT L aBisiercs He MeHee BbIpA3UTEIbHBIM, UeM
dparment LP-1-LTL. Jlanee Mbl MOKaxKeM, 9TO OH CTOJIb K€ BBIPA3UTEJICH, KAK MO-
HaJIMYIeCKasi JIOruKa BTOporo mopsika S1S. Jlasg jokasarenbecTBa 5Toro hbakTa MbI HE
OysieM paccMaTpuBaTh CHHTAKCUC U CEMaHTHUKY JIOTHKH S1S, a BOCIIOIB3yeMCsi BMECTO
9TOr0 B3aMMOCBSI3bIO ITOM JIOTMKN ¢ KOHEYHBIMEM aBTOMATAMU, IIPEHASHAYCHHBIMU JIJIsT
pacro3HaBaHUsI CBEPXCJIOB. XOPOIO u3BecTHO (cM., Hampumep, [15]), 4rTo cremyrorime
TPY YTBEP:K/IEHUsI O I3bIKaX CBEPXCJIOB SKBUBAJEHTHBI:

® MHOXKeCTBO L COCTOUT M3 BCEX TEX CBEPXCJIOB, Ha KOTOPBIX BBIIIOJIHAECTCA HEKOTOPAasd

dbopmymra ¢ soruku SIS, 1. e. L = {w | w | ®},
® MHOYKECTBO CBEDPXCJIOB L SBIISETCS W-PELYAAPHOIM AZDIKOM,

® MHOYKECTBO CBepXCJI0B L L pacrosHaércsi HEKOTOPbIM asmomamom Broxu (Pabuna,
Maannepa, Cmpuma).

[TosTomy MBI OyjieM cpaBHUBATH BbIPA3UTE/IbHBIE BO3MOKHOCTH (hparmenta LP-n-LT'L
C BBIYUC/IUTEIBHBIMU CIIOCOOHOCTAMU KOHEYHBIX W-aBTOMATOB.

Onpe,ue.neHI/Ie 10. KoneuyHbIM aBTOMATOM HaJl CBEPXCJIOBaAMM (w—aBTOMaTOM) Ha3vlea-

emesa namépka A = (3,Q,Qo, A, F), 20e
e X — 9mo KoHeunwuil asdasum,
e () — M0 KOHEUHOE MHONMCECTNGO COCTOSTHIUIA,
e A C(@Q xX X — OTHOIIEHNE IEPEXOJIOB,
e (Qyp € Q — MmnodICcecMB0 HAYATBHBIX COCTOSTHMUIA,
e F — jomyckaroriee TpaBuiIo.

Jlemepmunuposarivim Ha3bIBAETCS TAKOI w-aBTOMAT, y KOTOporo Qg = {qo} 1 oTHO-
IIIEHUE TIePEX0JIOB ABJIAeTCd (PYHKIIHMEH, T. €. JIjId JII0OOTO COCTOsAHUA ¢ U JTI0OOI OYKBBI @
CYIIIECTBYET eJIMHCTBEHHOEe cocrostne ¢ € (), juist Koroporo (q,a,q’) € A. IIpozonom w-
aBTOMaTa A Ha CBEPXCJIOBE W HA3LIBAETCS BCAKOE Takoe orobpazkenue p: Ng — (), y Ko-
toporo p(0) € Qp, 1 JyIst Kazk/10ro i BbInoJHsercs coornommenue (p(i), w(i), p(i+1)) € A.

Bammceio inf(p) 0603HAYNM MHOKECTBO COCTOSTHUIT, KOTOPbIe BCTPEYAIOTCSI B IPOTOHE
p GeckoHedHo vacTo. PasHooOpasHble BUILI W-aBTOMATOB OTIUYAIOTCS JPYTr OT JAPyra
JIOIYCKAIONUME [IPABUIAMU. 3JeCh Mbl PacCMaTpUBAaeM aBTOMAThl BIOXM M aBTOMATLI
Mauzepa. Jlomyckatoriee mmpasmio 0600ieHHoro apromMara broxu B mpejcrasiisier coboit
cemeiicreo F = {Fy, Fy, ..., F,,} mogvmuoxects F;, F; C Q, 1 < i < m, MHOXKeCTBa
cOCTOsIHMIT aBTOoMaTa B.

Onpenenenne 11. Asmomam Brozru B nomyckaer c6eprcaoso w mozda u moivko mo-
2da, Ko2da cyuecmeyem Maxol NPo2oH p IMO20 AEMOMAMA HA CEEPTCAOGE W, MO
inf(p) N F; # & dan kaorcdozo i, 1 < i < m.
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Jonyckatoriee npasusio apromara MaJsutepa M Tak:ke 3ajaercs ceMeiicTBoM F =
{E1, Es, ..., E,} nonmuoxkects E;, F; C Q, 1 < i < m, MHOXKeCTBa COCTOSTHHUN w-
aBromaTa M.

Onpegenenue 12. Asmomam Manrepa M 1omycKaeT c8eprcao6o w moz0a U MoAbKo
moeda, Kozda cyuecmsyem makxot npo2ox P 3Mo20 A8MOMGMA HA CEEPICAOEE W, YMO

inf(p) € F.

MHOXKeCTBO CBEPXCIIOB, J0MycKaeMbix apromMaroM A, obosnaunm 3anucbio L(A). To-
BOpAT, 4TO aBromMar A pacnoznaem s3bik L(A).

[Tokarkem, 9TO KJIacC S3BIKOB, PACIO3HABAEMbBIX W-aBTOMATAMU, COBIIAJIAET C KJIac-
COM SI3BIKOB, KOTOPbIE MOXKHO omnucarh dopmysinamu joruku LP-n-LT L. Jlnsa storo, Bo-
ePBBIX, Kaxk 10 hopmyse ¢ € LP-n-LT L moctaBuM B COOTBETCTBIE TAKOM HeIeTepPMU-
HUpOBaHHbI aBromar Bioxu By, 1to L(B,) = {w | w |= 1¥}. A Bo-BTOPBIX, JJIs1 KazKI0r0
JlerepmuHEpoBaHHoro asromara Masuepa M nocrpoum Takyio dopmyiy ¥y, € LP-n-
LTL, aro L(M) ={w | w |E= ¥}

B nepBomM cirydae nam moTpedyeTcs: HeCKOJIBKO MOJIUDUIIIPOBATH XOPOIIO U3BECTHYIO
cxeMy mocTpoenus apromara broxu o dopmyste oruku LT L (em., mampumep, [1]). Ilycts
¢ € LP-n-LTL. lleperumiem dhopmyny o, ncrons3ys toxaectsa Gy = —Frp—1Y n
F ¢ = true U ¢y Tak, arods! uckaoanthb oneparopbl F u G, ocrasus Tosibko U. /lasee
6e3 orpanudeHus OOITHOCTH IIOJIAraeM, UTO ¢ rnocTpoena ¢ nmomomibio =, A, X, Y., Up.

Onpepesienne 13. 3ambikanueM cl(¢) dopmyave @ HaA3v6GEMEA MHOIHCECTIEO BCET NOO-
popmya amoti opmyavl, m. e. HGUMENDULEE MAKOE MHOACECTLEO, YN0

o pE Cl(go);
e ccau —p € cl(p), mo Y € cl(p);

o ccaup N x € cl(p), mo,x € cl(p);
o ccau X1 € cl(p), mo 1 € cl(p);

e ccaup Upx € cl(p), mo i, x € cl(p).

CBepxc/ioBy w € X* IOCTaBUM B COOTBETCTBUE TAKOE CBEPXCJIOBO P, B ajdaBute
201(9”), 9TO JIJIS KAYKJIOTO i BKJIIOUEHHE 1) € p,, (1) UMeeT MecTo TOrja W TOJBKO TOT/a,
korga w|’ = 9. danee mbl mocTpoum asroMar Bioxu B,, y KOTOPOrO MHOXKECTBOM CO-
TOSTHUI SIBJISIETCST CeMEfiCTBO BCEX MOJMHOYKECTB 3aMblkaHust cl(p) dhopMysbl ¢, a mo-
CJIeI0BATE/ILHOCTD P, — 9TO TporoH B Ha cjoBe w. C MOMOIIBIO COCTOSTHUI, TIEPEX0I0B
U JIOIYCKAIOIIETO IPABU/Ia MbI OIUIIEM CEMaHTHKY (DOPMYJIBI 0, TTPUYIEM JIJIs OTTUCAHUA
CEMAHTUKH TTapaMeTPOB OIEPATOPOB MbI BOCIIOJIL3YyeMCHd KOHEYHBIMHU aBTOMAaTaMH.

Onpenesnenne 14. (Heunuyuaiuduposamivim) KOHETHBIM ABTOMATOM HA306eM MPOTKY
A=(%,0,6), 2de ¥ — amo argasum, Q — mnoocecmeo cocmoanut, a 0: Q@ X ¥ — Q)
— Pynryus neperodos.

D yHKIIUIO MTEPEXOIOB OOBITHBIM 00Pa30M PaCIpPOCTPAHUM HA MHOYXKECTBE X BCeX KO-
HEYHBIX CJIOB B asdasute X: (¢, €) = ¢ jis mycroro ciosa €, u §(q, aa) = §(5(q, ), a)
It OOBIX @ € X u «a € X*. Apromar A HasBIBAETCS UHUUUAAUSUPOBAHHDIM, €CIII
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3aJ1aH0 HAUAALHOE COCTNOANUE o I MHOXKECTBO JOIYCKAIOIUX cocTodumilt F'. Vinunuam-
3UPOBAHHBIN TakuM o6pa3oM aBTomar obosHadaercs A(qo, F'); oH donyckaem KoHedHOE
CJIOBO (v TOTJIA U TOJIBKO Torja, Korya d(qo, ) € F. 3amuceio L(A(qo, F')) Mbl obo3HaTa-
€M MHOXKECTBO BCEX CJIOB, JIOIyCKaeMbIX aBroMaToM A(qo, F), T. e. A3bik 9TOTO aBTOMATA.
Hasee, yrioMuHasi pery/sipHblil S3bIK L, MBI II0JIaraeM, 9YTO OH PAcIIO3HACTCs aBTOMATOM

AL(QOL7FL)7 rame AL = (Za QLv(;L)'

YrBepxkaeuue 3. /s kaoxcdot gopmysvt o so2uxu LP-n-LT L cywecmeyem 0bobuen-
novli asmomam Broxu By, obaadarouyuti caedyrowum ceoticmeom: 0as 1106020 ceeprcaosa
W OMHOWEHUE W = BUNOANACCA M020a U MOALKO Mo2da, K02da W Jonyckaemcs a6-
momamom Broxu B,.

Joxaszamensvemeso. Ilycts ¢ — mpomsBosbhast dopmyna jgoruku LP-n-LT L. Onummem
YCTPOHCTBO COOTBETCTBYIONIEro 0600IenHoro apromara broxu B,. 14 sToro nocrpoum
MHOYKECTBO @\ =200 x QI x Q™2 x ... x Q" tne Ly, Lo, ..., Ly — mapaMeTpsl Bcex
TEMIIOPAJILHBIX OIIEPATOPOB, MUCIIOJb3YEMbIX B 0. BasKHO OTMETUTDH, UTO, €CJIU HEKOTO-
pble olepaTophbl HAJIEJIEHBI OJHUM U TEeM »Ke IapaMeTpoM L, 9TOT mapamMeTp BCE PaBHO
BKJIIOYAETCsl B CIUCOK Ly, Lo, ..., Ly, OTJIEIBHO JUIsl KazKJI0rO OLIePaTopa.

Hazosém sstement ¢ = (S, ¢, ..., ¢") € Q nopmarvrvim, ecim

® MHOXKECTBO (hOpMyJT S HEITPOTUBOPEUUBO OTHOCUTE/IHHO KJIACCUIECKON TTPOITO3UIIN-
OHAJIBHON JIOTMKH, T. €.

—ecmmp Ay €S, oy e SuyxeS,
— ecm ) € S, 10 —) ¢ S
— eciu true € cl(yp), To true € S;

—ecma € SNYube SN, 1oa=0"b;

® ( JIOKAJbHO HEIIPOTUBOPEYNB OTHOCHUTE/ILHO oleparopa U, T.e. jis Jiroboit dpop-
mysel Buga » Upx € cl(p)

—ecmn Y € Su gt € F* to 1 Upy € S;
—ecm ULy €S, ux ¢S, ugte Ft 109 € S;

® MHOXKeCTBO (POPMYJT S MaKCUMAaJbHO, T. €.

- SNY #g;
— st Jioboit hopmystst 1 € cl(p) ecom ¢ ¢ S, o —p € S.

~

Barmcbio Norm(yp) 0603HATMM MHOKECTBO BCEX HOPMAJIbHBIX 9JIEMEHTOB ().

IIpucTynmm Terephb HEIOCPEICTBEHHO K IIOCTPOEHUIO aBToMaTa Broxu B, pacnosna-
IOIIEr0 MHOYKECTBO CBEPXCJIOB, HA KOTOPBIX BBIMOJIHAETCS 3aaHHas (hOpMyJia ¢ JIOTUKI
LP-n-LTL. B orudane 0T aHAJOTHIHOIO METO/[a, OIMUCAHHOrO B MOHOrpadun [1] mis
nocTpoeHus apromata bioxu, coorBercTByiotiero dopmysie LT L, HaM TPUXOIUTCI YIH-
THIBATh KOHEIHBIE ABTOMATHI, KOTOPBIE HUCIIOIB3YIOTCS JIJTsI TTApAMETPUAINN TEMIIOPAJIb-
HBIX OIIEPATOPOB.

Paccmorpum asromar Broxu B, = (X, Q, Qo, A, F), tae
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Q = Norm(p);
Q={1€Qa=(Sq", . ,q"), ¢ €5}
F={Fyu,x [ ¥ ULx € c(p)}, rae
Fyu,x={q€Q | v Urx ¢ S nmu copmecrro x € S u ¢~ € F'}

e Ornomenne nepexonos A: Q x ¥ — 29 nua cocroanus ¢ = (S, ¢, ..., ¢") € Q
1 OYKBBI @ € Y ONPEJIETSIETCs CJIETYIONIUM 00pa30M:

— ecsim a ¢ SN Y wm cymectByer Takas nojgdopmyta X € S, 9to a # ¢, To

A(g, a) = &;
— eciim SNY = {a} n asa kaxoit moadopmyier X € S BepHO, 9TO @ = ¢, TO
A(q, a) paBHO MHOXKECTBY Beex cocrogumit Takux ¢ = (S,¢M, ..., ¢t™) € Q,

JIUISE KOTOPBIX BBIOJHEHDI CJIe/IyIONIUe YCIOBUSI:

1. s kaxzoit mogdopmynsr X € cl(p): Xap € S <=1 € S;

2. s KazkJ1oit nozpdopmynst Yo € cl(p): ecim a = ¢, o Yp € § <—
Y € S;

3. nna xaxmoit noadopmyet p Upx € cl(p): v Urx € S < (¢t € Fl'u
X € S) nmu opnospemento ¢ Upy € S u, ecm g& € FL 1m0 ¢ € S).

4. g Kaxkaoro napamerpa L;, ecian nomedennas um noadopmyrna 1 Uy x
nupunagiexur S, o ¢ = §Li(¢h a), a unave ¢gli = ¢l

ITo cyru nena, orpaHnYeHus, HajJaraeéMble Ha OTHOIIEHUE MEPEXOJIOB A, MOJHOCTHIO
OIUCHIBAIOT CEMAaHTHKY TeMmmnopasbHbIX omneparopoB X, Y u U. Ilocneanee mpasuio B
OTMCAHUU OTHOIIEHNs MTEPEX0I0B A, B 9aCTHOCTHU, TAPAHTUPYET, ITO KarKJIbIil aBTOMAT,
OTBEYAIOIINI 3a ITapaMeTp TEeMIIOPAJILHOTO OIlepaToOPa, HAYMHAET CBOIO PabOTYy, KaK TOJIb-
KO HadumHaeTcsa 00paboTKa 1moadopMyIbl, 03arjIaB/IeHHON STUM OIIEPATOPOM.

T008B! BhIYnC/Ienus aproMaTa bioxu B, KOpPeKTHO COOTBETCTBOBAIN CEMaHTUKE Olle-
paropos Until Uy, Berpeuatoruxcest B hopmyite o, Jist Kaxkoi moadopmysisl ( = 1 Upy
GOpMYyJIBI ¢ B JOMYyCKAIOIIEM TIPABUJIE IS 9TOTO W-aBTOMATA MMEETCsl MHOYKECTBO CO-
croganit F,. IlpucyTcTBue TakKoro MHOXKECTBa B JIOIYCKAIONEM IPABUJIe TapaHTHPYeT,
9TO B KayKJIOM IIPOTOHE py,, JJIs KoToporo ¢ € p,(0), Oyaer BepHO BKiIOUeHHE X € S
Jtst HekoToporo j = 0, py,(5) = (S5, ... ,qu, c), qu eFl(re,wl0...5]€L);uy €S
It Beex 4 < j, Takux, uro - € F¥ (to ectn, w(0...i] € L). B koncrpykiuu F; yure-
HO TakK:Ke U BJIMsIHHE Ha BBIIOJHUMOCTHL omneparopa Until ero mapamerpa: cBepXcJ/ioBO
w ynosaeTBopsieT popmysie ¥ Upx TOJIBKO B TOM cjlydae, KOIJia X B UTOTE€ CTAHOBUTCH
BepHOIi B noszurmn, "coriacosanHoii”" ¢ mapamerpom L.

Jlanee HETPY/IHO TOKa3aTh, BOCIIOJIL30BABIINCH TOH »Ke caMOil cXeMOoil paccyKIeHuni,
KOTOpast npuBejieHa B MoHorpaduu 1] 1y 06ocHOBaHMsT AHAJOIMIHOIO PACCYK/ICHUs,
YTO HOCTPOEHHBII TakuM obpasoM apToMar Bioxu B, obiajiaer TpeOyeMbIM CBOHCTBOM:
JIJTs1 JTIOOOTO CBEPXCJIOBA W OTHOINEHUE W |= (¢ BBIOJIHSIETCS TOTJIA U TOJBKO TOT/a, KOTJIa
w JoIycKaeTcsa apToMaTroM Broxu B,. m

Ecin npuagaTh BO BHUMAaHUE CJIeJIAHHOE PaHee 3aMedaHre O B3auMOCBA3U aBTOMATOB
Broxu u joruku S1S, TO HA OCHOBAHWM YTBEPXKIEHUS 3 MOYKHO MPUATH K 3aK/IIOUEHUIO

o Tom, ato LP-n-LTL < S1S.
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[Tokazkem Terneph, Kak 1mo aproMary MaJiiepa mocTpouTh SKBUBAJIEHTHYIO eMy (hop-
myaty joruku LP-n-LT L.

YrBepxkaeune 4. /Jlisa kaosicdozo demepmunuposannozo asmomama Maanepa cyuye-
cmeyem opmyaa o aoeurxu LP-n-LT L, xomopas ydosaemeopaem caedyrouemy mpebo-
sanuto: aemomam M donycrkaem ceeprcao8o w mozda u moavko mozda, x¥020a w = Q.

Joxazamenavcmeo. 1lycTb 3ajaH MPOU3BOJILHBIN JIeTepPMUHUPOBAHHBIN aBToMaT MadJiie-
pa M = (£,Q,q, A, F) ¢ eIMHCTBEHHBIM HAYATBHBIM COCTOSHHEM (o U JIOMYCKAIOIIM
npasuiom F = {Ey, Es, ..., E,}. Hanomuum, aro donyckarouuti npoeon aBroMara
M — 3710 Takoii ero nporon p, uro inf(p) = E; mag wekoroporo F; € F. 3amernwm,
YTO €JIMHCTBEHHBIN IPOTOH ), JIETEPMUHUPOBAHHOTO aBToMara MaJsuiepa Ha cjioBe w 0/
HO3HATHO OIPEJIENIAeTCs ITUM CJIOBOM, U COCTOSIHIE, B KOTOPOM HaXOJIUTCs aBTOMAT B
HEKOTOPBIII MOMEHT BBIYHCJIEHNUS, 3aBUCHT TOJIBKO OT IpeduKca CI0Ba W, IPOIUTAHHOTO
K 9TOMY MOMEHTY. DTy 3aBHCUMOCTb MbI U onutiieM dpopmysramu LP-n-LTL.

PaccemorpumM stexkaniuit B ocnoBe aBromarta Masutepa M HeMHUITMAJIM3UPOBAHHBIN KO-
Heunblii apromar A = (3, Q, A) u ero nanmanuzamu M (q, Q') = A(q, Q') 11st BceBo3-
MOKHBIX cocTosiHuit ¢ € () u nojgmuoxkects Q) C Q. s yupornenust 0603HaUEHMA MbI
6ynem ucnosb3oBath 3anuck M (q, Q') smecro L(M(q, Q).

JLnst KaxK10ro MHOYKeCTBa cocTostumit F; € F TOCTPOUM CJieiyiomue Tpu (hOPMYJIbL:

i _ i

1. Y] = /\(IEGE'L F 11(40,q.) true. @opmyiia 1] BBIIOJIHSETCA Ha CBEPXCJIOBE W B TOM U
TOJILKO TOM cCJIydae, KOTJia IMporon aBromara MaJjepa M Ha w mpOXoauT vepe3
BCE COCTOSHUSA MHOXKecTBa, F;.

i
2. Y5 = Nyeqg GMaoa) (AQeEEi Fr(g,00)\{} true). Jamnast popMy/ia BBIIOTHIETCH Ha
CBEPXCJIOBE W B TOM M TOJILKO TOM CJIydae, KOrja mporon aBromata Mammepa M
Ha W MPOXOJUT ODECKOHETHO YacTO depe3 KazKJI0e COCTOSHUEe U3 MHOXKecTBa F;.

i
3. Y5 =V,co FM(g.a) (G M(q, Q\E:) false). Ora ¢dopMysia BBIIOJHSIETCS Ha CBEPXCIOBE
W B TOM U TOJIBKO TOM CJIydae, Korjia mporou asromara Masuiepa M Ha w pOXo AT
6ECKOHEYHO YaCcTO TOJBKO Yepe3 COCTOSHUSA U3 MHOXKeCTBa ;.

13 npuBeieHHbIX BbIIIE TIOSCHEHUIT COJEPIKATELHOIO CMbIcaa hopMyst ¥, b u P}
m ) . l o e
caenyet, 910 @y = Vo, (V] A ¥4 A h) aBigercsa nckoMoit hopMyIIoii. ]

Takum obpasom, BepHa

Teopema 2. LP-n-LTL = S18S.

7. 3akKJII0oueHue

[Tocne omyGimkoBaHusi craTbu [5], B KOTOPOil OBLIO MPOBEJIEHO MOAPOOHOE U3yUdeHUe
TeMriopaJibHol jioruku LTI B cBere ee MPUMEHEHHS B KadeCTBE CPEJCTBA OIMCAHUS
MOBEJICHUS BBIYUCIUTEIbHBIX CUCTEM, ObLIO MPEJIPUHATO HECKOJIBKO IMOIBITOK PACIIIH-
PHUTBH BBIPA3UTEIbHBIE BOBMOXKHOCTH 9T0i jjoruku. B craree [14]| B cunrakcuc LT L 6b1m
JTI00ABJIEHBI CPE/ICTBA KBaHTH(MUKAINN 10 0a30BbIM TpegukaTam. OKa3a/ioch, UTO BbI-
Pa3UTEIbHOCTh KBAHTU(MUIMPOBAHHOTO paciupenns QLT L cymecTBeHHO TPEBOCXOIUT
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ommcaTebHble BO3MOXKHOCTH TeMIopaJibHoil jioruku L1T'L. Hanpumep, ¢ ucnoib30BaHu-
eM KBaHTOpOB cBoiictBo W3 = {w € X% | w(2i) = 1, i € Ny} cBepxciios B andasure
Y. = {0, 1}, mebipasumoe B jioruke LT L, omucwiBaercs bopmyioit ee pacutupenus QLT L

Jq(g AN G(g = X~q) A G(—g — q) AN G(g — p)) .

Aprop crarbu [19] mpeiozKui criocod BBEJeHNsT HOBBIX TEMIOPAJIbHBIX OIIEPATOPOB IIPH
ITOMOIIN TTPABOJIMHEHHBIX IpaMMaTuK. CJIoBa, MOPOKIaeMble STUMHU IPAMMATHKAMUI, 3a-
JTAIoT mabJIOHbI, HA KOTOPBIX ITPOBEPSAETCS BBIIIOJHIUMOCTD (DOPMYJ B 00JIACTH JIeHCTBUSA
TeMIIOPaJIbHOTO olepaTopa. Hampumep, temmnopaJibHbIil orneparop Ep, mnposepsitormmii
yKazaHnHoe Bblme cpoiictBo W2, 3amaercs rpaMMaTuKoii us JasyXx mpasun Vo — pVj
u Vi — true Vj. IlogoOHbIM ke 0Opa3oM IIadJIOHbI JIJI OIMCAHUSA CEeMAaHTUKU HOBBIX
TEMIIOPAJILHBIX OIEPATOPOB MOTYT OBITH OIMCAHBLI IPU TOMOIIU KOHEYHBIX aBTOMATOB,
KaK 9T0 MOKa3aHo B crarhbsx [12,16]. He 6b1m 060iiieHbI BHUMAHUEM U OLEPATOPbI HETO-
JIBUKHOU TOYKM: JIOTUKA JInHEHiHOrO BpeMenu ji- L' L, oboraiennas STUMU OllepATOPaMH,
Obli1a BBeJIeHA U U3yUeHa B crarbe [18].

st Beex mepeunciennabix pactmpenunit LT'L (3a uckmouernem p-L71TL) 6b110 TI0-
Ka3aHO, YTO OHM MMEIOT TOYHO TaKhe K€ BbIpa3UTE/IbHbIE CIIOCOOHOCTU, YTO M JIOI'UKA
S1S, HO mpm 3TOM TPOHJIEMa BBITOJTHUMOCTH JIJIsI BeeX TuxX JIOTHK ocraercs PSPACE-
nosiHoit, Kak u jisi LT L. BBojg B paceMmorpenune TeMmnopabayio joruky LP-LT L, mbr
HE CTPEMUJINCH BCErO JIUIIb PACIIUPUTH BbIpasuTeIbHbIe BO3MOKHOCTH LT[ Kax Tako-
Bble. Harmeil 1iesibio ObLIO co3/1anme aeKBaTHOIO SI3bIKa JIJIsl CIHeIUMUKAIINN TOBEIeHU
pearupyromnmx CUCTeM, MOJIEJINPYEMbBIX aBTOMaTaMu-TIpeobpa3oBareaMu. Tem He MeHee,
TeopeMa, 2 TIOKa3bIBAET, YTO BbIPA3UTE/IbHBIC BO3MOKHOCTHU TIPEJIJIO?KEHHOT'O HAMU JIOTH-
YeCKOTr'o 3bIKa CHernUKaIil COBEPIIIIN TAKOM Ke CKaI0K, KaK 1 JIPYTHe PACIIupPEeHns
LTL, uccnenoannbie B crarbax [12,14,16,18,19].

Nnes nmapamerpusanuu TeMIOPAJIbLHBIX OIEPATOPOB HE HOBA: MOYTH TaKas Ke Iapa-
MEeTPU3AIIA TEMIIOPAJIBHBIX OIEPATOPOB, YTO W B JAHHOU paboTe, ObLIa BBeJEHA I
JHaMIgeckoro pactiupenns joruku LT L B cratbe |9]. [lo cyru nena, dparment LP-
n-LTL nmeer o4eHb OOJIBIITIOE CXOACTBO ¢ Jiornkoit DLT L, Koropasi Oblila BBeJeHA B
sroit ctarbe. OHako Harne paciupenne LT L orimdaercs, TJIaBHBIM 00pa3oM, T€M, 9TO
0a30BbIE MIPeIUKAThl B HEM TaK:Ke ITapaMeTpu3oBaHbl. B jgajbHelineM Mbl COOMpaeMcs
[IPOBECTHU CpPaBHEHME BBIPA3UTEIbHBIX BO3MOXKHOCTEH jtoruku LP-n-LTL n nuHaMIIe-
cKkux Joruk, sriaodas DLTL [9) u PDL [4].

Jlokazannast HamMu TeopeMa 1 OTKPBIBAeT eIle OJIHO HAIIPaBJICHUE HUCCJICTOBAHUIA.
Kaxnoe uz pacmmpenuit joruku LT L, npeaioxkeHubix B cratbax [9,14, 16,18, 19|, oka-
3BIBACTCs CTOJIb K€ BhIPA3UTEIbHBIM, KaK OfHa u3 JiByxX Jioruk LT L u S1S. OHnaxo, Kak
MIOKa3HO B TeopeMe 1, paccMOTpeHHbIN B Haieil pabore dparment LP-1-LT L okazasics
OoJiee BhIpa3uTeIbHBIM, Hexken LT'L, a Kak IMoKa3zaHO B TeopeMe 2, Apyroii hparMeHT
LP-n-LTL oxka3ajcst CTOJb ¥Ke BbIpa3UTEIbHBIM, KakK 1 joruka S1S. Mbl BeICKa3bIBaeM
[IPE/IITOIOXKEHNE O TOM, YTO JIBa PACCMOTPEHHBIX B Hareil pabore ¢pparmenta jjoruku LP-
LT L wmeror pa3Hble BBIpA3UTEeIbHbBIE BOSMOKHOCTHU. EC/I 9TO IIpeaIoIoKeHIe OKazKeTCsT
cupaBeyInBbIM, TO pparmMenT LP-1-LT L 6yner sBIATHCSI €CTeCTBEHHBIM HOBBIM IIPUMe-
POM TEMIIOPAJIbHOM JIOTUKH, 3aHUMAIOIIEN 110 BBIPA3UTEIbHBIM BO3MOXKHOCTSAM ITPOMEZKY-
TOYHOE TIOJIOXKEeHNe MezK 1y Xoporro ussecTHbiMu Jorukamu (N, <) u S1S. Mbr mosaraem,
YTO 9Ty TUIOTE3Y YJACTCs J0Ka3aTh IpU Homoiu urp IdpeHdoiixta—DPperie, KOTOpbIe
OBLIN MCIIOJIL30BaHbI B JIAHHON cTaThe.
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Abstract. One of the most simple models of computation which is suitable for representation of
reactive systems behaviour is a finite state transducer which operates over an input alphabet of control
signals and an output alphabet of basic actions. The behaviour of such a reactive system displays itself
in the correspondence between flows of control signals and compositions of basic actions performed by
the system. We believe that the behaviour of this kind requires more suitable and expressive means
for formal specifications than the conventional LT L. In this paper, we define some new (as far as we
know) extension £LP-LTL of Linear Temporal Logic specifically intended for describing the properties of
transducers computations. In this extension the temporal operators are parameterized by sets of words
(languages) which represent distinguished flows of control signals that impact on a reactive system.
Basic predicates in our variant of the temporal logic are also languages in the alphabet of basic actions
of a transducer; they represent the expected response of the transducer to the specified environmental
influences. In our earlier papers, we considered a model checking problem for LP-LTL and LP-CTL
and showed that this problem has effective solutions. The aim of this paper is to estimate the expressive
power of LP-LTL by comparing it with some well known logics widely used in the computer science for
specification of reactive systems behaviour. We discovered that a restricted variant LP-1-LTL of our
logic is more expressive than LTL and another restricted variant £LP-n-LTL has the same expressive
power as monadic second order logic S1S.
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YIK 517.9

O Ge3omacHOCTH OJIHO- 1 MHOTOMECTHBIX
IFP-onepaTopos

Hymakos C. M.

noayyuena 10 cenmabps 2018

Awnnoramus. B pabore nzydaercs 6€30MacHOCTb YHAPHBIX OIEPATOPOB WHMJISIINOHHON HETIOBUXK-
Hoit rouku (IFP-oneparopos), To0 ecTh BO3MOYKHOCTb UX BBIUUCJIEHUs 3a KOHEYHOe BpeMs. Takue ore-
PATOPBI B TOYHOCTU COOTBETCTBYIOT PeKypcuBHBIM SQL-3ampocam, mo3TomMy n3ydaeMblil BOIIPOC UMeeT
HEIIOCPE/ICTBEHHOE OTHOIeHKe K 6a3aM JaHHBIX. Vcciemyemast mpobiieMa BOSHUKAET U3-3a TOr0, UYTO IIPU
oJIHOBpeMeHHOM mpuMeHeHnn B SQL 3ampoce peKypcuu u OTHOIIEHUN YHUBEPCYMAa, HAIIPUMED, CJIOXKe-
HUsI, MOYXKET OKa3aThCs TaK, YTO IPOIEIyPa BEIYUCICHNAS PE3yJIbTATA 3alIpOCa 3alUKINTCA. Bojiee Toro,
Takas KOMOMHAIIUs [TO3BOJISIET MOJIEINPOBATH PAOOTY YHUBEPCAIBHOIO BBIYUCIUTEIHHOIO YCTPOICTBA,
HAIpUMeEp, MamuHbl THIOPUHTa, TTO9TOMY BOIIPOC O BO3MOXKHOCTH Bbluncienust SQL 3ampoca 3a koned-
HOe BpeMsl OKa3bIBAeTCs AJI'OPUTMUYECKU HEPa3pelmMbiM. B npenbiiymux paborax ObLIN BBEIEHBI U
U3y9YeHbl HEKOTOPBIE CBOWCTBA YHUBEPCYMOB, KOTOPBIE TO3BOJISIIOT TApaHTUPOBATH BO3MOXKHOCTD BBIUHC-
JIEHUsI JIIOOBIX 3aIIPOCOB 38 KOHEYHOE BpeMsi. 371eCh MbI U3y9aeM BOIPOC O TOM, HACKOJIBKO CYIIIECTBEHHA,
mectHOCTh [FP-omeparopos B kouTekcTe X GezomacuocTr. OCHOBHBIM PE3YJILTATOM HACTOSIIEH pabo-
TBI SBJISIETCS JIEMOHCTPAIINAs TOTO, YTO €CJIU OI'PAHUYUTHCA TOIbKO yHapHbIMEU [FP-oneparopamu, To He
UMEIOT MeCTa Pe3yJIbTaThI, cripaBeiuBbie Jjist IFP-omepaTopos B 0bmiem ciiydae 6e3 orpaHUndeHust MecT-
voctu. [locTpoen npumep yHuUBepcyMa, B KOTOpOM Bce yHapHble [FP-omepaTopsl, He BJIOXKEHHBIE OJIUH
B JIpyroii, Oe3omacHbl. BMmecTe ¢ TeM B 9TOM YHHBEPCYMeE CYIIECTBYIOT HebezomacHbie Obunapabie [FP-
OIIepaToOpPhl, TAKUM 00OPA30M, NMPU U3MEHEHUU MECTHOCTH 0OE30IIaCHOCTH MOXKET yTpadnBarhcda. Kpome
TOTO, CYIIECTBYIOT U HEOE30IACHBIE BJIOYKEHHBIE OJINH B JIPYTOil YHAPHBIE OIEPATOPBI. JTO KOHTPACTHU-
pyer ¢ obIuM cirydaeM, B KOTOPOM TaKoe HEBO3MOYKHO. TakKe CyIeCTBYIOT JIEMEHTAPHO SKBUBAJICHT-
Hble YHUBEPCYMBbI, B KOTOPBIX Te 2Ke camMble yHapHble IFP-omepaTopbl 6e3omacHbiMu He sIBJISIIOTCsI. Takoe
TOBEJICHNE TOXKE OTJInIaeTcs oT nosefieHus [FP-omeparopos npou3BoibHON MECTHOCTH.

KuaiodeBblie ciioBa: uwHOISIMOHHAS HEMTOABUXKHAST TOUKA, MECTHOCTDH, OE30ITacHOCTD

Has nutupoBaHusi: ynakos C. M., "O 6ezomacuoctu omno- u muoromecruerx [FP-omeparopos", Modeauposanue u
anasu3 uHPopMayuonHur cucmem, 25:5 (2018), 525-533.
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1. Bsenenue

Tpajuius npuMeHeHns! SI3bIKOB IIEPBOIO MOPsJIKa, I 3alPOCOB K OazaM JaHHBIX BOC-
xout K Komuy (em. [1]). CoBpemennbie BapuaHTh! si3blka SQL Mo iepKuBaioT Kak Bbl-
pasuTe/bHbIE BO3MOXKHOCTH SI3BIKOB IIEPBOTO IIOPSIIKA, TaK M HEKOTOPBIE PACIIUPEHMUS.

925
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Hamnpumep, pekypcuBHbIe 3alIpOCHl B TOYHOCTH COOTBETCTBYIOT OIEPATOPY UHMJIAIINOH-
Hoit HenoBIzKHON Toukn (IFP-omeparopy, [5]). Takxke s3pik SQL m03BO/ISET IPUMEHSTD
B 3ampocax (PyHKIUN W OTHOIIEHUS YHUBEPCYMA, M3 KOTOPOIO BBHIOMPAIOTCS 9JIEMEHTHI
6asbl JaHHBbIX. TakuM 06pa3oM, Mbl HMeeM KOHEUYHYIO PeJIAIMOHHYIO CTPYKTYDPY (Tabim-
1bl 6a3bl JIAHHBIX ), BJIOXKEHHYIO B GeCKOHEeUHBIH yHIBepcyM (cM. [6]).

OpnoBpemennoe wucnosb3oBanue [FP-oneparopoB u orHoIeHnit 66CKOHEYHOTO YHU-
BepCyMa JIEIKO MOYKET IIPUBECTU K TOMY, UTO BhIUHC/IeHue 3Hadenns SQL-3ampoca 3ammk-
JimTcd. JIerko MOYKHO MOKa3aTh, YTO JaxKe OOBITHON 6€CKOHEYHOU (PYHKITUHU CJIe/I0BaHUS
(HampuMep, TpUOABJICHNST eIUHUIBI [T HATYPAJTBHBIX YHCEN) JOCTATOYHO JIJIS MOJIe-
JIMpoBaHus 10001 Mamubbl Thiopunra ¢ nmomornisio [FP-omeparopos. CaenoareabHo,
BAIMKJ/IMBAHIE B TAKUX CJIyUasdX JazKe HEBO3MOYKHO IPEJICKA3aTh.

Bo3MOXKHOCTE 3aIMK/IMBAHISA TPUHIUIUAIBHO OTINYAET COBPeMeHHbINH S3bIK SQL
OT KJIACCUYECKOI pesdaiuonnoii anredpsr Kojia, B KOTOpoil 3HavMeHne KayKJI0ro 3aIpo-
ca BBIYHUC/IAETC 33 KOHEUHOe 4uucjio 1mraros. [lociiennee ¢BoiicTBO MBI Oy/ieM Ha3bIBATH
be3onacrocmuvlo, a 3aIPOChl, KOTOPhIe UM 00JIaJIal0T, — 0E30NACHBILMU.

B pa6ote |2] MBI BBeIN KJTacC YHHBEPCYMOB, B KOTOPBIX JIFO0OI 3a11poc siBjsieTcs 6e3-
OITACHBIM, TO €CTh 3AIMKJIMBAHNE TPU WX BBIYUCIEHUN HEBO3MOXKHO B NpuHImIe. Takne
YHUBEPCYMBI MBI TOXKE HA3bIBAEM 0€30MACHHLMAU.

B mpeapaymumx HammX HCCJIeOBAHUAX MBI YCTAHOBUJIM HEKOTODPBIE CBOWMCTBA, CBS-
3aHHBIE ¢ 6E30MACHOCTBLIO yHUBepcyMOoB. Hanpumep, B [4] Haiiienbr HeoOGXoauMble U Jio-
CTATOYHbIE YCJOBUS OE30MACHOCTH YHUBEPCYMa. DTHU YCJIOBUS CBOJATCH K HEKOTOPBIM
CBOMICTBAM TIEPBOIO MOPSJIKA, CJICI0BATE/IHLHO, O€30IMACHBIMY Wi HEOE30ITACHBIMU SBJISI-
I0TCSI OJTHOBPEMEHHO BCE 3JIEMEHTapPHO SKBUBAJEHTHBIE YHUBEPCYMbI. [lo3TOMY MOXKHO
rOBOPUTH O O€30MACHOCTH JlayKe He CaMUX YHUBEPCYMOB, a MX dJ€MEHTAapHBIX TEOpHil.
B [3] 6e30nacuocTh POM3BOIBHBIX BIOKEeHHBIX [FP-onepatopos cejiena K 6e30macHo-
CTU OIIEPATOPOB, KOTOPBIE HE BJIOYKEHBI JIPYT B JIpyTa, TO €CTh IPUMEHSIOTC K (hopMyram
[IEPBOTO MTOPSJIKA.

JlokazaTeibeTBa MepevncgIeHHbIX B IIPEIbIIyIIeM ad3alle YTBEPKJICHNN BK/IIOYAI0T B
cebst moctpoenne [FP-omeparopos nmponsBosibHO MecTHOCTH. OHAKO Ha IIPUMEpE JIOTH-
KU TIEPBOTO TOPSIIKa XOPOIIIO U3BECTHO, ITO MHOIHE aJrOPUTMHUIECKNAE CBOMCTBA MOTYT
OTJIMYATHCH JIJIsT YHAPHOT'O U MHOTOMECTHOT'O CJIyYaeB: CKaxKeM, JIOTMKa YHAPHBIX TTPeTi-
KATOB aJIrOPUTMUYECKH Pa3pelnmMa, a y2Ke PU HAJIUIUU OJHOTO OMHAPHOI'O OTHOIIIEHUS
TepsieT 3TO CBOMCTBO.

B nacrosieit pabore Mbl uccjegyeM HEKOTOPbIe cBoiicTBa yHapubix [FP-oneparto-
poB. MbI 1okasbiBaeM, ITO MHOI'ME CBoOiicTBa MHOromectHbix [FP-omneparopos Ha yHap-
HBIIl ciiydail He nepeHocdTcd: Oe3onacHocTh yHapHbIX [FP-onepatopos 6e3 Bioxkenus
He rapaHTupyeT 6€30IaCHOCTh HU BJIOXKEHHBIX YHapHbIX, Hu Ounapubix [FP-onepatopos;
CYIIECTBYIOT 3JIEMEHTAPHO SKBUBAJEHTHbIE YHIBEPCYMBI, B OJTHOM U3 KOTOPBIX BCE YHAD-
uble [FP-omeparopnr 6e3omachbl, a B jgpyrom — HeT. Takum obpasom, mMecTHOCTH [FP-
OIIePATOPOB CYIIECTBEHHA IIPU UCCJIEIOBAHUN UX CBOWUCTB.

2. Ompeneenus

Mper paccmaTpuBaeM paciuperue Joruku nepsoro nopsika (FO) ¢ momomnisio oneparopa
nHIATMOHHON HeroapuKHON Toukn (IFP).
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Omnpegnesienne 1 (cm. [5]). Qopmyaw [FP-aoeuxu cmpoames kax Gopmyav, nepeozo
nopadka, a makoce ¢ nomowwro IFP-omeparopa: ecau ¢(z,y) — dopmyaa 6 asvike (cue-
namype) X U{QM™} co ceobodnvimu nepementvimu T, §, 2de Q — HO6bT CuME0A 0MHO-
wenus, ne exodauut 6 3, mo cmpoka IFPga (@) asasemes dopmyrot 6 aszvie X co
€600001VIMU NEPEMErHBIMUY T, i. Mecmmrocmsb n cumeona ommowerusn ) doasxrcra dvimo
pasHa daure Habopa T, ona Ha3v6aemcs MecTHOCThIO [FP-onepamopa.

3HadeHnsT TEPMOB, aTOMHBIX (hOpMYyJI, OYJIEBBIX CBA30K M KBAHTOPOB OIIPEJIE/ISIIOTCSI
Tak ke, kKak B FO-jioruke (cm., nanpumep, [7]).

Onpepenenne 2 (cM. [5]). ITycmo A — anzebpauueckasn cucmema, ¢(Z,y) — Popmyaa,
cemanmura ¢ yotce onpedesena u ¢ codepacum Hosuill k-mecmmoil cuMeos OMHOWEHUA
Q. IIycmv a € A — smo ananenus nepemernox . Tozda 3navenue bopmyist IFP g (¢)
onpedeasemcs caedyrowum cnocobom. Paccmompum nocaedosamenrvrocms MHodHCECNE
Qi C |A[F: i ) - ) B

Qo =9 Qi =Q;u{be A (2 Q7)o a)},
oA i € w.

Jonyemum, Q% = Q% | 014 KaK020-MO HAMYPANLIOZ0 N U b AGAACTNCA FHAMEHUEM
nepemennvir T. Tozda dopmyna IFP oz (¢)(Z, a) ncrunna npu b€ Q% u noxua npu b ¢
QY. Ecau maxozo namypasvrozo n we cywecmesyem, mo suavenue gopmyav, IFP oz ()
bydem cuumamsd HEOTIPEIeIEHHBIM .

Ecau snavenue gopmyav, IFP gz (0)(Z,a) onpedeaero das scex a € A, mo nazo6ém
onepamop IFPg (¢) 6esonacueim 6 A. Cucmemy A nasvieaem Ge30IaCHOM, ecau 6ce
IFP-onepamopuvi 6e3onacrv, 6 2A.

Takum oOpa3oM, MBI cuuTaeM OIpeaeeHHbIMU B TouHOCTH Te [FP-omeparopsl, 3na-
YeHne KOTOPBIX MOYKET OBITh BBIUUCIEHO 33 KOHEYHOE YHCJIO MaroB.
Herpy/ao BUIEeTH, 9TO st KazKJI0r0 HATYpaIbHOTo i hopmysta Q% (Z) SKBUBaJIEHTHA

carepytoteii bopmyie ¥;(Z, a):
Yo = [falsel; i = [0V (000, (1)

t o o o
Baeck dopmya (@) wn(f,a) HOTYICHA 13 ¢ 3aMEHOI KaxKJI0# aTOMHO 110/1(pOPMYJIbI BHIA

Q(t) na ¥;(t,a).

3. Teopus T u ee cBoiicTBa

PaccmorpuMm curnatypy, KoTopasi COJEPKUT JiBa YHAPHBIX (DYHKITMOHAJIBHBIX CUMBOJIA: S
u d. I1o cmbIcay 310 OyayT YHKIMU CJIEIOBAHUS U IIPEJIeCTBOBAHUS COOTBETCTBEHHO.
Tounee, Teopust 3aJ1aéTCs CACTYIONUMUA AKCUOMAMU:

(Va)(s(d(z)) = z A d(s(x)) = z),

a TaKzKe CJIETYIONUMU JIBYMsI aKCHOMaMU JJT BCeX HATypaJabHBIX 1 > (:
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(V2)(¥y) ( dn(z) Adu(y) =\ v =5(x)

0<i<n

C nomompio s'(x) oboznauen Tepm

i pa3

B yacTHOCTH Y (1) = 7. 13 3TUX aKCHOM HEIOCPE/ICTBEHHO BBITEKAET, UTO Kazk1as MOJIE/Ih
Teopun 1’ JJis KayKJIOTO HATYPAJIBLHOTO N > () COMEPKUT €IMHCTBEHHBIN «ITUKJT» JIJTHHBI
n, 0Opa30BaHHBIN (PYHKIUEH S B OJHOM HAIpaBIeHUU U (DYHKIUEH d B MIPOTHBOIIOJIOK-
HOM. /1151 KpaTKoCTH Gy/IeM HAa3bIBATH 9TOT IUKJI «N-IUKJI0M». Popmyia ¢, () roBopur,
YTO T NPUHAICKUT n-1ukiry. CireoBaTebHo, B Teopun 1’ ONpeae/iuMbl OHOMECTHBIE
npeKaThl R, 03HAYAIONIe IPUHAJIICKHOCTD N-IuKIaM: R, (x) = ¢, (z).

s ymoberBa Mbr OyjieM 3anucuiBaTh « + n u u — n BMecto " (u) u d™*(u) coorser-
creenno. Torga Oyzer crpaBeiuBoO ciiejytoiiee paBeHcTBo: (U +n) +m = u+ (n+m)
JIJTS JTIOOBIX IIEJIBIX 70 U .

Teopema 1. Teopusa T donyckaem IAUMUHAUUIO KEAHMOPOS.

Jlokasameavemeo. Kak o6braao (cM., Hampumep, [7]), MOXKHO OrpaHHIUTHCS SJINMUHA-
el 0JIHOr0 KBAHTOPA CYIECTBOBAHMS JTOOABIEHHOIO K 9JIEMEHTAPHOW KOH'bIOHKIIUHU, TO
ectb u3 dopmynbl Buga (Ju)b, rae § — snemenTapHast KOHBIOHKIIUSL.

[Tpexkjie Bcero, OTMeTHM, YTO OTHOIIEHUsI R, ONpeensaiorcs 6eCKBAHTOPHBIMU (hop-
MyJIaMi ¢,,. IToaroMy MbI MOXKeM 0e3 OrpaHruIeHus OOIIHOCTH BBIIOJIHATD JTUMIHAIIO
KBAHTOPOB B CHUTHATYpE, OOOTAIEHHOM cuMBOIaMu R,.

Herpyano BujieTh, uTo paBeHcTBO U + k = t skBUBaJIeHTHO © = t — k, a dopmyia
R,.(u+ k) sxBuBasentHa R,,(u) s 006X 1es1bix k u HaTypasbHeix m > 0. [losromy
MBI MOYKEM I10JIaraTh, 9TO BCe aTOMHbIE POPMYJIbI B f UMEOT BUJ © = U + N, U = { win
R, (u), rae t He CONEPKUT U.

PaBencTBo © = 4 + N 3KBUBAJEHTHO AU3bIOHKIUN

\/ Ra(u),

dn

B KOTODOii d|n o3nadaer jeanMocThb. CiieloBaTesIbHO, BCE PABEHCTBA U = U + 7 MOTYT
OBITH 3aMEHEeHbI U3 bIOHKINeRH hopMyst Buga Rg(u).
Terepb MBI MOXKEM cUHTATh, 9TO opmya (Ju)f umeer Taxoit BuI:

(Fu)d = (3u) /\an(u) A/\ﬂij(u) ANPNu=t A N\u#re), (2)

e BCe TEPMBI t), U 7'y HE COIAEPIKAT U.

Eciin B KoubioHKIINY (2) €CTh XOTh OJIHO PABEHCTBO BUJIA U = ), TO KBAHTOP y/IaJIsAeT-
cst oOBITHOM 3amMenoit u Ha ty,: (Ju)f = (0)f . IlosTomy B ambHeileM MBI paccMaTpUBaeM
TOJIBKO CJIydail, Koryia B dopmyiie (2) paBeHCTB u = tj HET.

Bce cdopmymst Busa R, (1) 171 pa3IHYHEIX 1j TONAPHO HecoBMecTHBI. OTCIona MOK-
HO cjleiaTh BbIBOJ, 9TO B (2) dopmyna R, (u) noizkHa ObITH €IMHCTBEHHON WJIM BOBCE
orcyTcrBoBaTh. [0 Toil ke npuuune, ecau B (2) npucyrcrsyer R, (u), To u3 Heé cieLyior
Bee 7Ry, (u) s my # n. Vexona u3 BBITIECKa3aHHOIO MOYKHO CIEIATh BBIBOJ, ITO JIis
opmysbl (2) nMeeT MeCTO OJMH U3 TPEX CIIyUAEB:
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1) cdopmymna (2) comepxut oy dopmyrty R,(u) n He comepKuT HuUKakuX — I, (u);
2) dopmyna (2) me comepxuT R, (1), HO CONEPKUT Kakne-T0 — Ry, (u);

3) dopmysa (2) He CONEPKUT HU TOrO, HU JIPYIOTO.

B ciayuae 2 Mbr umeem dopmyiy

(Fu)f = (Fu) < I\ B, (w) A\ w# w). (3)
j ¢

[Tycrs 3HauveHMe KazKJIOro TepMa 7y IMPHUHAJJIEZKUT COOTBETCTBYIOMIEMY Kp-TIHKIy. Tak
KaK CYIIECTBYIOT N-IUKJIBI JIJIsI BCEX TOJIOKUTEIBHBIX 7, TO MbI MOXKEM BBIOPATDH M-TTHKJI
Tak, 9To n # m; u n # ke ana seex j u £. IlockonbKy Kazkjioe u 13 3TOrO n-IUKJIA
yaosyersopser dbopmyaam =Ry, (u) u u # e, To Gopmya (3) ucrunma.

Ciyuait 3 paccMaTpuBaeTCsl TOYHO TaK Ke.

PaccmorpuM Tenepb nepBblil cirydaii, Korja popMysia UMeeT BU/L

(Fu)f = (Fu) (Rn(u) A />u + m). (4)

HobaBum k (4) ToxkjecTBeHHO ucTHHHBbIE Ju3btoHKIuu (R, (r,) V - R, (r,)) misa Beex £,
pPacKpoeM CKOOKHU W ITOCTPOUM JIN3BIOHKTUBHYIO HOpMaJbHyIo hopmy. B pesynbrare 1o-
JIyIUM U3 BIOHKIAIO (DOPMYJT BHIA

(Fu) (Rn(u) A\ u# m) AN\ Ri(ro),
J4 ¢

B KOTOPBIX R (ry) osnauaer R, (r;) wmn =R, (r;). OueBuano, uro u3z R,(u) nu —R, (1)
ABTOMATUYECKH CJICJIyeT U 7 Tp. SHAUUT, Mbl MOYKEM HCKJIIOUUTH HEPABEHCTBO U # Ty
npu Hasmaun - R, (). Tlosromy mosryaaem

(3u) (Rn(u) AN\ W,) AN Ru(re) A\ =Ru(ren), (5)
v v e
npuaém ¢ # (" nyst Beex ¢ u 0.
Eciu B dopmysie (5) orcyTCTBYIOT HEpABEHCTBA, TO OHA YKBUBAJEHTHA CJIEIyIOIIEil
OeCcKBaHTOPHO opmy.ie:
/\ Rn(Tg/) A /\ _|Rn(’r’gu)7
v o
tak Kak (Ju)R,(u) ucruHHO.
B nporuBonosokuoMm cirydae popmyiia (5) comepKuT XoTst ObI OIHO HEPABEHCTBO: U #
r1. Torma dopmyra (5) HCTHHHA B TOM M TOJBKO TOM CJIydae, KOTJa N-IUKJ COICPKUT
9JIEMEHTBI, KpoMe 7, 1uist Beex £, CrenoBarebHo, (5) 9KBUBAJIEHTHO

n—1
(\//\(Rn(’f‘gl>/\’f‘1+i7é’f‘gl>) /\/\ﬁRn(Tg//). (6)
=1 ¢ £
HpI/I n=1 IIycTad JU3BbIOHKIUA, KaK O6I>I‘IHO7 CUATAETCA JIOZKHOM.
Wrak, MBI paccMOTpeJin BCe BO3MOXKHBIE BapuaHThbl (hopMysibl (2) U MOKa3a/Iu, Kak
YVAaJIUTh KBaAaHTOP B Ka2KJI0OM U3 HUX. C.He,ZLOBaTe.HbHO, Teopud T JOITYCKaeT 3JIMMUHAIIUIO
KBAHTOPOB. [
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TaK KaK CUT'HaTypa He COAEPXKUT KOHCTaHT HJIA ITPOIIO3NUIUOHAJIbBHBIX CMMBOJIOB, TO
cpasy moJIydaeM

CaencrBue 1. Teopus T noana.

Bseném eré ojiHoO TeXHUUIECKOe OlpeIeIeHIe.

[Iycrs dopmyia ¢ comepkut aromublie Gopmynsl Buga R, (u) u v = u + k,, s
KAKHUX-TO HEJbIX Ny U Ky, § — KaKOii-T0 (pUKCHpOBaHHBII HAOOP CBOOOIHBIX B ¢ IIepe-
Mennbix. Torna y-sec dopmyav, ¢ (0603HATAEM €TI0 € IOMOIIBIO Wy (¢P)) — ITO HanbOJIbIIEE
U3 BCEX TAKUX Ny U Ky, 9TO HA U, HA U HE COJEPKATCA B Y.

CaencrBue 2. B dokasamenvcmee meopemo, 1 umeem mecmo wy(0') < 3wy(0), 2de § —
MO PE3YALMAM INUMUHALUY KEarmopa u3 dopmyave (Iz)6.

oxasameavcmeo. Bec Bospactaer ToibKo TpH TmojicTanoBke (0)f , HO He Goslee WeM B

JIBa pasa, u 1npu nocrpoenun (6), HO He Gojiee UeM B TpH pasa. O
Munyknneit mo KoamdecTBy KBAHTOPOB JIETKO MOJTyYaeM

CrnenctBue 3. Ecau gopmyaa 1 umeem q xK6anmopos, mo 3K6USAAEHMHAA ) OeCKEaH-
mopnas gopmyaa P umeem sec wy(Y') < 39wy (1).

4. IFP-omeparopsnl B Mozessix Teopum 1’

Aromuast mozenb Ay Teopun 1 CONEP:KUAT IO OJHOMY N-IUKJLY /I KazKaoro n > 0 u He
COJIEP?KUT HUKAKUX JIPYTUX IJIEMEHTOB.

Teopema 2. /las kaosrcdot FO-gopmyave ¢(x,y) (¢ nosvim yraprvm npeduramom Q)
ynapnoui onepamop IFP o) (@) besonacen 6 2.

Jloxazameavcmeo. Homycrum, uto dhopmysia ¢ COJIEPKUT ¢ KBAHTOPOB, U B Habope @
3HaYeHUHl § KaxKJloe a; IPHHAJIC’KUT COOTBETCTBYIOIIEMY Mm;-IUKJIy. Bpibepem naty-
paJIbHOE W TaKoe, 4T0 M, < w JId BeexX j u wy(¢) < w.

Pacemorpum mocsteioBarebaoCTh hopmyst ¥ (x, 3), onpenesnérnyio B (1). Mamykiueit
[0 i JIOKazkeM, 9T0 Kaxkjas dopmyia v;(x,y) sKBUBageHTHa OeCKBAHTOPHON (hopMyIie
y-Beca He Gosee 3%w. Jng i = 1 9TO HeIOCPEJCTBEHHO HOJIydaeTcs U3 TeopeMbl 1 u
CJICIICTBUS 3.

[Ipeamonozkum Terepb, aro dopmyta ;(x, §) sBisiercs OyreBoit KoMOuHAIE aTOM-
HbIX popmyn Buga Ry, () n x = y;+k;, tne m < 3%. Korna MBI BBIIOJHSEM [I0/ICTAHOB-
Ky dopmyist ¥ (u+, §) BMecto Q(u+{) B bopMyIie ¢, MbI IOJIyYaeM HOBbIE OIOPMYIIbI
susia R, (u+0) nu+ € = y;+kj, aro sksusanentno Ry, (u) u u = y;+ (kj — ) = y; + &
coorBercTBeHHO. [IpucyTcTBre Beex 3TUX HOBBIX 1MOIOPMYJT HE MOYKET yBEJIUIUTH BEC
dopMy/IbI B IIPOTIEIype SIUMUHAIINA KBAHTOpa. B caMoM Jiejie, Mbl He MMOJIy9IrM HOBBIX
noadopMyT THIIA U = U+ N U, CJIJ0BATEIBHO, HOBBIX mojdopmy tuna Ry(u), Tie u He
BXOJIUT B 3. MbI HE MOXKEeM YBEJIUUIUTH Y-BEC IPU MOJICTAHOBKE (Q)Zj 1, 1 IIPH ACIOJTB30-

BaHUN TEPMOB 4+ ]ﬂ( B 6 . C.He OBaTEJIbHO, IIOCJIC JIMMUHAIINM KBaHTOPa ;41 UMEET
J i )
BeEC HE 60JI€€ 32‘1w.
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Urak, kaxjas Gopmyna ¥;(x, ) sBiasgercs OyaeBoil KOMOMHAIMEH ATOMHBIX (DOPMYJI
Buga Ry, () u x = y; + k;, tne m < 3%. IlockosbKy y; + m; = yj, TO MOXKHO ILOJIa-
rare, 4ro 0 < k; < m; juis Beex j. Ho Bcero cymiecTByeT orpaHHmYeHHO MHOIO HOIIAPHO
HEIKBUBAJEHTHBIX (hopMmys1 Takoro Buja. CiegoBaTesbHo, 10; = ;11 JJIsT HEKOTOPOTO
u oneparop IFPg,)(¢) bezonacen. O

[Ipenpiaymmasa Teopema HeBepHa Jjist buaapubix [FP-oneparopos.

Teopema 3. Bunapnowiii onepamop

IFP gy (z =y V Q(z,d(y)))
nebezonacer 6 Ag.

Jlokasameavcmeso. MuoxkecTBo (); cofep:kut Bee napsl Buja (a,a+14), 1 =0,... 1 — 1.
Eciu a npunajyieskur n+ 1-mukiy, 1o (a,a+1) € Q;11\ Q;. CiieroBaTesibHO, MoCI€10Ba-
TEeJIbHOCTH MHOXKECTB (); HeOrpaHUIEeHHO BO3pacTaeT mpu yBejudenun i, a [FP-onepatop
Hebe30IaCeH. O]

BesonacuabiMu MoryT He OBITH U BJIOXKeHHbIe YHapHbIe [FP-onepaTopsr.

Teopema 4. Cywecmsyrom eaoorcennvie yraproie IFP-onepamopol, enewnud us xomo-
pux nebezonacen 6 Ay.

Jlokasameavcmso. Pacemorpum dopmyity ¢ (y, x):

IFP g (@ = y v Q(d(x))).

Ecin 3navenue y paBHO a, 10 Q¢ Gyner cojepxarh a,a + 1,...,a + (i — 1). Ecam a
IPUHAJIEXKHUT N-TUKILY, TO Q% = Q% ,, 109TOMY (Y, ) UCTHHHO TOTJIA U TOJIBKO TOIJIA,
KOTJIa T U Y NPUHAJJIEKAT OJHOMY IUKJLY.

Pacemorpum reneps dopmyiy ¢(y, z, z):

[FPow(z =y Ve =2V Q(d(x))A
A (Fz1, 22) (21 # 22 A 2Q(21) A Q(d(21)) A =Q(22) A Q(d(22))))-

[Tycrs a u b 9BiIg10TCS 3HAYEHUAME IIEPEMEHHBIX ¢ U 2 COOTBETCTBEHHO. Tora Ha IIepBoM
mare mocTpoeHns Mpl obasisem a u bk Q. Tamnee ma kazgom mare k QP noGasrs-
I0TCA 110 JBa 3JIeMEHTa, CJIeLYIONMX 38 YKe NMeIomuMucs. Takoii Impomece 3aBepmTes,
KOTJa OJUH N3 ABYX CJEAYIOIINX 3JIEMEHTOB YzKe OyIeT COIep:KaTbCsa B Q?’b, UHBIMI
CJI0BAMU, BCE 3JIEMEHTBLI COOTBETCTBYIOMIErO IUKJIA [ONAIN B Q?’b. CirenoBarenbno, gop-
myna ¢(y, z,T) O3HAYAET, ITO JJIS KAKOTO-TO M BCE Y + i U 2z + j IONAPHO Pa3JIMIHBI,
1,7 =0,....muxr =y+1twmazr =2+ j Jyuid Kakux-10 ¢,7 = 0,...,m. Ecim a u
b IpUHAJIE’KAT PA3JIUIHBIM IIUKJIAM, TO TPEAIIECTBEHHUK ¢ WK b (B 3aBUCHMOCTH OT
TOrO, KAKOW U3 HUX JJIMHHEE) He MONajET B Qb
Takum obpasom, dpopmyia

0(y,2) = Yy, 2) Ny # 2 AN d(y, z,d(y))]

O3HAYAET, YTO IUKJI, B KOTOPOM JIEYKUT ¥, KOPOYE, YeM TOT, B KOTOPOM JiezKUT 2. [loaTo-
My MBI IMeeM TIPeIIOPSIOK #, (haKTOP-TIOPS 0K KOTOPOTo Oy/1eT n30MOpGhEH MHOXKECTBY
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HaTypaabHbIX uncesi. CireoBaTe/bHO, cieayomas GyHkims D Oyuer dpyHKIuel mpei-
IIECTBOBAHUS JIJIsl IIUKJIOB:

[D(2) = y] = 0(y, 2) A =(3u)(O(y, u) A O(u, 2))].
[Tosromy oneparop IFPpy(x = s(x) V P(D(x))) nebesonaces. O

Teopus T' umeer HeaToMHbBIE MOJIEN B, KOTOPBIE, KPOME IIUKJIOB, COJIEPYKAT «JIMHUU
beckoHevyHble B 00€ cTOpOHBI. B Takux mojesnsax ynapuble [FP-oneparopsr Toxke MoryT
OKa3aTbCsl HeOE30IaCHBIMU.

Teopema 5. YVnapnwiii onepamop IFP gy (x = yvQ(d(x))) nebesonacen 6 mobot neamom-
Hotli modeau B meopuu T'.

Joxazamenvcmeo. Ecaun 3nHadeHne a mepeMeHHON ¥y NMPUHAJIIEXKUT OECKOHETHOU <«JId-
HUU», TO ) comepxkut a + j ang j = 0,...,7 — 1. CnenoBaTepbHO, HE CYIIECTBYeT
HaTyPaIbHOI'O 4 TAKOro, 9To (Qf = Qf ;. m

5. 3akJiroueHue

Mpbr nokazasin, 4ro cBoiicTBa yHapubIX [FP-oneparopos ormyatorca ot csoiictB 1FP-
OIIepaTOPOB MTPOU3BOJILHON MECTHOCTH: BCe HeBJIOKeHHble yHapHble [FP-onepaTopsr mo-
r'yT OBITH OE30MACHBIMU, & BJIOYKEHHDbIE U OMHAapHbIE — HET, 6€301aCHOCTL COBOKYITHOCTHU
BCEX YHAPHBIX HEBJIOYKEHHBIX OTIEPATOPOB MOXKET OBITH PA3JIMIHON B 3JIEMEHTAPHO SKBU-
BaJIEHTHBIX YHUBEPCYMAaX.

B ¢Bsa3u ¢ 9TUM BO3HUKAIOT CJIEIYIONINE BOIPOCHL:

e MOXKHO JII aHAJOTHYIHBIM 00PA30M IIOCTPOUTH IIPUMEDP YHHUBEPCYMa, B KOTOPOM
pasIMYaINCh CBOMCTBa 6e30nacHOCTH OMHAPHBIX 1 TepHapHBIX 1FP-oneparopos?

e MOKHO JI TIOCTPOUTH MOJHYIO TeOpHio 7', BO BCEX MOJIEJIAX KOTOPOW yHApHBIE
HeBJsIozkeHHbIe [FP-oneparopsr 6b1in 061 Oe3011acHbI, a OMHApHBIE — HET?
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Introduction

Many program transformation methods can be seen as special cases of the Burstall-
Darlington framework [3]. The idea behind this framework consists in viewing a program
as a set of equations and then transforming this set by inferring new equations. Such a set
of equations is essentially a program without the uniqueness constraint on the definitions
of its functions (i.e. each function may have several definitions), thus we propose to call it
a polyprogram (short for “polyvariant program”, a term coined by Mikhail Bulyonkov).

Equality saturation [8] may also be considered an instance of the Burstall-Darlington
framework if we restrict ourselves to so-called decomposed polyprograms. In decomposed
polyprograms every definition has a very simple form containing only one nontrivial lan-
guage construct, thus decomposed polyprograms are essentially closer to ASTs and E-
PEGs (E-PEG is a Program Expression Graph with an equivalence relation on nodes [8]),
definitions of polyprograms corresponding to nodes and outgoing edges of E-PEGs, and
functions corresponding to classes of node equivalence. Decomposed polyprograms can
be represented as graphs, or, more precisely, directed hypergraphs, whose nodes corre-
spond to functions and hyperedges to definitions. Thus decomposed polyprograms are
better for implementation and formulation of transformations. Every complex defini-
tion can be split into several simple definitions by introducing intermediate functions, so
every polyprogram can be transformed into a decomposed one.

One of the transformation rules of the Burstall-Darlington framework is called redef-
wnition. It allows replacing one function for another if they have isomorphic recursive
definitions. In this paper we show how this rule can be formulated using the notion
of polyprogram bisimulation, which has the benefit of dealing with situations when the
definitions are not exactly isomorphic (e.g. the functions are equal only up to argument
permutation). Thus, we prefer to call this transformation rule merging by bisimulation.

This paper is a continuation of the work on equality saturation for functional lan-
guages [5]. In that previous paper the theory behind the implementation wasn’t described
thoroughly enough, in particular, the semantics wasn’t discussed at all, the notion of
polyprogram bisimulation wasn’t presented, and thus there was no proof of correctness
of the bisimulation enumeration algorithm. The present paper discusses these topics in
more detail, and its contributions are as follows:

e Articulation of the notion of a polyprogram.

e A polyprogram-based formulation of equality saturation which shows the connec-
tion between equality saturation and the Burstall-Darlington framework.

e The notion of polyprogram bisimulation and an algorithm for enumerating polypro-
gram bisimulations together with a proof of its correctness. This is the main con-
tribution, and most of the paper is devoted to this topic.

The paper is structured as follows: first of all, we describe the language we use
throughout the paper and give the definitions of a polyprogram and a decomposed
polyprogram in this language (Section 1.), then we show some basic transformation
rules (Section 2.), and after that we introduce the notion of polyprogram bisimulation
and present an algorithm for enumerating bisimulations (Section 3.).
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1. Polyprograms

In this paper we use a simple first-order language. We denote variables with letters
z,x; (from X), functions names with f, f; (from a set of functional symbols F), and
constructors with C,C;. A set of functional symbols is just a set F' equipped with an
arity function arity : F — N.

Definition 1. A polyprogram (in our language) is a set of definitions of the form
f(zy1,...,2,) = e where e has the following form!:

ex=ua| fler,...,en) | Cler, ... en) | case egof { Ci(T75) — e}
where there is no variable duplication in case patterns and in left hand sides of definitions.

In a polyprogram each function is allowed to have any number of definitions. The
intention is that such definitions should be semantically equal, but may be different
performance-wise. Here is an example of a polyprogram:

not(t) = casetof {FF - 1;T — F}
(x) = case x of {Z — T;S(y) — odd(y)}
even(z) = not(odd(x))
(x) =case x of {Z — F;S(y) — even(y)}
(

Note that the functions even and odd have two definitions each.

Definition 2. A polyprogram in decomposed form, or just decomposed polyprogram, is
a polyprogram such that all right hand sides of its definitions have the following form:

ex=r|z| f(ri,....rm) | C(r1,...,mm) | case rq of { Ci(Ti;) — 145 }
r= f(x1,...,2;), where all x; differ from each other
We call expressions of the form f(z1,...,x;), where variables are different, elementary

calls. That is, every right hand side of a decomposed polyprogram is either an elementary
call or an expression such that each of its maximal proper subexpressions is an elementary
call.

Decomposed form is not very human-readable, but it is better suited for reasoning
and implementation. Consider the following polyprogram consisting of one definition:

f(z,z) =casex of {Z — Z;S(y) — f(y,v)}

To transform it into a decomposed polyprogram, we have to factor out subexpressions
x, Z,y, and f(y,y) (the last one because it has a duplicated variable). This gives us the
following decomposed polyprogram:

f(x,z) = case id(x) of {Z — g(); S(y) — h(y)}

1E{e;) expands to E(e1), ..., E{e,) for some n = maxi
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1.1. Polyprogram semantics

It is straightforward to define denotational semantics for polyprograms. However, instead
of considering only the least fixed point, we consider all fixed points, or models, because
this makes semantics compositional, i.e. we can replace polyprogram fragments with
semantically equivalent fragments without changing the meaning of the whole polypro-
gram. This property would not hold if we considered only the least fixed point, because
the equivalence based on the least fixed point semantics is too coarse.

Our polyprograms operate first-order values from the set A which is the greatest
solution of the following equation (i.e. it includes both finite and infinite data built out
of constructors):

A={C(ay,...,a,) | a; € A, Cisa constructor} U {L}.

Let D be the set of continuous functions [10] over A of arbitrary arity, i.e. D =, [A" —
A]. Now let’s define the notion of an interpretation.

Definition 3. Let P be a polyprogram with the set of function names F. Then an
interpretation of P is a function n: F — D such that arity(n(f)) = arity(f).

Now let’s define the valuation of a term ¢ given an interpretation n and a valuation
of variables v : X — A, written [¢]

zl,, = v(@)
(

777V:

[
[f(er,. s en)],, = n(f)leld,, - lenl,,)
[[C(eh ey, =Clal,,, - leal,,)
[case e of{C (yl, caym) = ed],, = el i san
where [eo], , = Ci(ai, ..., an) for some k € {1,..., maxi}

Given a definition d, its valuation [d], is a Boolean value defined as follows:

[er = eo], = (Vv]edl,, = [e2],.)

Definition 4. An interpretation p is called a model of a polyprogram P if for every
definition d € P, [d] , is true.

2. Polyprogram transformation rules

According to both the Burstall-Darlington framework and equality saturation, polypro-
grams should be transformed with some rules which add new function definitions to a
polyprogram. After that a new program may be extracted from the polyprogram by
choosing a single definition for each function.

We write transformation rules as P, — P,. Application of such a rule to a polypro-
gram consists in replacing the subpolyprogram corresponding to the left hand side up
to function and variable renaming with the right hand side. We assume that rules may
add new definitions and functions, and also remove some definitions
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We will consider only a couple of basic rules in two different styles: in the style of
the Burstall-Darlington framework and in the style of equality saturation. The latter
one assumes that polyprograms are in decomposed form.

The main difference between the two styles is that rules of equality saturation are
more local and fine-grained, because equality saturation was originally designed to per-
form mostly intraprocedural optimizations (inside function bodies) by rewriting expres-
sions. However, for decomposed polyprograms the difference between expressions and
functions becomes blurred, so interprocedural transformations become as naturally ex-
pressible in equality saturation as intraprocedural.

2.1. Rules in the style of the Burstall-Darlington framework

Unfolding
{ /(@) = E<g<e—j>>} - ;}(;3 "
9(y;) = H f(@) = BE(H{7e})
This rule substitutes a function call with the function body.
Folding
{f@ =H <E{W}>} . 5((;:)) "y e
9(;) = E f(@) = H{g(%))

This rule does the inverse: it replaces an instance of some function’s body with a call of
this function. Note that it is less powerful than the corresponding rule from the paper
by Burstall and Darlington [3] because it allows replacing only renamings of g’s body,
not arbitrary special cases.

2.2. Rules in the style of equality saturation

Decomposed polyprograms are very similar to E-PEGs from the work of Tate et al.
on equality saturation [8]. They enable more effective sharing of subexpressions, which
is crucial for big polyprograms, especially when a simple heuristic-free rule application
strategy is used, as in equality saturation.

However, rules in the form from the previous subsection cannot be applied to decom-
posed polyprograms because their left hand sides are not in decomposed form. One of
the solutions to this problem is to rewrite the rules in such a way that both their sides
are in decomposed form. In this case the rules will not only be applicable to decomposed
polyprograms but also will preserve them in decomposed form.

Transitivity with symmetry
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This rule is analogous to folding. It infers function equivalence from their having coincid-
ing definitions. The correctness of this rule follows from the transitivity and symmetry
of equality, hence the name.

905 = hii) |, [ 905) = hizacy)
Dlgles) D(h(@i)

This rule allows propagating information about function equivalence by replacing one
function with another. This rule is best applied to every call site of the function being
replaced at once: in this case we can simply remove the old function from the polypro-
gram. We call such a procedure merging by congruence since the functions are effectively
merged.

Congruence

Deduplication

f@)=F

This rule is used after merging by congruence to remove a coinciding definition of a func-
tion. Its only purpose is to reduce memory consumption. The three aforementioned rules
together implement congruence closure [6] which lies at the heart of equality saturation.

{“me}H{msz}

Unfolding of a function consisting of a function call

V=h
{ f(@) h(ﬁ)} L) =g
h(g5) = 9(di(75)) T)=g

The unfolding rule breaks apart into several simpler rules. We show only one of these
rules for brevity. The most interesting thing is that we don’t need a separate operation
for substitution into an expression (E{x — e}) since non-elementary calls play the role
of explicit substitutions.

3. Polyprogram bisimulation

Merging by bisimulation is a generalization of the redefinition rule from the Burstall-
Darlington framework. Consider the following polyprogram:

O =500)
90 = S(h())
h() = 5(90))

The goal is to infer f() = g(). Turns out, this cannot be done directly with the simple
rules mentioned above, so we need something more powerful. In this case the definitions
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of these functions are not even isomorphic, so we need a more general relation than
isomorphism, which we call a bisimulation because it remotely resembles the notion of
bisimulation for labeled transition systems.

3.1. The notion of polyprogram bisimulation

First of all, let’s give some auxiliary definitions. If 6 is a function from {1,...,m} to
{1,...,n} (which we will write just as 6 : m — n) then it can be applied to any functional
symbol to permute, omit and duplicate its parameters. We write this application simply
as 0 f and use the following reduction rule:

(960)(61, Ce ,en) ~ 60(69(1), e ,eg(m))

Definition 5. A morphism of functional symbols from F} to F is a function ¢ that maps
each functional symbol f € Fy to a pair ¢(f) = (0,h) where h € Fy and 6 : arity(h) —

arity(f).

We will often write ¢(f) = 0h instead of ¢(f) = (0, h).

A morphism of functional symbols maps functional symbols, possibly permuting and
dropping their parameters. Morphisms of functional symbols can be applied to definitions
and polyprograms. If d is a definition then ¢(d) is obtained by replacing all function
names [ in d with 0h, where ¢(f) = 6h, with subsequent normalization with respect to
~. If P is a polyprogram then ¢(P) = {¢(d) | d € P}. For example, if ¢(g) = idg and
¢(f) = 0h where 0(1) = 2 and 0(2) = 1, then ¢(f(f(z,y),9(x))) = h(g(x), h(y, z)).

Note that even if P is a polyprogram, ¢(P) is not necessarily a polyprogram, because
¢ may introduce variable duplication in left hand sides of definitions. We call such objects
quasipolyprograms. However, if ¢ maps every f into a pair (0, f’) such that 6 is injective
then ¢(P) will be a polyprogram if P is a polyprogram.

By definition, morphism application affects both elementary and non-elementary
calls. This actually considerably complicates the theory of polyprogram bisimulations,
because the ability of morphisms to rearrange parameters in non-elementary calls re-
quires considering all possible permutations in the bisimulation enumeration algorithm.
To simplify things, we use the following semantically equivalent construct instead of a
non-elementary call f(eq,...,e,):

case C(ey,...,e,) of { C(xy,...,z) = fx1,...,2,) }

Since it is not human-readable, f(ey,...,e,) will still be used as a syntactic sugar. Note
that now morphisms of functional symbols only affect the order of bound variables. More-
over, in subsequent proofs and definitions we will need to consider only three language
constructs.

We call two definitions a-equivalent, written d; = ds, if they are equal up to variable
renaming. We use the notation P, C P, if P, is a subpolyprogram of P, up to a-
equivalence of its definitions.

Definition 6. A polyprogram bisimulation over a polyprogram P is a polyprogram B
with two morphisms of functional symbols ¢ and 1 such that ¢(B) C P, v(B) C P, and
if a function [ € B has no definitions then ¢(f) = (f).
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Polyprogram bisimulations are useful for proving equivalence of functions (and sub-
sequently merging them, the transformation we call merging by bisimulation) using the
following theorem.

Theorem 1. Let B with ¢ and i be a polyprogram bisimulation over P. If for every
interpretation v of B’s functions without definitions there is only one model p that co-
incides with v on B’s functions without definitions then it is possible to add definitions
of the following form into P for each function f € B without changing the set of P’s
models:

g(SCg(l), e ,Z‘g(m)) = h(:ll'g(l), e ,:Ij'g(n))
where (0,9) = ¢(f), (&, h) = ¢(f), m = arity(g), n = arity(h).

Proof. Let p be a model of P. Then there are two models of B: p4(f) = 0u(g) where
(0,9) = &(f), and py(f) = Eu(h) where (€, h) = (f). But for every function f € B
with no definitions ¢(f) = ¥ (f), hence pgs(f) = py(f). Since for every interpretation
v of B’s functions without definitions there is only one model of B, models p, and
py, must be equal. This means that for every function f € B, Ou(g) = &u(h), ie
1(9) w1y, - - - Tom)) = (R)(Ter)s - - - Teny)- This is exactly the semantics of the new
definitions, so they can be safely added to P, and p will still be a model of the augmented
quasipolyprogram.

Since adding definitions cannot expand the set of models, the assertion of the theorem
is proved. [

Not every bisimulation is good enough for merging by bisimulation, because it must
also satisfy the model uniqueness property. To test this property some decidable sufficient
conditions may be used, like structural and guarded recursion [1], or the presence of
ticks [7]. This topic is out of scope of this paper.

3.2. Enumerating bisimulations

In this section we assume that polyprograms are in decomposed form and non-elementary
calls are encoded using case expressions. There is an infinite number of polyprogram
bisimulations, so we are going to present an algorithm that produces an infinite stream
polyprogram bisimulations, but only of some specific form. The algorithm can be in-
formally outlined in the following way: first enumerate prebisimulations, quasipolypro-
grams that are precursors of bisimulations, and then transform each prebisimulation into
a polyprogram bisimulation if possible.

Prebisimulations will be quasipolyprograms consisting of products of definitions of
the original polyprogram. Its idea of a product of two definitions def-product(d,dsy) is
to combine every pair of corresponding functions into a single one with their parameter
lists concatenated, e.g.:

(z) =2),(9(y) = v)) = ({f, 9)(z,2) = )

(2, 2) = case h() of {S(y) — g(z,y)}),

'(r) = case h'(z) of {S(y) = ¢'(y,7)})) =

) (@, 2,2") = case (h, I)(2") of {S(y) = (9,9") (2, y,y,2")})

def-product((f
def-product(( f —
(f —

= ((f
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Definition 7. Let d and d' be two decomposed definitions with the same language con-
struct, the same number of function calls and the same number of variables bound by
corresponding patterns. Assume also that corresponding variables in corresponding pat-
terns of the two definitions have coinciding names, and also if the right hand sides have
the form x then x is the same for both definitions, but there are no more variable collisions
between the definitions (these requirements may be satisfied by applying a-conversion,).
Then the product of these definitions is defined as follows:

def-product(f(z1, ..., xn) = @i, /(Y15 Ym) = yj) =
= (£ )@ @ yn Y1, T YY) = T
def-product(f(T) = C(g1(T1), - ., gn(Tn)),
'@ =Cld(@),- - 9,())) =
= (£, )@.9) = C({91,91)(T1, 71): - - )

def-product(f(T) = case go(To) of {C1(Z1) — ¢1(71); ...},
f'(y) = case go(¥o) of {C1 (1) = g1 (¢1);...}) =
= (f, [)(T,7) = case go(To, 7o) of
{Ci(Z1) = (g1, 90) @1, W' {2y = Z1}); . )

Here (f,g) denotes a unique functional symbol corresponding to f and g with arity
arity(f) + arity(g).

We enumerate prebisimulations in the form of trees with back edges growing from a
pair of functions. The enumeration procedure is shown in Fig. 1 in the form of a function
taking a polyprogram and two functional symbols and returning a set of prebisimulations
(programmatically this function should be implemented as returning a stream). Its idea
is to traverse the polyprogram P in depth-first order simultaneously from the functions
f and f’. A branch may be finished if we encounter a pair of coinciding functions
(reflexivity) or a pair of functions which we have already visited (folding). If we do not
finish the branch then we choose a pair of definitions of these functions such that the
product of these definitions is defined, and descend to pairs of corresponding functions
in their right hand sides.

Now let’s define two morphisms, m1({f1, f2,{)) = (71, f1) where (i) = i, and
T ({f1, f2,1)) = (72, f2) where v2(i) = i + arity(f1). A prebisimulation with m; and
o is not yet a bisimulation for two reasons: it is not a polyprogram because of variable
duplication, and m; and 7, differ on functions without definitions.

To transform a prebisimulation into a polyprogram bisimulation duplicated variables
should be merged. To do so, we propagate the information about variable equivalence,
thus making the quasipolyprogram “coarser”. If this process succeeds, the resulting
quasipolyprogram may be transformed into a polyprogram, moreover, it will be a bisim-
ulation.

Definition 8. A quasipolyprogram Q1 is no more coarse than o, written Q1 E @9, if
their definitions are in one-to-one correspondence, and for every definition dy € Q1 the
corresponding definition dy is a-equal to di{x — y} for some variables x and y.



Grechanik S. A.
Polyprograms and polyprogram bisimulation 543

prebisimulations(P, f, f') = B
where (_, B) = prebisimulations'(P, f, f',{})

prebisimulations’ (P, f, f', history)

= {(faew D [ =1}

U{(fora, {}) [ (£, f's foa) € history}

O {(Frew (€} UBL V... UB,) |
d=(f(..)=L(...)) € P,
d=(f(.)=L(...)eP
such that def-product(d,d’) is defined,

q = def-product(d,d'),
(A = Lllgn g () ) =
history’ = history U {(f, f', faew)};
(hi, B;) € prebisimulations' (P, g;, g., history'),
q' is g with (f, f') replaced with fc,

and (g;, ;) replaced with h;}

where fpew = (f, f',1) where [ is a fresh unique label,

frnew has arity arity(f) + arity(f")

Figure 1. Enumeration of prebisimulations

Information about variable equivalence may be propagated with the following trans-
formation.

Definition 9. Let QQ be a quasipolyprogram and f(xy,...,x,) be a term from some
of Q’s definitions such that x; and x; are one and the same variable. The following
transformation is called variable equivalence propagation step: for some definition of Q)
containing a term f(yi,...,yn) replace y; with y; in the whole definition.

Example 1. Consider the following polyprogram:

9(x,y,2) = C(f(z,y),9(z,7,y))
flx,x) ==z

Since f(x,z) in the second definition has a variable duplication, it can be propagated to
the first definition by replacing y with x, leading to the following definition:

g9(x, x,2) = C(f(x, ), 9(2, 2, 7))

Now g(x,x,z) contains variable duplication, so variable equivalence may be propagated
further, resulting in the definition g(z,z,x) = C(f(x, ), g(z, x, x)).

Sometimes variable equivalence propagation may lead to variable duplication in pat-
terns (like case h(x) of {C(z,x) — f(z,x)}). Quasipolyprograms containing such defi-
nitions will not lead to bisimulations and may be filtered out.
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If Q' is derived from @ by a variable equivalence propagation step then Q C @’ by the
definition of C. In particular, it means that we can fully propagate variable equivalence in
a finite number of steps. Another important property of variable equivalence propagation
is that it commutes with C in the following sense.

Proposition 1. If )1 C ()2 and it is possible to apply a variable equivalence propagation
step to Q1 and get Q) then it is possible to apply no more than one variable equivalence
propagation step to Qy and get Q) such that Q) C Q.

This implies confluence of variable equivalence propagation.

Before performing variable equivalence propagation we need to fix another issue of a
prebisimulation: we need to equate corresponding variables of functions without defini-
tions. That is, for each call of function without definitions of the form

<f7f7l>(xla-"axmayla"'7ym)>

where m = arity(f), replace y; with z; in the whole definition containing this call.
This transformation is very similar to a variable equivalence propagation step, and the
resulting quasipolyprogram is more or equally coarse than the original prebisimulation.

If variable equivalence is fully propagated then for every term f(zy,...,z,) from the
quasipolyprogram, if variables z; and z; coincide then for every other term f(yi,...,¥n)
variables y; and y; also coincide. In this case the following proposition may be applied
to transform the quasipolyprogram into a polyprogram.

Proposition 2. Let Q) be a quasipolyprogram. Assume that for each function f of arity
n, the set {1...n} of its argument positions can be partitioned into m equivalence classes
such that if i and j are from the same class then for every term of the form f(xq,...,x,)
from @ the variables x; and x; coincide. Then there is a pair of morphisms, o and o’
such that o'(0(Q)) = Q. Moreover, if for every term of the form f(yi,...,yn) such that
variables y; and y; coincide, © and j are from the same class, then the quasipolyprogram

o(Q) is a polyprogram.

Proof. For each function f € @ of arity n with m equivalence classes there is a mapping
§r 1 n — m that maps each position to the corresponding equivalence class index, and
a mapping 5;1 :m — n, its right inverse, which maps each equivalence class index to
some representative. Let’s define o(f) = (5;1, f") where f’ is a function with arity m
corresponding to the function f, and o'(f’) = (&, f).

Note that ¢’ is not a left inverse of o, so we need to prove that o'(c(Q)) = Q.
For each definition d € @, o'(o(d)) will replace each occurrence of f(xy,...,z,) with
(f;lﬁff)(xl, ..., T,) which reduces to to f(.l’&;lgf(l), . ,:L’g;1§f(n)). Now if f;lff(z) =7
then ¢ and j are from the same class, so ; = ; by the hypothesis of the proposition,

and we can rewrite this term as f(xq,...,z,) which is equal to the corresponding term
in d. Therefore 0'(0(d)) =~ d, and thus ¢'(c(Q)) = Q.
Now assume that for every term from @ of the form f(y1,...,y,), if variables y;

and y; coincide then ¢ and j are from the same class. In this case any such term will
be mapped by ¢ into the term f’(y£;1(1), o ,y£;1(m)) which cannot contain duplicate

variables, because if Yer and Yer () (I # k) coincide then §f(§]71(l)) = §f(§]?1(k;)), and
consequently [ = k. Then in this case o(Q) is a polyprogram. ]
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Now let’s combine everything into a polyprogram bisimulation enumeration algo-
rithm, expressed as a function returning a set.

Definition 10.

bisimulations(P, f, f') =
= {(B, 7, m) | Q € prebisimulations(P, f, f'),
Q' is Q with corresponding variables of functions
without definitions equated,
Q" is Q" with variable equivalence fully propagated,
B = a(Q") is converted from Q" by Proposition 2,
let Ty =m 00’ and wh = my 00,

B with ) and w4y is a polyprogram bisimulation}

Note that we still need to check if the result is a polyprogram bisimulation, because
variable equivalence propagation may equate too much, resulting in 7(B) not being
subpolyprograms of P.

The presented algorithm is not strictly complete, since it enumerate bisimulations
only of a certain shape, but it is still possible to prove that if there is a bisimulation of
this shape, then an equivalent bisimulation will be found by the algorithm.

Theorem 2. Let P be a polyprogram and B with ¢ and 1 be a polyprogram bisimulation
over it such that:

e Fuvery functions of B has no more than one definition.
e B has a shape of a tree with back edges (as if it was built by depth-first search).

Let ¢(s) = (-, 84) and ¢Y(s) = (-, s¢). Then there is a polyprogram bisimulation R €
bisimulations(P, S¢, sy) with ¢r and Vg such that ¢(B) = ¢r(R) and Y(B) ~ ¢Yr(R).

The proof is omitted for brevity.
Note that the found bisimulation may differ from the original one despite their images
being equal. Consider the following polyprogram:

We can construct a bisimulation B = {h(x) = S(h(x))} with morphisms ¢ = {h —
(id, f)} and ¢p = {h — (id,g)} which will lead to the definition f(x;) = g(z1) being
added to the polyprogram.

But the function bisimulations will not return this bisimulation. Indeed, it will find
a prebisimulation D = {(f,g,0)(z,y) = S({f,g,0)(x,y))}, but this prebisimulation has
variable equivalence information fully propagated, and it will not be changed during
conversion to a polyprogram. So the resulting bisimulation will be exactly D with
m =1{(f,9,0) » {1 — 1}, )} and m = {(f, 9,0) — ({1 — 2}, ¢)}. This bisimulation
will lead to the definition f(z1) = g(x3) which is better than f(z;) = g(z1) because it
indicates that the parameters of the both functions are dummy.



Modeauposanue u anaausd ungopmavyuornoz cucmem. T.25, Ne5 (2018)
546 Modeling and Analysis of Information Systems. Vol. 25, No5 (2018)

3.3. Performance tricks and limitations

The described algorithm is quite inefficient if implemented directly, so in practice it is
important to apply some tricks.

e The algorithm was described in a modular way: first enumerate prebisimulations,
then try to convert them to bisimulations. In practice it is much more efficient to
filter out classes of prebisimulations which cannot be converted to bisimulations
before they are fully constructed. To do this we need to add a parameter to the
function prebisimulations describing the relationship between variables we have in-
ferred so far from the parent pairs of definitions and check if it does not contradict
the information we can infer from the pair of definitions we are currently consid-
ering to add to the prebisimulation. This will actually perform partial variable
equivalence propagation. Note though that we still need to fully propagate vari-
able equivalence in the end since this trick cannot filter out all prebisimulations
not leading to bisimulations.

e Since we are only interested in bisimulations for which we can prove model unique-
ness, we can also partially check these model uniqueness conditions in the function
prebisimulations. They should be usually checked during folding to one of the
predecessor pairs of functions (e.g. forbid folding if we haven’t passed through a
constructor or a pattern matching).

e For many pairs of functions it is immediately obvious that we cannot find a bisim-
ulation with a unique model growing from this pair of functions, because they just
cannot be equal. This information can be inferred by analyzing certain definitions
of these functions, for example if one function has a definition f(...) = C(...),
and the other has g(...) = D(...), then they cannot be equal because of different
top-level constructors. Another way is to run the functions on some data to find
counterexamples to their equivalence.

e Running functions on test data can also help to infer more information about
variable equivalence which can be used in conjunction with the first trick.

e The algorithm enumerates an infinite number of bisimulations, which may be use-
less in practice. Of course, we can limit the depth of our search with kn?m!, where
k is the number of definitions, n is the number of functions and m is the maxi-
mal arity: all deeper bisimulations will be just equivalent to some more shallow
bisimulations. But this is still a big number, so in practice it is better to limit the
number of generated prebisimulations and use some depth-limiting heuristics (like
limiting the factor of loop unrolling). Note that if all the aforementioned filtering
tricks are used, then usually the first found prebisimulation will be a bisimulation
with a unique model.

e Sometimes we visit the same pair of functions several times, so we can memoize
sets of prebisimulations. It is especially important in the case when we want
to find prebisimulations for all pairs of functions. Note though that the set of
prebisimulations depends not only on the pair of functions, but also on the history.



Grechanik S. A.
Polyprograms and polyprogram bisimulation 547

4. Related work

Polyprograms are essentially systems of equations from the Burstall-Darlington frame-
work [3]. Decomposed polyprograms are closer to AST and can be used to implement
equality saturation [8] for functional languages, which indicates that equality saturation
may be seen as another instance of the Burstall-Darlington framework.

Our definition of polyprogram bisimulation is not relational and instead it is based
on the notion of a span, although it can be reformulated in relational form. It should
be noted that polyprogram bisimulation and LTS bisimulation are quite different since
nondeterminism in polyprograms is not related to nondeterminism in LTS. Polyprogram
bisimulation also resembles the notion of term graph bisimilarity [2].

Polyprogram bisimulation is used to implement merging by bisimulation, a general-
ization of the redefinition rule from the Burstall-Darlington framework. Correctness of
merging by bisimulation has to be established for each bisimulation by checking addi-
tional conditions which are not discussed in this paper. These conditions may be based
on termination and productivity conditions [1] as in our previous work, or on the theory
of improvement [7] as in the supercompiler of Ilya Klyuchnikov [11].

Our bisimulation enumeration algorithm is related to finding intersection of two lan-
guages of term equalities [4]. It is also structurally very similar to supercompilation [9].

5. Conclusion

In this paper we have introduced the notions of a polyprogram and a decomposed
polyprogram. A polyprogram is a generalization of a program which admits multiple
definitions of a single function. Decomposed polyprograms are polyprograms whose defi-
nitions are decomposed into definitions of the simplest form by introducing intermediate
functions. Decomposed polyprograms are better suited for reasoning and implementa-
tion.

We have presented several main transformation rules in two styles: in the style of the
Burstall-Darlington framework for ordinary polyprograms and in the style of equality
saturation for decomposed polyprograms. This shows the connection between the two
program transformation methods.

We have also introduced the notion of polyprogram bisimulation, on which merging by
bisimulation is based. We have presented a bisimulation enumeration algorithm, which
enumerates polyprogram bisimulations of a specific form, and proved its correctness.
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1. Introduction

1.1. McCarthy 91 function

We would like to start with a short story about the McCarthy 91 function that follows

(in principle) the corresponding article 21| “ From Wikipedia, the free encyclopedia”.
The function M : N — N is a recursive function, defined by John McCarthy! as a

test case for formal verification within computer science. The function is defined as

M(n) = n — 10, if n > 100;
~\ M(M(n+11)), if n < 100.

!Maybe the only Turing Laureate that was employed in Soviet Academy of Sciences,
namely Nowvosibirsk Computing Center (http://ershov-arc.iis.nsk.su/archive/eaindex.asp?
lang=1&did=20184&_ga=1.44945571.687493938.1476117474, accessed September 26, 2018).
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The results of evaluating the function are given by

n — 10, if n > 101;
Mfn) = { 91, if n < 101. 1)

The function was introduced in papers published by Zohar Manna, Amir Pnueli and
John McCarthy in 1970 [16, 15|. These papers represented early developments towards
the application of formal methods to program verification. The function has a “complex”
recursion pattern (contrasted with simple patterns, such as recurrence, tail-recursion or
co-recursion).

Nevertheless the McCarthy 91 function can be computed by an iterative algorithm
(program). Really, let us consider an auxiliary recursive function M, : N x N — N

n, if m = 0;
Mauz(n,m) = ¢ Maye(n — 10, m — 1), if n > 100 and m > 0;
Myuz(n+ 11, m+ 1), if n < 100 and m > 0.

Then M(n) = Myyu.(n,1) because of Myy(n,m) = M™(n) = M(...M(n)...) for

——
m—times
all m,n € N (assuming that M° = (An € N.n)). Since definition of M,,, matches
tail-recursion pattern then the McCarthy 91 function can be computed by an iterative
algorithm /program (and even by a very efficient iteration-free algorithm (1)). A formal
derivation of an iterative version from the recursive one was given in [20] in 1980 based
on the use of continuations.

As the field of Formal Methods advanced, this example appeared repetitively in the
research literature. In particular, it is viewed as a “challenge problem” for automated
program verification. Donald Knuth generalized the function to include additional par-
ameters [11], formal proofs (using ACL2 theorem prover) that Knuth’s generalized func-
tion is total can be found in [4, 5].

1.2. Hull Strength Puzzle

We started with a short story about the McCarthy function because we would like
to justify our interest to study of translation of other examples functional/recursive
programs into iterative algorithms/programs in general and the following problem? that
we call in the sequel Hull Strength Puzzle (HSP).

Let us characterize the mechanical stability (strength) of a hull of a mobile
phone by an integer h that is equal to the height (in meters) safe for the case
to fall down, while height (h + 1) meters is unsafe (i.e. the brick breaks).
You have to determine the stability of hulls of a particular kind by dropping
them from different levels of a tower of H meters. (One may assume that
mechanical stability does not change after a safe fall.) How many times do
you need to drop hulls, if you have 2 hulls in the stock? What is the optimal
number (of droppings) in this case?

2The problem formulation is just a literary version of the formulation of the Dropping Bricks
Problem used in [18, 19], another variant of the problem formulation — Egg dropping puzzle — can be
found in Wikipedia article on Dynamic Programming at https://en.wikipedia.org/wiki/Dynamic_
programming#Egg_dropping_puzzle (accessed September 26, 2018).


https://en.wikipedia.org/wiki/Dynamic_programming#Egg_dropping_puzzle
https://en.wikipedia.org/wiki/Dynamic_programming#Egg_dropping_puzzle
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Basically, the question to answer is how to compute the optimal number of droppings
Gy, if the height of the tower is H and you have 2 bricks in the stock.
Our purpose is to prove that the problem is solved by the following simple formula

nx (n+1)

G(H) = argminn : >H (2)

that can be implemented as a trivial non-recursive function (i.e. with iterative body)
Giter(H : N):

1. var n: N;

2. n:=0;

3. while % <Hdon:= n+1;

4. Giter :=n.

With a purpose to get the above formula (2), let us start with a recursive solution
for HSP. This problem is an example of optimization problems. Any optimal method to
define the mechanical stability should start with some step (command) that prescribes
to drop the first phone from some particular (but optimal) level h. Hence the following
equality holds for this particular level h:

GH =14+ max{(h - 1), GH_h},
where (in the right-hand side)
1. 1+ corresponds to the first dropping,

2. (h — 1) corresponds to the case when the hull of the first phone breaks after the
first dropping (and we have to drop the remaining second phone from the levels 1,
2,...(h—1) in a series),

3. Gg_p corresponds to the case when the hull of the first phone is safe after the
first dropping (and we have to define stability by dropping the pair of phones from
(H—h) levelsin [(h+1)... H]),

4. ‘max’ corresponds to the worst in two cases above.

Since the particular value h is optimal, and optimality means minimality, the above
equality transforms to the following one:

= min (1 -1 _ =1 i -1 —ht-
Gu 151L1SHH( +max{(h—1),Gg_n}) + 1glllSnHmaX{(h )sGr-n}
Besides, we can add one obvious equality Gy = 0.

Remark that the sequence of integers Gy, G1, ... G, ... that meet these two equalities
is unique since G is defined explicitly, GG; is defined by Gy, G4 is defined by Gy and G,
Gy is defined by Go, G1, ... Gg_1. Hence it is possible to move from the sequence Gy,
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G, ... Gy, ..., to a function G : N — N that maps every natural x to GG, and satisfies
the following functional equation for the objective function G-

G(z) = if v =0then 0 else 1+ 1I<nhl£1 max{(h —1),G(z — h)}. (3)
This equation has a unique solution as it follows from the uniqueness of the sequence
Gy, G1, ... Gy, ... Let us summarize the above discussion as the following proposition.

Proposition 1. Functional equation (3) has unique solution in NN,

Moreover we can go further: the equation (3) can be adopted as a recursive definition
of a function, i.e. a recursive algorithm presented in a functional pseudo-code.

1.3. A Special Case of Dynamic Programming

Dynamic Programming was introduced by Richard Bellman in the 1950s [2] to tackle
optimal planning problems. At this time, the noun programming had nothing in common
with more recent computer programming and meant planning (compare: linear prog-
ramming). The adjective dynamic points out that Dynamic Programming is related
to a change of state (compare: dynamic logic, dynamic system). Bellman equation is
a recursive functional equality for the objective function that expresses the optimal
solution at the “current” state in terms of optimal solutions at next (changed) states.
It formalizes a so-called Bellman Principle of Optimality: an optimal program (or plan)
remains optimal at every stage.

After analysis of Bellman equations for particular problems [6] several versions of
a (recursive template for/of) (descending) dynamic programming were suggested and
examined. In the present paper we use the most recent and general one [19]:

G(z) = if p(x) then f(x) else g(x, {h,- (z,G(t:(2))), i € [1n(m)]}) (4)

We consider the template as a recursive program scheme |9, 12, 17|, i.e. a recursive control
flow structure with uninterpreted symbols:

e G is the main functional symbol representing (after interpretation of base function-
al and predicate symbol) the objective function G : X — Y for some X and Y

e p is a basic predicate symbol representing (after interpretation) some known?

predicate p C X;
e f is a basic functional symbol representing (after interpretation) some known?
function f : X —» Y

e g is a basic functional symbol representing (after interpretation) some known?

function ¢g : X x Z* — X for some appropriate Z (with a variable arity n(x) :
X — N);

3 i.e. that we know how to compute
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e all h; and ¢; (i € [1..n(x)]) are basic functional symbols representing (after inter-
pretation) some known® function h; : X XY = Z, ¢;: X — X (i € [1.n(2)]).

In the sequel do not make an explicit distinction in notation for symbols and interpreted
symbols but just verbal distinction by saying, for example, symbol g and function g.

Equation (3) for Hull Strength Puzzle is a particular example of functional equation
that matches the recursive template for descending dynamic programming (4). In the
case we have:

e predicate Az.(x = 0) is interpretation for p,

constant function \z.0 is interpretation for f,

identical function \z.zx is interpretation for the arity n,

for every i € [1..n(z)], function A\z.(xz — ¢) is interpretation for ¢;,

for every i € [1..n(z)], function A\t. max{(i — 1),t} is interpretation for h;,

function Ax.Aw; ... Awy,.(min;<;<, w;) is interpretation for g.

A natural question arises: maybe there exists a standard scheme [9, 12, 17| (i.e.
a flowchart with uninterpreted predicate and functional symbols instead of predicate
and functions) that is functionally equivalent to recursive scheme (4)7 Unfortunately,
in general case the answer is negative according to the following proposition proved by
M.S. Paterson and C.T. Hewitt [12, 17].

Proposition 2. The following special case of the recursive template of descending dyn-
amic programming

F(z) = if plx) then x else f(F(g(x)), F(h(x)))
is mot equivalent to any standard program scheme (with fiz-size static memory).

This proposition does not mean that (potentially) unbounded memory (e.g. system
stack or dynamic heap) is always required; it just says that for some interpretations of
uninterpreted symbols p, f, g and h the size of required memory depends on the input
data. But if p, f, g and h are interpreted, it may happen that function F' can be computed
by an iterative program without unbounded memory. For example, Fibonacci numbers

Fib(n) = if (n=0o0r n=1) then 1 else Fib(n —2) + Fib(n — 1)

matches the pattern of scheme in the above proposition 2, but just three integer variables
suffice to compute it by an iterative program.

Thus proposition 2 rules out an opportunity to get iterative solution for Hull Strength
Puzzle by specialization [8, 10] of a standard program scheme equivalent to the recursive
scheme (4). But this proposition does not prohibit existence of an iterative algorithm for
HSP that uses interpreted functions and predicates.
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2. Iterative Algorithm for HSP

2.1. Toward Iterative Algorithm

Let us present some (not very formal) derivation of the formula (2) for Hull Strength
Puzzle and start with a look at Fig. 1 that depicts an initial part of the graph of GG
computed according to (3). One can observe that

(monotonicity): G is a non-decreasing function,

(jump property): it has no jumps greater 1.

Fig. 1. First values of the function G

Basically these monotonicity property and jump property follow from semantics of
the function G as a solution for HSP, but we do not know how to prove them formally
from the equation (3).

Then let us proceed symbolically G(z) according to recursive algorithm (3):

G(z) = 1 4+ minjcp<, max{(h —1), G(x —h)} =
=1+ min{maX{O, G(z — 1)}, max{l, G(z — 2)},

max{(y —2), G(x —y — 1)},
max{(y — 1), G(x—y)},
max{(y, G(x —y+ 1)},

max{(z - 2), G(1)}, max{(z — 1), G(O)} |

where line in bold max{(y — 1), G(x —y)} corresponds to the last value h € [1..z] such
that (h — 1) < G(z — h). Due to the monotonicity property we have

Gz) = 1+G(z—y). (5)
Due to monotonicity and jump properties we have

either G(zr —y) =y
or Gz —y)=u—-1) "~
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let us accept the late option and rule out the former (but we can not prove why we may
do it):
Gle—y) = (y—1. (6)

Now, for the technical convenience, let a be (r —y), b — (y—1); then z = (a+b+1)
and (5) and (6) lead to the equality

G(a) = b inplies G(a+b+1) = (b+1). (7)

Together with another equality G(0) = 0 it leads to the following equality (that can be
proved by induction)

GO _h) = n. (8)

2.2. An Optimal Procedure for Mechanical Strength

Formula (8) leads also to the following procedure Strength(Hight : N) to define
mechanical strength of the hull using 2 identical mobile phones (named the first and
the second in the sequel):

1. var n, step, Current, Next : N;
2. let n:= argminn : W > H,;
3. let step :=n and Current := 0;

4. dropping the first phone:
while Current < Hight and step > 0 do

(a) let Next := min{Hight, (Current + step)}
and drop the first phone from the Next level;

(b) if the drop was unsafe (i.e. the hull of the first phone breaks)
then break the loop and go to 5 (dropping the second phone);

(c) let Current := Next and step := (step — 1);

5. dropping the second phone:
let Current := (Current + 1);

6. while Current < Next do

(a) drop the second phone from the Current level;

(b) if the drop was unsafe (i.e. the hull of the second phone breaks)
then break the loop and go to 7 (report the strength);

(c) let Current := (Current + 1);

7. report the strength: (Current — 1).
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To explain the idea of the procedure Strength(H) (where H € N), let us assume that
the height of the tower H is exactly the sum of an arithmetic progression n, (n — 1),
. (2), 1. Then the procedure divides the tower onto n layers of heights step; = n,
stepy = (n — 1), ... step—1) = 2 and step, = 1. (For example, in the left part of Fig. 2
one can see a tower of hight 10 divided on 4 layers of heights 4, 3, 2 and 1.)
The first loop in the procedure prescribes to drop the first phone in a sequence (while

it is safe) from the (top of) layers at levels n, (n+ (n—1)), ((n—l— (n—1))+(n— 2)),

until it breaks after dropping from the top of some layer k£ > 1 from the level ( .. ((n +

(n—1)) +(n— 2)) ot (n— (k- 1))) (In the exercise of the procedure in the right

part of Fig. 2 k = 2.)
The second loop in the procedure prescribes to use the second phone moving one by

one (while the phone is safe) all levels from ( . ((n +(n—1))+(n— 2)) N 1)) to

( ((TH— (n—1)) + (n—Z)) < (n— (k—2))> of the layer & > 1 (from the top of

which the first phone fell down and broke). (In the exercise of the procedure in the right
part of Fig. 2 two levels — 5 and 6 — were examined.)

The mechanical strength of the hull is the last level from which the second brick was
safely dropped. (In the exercise of the procedure in the right part of Fig. 2 it is level 5.)

- 10 10
9 9
8 - 8
7 = 7
: m
° [] °
4 4
3 3
2 2
1 ! ; ! x| 1

Fig. 2. The layers (left) and an exercise (right) of the procedure Strength for the tower
of height 10 and two bricks (F and S) of mechanical strength 5

Optimality (i.e. the minimality of droppings) of the procedure Strength can be proved
by contradiction. Really, let us assume in contrary that for some H € N another method
gives better number m of droppings in the worst case. Better number this time means
that m < n = argminn : w > H. This method also divide the tower on layers from
top of which the first phone have to be dropped (according to the method): assuming
Levely = 0,

e the top of the first layer is Level; = Levely + mq,

e the top of the second layer is Levely = (Level; + ms),



Shilov N. V.
Etude on Recursion Elimination 557

e the top of the last layer is Level;,ss = Leveljgs—1 + Mg = H.

Remark that last < m, because the first phone can survive all m droppings. Then we
have:

e my < m, because the first phone can break after the first dropping;

e my < (m — 1), because the first phone can break after the second dropping;

o Myt < (m — (last — 1)), because the first phone can break after the last its
dropping.

Hence we have:

H =
=m; + mo + ... Mg < m + (m—1) + ... (m—(last —1)) < ZZZ”/{; <

k=
< Y ks

at the same time (according to choice of n)

) nx(n+1

n =argminn : % > H;

it implies that m = n. — Contradiction with the assumption m < n.
Thus we prove the following proposition.

Proposition 3. Procedure Stregth implements an optimal (in sense of number of dropp-
ings) method to define mechanical strength of bricks using 2 bricks: for any given H € N
it defines mechanical strength dropping bricks

X 1
argminmn : % >H

times at most (and this upper bound is exact).

According to proposition 1, functional equation (3) has unique solution in NY that
computes the optimal number of droppings that is sufficient to define the strength. Due
to this uniqueness and according to proposition 3, this solution is defined by equality

(2) and G = Giter-
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3. Conclusion: Towards Formal Verification
Let us start with a summary of a contribution of this paper.

e The paper discusses a so-called Hull Strength Puzzle (see subsection 1.2.) and how
to eliminate recursion and build an iterative algorithm to solve the problem.

e The problem under study is an instance of so-called learning problem to determine
the function in some family that has certain properties by testing (querying) the
function several times.

e The recursive solution of the problem is a particular instance of dynamic prog-
ramming and matches descending dynamic programming template (see subsection
1.3.).

e Unfortunately, the descending dynamic programming template is not equivalent
to any fixed standard program scheme (see subsection 1.3.) and hence iterative
solution for the problem can not result from a general one by program specialization

8, 10].

e Also, the recursive solution matches neither tail-recursion nor recurrent pattern
that can be converted into iterative algorithms by well-known techniques [11].

e We derived a candidate for iterative solution for Hull Strength Puzzle by some
program manipulations (basically, loop unfolding) and (not-very sound) semantic
analysis of the unfolded loop (see subsection 2.1.).

e Finally we give (see subsection 2.2.a round-about (and very much) human-oriented
proof of correctness of the iterative algorithm for Hull Strength Puzzle (using an
optimal method to define mechanical strength of the bricks).

Some topics for further studies are presented below (from the nearest to that which
require more time).

e To prove using a proof-assistance (ACL2 most probably) that iterative and recur-
sive definitions for the function G (see subsection 1.2.) are equivalent.

e To investigate how to generalize the pattern of the recursive function and very
particular manipulations used/presented in this paper for recursion elimination in
more general cases.

e Investigate methods to find recursive patterns admitting recursion elimination.
Maybe, machine learning can help to advance in this direction.

e To design and implement a plugin for some IDE (Integrated Development Environ-
ment) that analyses program code to find recursive patterns admitting recursion
elimination and eliminates these cases of recursion at object code level.
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We would like to conclude with some references to related research. Transformation
approach to efficient programs is under study for high-level functional programming
languages [7]. Use of integer arrays for efficient recursion elimination for functions of
integer argument was suggested first (up to our knowledge) in [3] and use of auxiliary
(associative) arrays for more general recursion elimination was studied later in [13], and
more broadly in [14].
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Introduction

Automata theory is among major computer science branches studying data conversion
devices. Such devices arise in control theory tasks, communication theory problems,
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economic logistics tasks, and others. A mathematical model of data conversion device is
automaton A = (X, 5,Y, 4, \). It is a multiple-set algebra consisting of three sets X, S, Y
and two binary operations 6 : X xS — X, A: X xS — Y. Here X is called a state
set, S is classified as an input symbol set, Y is an output symbol set, J is a transition
function, and A is an output function. The transition function ¢ for each input symbol
s € S defines the state d(z,s), in which the automaton moves from the state x € X
depending on the symbol s. Similarly, the output function A for each input symbol s € S
determines the output symbol A(z, s). The symbol A(z, s) is generated by the automaton
in the state € X depending on the symbol s. Thus, for each fixed input symbol s € §
the automaton A determines the transition function d, : X — X and an output function
As + X — Y by the formulas: §5(z) = d(z,s) and A\s(x) = A(x,s). For the elements
s,t € S, sequential action of transition functions J,, d; defines associative composition of
input symbols s -t so that d,; = d46;.

Therefore, it is often presumed that the input symbol set S is a semigroup interrelated
with the transition function and output function of the automaton A by the following
formulas: §(z,s-t) =6 (0(x,s),t), AMz,s-t) = A (0(x,s),t) for any z € X, s,t € S. We
also denote the semigroup S as Inp(A).

Depending on the specifics of the computer science tasks, we can model data
conversion device as structured automaton. Its state set X and output symbols set Y are
algebraic structures which are invariant under actions of transition and output functions
of such automaton. Examples of such structures include a probability space structure,
a linear space structure, a topological space structure, an ordered set structure, etc.
(see e.g. |1]). Thus, well-known specific computer science tasks lead to the notions of
a probability automaton, a linear automaton, a topological automaton, and an ordered
automaton. Many authors studied such automata (e.g., [1], [2], [3], [4]). In this approach
structured automaton is a focus of scientific interest and current studies of algebraic
automata theory, which is an important universal algebra branch. Also, it has a variety
of applications to combinatorial automata investigations connected with automaton
behavior, analysis and synthesis of automata, as well as to formal language theory,
algorithm theory, and many other computer science branches [1], [5].

In the paper we continued to study this field. We investigated algebraic properties
of hypergraph automata, i.e. automata with state sets and input symbol sets being
hypergraphs [6]. Automata under our study form a wide and important class of automata
because a hypergraph is a generalization of such concepts as graph, set partition, plane
[7] and others. Thus, such algebraic structure variety includes automata with state sets
and output symbol sets represented by planes, along with automata with state sets and
output symbol sets divided into equivalence classes.

The main focus of our research is universal hypergraphic automata. Their
subautomata cover all homomorphic images of hypergraphic automata (Theorem
1). Such universal automaton for any hypergraphs H; and Hs is the automaton
Atm(Hy, Hy) = (Hy, S, Hy,0°, )\°), where S is the input symbol semigroup consisting
of all pairs s = (¢, ) of endomorphisms ¢ of the hypergraph H; and homomorphisms
from the hypergraph H; to the hypergraph Hs, 6°(z, s) = ¢(z) is the transition function
and \°(z,s) = 1(z) is the output function (where z is a vertex of H; and s = (¢, 1) is
an element of S).

According to our previous study, the universal hypergraphic automata are defined
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up to isomorphism by their input symbol semigroups [8]. Additionally, we solved the
problem of concrete characterization of universal automata [9]. The main result of our
current study is Theorem 2. It shows the important property of input symbol semigroup
of universal hypergraphic automaton which allows to construct an isomorphic copy of
the original automaton using input symbol semigroup. Such structure is one of the
major tools for proving relatively elementary definability [10] of considered universal
hypergraphic automata in a class of semigroups in order to analyze interrelation of
elementary characteristics of universal hypergraphic automata and their input symbol
semigroups.

The main result of the paper was announced at X International Conference "Dicsrete
Models in Control Systems Theory".

The authors would like to thank the reviewer for his constructive comments on the

paper.

1. Hypergraphic automata

According to A.Bretto [6], a hypergraph is an algebraic system H = (X, L), where X is
a nonempty vertex set and L is a family of subsets of the set X called hypergraph edges
(or hyperedges). A subset Y C X is said to be bounded if Y C [ for some [ € L, and
Y is said to be unbounded otherwise. If hypergraph vertices are incident to some edge,
they are called adjacent vertices. The hypergraph is said to be an effective hypergraph
if any vertex is incident to some edge of such hypergraph.

Let p be some natural number. The hypergraph H is a hypergraph with p-definable
edges if every edge of such hypergraph contains at least p+ 1 vertices and, any p vertices
of such hypergraph are incident to no more than one edge.

For example, if we consider planes [7| as hypergraphs with plane points as vertices
and plane lines as edges, then any projective plane and any affine plane containing
more than 4 points are effective hypergraps with 2-definable edges. Additionally, weak
hypergraps studied by A.Molchanov [11] are effective hypergraphs with p-definable edges.
Besides, hypergraphs with edges which form partitions of vertex set into equivalence
classes containing at least p + 1 vertices are also effective hypergraphs with p-definable
edges.

In additon to such known examples, there are a lot of non-trivial effective hypergraps
with p-definable edges for any natural p.

Example 1. The hypergraph H = (X, L) with the vertex set X = {1,2,3,4,5,6,7,8}
and the edges set L = {{1,2,3,4},{1,5,6,7},{1,2,5,8}} is an effective hypergraph with
3-definable edges(Fig. 1).

Let Hy = (X, Lx), Hy = (Y, Ly) be any hypergraphs. A homomorphism from H; to
H, is a mapping ¢ of the set X to the set Y such that adjacent vertices of the hypergraph
H, are mapped to adjacent vertices of the hypergraph Hs, i.e. the following condition is
satisfied

(VI € Lx)3l' € Ly)(p(l) C 1),

Besides, for any [ € Ly any mapping ¢ : X — [ is a homomorphism from H; to H.
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Fig. 1. The effective hypergraph with 3— definable edges H

The set of all homomorphisms from a hypergraph H; to a hypergraph H, is denoted
by Hom(H;, Hs). A homomorphism from H = (X, L) to itself is called an endomorphism
of H. The set of all endomorphisms of any hypergraph H under the composition operation
forms the semigroup End H. For hypergraphs Hy = (X, Ly ), Hy = (Y, Ly) by S(H;, Hs)
denote the semigroup End H; x Hom(H;, Hy) with binary operation defined by the rule
[1]: (0, ) (@1, ¥1) = (1, i) for pairs (¢, ), (¢1,¢1) € End Hy x Hom(H;, H).

From the algebraic point of view an effective hypergraph with p-definable edges H =
(X, L) is an algebraic system H = (X, L, p) consisting of two sets X, L and a binary
relation p C X x L, which is defined by the formula (z,l) € p <= 1z € | (where
z € X,l € L) and fulfills the conditions:

) (Vee X))@ el)((x)enp),
(T2) (M eL)(@ey, 2 apn € X)( N\ w#tzn N (1) €p),

1<izj<p+1 1<i<p+1

(T3)(Vay, 29, ..oy 7 € X)( /\ z; #x; = (Vi,r)( /\ ((xi, 1) € pA (z4,7) € p)) =
1<i#j<p 1<i<p
=r=1)).

An isomorphism of such system Hy, = (X, Lx, p), Ho = (Y, Ly, p') is an ordered pair
m = (p, 1) of bijections ¢ : X — Y, ¢ : Lx — Ly preserving system relations, i.e. for
any € X, € Lx the condition (z,1) € p <= (¢(x),¥(l)) € p’ holds.
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An automaton A = (X, S,Y,d,\) is a hypergraphic automaton if state set X and
output symbol set Y are such hypergraphs Hy = (X, Lx) and Hy = (Y, Ly ) respectively
that for every fixed input symbol s € S the transformation 6, : X — X is an
endomorphism of H; and the mapping A; : X — Y is a homomorphism from H;
to Hs. Such automata is also denoted as A = (Hy, S, Hs, 0, \).

An input symbol a € S of automata A = (X, S,Y,d,\) is called autonomous if its
action is independent of the automaton state, i.e. there is such automaton state, denoted
by a1, and such output automaton symbol, denoted by as, that d(z,a) = a1, A(z,a) = ay
for all automaton states x € X.

Let Hy = (X, Lx), Hs, H}, H) be arbitrary hypergraphs, A = (Hy,S, Hs,0,\),
A" = (Hy, S, H, ', N) be hypergraphic automata. A homomorphism from A to A’ is an
ordered triple § = (m,7,m2) of hypergraph homomorphisms 7 = (p1,v1) : H1 — Hj,
T = (p2,%9) : Hy — H} and a semigroup homomorphism v : S — S’ preserving
transition functions and output functions of the automata, i.e. the formulas

p1(0(x,5)) = 0" (1(2),7(5)) 02 (A, 5)) = X (¢1(),7(5))

hold for any x € X,s € S. If m,m,y are isomorphisms, then 6 is called an
isomorphism of hypergraphic automata A and A’.

The important example of hypergraphic automaton is an algebraic system
Atm(Hl,Hg) = (Hl,S(Hl,H2)7H2,507A0>, where H1 = (X,Lx)7 H2 = (Y,Ly) are
some hypergraphs and for any =z € X, (p,v) € S(Hy, Hy) the conditions hold:
0°(x, (¢, ) = @(x), X(z, (p,9)) = ().

For a set X, let Ax denote the identity transformation of X.

Theorem 1. For any hypergraphic automaton A = (Hy, S, Hs, 0, \) with state hypergraph
H, = (X, Lx) and output symbol hypergraph Hy = (Y, Ly) there is such homomorphism
7w S — S(Hy, Hy) that ordered triple v = (Ax, 7, Ay) is a homomorphism from the
automaton A to the automaton Atm(H,, Hy).

Proof. By definition of hypergraphic automaton A = (Hy, S, Hy,d,\), for any s € S
the transformation §, : X — X is an endomorphism of the hypergraph H; and the
mapping A; : X — Y is a homomorphism from the hypergraph H; to the hypergraph
H,. Thus, (05, As) € S(Hy, Hs) and we can define a mapping 7 : S — S(H;, Hy) by
the following rule: 7(s) = (ds, As) for every s € S. In accordance with the conditions of
interrelation between the input symbol semigroup S and the transition function § and
the output function A of the automaton A, for every s,t € S the equalities hold:

T(5 1) = 8oty Aot) = (8500, GN) = (84, As) (G2, Ne) = () (2).

Hence, the mapping 7 is a homomorphism from the semigroup S to the semigroup
S(Hy, Hs). We prove that ordered triple v = (Ax, 7, Ay) is a homomorphism from the
automaton A to the automaton Atm(H;, Hy). It is easy to show that for any state x € X
of the automaton A and any input symbol s € S of the automaton the equalities hold:

Ax(0(x,s)) =d(x,s) = ds(x) = 0°(x,7(s)) = 6°(Ax(z),7(s)),

Ay(\(z,5)) = A, 5) = Aylw) = A°(, 7(5)) = X(Axc(z), 7(5))
Thus, « is a homomorphism from A to Atm(Hy, Hs). ]
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Hence, the automaton Atm(Hj, Hs) is a universally attracting object [1] of a
category of hypergraphic automata with the state hypergraph H; and the output symbol
hypergraph H,. Therefore, Atm(H;, Hs) is called a universal hypergraphic automaton
for the hypergraphs Hy, H,.

2. Preliminaries

Now we consider the universal hypergraphic automaton A = Atm(H;, Hy) for some
effective hypergraphs with p-definable edges Hy = (X7, L1) and Hy = (X5, Ls). Let C be
the set of all autonomous input symbols of the automaton A. Define canonical relations
for such automaton:

1) the binary relation £, on C, consisting of such ordered pairs (a, b) of autonomous
input symbols a, b € C, which transform states of the automaton A identically, i.e.
(a,b) €1 <= a; = by;

2) the binary relation €5 on C| consisting of such ordered pairs (a,b) of autonomous
input symbols a,b € C, which generate the same output symbols of the automaton
A, ie. (Cl,b) € ey < ay = by;

3) the binary relation n; on CP, consisting of such ordered pairs (o, 5) of elements
a = (a',a? ...,a) and B = (b4, 0?,...,0P), a',d?,...,a?,b b, ..., 0P € C, that for
every 1 = 1,2 they map states of A to the bounded set {a;,a?,...,al b}, 0?, ..., b}
of Hi7 i.e.

(o, 8) € = {aj,a,...,a? b;, bz, ..., b} is a bounded set of

H; (i=1,2).

Let D;,i = 1,2 denote the set consisting of ordered p-tuples of autonomous input
symbols zt, 22, ..., 2P such that: z¥ # 2} for all 1 <k < j < p and the set {z}, 27, ..., 27}
is a bounded set of H;.

Lemma 1. Let H; = (X1, L), Hy = (Xa, Lo) be effective hypergraps with p-definable
edges. Then the canonical relations of the universal hypergraphic automaton A =
Atm(Hy, Hs) satisfy the conditions:

1) for any state (output symbol, respectively) x of the automaton A there is such
autonomous input symbol of the automaton denoted by x that the automaton A
Jgumps from any state to the state x (outputs symbol x for any state, respectively)
due to T, i.e. the condition Ty = x holds (To = x, respectively);

2)  for each i = 1,2 the relation e; is an equivalence relation on the set C' and the
mapping p; : X; — C/e; defined for x € X; by the formula ¢;(x) = £;(Z) is a
bijection from X; to the factor set C/e;;

3) for each i = 1,2 the restriction of n; to the set D; is a equivalence relation such
that the mapping ; : L; — D;/n; defined for | € L; by the formula ¥;(l) =
m(:;l, a;é, - pr) for arbitrary pairwise distinct vertices x', x2, ..., xP €l is a bijection
from L; to the factor set D;/n;.
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Proof. Because the hypergraphs Hy, H, are effective, i.e. they satisfy the condition I'y,
for any state x and any output symbol y of A constant mappings ¢ : X; — {z} and
¥ : Xy — {y} are the endomorphism of H; and the homomorphism from H; to Ha,
respectively. Then the pair of mappings a = (¢, %) is autonomous input symbol of A
satisfying the conditions: a; = x, as = y. Thus, the statement 1) of the lemma is correct.

The statement 2) of the lemma is obviously true.

Consider the restriction of the relation 7, to the set D;. Let a = (a',d?, ..., aP) be
an arbitrary element of D;. According to the definition of the set D, o € C? and
{ai,a?,...,al'} is a bounded set of H;. Thus, by definition of 7y, the pair (a,a) € n;.
Hence, 1, is a reflexive relation.

For any a,8 € D;, where a = (a',d? ....,a?), B = (b',b% ...,b") for some
a,a?, ....aP b, 62 L0 € C, the condition (a,8) € 7 means that
{ai,a%,...,al,b . ,b]f} is a bounded set of Hj. Thus, {b},b% ....,0% al,a?, ....d}}

is also a bounded set of Hy, i.e. (B,a) € ny. Hence, 1y is a symmetric relation.

To prove transitivity of the relation we consider any «o,8,7v € D,
where a = (da',d?, ...,aP), ﬂ = (bL0%,..,0°), v = (', ...,c’) for some
at,a?, ... aP, bt 0%, . 0P, et 2 € C satisfying the conditions (o, 3),(8,7) € n1.
Thus, the sets {a%,a%,...,al, b%,. SO0, {02, b el 3., f} are bounded sets
of Hy, i.e. there are such edges li,ls € Ly that {al,a?,..,a},b1,0%, ..., 1} C ll,
{b1,0%, ..., 1,0%,01,. &} C Iy, According to the definition of the set Dy, a% # a’,
W #£ b, b # ¢ forall 1 < k < j < p. By definition of a hypergraph with p-
deﬁnable edges any edge of such hypergraph is uniquely determined by any its distinct
p vertices bl, b2, . ,bff, i.e. it satisfies the condition I's. Hence, l; = Iy = [. Thus, the set
{ai,a?, ..., al, cl, 2, ...,&} Clis a bounded set of the hypergraph H;. According to the
definition of the relation 7;, we have («,v) € n;. Hence, the relation 7, is a transitive
relation. Therefore, 7, is an equivalence relation on D;, which defines the factor set
Dy /m.

By definition of a hypergraph with p-definable edges, for each edge [ € L, there are p
distinct vertices z!, 2, ...,2P € X; such that 2!, 22, ..., 2P € [, i.e. the set {z' 2% ..., 2P}
is a bounded set of Hy. As shown above, there are such input symbols 9;1, 9;2, ..., P of the
automaton A that z} = o', 22 = 22, .. 20 = 2P. As 2% # 29,1 < k < j < p, the tuple

o= (:;1, 52, - :gp) is contained in the set D; and defines an equivalence class 7;(«).

Denote 1(l) = 771(;1 22, .. zP). As for any p distinct vertices yhy?, .y €
[, autonomous mput symbols xl x? xP,y y2, ..., yP define adjacent vertices =
xl,x% = mz,...,xl = :1619,y1 = yl,y% = 3., = 9P of H; (the set

{z', 2%, ... 2Pyt y? ..., yP} is a bounded set of H;), the condition (ﬁ,aﬁ,...,ﬁ’) =
(le,yNQ, s gﬁ’) (m1) holds. Thus, the definition of ¥4 () is correct.

Prove that v is a bijection from L to the factor set D;/n;. For any equivalence class
m(at,a?, ...,aP) defined by an ordered set (a',a?, ...,aP) € Dy, we have a',a?,...,aP € C,
ab # a] for all 1 < k < j < p, and the set {al,a?,....,a’} is a bounded set of H;.
Thus, in H; there is such edge | € L; that {a},a?,....,a}} C [. Hence, by definition
P1(1) = mi(al,a?, ..., aP), i.e. the mapping v is a surjection from L; to the factor set
D1/771-

On the other hand, according to the definition of the hypergraph with p-definable
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edges Hp, for any edges [,r € L; satisfying [ # r, there are such vertices
ol w? L aP oyt 2, yP € Xy that o £ 2l yF £y 1< k< <p xt2? . aP €l
vyt %, ..., yP € r, and at least one of vertices y',9?, ...,y? is not contained in /. Then

the ordered sets of autonomous input symbols o = (x!, 22, ..., :c~1’> , B = (le,yN?, ceey y~1’>
satisfy the conditions o, f € Dy and a #Z [(n;) because vertices ;} =l :;% =22 ..., :;’1’ =
P, yi =yl y? = 9% ...,y = yP can not belong to the same edge by definiton of the
hypergraph with p-definable edges H; (the property I's). Hence, the conditions hold:

i) = m (212 @) = (@), a(r) = mi (5197 ?) = m(B), erl) # ).

Therefore, 17 is one-to-one mapping. Thus, 97 is a bijection from the set L; to the factor

set D1/771 .
It is easy to prove in a similar way that the mapping ¢, is a bijection from the set
Ly to the factor set Dy /n9. Henceforth, the statement 3) of the lemma is true. O]

3. Main result

Let A = Atm(H;, Hs) be a universal hypergraphic automaton for some effective
hypergraphs with p-definable edges H; = (Xi,L1) and Hy = (Xs, Ly). We introduce
the following concepts using the automaton canonical relations:

1) for every i = 1,2 define an algebraic system H; = (Yi,fi,ﬁi) with two carrier
sets X; = C'/e;, Li = D;/n; and a binary relation p; C X; x L;, which is defined
for elements a,at, a?, ...,a? € C, a* # a/(g;),1 < k < j < p by the formula:

(gi(a),mi(a',a?,...;aP)) € p; <= {ai,a},a?,...,al} is a bounded set of H;;

g9 Wiy ooy Uy

2) define two mappings 0:X1x8 = X1, A: Xy xS — X, by the formulas for
ae(C,seSs:

0(e1(a),s) =¢e1(a-s), A(ei(a),s) =es(a-s).

Theorem 2. Let A = Atm(H,, Hy) be a universal hypergraphic automaton for some
effective hypergraphs with p-definable edges Hy = (X1, L1) and Hy = (Xo, Ly). Then the
following statements are true:

1) for every i = 1,2 the hypergraph H; is isomorphic to the algebraic system H; =
(X, Li, p;) ;

2) the automaton A = Atm(Hy, Hy) is isomorphic to a hypergraphic automaton A =
(Hl,S, H,,9, X) with the state hypergraph Hy, the input symbol semigroup S =
Inp(A), the output symbol hypergraph H, the transition function 6 : X x S — X,
and the output function X : X1 x S — Xs.

Proof. Consider an algebraic system H; = (Yl,fl,pl) with two basic sets X; =
Cley, L, =D /m and the binary relation p; C X, x Ly, which is defined for elements
a,a*,a?,...,a? € C, a* # d(g;), 1 < k < j < p by the formula :
(e1(a),m(a',a?,...;aP)) € p, <= {ai,aj,a},...,al} is a bounded set of H.
According to the statement 2) of Lemma 1, the mapping ¢; : X; — X defined for
r € X, by the formula o;(z) = £(Z) is a bijection from the set X; to the set X.
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In accordance with the statement 3) of Lemma 1, the mapping ¢, : L, — L; defined
for element | € Ly by the formula i (l) = 771(;1,@, ...,xP) for any distinct vertices
x', 22, ..., 2P € | is a bijection from the set L; to the set L.

Let a vertex x € X is incident to an edge [ € L;. Then for the hypergraph with p-
definable edges H; by the property I's, there are at least p distinct vertices ', 22, ..., 2P €
X, such that z',2?, ..., 2% € . It was already proved that in the automaton A there are
such autonomous input symbols 1, 22, ..., 77, 7 that vl =l 2?2 =22 .. af
Then () = e1(Z), ¥1(l) = m (171,3;2,...,95?’), and {zi,2%, ...,2%, 27} C [. Thus, by
definition of 5, the condition (y1(z), (1)) € p; holds.

On the other hand, let (¢1(x),1:1(l)) € p, for some elements x € X, [ € L.

Then ¢y (x) = 1(T), ¢1(1) = (a1, 22, ..., 2P) for some distinct vertices z!, 22, ..., 2P € |

=aP 1 = x.

and (51@),771(;,9;2, ...,xP)) € p;. According to the definition of the relation 7,, this

condition means that vertices z} = x',2? = 22, ..., 2} = 27,7, = x belongs to the same

edge r of the hypergraph H;. In accordance with definition of an effective hypergraph
with p-definable edges, any edge is uniquely determined by any p vertices !, 22, ..., 2P
(the condition I'3). Thus, [ = r. Therefore, = € [. Hence, m; = (¢1,%1) is an isomorphism
from the hypergraph H; to the algebraic system H;.

It is easy to prove in a similar way that the ordered pair of mappings mo = (g, 15) is
an isomorphism from the hypergraph Hs to the algebraic system H,. Thus, the statement
1) of the theorem is true.

It follows from 1), that the algebraic systems H; = (Yl,fl,ﬁl) ,Hy = (72,32,@)
are effective hypergraphs with p-definable edges and the algebraic system A =
(Fl, S, H,, 9, X) is a hypergraphic automaton for the hypergraphs H;, H,. We denote the
ordered triple (7, Ag,m) by 6 and prove that # is an isomorphism from the universal
hypergraphic automaton A = Atm(H;, H,) to the hypergraphic automaton A. It remains
to prove that the triple 6 preserves transiton functions and output functions of the
automata, i.e. for any x € X, s € S the conditions hold:

Y1 (50{1‘7 S)) = 3(901(17)’ S) P2 ()‘O(xa S)) = X(Spl(x)’ 3) .

For any automaton state z € X; the value z is an autonomous input symbol such
that the automaton jumps to the state x, i.e. the condition z; = z holds. It is easy to see
that for any input symbol s € S the composition 7 - s is an autonomous input symbol of
the automaton A and the automaton jumps to the state §°(z, s) as well as generates the
symbol A\°(z, s) depending on 7 - s, i.e. the conditions hold: (Z - 5), = 6°(z,s), (- 5), =

A°(z, s). Thus, by definition of §°, §°(z,s) = ¥ - s and the equalities hold:

—_—

o1 (°(2,5) = 21 (°(2,5) ) = &1 (F-5) =3 (21 (7)) = 8 (21 (x), ).

Similarly, by definition of A°, A°(z,s) = Z - s and the equalities hold:

2 (N (2,5)) = &3 (W(2,5)) = &3 (7 8) = X1 (3),5) = X g (), 9).

Hence, 0 = (71, Ag, m2) is an isomorphism from the universal hypergraphic automaton
A = Atm(Hy, Hs) to the hypergraphic automaton A. O
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4. Conclusions

The main result of the paper allows us to represent a universal hypergraphic automaton
for effective hypergraphs with p-definable edges as an algebraic structure canonically
constructed in the input symbol semigroup of the automaton. This representation gives us
an effective tool for studying a correlation between of properties of universal hypergraphic
automata and their input symbol semigroups. The major tools of the representation of
a universal hypergraphic automaton in his input symbol semigroup are the canonical
relations of the automaton. We plan to prove that these relations are defined by formulas
of the first order logic in the input symbols semigroups of the automata.

Based on our approach, we will prove the relatively elementary definability [10] of the
class of considered universal hypergraphic automata in the class of all semigroups. It will
allow us to investigate the abstract representation problem for universal hypergraphic
automata, the elementary definability problem of universal hypergraphic automata by
their input symbol semigroup, the algorithmic solvability problem of elementary theories
of universal hypergraphic automata, and others.
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Awnunoranusg. ['uneprpaduaeckuMn aBToMaTaMIi Ha3bIBAIOTCS aBTOMATHI, Y KOTOPBIX MHOYKECTBA CO-
CTOSIHU M BBIXOJAHBIX CUMBOJIOB HAJIEJIEHBI CTPYKTYypPaAMU THIEPIPAdOB, COXPAHATONIAMUC (DYHKITHAMI
TIEPEX0/IOB U BBIXOAHBIMUA (DYHKIMAMU. Y HUBEPCAIbHBIE MPUTIATUBAIONINE O0BHEKTHI B KATETOPUU TaKUX
aBTOMATOB IIpeJcTaBIsiiorTest apromaramu Atm(Hy, Hy) ¢ runeprpadom cocrosiauit Hi, runeprpadom
BBIXOJIHBIX cuMBOJIOB Ho 1 mosyrpynmoit Bxogubix cumposios S = End H; x Hom(Hy, Hy), Koropble
HA3BIBAIOTCS YHUBEPCAJbHBIME Iuneprpadudeckumu apromaramu. s takoro apromara Atm(Hy, Ho)
[TOJIYyTPYIIIA BXOJIHBIX CHMBOJIOB S SIBJISETCSA IMPOU3BOIHOM ajareOpoit oToOpaXkeHuit, CBOMICTBAa KOTOPOit
B3aMMOCBSI3aHbBI CO CBOMCTBaMU ajrebpamdecKkoil CTPYKTYPbI JAaHHOIO aBTOMATa. DTO IIO3BOJISIET U3Y-
qaTh YHUBEPCAJIbHBIE THIEPIpADUIeCKre aBTOMATHI C TIOMOIIHIO UCCETOBAHUSI UX TIOJTYTPYIIT BXOTHBIX
CcUMBOJIOB. B Hacrosiimeit pabore paccMaTpuBaercsl IpobJieMa IIPeJICTaB/IeHNs] YHUBEPCAIbHBIX THIIEp-
rpaduYecKnX aBTOMATOB B UX IMOJIYI'PYIIAaX BXOJIHBIX CUTHAJIOB: OIUCHIBAETCS IIPEJICTABIEHUE YHUBED-
CaJbHOTO TUMEPTPaPUIECKOT0 aBTOMATa B BHE MHOTOCOPTHON aJredpamdecKoil CHCTEMBbI, KaHOHUIe-
CKHU IIOCTPOEHHON M3 aBTOHOMHBIX BXOJHBIX CHUTHAJIOB 3TOIO ABTOMATa. JTa KOHCTPYKIUS SBJISETCS
OJTHUM W3 WHCTPYMEHTOB J0Ka3aTeJIbCTBA OTHOCUTEIHHO IJEMEHTAPHON OMPEeIeTMMOCTH PACCMATPUBA~
€MbIX aBTOMATOB B KJIacCe IOJIyTPYII, KOTOPas MO3BOJISET MPOAHAJU3UPOBATH B3aUMOCBSI3b IJIEMEH-
TapHBIX CBOMCTB TUX AaBTOMATOB U WX IOJYTPYIIT BXOIHBIX CUTHAJOB. OCHOBHOU pe3yabTaT pabdOTHI
JaeT pelreHne 3TON 3aJadn Ui YHUBEPCATbHBIX TUIeprpadUIeCKIX aBTOMATOB HaJ, 9P (OEKTUBHBIMI
runeprpadaMu ¢ p-OupeaeTuMbIMI pedpaMu. JTO JOCTATOYHO IMUPOKMUIT U BECbMa BayKHBIN KJIACC aBTO-
MAaTOB, TaK KaK OH COJEPIKUT, B YJACTHOCTHU, aBTOMATHI, ¥ KOTOPBIX TUIEPrpadbl COCTOSTHUI U BHIXOTHBIX
CHMBOJIOB SIBJISTFOTCS TJIOCKOCTSIMUA (HAIIPUMED, TIPOEKTUBHBIME i abOUHHBIMM) WM pa3OueHusIMU Ha
KJIACCHI HETPUBHAJBHBIX IKBUBaJIeHTHOCTENH. CTaThsl IyOJIMKYeTCsl B aBTOPCKOI PeIaKInn.
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Heynopsnoyennbie Kojiebanus B HelipoceTH
13 TpeX OCHUILISITOPOB
C 3alra3/bIBaroleil BelaTeJIbHON CBA3bIO

Lapzun C. 1., Mapymkuna E. A.

noayuena 3 cenmabpa 2018

Awnnoramusa. PaccMmarpuBaeTrcss Mojie/b HEHPOHHON acCOMUAIME U3 TPEX UMITYIbCHBIX HEHPOHOB ¢
BEIATEILHOM 3aI1a3/bIBAOIIEN CBSI3bI0 MEXKTY HUMU. Y YUTHIBasI, 9YTO CBsI3b BEIlATe/IbHAsI, B CHCTEME OT-
LIEIJISIeTCS Y PABHEHIE, COOTBETCTBYIOIEE OJHOMY U3 OCIUJLISTOPOB. JIBa OCTABIIMXCS UMITYJIBCHBIX Heli-
POHA B3aWMOJEHCTBYIOT APYT C APYTOM, W, KPOME TOTO, UMEeTCsl IEPUOINIECKOe BHEITHEe BO3IeiicTBIE,
OIpeIe/ITEMOE BEIATETHHBIM HEHPOHOM. B 9TuX yCmoBuax, Mpn 3HAYEHUSIX TapaMeTPOB, OJTM3KUX K KPU-
TUYIECKUM, Ha yCTOWINBOM MHBAPUAHTHOM HHTETPATLHOM MHOTOOOpA3UN OCTPOEHA HOpMaJIbHast (popMa
JIAHHOM CHUCTEMBI. DTa HOpPMaJibHasi (pOpMa CBOJMTCH K YETHIPEXMEPHOIN CHCTEME, JIBE IIEPEMEHHBIX KO-
TOPO#l OTBEYAIOT 33 AMILIUTY/IbI KOJEOAHUN OCIUJLISITOPOB, a JIBE JIPYTHE OIPEIEJISIIOTCS PAa3HOCTHIO
b a30BBIX MEPEMEHHBIX ITUX OCIUILIATOPOB ¢ (ha30BOI IIEPEMEHHOI BeIaTeIbHOrO ocimuisitopa. 1losry-
JeHHas HOpMaJbHasg (popMa IMeeT MHBapHaHTHOE MHOr00Opasne, Ha KOTOPOM aMILIUTYIHbIE U (Da30BbIe
[IepEMEHHbIE OCHUJLISTOPOB coBlagaT. Ouucana AUHAMHMKA 3aJa49d Ha 3TOM MHOrooOpasuu. BaskHbIid
pe3yJIbTaT yIajoch IMOJIYYUTh HA OCHOBE UYHCJIEHHOIO aHaJM3a HOPMaJibHOU (opMbl. OKa3ajoch, 4To
[IPU OCJIADJIEHUH CBS3U MEXKJYy OCIMJLISTOPAMEH MOI'YT BO3HUKATH IIEPHOIMYECKUE U XAOTUIECKHE KO-
JiebaresibHbIe pemnteHus. bojiee Toro, ObLI OOHAPYKEH KacKaJj OudypKaiuil, CBI3aHHBIA C OJHOTHUITHBI-
Mz Ha30BBIME [IEPECTPOIKAMHI, B KOTOPOM ITOOYEPETHO CAMOCUMMETPUYHBINR YCTONIUBBINA IUKJT TEPSET
CHMMETPHIO C BO3HUKHOBEHUEM JIBYX CHMMETPUIHBIX JIPYT APYTY MHUKJOB; C KaXKIBIM W3 3TUX ITUKJIOB
[IPOMCXOIUT KAaCcKa 1 6udypKamuii yIBOEHHs C IOSIBJIEHUEM CUMMETPUYHBIX XaOTHYECKUX PEXKUMOB. DTHU
CI/IMl\’IeTpI/IquIe Xao0THu4YeckKue pe)KI/Il\/IbI HpI/I )la.]'H)HeI‘/JIIHeM yMeHbHIeHI/II/I IIapaMeTpa CBA3U O6’]3€LLI/IHHIOTC5{
B CAMOCHMMETPUYHBIN, KOTOPBI 3aTeM IIePeCTPAuBAaETCs B CAMOCHMMETPUYHBIN IUKJI 60Jiee CJI0KHO-
ro BUJA 110 CPABHEHUIO C IMOJIyYE€HHBIM Ha mpenplayinem mmare. Jlajiee Bech mporiecc moBropsiercs. st
M3YIEeHUS XAaOTHIECKNX aTTPAKTOPOB CHCTEMBI BBIYUC/ISIIACH JISIIyHOBCKIE TTOKA3ATEN.
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1. IlocranoBKka 3aga49n

[Tpobiema TIpeJICKa3aHus CII0XKHOTO KOJIJIEKTUBHOIO TIOBEJIEHUS aCCOIUAIAI CBSI3aHHBIX
OCIJUJUISITOPOB PA3JIMYHON [IPUPOJIBI SIBJIAETCS OJHOM M3 aKTYaJbHBIX 3aJa4 COBPEMEH-
HOW HEHPOJMHAMUKHI U HOMYJIANNOHHOf Orosoruu. CeTH, COCTABIEHHBIE U3 HECKOIbKIX
Pa3JIMIHBIM CIOCOOOM B3aMMOJICHCTBYIONIUX OCIUJUIATOPOB, MPEJICTABIAIOT CO0OM YHI-
BEpCAJIbHBIN MOJIEJIbHBIIT 00HEKT, HAXO/AIINI IIPUMEHEHHE B PA3JIMIHbIX 00JIaCTAX HAYKH
u TexHuKH. B paborax [1-3] mocTpoen mosHbIil HAGOP ceTeil U3 TPeX JEMEHTOB ¢ Pa3/IHt-
HOM CTPYKTY PO cBsi3u MexK 1y HuMu. CpeJin HUX CeTh ¢ BEIATeIbHbIM B3aMMOIEHCTBIHEM.
B 910ii ceTn OMH U3 OCIM/UIATOPOB HE 3aBHCUT OT JBYX JIDYTHUX, HO BO3JEHCTBYeT Ha
HUX. DTU OCIHUIIIATOPHI B CBOIO 0Y€PE/ib B3AUMOJIEHCTBYIOT JIPYT € JAPYTOM M [OJIyYal0T
CUTHAJI OT TIEPBOTO.

MaremaTnyuecKie MOJIeJIM B3aUMOIeHCTBIS OCIUMILISITOPOB NIPEJIAraIICh B GOJIBIIOM
uucsie crareii [4-8]. B wactHocru, B paborax [8,9] B KadecrBe MOJEIbHON 3a1adu s
OIMCAHMSI HJICKTPUICCKOTO B3aUMOICHCTBISI EIOYKH UMITYJIbCHBIX HEfipOHOB ObLIa IIPe;i-
JIOYKeHa cJiejytomasi cucreMa guddepeHnnabHO-PA3HOCTHBIX YpaBHEHUI:

Uy = Mf(U;(t = 1)) + g(U;(t — 0)]U; + D(U; 1 + Upyr = 2U;), j=1,...,n, (1)

rne Uy = Uy, U,1 = U, B cayuae nenoukn u Uy = U,, U, = U; B ciaydae KoJibla
ocryuigTopos. Oyuknun Uj(t) Momenmupyior MeMOpaHHbIe MOTEHIIHAIB COOTBETCTBYIO-
X HefipoHoB, A > (0 — mapamerp, OTBedalouii 3a CKOPOCTh POTEKAHUs HPOIECCOB
B cucreMme, napamerp D > 0 omupegenser cuiy JudOy3MOHHON CBA3U MEXKJLY OCITUJI-
aaTopamu, pocrarodno riaaaxue dyuxmun f(U(t — 1)), g(U(t —6)), 6 > 0 mogemupyior
HOHHYIO IIPOBOJIMMOCTH MEMOPAHBI HEPBHON KJICTKH JJIst PA3HBIX TUIIOB HOHOB. OyHKIMK
f(U) u g(U) obnanator caiemyionmmu npeeababiMu cBoiicrsamu: f(0) = 1, g(0) = 0 u
f(u) - —a (a > 0), g(u) — 1 upu v — +oo. Pacemorpum cucremy (1) B cirydae Tpex
(n = 3) ocnmIATOPOB U GY/IEM CIUTATH, UTO OHU CBSA3aHBI MEXK/Iy COOOI BeIaTeIbHbIM
obpazoM:

Uy = A[f(Ui(t = 1)) + g(UL(t — 0))] U7,
Uy = A f(Us(t — 1)) + g(Us(t — 0))|Us + D(U, + Us — 2U), (2)
Us = A f(Us(t — 1)) + g(Us(t — 0))|Us + D(U, + Uz — 2Us3).

O6bruno cucrembl (1) mwin (2) paccMaTpUBAIOTCS B HPEIIOIOKEHIN, 9TO A BEJHUKO.
Opanako B HacTodAmIel paboTe Mbl U3YUUM CHTYAIUIO C MOMOIIBIO JIOKAJIHHBIX METOIOB.
B0O3MOKHOCTH AHAJIMTHYECKOTO ACHMIITOTHIECKOTO HMCCJIEIOBAHMs CHCTeMbI (2) nMeer-
Csl IIpU yCJIOBUU OJIM30CTU €€ MapaMeTPOB K KPUTHUCCKHM B 3aJa4e 00 yCTONIMBOCTH
COCTOSIHUSI PABHOBECHsI CUCTEMBI (2).

[Ipeamonaras ponomautensuo, aro f'(0) = —1, ¢/(0) = 0, u nonaras, 9To B HENn
CBSI3U MMeeTCs JIOTIOJIHUTE IbHOE 3anasibiBanue (M. Takxke [10,11]), npuxomum K 3amade,
6IM3KOI K cucreMe, cocTosieil u3 Tpex ypasuenunii Xarauncona [12] ¢ 3anasapiBaormeii
BENIATEJILHON CBA3BIO:

Ny = A[l— Nyt — 1)] Ny,
Ny = A[1 = No(t — 1)| Ny + D(Ny(t — h) + N3 (t — h) — 2]N), (3)
N3 = A[1 — N3(t — 1)| N3 + D(Ny(t — h) + Na(t — h) — 2N3).
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B sroit 3amate N;(t), j = 1,2, 3 MOKHO HHTEPIPETUPOBATE KAK ILJIOTHOCTH YHC/IEHHOCTH
Tpex OJU3KUX momyadruit, A > 0 — MaJbTy3uaHCKuil KO3 @MUITMEHT JTUHEHHOTO POCTA.
Benmmaunra D > 0 orBedaeT 3a MHTEHCUBHOCTH B3aWMOJIEHCTBUS MEKTY TOIYJIATIASMIA.
[Tapamerp h > 0 npeacraBiseT coOoi 3amas3/ibIBAHRe B IENN CBA3U. Bciofy jasee mpej-
[I0JIAraeTCA, 9TO CBA3b MEXKJIy MONYJIAIUuIMu ciadas, T.e. napamerp D maj. OTmernm,
YTO BJIMsIHUAE 3alla3/bIBaHUs B IENU CBI3U MEXKJY OCIHUJIISTOPAMHU pPacCMaTPUBAJIOCDH
Takxke B crarbsx [10,11].

Cucrema (3) MozmepyeT CUTYAIIIO, KOTJIa MOIMYJISIIN CJ1ab0 CBSI3aHbI MEXKLY CODOil,
HAIpUMeD, pasjeienbl reorpaduyecku. [Ipu sTroM ojHa U3 MOyl MOYXKET BJIUSATD
Ha 00e OCTaBIIHMECs, KOTOPbIE B CBOIO OYepe/b CIIOCOOHBI BJIUSATH JIPYT HA JIPyra, HO He
BJIUSIIOT Ha TIEPBYIO.

Ypasrenue XaTanHCOHA, BIIEPBbIE TIPeJIIOZKEeHHOE B [12], siBiiseTcst mpocreiimmm cro-
coDOM y4eTa BO3PACTHON CTPYKTYPHI B 3a/a4€ O JTUHAMUKE ITOIYJIAIIIN 0co0eit, DOpIonumx-
¢ 3a 0bmyto tiunty. V3y4uenuio ypaBueHus XaTIUHCOHA, TTOCBAIIEHO O0JIBIOE KOJTUIECTBO
myOJIMKAINii, B 9aCTHOCTH, 3a/a49a T Y3MOHHOTO B3ANMOJIEHCTBUASA OCIIULIATOPOB TH-
Ia ypaBHeHust XaTunHCOHa uccaenoBaiach B [4,13,14]. B nacrostiieit pabore usydaercs
JIMHAMUKA CUCTEMbI M3 TPeX ypaBHEHUIl XaTIWHCOHA CO CJIaDOH BeIaTe/IbHON CBA3BIO
Mexk Ty HuMU. JIoKajbHas JUHAMWKA TPEX OCIUJIISTOPOB ODIIEro BHJA, CBI3AHHBIX Be-
maTeJbHBIM 00pa3oM 6e3 3amas3/piBanusi, paccmorpena B [15]. B macrosieit pabore wc-
CJIeJIyeTCs BIAUSHUE 3alla3/bIBaHUsl, BBEJICHHOTO B Ielb CBA3U, HA JIMHAMUKY HU3yYaeMOii
CUCTEMBI.

Cuunewmcs B cucreMe (3) B e [HHATHOE cocTosiHIe paBHOBecust NV; = 1+u;, mapamerp
A BbIGEPEM PABHBIM T /2+¢, 1J1e € — MaJIbIIi TI0JIOXKUTE/ILHBII TTapaMeTp, a mapamMeTp CBsi3u
D mpejnionaraercst TpOMOPIIMOHAIBHBIM MaJjioMy napamerpy D = ed, d > 0 — BeuyuHa
HOPsiJIKA eMHUILI. B pe3ysibrare MOJIyIuM CUCTEMY

U = —(% + €)U1(t - 1)<]— + Ul)y
Uy = — (2 4+ e)us(t — 1)(1 + u2) + ed(ur (t — h) + ug(t — h) — 2uy), (4)
g = —(F +e)us(t — 1)(1 + uz) + ed(ui (t — h) + ua(t — h) — 2us),

B KOTODOii 11pu € = () B CIIEKTpe YCTOWYNBOCTH MMEETCS Mapa YUCTO MHUMBIX COOCTBEH-
HBIX 9uCes (4 = £im/2 KpaTHOCTH 3, KOTOPOH COOTBETCTBYIOT TPH JIMHEHHO HE3aBHCHMbIE
coOCTBEHHBbIE (DYHKITAH.

[Ipn momonn JTOKAJIBHOTO ACUMIITOTUYIECKOTO aHAJII3a U HILTIOCTPUPYIOIIETO €r0 TUC-
JIEHHOT'O KCIIEPUMEHTa U3YYUM IEePUOINYecKre, KBA3UIEPHOIMIECKHe W XaOTHIeCKNe
pertienusi cucreMb (4).

2. IlocTpoenmne HOpMaJabHOI (POPMBI

YdauThiBasi, 4TO B paccMaTpuBaeMoii cucreMe (4) BeibpaHa BelaTebHas CTPYKTYPa CBsi-
30 M€Ky OCIMJLIATOPAMU, MEPBBIN 3JIEMEHT CUCTEMbI OJJHOCTOPOHHUM 00Pa30M BO3IEN-
CTBYeT Ha JIBa JIPYT'UX, KOTOPbIE, B CBOIO OYEPE/Ib, B3AUMOJIEHCTBYIOT JAPYT ¢ JApyrom. B
CHJIY 9TOr0, PACCMOTPUM [IEPBOE yPABHEHUE CUCTEMBI (4) OTJE/ILHO OT JABYX OCTABIINXCS.
YVeToitunBoe epuoInaecKoe pellenre MepBoro YpaBHEHU UMEET CJIEJIYIONTYI0 aCHMIITO-
THUKY:
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\/_\/ __837r2—2>t+c>+

3

1 2>t—7+20>+0( 32) . (5)

3m —
rie v = arctan(1/2), a ¢ — npousBosibHasi KOHCTaHTa (CM., Hanpumep, [16]).

Jns manbHeiinero JIOKaJIbHOTO aHAJIN3a BO3JICHCTBHS JPYT HA JPyTra OCIUJLISTOPOB
Ug U U3 TPUMEHUM CTaHJAPTHBIA MeTO HopMasbHbIX dopMm [16]. Bocmonbsyemcest 3ame-
HOIA:

ui(t) = Ve(zj(T)e 2t +2;(1)e 2 + eujn (t, 1) + ¥ 2ujn(t, 7) + . . ., (6)

rae z;(7), (j = 2,3) — KOMILIEKCHO3HAYHble (DYHKIIUH MeJIJIEHHOIO BpeMeHUu T = et,
KOTOPBIE OIIPEJIEIISIIOTC M3 YCJIOBHUIA Pa3peIMMOCTH COOTBETCTBYIOIINX 3a/1ad B KJIacce
[IePUOINIECKUX (DYHKITHII.

VUauThIBask Pa3IOKeHUE

zi(T —¢) = 2z(1) — (1) + ...,

a TakyKe acUMITOTHKY (5), Ha TpeTheM Imare ajropuTMa M3 YCJIOBHI PaspermMoCcTi
3a1ad A wjo(t, 7) B Kiacce 4-IeproantdecKux 1o ¢ (yHKIMI IoIydaeM CIeLyONLyio
HOPMaJIbHYIO (hopMYy:

1—3¢ - o
(1 + 2%)2& =129 + %zﬂ@ﬁ + d(zle_’fh + zge 2 — 222>,
7
TN (1—3)7 2 —iZh —iZh ™)
(1+Z§)23 =123+ 10 23] 23] +d<zle 2" 4 z9e” 2 —223>.

[lepeitem B cucreme (7) K IOJIIPHBIM TI€PEMEHHBIM. JIj1s 9TOr0 BBITIOJTHUM 3aMEHbI

10
3r—257 2—|—4

b = @3 — 1 uw h* = 7rh/ 2. B wmrore mojiyuuMm HOpMaJbHYIO (hOpMY, 3aIUCAHHYIO B
AMILTUTY/IHBIX U (DA30BBIX MMEPEMEHHBIX:

& =& — & +d(cos(a—6") +&cos(B — a+ %) — 28 cos(6* + h")),
G=&—-&6+ d*(cos(ﬁ — ")+ & cos(f —a— ") — 285 cos(6* + h*)),

I

zj = s, 7 = 1,2,3 m BBegeM psj 0603HAYEHUI: v = (o — (1,

1
o =b(1—&)— d*(f_ sin(a — 6%) — ?sm(ﬁ —a+6%) + 2sin(6* + h")), (8)
2 2
B =b(1-&)— d*(§_ sin(8 — 6%) + g—sm(ﬁ — 6%) + 2sin(6* + h*)),
3 3
rie b = (r+6)/(37 — 2), d* = dvn?+4/7, 0* = —arctan(nw/2) — h*. (Ilogpobuoe
U3JI07KEHNE [IPOIECCa Mepexojia K aMIUIUTYIHBIM 1 (ba30BbIM IIEPEMEHHBIM [IPUBEJICHO B

pabote [17]).

OTmeTrM, 9TO JIJIsi TOCTPOEHHOI HOpMaJsbHON (opmbl (7) UMeeT MecTo Teopema o
COOTBETCTBHH €€ TPYOBIX PEXKMMOB DPEIeHNsSIM UCXOIHOf cucreMsl (4) Toif e ycroidn-
Boctu ¢ acumnrorukoil (5), (6) (cm., nanpumep, [16]). Oanako B ciaydae, ecin cucTeMa
(7) obHapyKuBaeT CJIOXKHOE XaOTUUECKOe IIOBEeJIeHHEe, TaKylo TeopeMy ODOCHOBATH He
yraercs. B ¢Bs3u ¢ 9THM, KpOMe aHAJUTHICCKAX METOJIOB UCCIICOBAHUS YMECTHO IPU-
MeHeHHe YHCIEHHOIO aHaJN3a CJIOXKHBIX HEYHOPSIOYeHHbIX KOJebaTebHBIX PEKIMOB,
peasn3yIoIIXCsa B PACCMATPHBAEMON CHCTEME.
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3. HekoTopnble yacTHbBIE CJIy4dal.
Ananmm3 peaynmpoBaHHOI CHCTEMbI

PaccMOTpuM 9aCTHBIN CIydail 0JHOHAIIPABICHHOIO BO3ACHCTBISA OJHOIO OCILIATOPA U]
Ha JApyToil (us nian ug). B moaydennoit HopmaibHOit hopme (8) nHBApUAHTHOMY MHOT000-
PasmIo Uy = Uz UCXOTHON cUCTEMBI (4) COOTBETCTBYET ILIOCKOCTD, 33 /I[AHHAsI DPABEHCTBAMU
& = &, a = (. Ha sroit mockoctu cucrema (8) IPUBOJAUTCS K CJIELYIONIEMY BUJLY:

¢ = €(1 +d*cos6* — 2d* cos(0* + h*) — £2) + d* cos(a — 0%),

o =b(1 &) —d <% sin(a — 0%) — sin 0" + 2sin(0* + h*)), (9)

e § =& = &s.

B pabore [17| HaiijieHbl COCTOSTHUSI pABHOBECHSI DEJIYIIHPOBAHHOI cucteMbl (9) U ycio-
BHA UX ycToitunBocTu. Kpome TOro, onmcaHa mocje0BaTe IbHOCTh OndypKaluii, Ipouc-
XoAmuX Ha GhasoBoM IUIHIPe cucreMbl (9) npu yMeHbIeHn: apaMerpa d*. B ciaydae
h = 0 mokazaHo, 4TO NPHU 3HaYeHUSX mnapamerpa d* > dy ~ 1.1599 riobaybHO yCTOii-
YUBBIM SIBJIFAETCH €IUHCTBEHHOE, C TOYHOCTBIO JIO JIOOABKU K IMEPEMEHHOU (v IepHo/ia,
cocrosiane pasHoiecust (1,0)7. Tlpu d* = dy poxjaercs napa cocTosiHuil paBHOBECHS,
OJIHO U3 KOTOPBIX YCTOHYMBO, a BTOpPOe — HeycToiiunBo. B jnajbHeiiem npu yMeHbIIe-
HUU 3HaUYEHUs rmapamerpa d* 10 Kpurtudeckoro d; ~ 1.0033 HeycToiiunBas HEIOIBUKHAS
TouKa ciamBaeTca ¢ cocrognueM pasnosecus (1,0)T u or6upaer ero ycroitunsocts. Ilpn
3HaUeHUN dyp, ~ 0.8536 ¢ ycTOMYUBBIM COCTOAHHEM DaBHOBECH: IIPOUCXOAUT OudypKa-
st AHjipoHOBa—XoIida 1 OHO TepsieT YCTONIUBOCTD C POXKIEHUEM YCTOWIMBOTO MUKJIA.
[Ipu naJibHeiieM yMeHbIIEHHN TapaMeTrpa d* POJUBIINNCS YCTOWYUBDBIN IUKJT YBEIH-
qUBaeTCs B pa3Mepax u npu 3HadeHun dg ~ 0.6717 ciauBaeTcs ¢ mersieil cemapaTpUCh
cepyiosoit Touku (1,0)7 u ucuezaer. Ilpu snavenusx 0 < d* < 0.6717 cucrema nmeer
OJIHO YCTOWYMBOE COCTOsIHME PABHOBECUs U TAPY HEYCTONYUBBIX HEMOJBUZKHBIX TOYEK.

Takke B crarbe [17] mokaszano, 9To HpU OTHOCHTE/ILHO MAJIBIX HOJIOKHUTEILHBIX 3HA-
JeHHsIX apaMerpa h* crienapuit (pa30BbIX IEPECTPOEK KadeCTBEHHO He MeHgeTcss. OTin-
YHsl OT M3JI0’KEHHOI'O BBIIIE CIICHAPHS 3aKJIIOYAIOTCS JIHIIb B CICYIONEM: DOJIMBIIUIICS
B pesynbrare Oudypramun AHIpoHOBa-XO0M(ha YCTONIUBBIN UK CIUBACTCS C TeT/Iel
cenaparpuchl cejiosoit Touxku (1,0)7 u mpu 3TOM pozKaercs MUK/, OXBaTHIBAIONIUIL
dazoBeril muuHAD. DTO 03HAYAET, 9TO y cucTeMbl (9) mMeeTcs yCTONYMBOE peIeHne ¢
[EPUOINIECKON aMILTUTY/IHOI 1epementoit £(t) u Gerymieii dazoBoii nepemenHoit a(t).
[Tpu nambHediemM yMeHbIICHIN TapaMeTpa d* IIKJI, OXBATHIBAIOIINN (ha30BBIil IIUIHHID,
HCYe3a€eT, U OCTACTCS YCTONUUBBIM JIUIH OJHO COCTOSTHUE PABHOBECHSI.

VuaurbiBasg yTBEPXKJIEHUE O COOTBETCTBUU MKy T'PYOBIMU PEXKUMAMHI HOPMAaJILHOIM
dbopmbl 1 ucxonHON 3aj1a4u, HalijleHHAsT Y HOPpMAaJIbHOI (hopMbI (9) 0COGEHHOCTB, COCTO-
dmasg B HAJUYUM [HUKJa ¢ Oeryiieil ha3oBoil mepeMeHHoil, COOTBETCTBYET TOMY, UTO Yy
cucrembl (4) mpu h # 0 MOryT CyIeCTBOBAThH JIByX9aCTOTHBIE KosebaHUs ¢ HabGerom
paccornacoBanus (a3bl MeXK/1y BEJIYIIUM U BEJOMBIMHI OCIUIISTOPAMU.
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4. YwucisieHHbIll aHAJIN3 HEYyHOPSA0YEHHBIX
KoJiebaTeJIbHbIX PEXKNMOB

Cucrema (8) mpu orcyrerBun Bemaworiero ocruuisitopa (ui(t) = 0) cBogurcs K Tpex-
MepHO# 1 1oApobHO u3yudena B padborax |4, 13]. Ipu usmenenun 6udypKanuoHHOIO Ha-
pameTrpa d* B Heil mponcxondaT (as3oBble IEPeCTPONKN, He CBA3AHHBIE C XAOTHIECKHUM
noBejieENeM. Hamane Bemaromnero ocimuIATopa 1 3aa3/bIBAHIS B TEIH CBA3U IIPUBO-
JIAT K TOMY, YTO B CHCTEMe PeaINn3yIOTCs CIOKHBbIE HEYIOpSI0UeHHbIe KojebaTeTbHble
pexkumbl. Kak 6b110 oTMeueHo panee, ecyn cucrema (7) 0OHAPYKUBAECT CJIOKHOE XaOTH-
YeCKOe IIOBEJIeHNE, TO CTAHJ/IAPTHOE YTBEPXKIEHNE O COOTBETCTBUU €€ I'PYObIX PEXKMMOB
peIeHsIM UCXOIHOM cucTeMbl (4) 060CHOBaTH He yiaaercd. B ¢BS3U ¢ 9TUM yMECTHO MPH-
MEeHEHHUe YHMCJIEHHBIX METOJIOB MCCJIE0BAHNS JTMHAMUAKNA PACCMaTPUBAEMBIX CHCTEM.

[IepeitileM K ONMMCAHUIO TIOJIYyIEHHBIX PE3YIBTATOB.

Xoporree npejicraBienre o Ga3oBbIX MEPECTPOiiKax, MPOUCXOJSIIIX B cucreMe (8),
MOXKET JIATh 3aBUCUMOCTD CTAPIIEro JISIIYHOBCKOI'O MOKA3ATENS A4, OT 3HaUYeHH: Ou-
dbypkanuonuoro napamerpa d* (cm. [18]). Boibepem 3nadenue h* = 0.5 u npusegem rpa-
brKn 3aBUCHMOCTH TTOKA3ATENS g,y OT d° Ha PA3IMYIHBIX MHTEPBAJaX €r0 M3MEHEHNU .

Ha puc. 1 BuHO, 9TO MPOMEKYTKHU C XAOTUIECKUM ITOBE/IEHUEM PEITeHNI HECKOTBKO
pa3 CMEHSIOT IIePUOIMIECKHE.

ooar A
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T s
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3? 0.39 0.41 0.43 0.45 047 0.45

03

Puc. 1. 3aBrcuMocTh cTapInero JsimyHOBCKOIO IMOKA3ATEIA \y,q, OT Iapamerpa d*
ma orpeske [0.35;0.5]
Fig. 1. The dependence of the maximal Lyapunov exponent \,,,, from the parameter
d* at interval [0.35;0.5]

Ha puc. 2 u puc. 3 upusejiensr yBeindentble dparmenTsl otpeska [0.35;0.5], mpe-
CTaBJISIONINE HANOOJIBINNIT UHTEPEC I INCIEHHOTO NCCTIe0BaHNUS.

0.08 /ju
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ety i LA
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0. 371

Puc. 2. BaBucumocThb cTapiero JsiiyHOBCKOTO MTOKA3ATENST \ypq, OT Iapamerpa d*
Ha orpeske [0.36;0.372]
Fig. 2. The dependence of the maximal Lyapunov exponent A, from the parameter
d* at interval [0.36;0.372]
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Puc. 3. 3aBucuMocTsb cTapriiero JsmyHOBCKOTO MOKA3ATEST g, OT Tapamerpa d*
Ha orpeske [0.399;0.42]
Fig. 3. The dependence of the maximal Lyapunov exponent \,,,, from the parameter
d* at interval [0.399;0.42]

[Iepeiizem Terepsb K 6oJiee TOAPOOHOMY OIMCAHUIO ODIIEro clieHapus (Pa30BbIX Iepe-
cTpoek. 3aduKcupyeM 3Hadenne 3anas3abiBanus h* = 0.5, Torga mapameTp 0% oKa3bIBaeT-
cst paBen 0% &~ —1.50365. OTMeTrM, 9TO BeJIMIMHA OCTABIIErOCs TapaMeTpa cucTeMbl (8)
He 3aBucut oT h u pasua b ~ 1.23122. Ha puc. 4-8 npejicraBieHbl TPOEKIIUN TPACKTOPHIl
cucrembl (8) Ha 1wI0cKOCTb £10&,. [Ipu ymenbimernnn 6udypKauonHoro napamerpa d*,
B cucreMe (8) HabsrofaoTes cieyromue (a30Bble MepecTPOK:

1. IIpu d* > d; ~ 0.622 r106a71bHO YCTOWYUBO COCTOsIHAE PABHOBECHUSI.

2. Ilpu d* = dy or cocTogHUSA pAaBHOBECHS OTBETBJISIETCSI CAMOCUMMETPUIHBIN yCTOM-
quBblil UK (6udyprarust Auaponosa—Xorda) (cm. puc. 4).

Ui

r
AU

Puc. 4. Camocummerpuanblit yeroitausbiit uk mpu d* = 0.465
Fig. 4. Self-symmetric stable cycle at d* = 0.465

3. Ilpu d* = dy ~ 0.435 ykazaHHas CUMMETPHUs IUKJA TEPAETCsI, OH PaCIIEILIAETCs
Ha JiBa CUMMETPHIHBIX IuKJa (6udypkarms norepu cummerpun) (cM. puc. 5).

4. Tlpu d* = d3y =~ 0.418; d3p ~ 0.4172; .. .; d3o =~ 0.415 ¢ KaxKJIbIM U3 IHUKJIOB IIPO-
ucxonsdT oudypkanun yjaBoenus mepuoja (cm. puc. 6). B pesynbrare npu d* < dse
UMeeM JIBa CUMMETPHYHBIX CTPAHHBIX aTTPAaKTOPa, BOSHUKIINX 110 (bedrendayMoB-
CKOMY CIIeHApHio (CM. puc. 7).
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Puc. 5. ITapa cummerpuaabix nukjaoB mpu d* = 0.43
Fig. 5. A pair of symmetric cycles at d* = 0.43
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Puc. 6. Budypkanun yasoenus nepuojia Jijisi OJIHOTO U3 CUMMETPUIHBIX ITHKJIOB:
a) upn d* = 0.418; b) upu d* = 0.417
Fig. 6. Period doubling bifurcations for one of the symmetric cycles:
a) at d* = 0.418; b) at d* = 0.417

I
KA

Puc. 7. Bug ogsoro ns mapbl CMMMETPUYHBIX CTPAHHBIX aTTPakToOpoB mnpu d* = 0.415
Fig. 7. One of a pair of symmetric strange attractors at d* = 0.415
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5. llpu d* = d, =~ 0.413 napa CUMMETPUYHBIX CTPAHHBIX ATTPAKTOPOB OObLEUHSIET-
cd B OJIMH CAaMOCHUMMETPUYHBIN, KOTOPLIH 1pu d* = ds ~ 0.398 npespamaercd B
CaMOCHMMETPHYIHBIH JBYXOOXOMHBIN MUK (cM. puc. 8).

Ui
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a) b)

Puc. 8. a) Camocummverpudnblii XaoTrdeckuil arrpakrop npu d* = 0.413;
b) CamocnummerpudHbIii AByX00X0HbIH KT pr d* = 0.398
Fig. 8. a) Self-symmetric chaotic attractor at d* = 0.413;
b) Self-symmetric double-pass cycle at d* = 0.398

6. Ilpu ymenbienuu d* mporecc moBTOPSIETCs: TePIeTCs CUMMETPHUs IUKJIa, 3aTeM C
KAXK/IBIM U3 Tapbl POIUBIIUXCS IMUKJIOB MPOUCXOAAT OndypKaium yJIBOEHUs, 3a-
BEPIIAOIIUAECH POXKJIEHUEM CUMMETPUYHBIX CTPAHHBIX aTTPaKTOPOB U T. J.

Taxum obpasom, morydaercs Kacka,l OndypKaiuii CTpaHHBIX AaTTPAKTOPOB 1 IIKJIOB,
cojiepzKaInmii B cebe B TOM 9nC/Ie U KackKa ] Ondypkanuit yapoenns nepuoga. OTMernm,
910 OJIM3KMIL crieHapuil (pa30BBIX IEPECTPOEK paHee yyKe BCTPedasics U OIUCaH B paboTe
[4] st HopmasbHO# hopmbl (8) 6e3 BEmATENbHOr0 OCIU/LIATOPa U TP OTHOCUTETHHO
OosbIIIoM b.

Ormernm, aro mpu d* < 0.356 6udypkanun B cucreme (8) cBsi3anbl ¢ (a30BbIMU ITe-
pecTpoiikamu 1UKJI0OB 1 TopoB. [Ipu 0 < d* < 0.328 B dpazoBoM HPOCTPAHCTBE CUCTEMBI
UMeeTCsd CaMOCUMMETPUIHBIN yeroitunBbiil muki. [lpu d* ~ 0.328 on Tepsier ycroitdu-
BOCTb KOJiebaTeIbHBIM 00pa30M ¢ 00pa3oBaHUEM JIBYMEPHOIO HHBAPUAHTHOIO TOPA. JTa
OoudypKarusg mpouJLIIOCTPUPOBaHa Ha PUCYHKeE 9.

Boimoinennbiilt B paboTe YnuCIeHHbI 9KCIEPUMEHT TTOKA3aJI, UTO ClieHapuu (ha30BbIX
MEPECTPOEK, CBA3AHHBIE ¢ OUMYPKAIMIMEI CJIOKHBIX HEYTIOPSI0UEHHBIX KOJIeOaHuii, pe-
AJM3YIOTCs y CHCTeMbl (8) M IpHU JPYIUX 3HAUCHUSAX 3anas/piBanus h*. Buecre ¢ Tew,
00J1aCTh Xa0THYECKOI'O TIOBEJIEHU, He TPOTaias BOBCE, CYIIECTBEHHO CYXKAaeTCsd TPU U3-
MeHEHUN Mapamerpa h* B Ty WU JAPYTyIO0 CTOPOHY.
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a) b)
Puc. 9. a) Camocummverpuunbiii ycroitunsbiit uksa npu d* = 0.3; b) Top npu d* = 0.35
Fig. 9. a) Self-symmetric stable cycle at d* = 0.3; b) Torus at d* = 0.35

5. 3akKJIIoueHue

PaccmoTpennasi B pabore Mo/1e/1b B3aUMOJIEHCTBUS TPEX OCIUJIIATOPOB C BEIATEIHLHOM
3aI1a3/IbIBAIOIIEH CBA3BIO MEXK/Iy HUMH BCTPEYAETCs B IIEJIOM Psijie HeHPOTMHAMUIECKUX 1
ouoduznuecknx nMpuiIoKenuii. J[unamMudeckue cBoiicTBa HOpMAJILHON (POPMBI, TOCTPOEH-
HOIl B OKPECTHOCTU COCTOsIHUSI PABHOBECUS CUCTEMBI IIPU 3HAYEHUIX [TapaMeTpoB, OJI3-
KIX K KDUTUYECKUM, UCCJIEI0BATNCH HA OCHOBE COYeTaHUs aHATUTUIECKUX H YHCJIEHHBIX
MeTO/I0B. Bhrauciienue JSIyHOBCKUX 9KCIIOHEHT aTTPAKTOPOB HOPMAJILHON (DOPMBI T103-
BOJIUJIO CYJUTH O clieHapuu (pa30BbIX IIEPECTPOEK, MPOUCXOIANINX B CUCTEME, TIPU U3Me-
HeHuu napamerpa cBa3u. Hambosiee nmpumedaTeTbHBIM ABJISETC TOJYUYEHHBIH Ha 3TOM
IIyTH CIleHapuii (a30BbIX IIEPECTPOEK, COJIEPXKAIIUi Ha KazKJIOM dTare KacKabl oudyp-
Karuii yiBoenns, oudypKamun paciieijieHus cernaparpuc u norepu cummerpun. Creyer
OTMETHUTH, UTO JIJIsi TPYOBIX PEXKMMOB HOPMAaJILHOM (DOPMBI BBITIOJHEHO YTBEPKIEHUE O
COOTBETCTBUU, COTJIACHO KOTOPOMY YCTOMYIMBOMY IUKJIY (TOPY) HOPMaJIbHON POPMBI CO-
OTBETCTBYET JIByMEPHBI TOp (TOp Ha euHUIy 60sIee BBICOKON PA3MEPHOCTH) ¥ HCXOTHOM
cucteMbl. B ciydae xaoTndecKux KojiebaHuii 9To yTBEpKIeHUE, BOOOIIE rOBOPs, HE BbI-
nosieHo. OcTaeTess OTKPBITHIM HHTEPECHBIH BOIIPOC O COXPAHEHUHU Y MCXOJIHON CHCTEMbI
CaMoro Kackaja (pa3oBbIX IMepecTpoeK, HAOJII0aeMOro Y HOPMAJIbHON (DOPMBI.
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Abstract. A model of neural association of three pulsed neurons with a delayed broadcast connec-
tion is considered. It is assumed that the parameters of the problem are chosen near the critical point of
stability loss by the homogeneous equilibrium state of the system. Because of the broadcast connection
the equation corresponding to one of the oscillators can be detached in the system. The two remaining
impulse neurons interact with each other and, in addition, there is a periodic external action, deter-
mined by the broadcast neuron. Under these conditions, the normal form of this system is constructed
for the values of parameters close to the critical ones on a stable invariant integral manifold. This
normal form is reduced to a four-dimensional system with two variables responsible for the oscillation
amplitudes, and the other two, defined as the difference between the phase variables of these oscillators
with the phase variable of the broadcast oscillator. The obtained normal form has an invariant manifold
on which the amplitude and phase variables of the oscillators coincide. The dynamics of the problem
on this manifold is described. An important result was obtained on the basis of numerical analysis
of the normal form. It turned out that periodic and chaotic oscillatory solutions can occur when the
coupling between the oscillators is weakened. Moreover, a cascade of bifurcations associated with the
same type of phase rearrangements was discovered, where a self-symmetric stable cycle alternately loses
symmetry with the appearance of two symmetrical cycles. A cascade of bifurcations of doubling occurs
with each of these cycles with the appearance of symmetric chaotic regimes. With further reduction of
the coupling parameter, these symmetric chaotic regimes are combined into a self-symmetric one, which
is then rebuilt into a self-symmetric cycle of a more complex form compared to the cycle obtained at
the previous step. Then the whole process is repeated. Lyapunov exponents were calculated to study
chaotic attractors of the system.

Keywords: oscillator, neural network, broadcasting connection, delay, stability, bifurcation, chaotic
attractor
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